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Fluctuations in depth and associated primes of
powers of ideals

Roswitha Rissner and Irena Swanson

Abstract. We count the numbers of associated primes of powers of ideals as defined in [2].
We generalize those ideals to monomial ideals BHH(m, 7, s) for r>2, m, s>1; we establish partially
the associated primes of powers of these ideals, and we establish completely the depth function of
quotients by powers of these ideals: the depth function is periodic of period r repeated m times on
the initial interval before settling to a constant value. The number of needed variables for these
depth functions are lower than those from general constructions in [6].

This paper was motivated by results from Herzog and Hibi [7] and Bandari,
Herzog and Hibi [2] that construct monomial ideals I with various properties of
the depth function n+—depth(R/I™). In particular, Herzog and Hibi [7] constructed
for any non-increasing eventually constant sequence {a,} a monomial ideal such
that for all integers n, depth(R/I™)=a,. In general, the depth function need not
be monotone, as shown by an example in [7]. Bandari, Herzog and Hibi [2] con-
structed for each positive integer m a monomial ideal I for which the depth function
takes on values 0, 1, repeated m times, followed by 0 and then by constant 2. Thus
this function has a global maximum, exactly m strict local maxima and exactly
m~+1 strict local minima. This was the first example of prescribed depth periodic-
ity of period 2 on a segment of the domain. We point out that a later paper, [6], by
Ha, Nguyen, Trung and Trung, establishes more generally for any eventually con-
stant Np-valued sequence {a, } the existence of a monomial ideal @ in a polynomial
ring S satisfying depth(S/Q™)=a,, for all n. This completely determines all depth
functions of powers of ideals.

Part of our long-term goal is to shed light similarly on the possible functions
n—# Ass(R/I™) for ideals I in Noetherian rings R. Certainly these functions are
all positive-integer valued and eventually constant by a result of Brodmann [4]. The
second author and Weinstein proved in [11] that for every non-increasing sequence
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{a,} of positive integers there exists a family of monomial ideals I such that for all n,
the number of associated primes of I"™ is a,. For arbitrary (necessarily eventually
constant) sequences of positive integers much less is known. If some a,, equals 1,
then if we are to vary over monomial ideals it is necessary that all a,, for m>n also
be equal to 1. If we do not restrict to monomial ideals, then a big jump can occur
from a; to ag even if we restrict to prime ideals; a result from [8] proves that as is not
bounded above by any polynomial function in the number of variables in the ring.

We present in Theorem 3.11 the function n—# Ass(R/I™) for ideals I intro-
duced by Bandari, Herzog and Hibi in [2]. Once we completed the count of all as-
sociated primes and observed certain partial periodicity of period 2, we introduced
a more general family of ideals, BHH(m,r, s) with r>2, m,s>1; in this notation,
the original Bandari-Herzog—Hibi ideals are BHH(m, 2,2), and in Theorem 3.11 we
count more generally the associated primes of BHH(m, 2, )™ as:

0, if n<2m and n is even;
(3—61=n) Z Z ( >(€—|—t m) +{1 )

=0 t=5(0) , otherwise,

where b({)=max{n—1—¢,m—/} and d¢c equals 1 if the condition C is true and
0 otherwise. In particular, the number of associated primes of BHH(m,2,s) is
2™ 43™ +1, the number of associated primes of BHH(m, 2, )2 is 2-3™, and when n>
2m+2, the number of associated primes of BHH(m, 2, s)™ is 1+3™. In Theorem 3.13
we prove that the function nrs# Ass(R/BHH(m,2,5)") has exactly [—W local
maxima. The global maximum 2-3"+1 is achieved exactly at n=3,5, . fmz 11 +
1. This function is periodic of period 2 when restricted to [3,2 [7L H—l]

We present this count of associated primes in two different ways. As a result,
Remark 3.12 proves an identity of binomial expressions that we have not found in
the literature.

For r>2 we completely describe and count all the associated primes that con-
tain one of the special variables ¢y, ..., ¢s (and hence all), and we give some properties
and descriptions of the associated primes that do not contain these special variables.
The latter associated primes satisfy persistence, namely that if a prime ideal not
containing the special variable is associated to an nth power, then it is associated
to all higher powers. This persistence is not in general satisfied by the associated
primes containing the special variable.

Seidenberg proved in [10, Point 65] that there exists a primitive recursive func-
tion B(n,d) such that any ideal I in a polynomial ring in n variables over a field
with generators of degree at most d has at most B(n, d) associated primes. Ananyan
and Hochster [1] proved that there exists a primitive recursive function E(g, d) such
that any ideal I in a polynomial ring over a field with at most g generators of
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degrees d or less has at most F(g,d) associated primes. The ideal BHH(m, 2,1) is
in a polynomial ring with 2m+-3 variables and has 2m+5 generators of degrees up
to 9. Its third power has 2-3"+1 associated primes, and by Lemma 1.2 it has at
most (21n2+1) + (2”?6) generators of degrees up to 23. For large m, this number of
generators is less than or equal to 2m3, showing that for large m and n,

B(2m+3,23) >2-3"+1, ie., B(n,23)>2-(vV3)" 3+1,
E(2m?,23) >2:3™+1, ie., E(n,23)>2-3V"/241.

Asymptotically, the lower bound here for B(n,d) is stronger than the bound 3"/3
in [8], but the lower bound for E(n, d) here is weaker than the bound 3v2"~1 in [8].

In Theorem 4.2 we prove that the function n—depth(R/BHH(m,r, s)") is pe-
riodic of period r when restricted to the interval [1,...,rm+1], that it has exactly
m-+1 local minima, all on that interval and equal to 0, that all other values on that
interval are 1, and that the only value outside of the interval is s. More generally,
we show that an e-fold splitting of BHH(m,r, s) gives an ideal I in a ring A such
that

4 e—1, if n=ru+1 with ©=0, ..., m;
depth (I_”> = e, if n<rm+1 and n#Z1 mod r;
s+e—1, otherwise, i.e., if n>mr+1.
We point out that the construction in [6] by Ha, Nguyen, Trung and Trung of
the monomial ideal with the same depth function uses at least e+4(rm—m)+3s
variables, whereas our construction uses rm-+r+s+e—1. The difference 3rm—4m—
r+2s+1=2(r—2)m+(m—1)r+2s+1 in the number of variables is always positive
since r>2 (for periodicity) and m, s>1.
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Fund (FWF) [10.55776/DOCT8]. For open access purposes, the author has applied
a CC BY public copyright license to any author-accepted manuscript version arising
from this submission.
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1. Generalized Bandari—-Herzog—Hibi ideals

Definition 1.1. Let m,r and s be positive integers with r>2. Let cq, ..., cs, a5,
x;; be variables over a field k where i€[m] and je[r]. For the sake of notation,
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we identify a,41=a1, ao=a,, Tir11==2i1, T;0=2;, for all i, and more generally,
Li,j =i (j mod r)- We define

By(r) = (a?,a?aj_H: j=1,..,1),
B.(r,8)=(c1y - cs)a‘fag--- af;
X (m,r) = (aju; ja7 ;. :i€m],jelr]),
)

= Bo(r)+Be(r, s)+ X (m,r).

We call BHH(m,r, s) the Bandari-Herzog-Hibi ideals. When s=1, we write
CcC=cC1.
When m,r and s are clear, we write these ideals as By, B., X, B, respectively.
We will refer to elements a?miijf,jﬂ as h; ;.

We name these ideals in honor of the Bandari-Herzog-Hibi paper [2] which
originated the ideals BHH(m, 2, 2).

Understanding the associated primes of powers of these ideals is important for
understanding the depth function of their quotients. For the primary decomposi-
tions part, we prove in Theorem 1.4 that it suffices to find the decompositions in
case s=1. This reduction greatly simplifies the notation and speeds up any concrete
calculations of the associated primes and thus the counting.

Lemma 1.2. Let Jy, Jo, J3 be ideals in a ring R such that (J1+J2)>CJ2. Then
for all positive integers n, (J1+J2+J3)”:J1J§L71+(J2—|—J3)".
Thus with B=BHH(m, r,s), B"=B, X"\ +(Bo+X)"=B,B"' +(By+X)".

Proof. The first display holds trivially for n=1. The equality (J;+J2+J3)?=
J12+J1J2+J1J3+J22+J2J3+J§ =J1J3+J22+J2J3+J§ =J1J3+(J2+J3)2 proves
the case n=2. Then by induction on n>2,

(J1+Jo+J3)" = (Ji+Jo+J3)(J1+Ja+J3)" !
=(Ji+Jo+J3) (I3 2+ (Jo+J5)" 1)
= J2IE 24 Ty (Ja+J3) " e Ty Jo I8 T2 (Jp ) - Ty SR
=J1(Jo+J3)" "+ (Ja+J3)"

n—1
=1y S5y T (Tt Ts)"
=0

n—1

=JUJE Y DRI T (Ja )"
=1

C NI (Tt J3)™
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Since also the last ideal is contained in the first in this display, the conclusion
follows.
The second part follows with J;=B,, Jo=Bo and J3=X, since J?C (a})(a$)CJ3

and J1Jo C(a$, a5ajq1: jelr])(al--ap) C((afaj41)?, (ad)(ady aj40): jE[r])CJ5. O

Lemma 1.3. Let I, 15, I3 be ideals in a Noetherian ring A such that (I;+
IQ)QQIQQ and let ¢, ¢y, ..., cs be variables over A. Then the set of associated primes

Aler,....cq] equals
,,,,, cs) i +I2+13)" q

{(P+(c1,...ycs))Alet, ooy cs): PC A, P+(c) € Ass(Alc]/(clh+11+12)")}
U{PAlc1,...,cs]: PeAss(Alc]/(cli+I1+12)") and c ¢ P} .

Proof. Let ¢ stand either for the ideal (¢) or for the ideal (ey,...,cs). By
Lemma 1.2 and using Jy=cl; and Jy=1I5, J3=1I3, we get that for all positive inte-
gers n, (cl+ I+ 1) =cl Iy ' 4+ (I, 4+ I3)".

Define ¢: Aley,...,cs]— Alc] to be the A-algebra homomorphism that takes
all ¢; to ¢ and is the identity on A. We impose the N®-grading on Alcy, ..., ¢s]
with deg(c;)=e; (the s-tuple with 1 in the ith position and 0 elsewhere) and we
define the degrees of all other variables to be 0. Then ¢ is not a graded homo-
morphism, but it is a surjective spreading as defined in [8, Definition 2.1], and
((c1y ey es) 1+ T+ I3) =(c1, oy e ) L IE T (I +13)™ is a spreading of (el +Ir+
I3)"=cl I3~ ' +(Io+13)". By [8, Lemma 2.5], the spreading of an irredundant pri-
mary decomposition of ¢l I3 14 (Jy+J3)" corresponds to an irredundant primary
decomposition of (cy, ...,cs)I1 Iy~ +(Jo+J3)"; specifically, any associated prime of
the former ideal not containing c is associated to the latter ideal and does not con-
tain any ¢;, and furthermore any associated prime of the former ideal that contains
c is spread to one unique associated prime of the latter ideal in which the generator
c is replaced by the s generators cq,...,cs. O

The last two lemmas immediately prove that the number of associated primes of
(BHH(m, r, s))™ is the same as the number of associated primes of (BHH(m,r, 1)),
via the following formalization:

Theorem 1.4. Set B=BHH(m,r, 1) and B(s)=BHH(m,r,s). For every pos-
itive integer n, the sets of associated primes of B™ and of B(s)™ are in one-to-one
correspondence:

(1) Associated primes of B™ not containing ¢ have the same minimal generating
sets as their corresponding primes associated to B(s)™ that do not contain cy, ..., cs.

(2) Associated primes of B™ that contain ¢ are of the form P+(c) for some

monomial prime P in variables a;, z; ; and they correspond to associated primes of
B(s)" of the form P+(c1,...,cs). O
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2. Lemmas

Throughout this section, B stands for BHH(m, r, 1) and n is a positive integer.

Lemma 2.1. Let P be a prime ideal associated to B. Suppose that for each
J€lr] there exists i;€[m] such that x;, ; and x;, ;11 are both in P. Then ceP. In
particular, if x; 1, ...,x;»€P for some i€[m], then ceP.

Proof. By definition of associated primes there exists a monomial w such that
P=(B:w) and hence we B:PCB:(x;; j, i, j+1: j€[r]). We have
B (x5, l‘i, g+1)
=(B+(d] ;1T 5 1%,%“?33% ]+1))m(B+(a?xij7jmijaj+1’ a?+1x?j,j+2))
< B+(aj71)+(a?‘rij,jxij,j+17a?aj+1x?j,j+1m?j,j+2)
= B+(a?—1)a

so that

w e

.

(B: (@, 5,1, 541)) € [ (BH(a? 1)) = B+(ab---a?).
1 j=1

J

In all cases, ¢ multiplies this intersection into B, proving that ce P. 0

Lemma 2.2. Let P be a prime ideal associated to B™ containing some x; ;.
Write P=B"™:w for some monomial w.

(1) Then wEa?flxiﬁj_lsz"’an ”+1B" L

(2) If P also contains x; j11, then

we (LL;1 1% 5—12 ;BT 1ULL]xZ BN (a?a:i,jmeB"_lUa;ﬂ_lxinB"_l)
4 -1 -1
ﬂ(aj_1$i7j_1$i7jB Uaj+1xi,j+2B” ) .
Proof. (1) Since B™:w=P, and by the form of the generators of B,

4 -1
weB":PCB":x; j=B"+(a;_yxi 12 j,a;; ;1) B" "

But w cannot be in B™ (for otherwise B™:w=R is not a prime ideal), and since w
is a monomial, (1) follows.
(2) Now suppose that P contains z; ; and z; j4+1. Then by (1),

n—1 n—1 4 n—1 4 2 n—1
weE ( 1T j—1T ;B Uaj i g+1B ) (ajxi,jxi7j+1B Uaj 127 12 B ) .

Suppose for contradiction that

4 n—1 4 2 n—1
wgajflxi,j,lxi,jB UCLjJrla'}i’jJrgB .



Fluctuations in depth and associated primes of powers of ideals 197

Then weas 33”4_13" I'Nat x”x”HB . So we have proved that with u=0, we
B“(anZJHB” 1=ung? :z:”xw_HB” 1= “) We proceed from this:
1— 1—
wE B“(a. ; 7JFZLB" “ﬁa iTijTi g BY )
:B"a?acm_‘_l (l‘iJ‘_HBn 1 “ﬁxi,jB" 1= u)
u 4 2 n—1l—wu . n—1l—wu .
= B"ajzijx} ;4 (B cxi;)N(B (ijy1))
1 —1- 4 4 —2—
c But ((B" (a1 jo17i 5, a x”H)B" “)
m(anlfu_i_( 4. . 4 2 )Bn727u))
A5 Li,5%i0,54+15 Aj41T5 j42 .
But ngB”Ua?flxiyj_lmi,jB"’lUaﬁﬂxfij"*l, so necessarily

u+1 n—2—u —u
€B (a o:”_HB Na; :cmxw_HB ).

This is the induction step, so when u=n—2, we get that
—17/, 4.2 4 —1/.4 2
we€ B" (a7 j41)N(aj2:,52i,54+1)) = B" ™ (a5 525 ;44) € B”,

which is a contradiction to B™:w being a prime ideal. This finishes the proof
of (2). O

Lemma 2.3. Let P be a prime ideal associated to B™. Then the following
properties hold:

(1) a1, ...,a.€P.

(2) If P does not contain x; 1%; 2+ T;, for some i, then P=(ay,...,ar).

(3) If P contains some x;;, then there exists jo€{j—1,j} such that
Te,joLe,jo+1EP for all e€m)].

(4) If P does not contain x; j, x; j+1 for some i€[m] and j€[r], then c¢P.

Proof. (1) Since a?GB, it follows that a; must be in every associated prime
ideal of B™.
(2) Suppose that x; 122+ x; ¢ P for some i. Then P is associated to

B" (21 i) = (BO+(c(a1a2~~- ar)4)+(a?: JE [’"D)n = (G?Z Jelrn™,

whose only associated prime is (aq, ..., a,).

(3) follows from Lemma 2.2(1): there exists jo€{j—1,j} such that the witness
w for P is in a?OB"_l. Hence for all e, wx@joxajoJrleB”.

(4) By assumption, P is associated to

B": (w3;w1,541)° = (B+(a}, a 12 51,4 127 ,15))"
= (BO —&—X—|—(a?, a?_lxi7j_1, a?+1a:f7j+2))n ,

and ¢ does not appear in any generator of the last ideal. Thus P cannot
contain c¢. [
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Lemma 2.4.

1) If r=2, then x; jataih; ;€ B>.
31021

2) If r=2, then afa3h? € B3.

( 1 %,7

(3) l]+2a]aj+1h< <EB2

(4) a? aj_ 1a x” 1x”h €B?.

(5) z; ,]aj 2a] 10 Yhi j—oh; j€B3.

(6) 45— 1aj 1a4h2 €eB3.

(7)

K3
7) ai_oaj_jajhij ohi ;€ B

Proof. For (1) and (2) we use that z; j_1=w; j41 to rewrite
wijaiashi ;=i jaiay (a5 o] ;) € (af) () _ywi 12l ;) C B,

and afash? j=atas(aje; jo7 5, 1) € (al)?(af_ w5127 ;) S B®. Part (3) follows from

2 4 4 _.2 4.4 (42 6y(, 4 .2 2
Ti g0y hij =5 5400505 (a5 577 540 ) € (a5) (a1 % j 4175 510) € B,
4 4. o 4 8. 92 2 6Y(pd 2 2
part (4) from aj_,ajz; j17i jhi j=a;_jajz; 177 ;27 5 €(a3)(af_yzi 177 ;) C B2,
part (5) from

4 4 4 .4 4 4( 4 .. 2 4. 2
T Qo0 qaihij—ohi ;= ;a5 _a;_,a; (%‘—293173—2%]’ 1) (asz,axi,jﬂ)

€ (a?_g)(a?) (a4 \Ti 177 )< B3,

part (6) from z;; 1aj_jalh? =z 1a] jaja? ol €(ad)?(hij—1)SB?, and
part (7) from

4 4 4y 42 8 4 12 2 2 4
j—2@j 105 hijohi ;= aj_ 005 a5 9Ty ;1T T 54

€ (a5 _5)(a5)*(aj 155127 ;) S B O

a

Corollary 2.5. Let w*a‘f~~~aﬁ(H x;" i W, hul i7) with v; j, u; j non-nega-
tive integers such that Z cugj=n—1.

(1) Suppose that it is posszble to rewrite w in the same format but with different
Vi, Us5. Then weB™.

(2) Suppose that n>mr+1 and that w multiplies (x; j: i€[m], j€[r]) into B".
Then weB".

Proof. We set A=a$---at, wo= irj x” ; and wi =[], ; hu”.

(1) By assumption, there exists a positive v; ; such that x;; gets incorporated
in the rewriting of w either into a new h; j_; or into a new h; ;.

Suppose that z;; is incorporated into a new h; ;. Then x%jH needs to be
a factor of w. This factor can come either from w; ;>0 or from v; ji14+u; j41>2.

2 Ui, j o . o .
If we use z7;,y from h; %", then our z;; is not making a new h; ;, so necessarily
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Vi j+1+Uij11>2. By definition, Lemma 2.4(4) and (6), A-z; ;27 ;. €(hi;)CB,
A'xi,jzi,j+1hi,j+1 GBQ, A'Iidh?’jJrl GBB. This proves that we B™.

Now suppose that z; ; is incorporated into a new h; ;_1. Then x; ;_1x; ; needs
to be a factor of w/x; ;. The z; j_1 factor can come from v; j_1>0, u; j_2>0 or
from u; j—1>0. We can eliminate the option u; ;_1>0 as it does not generate a
new h; j_i. Similarly, the additional factor x; ; can only be taken from v; ;>1 or
u; ;>0. If v; j_1>0 and v; ;>1, then A wo€ (hij—1)CB and weB". If v; j_1>0
and u; >0, then we(A-xij 11:1-311 RS )EB” by Lemma 2.4(4). If u; j_o>0 and
v;;>1, then we(A-a7 hj o e )EB" by Lemma 2.4(3). Finally, if u; ;_2>0
and u; ; >0, then wE(A x; ihi ,]h 2 m)eB" by Lemma 2.4(5).

(2) Since n—1>mr, there exists (¢, j) such that u,; ;>2. By assumption, z; ;w
and z; jy1w are both in B™. Thus for both variables, the rewriting needs to happen
as in (1). As in the proof of (1), one of the following conditions holds for z; jw:

a) Vi j4+1+Uij+1>2,

b) (1},'73'_1 >0 or Uj—2 >0) and (Uz‘,j >0 or Ui, j >O);
and one of the following conditions holds for x; j4iw:

a’) Vi j42+uij42>2,

b’) (v;,;>0 or u; ;—1>0) and (v; j41>0 or u; j4+1>0).

If b) holds, then x; ;j_ 1|w0 or hij_o|wi. It follows that weB™ since w; ;>2 and
hence we(A-x;;-1h ;- 72 ‘)EB" due to Lemma 2.4(6) or we(A-h;; oh?;-
ﬁ)EB" due to Lemma 2. 4(7). Similarly, if a’) holds, then z7, ,|wq or
(@i, 542 \)wo and h; jyo|wi) or h”+2|w1 Since h; j|wq, it follows that we
(A-a?j ohi g ) €B™ by Lemma 2.4(3) or we(A-x; j+2hi jy2hi m)EB”
by Lemma 2. 4(5) or we(A- h”Jrzh i W)GB” by Lemma 2.4(7).

So we may assume that we have condltlons a)and b’). If 27 ;| |wo and (z; ;| wo
or h; j_1|ws), then either wG(A~xi,jo:f’j+1~w1)€B" or wE(A‘hi,j—lx?’j+1'$)€

B"™ by Lemma 2.4(3). If o; j11|wo and A, j41|wr and (z; j|we or h; j—1|w), then
wE(A-xi,jl‘iJ_i_lhi,j_i_l'ﬁ)EBn by Lemma 2. 4(4) or wG(A'.Ti7j+1hi7j_1hi7j+1'
%)EB” by Lemma 2. 4(5). Finally, if h7;,,|w; and (z;;|wo or h; ;1]
wy), then we(A-z; h7 ;- h )EB by Lemma 2.4(6) or we(A-hij 1h7 .-
#hi,jj}lli,jﬂ )€ B™ by Lemma, 2. 4(7). O

Lemma 2.6. Let P be a prime ideal that contains ¢ and is associated to B™.
We know that P=B":w for some monomial w. Then

(1) w=a}---a*wy for some woe X" 1.

(2) If x;; and x; j41 are in P and x;; is not a factor of w, then r>3 and
"Zfl'vj_;,_gep.

(3) If z; j, i j41, Tijy2€P and >3, then x; ; is a factor of w.
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(4) Suppose that x; jx7 ;| divides wo and that x; j1€P. Then a7 ; divides w.
(5) Suppose that x?’lx?’zmojg’r divides w. Then n>r+1 and wqy is an element

of hithig--hiy X717

Proof. Since c€ P, we know by Lemma 1.2 that we B":c=aj---at X" '+ (Bo+
X)™. Since w is a monomial not in B™, necessarily w€aj---a*X"~!. This proves (1).

To simplify notation we assume in the rest of the proof that j=1.

(2) Suppose that x; 1 does not divide wy (or w). Then by Lemma 2.2(2), we
a‘fxf,QB"_Qﬂa%x?BB"_Q and so necessarily »>3. This means that wy is a multiple
of 22,225, Write wo=h¢ ,h§ 5w’ for some non-negative integers e, e’ and some w'e
Xn-l-e—e’  We may take e to be maximal possible, and for the maximal e we
choose maximal possible €/, so that in particular h; 2 and h; 3 are not factors of w’.
By assumption also no h;1,h;, appear in w’. First suppose that e=0. Then
by the (x;2,2;3)-degree count, woExi,gxfﬁX”_l+xi72xi73hi73X"_2—|—xi,2h1273X”_3,
whence by Lemma 2.4, weB™. So necessarily e>1. Hence by Lemma 2.4(3),
x? sweB", so that x; 4€P. This proves (2).

We continue with the proof of (3). Recall that we assume that z7,; does not
divide w. Since x; w € B™, necessarily in the rewriting of x; sw as an element of B™,
x; 2 must combine with xfﬁ into a new h; 2, i.e., w/hf’QEaéx?ﬁB"_l_"‘. Thus, x; 2 is
not a factor of wo/hf , for otherwise we B". In addition, x; 3w€ B™ which implies
that z;3 needs to recombine with w into a new element of B which necessarily
is h; 3. Thus, wo must have a factor of z7,, which comes either as fo, i ahi 4,
or h? 4. But since the exponent on h; 5 in w is at least 1, then by Lemma 2.4(3),
(5), and (7), we B™, which is a contradiction, and thus proves (3).

(4) Suppose that x?’l does not divide wy. By assumption xi,leg is a factor of
wo, by the (z; 1, z;2)-degree count, wy Ehi71X"_2+xi,1x22X”_l+xi71xi72hi72X"_2—|—
:ciylh?’zX"*?’. If wg is in one of the last three summands, then we B™ by Definition
or Lemma 2.4(4) and (6). So we may assume that wo€h; 1 X"~ 2. Since z; owe€ B,
this x; » must recombine with w into a new h;; or h;2, but since there are no
spare x;; in w, necessarily x?,S is a factor of wg. Thus, by the z; 3-degree count,
’woG.’ﬂ?ﬁhi’aniz+£L’i73hi11hi,3Xn73+h7;71h3’3Xn74+hi71hi12Xn73. If wp is in the
last summand, then no new h; » would be formed. We can, therefore, assume that
wp is in the first three summands. But then we B™ by Lemma 2.4(3), (5), and (7).
Thus 7, must be a factor of w.

(5) Let E be the largest subset of [r] such that wo€(][;cp hi )X oIELTf
F is empty, then n=1 and wea;*xi,jxf)jﬂ CB=B", which is a contradiction. Thus
E is not empty. By symmetry we may assume that h;; is a factor and for con-
tradiction we assume that h;o is not a factor. By the (z;1,x;2)-degree count,
wo Exi,lhi’lX”_z+hf71X”_3+hi)Thi71X"_3. If r=2, the last summand is not possi-
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ble by assumption and the first two summands make w be in B™ by Lemma 2.4(1)
and (2), which proves that r>3.

If h; 5 is also not a factor of wy, then by the z; 3-degree count, wq Ehi’leﬁX”_z,
which means that we B"™ by Lemma 2.4(3). This proves that h,; 3 must be a factor
of wo, and consequently that E contains at least every other h; ; as j varies. Now
say that h; 1, h; 3 are factors but h; 2 is not. By the x; 3-degree count again, wg€
hi’1$i73hi,3Xn_3+hi71h2273Xn_37 so that we B™ by Lemma 24(5) and (7) This
proves (5). O

3. G-good primes

The set-up is as in Section 2 with B=BHH(m,r,1) and n a positive integer.
In this section we characterize all associated primes of powers of B that are g-good.
We prove that all associated primes that contain ¢ are g-good, which characterizes
and counts all associated primes of powers of B that contain c¢. Theorem 3.11 counts
associated primes of any power of BHH(m, 2, s) and Theorem 3.13 determines the
maxima of the numbers of these associated primes. In Proposition 3.10 we prove
the persistence property of associated primes of powers not containing c.

We think of the mr variables x; ; as appearing in an m xr matrix. If a monomial
prime ideal does not contain all z; ; in some row 7, then we talk about gaps, and if
a prime ideal omits some k consecutive z; ; in a row i, we refer to that as a gap of
length k. Keep in mind that we identify z; , with z; 0, et cetera, so that the gaps
are counted in the round.

Definition 3.1. Let P be a monomial prime ideal containing (ay,...,a,). We
say that P is g-good if it has no gaps of length 2 or larger in any of the rows.

We characterize in this section all associated primes of B™ that contain ¢ in
terms of g-good primes. The characterization enables a count, see Theorem 3.6.
G-good primes also play a role for primes that do not contain ¢; see Theorems 3.8
and 3.9.

Proposition 3.2. Let P be a g-good prime ideal containing c such that for each
i€[m], the set P0{x;1,....,2;} has either v or exactly v/2 elements. (The latter
happens only if r is even.) Let U={i: z;1,...,x;»€P} and V={(i,7): z; j+1¢P}.

(1) Suppose that n=ur+v+1, where u and v are any non-negative integers
such that w<|U| and v<|V|. Then P is associated to B™.

(2) Suppose that n cannot be written as in (1). Then P is not associated to B™.

Proof. Observe that V={(i,j): z; ;€P and i¢U}.
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(1) Let Uy be a subset of U of cardinality u and Vj a subset of V of cardinality v.
Let M be a large integer and set

w=atat( T TTe)( IT =),

ieU\Uy j=1 i ;&P

(L) (1L )

i€Up j=1 (4,5)€Vo

Then weB*+v=B"~1, We will prove that P=B":w.

Since aj(af---ay)€(afa;41)€ByCB and c(aj---ap)€B.CB it follows that
(a1,...,ar,c)CB™:w. Suppose that i€Uy. Then for all j€[r|, z; j€ B":w by Lem-
ma 2.4(1) in case r=2 and by Lemma 2.4(5) in case r>2. If i€U\Uy, then
:I:mwea:i’j(a?_lmi’j,lxi,j)X”_lQX”QB". Thus x; ;€B":w for all i€U and all
jelr]. If (i,7)€V, then z; ;11¢P, so that xi,jwoe(aﬁxi,jxf’jH)QX and thus
x;;€B™:w. This proves that PCB":w.

To prove that P=B":w it remains to show that every z; ;&P is a non-zero-
divisor modulo B™. By possibly taking M even larger it suffices to prove that
wgB". In the given form w is an element of B"~'. Any rewriting of w to make it
an element of B™ has to involve the variables x; ; whose exponents are at least two.
The only such z; ; are those not in P and those with ¢€Uy. If x; ;€ P, then x%j_H is
not a factor of w and either x; ;_; is not a factor of w or else z; ;_; is a factor of w
but tied up in h; j_1. Thus there is no possible way of using the rewriting with z; ;
not in P. If i€ Uy, then this ¢ contributes to w the factor af---apz?, -2, € B", and
there is no possible way of rewriting this part to put w into B"™. Thus P=B":w.
It follows that P is associated to B™. This finishes the proof of (1).

(2) Let P be associated to B™ and suppose for contradiction that n cannot be
written as in (1). Then in particular n>1. By Lemma 2.6(1), P=B":w, where w is
a monomial of the form aj---atwq for some wo€ X"~ 1. The product of all z; ; with
i€U divides wy by Lemma 2.6(2) in case r=2 and by Lemma 2.6(3) in case r>2.
Let Uy be the set of all €U such that h; ; is a factor of wy for some j€[r]. Let i€ U.
Then by Lemma 2.6(4), xfj divides wg. Since z; j_1 also divides wp, then again by
Lemma 2.6(4), x7 ;_, divides wo. By continuing in this way we get that [[_, =7
divides wg. Hence by Lemma 2.6(5), H§=1 h; ; divides wg. By Lemma 2.4(2) and
(7)’ hzz,j
We just proved that wy is a product of the |Uy|r factors h; ; with (¢, j) €Uy x [r] and
v factors h; ; with i¢U. By Lemma 2.4(3), necessarily for any such latter factor
we have a:?’jJrzGB”:w:P. Since P is g-good and the ith row has r/2 elements,

necessarily x; j€P and x; j_1 is not in P. Then by Lemma 2.4(6), the squares of

is not a factor of w for all such ¢, j. Thus n—1>|Up|r. Let v=n—1—|Up|r.
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these h; ; do not divide w. Thus these v factors are all distinct, which means that
n must be written as in (1). O

Theorem 3.3. We consider the set S of all g-good prime ideals P containing c
for which in each row of the matriz [x; ;], P contains either r or r/2 elements.

(1) If r is odd, then the mazimal ideal is the only such prime ideal, and it is
associated to B™ if and only if n=ur+1 for some u<m.

(2) If r is even, then S contains 3™ prime ideals.

(a) For each i€{0,...,m} there exist 2'("}) prime ideals in S of height (m+
1)r—i5+1, and these are associated to B™ exactly when n equals ur+v+1 with
ue{0,...,m—i} and ve{0,...,i5}.

(b) The number h(m,r,n) of elements of S that are associated to B™ equals

m (m
Z 2 ( i >6(n—1)/r—i/2§min{q,m—i}u

i=0
where q= L"Tflj For all n>14rm, h(m,r,n)=0.

Proof. (1) is an immediate corollary of Proposition 3.2.

To prove (2), observe that for i€[m], one of three things happen for P€S:
P contains the full ith row of [z;;], P contains z; ; with j odd, and P contains
x;; with j even. Thus the count of elements of S is 3™. For each i€{0,1,...,m},
there are (T) possibilities where exactly m—1i of the rows are fully in P, and the
remaining i rows have two options. All these prime ideals contain also ay, ..., a,, ¢,
so that their height is r+1+(m—i)r+i§ =(m+1)r—ig+1.

According to Proposition 3.2, P is associated to B™ if and only if there exist
integers uc{0,...,m—i} and ve{0, ...,i5} such that n—1=ur+wv. The rest of (2)(a)
is an immediate corollary of Proposition 3.2.

For (2)(b) we need to account which n are possible. Note that n—1=ur+v<
(m—i)r+ir/2<mr. Thus h(m,r,n)=0 if n—1>mr. The possible u are 0, 1, ..., m—
i, if simultaneously 0<v=n—1—ur<ir/2. Another way of recording this is with
max{0, (n—1)/r—i/2} <u<min{q,m—i}. The assertion in (2)(b) follows because
min{qg,m—i}>0. O

Theorem 3.4. Let P be a g-good monomial prime ideal containing c. Suppose
that there exists (ig, jo) € [m] X [r] such that x;, jo—1, i, jo €P and x;, jo+1 € P. Then
P is associated to B™ for all n>1.

Proof. The assumption on ig, jo forces r>3. Let T} be the set of all z; ; not in
P and T the set of all x; ;€ P such that z; j;1€P. In case n>3 we correct 15 to
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not include x;, j,—1. For any large integer M we set

wo=aj---a (H tM> (H t> , w:wgh;;ﬁ).

teTly tels

Since (ay, ..., ar,c)at--ar€B, it follows that (ay,...,a,,c)CB":w. If z; ;€P and

: 4,2 g — 4 2
T, j+1€ P, then z; jweB™ since ajz; ;14 is a factor of wg and h; j=ajz; jx7 ;1 €B.

If n>3, then wio,j0,1w€(hio,jo,l)(a}f)(h?ofj%)QBl+2+”_3:B”. In all other cases,

if z; j,x; j+1€P, then x; jwe B™ since aj:lari7j_19:i7j is a factor of wg and h; ;1=
a?_la:i’j,lxijEB. This proves that PCB™:w.

We next prove that B™:wC P, i.e., that no power of a variable in 7} is in B™:w.
By possibly taking M larger it suffices to prove that w¢ B™. In the given form w
is an element of B"~!'. Any rewriting of w to make it an element of B™ has to
involve the variables x; ; whose exponents are at least two. The only such variables
are those in 77 and additionally x;, j, if n—1>2. By the g-goodness assumption,
the variables in 77 do not have consecutive second indices and T5 does not contain
suitable “predecessors” to form a new h; j_; with a variable z; ;€77. So necessarily
n>3, but then x;, j,—1 is not a factor of w so it is not possible to recombine x?(),jo
with that missing factor and no other rewriting is possible. Thus w¢ B™.

Thus P=B":w so that P is associated to B". [

Lemma 3.5. The number of g-good primes (either all containing ¢ or none
containing c) equals the Lucas number L™ (with L1=1, Ly=3, Lyyo=L,41+L,).

Proof. Note that the number of g-good primes of either type is equal to L]
where L, is their number for the case m=1. We will ignore containments of a1, ..., a,
in this proof.

In case r=1, the only g-good prime contains x11, so L; is 1. The g-good
options in case r=2 are (x11), (z12), and (1,1,%1,2), so La=3. Let U, be the
number of g-good primes that contain z;; and x;,, and for r>1 let V,. be the
number of g-good primes that contain x; ; and not 1 ,, and let V', be the number
of g-good primes that contain x;, and not x;;. Clearly V,.=V,, V,=U,_1, and
L,=U,+V,+V,.=U.+2V.. But U,+1=U,+U,_; (depending on whether r—1 is or
is not in the subset), Uy =1, Us=1, and U3=2, which says that Uy, Us, Us, ... are the
usual Fibonacci numbers, and so V5, V3, V4, ... are also the usual Fibonacci numbers.
Then

LT+1 +L,= Ur—i-l +2U,+U,+2U,_1 = (UT+1 +Ur)+2(Ur+Ur—1) = Ur+2 +2Ur+1

= L'r+27

and so these numbers are the Lucas numbers. [
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Theorem 3.6. The number of prime ideals associated to BHH(m,r,1)" that
contain c is equal to

L —3"+h(m,r,n), if reven;
L, if rodd, n=1 mod r and n<rm-+1;

Lm—1, otherwise,

where L, is the rth Lucas number with L1=1 and Ly=3 and h(m,n,r) refers to the
number in Theorem 3.3(D).

Proof. By Lemma 2.3(4), every prime ideal associated to B™ that contains ¢
must be g-good.

Assume first that r is odd. In this case, according to Theorem 3.3(1), the
maximal ideal is associated if and only if n=ur+1 for some integer u<m. Any
other one of the L7 possible prime ideals satisfies condition of Theorem 3.4 and is
thus associated to B™ for all n. This proves the theorem for odd r by Lemma 3.5.

Now, assume that r is even. Of the L]* possible prime ideals as accounted
for by Lemma 3.5, those for which some row in the matrix [z; ;] is neither half-full
nor full are covered by Theorem 3.4 and are thus associated to all powers of B. It
remains to count those prime ideals associated to B™ for which each row in [z; ;]
is either half- full or full. According to Theorem 3.3(2), there are 3™ prime ideals
with only full and half-full levels, of which h(m,r,n) are associated to B™. The
theorem follows. [J

Ezample 3.7. The following tables of numbers of associated primes of
BHH(m,r, 1)" that contain ¢ are taken from Theorem 3.6 and agree with the calcu-
lations(') by Macaulay2 [5] and Magma [3] of associated primes for low values of n.

r=2
m\n| 1 2 3 6 7 8 9 |10 |11|12]13|14
1 3 2 1 0
2 9 8 4 1 0
3 27 |26 | 27 {26 | 19| 6 1 0
4 81 |80 |81 |8 |81 |64]33] 8 1 0
5 1243]242(2431242(243[242(211|130| 51 |10 | 1] 0
6 | 729728729728 |729|728(729|664[473]232|73[12] 1|0

(1) The program code associated with this paper is available as ancillary file on the arXiv
page of this paper (arXiv:2309.15083).
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r=4
m\n] 1 2 3 4 5 6 7 8 9 10 | 11 12
1 7 6 6 4 5 4 4 4 4 4 4 4
21 49 | 48 | 48 | 44 | 49 | 44 | 44 | 40 | 41 | 40 | 40 | 40
3 | 343 | 342 | 342 | 336 | 343 | 342 | 342 | 328 | 335 | 322 | 322 | 316
4 |2401 | 2400 | 2400 | 2392 | 2401 | 2400 | 2400 | 2392 | 2401 | 2384 |2384 |2344
5 [16807 |16806 |16806 {16796 |16807 |16806 [16806 |16796 |16807 |16806 |16806 |16764
We have finished a characterization of all associated primes of B™ that con-
tain c.

In contrast, we do not have a complete characterization of the prime ideals
associated to B™ that do not contain c. Of these, we understand the g-good ones
well: by Theorem 3.8, the number of such is L7 if n>2, but the count is smaller for

n=1 by Theorem 3.9.

Theorem 3.8. Let P be a g-good monomial prime ideal that does not contain c
and let n>2. Then P is associated to B". The number of such primes is L.

Proof. Set
5n—>5, if n=2,3,4;
en =
6n—9, if n>4.
Note that
eats_ TP E(@)TICBT i n=2,3,4;
! a$"Ce(a)r-tCBrt, if n>4,
e Jai" Vel (afar) T C B i n=2.3.4;
2= _ .
! a$"Yat e (afas) (af) " C B, if n>5,
aon S ad — ai"a;€(ajaz)" CB", if n=2,3,4;
aS"tate(afas) (af) "1 C B, if n>4.

With wo=a{"a} - a, we have that

T

=4
ajwg € (a§"Pa3) C B",

ajwo € (a?aj+1)a§”‘+3 cB" ifje{2,..,r},

so that (a1, ..., a,)woC B™.
Let Xp be the product of powers of the x; ;, where
2, if xi,j ¢P,

the exponent of z; ; in Xp=41, ifz;;€P and x; j11€P;

O, if X5 €P and X, 541 ¢P
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Set w=cwoXp. We will prove that P=B":w. We have established that
(a1,...;a,)wCB™. Now let x; ;€ P. If x; j11¢P, then ng,jﬂ divides Xp, and so

en 4 o -
ai"as, if j=1;
4 2 1 a2, ;
l’ijwe(aﬂisz‘jﬂ)'{ .
, , , en+3 oo
as" if j£1
1 9 b

which is in B™. If instead z; j11 € P, then z; j_1x;; divides Xp, and so

aSvas, if j=2;
TijwE (a?—lxi,j—lxzz,j)'{a%n+§: ifj'7é2:
which is again in B". This proves that PwCB™.

To prove that B™:wC P, we need to prove that zw¢&B"™, where z is a high
power of a product of ¢ and all the z; ; that are not in P. Any rewriting of zw as an
n-fold product of elements in B cannot use any generator of a-degree 4 because Xp
contains no factors of the form z; ;27 j+1- Thus the n factors in this rewriting are
taken from the following list: a$,ajas,caf---at. If the latter factor appears, then
2w would have to be a multiple of (a$)"'ca}---a?, but the a;-degree is then too
high. Thus the only possible factors are a$ and afas. It is easy to see that this is
not possible if n=2, 3, and for n>4, the total degree e,,+8=6n—1 of a; and ay in
zw would have to be at least 6n, which is a contradiction. This finishes the proof
that B™:w=P, so that P is associated to B".

The number of such primes was determined in Lemma 3.5. [

Theorem 3.9. Let P be a g-good monomial prime ideal that does not contain c.
Then P is associated to B if and only if there exists jo€[r] such that for all i€[m)],
either x; jo &P or x; j,+1€P.

When r=2, the number of such P is exactly 2™.

Proof. By Lemma 2.1, if P is associated then such a jy must exist. Now suppose
that jo exists. By possibly replacing jo with jo+1 we may assume that there exists
i€[m] such that z; ;, #P. By re-indexing we may assume that jo=1.

Let Xp be the product of various powers of the z; ;, where

2, ifw;¢P;

1, ifz;;€P and j=r;

1, ifx;;€P, j#r and z; ;41 €P;
0, ifx;;€P,j#r and z; ;11 P,

the exponent of z; ; in Xp =

and set w:cai’-(H;;} aj)Xp. We will prove that P=B:w.
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We have that a,w=/(cala3---a})C B, and for j€{1,...,r—1}, we have that a;we
(a%aj11) S B. This proves that (ay,...,a,)wCB.

Now let :EUEP We need to prove that x”wEB If j=r, then z;,_12;,
divides Xp and ar ;1 divides w. Hence, z; rwe( Gp_1Tir— 11:”)CB If j=1, by
the definition of jo, z;2 is not in P. Thus alxiQ is a factor of w, so that z; jwe
(afw; x7,)CB. Now let je{2,..,r—1}. We need to prove that z; jweB. So
necessarily r>2. Then Xp is a multiple of xiﬁl if z; j41 € P, or else it is a multiple
of X4,j—1T4,5, SO that

I € {(Q?ZEL]LE ,j+1) B if Ti, 541 gP,
Y]

(a?—_lxm 1.1322 )QB if T j+1 eP.

This finishes the proof that PC B:w.

It remains to prove that B:wC P. It suffices to prove that zw¢ B, where z is a
high power of a product of ¢ with all z; ; that are not in P. Since the a,-degree of
w is 3, the rewriting of zw as an element of B would not use the one generator of
B that involves c. So ¢ plays no role in this rewriting. If ; ;& P, then both z; ;1
and x; j41 must be in P. Thus 27 ;,, is not a factor of zw and z;;_; is a factor
of zw exactly if j—1=r. In that case, a4 _, is not a factor of zw, which means
that no rewriting of zw as an element of B can use a;l 1T, 5— 1xfj or a?mi,jxfﬁjﬂ.
Also, no factor of this form already appears in w. But then by the consideration of
exponents of the a; in w, zwgB. 0O

We have handled all the g-good prime ideals associated to powers of B. There
are further associated primes that do not contain c. In the rest of this section we
prove their persistence property and we completely describe and enumerate them
in case r=2. Persistence definitely fails on associated primes that do contain c.

Proposition 3.10. (Persistence of associated primes) Let P be a prime ideal
associated to B™ that does not contain c. Then P is associated to B™t!.

Proof. If P is g-good, then P is associated to all B"*! by Theorem 3.8.

So we may assume that there exists ¢€[m| and j€[r] such that z; ;,2; j 411 ¢P.
Then P is associated to B™ if and only if it is associated to B™ after inverting
%% j+1. But then a;* is a minimal generator of B, and the only other minimal
generator of B (after this inversion) in which a; appears is a)_,a;. Write P=B":w
for some monomial w. Then

Bt :a?w: (Bt :a?) Tw
=(B"+a}_B"+a;® \B" " +a;’ | B" *+a’ | B" ) w
=B":w=P,

so that P is associated to B"*! as well. O
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Theorem 3.11. Let m, s>1. The set of associated primes of BHH(m, 2, s)™
is the union {(a1,a2) U, QY UQ,UQ, where

Qgi):{P|n:2u+v+1 with 0 <u<m—1,0<v <1 and
P has i half-full and m—i full rows},
Q1=A{P g-good|c¢ P,n=1,3jo €[r|Vie[m]: x; j, ¢ P or x; j,+1 ¢ P},
Q2 ={P g-good|c¢ P,n>2}.

The number of associated primes of BHH(m, 2, s)"™ is equal to

m - if ™
(3—6b1=n) +1+;2 (i)5(n—1—i)/2gmin{q,m—i}7

where g=| "5 |.

Proof. By Theorem 1.4, the set of associated primes of BHH(m, 2, s)™ is equal
to the set of associated primes of BHH(m,2,1)". By Theorems 3.6 and 3.3, the
set of associated primes of BHH(m,2,1)" that contain ¢ equals [J;", Qgi) and its
cardinality is h(m,2,n)=>"7" 2" (") (n—1—i)/2<min{q,m—i}, Where g=| "5+ ].

Let P be associated to BHH(m, 2,1)" and not contain c. If P does not contain
x;1%;2, then P is associated to B™ if and only if it is associated to B™:(z; 12;2)°=
(af,a3)™, in which case P must be equal to (aj,as), which is minimal over B and
hence associated to all the powers of B.

Thus it remains to consider the associated primes P not containing c¢ that
contain x; 1x; 2 for all i€[m]. Then P must be g-good, and in @ if n=1 by The-
orem 3.9 (which has cardinality 2™) and in Q2 if n>2 by Theorem 3.8 (which has
cardinality 3™).

The assertion follows. O

Remark 3.12. The number of associated primes of BHH(m, 2, s)™ can also be
written as

m e (m l 0, if n<2m and n is even;
(3=01=n)"+ <Z Z (€> <€+t—m)> +{1, otherwise,

£=0 t=b(£)

where b(¢)=max{n—1—¢, m—{}. Namely, the first summand in the display plus 1 is
the number of associated primes not containing c. The maximal ideal is associated
to BHH(m, 2,1)™ if and only if n<2m+1 and n is odd. These two counts account for
the first and the last summand in the display. It remains to count the non-maximal
associated primes P that contain c. We know that for all i€[m], x;12;2€P. Let ¢
be the number of x; ; in P and let ¢ be the number of z; 5 in P. Necessarily {+t>m.
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Also, £+t should be at least 2u+v=n—1 as in the notation of Theorem 3.3. There
are (”;) ways of choosing £ of the variables x; 1, after which for the remaining m—/¢
rows in the matrix [x;;], the elements z; » must be in P. This leaves t—(m—/)
variables x; » to be chosen from the ¢ rows with the x; ;. This justifies the middle
summand in the display.

We just proved the following combinatorial identity:

m

(m
Z 2 ( i >5n1<min{2q+i72mi}
i=0
&K m / —1, if n<2m and n is even;
DI .
=, 0 ) \b+t—m 0,

S0 otherwise,
where b({)=max{n—1—¢,m—/}.
)

)

Theorem 3.13. For m>1, the function ¢ taking n— # Ass(R/BHH(m, 2,
has exactly P”T_l] local maxima. The local maxima occur at n=3,5,...,2 ( 2_1]
and they are all equal to the global mazimum 2-3™+1.

s)"
+1

Proof. We refer to the three summands in the display in Remark 3.12 as
¢1, 02,03 (in the given order). Observe that ¢, is constant for n>2, that ¢y is
zero for all n>2m+2, and that ¢3 is constant for n>2m+1. Thus ¢ is constant for
n>2m+2.

In the range n=1,...,m—+1, ¢5 equals

i 3 <?>(€+t€_m>(1+1+1)m3m,

0=0t=m—~

after which it strictly decreases to 0 at n=2m+2. Thus ¢(1)=2"+3"+1<2-3m=
#(2)<2-3m+1=¢(3), and this is equal to ¢(n) for all odd n€{3,...,m~+1}. In other
words, ¢(n)=¢(3) for all n=3,5,...,2 (mTfl] +1. This value is strictly larger than
2:3M=¢(4)=¢(6)=---=¢(2 [51]), and is also strictly larger than ¢(2 [Z51]+2).

Furthermore, for ne{m+1,m+2,...,2m},

si-oio=E (s )= £ (L)

=0 l=n—1—

Thus ¢(n)>@(n+1) for ne{m+1,m+2,...,2m}. Finally,

m

¢(2m+1)=¢(2m+2) :i (?) (£+(2m+1é—1—£)—m> =2 (TZ) (i) =5

=0 =0

so that ¢(n)>¢(n+1) for ne{m+1,m+2,...,2m+1}. This finishes the proof. O
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4. Depth

The depth of quotients of powers of BHH(m, r, s) depend on s, so in this section
we return to arbitrary s.

Lemma 4.1. Set B=BHH(m,r,s). Let w=a{"aj--a} [ @i where e, is
defined as in the proof of Theorem 3.8. If n>2, then w¢gB"™ and w multiplies
(aj,xij:i€[m],j€[r]) (but not c1,...,cs) into (Bo+X)™.

Let uq, ..., us be linear forms with u; of the form c; minus a linear combination
d; in the variables x; j: as i,j" vary in [m] and [r], respectively. Then w¢gB™+
(U1, ...,us) and w(aj, x; j: i€[m],je[r])€B"+(u1, ..., us).

Proof. The first paragraph is an immediate consequence of the proof of Theo-
rem 3.8.

For the second paragraph, it is still the case that w multiplies the a;, z; ; (but
not ¢, ..., ¢s) into the ideal C=B"+(uq,...,us). It remains to prove that wgC. By
Lemma 1.2 we can rewrite C as (cy, ..., cs)at - ar X" 1+ (Bo+X)"+(uy, ..., us) =
(di,...,ds)at - atX" 1+ (Bo+X)"+(uq, ..., us). Without restriction, we can switch
to the polynomial ring where w1, ..., us are variables and, for 1<j<s, c; are the
linear forms in w; and d;. Since uq,...,us do not appear in w or in any minimal
generating set of (dy,...,ds)at - atX" 1+ (By+X)", it follows that if w is in C,
then we(dy, ..., ds)a} - at X" 1+ (By+X)", so that w multiplies ¢y, ..., ¢ into B",
which is a contradiction. [

Theorem 4.2. For any positive integers r,m,s,e with r>2, there exists an
ideal I in a polynomial ring A such that for all positive integers n,

4 e—1, if n=ru+1 with u=0,...,m;
depth <I”> ={e, ifn<rm+1 and nZ1 mod r;

s+e—1, otherwise, i.e., if n>mr+1.

In particular, the depth function n—depth(A/I™) has m+1 local minima, it is
periodic of period r when restricted to the domain [1,7(m~+1)—1], and it is constant
afterwards.

Proof. Set B=BHH(m,r,s) in the ambient polynomial ring R. Let A be
the polynomial ring obtained from R by replacing the variable ¢; with variables
di,...,d.. Let ¢: R— A be the algebra homomorphism taking ¢; to the product
dy---d. and all other variables to themselves. Let I=p(B)A. Since ¢ is a free and
hence a flat map by [8, Theorem 1.2] (such maps are called splittings there), we
have that ¢ takes a free resolution of R/B™ to a free resolution of A/I", and it
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preserves minimality of the resolution. Thus the projective dimensions of R/B"
and A/I™ are the same, and by the Auslander-Buchsbaum formula,

depth(A/I™) =dim(A)—pd(A4/I")
=dim(R)+e—1—pd(R/B™)
=dim(R)+e—1—(dim(R)—depth(R/B™))

=depth(R/B")+e—1.

So it suffices to prove that

(=]

R , if n=ru+1 with ©u=0,...,m;
depth<ﬁ) =<1, ifn<rm+1and n#Zl mod r;

s, otherwise, i.e., if n>mr+1.

By Theorems 1.4 and 3.3, the maximal ideal of R is associated to R/B™ exactly for
the n of the form ru+1 with u=0,...,m. Thus the depth of R/B™ equals 0 exactly
for all such n.

So we may assume that either n#1 mod r or that n>mr+1.

No ¢y, ...,cs appear in any generator of a minimal generating set of B™:c;=
(B+(af---a¥))™. This means that depth(R/(B™:c;))>s. By Theorem 3.8 (and
Theorem 1.4) we then have depth(R/(B™:¢1))=s. Also, B"+(c1)=B(m,r,s—1)"+
(c1) with B(m, r, s—1) defined using variables a;, z; ; and ¢, ..., cs only. When s=1,
by Lemma 4.1, depth(R/(B™+(c1))) is 0 for all n, and for s>2, by induction on
s, depth(R/(B™+(c1))) is 1 or s—1, depending on n. We will use the short exact

sequence

i — B —>L —0
B¢y Bn Bn+(c1) '

() 0—

This short exact sequence induces a long exact sequence on Extr(R/M,_), where
M is the maximal homogeneous ideal of R. We use the fact that for any finitely
generated R-module U, depth(U)=min{¢: Ext%(R/M,U)#0}.

Let {=depth(R/(B™+(c1)). By induction on s, we have that {=0 if s=1, and
otherwise that =1 if n<mr+1 (and n#1 mod r), and {=s—1 otherwise, and so
since the depth of R/(B™:cq1)=s, the relevant part of the long exact sequence equals:

R R R R R R
0 Exth( —, — Exth| —, ———— ExtH | —, ——
U T R(M’ B") T R(M’ Bn+(c1)> TR A\ M Brg
H e,

We need to establish that Extg(%, L) is non-zero if n<mr+1 (and n#£1 mod r)
and is zero if n>mr+1.
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First let n>mr+1. We need to show that the depth of R/B" is s. By the long

exact sequence we first prove that Ext?{l (%, B—R;L) is zero, i.e., that

R R R R
Exti (o0, —— ) — Bxct (oo, ———
TR (M’B"+(c1)> XR(M’BH:CI)

is injective. By faithful flatness we may assume that the base field is infinite. By
prime avoidance we can find linear forms us, ..., us, u; that form a regular sequence
modulo B™:¢; and for which ua, ..., us is a regular sequence modulo B"+(¢;). Since
ai, ..., a, are in the radical of B, we may assume that the u; are forms in the variables
¢;j and x;; only. We claim that for ¢=2,...,s, we may take uy=cy—dp, where
ngZi)j oy ;x; ; for some (generic) scalars ay; ;. Certainly any such uo, ..., us, us
form a regular sequence modulo B™:c¢; since ¢y, ..., ¢s do not appear in any generators
of this ideal. Suppose that we have proved for some £€{1,...,s—1} that ua, ..., us
form a regular sequence modulo B"+(c;). Then

B"+(c1,ug, ..., up) = ((dg, vy g, Cogn, ...,cs)a‘f~~~ aﬁ+BO+X)n+(cl, Uy oey Up),

and since (aj---at)?€ B2, by Lemma 1.2, modulo the variables ¢y, ug, ..., uy,

B" = (Cpy1, .y Cs)a] - an"_l—&—((dg, oy dg)ad--- af—l—Bo—l—X)n .

Thus by Lemma 1.3, each associated prime of B™+(c1,us, ..., u¢) either contains
all ¢g41,...,cs or it contains none of them. Thus c¢,41—dyy1 for sufficiently general
Q41,45 is a non-zerodivisor modulo B™+(ua, ..., ug). This proves the stated forms
of ug, ...,us and we may also take u;=c;.

By a theorem of Rees (see [9, Lemma 2 (i)]), due to natural isomorphisms, it
suffices to prove that the natural map

Hom E R — Hom E R
B\ v Bn+(c1, ug, ..., Ug) WA (B™:c1)+(c1,uz, ..., ug)

is injective. In other words, we need to show that the natural map %%%

is injective, where L1=B"+(c1,ug,...,us) and Lo=(B":c1)+(c1,us, ..., us). Let
w€(Ly:M)NLy. We have to prove that weL;.

By subtracting elements of L; from w, by Lemma 1.2, w€a}---atX"~1, and
since (ay, ..., ar, C1y ...y Cs)at--at X" 1 CB"C Ly, we may assume that

w=Sewatoeai ([T ) (T ).
1%

.3 .3

where for all v, e, €k and Zij Uy,; ;=n—1. Since L, Ly are not monomial ideals,
w need not be a monomial. Nevertheless, we claim that each x; ; multiplies each
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summand in w into L. Proof of the claim: Fix (4, j). We know that «; jweL;. This
means that in at least one monomial summand wy of w, ; ; must be incorporated
into some new factor of B while at the same time possibly breaking up some of the
n—1 factors that are generators of B. Then by Corollary 2.5 (1), z; jwo€B™CL;.
Hence z; j(w—wyp) is also in L, and w—wy has fewer summands in it, which proves
the claim for (4, j) by induction on the number of monomial summands in w. This
proves that every monomial appearing in w is multiplied by (z; ;: i€[m], j€[r])
into B™. Thus by Corollary 2.5 (2), each monomial appearing in w is in Lj, so that
w€L;. This proves that Ext% '(R/M, R/B™)=0, which means that the depth of
R/B™ is at least s. By the same reasoning as before, there exists a regular sequence
U1,...,us on R/B™ of the form uj=c;—d; for some generic linear combinations
di,...,ds in the z; ;. Consider the element w=a{"af - a;} H” x; j, with e,, as defined
in the proof of Theorem 3.8. By Lemma 4.1, MweB"+(uq,...,us) and wgB"+
(uq,...,us), so that the depth of R/B™ is exactly s.

Finally, let n<mr+1 and nZ1 mod r. We need to prove that the connecting
homomorphism in the displayed long exact sequence is not injective. If >3, then
EX‘D%‘H(%, Bﬁq):o and we are done. So, let s<2. As in in the proof for n>
mr-+1 there exists a linear form us=cy—ds €M that is a non-zerodivisor modulo
B"™:¢; and modulo B™+(c1), and by the same theorem of Rees, due to natural
isomorphisms, it suffices to prove that the natural homomorphism %%% is
not injective, where L1 =B"+(c1, uz) and Lo=(B,,:c1)+(c1,u2). Write n—2=ur+v
for some non-negative integers u,v with v<r. Since n<mr+1 and n#Z1 mod r,
it follows that u<m and v#0 mod r. Let wp=hy1---h1, Hi>m_u7j hm-EB”_2,
wx:]._.[igm—uJ Ti g, waza%~--aﬁ_1a§63, and w=x; jwpw,w,. Thus clearly we
B"2(ajxy o1 ,)(at - a})€Ly. However, wgLi. We next prove that MwC Ly:

wp
hi,j—2hi,j
T jwE (wh)(aﬁflmi’j,leﬁj)(a?) C(Bo+X)", if j#1 and i<m—u;

ziaw € (wp)(apip—127 ) (arar r—127 1) € (Bo+X)", if 2<i<m—u;

TijWE hi7j_1(a?_2)(ag)(h1,r) - (BO —&—)()n7 if i>m—u;

z11w € (c2ai - ap)wp (aray , 27 1)+ (u2) + Z x; jw € Ly;
(4,5)#(1,1)
arw € (wh)(afal)(affacl,r:r%’l) € Lq;

a;w e (wh)(a?ajﬂ)(aﬁxlmxil) € Ly,if j#1.

This proves that we(L1:M)NLy and w¢Lq, which proves that the map %%
L2:M i not injective. Thus the depth of R/B™is 1if n<rm+1landn#1 mod r. O

2
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