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Small sphere limit of the quasi-local

energy with anti de-Sitter space reference

Po-NING CHEN

In [I3], a new quasi-local energy is introduced for spacetimes with a
non-zero cosmological constant. In this article, we study the small
sphere limit of this newly defined quasi-local energy for spacetimes
with a negative cosmological constant. For such spacetimes, the
anti de-Sitter space is used as the reference for the quasi-local en-
ergy. Given a point p in a spacetime N, we consider a canonical
family of surfaces approaching p along its future null cone and
evaluate the limit of the quasi-local energy. The optimal embed-
ding equation which identifies the critical points of the quasi-local
energy is solved in order to evaluate the limit. Using the optimal
embedding, we show that the limit recovers the stress-energy ten-
sor of the matter field at p. For vacuum spacetimes, the quasi-local
energy vanishes to a higher order. In this case, the limit of the
quasi-local energy is related to the Bel-Robinson tensor at p.
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1. Introduction

In general relativity, a spacetime is a 4-manifold NV with a Lorentzian metric
Jap satisfying the Einstein equation

Raﬁ - ggaﬁ + Agaﬁ = SWTQB,
where R,3 and R are the Ricci curvature and the scalar curvature of the
metric g, g, respectively. The constant A is called the cosmological constant.
On the right hand side of the Einstein equation, T, is the stress-energy
tensor of the matter field. For a vacuum spacetime where 7,3 = 0 (which
implies Ro3 = Agap), the gravitational energy is typically measured by the
Bel-Robinson tensor [3]

o 1 oT
Q/ﬂ/aﬂ = WP“ aWpuaB + Wpualnguaa - ig,uVWap WBpaTa

where W45 is the Weyl curvature tensor of the spacetime N. The stress-
energy tensor and the Bel-Robinson tensor are useful in studying the global
structure of the maximal development of the initial value problem in general
relativity, see for example [4], [14].

When studying different notions of quasi-local energy, it is natural to
evaluate the large sphere and the small sphere limits of the quasi-local energy
to compare with the canonical measures of the gravitational energy in these
situations. One expects the following [15] 29]:
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1) For a family of surfaces approaching the infinity of an isolated system
(the large sphere limit), the limit of the quasi-local energy recovers the total
energy-momentum of the isolated system.

2) For a family of surfaces approaching a point p (the small sphere
limit), the limit of the quasi-local energy recovers the stress-energy tensor
in spacetimes with matter fields and the Bel-Robinson tensor for vacuum
spacetimes.

For spacetimes with A = 0, there are many works on evaluating the large
sphere and the small sphere limits of different notions of quasi-local energy.
See for example [5], 6, [10] 12} 18, 19} 22H24] 27, BTH33]. The list we give here
is by no means exhaustive. For a more comprehensive review of different
notions of quasi-local energy and their limiting behaviors, see [28] and the
references therein. In a sequence of papers with Wang and Yau [10} 12}, [31],
the above properties are confirmed for the Wang—Yau quasi-local energy.
In particular, the small sphere limit of the Wang-Yau quasi-local energy is
evaluated in [I2] for a canonical family of surfaces approaching a point along
its future null cone.

In [13], quasi-local energy and quasi-local conserved quantities are de-
fined for spacetimes with a non-zero cosmological constant. In the same
paper, the large sphere limit of the newly defined quasi-local conserved quan-
tities is evaluated for asymptotically AdS initial data sets. It is proved that
the large sphere limit of the quasi-local conserved quantities recovers the
total conserved quantities for such initial data sets [I}, 2, [16] 17, 20} 21]. In
this article, we evaluate the small sphere limit of the new quasi-local energy
and confirm the second expected property.

The construction of the quasi-local energy is based on the Hamilton—
Jacobi analysis of the gravitational action using isometric embedding of the
surface into the reference space as the ground state. That is, an energy is
assigned to each pair of an isometric embedding of the surface into the refer-
ence space and an observer Killing field in the reference space. For A = 0, the
reference space for the Wang-Yau quasi-local energy is the Minkowski space.
On the other hand, for A < 0, the reference space is the anti de-Sitter space
(AdS space). The quasi-local mass is then defined to be the minimum of the
assigned quasi-local energy among all possible pair. The Euler-Lagrange
equation for this energy functional is referred to as the optimal embedding
equation.

To evaluate the small sphere limit of the quasi-local energy, we first study
the limiting behavior of the optimal embedding equation. For the Wang—Yau
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quasi-local energy, the optimal embedding equation is studied in details in
[9H11L 26] which played an important role in [12] for evaluating the small
sphere limit. For spacetimes with a negative cosmological constant, the AdS
space is used as the reference and the optimal embedding equation is more
complicated for the following reasons:

1) While the existence of the isometric embedding is guaranteed by the
work of [25] by Lin and Wang, the isometric embedding has to be solved
explicitly to evaluate the small sphere limit. For the AdS space, the static
potential is coupled to the isometric embedding equation and makes it more
difficult to solve explicitly.

2) The kernel for the optimal embedding is larger. In both [12] and this
article, the optimal embedding equation for a surface in the reference space is
used extensively to simplify the optimal embedding equation for the physical
surface. However, due to the difference in the set of observer Killing field,
the kernel of the optimal embedding equation for the AdS space is larger
than that of the Minkowski space. This creates new difficulties in solving
the optimal embedding equation.

Due to the above difficulties, for the AdS reference case, we can not
recover all the general theorems in [9HI1l 26] concerning the optimal em-
bedding equation of the Wang-Yau quasi-local energy. Nevertheless, we are
able to obtain the results necessary to evaluate the small sphere limit. For a
spacetime with matter fields, there is a unique choice of the leading term of
the observer killing field such that the leading term of the optimal embed-
ding equation is solvable. However, for a vacuum spacetime, the quasi-local
energy vanishes to higher order and the invertibility of the optimal embed-
ding equation is more subtle. In fact, the leading order term of the optimal
embedding equation is solvable for any choice of the observer killing field Tj.
We will compute the qausi-local energy for each Ty and the corresponding
solution to the optimal embedding equation.

The structure of this article is as follows: In Section 2, we review the
AdS space and its Killing fields. In Section 3, we review the quasi-local
energy with reference in the AdS space. In Section 4, we describe the setting
for the small sphere limit. In Section 5, we compute the expansions of the
induced metric, the second fundamental forms and the connection 1-form
in the small sphere limit. Using the expansions, we expend the optimal
embedding equation in Section 6 and compute the non-vacuum small sphere
limit of the quasi-local energy in Section 7, see Theorem The rest of
the article is devoted to the small sphere limit in vacuum spacetimes. In
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Section 8, for each observer Killing field, we compute the leading order term
of the isometric embedding solving the leading order term of the optimal
embedding equation. The isometric embedding, which depends on the choice
of the observer Ty, is denoted by Y (7p). In the next four sections, the quasi-
local energy associated to the pair (Y (Tp), Tp) is computed. Section 9, 10 and
11 are used to compute the three separate terms in the quasi-local energy
and these results are combined in Section 12 to evaluate the limit of the
quasi-local energy, see Theorem [12.1

2. Anti de-Sitter space and its Killing fields

We review the AdS space and its Killing fields in this section. Take R*? with
the coordinate system (y°, 4,42, 4>, 9*) and the metric

3
—(dy")? + ) (dy")* — (dy)>.

i=1

The AdS space can be identified with the hypersurface in R*? given by

Consider the following parametrization of AdS space:

= 7+r2sint
K

rsin @ sin ¢

T

40
y!
y? = rsinf cos ¢
%

7 Ccos 0

yt = — + 12 cost.

oS

This gives the static chart of the AdS space

dr?

IR RN S A
(14 k1) +(1+/<2r2)

+ 7r2(d6? + sin® 0d¢?)

and V = /1 + k%r2 be the static potential of the AdS space.
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The group SO(3,2) leaves this hypersurface invariant and thus the isom-
etry group of the AdS Space is SO(3,2), which is 10 dimensional. In partic-
ular, a Killing field of the AdS space can be written as

i 0
)

0 0 0
2.1 R=A(° 4 B (4=
21 (y oyt Y oy ) <y oy
0 -0 0
_ e 9
C ( a 3 + y 8y ) + Dpqury ayr
For simplicity, we will write & = (A,g,é, 5) and consider B,C, and D

as vectors in R3. An observer Killing field Tp is a timelike hypersurface-
orthogonal Killing field such that

min —<T0, T0> =1.

The observer Killing fields in the AdS space are characterized in [8|
Proposition 3.1].

Proposition 2.1. A Killing field & of the form (2.1) is an observer Killing
field if and only if

AD=—Bx{C
A >max{|§\, |C_:’7 ‘5|}

and
A? 4+ |D)> = |BP? = |C)? =

Remark 1. Proposition 3.1 of [§] states the above result for x = 1. It is
straightforward to recover the result for general x from the proof.

Remark 2. In particular, for an observer Killing field, we have

(2.2) A>\/K2+|C]2

We will later normalize our spacetime by choosing x = 1. This corre-
sponds to A = —3 in the Einstein equation.

3. Quasi-local energy with anti de-Sitter reference

In this section, we review the quasi-local energy with reference in the AdS
space defined in [13]. Let 3 be a closed embedded spacelike 2-surface in a
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spacetime N. We assume the mean curvature vector H of X is spacelike. Let
J be the reflection of H through the future outgoing light cone in the normal
bundle of ¥. The data used in the definition of the quasi-local energy is the
triple (o, |H|, afr) on ¥ where o is the induced metric, |H| is the norm of
the mean curvature vector, and ay is the connection 1-form of the normal
bundle with respect to the mean curvature vector

)= (i )

where V¥ is the covariant derivative in N.

Given an isometric embedding Y of ¥ into the AdS space and the ob-
server Killing field 8t, let 7 be the restriction of ¢ to Y (X). Suppose the
projection Y of Y(X) onto the static slice ¢ = 0 is embedded, and denote
the induced metric, the second fundamental form, and the mean curvature
of the image surface Sof Y by Gap, hab, and H respectively. The quasi-local
energy E(3,Y, Cr,t) of ¥ with respect to the pair (Y, gt) is

1 .
E(z,y,gt)ZS{/VHdz_/ [¢(1+v2|v7|2)|H\2v2+dw(v2v7)2
Y

div(V?VrT)

(3.1) — div(V?V7)sinh™?
V|H|\/14 V2|VT|?

- VZaH(VT)] dz},

where V and div are the covariant derivatives and the divergence with re-
spect to the induced metric o of the surface X, respectively.

Let Hy and ay, be the mean curvature vector and the connection form
of Y/(X) in the AdS space. In terms of Hy and ap,, we have

1
E(%,Y, gt) = 877{ / {\/(1 + V2|V7|2)|Ho|2V?2 + div(V2VT)?2
12
— div(V?V7)sinh™! div(V7VT) —V?ay, (VT)] ax
V|Ho|\/1+ V2|VT|?
_/ [\/(1 + V2V [HEVE + div(VIVT)?2
12
(3.2) — div(V?Vr)sinh™? div(V7Vr) - VQQH(VT)] ax ;.
VIH|\/1+4 V2|VT|?

While the above expressions seems to depend on the choice of the static
chart, we can rewrite it purely in terms of the isometric embedding Y and
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the observer %. In fact,

o 0
2__ [ = =2
Ve= <8t’8t>
a T

2 —_ =
VeV = <8t> ,

where (Q) denotes the tangential component of 2 5 to Y(X). This allows
us to define E(X,Y,Ty) for each pair of an isometric embedding Y and an
observer Killing field Ty using (3.1)) via (3.3). Equivalently, we can define

E(%,Y,T)) as follows:

(3.3)

Definition 1. The quasi-local energy E(X,Y,T)) of 3 with respect to the
pair (Y, Tp) of an isometric embedding Y and an observer Ty is

&rE(z,Y,TO):/ \/_<T0L,T0¢>1H0|2+d¢1;(TJ)2
b

div(T,
— div(T}) sinh ™! W) (| ds
| Hol\/—(T5", Tg")
- [ |V gt + iy
= din(rysinn ' — 0T ) oy s
|H|\/ (T4 Ty")

where Tj- is the normal part of Ty to Y (X).

Remark 3. From the above formulation, it follows that the quasi-local
energy FE(3,Y,Tp) is equivariant. Namely, that the energy is invariant if an
isometry of the AdS space acts on Y and Ty at the same time.

It is convenient to rewrite the quasi-local energy in terms of the quasi-
local energy density and the quasi-local momentum density.

Definition 2. The quasi-local energy density with respect to (Y,Tp) is
defined to be

2 div(V2VT1)?2 2 div(V2VrT)?
\/|H0| + v2+v4|v7\2 [H|? + V2+V4\VT|2

V14 V2| V7|2

(3.4)
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The quasi-local momentum density with respect to (Y, Tp) is defined to be

(12
(3.5) j=fV3dr—d [Sinh1 <W)] —ag, + ay.

In terms of f and j, we have
1 .
(3.6) EX,Y,T)) = _8/ [(T07T0>f +](T0T)] ax
T Js

The first variation of the quasi-local energy is evaluated in [13, Theorem 5.4].
It will be used later in Lemma [6.2] For reader’s convenience, the formula
will be recalled in the proof of Lemma [6.2

4. The small spheres

We setup the small sphere limit as in [12]. Let p be a point in a spacetime
N. Let C) be the future null hypersurface generated by future null geodesics
starting at p. Pick any future directed timelike unit vector e at p. Using e,
we normalize a null vector L at p by

<L, 60> = —1.

We consider the null geodesics of the normalized L and let r be the affine
parameter of these null geodesics. Let ¥, be the family of surfaces on C),
defined by the level sets of the affine parameter r. The inward null normal
L of ¥, is normalized so that

(L,L) = —1.
We parametrize ¥, in the following way. Consider a smooth map
(4.1) X :5%x[0,€) = N
such that for each fixed point in S%, X(-,7),7 € [0,¢€) is a null geodesic
parametrized by the affine parameter r, with X (-,0) = p and %—f(', 0) € T,N
a null vector such that <%—)f(-,0), eo) =—1.Let L= %—)f be the null gener-

ator, Vg L = 0. We also choose a local coordinate system {u®},=12 on 52
such that 9, = %, a=1,2 form a tangent basis to X,. Let L be the null
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normal vector field along ¥, such that (L, L) = —1. Denote

la = (V) O, L)
Nab = <V<]9\£ab7L>
Na = (V1 Oa, L)
for the second fundamental forms in the direction of L and L and the connec-
tion 1-form in the null normal frame, respectively. We consider these as ten-
sors on S? depending on r and use the induced metric on X, gy = (94, O),
to raise or lower indexes. We have
Vo L=—150. —n,L
(4.2) V5 0 =750 — lpL — napL
Vé\iL = _ngac + %L
where v, are the Christoffel symbols of o4. Let
7 1 cd
lab = lab - 5(0— lcd)aab

. 1
Nagp = lab - 5( Cdlcd)o-ab

be the traceless part of I, and ngp.
The following identities for covariant derivatives are useful.

VYO, = —168. — oL
VVL = -1’0,

We consider gy, lap, Nap, Na as tensors on S? x [0,¢€), or tensors on 52 that
depend on the parameter r. We shall see below that they have the following
expansions.

Oab = 5’ab7"2 + O(Tg)v lab = —Capr + O(TQ)v

1. 1
Nap = igabr + O(TQ)v Na = gﬁ(ﬂ‘? + O(Tg)

where 3, = lim, 0 Rrqrp is considered as a (0, 1) tensor on 5%, G, denotes
the standard metric on unit S2. Let V and A be the covariant derivative
and the Laplacian with respect to g, respectively.

We shall also consider the pull-back of tensors from the null hypersurface.
For example, we consider R(L,-, L, L) as a tensor defined on C), and take its
pull-back through , which is then consider as a (0, 1) tenors on S? that
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depends on 7 (or on S? x [0,¢)). We shall abuse the notations and still de-
note the pull-back tensor by Rprqrr. In particular, Rrer, Rrerr, Ripr are
considered as r dependent (0,2) tensor, (0, 1) tensor, and a scalar function
on S?, respectively, of the following orders

RLabL = O(T2), RLQLL = O(T) and RLLLL = O(l)

We first write down the expansions of L and 0,. Let z°,2%,i=1,2,3
be a normal coordinates system at p such that the original future timelike
vector eg € T, N is %. The parametrization (4.1)) is given by

0 . 0
_ %0
X(u,r)=X (Uaﬂ“)w + XZ(UGJ“)@

with the following expansions:

X0, r) =r+0(?)

Xi(u,r) = rX(u) + O2),
where X?(u®) are the three first eigenfunctions of the standard metric &4
on S2. For example, if we take the coordinates uq,a = 1,2 to be the stan-

dard spherical coordinate system 0, ¢ with ¢ = d6? + sin? 0d¢?, then X! =
sin@sin ¢, X2 = sinf cos ¢, and X? = cos@. In particular,

L _0X 0

= or = o N (g O
(4.3) _

_OX _0XT O

“7 ua ~ " Que 9z T A= 5

5. The Expansion of the physical data

In this section, we compute the expansions of the induced metric, the sec-
ond fundamental forms and the connection 1-form of ¥,.. We compute the
expansion of the geometric quantities in terms of the affine parameter r. In
the first subsection, we state the expansion in non-vacuum spacetimes. The
result is exactly the same as in Section 3.1 of [I2]. We collect these results
in the first subsection to be used later. In the second subsection, we derive
the expansion in vacuum spacetimes with A = —3.

5.1. Leading order expansion in non-vacuum spacetimes

The geometric quantities satisfy the following differential equations:
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Lemma 5.1. The induced metric, the second fundamental forms and the
connection 1-form satisfy the following differential equations:

(5.1) OrOgp = —2lgp

(5.2) Orlay = Rpabr — lacly

(5.3) Ornab = Rravr, — lyTac + Vanp — Namb

(5.4) Ora = RiarL + omy

(5.5) 0, (01,y) = %(aabzab)ﬁ + 02 + Rie(L, L)

(5.6) Or(0™nap) = Ric(L, L) + Rpprr + 1" nap + diven — nan®.

Ric and Rngs are the Ricci curvature and the full Riemannian curvature
tensor of the spacetime N, respectively.

We have the following expansions for the curvature tensor:
Rpar = 1°Rpapr + O(r°)
(5.7) Rrarp = rRrarr + o(r?)
Rrror = Ropon + O(r),

where Ryapr, Rral 1, and Ry 111, correspond to the appropriate rescaled limit
of the respective tensors as r — 0. For example,

0 i 0 0XI XM 9 50 )
0x0 Ozt Qus’ Qub’ 90 gzl | P

_ ]
Rropr, = 71}3% TjRLabL =R ( +X

It is considered as a (0,2) tensor on the standard S2.

Lemma 5.2. We have the following expansions:

(5.8) lap = =10y + ;TsRLabL +0(r")
(5.9) Tab = 1°Gab — §T4RLabL +0(r%)
(5.10) 16 = —r715¢ + %TRLabLabc +0(r%)
(5.11) Na = %TZRLCLLL +0(r%)

2 1 _
(5.12) 0%l = ——+ grRz'c(L, L) + O(r?)

1 _ 2 _ 1.
(5.13)  0%®ng, = 47 |Rrpos + g Rie(L, L) + < Rie(L, L) | + o(r?).
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In summary, we have the following expansions on the surfaces 3,

Lemma 5.3. We have the following expansions for the data (o, |H|, divogy)
on S%:

1,
Oab = T20ab - §T4RLabL + 0(7’5)

4 [ 4 1

HE = G+ [2Russ + G Rie(L. ) + gRie(L. )| + 00
(5.14)

1 1. 1

diveoag = A [QRLLLL + éRic(L, L)+ 3Ric(L,L)}

= 1- 1=
—RrrLL — gRiC(L,L) - gRic(L, L)+ O(r).
5.2. Further expansions in vacuum spacetimes

In this subsection, we assume the spacetime is vacuum and compute the
higher order terms in the expansions for the physical data. Enough expan-
sions are obtained to evaluate the leading term of the small sphere limit of
the quasi-local energy. In a vacuum spacetime, the only non-trivial compo-
nents of the curvature tensor are the Weyl curvature tensor. We have

Ra676 = Waﬁ'y& + HQ (ga’ygﬁts - 9045957)

and
Ricys = —Sﬁzgm;.

In terms of the null frame {e,, L, L}, we have

Rorvr = WarsL
Rarvr, = Warsr — 5% gab
Rorrr = Warrr
RLLLL = WLLLL — /€2.
We decompose the Weyl curvature tensor at the point p using the null

frame {e,, L, L} following the notation of Christodoulou and Klainerman in
[14]:

g = Warsr Ay = WarsL

Ba = WarLLL B, =WaLLr
_ b
p = WLLLL o=¢" WabLL~
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From the vacuum condition and the Bianchi equations, we obtain the

following relations:

- 1. 1
WiabL = =0app + 1Eab?

2
W = —€gb€ d
(515) 7abcL ab cdf
WabcL = Eabecdé
1

WabrLr = §eaba.

All o, o, B8, B, p and o are considered as tensors on S? through the limit-
ing process described above. In particular, the covariant derivatives of them
with respect to the standard metric 74, can be computed as follows.

Lemma 5.4. [12, Lemma 3.6]

. ~ d
GcaObd + OcbOad + €ca€bd + €cb€ad)

@caab :(

~ 1 o L

vcgab :i(acaabd + OcbOad + €cathd + 6cbfad)éd
~ 3 3 .
Vafp = — 10€ab + 5P0ab = S 0ab

(5.16)
Vaf 3 eas + S pBap
aPy —8J€ab 4p0ab Qap

@ap =—fa — 2éa
Va0 :2eab(6b - 2@17).

Contracting with respect to 64, and €5, we obtain the following formu-
lae:
Lemma 5.5. [12, Lemma 3.7]

Ve = 4By, €V c0iap = depg 3

Viag =28, €"Veay, = 2645
) - 3
(517 =t Ty = Lo

= a 3 abe 3
v éa = 5[)’ € Vaéb = ZU.

In particular, it follows that Ap = —6p and Ao = —60.
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The covariant derivative in the spacetime N at p in the direction of L is
denoted by the symbol D. For example,

DCkab = VgW(ea, L7 €y, L)(p>

Doy, is also considered as a tensor on S? through the limiting process and
its covariant derivatives with respect to the standard metric 6., can be
computed in the same manner. Relations similar to equation hold
among D of the Weyl curvature components.

Lemma 5.6. [12, Lemma 3.9]

V®Dj, = 4Dp
VeD?B3, = 5D%
V% (Dagy) = 5Dy
V(D%aq) = 6D°B,

(5.18)

We have the following expansions for the Weyl curvature tensor.

Lemma 5.7. [12, Lemma 3.10]

1
WLQLL = T’,Ba + TZDﬂa + §T3D25a + 0(7’4)
(5.19)

1 1
WiLip = p+rDp+r? [2D2f’ - 3’5’2} +0(r%).

We are now ready to compute the expansion of the physical data:

Lemma 5.8. We have the following expansions for o, c®ng, and Na-
(5.20) 0%y = —2 + —p3laf2 4 O
' “ r o 45

1
(5.21) 0%ng, = - +7(0nap) V) + 12 (0%n45) P + 13 (6%ng) ) 4+ O(rY)
and

2 r3 1 1
(5.22) Mo = 5 Bat+ 5 DBat+ 1" | 15 D*Ba = fowf’| +O(?),
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where
(0na) V) = p+ 2
2
(5.23) (0“nay)® = 2 Dp
3 1 11
ab () — 2p2 Ly 2 Hliag
(0" na)® = D% + o laf? — I8P
Proof. We rewrite l,; as
. 2
lab = —TOgp — §r3aab + O(T4)
~ L 3 L3 4
= | =10 — =1 qa | — =1%aq + O(r").
3 3
Hence, Zab, the traceless part of l,p, is given by
- 1
(5.24) lap = =57 0a + O(r%).
It follows that
ab 2 o, 4
(5.25) olap = - + £|a| +O0(r).

Next we compute 7,. Let
na = o0 +r0n® + il + o).
From Lemma we have
Mo = %TQBa +0(r?).
Equation is equivalent to
r10,.(ra) = Wrarr + (12 4+ r7262)ms.

By equation (5.19)), the right hand side can be expanded into

1 1
TBq + T2D6a + T3 §D2Ba - §aab/6b + O(T4)-
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Integrating, we obtain

1
() —-p
Ta =7 Ba
1 1
(4) — 7D2 = b
Mo 10 6(1 45O4ab6 .

For ngp,, we start with equation (j5.3)). It is equivalent to

70y (T_lnab) = RraL — (lg =+ r_l‘slc:)nac + Vane — namp
= Wirar + 0ab — (If + 77105 nac + Varlo — Na7p.

The equation becomes
_ - N 1.- ~
7“87«(7' 1nab) = 7“2 WLabL + H2Uab — EWLabL + VGUIEQ) + O(rg)
=1(p+ &%)Ga + O(r°).

Integrating, we obtain

1 . 1 -
Nab = 570ab + §T3(P + &%)Gap + O(r?).

Lastly, we deal with equation (5.6) for 0%n,,. We decompose

(526) labnab = laboacabdncd = (lllb + %) O—aco_bd <ncd - %)
1
+ 774_10—ablab _ T'_anbnab + 7”—2'

2
Thus equation (5.6) is equivalent to

1 1
T_lar(raabnab) = 7”_2 + 57"_1Jablab + (lab + T_anb) (nab — 2T_1O'ab>
—0an® + Wirprr + 262 + diven.
Notice that

1
lop + 17 % = —grgozab + O(T4)
- 3 (1 2\~ 1 4
Ned — ZT Ocdg =T *(P‘i‘/‘ﬁ )O—ab_faab —|—O(7’ )
2 2 6
We have

1 1
rilar(raabnab) =2 [15|04|2 — 9|52} + diven + Wrrrr + 2K% + O(’F?’).
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Integrating this equation, we obtain the expansion for 0®n,.

1 2
0*nay =+ 51(p+ 287 + (divgm) V] + %[Dp+ (dwom(”]
r3 1
+ 5 2D = 218P) + ivgn)® — 5181 + laf | + 06,

We compute

(divgn)® = 294(8,) = p

3
(divgn)H) = 1@“D[i’a =Dp
(5.27) . i ) - b
(divgn)'” = T (D*Ba) — =Y (cvap8”)
IR SR SPTUNT g
= 10%+ L(jaf? ~8ls)

which follows from the expansion of 7 and the following expansion for §;:

(5.28) Yo = Ve + 12705+ O()
vyhere %IL is the Christoffel symbols for &, and 7((112))6 = —%6Cd(@aadb+
Vi@ad — Vaap)- O

When we compute the small sphere limit in vacuum spacetimes, there are
several functions and tensors on S? which appear repeatedly. These quanti-
ties are computed in [I2]. We recall the results here. We define the functions
Wy, W; and P, as follows:
Wo = X' X Woio; = p
e 1 L
(5.29) Wi = X]XkWOkij = 5(517 - QBb)VbX’
1 - ~. 1 ~ 1 -~
Pi= e W X' = WXk = — oo (6 4 28T, X - o pX*

W; are —6-eigenfunctions and P, are —12-eigenfunctions of the standard
Laplacian on S2.

Next, we introduce R;; and S;. From the expansion of the induced metric
Oap, We derive

1
(5.30) a(o)ab:—gaab and o ’Yc(lb = ’50
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R;; and S; are defined as follows:

Rij = U(O)aleng
= %[2XiXkWOi0k + 2X9 X Woroi + X X X" (Woing + Wojni)
(5.31) — 2Woioj — pdij — pX X7 — X™(Woinj + Wojni)]
;= 5%y DX

1 . _
= 5(—4W0j0an +4XWy + 4Wj).

6. Optimal embedding equation

For the rest of the paper, we set k = 1. This corresponds to choosing A = —3
in the Einstein equation. In this section, we study the limiting behavior of
the optimal embedding equation. We consider the Ads space to be embedded
in R*? and consider isometric embeddings of the form:

Y =(Y,Y;,Ys)

where Yp, Y; and Yy are the restriction of yg and y; and y4 to the image of
the isometric embedding.

Similar to the small sphere limit of the Wang—Yau quasi-local mass, we
look for solutions of the optimal embedding equation (Y, 7y) of the form

Y, = Z Y'O(l)rz
1=3
(6.1) Yi=rXi 4+ vyt
k=3

Y4_\/1+ZY;2—Y02
%

and

0 0 0 .0
_ 0 4 a0 i 0
TO_A( oyt y3y> BZ<y 8yi+y3y°>

0 0 0
_C< 83+y34>+D€pqry3’"
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Remark 4. As mentioned in Remark [3] the quasi-local energy is equivari-
ant and thus it is natural to consider the embedding of the above form and
allow Ty to be a general observer Killing field.

In this section, we compute the leading order term of the optimal em-
bedding equation and use it to determine Yi(S) . While it is possible to also
solve Y0(3), the set of solutions is different for the vacuum case and the non-
vacuum case. Hence, we defer the determination of YO(?’) to Section 8 for
vacuum spacetimes since it will only be needed for the limit in the vacuum
case.

Recall that the isometric embedding equation of a metric o into the AdS

space in R3? is

Y 0aYidyY: — 0.Yo0sYo — 0aYahYs = 0w,

For the metric o4 on X, given in (5.9) and the embedding (Yy, Y, Ys) given

in (6.1), the leading order term of the isometric embedding is the following

system of linear equation on Yi(3)

. - 1_ 1 1
(62)  2.X'9Y " +0,X'0,Y," = — L Riar = 50w — gRic(L, L)du

Lemma 6.1.

@ _ logwi s 15 i
Y, = 3/3 VX +2pX 12RZC(L,L)X

satisfies (6.2)).

Proof. From Lemma 6.1 of [13], we know that

- 1 -~ ~. 1 ~. - 1 -~ -~ 1 ~. 1
> 0.X70, <—3ﬂCVCXZ + 2pX’> + 8, X0, <—3BCVCX’ + 2,0X’> = 50,

On the other hand, it is easy to see that

> 0 X' 0(Ric(L, L)X") + 05X 0a(Ric(L, L)X") = 2Ric(L, L) ap-

This finishes the proof of the lemma. ([
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The data on X, admit the following expansion
Oop = TG + 7“46((;,1)) + O(r5)
|H| = % + hMr +0@?)
(an)a = (@)ar? + O().

Similarly. the data on the image of the isometric embedding admit the fol-
lowing expansion

2
\Ho| = S+ W7+ 0(r?)
(@, )a = (@)ar? +O().

It follows that the quasi-local energy density f admits the following expan-
sion:

f=1Yr+00?

&
where f(1) = hOTfL(). In the following lemma, we derive the leading order
term of the Euler—Lagrange equation for the quasi-local energy.

Lemma 6.2. For the observer
0 0 0 ; 0
To=A(y° 4 - Bi(y°
’ ( oyt Y oy > ( oy’ >
8 8 8

and an isometric embedding of the form (6.1), the leading order term of the
Euler—Lagrange equation is the following equatwn on (A,C%) and Y( )

1. - - - . - 1. .
SAB+2)Yy" = V(a), + V(FOVLCXY) + SAGFDCXY).

Proof. From [13, Theorem 5.4 |, the first variation of the quasi-local energy
(up to a factor of 8m) is

- fdiv(V2VT)

Hol[H] —fV4VT+V2(aHO —ap)| dX

(6.3) /Z (67)div [VQV sin

L fdiv(V2VT)

+/ 6YiViV{fV(1 + 2V2|V7|?) — 2V V7V sinh™
> | Hol|H|

+ (ag — aHO)(2VV7')} ax



900 Po-Ning Chen

where 67 and §Y? are coupled through the isometric embedding equation.
Recall that

V2 = — <T0,T0> = (A2 — ZCE) + O('f‘2)

ViVr = — (IF)a = rCiV X' + O(r).

As a result,
div(V?
div [V2vsinn—t L9YVVT) g L y2 0y, - aH)] = 0(1)
|Hol[H |
while
div(V?
SV (14202 Vr2) — 2V vy sinn!t LAV
|Hol|H |

+ (ag — ag,)(2VVT) = O(r).

Moreover, from the linearized isometric embedding equation, we conclude
that

SY' = 0(r?).
As a result, the second integral in (6.3) is of higher order in r compared to

the first integral and the leading order term of the Euler-Lagrange equation
is simply that the O(1) term of

| fdiv(V2VT)

div | V2V sinh™
|Hol|H]|

— fV4V7' + V2(aH0 — aH)

is equal to 0. From the formula in the proof of Theorem 6.2 of [13], we get

(6.4) divay, = ZA(A + 2)Y,®)

by treating the image of the isometric embedding as a small perturbation of
the isometric embedding into the hyperbolic space. The lemma follows from
collecting terms. O

7. Small sphere limit of the quasi-local energy in spacetimes
with matters

In this section, we compute the small sphere limit of the quasi-local energy
and show that it recovers the matter field at p. More precisely, we show the
following;:



Small sphere limit of quasi-local energy 901

Theorem 7.1. Let X, be the family of spheres approaching p constructed in
Section 4 and P denote the set of (Y, Ty) admitting a power series expansion

given in equation (6.1)).
1) For any pair (Y,Ty) in P, we have

4
limr3E(%,,Y,, Tp) = gT(eg, Aeo + Ciey),

r—0

where T(-,-) is the stress-energy tensor at p

2) Suppose T (e, -) is dual to a future directed timelike vector W at p. We
have

47
inf limr2E(X,,Y,,Ty) = —/— (W, W).
(Y,lTrgl)eP 0" ( 0) 3 < )

The infimum is achieved by a unique (A, C;).

Proof. The quasi-local energy is

1 2 4 2 . 2 R | fdiU(VQVT)
87T/2 [f(V + VE|VT|*) + div(V*V 1) sinh <|H0|H] )

— ap, (V2VT) + OéH(VQV’T)] dx

where

L _ p

PR i 00
VE=A2->"C7+0(r)
V2V, = rCiVo X+ O(r?).

It is easy to see that

E(%,Y,Ty) = (Ae + CipH)r3 + O(r)

where
_ 1 1) (1) 702
e= o ET(ho h')dS
i1 Sica, (2 2
p'= & . X'V (ag{) — aggg)adSQ.
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It suffices to show that
(7.1) " m@ h0)as? = (e o)
(7.2) / XV (o) — al)),ds? = ;T(eo, &)

For (7.1)), we consider the Gauss curvature K of ¥,. It admits the following
expansion

VK = —+/-c Jr+0(?)

From Lemma 4.1 of [13], we have

1
— M — pMy452
o /Zr(k R\)dS* = 3 <ch(eo,eo)+ R)

On the other hand, from the Gauss equation of image of the isometric em-
bedding of ¥, in the hyperbolic space, we have

1
K=-1+ Z'HO‘Q +0(r?)

and thus

As a result,
/Z (" — n)ds? = %ﬁ (Ric(eo, eo) + %R + 3) = 87T (eo, €o).
Next we compute p*. From , we conclude that
X'V (al))ads? = 0.

S2

Using the expansion for div,ap from Lemma we have

-
SQ

. 1. 1.
— Ripiy — gRie(L, L) = ¢ Ric(L, L)

<1 = 1. 1=
A |:2RLLLL + éRiC(L, L)+ 3Ric(L,L)]

X'dS? + O(r4)

_ _ 1= i
= T3/ [ — QRLLLL - RiC(L,L) - iRiC(La L):| deSQ + O(T4)
52
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where we apply integration by parts for the last equality.
To evaluate the above integral, we switch to the orthogonal frame {eq, e; }.
We have

_ _ 1 .
/ PﬂﬁML—Rw@Jﬂ—zmdLL)X%§
S2
. S S e dm _ |
= — [ Ric(eg,ej) X’ X'dS* = —?ch(eo,ei).
SZ

This finishes the proof of part (1) since Ric(eq, e;) = 87Tp;.
For part (2), we recall that from (2.2]), we have

A>\1+]|C)2>1.

Suppose T'(eg,-) is dual to a future directed timelike vector V. Fixing c,
T (ep, Aeg + Cje;) is strictly increasing in A and the minimum of the quasi-
local energy can only occur on the set of observers, O, such that

A=/1+]|CP.

From here the Theorem easily follows. 0

Remark 5. While the proof is similar to [12, Theorem 4.1] of the small
sphere limit of the Wang-Yau quasi-local energy, The proof there used [31,
Theorem 2.1] which evaluates the limit of the quasi-local energy under the
compatibility condition of mean curvature

However, we do not have the corresponding result when the AdS space is
used as the reference. It will be interesting to establish the analog of [31,
Theorem 2.1] for the newly defined quasi-local energy.

8. Small sphere limit of the quasi-local energy in vacuum
spacetimes

In this section, we begin the computation of the small sphere limit of the
quasi-local energy in vacuum spacetimes. First, we derive the following
lemma about the Gauss curvature of X,.
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Lemma 8.1. For vacuum spacetimes, the Gauss curvature K of X, admits
the following expansion

1

Proof. Recall that the induced metric o is

4
. T
Oap = 7’2Uab + gaab + O(T5)

and agy is traceless. As a result, we have
1 len,en

The lemma now follows from Lemma 5.6. O

Next, we solve the optimal embedding equation derived in Lemma [6.2]

Lemma 8.2. For the observer Ty = (A, B,C, 5), the solution of the opti-
mal embedding equation gives

Zi Cibi

@ _ 1
Yoo =gt =y

Proof. Recall that for the vacuum spacetime, we have
2 2
|H| = ;+(W0+1)r+0(7‘ ).
On the other hand, for |Hy|, it suffices to compute the mean curvature of the

isometric embedding into the hyperbolic space. From the Gauss equation of
the surface into the hyperbolic space, we conclude that

1
K =—1+ J[Ho|*+0(r?)
As a result, from the above lemma, we have
2 2
|Ho| = - + 2Wo + 1)r + O(r*)
Hence,

(- 0

The rest of the proof is the same as Lemma 6.3 of [13]. O
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For each Ty, we shall compute 87E(%,, Y, (1), Tp) which is given by

. 2
(8.1) / FOVE4+VVT?) + (divV?Vr) sinh <W> dx.
P

| H||Ho|
—/ ozHO(VQVT)dEr—i-/ ag(VAVr)d,.
%

T T

We evaluate the three integrals in the next three sections, respectively and
put the results together in Section [12]

9. The energy component
In this section, we evaluate the first integral in ({8.1):

/ FOV2+ VAVT) + div(V2Vr) sinh ! (f di”(V2V7)> ay
P

|H|[Ho|

It suffices to evaluate [;, fIV2+Vvivr? + W]dﬂn since for  small,

sinh™(z) =  + O(2?).
Denote the expansion of the physical data by

Oap = 7“2Uab +r a(i) + r50$) + O(r"%)

|H| == + rhW + 1212 43RG L O(rt)

ag=r ozgq) +riay; @ 4y oz( ) +O(r°).
Similarly, we have

|Ho| = g + ’I“h(l) + r2h(2) + r?’hé?’) + O(r4)

ap, = 7'2 ( ) +r3a(3) 1 il )+O(r5).

First we derive the following lemma.
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Lemma 9.1.

V2 == <A2 - Z CE) + 2 <ABZXZ - Z CiDpepinq>’l“

(BiXi)2 + (CiXi)Q - Z(Dpqui)?q)z

i

+ 72

+ <A2 -~ ;03)

VAV = CCj(67 — X'X7) +2r Y CiDpepgi X

+0(r®)

+ (6 = X'XT)CiCj + > " (DpepgiX0)? + g1)r? + O(r®)
(div(V2VT))? = 4C;C (X' X7 )r=2 + (4C;C; X X7 + go) + O(r),
where

g1 = Z CZC](RU + Q@XZ@YJ(S)) -+ QACZ@Xlﬁyo(?))
i,
g2 = Y 4CiC;XU(S; — AXY) — 440X AYY,

.3
and R;j and S; are defined in (5.31)).
Proof. We have

V2= —(To, To) = (AY" + GiY")? + (AY"! + B;Y')?
N Z(Ciy4 +B;Y" + Dpepqiyq)2

)

where YO = O(r%), Y = rX* + O(r®) and Y* = /1 + 2 + O(r?). This gives
the expansion for V2.
For the other two terms, we have

V2Vr = —Ti = (AY + ;Y VY4 + (AY* + BY))VY?
+(CiY* 4+ BY? + DyepiY) VY™
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As a result,

VAVT? = (CY* + B;Y? + DpepgiY?)
(CjY4 + BjYO + Dmeman”)(cS” XlX])
+ 72 [o—<0>ab(ci)2;)(cj)2g ) +2(CVY (0 VY + AvYyY)
+0(r%),

and the formula follows from (5.31)) and (6.1f). Similarly,

(divV2Vr)? =4 (CY* + BiY" + Dyepgi YY)
tj
X (C;Y* + BjY° + Dppepnn Y™ ) (X X7 )r 2
+4(C X (575 X) — 4(C X (CAYY + AAYY)
+0(r),

where

ACXT) (O35 XT) - 4(C X’><chYj3> + ARYy?)
= 4050, XS, — 4(C:X1)(C;AY, Y + ARYY)
)~

= 40,0, X(S; — AYY)) — 44, X' AY?.
O
With the above lemma, we compute f[V2 + V4|Vr|? + %72;?)2]
Lemma 9.2.
(div(V2VT))?
f [V2+V4V72+
VT g
B; X!
= Ar(h§) — KWy 412 | AL - h?) + WOT’
h(2) I NCIAY =3¢
3 [
4| p®) 4 o T )
W % — 3L CC X X
4 (Wo)lgr + 4 2A22 J ] O(r4).
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Proof. From Lemma we have

divV2Vr)?
V2 4 Ve 4 VT
7] | Hol?

= A%+ 24B; X'r

(BiX')? + A% + (CiX")? + g1 + %2 S INee O

ij

and thus

divV2Vr)?
!Ho!\/w vy 4 VIV MIH ‘ZT)
0

2 2AB; X!
r A2

LD A% + (CiXi)Z to+% - hgl) Zij CiCinXj
+rlhy’ + 12

=A

+ O(r?).

We can compute |H|\/1 + ]VT|2 (lAHT‘f and 1+ |V7|? + % similarly.

H]
As a result, f(14|V7]? + ‘H Ar)” ‘) is equal to

<f +(hg" + h(l))r> [(h$" = hO)r + (B — B )2 4 (b — n®)r?]x

. g R o
A% + B X 4+ r?[(C; X2 + g1 + % (}L();_ih())CinXZXJ]
% 92 _o(p (1) DY (Y. T .
A{ + 451342)( +r [Q(CiXi)2 n hél) 4 p(1) . 2020 th( NCiO, XX ]}

Finally we plug in k" = 21, + 1 and A1) = Wy + 1. O

Lemma 9.3.

. div(V2VT))?
lim r 5/ [V2+V4V7'2+( dy,
L N

— A [ (0 —n)asr - 25
S? &
G [ (W) Ry 29K (v 4Py 4 X (S5~ AYSY +12P))ds?
SZ

WEX'X7dS*




Small sphere limit of quasi-local energy 909

Proof. For the volume form, we have d¥, = r?dS? + O(r®) from the expan-
sion of metric in Lemma As a result, it suffices to use r2dS? for the
volume form.

For the mean curvature in AdS space,

|Ho| = 2VK + 1+ 0(r®)

since Yy = O(r?). Using the Gauss equation of the surface in N, we conclude
that

|Ho| — |H| = pr + D,or2 + O(r3)
That is

It follows that for ¢ = 1,2

/ (h$? = h()ds? = 0.
SQ

Moreover, for parity reason, it is easy to see that

WoX*dS? = 0.
S2

Hence, we are left with only the O(r®) terms. We compute
Wo (91 + 2) ds? = cicy | WalRy +29 X0V + )
o 0\91 4 — Wiy 5 (UERZY] j J
+Xi(8; — AY?) + 12P)]dS”?

2o -
— AC; Wo(§VX’VW0 + 2XWy)dS?.
S2

Due to parity, we have
I -
/ Wo <3VXZVW0 + 2XZW0> ds? = 0.
SQ
Finally, from Lemma [5.6] we have

- 1 - - 1 -
DpXidS? = — [ VOV DagyX'dS? = —— | Dagd®™X'dS? = 0.
S2 20 52 20 S2
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Namely,
/ (h{? — K@) X1ds? = 0.
SZ
The lemma follows from Lemma 9.2. |

9.1. Computation of f(hg” — h®)

Suppose Y is the isometric embedding of ¢ into the AdS space such that

¥ i ¥y
=3

o0
Yi=r X"+ 3 v
1=3

where Y0(3) and Yi(g) are given by Lemma and Lemma respectively.
Let Y’ be the isometric embedding of o into the hyperbolic space in the
AdS space where

(Yo)' =0
(Y;)/ _ TXi + 743}/;(3) + 744}/;(4) + 745}/;(5) + O(TG).

Let A’ be the second fundamental form the embedding Y’ in the hyper-
bolic space and A’ be its traceless part.

Ay =45 + 0
Suppose the Gauss curvature K of o has the following expansion:
(9.1) WK = _|_ EWp 4 562p2 4 103):3 4 O(T4).
We have

Proposition 9.1. The integral [q, (h(()3) — hB3NdS? can be written as fol-
lows:

/ (Y — h®)ds? = / |A®) 32452 4+ / (k:() h(?’)—i) s>
S?

CiCj
_ = 2 2
3 /s Wo dS®—30—5 /S P;P;dS*.
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Proof. We first rewrite
[l = #0as, = [ (o] - 2K Tas
+/Z (2VK +1 — |H|)d®

We have
/ (VE 71— |H|)dS, = r5/ (k(3) _ e i) ds® + 0(r%).
pI S?
To evaluate fE’r(|HQ| —2V/K +1)d%,, recall that |Hg|? is given by
3
(9-2) |[Hol* = —(AY))® — (AY2)® + ) (AYi)® +4
i=1

since the AdS space is an umbilical hypersurface in R32.
Let H{) be the mean curvature of Y. Similarly, |[H/| is given by

(9:3) |[Hol* = —(AY))? + Z(A(Yi)')2 +4.

The Gauss equation of Y'(X) in the hyperbolic space reads
(9.4) 4K = (H})? — 4 —2|A'J%

We compute from (9.2)), (9.4)), and (9.3) that

[Hol* — 4K — 4 =2|A']” — (AYp)® — (AYq)? + (AY])”
3 3

+ Y (AY;)? =Y (AY))

i=1 i=1
where
AYy = AP + 00h) = rAY® + 0(r?)
AYy = O(r?), AY] = O(r?) and
3 3

3
D (AY)? = (A Z (V; = Y)A(Y; +Y7)
) ) =1

12 XA — v/ By 1 o).
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As a result, we have

/ (h$¥ — h®)ds? = 1 1A' ®)2g8% — 1/ (AY #2452
S2 2 SQ 4 5'2

_ XiA(Yi(f’) _Yi'(5))ds2
SQ

+ / KO~ L @) s,
S2 4
To evaluate the second last terms, we need

Lemma 9.4. If we choose Y;(?’) = YZ-/(S) and Yi(4) = Yil(4), then Yi(5) and
Y, ®) are related by

20XV ) = [P

Proof. This follows directly from the expansion of the metric and the iso-
metric embedding equation. O

The proposition now follows from the expression of YO(?’) in Lemma O
The traceless part Agp of hepy has the following expansion
Ay = 7‘3;153)) +O(rh).
Lemma 9.5.
A9 = (i) 4 %% (- !
o = (Xo X + XpX7) _ZWO(SU - §W0i0j :

Remark 6. The proof is the same as Lemma 7.5 of [I2] by embedding
everything in R3? as above.

As result, from Lemma 7.6 of [12], we conclude again that
Lemma 9.6.

|A®)2d8? =3 [ W2ds?.
S? S2

9.1.1. Computing f(k:(3) — % — h(®)ds2.
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Lemma 9.7.

1
(9.5) /S 2 (k(3) -5 h<3>> ds? = —Z Wids? —

/ 1BI2ds?.

Proof. First, we compute f k®)dS2. From (19.1)), we have

2 702
0 ||dS

(’““))2] 1 06%).

K= o k@ k@ 4 (5O 4
72 4

We also have
o= (2= 6|2 2
d < 180 |a|>dS +O(r )

from the expansion of %1, in Lemma By the Gauss-Bonnet theorem
Js. Kd%, = 47. Collecting the O(r?) terms from the left hand side, we have

(1))2 1
@ B e 1 2 2
/2k Fdst = g [ laPas®

Furthermore, k) = 2. Hence

/ E3ds? = — | W2ds? + — |a|2dS2.
S2

. 180

For h®), we have

ab,, (1)y2
hB3) = (6%nq)®) — i| 2 — (gzab)

Using Lemma and Lemma we conclude

1 3
@ _L_3yge2 - 3 2 2 02
(9.6) /82(k: 1~ h®)ds il W2ds? + 60/ la|2dsS

—/ (0%nq) P dS? + %dsz
SZ 52 2
3

1
2 7Q2 2 7Q2
=—— [ WydS° — — al“d
4 92 0 s 60 /52| | S

— dS~.
+45/SZIB|
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10. Computing the reference Hamiltonian

In this section, we compute the limit of the second integral in equation (8.1):
/ —ap, (VAVT)dY,.
27‘

First we prove the following lemma about ag,.

Lemma 10.1. Let Y be an isometric embedding of X, into the AdS sapce
such that

y0 — r3Y0(3) + r4}/()(4) +O0@).

We have
e ®, e (A o) ’
(10.1) (am,)a = Eva(A +2)Y,™ + EVG(A +2)Yy7 +O(r")
and
: Lo—2ny(-2 (3) @) 4 ,2y(5)
(10.2) divpapm, = 5(7" A)(r 2 A+ 2)(Yy" +rYy ™ +r7Y))
2
™ XA ~ac ~ ! vAAv
- S (AR DY) 42595 A D0, v, v

+YAY® 1 oviy vy ® — ZAWAYY) | + 0().

1
2
Proof. We may assume, for this lemma alone that Ty = 8% since the qualities
depends on Y but not on Tj. follows from the formula in the proof of
Theorem 6.2 of [I3] by treating the image of the isometric embedding as a
small perturbation of the isometric embedding into the hyperbolic space. For
(110.2), we use Theorem 5.2 of [I3] that a surface in the AdS space is always
a critical point of the quasi-local energy with respect to other isometric
embeddings into the AdS space. That is, we consider a family of isometric
embedding Y (s) such that Y(0) =Y, we have

As a result, if we consider
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and

52_/[¢(1+v2\v712)yﬂoyzv2+d¢v(v2v7)2

div(V2VT)

—VQQEKVT)dE'
V|Ho|\/1+ V2|V1|2

— div(V?3V7)sinh™!

Then
d d
£|s=0~61 = £|s=05§2,

where for the variation of §), it is understood that Hy and apg, are fixed at
their values at the initial surface Y'(0). On Y(0), we have

V=vV1+7r2+0(0"%).

We consider a family of isometric embedding such that
d
—|s=oY? = O(*
g ls=0 (r?)
and
i d i 5
AR %|520Y =0(r°)
We conclude that
d
— o Y4 — 6
75 ls=0 o(r”)
and
d
—|s=0V = O(r°
d S| 0 (r®)

In terms of the static coordinate, we have
y' = V1+r2t+0(r%

and
VO = V14721 +0(r9).

Let

oT = d—\son
S
(66)ap = (1 4 12)(0ymOR0T + p10,07) + O(110)
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and Z° satisfies the linearized isometric embedding equation

D 0 Y 07 + 0,Y 0, 7" = (1+17)(0aT0p0T + 0y7007) + O(r')

Decomposing Z into the tangential part P, and normal part fes to the
surface ¥ From equation (5.6) of [13], we have

(10.3) SH + %iﬂb((s&)ab — _Af42f + VO(Pohy).
As a result, we have
S(VH) = 1+12 (—;ﬁab(a&)ab ~Af+2f+ @b(Pcﬁcb)) +2f +0(r°)
and
|s 091 = /W( ;hub &b — Af +2f + @b(PCibcb)>
vof + 5&@ b(66)ap /1 + r2HdS + O(r®
= / \/m%(fmb — h®)(66)ap + 4FdS + O(®)

Rewriting the linearized isometric embedding equation in terms of P% and
f, we have

VaPy + VoPy + 2fhap = (66)ap

Taking the trace and integrating, we get
/ 2f HdS = / 5% (86) qpdS

It follows that
/4fd2 :/ 59 (56) S + O(r%)

and
|S 091 = / V14 7‘2 (H5% — h)(66) ap + 167 (86) apdS + O(r®)
1 - . .
= / or(14r )Evavbfi(H&ab — 7% 4 r5®)dx 4 O(r®)

1~ A A
= / oT(1+ r2)VaVbY0§(H&“b — h® 4 r6™)dS + O(r®).
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On the other hand, direct computation (see Theorem 5.2 of [13]) gives that

AY 0
di;|s=0552 = /( + r3)or {dw(|Ho\VYO) + A| | — divag,
Hy
We conclude that
AY?
divagy, = Am + div(|Ho| VYY)
1 .
-3 <(2]H0| + r) o — A“b> VaVeY? 4+ 0(r?).
since p i
75 5=091 = s=092,
for any choice of §7 0
Proposition 10.1.
i =5 2 4 2 7q2 CiCj i 2
lim —r am,(VAVT)dE, = A WydS* — 10— X'WoP;dS=.
r—0 5, 3 g2 A 52

Proof. We compute

/ am, (VAVT)dY,
E’V‘

- / am, [(AY? + CY)VY* + (AY? + BY')VY?

+ (C;Y* + BY" + Dpepi Y)VY'|dE,

an, [AVY? + (C;Y* + DpepgiY)VY'] dS, + O(r°)

2 .
am, |AVY? + (Ci(1 + o)+ DpepgiY VY | d3, + O(r%)
ag, [AVY? + C; VY] dS, + O(r°).

r

I
e e

In the last equation, we used (10.1)) and that YO(B) is perpendicular to X*.
Integrating by parts, we get

— / o, (VAVT)dE, = / (AY? + C;YY)divay, + O(r%)
b P

The proposition now follows from Proposition 8.1 of [13]. O
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11. Computing the Physical Hamiltonian

In this section, we compute the limit of the third integral in equation (8.1):

—/ OZH(VQVT)CZET.
P
Proposition 11.1.

. -5 2 4A 2 2 % 2 2
lim —r ag(VVT)dE, = —Ws + - C;W:;Wo — (C; X")|B]*| dS~.
r—>00 Er S2 3 3

Proof. We compute

/ o (VAVT)dS,
pI

= / (am) [AVY? + (C;Y* + DpepiY)VY'] dE, + O(r%)

2

:/Z (ap) [AVYO +(C;(1+ %) + Dpepqu‘I)VYi] d%, + O(r%)

From Proposition 9.1 of [12], we have
/ (am) [AVY 4+ C,VY'] dS,
P
_ .5 AA o 2 o Siv a2 2 6
=r 3 Wy + 3C’ZWZWO (Ci X817 dS* + O(r®)

As a result, it suffices to show that

r2C; »
/ (o) [( 5t Dpepqiyq> vyl] d%, = 0(r%)
P

or simply that
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The first integral vanishes due to Theorem 6.1 and that the spacetime is
vacuum. For the other two integrals, we recall that

72 r3 1 1
(111) Na = ?IBG + ZDﬂa + T4 |:10D2Ba - Eaabﬁb + O(TE))?

ap is the same as 7 up to a gradient vector field and the rotation Killing
field €,4; X9V X" is divergence free. Hence, it suffice to show that

From Lemma 4.7 and 4.9, we have
Blepy XIVXT) = / T ap (€ XIVXT) = 0
S2
/ DB(eps XIVXT) = / ¥ Daray (e XV XT) = 0.

12. Evaluating the energy

From Lemma Proposition and and Section 10 of [12], we
conclude immediately that

Zm,n V_VOZmOn
2A

r—0

. _ 1
lim r S E(X,, Y. (Ty), Ty) = % [Q(eo,eo,eo,Aeo+C’ie¢)+

To minimize E(X,,Y,(Ty),To) among choices of Tp, let
E(S,,Y:(Th), To) = E(,Y(Ty), To) ®'r®° + O(°).

We consider the following vector

U= (; Z W()2k;mn + Z Wozmm“ 2 Z I/T/vOmOnI/T/Omin> .

U is future directed non-spacelike. It is timelike unless the Weyl curvature
is of the form given by [10, Lemma 11.2].
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It is easy to see that the energy functional E(X,Y (Tp),Tp)® is non-
negative. Moreover, it is positive and proper when U is timelike. Hence, when
U is timelike, there is at least one choice of Ty = (A, C;) which minimizes
E(%,Y(Ty), To)®). We show that under the same condition, the minimizer
is unique.

Lemma 12.1. If V is timelike, there is a unique (A, C;) that minimizes
E(%, X (To), To)®.

Proof. From the remark after Proposition [2.1] we have

A>\/1+]|C]2>1.

Moreover,

Zm,n Woszn

2A

1
E(%,Y(Ty), Tp)® = 90 [Q(e()v eo, €0, Aeg + Cie;) +

where

1 _ _
Q(eo, €0, €0, AeO + C’Lel) = 5 Z W(]kan + ; WOZmOn A

k,m,n

+2 Z V_VOmOnV_VOminCi-

m,n,i

Hence, fixing C, E(X,Y(Ty), TO)(5) is increasing in A and the minimum can
only occur on the set of observers, O, such that

A=/1+|CP.

From the proof of [I0, Lemma 11.3], E(X,Y (Tp), To)® is a strictly convex
function of (C1,C2,C3) on O. This finishes the proof of the lemma O

As a result, we have the following theorem for the small sphere limit of the
quasi-local energy in vacuum spacetimes with reference in the AdS space:

Theorem 12.1. Let X, be the family of spheres approaching p constructed
in Section 4.
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1) For each observer Ty in the AdS space, there is a pair (Y. (To),To)
solving the leading order term of the optimal embedding equation of 3,

(see Lemma and[8.9). For this pair (Y;(Ty),To), we have

1 w2
lim r (S, Y, (T0), To) = o W

0 90 Q(@O, €0, 6())"460 + Czez) +

2) Suppose Q(eo, ey, €o, ) is dual to a timelike vector. Let P denote the set
of (Y, To) admitting a power series expansion given in equation (6.1)).

We have
inf limr °E(%,,Y,Ty)
(Y, To)eP r—0
Zm n W02m0n
= inf — A C;e; _
(A,é{-l)E]H[s 90 [Q(e(]v €, €o, Aeg + € ) + 24

where H3 denotes the set of unit timelike future directed vector in R31.
The infimum is achieved by a unique (A, C;) € H3.
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