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Legendrians with vanishing
Shelukhin-Chekanov-Hofer metric

Lukas Nakamura

Abstract. We show that the Legendrian lift of an exact, displaceable Lagrangian has
vanishing Shelukhin-Chekanov-Hofer pseudo-metric by lifting an argument due to Sikorav to the
contactization. In particular, this proves the existence of such Legendrians, providing counterex-
amples to a conjecture of Rosen and Zhang.

Let (M?"*1 a) be a strict contact manifold. For two Legendrians Lo and

L; which are Legendrian isotopic, denote by d (Lo, L1) the Shelukhin-Chekanov-

Hofer (pseudo-)metric induced by || Hy||:= fol me}\}dHt(x) |dt via do (Lo, L1) ::ilr{lf |1 H¢l,
xre t

where the infimum is taken over all compactly supported Hamiltonians H;: M —R
whose associated contact isotopy ¢; satisfies ¢1(Lg)=L1.

Recall the following result by Rosen and Zhang.

Theorem 1. ([RZ20]) Let LCM be a properly embedded Legendrian subman-
ifold. Then on the Legendrian isotopy class of L, d, is either non-degenerate or
vanishes identically.

They conjectured that for closed Legendrians, d, is always non-degenerate.
We show that this is not the case by lifting an example due to Sikorav of an exact
Lagrangian with vanishing Chekanov-Hofer metric d to the contactization.

The following proposition is a reformulation of (a generalization of) Sikorav’s
example in [Che00].

Proposition 2. Let (M, d\) be an exact symplectic manifold with complete Li-
ouville flow, and let Ly, L1 CM be two closed, exact Lagrangian submanifolds which
are Hamiltonian isotopic and disjoint. Then there exists a 1-parameter(') family
H;:M—R,t€[0,1],s€(0,00), of compactly supported Hamiltonians with || H}||=s so

(1) H} depends continuously on s with respect to the C*°-topology.
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that the associated Hamiltonian isotopies ¢ satisfy ¢3(Lo)=L1 and ¢5|r,=¢1|L,
for all s.

Remark 3. In particular, this shows that d(Lg, L1)=0, which implies that the
Chekanov-Hofer pseudo-metric vanishes for Ly by Chekanov’s dichotomy [Che00,
Theorem 2].

Remark 4. One example of Lagrangians satisfying the conditions in the theo-
rem is constructed in [Mul90]. More recently, Murphy showed in [Murl3] that the
isotopy class of any closed, formal Lagrangian embedding into the symplectization
of an overtwisted contact manifold of dimension at least 5 can be realized by an
exact Lagrangian. Such a Lagrangian can always be displaced by shifting it in the
symplectization direction via the Liouville flow, and such Lagrangian isotopies are
induced by Hamiltonian isotopies by exactness of the Lagrangian.

Proof of Proposition 2. Let Z denote the Liouville vector field on M defined by
izd =X\, and let ®; denote the corresponding Liouville flow. Recall that the Liou-
ville flow satisfies @} A=e’). This implies that ®;(L;) is an exact Lagrangian for all
teR and i€{0,1}. Therefore, the homotopy ®;(L¢ ][ L1) of Lagrangian embeddings
is exact, and thus there exists a Hamiltonian isotopy ¥; on M with W[z 112, =
4|11, for all teR. Let H;:M—R be a compactly supported, time-dependent
Hamiltonian with associated Hamiltonian isotopy ¢; such that ¢, (Lo)=L;. Let
s€R be an arbitrary number. Then the Hamiltonian H;oW ! generates the isotopy
U, W1, and the Hamiltonian Hf:=e *H oW lo®, generates the Hamiltonian
isotopy @5 1W. ¢,V 1®, which satisfies &, W WU 1D,|L,=1|1, by definition of
U,. Note that |Hf||=e~*||H¢||. After a reparametrization of the family {H;},, we
find the desired family of Hamiltonians. [

By lifting the Hamiltonians in Proposition 2 to the contactization we prove the
following.

Theorem 5. Under the assumptions of Proposition 2, the Legendrian lift Ag
of Ly to the contactization (M xR, dz+ M) has vanishing Shelukhin-Chekanov-Hofer
metric.

We expect the following generalization to hold as well.

Conjecture 6. Let (M, d)) be an exact symplectic manifold and L be a closed
exact Lagrangian submanifold with vanishing Chekanov-Hofer metric. Then its Leg-
endrian lift A has vanishing Shelukhin-Chekanov-Hofer metric.

Remark 7. After completion of this manuscript, it came to our attention that
Cant [Can23, Theorem 2] independently also proved the existence of Legendrians
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with vanishing Shelukhin-Chekanov-Hofer distance. To be more precise, he showed
that for two contact manifolds Yy and Y; and an exact Lagrangian submanifold L
in the symplectization SY; of Y7, there exist Legendrian submanifolds of Yy x SY;
with vanishing do. The construction in [Can23] is similar to our construction, but
the proof of the degeneracy of d,, in [Can23] differs from our proof presented below.

Proof of Theorem 5. Let H7: M —R be a Hamiltonian as in Proposition 2. Let
G3(x,z):==H;(x) be the cylindrical lift of Hf to M xR with associated contact
vector field Y,°=(X7, ff0,). The defining equations for Y;® are Hi = f7 +\(X}) and
7% (1x2AN)|ker(dz4+2) = —AG7 [ker(dz +1), Where m:M xR—M denotes the projection
onto M. The latter equation is equivalent to tx:dA\=—dH; which means that X}
is the Hamiltonian vector field associated to H;. This implies that the contact
isotopy ; associated to G§ is of the form o; (z,z)=(¢;(z), pi(z)+2), where ¢
denotes the Hamiltonian isotopy associated to H;. Let Ag be a Legendrian lift of
Lo to M xR, ie a Legendrian submanifold of (M xR, dz-+\) which is a lift of L
with respect to the canonical projection M xR— M. Then ¥$(Ao) is a Legendrian
lift of Ly. Since the Legendrian lift is unique up to a shift in the z-direction and
3| 1o =011, , it follows that g°:=p3 (x) —pi(x), 2 € Lo, does not depend on the choice
of z€Ly. Furthermore, ¢° depends continuously on s. After cutting off G§ outside
of a sufficiently large (possibly s-dependent) compact set, we may assume that 1§
has compact support, |G§||=s, and 5 (z, z)=(41(x), g*+pi(x)+2) for all (z,z2)€
Ao, s€(0,00). In particular, ¢5517QSO o)1 Ay =%1" | A, for all sg,s1€(0,00), where
¢F(x, 2)=(z,2+t) denotes the time-t Reeb flow.

First, we assume that ¢g° has a convergent subsequence as s—0, i.e. there exists
a sequence {s;};eny with s;—0 and g* —g¢°€R as i—o00. Then the image A, of
x> (¢l (x), g%+ pi(z)), € Lo, is a Legendrian lift of Ly, and it satisfies

daz +2 (Moo Mo) < daz 42 (Moo, V77 (Mo)) +daz 42 (177 (Ao), Ao)
< \go—gsi|+si —0, 71— 00,

1)

because A, and ¥7* (Ag) are related by a (g° —

where da. 4 (Moo, 97" (Ao)) <|g°—g*
¢°%)-shift in the Reeb direction.

In the case that ¢g° has no convergent subsequence as s—0, it follows that
g°—+o00 as s—0 by continuity of s—¢®. Again by continuity of s— ¢°, we can then
find sequences {s;}ieny and {s}};en with s;,s,—0 as i—o0 and g*i—g*i=1 for all
1€N. It follows that

(2)
Az in(V° (M), 01 (Ao)) = dazyr (1% (Ag), %% (Ag))
<daz2 (¥ (Ao), Ao)+daz+x (Ao, P (Ag)) —0, i— o0,
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where the equality in the first line is due to the fact that the pairs (1)1 (Ag), 1*1 (Ag))
and (% (Ag), 9% (Ag)) are related by the time-(g* —g*') Reeb flow, which is a strict
contact isotopy.

In either case, we see that the Shelukhin-Chekanov-Hofer metric on the Legen-

drian isotopy class of Ag is degenerate and hence vanishes identically by
Theorem 1. O

Open Questions. In Murphy’s construction of displaceable exact Lagrang-
ians, the contactization of the ambient symplectic manifold is always overtwisted.
This observation leads to the following question:

Question 1. Are there tight contact manifolds which admit closed Legendrian
submanifolds with vanishing Shelukhin-Chekanov-Hofer metric?

Related to this question, it is not clear whether non-degeneracy of the Shel-
ukhin-Chekanov-Hofer metric for Legendrians actually is a property of Legendrian
isotopy classes of Legendrian embeddings, or rather a property of the ambient con-
tact manifold. In other words:

Question 2. Are there contact manifolds which simultaneously admit 1) an
isotopy class of closed Legendrian submanifolds with non-degenerate d, and
2) an isotopy class of closed Legendrian submanifolds with vanishing d,, ?
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