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We show that the classical Brink–Schwarz superparticle is a
generalized AKSZ field theory. We work in the Batalin–Vilkovisky
formalism: the main technical tool is the vanishing of Batalin–
Vilkovisky cohomology below degree −1.
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1. Introduction

The construction of string theory is based on a nonlinear sigma-model with
worldsheet and target a Riemann surface Σ and 26-dimensional Minkowski
space respectively. The superstring, a supersymmetric analogue of the string,
may be represented in several ways. In the Neveu–Schwarz/Ramond super-
string, Σ is a Riemann supersurface, the target is 10-dimensional Minkowski
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space, and the target-space supersymmetry of the theory is not apparent
at the classical level. By contrast, in the Green–Schwarz superstring, Σ is a
Riemann surface, while the target is a superspace whose underlying vector
space is the same ten-dimensional Minkowski space, but which incorporates
an additional fermionic chiral Majorana-Weyl spinor. In this model, the
target-space supersymmetry is manifest, at the cost of quantization being
considerably more complicated. (There are other approaches to the super-
string, such as the pure spinor theory of Berkovits [3].)

There has been a lot of interest in the study of toy models of these
two formulations of superstring theory, in which the Riemann surface Σ
is replaced by a one-dimensional manifold, the worldline: the resulting toy
models of the Neveu–Schwarz/Ramond superstring and Green–Schwarz su-
perstring are respectively known as the spinning particle [6] and the super-
particle [7]. In this paper, we focus on the superparticle.

The Batalin–Vilkovisky formalism for classical field theories provides a
powerful way of encoding symmetries: it is especially adapted to extend-
ing on-shell symmetries, such as extended supersymmetry and supergravity,
off-shell. Poisson geometry studies Maurer–Cartan elements in the Schouten
algebra of a manifold: the classical Batalin–Vilkovisky master equation gen-
eralizes this to graded supermanifolds, and then further generalizes from
finite dimensional calculus to variational calculus.

One of the principles in the construction of solutions of the classical
master equation of Batalin and Vilkovisky is that the cohomology of the
Batalin–Vilkovisky differential on local functionals, known as the (classical)
Batalin–Vilkovisky cohomology, is bounded below. In the absence of world-
sheet supersymmetry, it appears to be a general phenomenon that these
cohomology groups vanish for ghost number less than −d, where d is the di-
mension of the worldsheet. This condition may be violated in the presence of
worldsheet supersymmetry: as shown in [8], the classical Batalin–Vilkovisky
cohomology of the spinning particle is nontrivial at arbitrarily large negative
ghost number.

The superparticle does not have worldsheet supersymmetry, unlike the
spinning particle. One of the main results of this paper is that the classical
Batalin–Vilkovisky cohomology for the superparticle, suitably interepreted,
vanishes below ghost number −1.

Using this result, we show that the classical superparticle is a covariant
field theory, in the sense of [10]. Let

∫
S be the action of the superparticle,

which satisfies the classical Batalin–Vilkovisky master equation

1
2(
∫
S,
∫
S) = 0.
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Covariance of the classical Brink–Schwarz superparticle 1601

We show that there is a power series

Su = S +

∞∑
n=0

un+1 Gn,

where Gn is a density of ghost number −2n− 2 and u is a formal variable
of ghost number 2, which satisfies the curved Maurer–Cartan equation

(1.1) δSu + 1
2(
∫
Su,
∫
Su) = −u

∫
D.

Here, D is the density

D = x+
µ ∂x

µ + p+µ∂pµ − e∂e+ + c+∂c+

∞∑
n=0

T(θ+
n , ∂θn),

whose associated Batalin–Vilkovisky Hamiltonian vector field equals ∂, the
generator of time translation along the worldline. In particular,

(1.2) (δ + s)
(∫

G0

)
= −

∫
D.

Possessing a solution to (1.1) is a property that the superparticle shares
with AKSZ theories [1]: in this sense, the superparticle may be viewed as a
generalized AKSZ theory.

We solve (1.1) over the open subset of the phase space where the mo-
mentum pµ is nonzero. For the sheaves that we consider, this subset has
nontrivial cohomology. The usual way to deal with this would be to work
with Čech cochains. Unfortunately, there is no way to extend the Batalin–
Vilkovisky antibracket to the space of Čech cochains: this is related to the
failure of the cup-product to be graded commutative. We circumvent this
difficulty by working with Sullivan’s Thom–Whitney complex [12]: this re-
places simplicial cochains by differential forms on simplices, and allows the
definition of the antibracket at the cochain level. We also find explicit formu-
las in this complex for the cohomology of the Batalin–Vilkovisky differential.
In passing, we note that in Berkovits’s description of superstrings using pure
spinors [3], a similar issue arises, involving the cone of pure spinors with the
origin removed.

The action of the superparticle S in first-order formalism is globally
defined, and was found by Lindström et al. [11]. We construct the next
term in the expansion of Su explicitly as a solution to (1.2). For n > 0, the
coefficient Gn of un+1 in Su has ghost number −2n− 2, and is a solution to
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the equation

(δ + s)
(∫

Gn
)

= −1

2

∑
j+k=n−1

(
∫
Gj ,
∫
Gk).

Since the cohomology of the operator δ + s vanishes below degree −1, we
may solve this equation.

Let C∗(so(9, 1)) be the graded commutative algebra of the Lie algebra
so(9, 1) of the Lorentz group (the exterior algebra generated by so(9, 1)∨),
with differential d. The action of the Lie algebra so(9, 1) on the space of
fields of the superparticle is generated by the Batalin–Vilkovisky currents

(1.3) Mµν = ηλ[µxν]x+
λ − η

λ[µp+ν]pλ −
∞∑
n=0

Tµν(θ+
n , θn).

Let S(ε) = S +Mµνεµν , where εµν is the dual basis of so(9, 1)∨; this is an ele-
ment of total degree 0 in the tensor product of C∗(so(9, 1)) and the Batalin–
Vilkovisky graded Lie algebra. The Lorentz invariance of the action S may
be expressed by the following extension of the classical master equation:

d
∫
S(ε) + 1

2(
∫
S(ε),

∫
S(ε)) = 0.

The Lorentz group does not act on Thom–Whitney complex, because the
open cover itself is not Lorentz invariant; in particular, G0 is not invariant
under the action of so(9, 1). Nevertheless, it may be proved that Su has an
enhancement

(1.4) Su(ε) = S(ε) +

∞∑
n=0

un+1Gn(ε),

where Gn(ε) is an element of total degree −2n− 2 in the tensor product
of C∗(so(9, 1)) and the Thom–Whitney extension of the Batalin–Vilkovisky
graded Lie algebra, such that the following extension of (1.1) holds:

(1.5) (d+ δ)
∫
Su(ε) + 1

2(
∫
Su(ε),

∫
Su(ε)) = −u

∫
D.

In mathematical terms, this equation, which is nothing but the BRST for-
malism for the global symmetry Lie algebra so(9, 1), expresses that the co-
variant field theory is Lorentz invariant up to homotopy.

It may be verified that S and G0 are invariant under supersymmetry. We
also show that the terms Gn(ε), n ≥ 0, may be chosen to be invariant under
supersymmetry.
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Covariance of the classical Brink–Schwarz superparticle 1603

2. The classical Batalin–Vilkovisky master equation

Consider a Batalin–Vilkovisky model with fields {ξa}a∈I , of ghost number
gh(ξa) ≥ 0 and parity p(ξa) equal to 0 and 1 for bosonic and fermionic fields
respectively. Denote the antifield corresponding to the field ξa by ξ+

a : it
has ghost number gh(ξ+

a ) = −1− gh(ξa) < 0 and opposing parity p(ξ+
a ) =

1− p(ξa) to ξa. Denote by A the algebra of functions in the variables ξa and
ξ+
a and their derivatives

{∂`ξa}`≥0 ∪ {∂`ξ+
a }`≥0

with respect to the generators of negative ghost number. The bosonic fields
of ghost number 0 play a special role in the theory: they are coordinates on
a manifold M , and we will view A as a sheaf over M .

The algebra A is filtered by the ghost number of the antifields. Let F kA
be the ideal generated by monomials

∂`1ξ+
a1
· · · ∂`nξ+

an

such that gh(ξ+
a1

) + · · ·+ gh(ξ+
an) + k ≤ 0. The subspaces F kA define a de-

creasing filtration of A, with F 0A = A and F jA · F kA ⊂ F j+kA. Denote by
Â the completion of A with respect to this filtration:

Â = lim←−
k

A/F kA.

Introduce the partial derivatives

∂k,a =
∂

∂(∂kξa)
: Âj → Âj−gh(ξa), ∂ak =

∂

∂(∂kξ+
a )

: Âj → Âj−gh(ξ+a ).

Let ∂ be the total derivative with respect to t:

∂ =

∞∑
k=0

(
(∂k+1ξa)∂k,a + (∂k+1ξ+

a )∂ak

)
.

An evolutionary vector field X is a graded derivation of A that commutes
with ∂; such a vector field has the form

X = pr (Xa∂a +Xa∂
a)

=

∞∑
k=0

(
∂kXa∂k,a + ∂kXa∂

a
k

)
.
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The Soloviev antibracket on A is defined by the formula

((f, g)) =
∑
a

(−1)(p(f)+1) p(ξa)

×
∞∑

k,`=0

(
∂`(∂a,kf) ∂k(∂a` g) + (−1)p(f)∂`(∂akf) ∂k(∂a,`g)

)
.

This bracket, and its extension to Â, satisfies the axioms for a graded Lie
superalgebra: it is graded antisymmetric

((y, x)) = −(−1)(p(x)+1)(p(y)+1)((x, y)),

and satisfies the Jacobi relation

((x, ((y, z)))) = ((((x, y)), z)) + (−1)(p(x)+1)(p(y)+1)((y, ((x, z)))).

Furthermore, it is linear over ∂:

((∂f, g)) = ((f, ∂g)) = ∂((f, g)).

In this paper, all graded Lie superalgebras are 1-shifted: the antibracket has
ghost number 1.

The superspace F = Â/∂Â of functionals is the graded quotient of Â
by the subspace ∂Â of total derivatives. Denote the image of f ∈ Â in F by∫
f . The Soloviev antibracket ((f, g)) descends to an antibracket

(
∫
f,
∫
g)

on F , called the Batalin–Vilkovisky antibracket. Thus, F is a sheaf of graded
Lie superalgebras over M .

Introduce the variational derivatives

δa =

∞∑
k=0

(−∂)k∂k,a : F j → Âj−gh(ξa), δa =

∞∑
k=0

(−∂)k∂ak : F j → Âj−gh(ξ+a ).

The Batalin–Vilkovisky antibracket is given by the formula

(
∫
f,
∫
g) = (−1)(p(f)+1) p(ξa)

∫ (
(δaf) (δag) + (−1)p(f)(δaf) (δag)

)
.

The classical Batalin–Vilkovisky master equation is the equation for an
element S ∈ F of ghost number 0 and even parity

(2.1) 1
2(
∫
S,
∫
S) = 0.
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Covariance of the classical Brink–Schwarz superparticle 1605

The Batalin–Vilkovisky differential is the Hamiltonian vector field

s =
∑
a

(−1)p(ξa) pr
(
(δaS)∂a + (δaS)∂a

)
.

This is a graded derivation of ghost number 1, and satisfies the equation
s2 = 0 precisely when S satisfies the classical master equation [10, Section 3].

3. The particle

Before recalling the Batalin–Vilkovisky approach to the superparticle, we re-
view the simpler case of the particle. Consider the d-dimensional Minkowski
space V = Rd−1,1 with basis {vµ}0≤µ<d and inner product

〈vµ, vν〉 = ηµν .

The particle has physical fields xµ, and Lagrangian density S = 1
2ηµν∂x

µ∂xν .
For technical reasons, we prefer to work in a first-order formulation of this
theory, which has additional physical fields pµ, and the action

S = pµ∂x
µ − 1

2η
µνpµpν .

In order to have a theory with local reparametrization invariance, we
may couple the particle to “gravity” on the world-line, represented by a
nowhere-vanishing 1-form field e, the graviton. Of course, the gravitational
field in dimension 1 has no dynamical content. The modified action for the
particle is

S[0] = pµ∂x
µ − 1

2eη
µνpµpν .

The associated differential is

s[0] = pr

(
(∂xµ − ηµνepν)

∂

∂p+µ
− ∂pµ

∂

∂x+
µ
− 1

2η
µνpµpν

∂

∂e+

)
.

The variation s[0]e
+ = −1

2η
µνpµpν may be recognized as the d = 1 stress-

energy tensor.
The local gauge symmetries of this model correspond to cohomology

classes of s[0] at ghost number −1:

s[0]

(
∂e+ − ηµνx+

µ pν
)

= 0.

This cohomology class is killed by the introduction of a ghost field c, with
ghost-number 1, transforming as a scalar on the worldline, and the addition
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to the action of the term

S[1] =
(
∂e+ − ηµνx+

µ pν
)
c.

This adds the following terms to the differential:

s[1] = pr

(
ηµνcx+

ν

∂

∂p+µ
+ (∂e+ − ηµνx+

µ pν)
∂

∂c+
− ηµνcpν

∂

∂xµ
− ∂c ∂

∂e

)
.

We see that the bosonic fields of ghost number 0 of the theory are the
position xµ and the momentum pµ, and the manifold M is the cotangent
bundle T∨V of V . For definiteness, we take the structure sheaf O of M to
be functions with analytic dependence on xµ and algebraic dependence on
pµ, but our results are actually insensitive to the regularity as functions of
xµ. The sheaf A is the graded commutative algebra generated over O by the
variables

{∂`xµ, ∂`pµ}`>0 ∪ {∂`e, e−1, ∂`c, ∂`x+
µ , ∂

`p+µ, ∂`e+, ∂`c+}`≥0.

As in the last section, we denote its completion by Â.
The sum S = S[0] + S[1] satisfies the classical master equation, and the

cohomology of the differential s = s[0] + s[1] on the space of functionals F
vanishes below degree −1.

In preparation for the proof, we recall a criterion of Boardman for the
convergence of a spectral sequence. Let V be a complex, with differential
d : V i → V i+1. A decreasing filtration on V is a sequence of subcomplexes

· · · ⊃ F−1V ⊃ F 0V ⊃ F 1V ⊃ · · ·

The associated graded complex is

grkF V = F kV/F k+1V.

The filtration is exhaustive if for each i ∈ Z,⋃
k

F kV i = V i.

The filtration is Hausdorff if for each i ∈ Z,⋂
k

F kV i = 0.
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The filtration is complete if

V = lim←−
k

V/F kV.

The filtration F • induces a filtration on the cohomology H∗(V ), which we
denote by the same letter. The spectral sequence associated to the filtration
converges if for all (p, q) ∈ Z2 the induced morphism

grpF H
p+q(V ) −→ Epq∞

is an isomorphism, and the induced filtration on H∗(V ) is complete, ex-
haustive and Hausdorff. The spectral sequence degenerates if E∞ = Er for
r � 0.

Theorem 3.1 (Boardman [4]). If the spectral sequence associated to a
complete, exhaustive Hausdorff filtration (V, d, F kV ) degenerates, then it is
convergent.

Proof. Combine the following results from [4]: Theorems 8.2 and 9.2, the
remark after Theorem 7.1, and Lemma 8.1. �

A filtration on a differential graded algebra A is a filtration on the under-
lying complex such that F jA · F kA ⊂ F j+kA. In this case, the pages (Er, dr)
of the spectral sequence are themselves differential graded algebras, and the
product on Er+1

∼= H∗(Er, dr) is induced by the product on Er.
Introduce the light-cone

C = {(xµ, pµ) ∈M | ηµνpµpν = 0}.

Theorem 3.2. The sheaf H i(Â, s) vanishes for i < 0, and is concentrated
on the light-cone C.

Let Ã be the quotient of Â by constant multiples of the identity. The
sheaf H i(Ã, s) also vanishes for i < 0, and is concentrated on the light-cone.

Proof. Introduce an auxilliary grading on the sheaf of algebras A. The struc-
ture sheaf O of the manifold M is placed in degree 0, and the generators of
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A over O are assigned the degrees in the following table:

Φ ∂`xµ ∂`pµ ∂`e e−1 ∂`c ∂`x+
µ ∂`p+µ ∂`e+ ∂`c+

deg(Φ) 0 0 0 0 3 0 0 −1 −1

Write gh(f) = gh+(f)− gh−(f), where gh+(f) and gh−(f) are the con-
tributions of the fields, respectively antifields, to the ghost number. Rear-
ranging, we see that

gh−(f) = gh+(f)− gh(f).

Since

gh+(f) + 2 gh(f) ≤ deg(f) ≤ 3 gh+(f),

we see that

(3.1) 1
3

(
deg(f)− 3 gh(f)

)
≤ gh−(f) ≤ deg(f)− 3 gh(f).

From this grading, we construct an exhaustive and Hausdorff descending
filtration on A: GkAi is the span of elements f ∈ Ai such that deg(f) ≥ k.
By (3.1), the completion of this filtration is isomorphic to Â.

We now consider the spectral sequence for the filtration induced by G
on Â. We will show that Epq∞ = Epq2 , that the sheaf Epq2 vanishes if p+ q < 0,
and that it is supported on the light-cone C. This establishes the theorem.

The differential s0 of the zeroth page Epq0 of the spectral sequence equals

s0 = pr

((
∂xµ − ηµνepν

) ∂

∂p+µ
− ∂pµ

∂

∂x+
µ

+ ∂e+ ∂

∂c+

)
.

This is a Koszul differential and its cohomology E1 is the graded commuta-
tive algebra generated over O by the variables

{∂`e, e−1, ∂`c, e+}`≥0.

The differential s1 of the first page E1 of the spectral sequence equals

s1 = pr

(
−1

2η
µνpµpν

∂

∂e+

)
.

The element ηµνpµpν ∈ E00
1 is not a zero divisor in E1. We conclude that E2

vanishes in negative degrees and is concentrated on the zero-locus of ηµνpµpν
in M , namely the light-cone C.
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We see that the second page E2 of the spectral sequence is a graded
commutative algebra, generated over OC by the variables

{∂`e, e−1}`≥0 ∈ E00
2 , {∂`c}`≥0 ∈ E3,−2

2 .

We see that s2 vanishes, so that Epq3 = Epq2 , and that the differential s3 of
the third page Epq3 equals

s3 = pr

(
−ηµνcpµ

∂

∂xν
+ ∂c

∂

∂e

)
.

Using an auxilliary filtration, we see that the differentials sr vanish for r > 3,
and Epq3 is quasi-isomorphic to the quotient complex obtained by taking the
variables {∂`e, ∂`c}`>0 to 0 and the variables e and e−1 to 1:

0 OC cOC 0.
−ηµνcpµ∂/∂xν

Turning to the case of the sheaf Ã, we have a long exact sequence for
cohomology sheaves

0 −→ H−1(Ã, s) −→ R −→ H0(Â, s) −→ · · ·

But the above proof shows that the morphism R→ E00
∞ is an injection, and

hence that H−1(Ã, s) = 0. �

Corollary 3.3. Let F = Â/∂Â. The cohomology sheaf H i(F , s) vanishes
for i < −1, and is concentrated on the light-cone C.

Proof. The sheaf F has a resolution

0 −→ Ã ∂−→ Â −→ F −→ 0.

The associated long exact sequence implies that H i(M,F) = 0 for i < −1.
�

In [10], we show that the covariance of a field theory with respect to
reparametrization of the worldline may be expressed by introducing the
graded Lie superalgebra F [[u]] of power series in a formal variable u of
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ghost number 2 and even parity. Consider the global section of A

D = x+
µ ∂x

µ + p+µ∂pµ − e∂e+ + c+∂c,

of ghost number −1 and odd parity. Its associated Hamiltonian vector field
is ∂, and its image

∫
D in F is central. Let G = x+

µ p
+µ + ec+. Covariance of

the theory is expressed by the curved Maurer–Cartan equation

1
2(
∫
Su,
∫
Su) = −u

∫
D,

where

Su = S + uG.

If
∫
f ∈ Fk is a cocycle, then

(
∫
G,
∫
f) ∈ Fk−1

is again a cocycle, called the transgression of f . In particular, the long
exact sequence

· · · H−1(Â, s) H−1(F , s) H0(Ã, s)

H0(Â, s) H0(F , s) H1(Ã, s) · · ·

∂

∂

∂

splits, in the sense that the morphisms ∂ vanish.
The particle is actually an AKSZ model (Alexandrov et al. [1]), asso-

ciated to the symplectic supermanifold T∨(V × R[1]), and G may be inter-
preted as the Poisson tensor on this supermanifold. The main result of this
paper is to find the analogue of Su for the superparticle, establishing that
the superparticle is a “generalized AKSZ model.”

4. The superparticle

The Batalin–Vilkovisky action S for the superparticle is based on the above
action for the particle, in the special case where V = R9,1. Recall some
properties of Majorana–Weyl spinors in this signature of space-time: for
further details, see the Appendix. The spin group Spin(9, 1) is the univer-
sal cover of the identity component of SO(9, 1). It has two real irreducible
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sixteen-dimensional representations, the left and right-handed Majorana–
Weyl spinors S+ and S−. The γ-matrices γµ : S± → S∓ satisfy the relations

γµγν + γνγµ = 2ηµν .

The Lie algebra of the group Spin(9, 1) is spanned by the quadratic expres-
sions

γµν = 1
2

(
γµγν − γνγµ

)
.

There is a non-degenerate symmetric bilinear form T(α, β) on S, which van-
ishes on S± ⊗ S± and places S± in duality with S∓. We have

Tµ(α, β) = T(γµα, β) = T(α, γµβ).

In particular, we see that

T(γµνα, β) = −T(α, γµνβ).

Hence, the pairing T(α, β) is invariant under the action of the Lie group
Spin(9, 1), and, in particular, S− ∼= (S+)∨ as a representation of Spin(9, 1).

To define the superparticle, we adjoin to the particle a series of fields θn,
n ≥ 0, of ghost number n, which are left-handed Majorana–Weyl spinors if
n is even, and right-handed Majorana–Weyl spinors if n is odd: the parity
of θn is the opposite of the parity of n. As functions on the worldline, these
fields all transform as scalars.

For the correct definition of the superparticle, it is necessary to exclude
the states of vanishing momentum. To this end, we let M0 be the com-
plement in M = T∨V of the zero-section. Denote by j : M0 →M the open
embedding, and by O0 = j∗O the structure sheaf of M0. Denote by A the
algebra generated over A0 = j∗A by the variables

{∂`θn, ∂`θ+
n | n ≥ 0}`≥0.

We denote the completion of A with respect to antifields by Â.
We see that A is a sheaf of graded commutative algebras over M0. Let

C0 = C ∩M0

be the intersection of the light-cone with open submanifold M0 of the cotan-
gent bundle.
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Consider the composite fields

(4.1) Ψn =


(−1)(

n+1

2 ) θ+
−n−1, n < −1,

θ+
0 + 1

2x
+
µ γ

µθ0 + 2c+θ1, n = −1,

∂θn + (−1)n+1x+
µ γ

µθn+1 + 2c+θn+2, n ≥ 0.

Denote by S the full Batalin–Vilkovisky action of the superparticle, and
by s the associated Batalin–Vilkovisky differential. The formula for S may
be found in Lindström et al. [11]: we content ourselves here with the fol-
lowing characterization, in terms of the differential s. Let S be the Batalin–
Vilkovisky action of the particle

S = pµ∂x
µ − 1

2eη
µνpµpν +

(
∂e+ − ηµνx+

µ pν
)
c,

Proposition 4.1. The Batalin–Vilkovisky action S of the superparticle is
characterized by the following conditions:

i) S satisfies the classical master equation;

ii) S− S depends only on the fields and antifields {pµ, θn, x+
µ , e

+, c+, θ+
n }

and their derivatives;

iii) for all n ∈ Z, the differential s acts on the composite fields Ψn as follows:

sΨn = (−1)n+1pµγ
µΨn+1 − 2e+Ψn+2.

Using the vanishing result Theorem 3.2, we now establish the analogous
result for the superparticle.

Theorem 4.2. The sheaf H i(Â, s) vanishes for i < 0, and is concentrated
on the light-cone C0.

Let Ã be the quotient of Â by constant multiples of the identity. The sheaf
H i(Ã, s) also vanishes for i < 0, and is concentrated on the light-cone C0

In the proof of Theorem 4.2, we need the formula for the differential s
on fields and antifields of the theory. We see that s equals s on the fields and
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antifields {pµ, x+
µ , e

+, c+}, and

sθn = (−1)n+1pµγ
µθn+1 − 2e+θn+2

sxµ = −ηµνcpν + 1
2pνT(γνγµθ0, θ1) + e+Tµ(θ1, θ1)− e+Tµ(θ0, θ2)

sc = −pµTµ(θ1, θ1)− 4e+T(θ1, θ2)

se = −∂c+ x+
µT

µ(θ1, θ1)− 4c+T(θ1, θ2) + 2

∞∑
n=0

(−1)(
n

2)T(Ψ−n, θn+1)

sp+µ = ∂xµ − ηµνepν + 1
2x

+
ν T(γνγµθ0, θ1)− c+Tµ(θ1, θ1) + c+Tµ(θ0, θ2)

+ 1
2T

µ(Ψ0, θ0) +

∞∑
n=1

(−1)(
n

2)Tµ(Ψ−n, θn).

The infinite sums in the formulas for se and sp+µ make sense by the com-
pleteness property of Â.

Proof of Theorem 4.2. We define an auxilliary grading on A extending the
grading on A0 used in the proof of Theorem 3.2: the generators of A over
A0 are assigned the degrees in the following table:

Φ θn ∂`Ψn ∂`Ψ−n

deg(Φ) 3n+ 1 3n −2n

Observe that

deg(f) ≤ 4 gh+(f) + 16;

the factor 4 accounts for the field θ1, which has ghost number 1 and degree
4, while the constant 16 accounts for the 16 modes of the fermionic field θ0,
which have ghost number 0 and degree 1. In the other direction, we have

gh+(f) + 2 gh(f) ≤ deg(f).

Combining these two inequalities, we see that

(4.2) 1
4 deg(f)− gh(f)− 4 ≤ gh−(f) ≤ deg(f)− 3 gh(f).

From this grading, we construct an exhaustive and Hausdorff descending
filtration on A: GkAi is the span of elements f ∈ Ai such that deg(f) ≥ k.
By (4.2), the completion of this filtration is isomorphic to Â.
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The differential s0 on the zeroth page of the spectral sequence Epq0 equals

s0 = pr

(
∂xµ

∂

∂p+µ
− ∂pµ

∂

∂x+
µ
− ∂e+ ∂

∂c+

)
.

This is a Koszul differential and its cohomology E1 is the graded commuta-
tive algebra generated over O0 by the variables

{∂`e, e−1, ∂`c, e+}`≥0 ∪ {θn | n ≥ 0} ∪ {∂`Ψn | n ∈ Z}`≥0.

The differential s1 on the first page E1 of the spectral sequence is given
by the formula

s1 = pr

(
−1

2η
µνpµpν

∂

∂e+

)
.

The element ηµνpµpν is not a zero divisor in E1: its zero-locus in M0 is the
light-cone C0, with structure sheaf OC0

.
We see that the second page E2 of the spectral sequence is a graded

commutative algebra generated over OC0
by the variables

{∂`e, e−1, ∂`c}`≥0 ∪ {θn | n ≥ 0} ∪ {∂`Ψn | n ∈ Z}`≥0.

The differential s2 on the second page E2 of the spectral sequence is given
by the formula

s2 =

∞∑
n=1

(−1)n+1 pr

(
pµT

µ

(
Ψ1−n,

∂

∂Ψ−n

))
.

On the light-cone C0, the operator

pµγ
µ : S± → S∓

has square zero, since (pµγ
µ)2 = ηµνpµpν = 0. The cohomology of this oper-

ator vanishes, in the sense that

ker(pµγ
µ) = im(pµγ

µ).

To see this, choose a vector qµ such that ηµνpµqν > 0: then qµγ
µ yields a

contracting homotopy for the differential pµγ
µ. (This is where in the proof

we need to have localized away from the zero section of M .)
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The third page Epq3 is generated over OC0
by the variables

{∂`e, e−1}`≥0 ∈ E00
3 , {θn | n ≥ 0} ∈ E3n+1,−2n−1

3 ,

{∂`c}`≥0 ∈ E3,−2
3 , {∂`Ψn | n ≥ 0}`≥0 ∈ E3n,−2n

3 ,

modulo relations

{∂`(pµγµΨ0)}`≥0 ∈ E00
3 .

Thus, Epqr vanishes unless p ≥ 0, p+ q ≥ 0, and 3p+ 4q ≥ −16; this last
inequality is saturated by the product of the 16 components of the field θ0,
located in E16,−16

0 . The differential sr of the rth page of the spectral sequence
vanishes for r > 20, and hence the spectral sequence degenerates, proving
the first part of the theorem.

The proof of the vanishing of the cohomology sheaves H i(Ã, s) follows
the same lines as the proof of the analogous result for the particle. �

Corollary 4.3. Let F = Â/∂Â. The sheaf H i(F, s) vanishes for i < −1, and
is concentrated on the light-cone C0.

5. The Thom–Whitney normalization

Let X be a manifold with cover

U = {Uα}α∈I .

The nerve NkU of the cover is the sequence of manifolds indexed by k ≥ 0

NkU =
⊔

α0···αk∈Ik+1

Uα0···αk ,

where

Uα0···αk = Uα0
∩ · · · ∩ Uαk .

Denote by ε : N0U → X the map which on each summand Uα equals the
inclusion U ↪→ X.

In order to globalize the classical master equation, we have to replace
the manifold X by a sequence of manifolds of the form {NkU}. To do this,
we will use the formalism of simplicial and cosimplicial objects, and we now
review their definition.
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Let ∆ be the category whose objects are the totally ordered sets

[k] = (0 < · · · < k), k ∈ N,

and whose morphisms are the order-preserving functions. A simplicial man-
ifold M• is a contravariant functor from ∆ to the category of manifolds. (We
leave open here whether we are working in the smooth, analytic or algebraic
setting.) Here, Mk is the value of M• at the object [k], and f∗ : M` →Mk is
the action of the arrow f : [k]→ [`] of ∆. The arrow di : [k]→ [k + 1] which
takes j < i to j and j ≥ i to j + 1 is known as a face map, while the arrow
si : [k]→ [k − 1] which takes j ≤ i to j and j > i to j − 1 is known as a
degeneracy map.

The simplicial manifolds used in this paper are the Čech nerves N•U of
covers U = {Uα}α∈I . The face map δi = d∗i : Nk+1U → NkU corresponds to
the inclusion of the open subspace

Uα0···αk+1
⊂ Nk+1U

into the open subspace

Uα0···α̂i···αk+1
⊂ NkU ,

and the degeneracy map σi = s∗i : Nk−1U → NkU corresponds to the iden-
tification of the open subspace

Uα0···αk ⊂ NkU

with the open subspace

Uα0···αiαi···αk+1
⊂ Nk+1U .

Any simplicial map f∗ : M` →Mk is the composition of a sequence of face
maps followed by a sequence of degeneracy maps. In particular, we see that
in the case M• = N•U of the nerve of a cover, all of these maps are local
embeddings.

A covariant functor X• from ∆ to a category C is called a cosimplicial
object of C. These arise as the result of applying a contravariant functor to
a simplicial space: for example, applying the functor F(−) to the simplicial
graded supermanifold N•U , we obtain the cosimplicial graded Lie superal-
gebra

F(N•U)

with the Batalin–Vilkovisky antibracket.
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We now generalize the classical master equation of Batalin–Vilkovisky
theory to a Maurer–Cartan equation for the cosimplicial graded Lie super-
algebra F(N•U). We use a construction introduced in rational homotopy
theory by Sullivan [12] (see also Bousfield and Guggenheim [5]), the Thom–
Whitney normalization.

Let Ωk be the free graded commutative algebra with generators {ti}ki=0

of degree 0 and {dti}ki=0 of degree 1, and relations

t0 + · · ·+ tk = 1

and dt0 + · · ·+ dtk = 0. There is a unique differential δ on Ωk such that
δ(ti) = dti, and δ(dti) = 0.

The differential graded commutative algebras Ωk are the components of a
simplicial differential graded commutative algebra Ω• (that is, contravariant
functor from ∆ to the category of differential graded commutative algebras):
the arrow f : [k]→ [`] in ∆ acts by the formula

f∗ti =
∑
f(j)=i

tj , 0 ≤ i ≤ n.

The Thom–Whitney normalization Ω• ⊗∆ V • of a cosimplicial super-
space is the equalizer of the maps

∞∏
k=0

Ωk ⊗ V k
∞∏

k,`=0

∏
f :[k]→[`]

Ωk ⊗ V `

1⊗f∗

f∗⊗1

If the superspaces V k making up the cosimplicial superspace are themselves
graded V k∗, the Thom–Whitney totalization of V •∗ is the product super-
space

‖V ‖n =

∞∏
k=0

Ωk
• ⊗∆ V •,n−k.

The Thom–Whitney normalization takes cosimplicial 1-shifted graded
Lie superalgebras to 1-shifted graded Lie superalgebras. The reason is sim-
ple: if Lk is a 1-shifted graded Lie superalgebra, then so is Ωk ⊗ Lk, with
differential δ and antibracket

[α1 ⊗ x1, α2 ⊗ x2] = (−1)j2 p(x1)+1 α1α2 [x1, x2],
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where α` ∈ Ωi`
k and x` ∈ Lk,j` . The Thom–Whitney totalization ‖L‖ is a

subspace of the product of 1-shifted graded superalgebras Ωk ⊗ Lk, and this
subspace is preserved by the differential and by the antibracket.

The construction of ‖F(N•U)‖ behaves well under refinement of covers.
A refinement V = {Vβ}β∈J of a cover U = {Uα}α∈I is determined by a func-
tion of indexing sets ϕ : J → I, such that for all β ∈ J , Vβ is a subset of
Uϕ(β). There is a morphism of cosimplicial 1-shifted graded Lie superalge-
bras Φ∗ : F(N•U)→ F(N•V), obtained by sections of F on Uϕ(α0)···ϕ(αk) to
sections on Vα0···αk . Applying the totalization functor, we obtain a morphism
of complexes

Φ∗ : ‖F(N•U)‖ → ‖F(N•V)‖.

If we have a further refinement W = {Wγ}γ∈K of V = {Vβ}β∈J with ψ :
K → J , we may define a composition of these refinements ϕψ : K → I, and
we obtain a commuting triangle of morphisms of complexes

‖F(N•U)‖

‖F(N•V)‖ ‖F(N•W)‖

Φ∗ Ψ∗Φ∗

Ψ∗

The arrows in this diagram are morphisms of differential graded 1-shifted
Lie superalgebras.

The analogue of the classical master equation (2.1) in the global set-
ting is the Maurer–Cartan equation for the differential graded 1-shifted Lie
superalgebra ‖F(N•U)‖:

δ
∫
S + 1

2(
∫
S,
∫
S) = 0.

Here, S is a consistent collection of elements Sjα0···αk ∈ Ωj
k ⊗F

−j(Uα0···αk) of
total degree 0 which satisfies the sequence of Maurer–Cartan equations

δ
∫
Sj−1 +

1

2

j∑
i=0

(
∫
Si,
∫
Sj−i) = 0.

6. The superparticle as a covariant field theory

We now return to the superparticle. In this section, using the Thom–Whitney
formalism of the previous section, we will show that the superparticle is a
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global covariant field theory, in the terminology of [10]. We also find ex-
plicit formulas in the Thom–Whitney complex for the cohomology of the
Batalin–Vilkovisky differential.

Let D ∈ Γ(M0, Â−1) be the element

D = x+
µ ∂x

µ + p+µ∂pµ − e∂e+ + c+∂c+

∞∑
n=0

T(θ+
n , ∂θn).

Definition 6.1. A global covariant field theory is a solution of the curved
Maurer–Cartan equation in ‖F(N•U)[u]‖, where U is a cover of M0:

δ
∫
Su + 1

2(
∫
Su,
∫
Su) = −u

∫
D.

If Su is a covariant field theory with respect to a cover U of M0 and
(V, ϕ) is a refinement of U , Φ∗Su is again a global covariant field theory
with respect to the refined cover.

Theorem 6.2. There is a global covariant field theory

Su = S +

∞∑
n=0

un+1Gn

such that S is the solution of the classical master equation for the superpar-
ticle.

Proof. Consider the open affine cover U = {Uµ}0≤µ≤9 of M0, where

Uµ = {pµ 6= 0}.

We must construct a series of cochains∫
Gn ∈ ‖F(N•U)‖−2n−2,

in the Thom–Whitney totalization ‖F(N•U)‖ of the cosimplicial graded Lie
superalgebra F(N•U), satisfying the curved Maurer–Cartan equation

δ
∫
Su + 1

2(
∫
Su,
∫
Su) = −u

∫
D.

Equivalently, we must find a solution G0 of the equation

(6.1) (δ + s)
∫
G0 = −

∫
D,
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and for n > 0, solutions of the equations

(6.2) (δ + s)
∫
Gn = −1

2

∑
j+k=n−1

(
∫
Gj ,
∫
Gk).

Assuming that we have solved these equations for (G0, · · · ,Gn−1), we see
that

1

2

∑
j+k=n−1

(δ + s)(
∫
Gj ,
∫
Gk)

= −(
∫
D,
∫
Gn−1)−

∑
i+j+k=n−2

(
(
∫
Gi,
∫
Gj),

∫
Gk
)
.

The first term vanishes since
∫
D lies in the centre of F, while the second

term vanishes by the Jacobi relation for graded Lie superalgebras. Thus, the
right-hand side of (6.2) is a cocycle. Since the cohomology of the complex
‖F(N•U)‖ vanishes below degree −1 by Theorem 4.2, we may solve the
equation for Gn.

Rewrite the formula for D, using the definition (4.1) of Ψn and the
formula for the action of s:

(6.3) D = −s(x+
µ p

+µ + ec+) +
1

2

∞∑
n=−∞

(−1)(
n

2) T(Ψ−n,Ψn−1).

Introduce the variable

qα =
tα

2ηαµpµ
,

and its de Rham differential δqα. We will show that the expression

G0 = x+
µ p

+µ + ec+ +
1

2

∑
k≥0

∑
α0···αk

(−1)k qα0
δqα1
· · · δqαk(6.4)

×
∞∑

n=−∞
(−1)(

n

2) Tα0···αk(Ψ−n,Ψn−k−2)

in ‖A(N•U)‖−2 gives a solution of the equation

(6.5) (δ + s)G0 = −D,

yielding (6.1). (In the definition of G0, we understand the Einstein summa-
tion convention for the index µ, but not αi.) By (6.3), it suffices to show



i
i

“4-Getzler” — 2020/3/20 — 9:40 — page 1621 — #23 i
i

i
i

i
i

Covariance of the classical Brink–Schwarz superparticle 1621

that

(6.6) s
∑
α0···αk

qα0
δqα1
· · · δqαk

∞∑
n=−∞

(−1)(
n

2) Tα0···αk(Ψ−n,Ψn−k−2)

=


∑

α0···αk−1

δqα0
· · · δqαk−1

∞∑
n=−∞

(−1)(
n

2) Tα0···αk−1(Ψ−n,Ψn−k−1), k > 0,

−
∞∑

n=−∞
(−1)(

n

2) T(Ψ−n,Ψn−1), k = 0.

We have

s
∞∑

n=−∞
(−1)(

n

2) Tα0···αk(Ψ−n,Ψn−k−2)

=

∞∑
n=−∞

(−1)(
n

2) Tα0···αk((−1)n+1pµγ
µΨ−n+1 − 2e+Ψ−n+2,Ψn−k−2)

+

∞∑
n=−∞

(−1)(
n

2)+n+1 Tα0···αk(Ψ−n, (−1)n+k+1pµγ
µΨn−k−1 − 2e+Ψn−k)

= pµ

∞∑
n=−∞

(−1)(
n

2)
(
Tα0···αk(γµΨ−n,Ψn−k−1)

+ (−1)k Tα0···αk(Ψ−n, γ
µΨn−k−1)

)
− 2e+

∞∑
n=−∞

(
(−1)(

n+2

2 ) + (−1)(
n

2)
)
Tα0···αk(Ψ−n,Ψn−k).

The sum on the last line vanishes, since (−1)(
n+2

2 ) = −(−1)(
n

2). We conclude
that

s
∞∑

n=−∞
(−1)(

n

2) Tα0···αk(Ψ−n,Ψn−k−2)

= 2

k∑
j=0

(−1)k−jηµαjpµ

∞∑
n=−∞

(−1)(
n

2)Tα0···ν̂j ···αk(Ψ−n,Ψn−k−1),

from which (6.6) follows. �
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Corollary 6.3. The long exact sequence

· · · H−1(Â, s) H−1(F, s) H0(Ã, s)

H0(Â, s) H0(F, s) H1(Ã, s) · · ·

∂

∂

∂ ∂

splits, in the sense that the morphisms ∂ vanish.

By an extension of this method, we may show that the space of solutions
of (1.1) is a contractible simplicial set. This amounts to showing that for each
n > 0, any solution of (1.1) in Ω(∂∆n)⊗ ‖F(N•U)[[u]]‖ may be extended to
a solution of (1.1) in

Ω(∆n)⊗ ‖F(N•U)[[u]]‖ = Ωn ⊗ ‖F(N•U)[[u]]‖.

In particular, the case n = 1 shows that there is a solution of (1.1) in
Ω1 ⊗ ‖F(N•U)[[u]]‖ interpolating between any pair of solutions of (1.1) in
‖F(N•U)[[u]]‖.

The cover U of M0 may be used to give explicit formulas for cohomology
classes in the hypercohomology of the complexes of sheaves F and Â. The
1-cochain in the Thom-Whitney complex of Â

c = c−
9∑

α=0

qα
(
pµT(γµγαθ0, θ1) + 2e+Tα(θ1, θ1)− 2e+Tα(θ0, θ2)

)
is a cocycle, and the 0-cochain

xµ = xµ − 1
2

9∑
α=0

qα
(
pνT(γαγνγµθ0, θ0)− 4e+Tαµ(θ0, θ1)

)
satisfies the formula (δ + s)xµ = −ηµνcpν , analogous to the formula sxµ =
−ηµνcpν for the particle. (In the definitions of c and xµ, we understand the
Einstein summation convention for the indices µ and ν, but not α.) We see
that if f(x, p, θ) is a function of xµ, pµ and θ ∈ S−, then

(δ + s)f(x, p,θ) = −cpµ
∂f

∂xµ
(x, p,θ),

and (δ + s)cf(x, p,θ) = 0, where θ = pµγ
µθ − 2e+θ1. This may be compared

to those of Section 2 of Bergshoeff et al. [2]; the formulas presented there
only apply outside the hypersurface p0 − p9 = 0.
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7. Supersymmetry and Lorentz invariance of the solution

The reason for the interest of the superparticle, and of the Green–Schwarz
superstring for which it is a toy model, is that it is manifestly supersym-
metric. The supersymmetry is generated by the functional

∫
Q, where

Q = θ+
0 − 1

2x
+
µ γ

µθ0 ∈ S− ⊗ A−1.

The formula sQ = ∂
(
pµγ

µθ0 + 2e+θ1) implies the vanishing of the Batalin–
Vilkovisky antibracket

(7.1) (
∫
Q,
∫
S) = 0.

Let A? be the subalgebra of the sheaf A generated by the fields

{∂`pµ, ∂`x+
µ , ∂

`e+, ∂`c+}`≥0 ∪ {∂`Ψn | n ∈ Z}`≥0.

Let Â? ⊂ Â be its associated completion, with respect to the fields of negative
degree

{∂`x+
µ , ∂

`e+, ∂`c+}`≥0 ∪ {∂`Ψn | n < 0}`≥0.

Both A? and Â? may be viewed as sheaves over the fibre M? of M0 over the
point xµ = 0.

Lemma 7.1. The subsheaf Â? ⊂ Â satisfies ∂[Â?] ⊂ Â? and is closed under
the Soloviev bracket.

Proof. It follows directly from its definition that Â? is preserved by the action
of ∂. In order for Â? to be closed under the Soloviev bracket, it suffices to
observe that for all fields Φ that generate A?, we have

∂Φ

∂(∂kxµ)
=

∂Φ

∂(∂kp+µ)
=

∂Φ

∂(∂ke+)
=

∂Φ

∂(∂kc)
= 0.

This implies that

((f, g)) =

∞∑
n=0

(−1)(n+1)(p(f)+1)
∞∑

k,`=0

(
∂`
(

∂f

∂(∂kθn)

)
∂k
(

∂g

∂(∂`θ+
n )

)

+ (−1)p(f)∂`
(

∂f

∂(∂kθ+
n )

)
∂k
(

∂g

∂(∂`θn)

))
.
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It only remains to observe that for all m ∈ Z and n ≥ 0, and all k, ` ≥ 0, the
partial derivatives ∂(∂`Ψm)/∂(∂kθn) and ∂(∂`Ψm)/∂(∂kθ+

n ) are in Â?. �

We now have the following analogue of Theorem 4.3. The proof follows
the same lines, but is actually somewhat simpler.

Lemma 7.2. Let F? = Â?/∂Â?. The cohomology sheaf H i(F?, s) vanishes
unless i ∈ {−1, 0}.

Proof. The sheaf Â? is an algebra over the momentum space M?, whose
structure sheaf is the algebra of rational functions in the variables {pµ}.
The filtration of Â induces a filtration of Â?, and the differential s0 on the
zeroth page of the associated spectral sequence Epq0 equals

s0 = −pr

(
∂pµ

∂

∂x+
µ

+ ∂e+ ∂

∂c+

)
.

This is a Koszul differential and its cohomology E1 is the graded commuta-
tive algebra freely generated over the structure sheaf OM?

by the variables

{e+} ∪ {∂`Ψn | n ∈ Z}`≥0.

The differential s1 on the first page E1 of the spectral sequence is given
by the formula

s1 = pr

(
−1

2η
µνpµpν

∂

∂e+

)
.

The element ηµνpµpν is not a zero divisor in E1: its zero-locus is the light-
cone

C? = {pµ 6= 0 | ηµνpµpν = 0}.

We see that the second page E2 of the spectral sequence is a sheaf of
graded commutative algebras generated over OC? by the variables

{∂`Ψn | n ∈ Z}`≥0.

The differential s2 on the second page E2 of the spectral sequence is given
by the formula

s2 =

∞∑
n=1

(−1)n+1 pr

(
pµT

µ

(
Ψ1−n,

∂

∂Ψ−n

))
.
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On the light-cone, the operator

pµγ
µ : S± → S∓

has vanishing cohomology. We see that the third page Ep+q3 is generated
over OC? by the variables

{∂`Ψn | n ≥ 0}`≥0 ∈ E3n,−2n
3 ,

modulo relations {pµγµ∂`Ψ0}`≥0 ∈ E00
3 and hence the differential sr of the

rth page of the spectral sequence vanishes for r > 3.
The remainder of the proof follows the proof of Theorem 4.3. �

Theorem 7.3. There is a choice of the solution Su to the equation (1.1)
such that

(
∫
Q,
∫
Su) = 0.

Proof. Let q be the Hamiltonian vector field associated to
∫
Q. It is easily

seen that qΨn = 0, and hence that q annihilates Â?. It is easily seen that
qG0 = 0. We prove the theorem by showing that for all n > 0, Gn may be
chosen in ‖F?(N•U)‖−2n−2. In view of Lemma 7.2, it suffices to show that
the cocycle

−1

2

∑
j+k=n−1

(
∫
Gj ,
∫
Gk)

lies in ‖F?(N•U)‖−2n−1 for n > 0. By induction, we may assume that this
holds for all of the terms of this sum with j, k > 0. It remains to check that

(
∫
G0,
∫
Gn−1) ∈ ‖F?(N•U)‖−2n−1.

But modulo Â?, G0 = x+
µ p

+µ + ec+, and it is easily seen that

((x+
µ p

+µ + ec+, Â?)) ⊂ Â?.

Indeed, on restriction to Â?, the Soloviev bracket ad(x+
µ p

+µ + ec+) is given
by the evolutionary vector field

pr

(
−x+

µ

∂

∂pµ
+ c+ ∂

∂e+

)
,

which preserves Â?. �
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We now turn to the question of Lorentz invariance of the solution Su to
(1.1) that we have obtained. Let so(9, 1) be the Lie algebra of the Lorentz
group SO(9, 1), with basis ρµν = −ρνµ, 0 ≤ µ < ν ≤ 9, satisfying the com-
mutation relations

[ρκλ, ρµν ] = ηλµρκν + ηκνρλµ − ηλνρκµ − ηκµρλν .

This action is realized on F by the currents of (1.3).
Consider the complex

C∗(so(9, 1))⊗ ‖F(N•U)‖.

The antibracket on ‖F(N•U)‖ induces a graded Lie bracket on C∗(so(9, 1))⊗
‖F(N•U)‖, making it into a differential graded Lie algebra. Denote the dual
basis of so(9, 1)∨ by εµν , and consider the element

S(ε) = S +Mµνεµν ∈ C∗(so(9, 1))⊗ F(M0) ⊂ C∗(so(9, 1))⊗ ‖F(N•U)‖.

The invariance of S under the action of the Lorentz group implies that this
is a Maurer–Cartan element of C∗(so(9, 1))⊗ ‖F(N•U)‖; see (1.4).

We will construct a sequence of elements

Gn(ε) ∈ C∗(so(9, 1))⊗ ‖F(N•U)‖,

of total degree −2n− 2, supersymmetric qGn(ε) = 0, such that the series

Su(ε) = S(ε) +

∞∑
n=0

un+1Gn(ε) ∈ C∗(so(9, 1))⊗ ‖F(N•U)‖[[u]]

satisfies the equation (1.5).
We solve (1.5) inductively, by an extension of the method used to prove

Theorem 7.3. Write

Gn(ε) =

10∑
k=0

Gn,k,

where G0,0 equals the explicit solution G0 ∈ ‖F(N•U)‖−2 of (6.4), and Gn,k ∈
Ck(so(9, 1))⊗ ‖F?(N•U)‖−2n−k−2 for n > 0 or k > 0. Assuming we have
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found Gm,` for m < n or m = n and ` < k, we must solve the equation

(δ + s)Gn,k = −dGn,k−1 − (Mµνεµν ,Gn,k−1)(7.2)

− 1

2

n−1∑
m=0

k∑
`=0

(Gm,`,Gn−m−1,k−`)

∈ Ck(so(9, 1))⊗ ‖F?(N•U)‖−2n−k−1.

By the Lorentz invariance of S, sMµν = 0. For n > 0 or k > 0, this is suf-
ficient to imply that the right-hand side of (7.2) is a cocycle. In the case
n = 0 and k = 1, we need in addition the formula

(Mµν ,D) = 0.

By Lemma 7.2, there is a solution

Gn,k ∈ Ck(so(9, 1))⊗ ‖F?(N•U)‖−2n−k−2.

Thus there exists a supersymmetric solution to the equation (1.5).

Appendix A. Spinors in signature (9, 1)

Let Spin(9, 1) be the double cover of the proper Lorentz group SO+(9, 1).
Let S+ and S− be the left and right-handed Majorana–Weyl spinor repre-
sentations: these are 16-dimensional real representations of Spin(9, 1). Let
us review their construction.

Let W be a finite-dimensional oriented real vector space with a non-
degenerate inner product (v, w) of dimension n. Let T : ΛnW → R be the
linear map which takes the wedge product of an oriented unimodular frame
of W to 1. This induces an inner product on the exterior algebra Λ∗W ,
defined on α ∈ ΛkW and β ∈ Λ`W by the formula

〈α, β〉 = (−1)(
k

2)T
(
α ∧ β

)
.

Thus 〈α, β〉 vanishes unless k + ` = n, and the form satisfies the symmetry

〈β, α〉 = (−1)(
n

2)〈α, β〉.

The endomorphism algebra of the exterior algebra Λ∗W is the Clifford
algebra generated by the operators c±(v) = ι(v)± ε(v), where ε(v) : Λ∗W →
Λ∗+1W is exterior multiplication by v ∈W and ι(v) : Λ∗−1W → Λ∗W is
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contraction with v. It is easily seen that ε(v) and ι(v), and hence c±(v), are
self-adjoint for the bilinear form 〈α, β〉.

The endomorphism algebra of the real vector space underlying the quater-
nions H is the tensor product of the two commuting subalgebras of left
and right multiplication in H. (This is one way of seeing the isomorphism
Spin(4) ∼= SU(2)× SU(2).) Denote left, respectively right, multiplication by
an element a ∈ H by aL, respectively aR.

We now give an explicit representation of the Clifford algebra in signa-
ture (9, 1) acting on the space of spinors S = H⊗ Λ∗R3:

γ1 = c+
1 γ2 = iLc

−
1 γ3 = jLc

−
1 γ4 = kLc

−
1

γ5 = c+
2 γ6 = iRc

−
2 γ7 = jRc

−
2 γ8 = kRc

−
2

γ9 = c+
3 γ0 = c−3

The γ-matrices γµ exchange the subspaces S± ∼= R16 = H⊗ Λ±R3 of H⊗
Λ∗R3 of even, respectively odd, exterior degree in the exterior algebra.

The Lie algebra of the group Spin(9, 1) is spanned by the quadratic
expressions in the γ-matrices

γµν = 1
2

(
γµγν − γνγµ

)
.

In particular, Spin(9, 1) preserves the subspaces S± of S. These are the left
and right-handed 16-dimensional Majorana–Weyl spinors representations of
Spin(9, 1).

There is a non-degenerate symmetric bilinear form on S, given by the
formula

T(α, β) = TRe
(
c−1 c
−
2 α ∧ β

)
: S⊗ S→ R.

From the explicit formulas for γµ, we see that

T(γµα, β) = T(α, γµβ).

The Clifford algebra of R9,1 has basis

γµ1···µk =
1

k!

∑
π∈Sk

(−1)πγµπ(1) · · · γµπ(k) ,

where µ1 · · ·µk ranges over the set {1 ≤ µ1 < · · · < µk ≤ 10}. Let V be the
vector representation R9,1 of Spin(9, 1), and define pairings Tµ1···µk : S⊗ S→
ΛkV by

Tµ1···µk(α, β) = T(γµ1···µkα, β) = (−1)(
k

2) T(α, γµ1···µkβ).
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Lemma A.1.

γµ1···µkγµ − (−1)k γµγµ1···µk = 2

k∑
j=1

(−1)k−jηµµjγµ1···µ̂j ···µk
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