ADV. THEOR. MATH. PHYS.
Volume 24, Number 5, 1055-{T085} 2020

Remarks on intersection numbers and
integrable hierarchies. I. Quasi-triviality
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Explicit expressions for quasi-triviality of some scalar non-linear
evolutionary PDEs are under consideration.
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1. Introduction

Recall that the Korteweg—de Vries (KdV) equation

€2

tDeceased on March 19, 2019.

1055
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and the modified KdV (mKdV) equation

w? €2

are related via a Miura transformation [28]
1 5 €
(1.3) u=gw +v-1 5 Wa-

This means that, substituting (1.3)) and its unique formal inverse

1 € (2u), 5 Qu% 1 (2u)ye
(14)  w=(2u)> - \/j14<2u) e (32 (;u);/Q B ((2u))3/2> +0(e)

in (|1.1), one gets (1.2)); vice versa.

The KdV and mKdV equations are examples of scalar evolutionary
PDEs of the form [15]:

(1.5a) w = flu)ug + €[ar (u)ugy + as(w)ul]
+ 62 [a?;(u)uxzz + a4(u)umux + a5(u)ui] +ee

(1.5b) Fu) 0.

Here, € is a parameter, and f(u), aj(u), ag(u), - - - are given smooth functions
of u. Following [15] 26], we say that a change of the dependent variable of
the form

(1.6) w=W(u)+ ZekW[k](u;ux, Ce,UE)
k>1

is a Miura type transformation, if W’ (u) # 0 and each ‘W[k] is a degree k
homogeneous differential polynomial of u. Here, u; := 8% (u) is assigned the
degree: degu; = j, 7 > 0. All Miura type transformations form the Miura
group.

The € — 0 limit of equation

(1.7) v = f(v)ve, f(v) #0

is an evolutionary PDE of hydrodynamic type [13]. The simplest non-trivial
example is the dispersionless KdV equation (aka the Riemann—Hopf equa-
tion or the inviscid Burgers equation):

(1.8) Ut = VU
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This equation is NOT equivalent to the KdV equation (l.1) with € # 0
under the Miura group action. However, there exists a remarkable invertible
transformation [3], [15] 26]

1
_ 292
(1.9) u=1v-+e 8x<24long)

3

442 Vazze TV Vaze Vg 6
5 _ 0
e w<115zvg 192003 3601);5) +0l€)

transforming to . Such a transformation is called a quasi-Miura
transformation [15], [26]. We mention that the difference between Miura type
and quasi-Miura transformations is simply that the latter allows rational and
logarithmic dependence in v,. We also mention that 0, = ijo Vj 110y, =
ijo Uj410u, -

A scalar evolutionary PDE is called quasi-trivial or say possessing
quasi-triviality, if it can be transformed to its € — 0 limit via a quasi-Miura
transformation.

Liu—Zhang’s Theorem ([26]). For an evolutionary PDE of the form
with f'(u) £ 0, there exists a unique (under some homogeneity condition;
see Theorem 4.3 of [26]) quasi-Miura transformation reducing to its
dispersionless limit.

In this article we consider the following problem.

Problem A. Give an explicit expression of quasi-triviality of the KdV equa-
tion (1.1).

This problem is algebraic, but the solution turns out to be topological.
Before presenting a solution to Problem A, we recall some standard nota-
tions. For j > 0, denote o) = v; == 02(v). By a partition A, we mean a non-
increasing sequence of non-negative integers (A1, ..., Ay»),0,...), where £())
denotes the length of A\, and Ay > Ao > --- > )\g(/\) are the nonzero compo-

nents of A. The set of all partitions is denoted by Y. Denote by |A| := Zﬁ(z/\l) Aj
the weight of A, by Y} the set of partitions of weight k, and by m;(\) the

multiplicity of ¢ in A\, ¢ > 1. Denote also

(1.10) m\)! = []mi), 2 =m)! J[imW.

i>1 i>1

The partition of 0 is denoted by (0), with ¢((0)) := 0 and |(0)| := 0. For any
A €Y, define A+ = (A1 + g1, A2 + po, . ..). Define A+ 1:= X+ (150‘))
if A # (0), and (0) + 1 := (0). For an arbitrary sequence of indeterminates
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q1,92, - - -, denote gy := gy, - - qx,,, if A # (0), and q(gy := 1. Introduce also
some integers: For any A, u € Y, define

‘o 7))! (u7)
Ly Q¥ =™ Y] Aﬁg O
'uley/\l S (/\)GYM(A) q=1 m /.L H (] + 1) g

UZQ)M‘I =p

We note that Q™ = 0 unless |\| = ||, and call (QM)IAFM the Q-matrices.

Theorem 1.1. The quasi-triviality of the KdV equation (1.1|) has the fol-
lowing expression:

(1.12) uw=wv+ 0? (Ml V) Z 29-2 ) (vz,vm,...,vgg_2)>,

g=2

(1.13) M (vz) = — log vy,

24

_ (Tat1) PV e
(1.14)  My(vg, Vags - - -, V3g—2) = Z m()\)!Q fuf(“)ﬂ]_l’ g > 2.

A EYsg_3

Here, (Tay1) are the intersection numbers of 1-classes on the Deligne—
Mumford moduli spaces (for the definitions of these numbers see Eq. (3.2) ).

The proof is in Section
The following three more problems will also be considered.

Problem B. Give an explicit quasi-triviality of the intermediate Long wave
(ILW) equation

(1.15) Up = Uy + Z 2949~ 1] 2g'| U2g4+1-
= (29)!
Here By denote the Bernoulli numbers, defined by =% =: > ", %x’“

Problem C. Give an explicit quasi-triviality of the discrete KdV equation
(aka the Volterra lattice equation)

1
(1.16) I (eu<x+e) _ eu(z—e)) '

€

Problem D. Give an explicit quasi-triviality of the Burgers equation

(1.17) Up = Uy + EUgy.
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We remark that for an integrable PDE of the form with f'(u) £ 0,
the quasi-triviality of this PDE is the property of the whole corresponding
integrable hierarchy.

We will see from solutions to the above problems in Sections that the
associated essential numbers to each problem (the primitive Hodge integrals
for the case of Problems A,B,C, and enumeration of graphs with valencies >
3 for the case of Problem D) are all contained in a simple nonlinear equation
(KdV, ILW, discrete KdV, Burgers, respectively); this is revealed by the
deep relationships started by Witten, by Liu-Zhang’s theorem and by the
so-called inverse Q-matrices (see Definition [2.7) below).

Organization of the paper. In Section [2| we review the topological so-
lution to the Riemann hierarchy. In Section [3| we review the construction of
Hodge hierarchy. In Sections we give solutions to Problems A-D. Con-
cluding remarks are given in Section[6] A straightforward proof of a technical

lemma (Lemma is given in Appendix

Acknowledgements. D.Y. is grateful to Youjin Zhang for his advising.
Part of the work of D.Y. was done while he was a post-doc at SISSA; he
thanks SISSA for excellent working conditions and financial supports.

2. Riemann hierarchy and Q-matrices

The goal of this section is to do some preparations for the later sections.
Recall that an evolutionary PDE of the form

(2.1) us = g(u)ugy + 6[bl(u)um + bg(u)uﬁ]
+ €2 (b3 (0) tgzz + b3(u) gzt + b4(u)ui] +---
is called an infinitesimal symmetry of (1.5]) if
858tu = 8tasu.
Following [9], we say equation (1.5 with f’(u) # 0 is called integrable, if it
possesses an infinite family of infinitesimal symmetries parameterized by a
smooth function of one variable.

The Riemann—Hopf equation (1.8]) is integrable: for any smooth function
g(v), the PDE

(22) Vs = g(v)vx
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gives an infinitesimal symmetry of ([1.8)). Let us look at a particular sub-
family in these infinitesimal symmetries

vk

(2.3) Vb = 2V k> 0.
Observe that equations (2.3) commute pairwise, i.e.,
(24) 8t,;6tjv = atjati’l), Vl,j Z 0.

Thus can be solved together. They are called the Riemann hierarchy.
The k = 1 equation in is the Riemann—Hopf equation . The k=0
equation reads wu¢, = u,, so we identify g with z.

We will be interested in solutions of in the formal power series
ring C[[t]]. Indeed, consider the initial value problem of along with the
initial condition:

(2'5) 1)(.%',0,0, . ) - fO(a:) S C[[.%'”, f(l)(o) 7é 0, fO(O) =0.

Here, the conditions f}(0) # 0, fp(0) =0 imply that fo(x) has a compo-
sitional inverse in C[[z]]. (The case fy(0) # 0 can also be considered via
performing a shift in v; we leave this discussion to the interested readers.)
Denote by c,, p > 0 the Taylor coefficients of fgl(m), ie.,

(2.6) N Bur = (@), e #0.

|
>0 P

As explained above, equations ([2.3) have a unique solution v(t) in C[[t]]
with the initial value v(z,0,0,...) = fo(z).

Lemma 2.1 ([15]). The unique solution v(t) satisfies the following equa-
tion:

- ~ p
(2.7) fo+ ) tpv(t') =0,
=1 P

where t, :=t, — ¢, (c1 # 0). Moreover, solution to (2.7) in C[[t]] is unique.

Equation is called the genus zero Fuler—Lagrange equation for the
KdV hierarchy [8], [15].

We now focus on a particular solution to the Riemann hierarchy ,
denoted by v'°P(t), that is specified by the initial data fo(z) = z. In other
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words, ¢, = 0p1 is under consideration. The v*P(t) is often called the topo-
logical solution.

Lemma 2.2. The v'°P(t) has the explicit expression

(2.8) =Y Y .l

m! !
Proof. For any solution v(t) in C[[t]] to the Riemann hierarchy (2.3]), we

have
(s 0)
v k‘ll(k‘l—l-l) ’

ki+ko+1
2.10 — 92 Y
(2.10)  vin, =0 (kllkg!(k1+k2+1)>’

(o))

(29) Utkl ==

(2.11) vyt = O

Uk1+"'+kN+1
xX

. YN >3
k1!°"kN!(k1+-~+/€N+1)> -

Here ki, ko, ...> 0. The lemma is then proved by noticing vfﬁp(O) = O, 1
OJ

Proceed with a simplification of (2.8). Applying 92" on the both sides
of (2.8) we obtain

(2.12) ’Ufﬁp(t)zz Z (k+1)...(k+m_1)tﬂ...@

| 1’
E>1 P1yees PR >0 p1: Pk

where we recall that vy (t) := 97" (v'°P(t)). The following shorthand nota-
tions will be used:

(i) Denote v(t) = v'°P(t) unless otherwise specified.
(ii) Denote v® = U‘S(tl,tg, ...) == v(t)]t,=0, and denote v; = vi(t1,ta,...)
1= () |t=0, j = 1.

Obviously v* = 0. The Taylor expansion of v(t) with respect to = then reads

x) xJ
(2.13) o(t) =v5+21§? => v 5

j21 T
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Lemma 2.3. For m > 1, the following formula holds true:

(2.14> - (m -1+ K(Iu))' tur1

" UEY 1 [5G+ 1)) (p)! (1 — q)mHw) |

Proof. For m = 1, we know from (2.12)) that v{ = 1/(1 — ¢1). For m > 2,

_ k+m— 1) k o
U = Z Z <m1(/\),m2()\)7 .. > Hi21 i1mi(\)

k>1 A€V ym—1
L(N)=k

t
- Z>O <m1+2jmj>! Hj!mﬂjmj!

Jj=2 Jjz1

vl

mymg,>
Eiz1-1)my=m-—1

o 1
: J
>\ M s —
mo,mg, 20 (]22 ) ']!m]mj! (1 - t1)1+ZJ22 M

Jj=2

Yj>2i-Dmj=m—1

where the last equality uses Newton’s binomial identity: (1 —xz)~!=*
+k
Yo ()2
For each partition 1 € Y, we call the integer

(sl + LG D e+ 11
m(p)! I151 (7 + 1)tms () Zptl

o

(2.15) L(p) =

the Lagrange number associated to p. The first few Lagrange numbers are

L((0)) = 1, L((1)) = 1, L((2)) = 1, L((12)) =3, L((3)) =
L((2,1) =10, L((1)) = =15, L((n)) = -1, L((1")) = <w%%—w

Using the Lagrange number we can write formula (2.14) as

s byt
(2.16) vi= > (-1 L(M)#W, n> 1.
nEY, 1 1

Lemma 2.4 (Zhou [30]). The following formulae hold true:

1
(2.17) -t = —,
1
,US
+1
1

HEY k1
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We remark that both (2.16) and Lemma can also be proved straight-
forwardly by using the Lagrange inversion (cf. e.g. [22], 25]).

Definition 2.5. For any two partitions \, , define Q) := 1, and define

(2.19) QM = (=1)"™W > IT 2.

},LIGY)\I ,...,IU,Z(A) GYAE()\) g=1
ululﬂu...uuf(k):u

For k >0, we call (Q)‘“) the Q-matrices.

IN=lul=k

Lemma 2.6. The following formula holds true:

s
_ A Vut1
(2.20) tra+1 = GEY Q 7(1};)1(@_‘_')\4_1‘ , VAeEY.
HEX x|

Proof. For any partition A\ € Y, we have

I(\) s
Vit
tapr = (—1)W H Z LW)WJ-LIMHI

q=1peYsy,

_ 140) UZq+1
=(-1) » Z HL(Mq) W

BrEY syt NV EY ) a=1

,US
— Y T 2 SO NVUCY E L(u?
- Z (U;)l(u)HAH\( ) (1)
REY) x| PHEY N ! NV EY S )
prUpPU--Upf N =p

The lemma, is proved. g
Definition 2.7. Define Qo)) := 1, and define

£(p)

(2.21) Qup = Z H |L(p")],

pPrEY,, A eY*‘tZ(u) =1
P UPAU---Upt) =p

where p, p are two arbitrary partitions. We call (Qup)\u\zlpl the inverse Q-
matrices.
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Lemma 2.8. The following formula holds true:

t

s p+1

(2.22) Vo = GEY Qup oy Vuey.
PEX

Proof. For any partition p € Y, we have
U(p)

_ tp+1
Vnt1 = H Z | L(p )]

q=1peY,,

t q
- Z H | L(p* tl)pl(:‘ll)+ﬂq+1

PrEY ., .., pt W EY q=1

Pe(p)

_ tpt1 q
Z (1 — t1) @+l Z [L(pD)]-

PGY\M PrEYy np WEY
ptUp?U-Upt W =p

The lemma is proved.
Lemma 2.9. We have

a) QM =Qy, =0 if!)\| 7# lul-
b)  The Q-matrices (

and the inverse Q-matrices (Qx.)|x|=|ul

A=
are upper tmangular wzt)l respect to the reverse lexicographic ordering.

c) QM are integers and @y are positive integers.
d) QA>‘21, Qx=1, V€Y.
e) Q(n)“ = _L(/J’)v Q(n),u = ‘L(M”J VueY.
)\ _ .
f) Yk =0, (Qxu)n=|ul=k (Q H)|)\\=|M|=k = I, where I denotes the iden-

tity matriz.

Proof. a)-e) are easy consequences of Definition[2.5] and (2.15). Note that

VA peY,

_ A u+1
(2.23) tryr = g{: QM m
SN

t
Ap p+1
u/%;f | Q™ Q“p )l(u)+l>\+1| (1 — ty)Up)Flp+1]”

The assertion f) is then proved by noticing that 1 — ¢; = %
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The first several ()-matrices and inverse (Q-matrices are given by
@) = (1), (@) =(1), [A=]ul=0;
@) = (1), (@) =), N =lul=1
1 -3 1 3
ARy _ — — 9.
1 —10 15 1 10 15
@) =10 1 3], @y=[0 1 3], [A=lu=3
0 O 1 0 0 1
1 —-15 —-10 105 —105
0 1 0 -10 15
@@ =10 o 1 -6 9 |,
0 0 0 1 -3
0 0 0 0 1
1 15 10 105 105
0 1 0 10 15
@u=]0 0 1 6 9| N=lu=4
0 0 0 1 3
0 0 0 0 1
1 =21 =35 210 280 —1260 945
0 1 0 -—-15 —-10 105 —105
0 O 1 -3 -10 45 —45
@@ =10 0 0 1 0 —10 15 |,
0 0 0 0 1 —6 9
0 O 0 0 0 1 -3
0 0 0 0 0 0 1
1 21 35 210 280 1260 945
0 1 0 15 10 105 105
0 0 1 3 10 45 45
@Qyu)=1]0 0 0 1 0 10 15|, |N=|u =5
0 0 0 O 1 6 9
0 0 0 O 0 1 3
0 0 0 O 0 0 1

3. Hodge integrals and integrable hierarchies: a short review

Let ﬂg,n be the Deligne—-Mumford moduli space of stable algebraic curves
of genus g with n distinct marked points. Here the non-negative integers g, n
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should satisfy the stability condition
(3.1) 20 —2+n>0.

Denote by L;, i =1,...,n the iy tautological line bundle on ﬂg,m by
Eg,» the Hodge bundle on Mgy, by 9; := c1(L;) the i-class, and by \; :=
cij(Egn), i =1,...,9 the jin Chern class of E, . The following integrals

(3.2) /M PRk A = g AT T )

are some rational numbers, called Hodge integrals of a point. Here n,m > 0,
ki,....kn >0, j1,...,Jm > 1. From the degree-dimension counting, these
rational numbers vanish unless

(3.3) A+ A im kit ky=39-3+n.

The case m =0 in gives the Gromov-Witten (GW) invariants of a
point. For this case, the degree-dimension counting reads ki + --- 4+ k, =
39 — 3 + n. So one could simply write (7, - - - 7%, )g as (g, - - - Tk, ), which are
the numbers used in .

It is appropriate to collect Hodge integrals into generating series. The
genus g Hodge potential associated to A;, - -- A;, is defined as the following
generating series of Hodge integrals:

[e.9]
(3.4) Hg(Niy -+ Nipst) i= Z ] <)\¢1 e N, Thy Tkn>g thy - th,
n=0 " ki,...kn>0

where t = (to,1,%2,...). Denote by ch, := ch,(E,,), 7 > 0 components of
the Chern character of E, ,,. We call the generating series

o0

(3.5) Hg(t;s):= >

m,n=0

XY (chgj, 1 chyy, 1Tk, Tk g S5, Sg Ty e L

J1s--dm =1

1
m!n!

the genus g Hodge potential. Here s = (s1,82,...). The restriction
Hq(t;0) =: Fy(t) is called the genus g GW potential. We also define the
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Hodge potential H and the GW potential F by

H = Htsezzzgz”f[te .7:.7:1:86:2292.7:‘56

g>0 g>0

Their exponentials
Zp = Zg(t;s;e) ;== exp (H(t;s;€)), Z = Z(t;e) :=exp (F(t;¢))

are called the partition functions of Hodge integrals and of GW invariants,
respectively.

It was conjectured by Witten [29] and proved by Kontsevich [24] that Z
is a particular tau-function of the KdV hierarchy (the Witten-Kontsevich
(WK) theorem). Z is now also known as the WK tau-function. Define Dy
as the following linear differential operators [18]:

(3.6) =Yt at

p>0

9 2k—2 ' 82
_c (1)) ———, k>1.

p+2k—1 2 =0 8tj8t2k_2_j
Faber—Pandharipande [I8] proved that the partition function of Hodge in-
tegrals Zg(t;s;€) is the unique power series solution to the following linear

equations
0Zg Boy,

(3.7) D5 —ka(ZE), k>1

along with the initial condition
(3.8) Zg(t;05¢) = Z(t;€).

This unique solution has the form

(3.9) Zp(t;s;e) = exp(— Z (fli];' ska> (Z(t;¢)).

k>1

Lemma 3.1. The power series Zg satisfies the following two linear equa-
tions:

0ZE t% S1 0Zg

(3.10) (string equation) p§>0 tpr1—— o, + 22 Zp+ ﬁZE = B
. . 8ZE ZE 1 0Zg
(3.11) (dilaton equation) E ty——— (%p B + ﬂZE = Ere

p>0
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Proof. We have

n
(3.12) YTy =+ Tk, TO)g = Z (Y Thy—o1, "'Tk”—d,u->g,
j=1

where v = Aj, -+ i, d1,...,9 > 1 (y:=1if£=0), and (y7j,---7j,)g:=0
if {j1,...,Jn} contain negative integers. It should be noted that there are
two exceptional cases:

(a) g=0,n=2,v =1 We have (r3)o = 1.
(b) g=1,n =0,y =sA;. We have

s
3.13 A = —.
(3.13) Mmo)1 = o
They correspond to the terms %ZE, 54 Zg in (3.10), respectively. This proves

the string equation. Similarly, one can show that

(3.14) (VThy = Tk T1)g = (29 — 24+ ) (YT, -~ Tk )g-

There is one exceptional case: g =n =1, v = 1. We have (7)1 = ;. This
proves (3.11)). O

Following [20] (cf. also [21},30]), we call (y7y, - - - 7%, )4 & primitive Hodge
integral of a point, if ki,..., k, > 2.

In [I5] Dubrovin-Zhang (DZ) introduced the quasi-triviality approach
to construct the integrable hierarchy for Gromov—Witten invariants of an
arbitrary smooth projective variety X with semisimple quantum cohomol-
ogy. For the case X = a point, the DZ hierarchy coincides with the KdV
hierarchy. The interesting fact is that one particular solution can contain
the full information of the unique integrable system [0, [10-12, [15]. Recently,
the integrable hierarchy for Hodge integrals called the Hodge hierarchy (aka
the DZ hierarchy for Hodge integrals) was constructed in [I1] (see also [6])
by using the quasi-triviality approach. Let us review the construction. The
genus (0 and genus 1 Hodge potentials have the form

1 tl tn
618 Moo= A0 =Sy X e
n=3 krteAky=n—3 1 n:

(3.16)  Hi(t;s) = Hi(v'P(t), viP(t)),

where Hy(v,v,) := i log v, + iv. For higher genera, the following lemma
is useful.
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Lemma 3.2 (Theorem 1.3 of [11]). For each g > 2, there exist a unique
element

Hy = Hy(v,v1,...,03g—2;51,--.,5g)
in C*(v) [vl, 1)1_1; V2,...,U3g-2;S1,- - ,sg] satisfying
(3.17) Hy(t;s) = Hy(v(t),vp(t), v2(t), ..., v39—2(t); 51, ..., 54),
(3.18) deg Hy = 29 — 2,

where v(t) := v'°P(t). Moreover, define degvy :=k — 1 and deg sy, := 2k —
1,k >1, then

(3.19) deg Hy < 3g — 3.

A straightforward proof of this lemma by using the string and dilaton equa-
tions (cf. Lemma is given in Appendix
By Lemma [3.2] we know that the change of the dependent variable

(3.20) v w=1v+ 262985([—[9)
g=>1

is a quasi-Miura transformation. Here 0, =) ;< Vk+10y,. The Hodge hi-
erarchy is defined as the PDE system obtained from the Riemann hierar-
chy under the quasi-Miura transformation . Each member of the
Hodge hierarchy is proven to have the form , and so is integrable [0 [11].
We note that the uniqueness part of Lemma [3.2| was implicit in Theorem 1.3
of [II]. (It can be deduced from the statement in Theorem 1.3 of [11] that
H, is independent from the choice of a solution; or, it can be directly proved
by using an argument similar to that appears in the proof of Theorem 4.2.4
in the first arXiv preprint version of [12], which uses the “transcendental
property” of v'°P(t).)

Theorem ([11]). Zg is a particular tau-function of the Hodge hierarchy.

Lemma 3.3. The following formulae hold true:

OH, =0, Vg=>2.
ov

(3.21)

Proof. Take v =v(t) = v"P(t). Equation (3.10) implies that for g > 2,
> p>0 tPH% = %tif. Substituting (3.17)) in this equation and using the
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Riemann hierarchy we obtain

392

39—2
Hg i1 Pt 8Hg k+1
(3:22) Z v o O (Z Pp 1) > Z avk

k

Substituting equation (2.7) with ¢, = 6,1 in the above equation we arrive

at (3.21). O

We now formulate a theorem providing more accurate expressions for
Hga g Z 2.

Theorem 3.4. The genus g Hodge potentials have the following expres-
$10NS8:

(3:23)  Ho(t;s) = Fo(t),

(3.24)  Hi(t;s) = Mi(va(t)) + %U(t),

(3.25)  Hy(t;s) = My(vy(t), ..., v39—2(t))

o0
! N
3 Y s s () O EL G
m=1

m!
1<j1,00m g
X Z (chgjy—1--- chgj, —1 Tat1)g
A)!
A,Mngg—3+m72an 1 Jda m( )
a1 (6) >
xQ v, ()W) 922

Here, My, g > 1, are defined in (1.13))~(1.14)), and

D o

|
k21" pitoape=k—1 P10 Pk

Proof. The g = 0,1 cases are already known (cf. (3.15) and (3.16))). For
g > 2, we have

o0

1
(326)  Hg(v;t) :Za Z OV Ty Tho g thy Ty -
n=0 k1+---+%#5:;;nﬂr2:03973+n
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Here, v := chg;, —1 -+ -cha;, 1, i1,...,9m > 1 (v := 1,if m = 0). By definition
we know that

oo
1
(3.27) g = Z g Z Hg(ChQil_l cee Chgim_l; t) Siy  Sip, -

m=0 """ 1<ii,in<g

According to Lemma there exist functions Hy(y; vz, . .., v3g—2) such that

(328) HQ(’% t’) = Hg (77 v$(t)7 v 7U3g—2(t))7 g > 27
where Hy(v; vy, ..., v39—2) € C®(v) [Ul,vfl; v, ..., 039_2]. Taking tp = 0 in
equation (3.26) we find
1
HQ(V;O,tl,tQ,...):ZH Z <f)/7—k‘1”'7—kn>g7ntk1”'tkn
R o S,
— my M2
(3.29) = Z (v >g H 77112'
my,mg,mg,---20 1=1

> (i—1)m;=3g—3—degy

Substituting the dilaton equation (3.11)) into (3.29) we obtain

(S m; +2g — 3)!
H 7;O7t17t2a--- =
ot ) ml,m;;.zo (>-m;+29—3—my)!
Si(i—1)m;=3g—3—deg~y

oo g
e R | e
=1
_ Z <’y7'2 7-3 tm’
mo,mg,my,>0 (1 - tl) 2 MM +29 2 m !

E?iZ(i—l)nzi:lig—(S—deg'y

_ (YTat1)g tat1
(3.30) o Z (1— tl)é(/\)+29—2 m(A)!’

AEYng?;—deg'y

Here we have used Newton S binomial identity (1 z) k=3 (Szk) xs.

Substituting formula (2.20]) and ( into ( we obtain
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2g-2+0(y) (=1
Ho(1:0, bt ) = 3 (1) (v3) (0
YEY39-3_deg~ :
A ,u+1
. Z @ (v8) )+ A+
JUSN]
— (p3)~9F1+degy (YTa+1)g yap Vnt
(3.31) (v3) > o)) i

AEY 393 deg

Finally, due to Lemma [3.2) and Lemma Hg(7v; t) must have the form

) — —g+1+degy+q g,q Yutl
(3.32) Ho(:8) = 3 v, > o L
920 HEY34-_3-degy—q x

Taking £y = 0 we have

,US
(3.33) Hg(7;0,t1,t2,...) = Z(v;)*nglereg'erq Z g4 pt1

L
920 HEY35_3_degr—q ('l);) v
Comparing equations (3.31)) and (3.33)) we find
(334) g9=0,ifq=1; = Y w QM. if ¢ = 0.
)\EYSg—B—deg'y m()\)‘
The theorem is proved. O
Corollary 3.5. For g >2, Hy(vg,...,v39-2;51,...,84) is homogenous of
degree 3g — 3 with respect to deg.
It follows from Mumford’s relation
(3.35) AY(s)A) (—s) = (—1)9s%

as well as from the relationship between Schur basis and power sum basis
of symmetric functions that the infinite set {A;, --- A; } and the infinite set
{chg;,—1---chy;, —1} span the same infinite dimensional vector space. Here

Ay (s) := 37 ((—=5)"Ag—i, Ao := 1. Therefore, for any linear combination v =
Zn Zjl,m,jn Ajl,...,j,,,Ajﬁ e )\Jn = Zm Zih_,,7im Bi1,.4.,imch2i1—1 to ChQim—l?
the function Hy(v;v, vy, ..., U3g—2; 51, ..., 54) is also defined (via linear com-

bination).
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Example 3.6. v = A\ \;_1)\;_2. Noting that

1 |Bng2| |B2g|

(AgAg—1Ag—2)g = 2(2g—2)!'2g—-2 29’

we have

1 [Byg-2||Bay| 29—
T )
22g—2)1 29 —2 2g

Hg()\g/\g_l)\g_g; (%P ,039_2) = g > 2.

Example 3.7. v = \;. The A\j-conjecture proven for example in [18] tells
that

22971 — 1 |Byy| (29 — 3 + n)!
W T Th)s = “85T o)l kl

Therefore,

Hy(v;v1,...,v3g-2)
_ 22971 — 1By $ (29 =3+ L(N)! vua QM

v
2271 (29)! x/\#EYQq—s Axt1 "
22971 — 1 | Byy| o) Y
_s —- _ p_ptl
T 92g9-1 (29)' Z ( 1) L(A) Q Op)—1"
ApEYag_3 Vg

Noting that due to e) and f) of Lemma QM satisfy the following prop-
erty:

S (1) L) QM =0, 053, 9> 2.
AE€Y24 3

Hence we obtain

22971 — 1| Byy|

U292, g2 2.

Hy(Agivns- s vs9-2) = =g5mr— )

Example 3.8. v = A\,_1. Getzler-Pandharipande [19] proved that for
k17"‘)kn > ]-7

(29 +n — 3)! | Bag |
2k — DN (2K, — 1)1 229-1(2¢9)1

(AgAg—1 Tk, =T, )g = (
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Therefore we have

Hy(AgAg—1;01, ... ,039-2)

|B2g| 3 (29 — 3+ £(\))! o Yt
T 2% 1( izl (20 4 1)11m:A) m(\)! A

ABEY
4. Solutions to Problems A,B,C
In this section we provide solutions to Problems A B,C using the Witten—
Kontsevich theorem, Buryak’s theorem [5], and results of [12], respectively.
A solution to Problem A — Proof of Theorem Using Theorem [3.4]
it is easy to verify that Hy(vy;0) = M (vz) = i log v, and

Hg(vafn .- '7U3g—2;0) = Mg(vmvxm cee ,'1)39_2), g 2 2.

By using the Witten—Kontsevich theorem and Lemma we know that
(4.1) ufP(t;€) := v'P(t) + Z 2902 H, (ViP(t), . .., v ,(£); 0)

satisfies the KdV hierarchy. In particular it satisfies the KdV equation (1.1).

We then deduce from the transcendental property of v'°P(t) that for any

solution v(t) to the Riemann hierarchy in CI[t]] satisfying vy (t) # 0, the

function u(t;€) defined by with v'P being replaced by v also satisfies

the KdV hierarchy. Theorem is proved. O
For £(\) = 1, it is well known (see for example [I7]) that

(4.2) (rsg-2) = g>1.

249 g!’

For ¢(\) > 2, a recently formula [4] gives

o)
(Tag1) = (_1)£(A)+1 H res dz; zZ.Q)"iJrS
i1 T
TI‘(R(Zrl) e R(ZTZ(A))) Z% + Z%
> N2 o o W22 e
r€Se(n) E(A) Hj:l('zr] - er+1) 1 2
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Here for a permutation r = [r1,...,7¢] in Sy, rg11 := 71, and
oo (6g—5)!! —6g+4 (6g—1)!" _gg
2 g=1 T T (g1 23 5% 24‘79' 2

(4.3) R(z) = %

] 6g+1 (6g—D)! _—6g42 o) (69—5)!" _—6g+4
229 06g—1 249g! # Zg:l mz

A solution to Problem B. Let Ay(s) := Y7 ;s')\; be the Chern poly-
nomial of the Hodge bundle. By using Buryak’s theorem [5] and Lemma
we know that

(44) =0 R(e) + Y 02 (Hy(A(s): v (4), vl (2), ., ofP (1))

is a particular solution to an explicit deformation of the intermediate long
wave (ILW) hierarchy. We deduce from the transcendental property of v*°P(t)
that for any solution v(t) to the Riemann hierarchy in CI[t]] satisfying
vz(t) # 0, the function w(t;e) defined by with v'P being replaced
by v is a solution to the explicit deformation of the ILW hierarchy. In other
words, the composition of the quasi-Miura transformation

o)
(4.5) w= U—l—Zng@gHg(A(s);vw,...,v39_2),
(46)  Hi(A(s)iv,0) = o logu, + —
: 1 S’U7Ux _24 g/U;(; 247},
g
(4.7) Hy(A(s);v1,...,03g-2) = Z §9 p 79Tk
k=0
« Z <)‘97'>\+1>g Q)‘“ Up+1 > 9
m(A)! e 9=
ApEY3g-3- z

with the Miura type transformation

-7
(4.8) u=w+ E oo € 8wy
!
= 229(2g + 1)!
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gives the quasi-triviality of the ILW equation (equivalently of the whole ILW
hierarchy)

B
(4.9) Up = Uy + Z 29971 ‘(2;! U2g+1-

g=>1

Here t = t;. In the derivation of (4.7) we used Theorem and the rela-
tionship

(4.10) Hy(v, vz, ..., 03g-2;8) |s,=(2k—2)15261 k>1
:Hg(A(S)ﬂ)(t),’Um(t),’l)g(t),), QZ 1.

We conclude that the above (4.4)—(4.8)) give a solution to Problem B in terms
of composition of an explicit quasi-Miura transformation with an explicit
Miura type transformation.

A solution to Problem C. It was conjectured in [I1] that the quasi-
Miura map

(4.11) w=uv+ Z ¢902H, (A(s)A(—25)2; Vg Vags - - )
g=1

with s = 1 gives rise to an explicit deformation of the discrete KdV hierarchy.
This conjecture was proven in [I2]. It says, more precisely, that for s = 1 the
composition of the following three transformations

o0
(4.12) w=v+ > 902Hy(A(s)A(—25)% Vg, Vxas - .. ),
g=1
H (A(S)A(*QS)Z’U ) = ilogv -
1 y Uz 24 T ] )
(4.13) H, (A(S)A(—28)2; V1, U3g—2)
39—3

— Z Sk U;Q'H"'k Z (_2)k2+l€3
k=0

kq+ho+kz=k
0<kjy,kg,k3<g

(M Ay Ay T 1) g Vi1
% 17\k2 k3 pp ZH > 9
A T
) 39g—3—k
o0 2k+2
_— w . 2%k 3 -1 -
(414) w = 5, and u=w-+ ZG ngk

k=1
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gives the quasi-triviality of the discrete KdV equation

(4.15) U = 1((3“(”5) — e“(x_e)).

€

In the derivation of (4.13)) we have used Theorem and the relationship

(4.16) Hg(vl‘a -5 U3g—2; S)‘Sk=7(4k71)(2k72)!82k’_1
= Hg(A(s)A(—25)2;vx, .. ,vgg_g), g>1.

5. Quasi-triviality of the Burgers hierarchy

The Burgers hierarchy

1
1 =\ T "(u), >
(5.1) uy, (n+1)!6 o(edy+u)*(u), n=>0

is an integrable deformation of the Riemann hierarchy, whose first member
coincides with the Burgers equation . Here, as before we identify ¢y with x.
We call a function 7 = 7(t; €) a viscous tau-function for the Burgers hierarchy
if 7 satisfies

E'I’L
(52) Tt, — m T(n+1), n Z 0.

For 7(t;¢€) being a viscous tau-function for the Burgers hierarchy, one can
check that the function u = u(t; €) := € 9, log 7(t; €) satisfies (5.1]). So we also
call 7 the tau-function of u. On the other hand, for any fixed solution u =
u(t; €) € Cl[[t; €]] to the Burgers hierarchy, the tau-function 7 € C((¢))[[t]]
of u exists, and is unique up to multiplying by a non-zero constant (which
can depend on €).

The partition function Z'P(t;¢€) of 1D gravity (toy model of quantum
field theory)

1 1 (,ﬁJrZoo tn Sn+1)
(53) ZlD(t, 6) = ee« 2 n=0 (n+4+1)! dS
\/271’6 R
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is known to be a particular viscous tau—functiorﬂ of the Burgers hierarchy.
The logarithm of Z'P(t;¢) admits the expansion

o0

(5.4) log Z'P(tye) = > P FIP(1).
g=0

By a direct computation of the Gaussian-type integral one obtains

2

(5.5) Z1P(2,0,0,- - ;€) = e,

It follows that the initial value of the solution u'? corresponding to Z'P (t;¢)
is given by

(5.6) uP(x,0,0,--- ;€) = .

The series v'P(t) := 9, F3P(t) satisfies the inviscid Burgers hierarchy
(coinciding with the Riemann hierarchy), whose initial value reads

(5.7) P (2,0,0, ) = x.

Therefore UlD(t) = UtOP(t). For g > 1, the following expressions for ]:ng are
known [30]:

1
(5.8) FIPW®)], o= 5 log(1—t),

IA(D)+1
5.9 FP (¢ = > 2.
9 o )‘t‘):O regcz |Aut(T)| (1 — t1)EM’ 9=

Here the summation is taken over all g-loop connected graphs whose vertices
all have valences > 3, and A(I') := (val(vertex;) — 2, ... , val(vertexy () —

2).
Introduce
1
(5.10) FP(v,) := —5 log vy,

Q/\(F)u

1D o Yut1
(5.11) FyP(v1,... 099 2) = > Y. AR (T o T g>2.
MEYQQ,Q I_‘Eg_c,valzs 1

g

1Z1P (t;€) is also a tau-function of the KP hierarchy, where the KP times T = t,
ngtl,Tg,:tg,
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Clearly, we have for g > 2 that deg Fng =g—1, diegFgw = 2g — 2. Apply-
ing Lemma we obtain that

5.12) ]-"llD(t)}tO_O =[P (v3),
5.13) }‘ng(t)}tozo =F,P(v,... 05, 5), 9>2

where vy = v(t)|¢,—0, and we have used the Euler’s formula V(I') — E(T") =

1 —g. Using (181)—(183) of [30] one can derive from ({5.12)—(5.13) the fol-

lowing identities:

(5.14) FPt) = FP (v (v),
(5.15) FP ) =F}P(viP(t),... v3) 5(t), g>2.

Using the transcendental property of v!'(t), we arrive at the following so-
lution to Problem D.

Theorem 5.1. Quasi-triviality of the Burgers hierarchy (5.1) has the ex-
pression

o
(5.16) u=v+ Z egﬁmFng(vl, Vo, ... ) =0V — e<;):)x> + O(e?),
g=1 *

where Fng are defined explicitly in (5.10)—(5.11)).

6. Conclusion

Quasi-triviality of the Hodge hierarchy of a point and primitive Hodge in-
tegrals of a point are related via ()-matrices. The relation consists of two
parts.

Part a). From Hodge integrals to quasi-triviality of the Hodge hierarchy. 1.e.,
one can use primitive Hodge integrals to represent quasi-triviality of the
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Hodge hierarchy:

w=v+ 26298§Hg,

g=>1
1
Hi(v,0558) = 57 log(vr) + o,
Hy(vy, ..., v3g-2;8)
- ¥ 50 =g +14206l-4(@)
=  m(9)
1<¢pq,een) Do) <9
(Chap—1TA+1)g Aap Vut1
>
x > m(\)! @ NN 922

AMEYsg-340(6)—2(0]

where Ch2¢_1 = Ch2¢1_1 te Ch2¢e(¢)—1; Ch2¢_1 = 1if é((ﬁ) =0.

Part b). From quasi-triviality of the Hodge hierarchy to Hodge integrals. Le.,
one can use quasi-triviality of the Hodge hierarchy to represent primitive
Hodge integrals. Write for g > 2,

- 5¢ . —g+1+2]¢|—£(9)
(6.1) Hy(v1,...,v35-2;8) = E v, Y
g 9 — m(¢p)!

1<¢1,---, Pe(p) <9

Up+1
x> chlchag) s
(%

HEY3g_34e(6)—2]9|
Then we have VA, i, ¢ € Y,

(6.2) <Ch2¢,17')\+1>g = m()\)' Z Q,\'u Cg (Ch2¢,1),

AEY3g-34e(0)—210l

where g > 2. We could also express Part a) as

(6.3) cy(chgp—1) = Z Q’\“<Ch2¢—17§\+1>g-

AEY3g-34e()—219|

Appendix A. A straightforward proof of Lemma

In Theoremwe express the genus g Hodge potential 4 (g > 1) in terms
of vy, m > 0 with coefficients given by intersection numbers. Here v = v(t)
is the topological solution to the dispersionless KdV hierarchy, and
U, = Uy () 1= 0" (v(t)), = = to. Recall that our proof in Section [3| uses
Lemma on the existence of jet-variables representation of H,; this lemma
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was proved in [I1] based on the known existence of jet-variables representa-
tion [15] 16} [30] of the genus g Gromov-Witten potential of a point as well as
on the uniqueness of the Faber-Pandharipande equations f. In this
appendix, to make the results of this paper self-contained, we give a straight-
forward proof of Lemma Recall that [16], 20, 2], 30] Itzykson-Zuber’s
formal power series are defined by

(A.1) Iy = Io(t) :=0(t), I = It Ztm (k>1).
n>0

Observing that I =t + ---, we know that (A.1]) gives an invertible map
between the t-variables tg,t1,t2,... and the I-variables Iy, Iy, Is,.... The
inverse map is given explicitly by [30]

> (=1)rIn
(A.2) T D A

n=0

The following formula, which generalizes Lemma [2.4] was derived in [30]:

Vp+1
(A.3) Ip=v, Iy=0p1— > Ly ﬁ (k=1).
,U,Ekal vl

Formula (|A.3)) can also be obtained by the (generalized) Lagrange inversion
(cf. e.g. [22 25]). Combining (A.3)) with ( gives

—1)"v v
(A1) R D S A R

n=0 BEY pfk—1

Proof of Lemma([3.2 For v = chg;,—1---chy;, 1 with é1,...,4, > 1, m >0
we have

[e.9]

i
(A5) Hy(y:t) = > (yrgormay ), T
mg,my,mg,m3, - 20 i=0 "

Zioio(i—l)nli:Sg—deeg'y
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(v is defined as 1, if m = 0.) Substituting the dilaton equation (3.14)) in (A.5|)
we find

(A.6)

) — (X2 mi + 29 — 3)!
Hg(’}/,t)— Z (Z;?iomi—i-Qg—S—ml)!

mg,my,my,mg, >0

Z?io(ifl)nli:SQ—Sfdeg'y
00 g
mo M2 M3 )
X (Y70 Ty TS g Hi,
=0
> n n.Mms __m o0 my
_E:i E: (Yo7 13" -+ )g Hti
B ! 1), mi+2g—24n 1
n=0 7’L. my,mg,my,---20 (1 tl) : =2 m:

392, (i—1)m;=3g—3—deg y+n

Substituting (A.4) in (A.6) and noticing that the dependence of t1 in H,(7; t)
is always through 1 —t;, we find that there exists Hy(v,vi,v2,v3,...) €
Cllv, vy, v2,v3, -+ ,vfl]] such that

Hy(v;t) = Hy(v(t),v1(t), va(t),...).

Then similarly to the proof of Lemma we find that Oﬁg /Ov = 0. Since
the dependence on v of flg(v, v1, V2,3, ...) 18 a priori a power series, we can
take v = 0 when substituting in . So, if we associate to vy, degree
m — 1 for m > 1, then H, has the degree 3g — 3 — deg~y. Alternatively, if
we assign v, another degree m for m > 1, then H ¢ has degree 2g — 2. The
lemma is proved. [l
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