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Evaluating quasi-local angular momentum
and center-of-mass at null infinity

JORDAN KELLER, YE-KAI WANG, AND SHING-TUNG YAU

We calculate the limits of the quasi-local angular momentum and
center-of-mass defined by Chen-Wang-Yau [I1] for a family of space-
like two-spheres approaching future null infinity in an asymptoti-
cally flat spacetime admitting a Bondi-Sachs expansion. Our result
complements earlier work of Chen-Wang-Yau [12], where the au-
thors calculate the limits of the quasi-local energy and linear mo-
mentum at null infinity. Finiteness of the center-of-mass limit re-
quires that the spacetime be in the so-called center-of-mass frame,
a mild assumption on the mass aspect function amounting to van-
ishing of linear momentum at null infinity. With this condition and
the assumption that the Bondi mass is non-trivial, we obtain ex-
plicit expressions for the angular momentum and center-of-mass
at future null infinity in terms of the observables appearing in the
Bondi-Sachs expansion of the spacetime metric.
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1. Introduction
1.1.

In general relativity, the gravitational fields of isolated systems are modeled
by asymptotically flat spacetimes. Such systems emit gravitational waves [1]
which travel at the speed of light and eventually reach future null infinity
of the spacetime. In the study of gravitational waves, it is desirable to find
a suitable notion of conserved quantities defined at null infinity. While we
have the well-accepted Bondi-Sachs energy-momentum, there is no such con-
sensus for angular momentum or center-of-mass integral. To shed light on
this problem, we calculate the limits of the quasi-local angular momentum
and center-of-mass integral defined by Chen-Wang-Yau [I1] for a family of
spacelike two-spheres approaching future null infinity in an asymptotically
flat spacetime N admitting a Bondi-Sachs coordinate system. We start this
introduction by briefly reviewing the Bondi-Sachs coordinates.

Concurrent work of Bondi, van der Burg, and Metzner [7] and Sachs
[28] introduced the Bondi-Sachs coordinates in order to clarify the nature
of gravitational radiation. The coordinate system is built on the geometry
of outgoing null hypersurfaces. In particular, the luminosity distance of null
geodesics 7 is taken as a coordinate function. Let N be a vacuum spacetime
with metric given in Bondi-Sachs coordinates (u,r,z?) by

—UVdu® — 2Ududr + o 45(dz? + WAdu)(dz® + WBdu)
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where we demand

det <UA;B> = det(dap),

r2

where 0 4p is the round metric on the unit sphere. Denote the level sets of
u by Cy. Assuming that the metric coefficients can be expanded into power
series in %, the above determinant condition implies

oap =168 +1rCap + 0(1),

where Cap(u,z”) is a symmetric traceless two-tensor on S2, referred to as
the shear tensor. Moreover, the null vacuum constraint equations enjoy a
remarkable hierarchy that allows us to solve the metric coefficients on C,
order by order, with C'4p being free data. In particular,

U=1- 15 (CopCP%) +Or %),
2m

V =1- T + O(T’iZ),
WA= LvPop s~ (Ao Lya (CpeCPE) - Lepvrcs
2r2 " TP 3 \3 16 2 Br TP
+0(r™4).

Here and hereafter, tensor contraction is performed with respect to &4p,
unless otherwise noted. The function m(u,z) and the spherical vector
NA(u,zP) are referred to as the mass aspect and the angular momentum
aspect, respectively. By comparison with static solutions, the Bondi-Sachs
energy-momentum 4-vector (e, p!,p?,p?) is defined by

1
1.1 = —
( ) € 4 S2 s
. 1 ~ .
(1.2) p'=-— [ mX',
4 S2

where X' are the first eigenfunctions on (52, ). The positive mass theorem
[211 29] asserts that the Bondi-Sachs energy-momentum 4-vector is future-
directed timelike if there is a complete spacelike hypersurface intersecting
null infinity in the given cut such that the dominant energy condition is
satisfied and has nonflat domain of dependence. In particular, e > 0.
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1.2,

To put the Bondi-Sachs energy-momentum on physical grounds and to seek
the correct definitions of angular momentum, it is necessary to understand
the symmetries of null infinity #*: the BMS group and its Lie algebra the
BMS algebra. The BMS algebra consists of vector fields

19 a0

(f +uy )au Y OxA
on £ T = (—o0,00) x 82 where f is an arbitrary function on S? and YAa%
is a conformal Killing vector field on S2, VAYB 4 vByA = 2Y 5 45. The
BMS algebra is similar to the Poincaré algebra but contains an infinite-
dimensional abelian subalgebra, the supertranslations f % instead of the
4-dimensional translations where f is taken to be mode 0 and 1 spherical
harmonics. The quotient of the supertranslations is again isomorphic to the
Lorentz algebra. The fact that the Lorentz algebra sits in the BMS algebra in
infinitely dimensional ways by conjugation with supertranslations, referred
as supertranslation ambiguity in physics literature, is the major impediment
of defining angular momentum at null infinity that transforms covariantly
as in special relativity. For supertranslation ambiguity, we refer to [3 23] for
an explanation.

The first definition of conserved quantities with respect to the full BMS
algebra was the Winicour-Tamburino [32] linkage. They consider a propaga-
tion law of the BMS vector fields and define the linkage as a modification of
Komar’s integral, see [32], Section V]. The expression in terms of Bondi-Sachs
data is given in [32, (8.16)]:

1
8

1o o
+f <m+ 4VAVBCAB> .

1 o ]_ o
/ y4 <NA — ZCagVpCBP — VA(CDECDE)>
52 4 16

Other early proposals are Bramson [8] and Prior [25].

The turning point of the story is Ashtekar-Strubel [2]. They showed
that the BMS group induced canonical transformations on the phase space
and the corresponding Hamiltonians can be interpreted as fluxes of con-
served quantities. This is the first definition that vanishes when there is
no gravitational radiations [4]. Next, by extending Penrose’s definition of
quasi-local angular momentum based on twistor method [24], Dray-Strubel
[18] defined a new set of conserved quantities for the full BMS algebra. The
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follow-up independent works Dray [17] and Shaw [30] showed that the flux
of Dray-Strubel conserved quantities is the Ashtekar-Streubel flux. Finally,
Wald-Zoupas [31] recovered the Dray-Strubel conserved quantities via the
Hamiltonian framework, thus providing them a physical interpretation. We
recommend Section IIT of Flanagan-Nichols [19] for an excellent exposition.
In particular, one finds in [I9, (3.5)] the definition of Dray-Streubel con-
served quantities in terms of Bondi-Sachs data

1 1 o 1.
/ y4 Ny — fCABVDCBD — fVA(CDECDE) +(f+ qu)(Qm).
87T S2 4 16

To close this subsection, we mention two important related works. First,
under the framework for stability of Minkowski spacetime introduced by
Christodoulou-Klainerman [13], Rizzi proposed a definition of angular mo-
mentum at null infinity |26, 27]. Second, Chrusciel-Jezierski-Kijowski [15]
developed a Hamiltonian formalism for a description of field theories in ra-
diation regime and obtained a definition of angular momentum and center-
of-mass integral at null infinity. In terms of Bondi-Sachs data, they are given
by [15, (6.117)]

1

8

/ yA (NA - 1CAB%DCBD - 1¢A(CDECDE)> .
2 4 16

1.3.

In this work, we study the limits of Chen-Wang-Yau quasi-local angular mo-
mentum and center-of-mass integral [I1]. The definition, reviewed in Section
2.2, applies to arbitrary spacelike 2-surface ¥ with spacelike mean curvature
vector. It is based on the surface Hamiltonian extracted from the Hilbert-
Einstein gravitation action. The novelty of Chen-Wang-Yau definition is
that it involves a reference term whose value depends on the isometric em-
bedding of ¥ into the Minkowski spacetime. Solving the optimal isometric
embedding equation requires the (Hodge) decomposition of the shear tensor
Cap = Fap + F 45 where

. 1.
FAB = VAVBC — EAC&AB

1. o = e
Fap= §(€ADVBVDQ+ EBDVAVDQ).

Our main results, Theorems [6.3] and state the following:
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Vard

Figure 1: The null hypersurface {u = up} and the spherical section %,.

Theorem 1.1. Fiz a null hypersurface {u = uo} and denote the level set of
r on {u =ugp} by X,. Assuming that {u = ug} has vanishing linear momen-
tum, then the limits of angular momentum J* and center-of-mass integral
C' of ¥, are given by

1 o~ 1 ° 3
Jk = / BV g X* <NA — ZCapVpCPB — CvAm) :
87'(' S2 4
and
Ct = 1 VAX | Ny — ECABﬁDCDB - i%A (CPCpr)
87T€ S2 4 16
— eVam + 2§AB(%BC)m]
1 =i l 5ie pABSD
4+ 3X'em — - X'VAF "V~ Fppg,
8’7'('6 S2 4

where éap denotes the area form with respect to G ap.

Comparing with Dray-Streubel’s definition, Chen-Wang-Yau’s definition
contains correction terms that result from the optimal isometric embedding
equations. In subsequent work joint with Po-Ning Chen and Mu-Tao Wang
[10], we show that Chen-Wang-Yau’s angular momentum and center-of-mass
integral are distinguished by their supertranslation invariance of total flux.

The rest of the paper is organized as follows. In Section 2, we expand
the metric coefficients in Bondi-Sachs coordinates to the necessary order and
review the definition of Chen-Wang-Yau conserved quantities. In Sections 3
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and 4, we compute the physical data and the reference data in Chen-Wang-
Yau definitions respectively. In Section 5, we discuss the center-of-mass-
frame and solve the optimal isometric embedding equation. The angular
momentum and center-of-mass integral are evaluated in Sections 6 and 7
respectively. In Section 8, it is shown that in Kerr spacetime, we recover the
expected values of angular momentum and center-of-mass integral. There
are two appendices on useful identities and facts of symmetric traceless 2-
tensors on S2.

2. Preliminaries
2.1. Bondi-Sachs coordinates and asymptotic expansion
Let N be a spacetime with metric g given in Bondi-Sachs coordinates
(u,r,2™) by
(2.1) g = —UVdu® - 2Ududr + o s5(dz* + Wdu)(dz? + W8 du)

and satisfy the determinant condition

o °
(2.2) det (%) = det(dap),

where 6 4p is the round metric on the unit sphere. In this way, the spacetime
metric above has exactly six degrees of freedom. For future reference, we
denote the covariant derivatives associated with c4p and 64p by V4 and
v 4, respectively. We also note that, for vector fields X on the sphere, we
have

(2.3) divg X4 = divs X4

owing to the determinant condition (2.2)).
Assuming a Bondi-Sachs expansion from null infinity in powers of %, we
have
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1
U=1- 15 (CpeC”") + 007,
2
V=1-""4100"?),
(2.4) wA lw(%)A + iw(%)A +0>r %
r2 r3
_ 1 %DcA 1 2NA 1 %A C CDE 1cA©DcB
“gY O+ (g gV (CoeCT) =5 CEVICD
+ 0™

The function m(u, ) and the spherical vector N4 (u, ") are referred to
as the mass aspect and the angular momentum aspect, respectively. The
symmetric traceless spherical two-tensor Cap(u,z?) is referred to as the
shear tensor.

The expansion above is derived from the Einstein equations expressed
in the Bondi-Sachs variables. In particular, there are a hierarchy of initial
data equations which can be systematically integrated to yield higher terms
in the metric expansion, assuming expressions in powers of % as mentioned
at the outset. See Méadler-Winicour [22] for details.

Moreover, we need a further term in the expansion of V' in calculating the
quasi-local quantities. The result is well-known. See [14} (3.5)] for example.

For completeness, we give a derivation in the appendix.

Proposition 2.1. The metric function V expands as

2m 1 _ 4 _3
(2.5) V=1-""+ 5V 4007
where
1 . 1 1.
(2.6) v = ZvAcABvDCBD + ECDECDE + gVANA.

Remark 1. We compare different conventions on angular momentum as-
pect in Hawking-Perry-Strominger [20, (2.2)], Chrusicel-Jezierski-Kijowski
[15, (5.99)], Barnich-Troessaert [5, (4.37)] and Méadler-Winicour [22] (56)].
Note that these authors use U4 = —W4 in their papers. Our choice features
that lim, oo RArry = Na.

A _ NA = A
1) Niypgy = N" —uV:m
A _ _1an7A
2) N(CJK) =—3N
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3) Nihpy = N4 — £CppVACEP — {CABVPCpp

A _ _1a7A
4) Nivw) = —3N{pr)

2.2. Chen-Wang-Yau quasi-local conserved quantities

Next, we describe the quasi-local quantities to be considered, per Chen-
Wang-Yau [I1]. Let (£,0) be a closed embedded spacelike two-sphere in a
spacetime (N, g), with spacelike mean curvature vector H. The physical data
used in the quasi-local definition consists of the triple (o, |H|, apr), where o
is the induced metric of ¥, |H| is the norm of its mean curvature vector,
and «ag is the connection one-form of the normal bundle with respect to the
mean curvature vector; that is,

en)=s (W7 1)

where J is the future-directed timelike vector obtain via reflection of H
through the incoming light cone in the normal bundle.

The reference data used in the quasi-local definition is specified with
respect to an isometric embedding X : (3,0) < (R*!,n) of ¥ into the
Minkowski spacetime. In terms of the image surface X (X) in R®!, we have
the reference data (|Hyl, ap,), analogous to the physical data.

Let (t,x',22 2%) be a Cartesian coordinate system on the Minkowski
spacetime (R%1 7). We take Ty to be a future-directed, unit timelike vec-
tor field in the Minkowski spacetime, interpreted as an observer, and split
X = (X% X' X2 X3) into temporal and spatial components. We define the
height function

(2.7) 7= —(Tp, X)

in terms of Ty and X. Further, we define the density function

(2.8) \/’HO’2 e — IHE +

V14 |VT|?

and the current one-form

AT
2. j 1= — inh~! ( 2 —
(2.9) j=pVT -V [sm <|H0|]H|>} ag, + o
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on X. Note that we identify ¥ and X (X) implicitly by the isometric em-
bedding X. In particular, |Hy|,ay, and 7 stand for |Hy| o X, X*(ap,) and
7o X in the definitions and .

There are many such choices of isometric embedding X and observer
Ty in the Minkowski spacetime. Per Chen-Wang-Yau [I1], we consider only
those pairs (X,7p) with associated data satisfying the optimal isometric
embedding equation

(2.10) divej = 0.
The quasi-local angular momentum and center-of-mass integral are de-

fined with respect to rotation and boost Killing fields in Minkowski space-
time, respectively the images of the Lorentz Killing vector fields

(2.11) K j =20, —270;, i,j =1,2,3; i < j
and
(2.12) K; =20, +t0;, i =1,2,3

under Lorentz transformations.
Per Chen-Wang-Yau [11], the quasi-local center-of-mass and angular mo-
mentum are defined as follows:

Definition 1. Given a surface (X, 0) in (XN, g), suppose that the pair (X, Tp)
provides an isometric embedding of ¥ into Minkowski spacetime such that
the optimal isometric embedding equation is satisfied. Writing Ty =
A(0) = A((1,0,0,0)) for a Lorentz transformation A, we define the compo-
nents of the quasi-local angular momentum by

67,]k

8

(2.13) JHE, X, Ty) = — /Z[<A(Ki,j)aT0>P+ (A(K; ;)" - j)ds

and the components of the quasi-local center-of-mass integral by

QU CEXT) =~ [ (AR T + (AU - 105

where (-,-) denotes the Minkowskian inner product and K7 denotes the
projection of a Lorentz Killing field K onto the tangent space of the image
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X (%), such that
(2.15) KT = (K,04X)0% 0.

In the angular momentum expression, we make use of the volume form
€;jk of R? written with respect to the coordinates (z!,x2,23), such that
k=1,2,3;k #1,j.

3. The physical data

We fix a null hypersurface {u = ug} and study the surfaces (X,,0,) with
constant luminosity distance in the null hypersurface. Per Chen-Wang-Yau
[12] and the Bondi-Sachs expansion (2.4]), the physical data is specified by

(3.1) oAy =164 +1Cap + - (CDEC EYoup +0O(r™Y),
4 V
2 _ .
(3.2) |H|* = o (r + dszW> ,

2 1%
N .~ v .
(33)  9(V5, e Hy) = ——=0a (T —l—dszW)

2 [V
+ —+ divgW | o400, WE.
’FUZ

We rewrite (3.2)) and (3.3) in terms of the Bondi-Sachs expansion (2.4])

in the following proposition:

Proposition 3.1. With respect to the Bondi-Sachs expansion (2.4), the
norm of the mean curvature (3.2) expands as

1 _ 1 _ 1 _ _
(34)  |H] = |H| 1>+—\Hr< 2+ S5H|C + o)
2 2m

_ 2 = D&E
o 2 2 22 (V Vv CDE)
1

— VACABNPCOsp + —

1 1 o
- (CppCPE) + r—ngNE

473 813
1 Q
~ oA CoEC?P) - fv (cg‘chg)
m’ 1 > D E DYE 2
= +ﬁm (V v CDE) 1613 (v v CDE)

+O(r~ ),
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and the connection one-form (3.3) expands as

1 (— 1
(85)  an(95) = ~ay (98) + o (9p) + O
1. 1. o oo 1.
=-Vpm—- —Vgp (VDVECDE) — —V4Cup
4r 2r

r

1 = DFE 1 3 e DFE
= .~ Ned+ 2
+ 4TQCBDVEC 2 B+ 32T2vB(CDEC )

1 ° _3
+ ﬁVBf +O0(r—2).

Here the one-form @Bf comes from the T% order of —%OB log (% + ding) :

1. 1 . 1. .
=L opeerE M am - Lvrvrce :
32 DE 4 2 DE

1. .
+ 1vA(c*f“DvECED).

Proof. From (3.2)) and (2.4), we get
|H, |72 = —2m + VWA,
o 1 o
|Hr‘(73) _ V(72) + vAwA(f?)) + ECDECDE _ m2 + vawA(72)
- i(%AWA(_Q))Q.

Plugging in (2.4]), and (2.6)), we obtain (3.4)).
Regarding the connection one-form, we have from (2.4

1 1% 1
an s (9p) = —50plog (r + divUW) + ﬁchDamD
1 om 1. 1 1.
= —Zoglog (1- 2 4 2vpwPED 4 —y(2) 4 v ,wPE3)
2 r r 72 r2

o2 1 Dp(-2) _ 3 D(-3)
TWB TQCBDW QTQO-BDW .

Plugging in (2.4]), and (2.6)), we obtain ([3.5)). O
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4. The reference data

We consider isometric embeddings X, : (¥,,0,) < (R*!,n), with compo-
nents X, = (XY, X!, X2, X3) expanding according to the ansatz

X0 = x00 4 EXO(*U +0(r?),

(4.1) o

Xi=rX'+ X' 4 =X 1 072,
r

where X = (X', X2, X?) are the standard coordinate functions on the unit
sphere. The leading order of X} is chosen according to the fact that ¥, is
asymptotically a round sphere of radius r. The isometric embedding equation

(4.2) dX] 4 dX} g =0ap,+dX) - dX]p,
and the metric expansion (3.1]) imply the linearized equation
(4.3) dX' - dx i +ax'V . Xy = Cyp.

Recall from the introduction that the shear tensor Csp(u, P ) is sym-
metric and traceless; it is well-known that C'4p(u, zP ) admits the decompo-
sition

o o 1 o
(4.4) Cap(u, z) = <VAVB — 2&A3A> c(u, zP)

1 3 ° ° R ° °
+ 5 <€ADVDVB + 6BDVI)VA) g(“’vxD):

with scalar potentials c(u,z”) and c(u,2”) and é,p the area form of the
standard unit sphere. See Appendix B for a proof. Without loss of gener-
ality, we can assume that the potentials ¢ and ¢ have spherical harmonic
expansions with support in £ > 2.

As a shorthand, we write

B o 1 -
(4.5) FAB(u,a:A) = <VAVB — 200'ABA> c(u,a:A),
1 B - o B
(4.6) Fop(u,z4) = > (eADvaB +éppVPV A) c(u, z4).

We respectively refer to Fup and F 45 as the closed and co-closed com-
ponents of C4p, with closed and co-closed potentials ¢ and ¢. In physics
literature, they are called polar and axial parts. Our denomination comes
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from the fact that the divergence operator is an isomorphism from the closed
(co-closed) symmetric traceless 2-tensors to closed (co-closed) 1-forms on S2.
See [10, Proposition 2.4].

With this notation in place, the equation implies

. 1 5 o o . 1. ~.
X0 = (vAc n éABng) VaX' - JAcxX,

. 1 no o~ 1 /s .

o VX' = ZFEVEXT - 2 <VAFAD> X
4.7

1 ime o o -~ 1 s

+ iéABVDVBQVAXZ — ingngXl,

. ) 1 /. . ~ . 1 o o o~
AXTO) = = (VOVEFp ) X' + eV pAcVAX.

Using these calculations, we proceed to expand the norm of the reference
mean curvature and the connection one-form, as in the previous section. We
present the norm of the mean curvature in the following proposition:

Proposition 4.1.

1 1 1 -2 1 -3 —4
(4.8)  [Hoy| = —[Ho| ™V + —5[Ho| " + | Ho| ™ + O(™)

2 1

2 1 o o B R v00) L si R v
=24 S VaVEC (AX ) SXAX

1. O 1. o
- 55Va (CABVDFDB) ~ 55 VACA VD FR
1

1 o o . 1 . .
AB A AB D
~ 530 Eap + o5 VaheVAAc + —5VacPVpCp.

Proof. The reference mean curvature is given by Hp, = (AX?, AX}), with
associated expansions

1 1. 1. .
AX] = SAXYO 4 SAXY - vy (CABVAXO(O)> +0(r ™),
r T r
' 25, 1e 1 /e S
AXz = —7X7‘ + iAXl(O) _ VBCAB VAXz
" r 72 r2
1 1. o , 1 o A~
+ 73AXZ(71) - ?VA (CABVBXZ(O)> + 3VA <CDECDEVAXZ> ,
r r 4r
per the inverse metric expansion

1. 1 -
(4.9) oM = 5640 — S0P+ O
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and divergence relation (2.3]). The norm of the mean curvature has expansion

2

(4.10) |Ho,| = (vaEFDE> ——XJAXJ( N _ 4i3 (AX0<0>>

2 9,2
+ 7le (CABVBXZ( >> + —CABCAB
4 — (AX“ ) _ %ACABVBXQ

AB
16 1613 (VAVBC )
Substituting for X*©) per ({&.7),

Xi@A (CAB@BX¢(0)> _ _%OABCAB _ %@A (CAB@DFDB>

1. ,
~5Va (C’ABEBDVDQ>
and

1/. . o o~ 1 o o oo
z i(0) _ AB AN AB L A

1 (AX VaAC VBX> 6 (VAVBC ) + 16VAAQV Ac
+ SV ACAPVpCE

1
4
1
4VACABEBDVDAC

Adding the last term in each of these relations, we further rewrite

1o - o 1o o
— TVaC PegpVPAc - SV, (CABéBDVDg)

1 1. o
= —icABEAB — 5VA(JABVDEI,B.

Substituting these reductions, we obtain (4.8]). O

Turning to the reference connection one-form, we have the expansion:
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Proposition 4.2.

1 1
(411)  anor(98) = ~afy ) (95) + 0y, ”(@5) + O0~)
1l i 00 , L & (& 0(-1)
—§VB<A+2)X +2T2VB<A+2)X
1 = o o
_ 272VB (VAEADVDXO(O)>
1 /. . ]
-5 (VBVEX0<0>) (vDFDE)
1 . . .
-5 (VBVEX0<0>) (éEDng)
1 = o o o
—5Vs (VPVECHrAXO)
l e ADS & v 0(0 1 pe o0
- 55Va (C VAV X >) - 55CRVpX"0
+ @VDXO(O) <€BEVDVEQ — EDEVBVEQ>

I e 2D 0(0)e  &E -3
+55Vp (v X000, v g)+0(r ).

Proof. First, we expand

_ r lepe _
|Ho, |t = 3 gvaECDE +0(r™h),
and
HOT 1 - 0
T [ —AXx000)
|H077" (27‘
L1z 0-y e DES +v00)) _ lepgE )
+ 5 (AXU - 2V, (c VX )—gv VECHpAXOO) )
) 1 1 'L(O) le DE < ) 1°D°E ¥

+(067%),0672).
Following the ideas of Chen-Wang-Yau [I1], we note that the vector

(4.12) wy, = (1 + 0489, X%05X°, 0P, X 05 X}Y),
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is normal to the embedded surface, owing to the isometric embedding equa-
tion. Shifting by an appropriate factor, we find that

HO’I‘ HOT‘
4.13 Vp 1= Wy — { Wy, —— ) ——
(13 P < ’“ |Ho,rr>|Ho,r|
is parallel to Jp,, with length

vV —{(vp,vp) =1+ O(T‘_2).

Hence we have

H
— fr R 077‘
V <vTuv7">aHo,T‘(aB> <VBU7‘7 |H07»’>

Expanding

1o 4 ~:0
w, = (1+0(r2), ;VAXZV AX00)

1 o o . o o . 5 o ~ .
+ = (vAX0<°>v LX) 4 gAYy, K cABY , X0y BX’)

r
+0(r™?)),
we have
Hy, 1o 1/ 1z oo
el Yy = - —AX0O0) - ZAXO0D)
<w ’ |H07T|> 2r + r2 < 2

1. o 1o o
+5Va (cAPVpx00) + SVOVECHEAXO
—VAXIOY XX 4 CAXTOTARY, X00)

1o o
_ §VAX0(O) VDCDA> ’
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1 o o o~ s
+ 5 Ve (VAX'V,4X°0)
T
1. . 1. U ..
x <2AX1(0) — §VDCDEVEX’ + 4VDVECDEX1)
1 DS v00) | & vOol—1) & (& v00)SD vi(0)) vi
+ O(T*B).

Substituting for X0 via (4.7), we have

_GAX0O0)G, IO i 4 %AXZ'(O)@AX@‘@AXO(O) _ %@AXO(O)@DCDA,

such that
HOT' L 0
Wy, : = ——AX%0
< ’HO,r’> 2r
LA tAxoen e (CAB%XO(O))
72 2 2

+ ;%D%ECDEAX()@)).
Per , we have moreover
LAXUO) - 15 0PEY p X 4 2YPVEC X
5 5 VD E 1 DE
= S VpFPPYRX — PV peVp XY
and
Vg (@DXO(O)@DX«O)) b
-V, (@DXO(O)@DXZ(O)XZ) + YV X0OgD i), X
= L (YPX00T ) 1 L (Y7005

1 1. . .
+5CRVX"O 4 VP X0 (éBEvDVEg - éDEVBVEg) ,
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such that
Hy, 1
<V%w“ ol > FVaX®
0,r
1 lo - o .
+3 (—QVBVAXWO) (vDFDA + éADng)
_Lopg, x00
2

1. s o s o
+ VP X0 (é58VDVEe— eppVpvPic)
. 1. . .
+ VX" 4+ SV (VPXOOVAR,p)
1. o o
+ §VB (VDXO(O)épEVEC>> +0(r ).
Collecting terms, we have the connection one-form expansion (4.11)). O

5. The center-of-mass frame

We assume that the isometric embeddings X, = (X9, X!) expanding as (4.1))
satisfy the optimal isometric embedding equation (2.10]) to second order with
respect to the observers

1
(5.1) Tor = (1,0,0,0) + —(0,b1, ba, bg) + O(r ™).

That is, given

(52) 7= —(To,, X;) =70 + Loy O(r=2),
T

= (X°O —p, X% + %(XO(_” — 5, X'+ 0(r7?),

together with the data (3.4} , we assume that 7, satisfies the

equation

'I"A T
divyj = div, <pTVTT -V [sinh_1 <|];I/:)r|7l-r{r|>] — Q-+ ozH,r> =0

up to second order. As we shall see, the embedding and observer ansatze
(4.1} |5.1) are justified assuming two simple conditions on the mass aspect
function m in the metric expansion ([2.4)).
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Using the mean curvature formulae (3.4) and (4.8) together with the
fact that 7, is O(1), the density (2.8)) expands as

Lo, 1 (3 —4
(5.3) Pr:rjp( )‘1'7730( S+ o),

2m 1 _ _ _
= 20+ 5 (1Y = [HD) + 0(~),

Substituting the expansions (3.4] 7 the current
([2.9) takes the form

1y 1o .
(5:4) jar = ~i% 4 55 T+ 007
1 _ _ 1 o 1o o
== (ag, D(a4) - ag{;xaA)) + (2vaT<0> — 5 Va(mAr©®)

r

—af,2(0a) + o P (00)) + 06

1 /- 1 /e 1 - 1.

1 . 1. . _ _
+ (2vaT<0> — 5VamAT) — ol P(04) + af” (aA))
+0(r™3).

Observation that the optimal isometric embedding equation implies that

jf{l) is a co-closed one-form:

(— o 1o o o
(5.5) 35 = Vam = V4 (VPVECpp)

1. 1. .
— iVDCDA — §VA(A + 2)Xo(0),

Finally, we note that the observers Tj , have the form Tp, = A,((1,0,0,0)),
where A, are Lorentz transformations expanding as

1
(5.6) A, =Id+ ;A(_l) +0(r72),
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with

0 b by b3
by 0 a2 a3
by a1 0 ag
b3 a3z azx 0

ACD —

y o Gij = —Aji.

According to (5.4)), we use only the connection one-form expansions (3.5|)
and (4.11]), along with the divergence relation ({2.3)), to calculate the linear
term of the optimal isometric embedding equation:

o . . 1 . o o
A(A +2)X°0) — A(2m) + 5B+ 2)(VPVEChHE) =0,

(57) o o o o

A [(A +2)X°0) _9m 4+ i(A +2)(A+2)c| =0.

We solve for X0 complementing our earlier calculation of the
X#(0) per the linearized isometric embedding equations. Integrating
against the eigenfunctions X*, we deduce that the equation is solvable for
X00) if and only if the mass aspect satisfies

(5.8) m(u, )X = 0.
SZ

That is, solvability is guaranteed by vanishing of linear momentum
at future null infinity, placing the spacetime into what is often referred to
as the center-of-mass frame. The center-of-mass frame will turn out to be
essential in the calculation of center-of-mass integral. On the other hand, the
calculation for angular momentum can be modified to accommodate other
linear momenta profiles at future null infinity by means of different choices
of observer Tj .

We remark that it is possible to solve the isometric embedding equation
at the next order, obtaining the embedding term X*(—1).

Raising indices of the current via and applying the divergence
relation , we calculate the next order term of the optimal isometric

embedding equation (2.10)):
1 ° o 0~ o ~ .
(5.9) —3A (A + 2) XD 9p,vA(mV 4XY) — b;A(mXY) + 8 =0,

where we have used the connection one-form expansions (3.5) and (4.11]) in
addition to that for 7 (5.2)). Here S is a shorthand for terms expressible in
terms of the physical observables in the metric expansion (2.4) and X°©).
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~ We solve (5.9) for X 0(-1) with integration against the eigenfunctions
X7 yielding necessary and sufficient conditions for solvability:

/ [SXJ’ — 25, VA(mV A X)) X7 — biA(mX%’)Xﬂ} =0,
S2
/ (59 4 2mV AX AR 4 2 X1 XI] =0,

S2

SXI4+2b; [ m=0,
S2 S2

where we have used the pointwise relation
VARV 4K = 50— XX,

Assuming positivity of the Bondi mass , such that |, g2m >0, and
any S, solvability follows from an appropriate choice of b;, which we leave
implicit. In generating X 000), x9-1 and the b;, the analysis of and
allows us to solve for 79 and 7(-1) in . In principle, we could also
solve the isometric embedding equation to the next order, obtaining
the embedding term X*(~2),

Determination of the b; is necessary in proper calculation of the terms
appearing in the angular momentum calculation, though it turns out that
such terms vanish after integration by parts. On the other hand, the calcu-
lation for quasi-local center-of-mass integral relies only upon the condition
(5.8) allowing solvability and application of the linearized equation .

Solvability of higher-order terms appearing in the optimal isometric
embedding equation and the isometric embedding equation is
accomplished in the work of Chen-Wang-Yau [12, Theorem 3]. The au-
thors show that, given the assumption sz m > 0, it is possible to solve
and inductively with respect to embeddings X, and observers
To,r = Ar((1,0,0,0)) expanding according to (4.1, (5.1), and (5.6), adding
lower order terms to the Lorentz transformations A, as necessary.

To summarize the section above, given our family of surfaces 3, in a
spacetime (IV, g) with mass aspect function m satisfying

m > 0,
S2
mX' = 0,
SZ
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the pairs (X, Tp,), with embeddings X, and observers Tp, expanding as
(4.1) and (5.1)), respectively, satisfy the optimal isometric embedding equa-
tion (2.10) and isometric embedding equation (4.2)) at all orders.

6. Limit of quasi-local angular momentum

We evaluate the quasi-local angular momentum formula (2.13)) with respect
to the surfaces (X,,0,) in a spacetime (NN, ¢g) with vanishing linear momen-
tum at null infinity and with positive Bondi mass, such that the pairs
(Xr,To,) described above satisfy both the isometric embedding equation
and optimal isometric embedding equation to all orders. In par-
ticular, we can make appropriate choices of b; in the observer expansion of
To,r guaranteeing solvability of the optimal isometric embedding equa-
tion at first order and second order . Taking limits as r approaches

infinity, we recover the components of the angular momentum at future null

infinity. In doing so, we make use of the data , the derived
expansions , the linearized optimal isometric embedding
equation .

We begin by considering the case where the observer Ty = (1,0,0,0);
in particular, b; = 0 in its expansion . According to Definition (1} we
consider the angular momentum vector fields

(6.1) Ki,j,r = l‘iaj — .I‘jai,

associated with Tp = (1,0,0,0). Here K; ;, denotes the restriction of the
Lorentz boost to the embedded surface X,.(3,).
Evaluating on X, (3,), we have

(6.2) (Kijr,To) = 0.

Considering the projection on the embedded surface X, (%,), we calcu-
late

1. 1 .
(K07 = (20,43 - 5000 4)) :
o 1.
< <(v X0 4 20, X000 4 O(r*2))at
+ (r%AX’“ +VAXFO O(r*l)) 8k),

(TXiaj + X0, — rXig; — X7 g, + O(r_l))>
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_ XivBXi _ XivBxi _ lcf()?i%f‘f(j — XIVAXY)
T
4 }@B (Xsz‘(o) _ j(z‘Xj(O)>
.
Qe N
+2 (leBXJ(O) - XJVBX“(0)> +0(r7?),
T

which simplifies to

1 1. epe
(6.3) (K" =Y = —FpY; + —eapVivPey;]
+ E@B <X-in(0) _ X—z’Xj(O)> n O(r_2)7
,
where
(6.4) Y{} — XIVAXT _ XIVAXE — eijqéAB@BXq,

and we have substituted for the X9 in the last term via (7).
Note that YZ‘? satisfies the Killing equation

(6.5) VAYE = —vBYA

(S

which implies the further identities

(6.6) VaY =0,
AY ==Y

With the above calculations, the quasi-local angular momentum ([2.13)
expands as
etk

6.8 TN, X0, Ty) =
(6.8) ( 0) = 1o

YV Eps+ 0.

with worrisome, possibly divergent behavior arising from the top-order term
of ja . This top-order term vanishes via integration by parts and appli-
cation of the Killing equation ([6.5).

Expanding to the next order, we have vanishing of integrals of ex-
act terms in the current jf4_2) (5.4) contracted with Yiﬁ-,
by parts and application of . We observe

owing to integration
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Lemma 6.1.
—1A (—
[ L) <o,

Proof. Recall (5.5)), j1(4_1) = —%63 F 45, and we have vanishing of the term

/ vB (Xin(o) _ Xin(o)) jj(Bfl)
S2

1 o . - o
= _2/52 vE (XJXl(O) —X’X](0)> VPFE g,

owing to integration by parts and
VEVPFEL, =0.
Hence,
/2 (ng,r)(_l)A o = ;/2 (Yf}Eg _ EED@A¢DQY£> VEE 5
To show the right-hand side vanishes, we compute

S2 S

= / %EAEﬁEXkéBDﬁBEQ(A +2)c
S2

1 o~ ° o
iéAEVEXkﬂﬁgBDVD(A + 2)2

/ iéAE%EX’“%A(A +2)c (A +2)c
S2

)

where we have applied , and
| VRt —
=/, %X’“éBEﬁBg%E(A +2)c

= /2 —%@EXICEBE@BQAQ

1. - e e
ivDXkéBEVBVDQvE(A +2)c

2

1o o o
_ / TVERRepp VB (VacvAe)
— 0.
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Per (6.4)), Yf; = 6ijq€AB@BXq, and the relations above imply
(6.9) / Y{}EﬁﬁDEDB =0,
5'2
and
/52 YAeapVEVPVEE 5 = 0.
This completes the proof. O
Remark 2. For future reference, we note the vanishing
° 1 ° o
(6.10) / YAFEVP Fpp = / 51@§F£v3 (A + 2) ¢
52 S2
1 ° o
:/ —YAVRFE <A+2> c
SQ 2
1 o o 2
= /S Y0V ((A+2)e) =0,
using the properties of Yf]l (6.5) and (6.6).

Applying these reductions and taking the limit as r tends to infinity, we
calculate the components of the angular momentum at future null infinity:
ciik
8T

1 . 1 o .
+ SYACEVL X0 4+ Sy (Vavex"®) (VpFPE)

0 1 o
(6.11) J¥=-— / [— Y iNa+2mY;5VaX0® + Y50V Cpp
2
1 o .
+ 5 Y VaVpXOOePEV b
1

4}/1.3%DX0(0) (éAE%D%EQ - éDE%A%EQ) ] .

We simplify the terms involving X°©) in the following lemma:
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Lemma 6.2.

o 1 .
/52 [— QmY;éVAXO(O) _ §}2§CI4DVDXO(O)

1 o . 1 o .

1 ° o o o
+ {YAVEXYO (e45V DV e — éppVavic) ]

= /S2 —CY,LﬁVAm

Proof. We will use the following identities obtained by integration by parts

and : For any functions f on S2,

(6.12) | Yavasa+2s o

for any functions f and ¢ on S2,

(6.13) LY@ 2190 = [ YArva@d oy

With repeated integration by parts and application of the properties of

Yf; , we calculate

~

[ (9 (2r77)

2 -411 <VEY£> %AXO(O)%E (A + 2) c+ %YZ}%AXO(O) (@D@EFDEH
(1
4

—— AYAV X0 (A + 2) c+ %y;;mx 0(0) (%DWCDE)]

1
.| 2

1 .
| iYif}VDXO(O)Ff—i—

[ . 1 . o o
Y X ONP Fp 4 SV 5VaX0) (VDVECDE)}

1
2

J
Jol
J
J

YAY X0 (@D@ECDE)]
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and

1 o o o o o
1 YE,/}VDXO(O) (EAEVDVEQ — éDEVAVEQ>
S2
1 o o - o o
-3 / _YAAXO) ey VE e+ VAY DV p X000y Ve
S2

+ Eg%DﬁAXO(O)éDEﬁEQ
1 . .
== /S 2 YAAX O, 5V Ee.

Hence, the original integral reduces to

. 1 . o o
/ [— 2mY,5VaX’O + Sy v ax0® <VDVECDE>
S2
1 . 1o ge o .
- 517‘F£VDXO<0> - §1Q3VAVDX0<0>5DEVEQ

7j7
1

41@@&){0(0)&@%%] :

Substituting the linearized equation (5.7 into the first line, we calculate

/ [_mmmxw FAYATx0) (%D%ECDE)]
S2
o ° 1 - o
= / [—(A +2) Xy AV, x00) — SA+ 2)cY AV AXO(O)]
SZ

7.7
= / —cY;5Vam,
SQ

where we used (|6.12)), (6.13]) and linearized equation (5.7)) again in the last
equality:.
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For the second line, using the properties (6.5)) and , we note
o 1 o o
/ YAFRVHX0O) = / —SVAX"OeapvP (A+2)c
S2 S2

2
-L]

1 . 1. J
- / —5Yif}XO(O)€ADVDQ — §A <Y{3XO(O)) éADVDC]
SQ

_/32
1

= / —212.@&)(0(0)&@%%—nﬁ%A%BX[)(O)éAD%Dc}.
S2

o 1 o °
—YZ}XO(O)@ADVDQ - QYX}XO(O)EC’ADVDAC}

1 o o o o o
—iyiéAXO(O)éADVDQ — VBYZ}VBXO(O)éADVDC]

Hence, the second line vanishes. Putting the two reductions together, we
obtain Lemma [6.2] O

Applying these reductions, we have a simplified formula for the angular
momentum at future null infinity:

Theorem 6.3. Suppose (N,g) is a spacetime with Bondi-Sachs expan-
sion . Further assuming that (N, g) has vanishing linear momentum
at null infinity and positive Bondi mass, the angular momentum at
null infinity has the components

EZ]]C

:871'

1 . .
(6.14) Jk / v (NA - ZCABVDCDB —cV Am> .
SZ

In particular, if Cap is closed, then
Lk o
JV = o /Sz}/;’j (NA—CVA?TL),

thanks to (6.10)). In addition, if Cap is closed and m is angular independent,
then

Proof. We have calculated with respect to an observer Ty = (1, 0,0, 0),
assuming that and are solvable. More generally, we have solvabil-
ity of the two for appropriate choice of b; in the observer expansion ,
assuming vanishing of linear momentum at null infinity and positivity
of the Bondi mass. Following Definition (I} we write Ty, = A,((1,0,0,0)),
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with SO(3,1) transformations A,, and measure the quasi-local angular mo-
mentum with respect to the Lorentz rotation A, (K ;).

Owing to preservation under SO(3, 1) transformations, vanishing of the
inner product still holds. Let £() denote the 3 x 3 skew-symmetric
matrix with ¢j entry 1, ji entry —1 and other entries 0. Using the expansion
of the Lorentz transformations A, , we have

3
A(Kig) =0y~ 0+ 1@~ a0+ D auellabor | + 0672,
k,l=1

from which application of the projection formula (2.15)) gives the projection
expansion

B 1 1, o po
)) — Yi? — ;EEY;? + ;ﬁADvBVDQYiﬁ-

(A (K,

©,7,T

+ 1B (% xi0) _ gixio)

+o Z aklffl(;,])vaBXk +0(r™?),
k=1

differing from the earlier expansion (/6.3|) by an exact term. The contribution
to the quasi-local formula amounts to

1 ii ~ e~y (=
Zakl&‘;lj)/ vaBXk](B 1) = 0,
Y ol S2

by (5.5) and Lemma 7.5
There are also changes in j1(4_2), via the definition of j4 (b.4) and the
expansion of 7 ([5.2)). The modifications to the quasi-local formula vanish, as

1 o ~ o ~
— [ [2mYAVab, X"+ YAV A (b X7 |
8w g2 ’ ’
b e
=22 [ 2mey, (MPVEXIVAXT)
8 S2
b v !
= ﬁ . 2me;jqe!, X' =0,

where we have used the definition of Yff; , its divergence-free property
, and the assumption of vanishing linear momentum .

With the vanishing of these terms and taking limits, we see that the
earlier formula is preserved. O
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7. Limit of quasi-local center-of-mass integral

We evaluate the quasi-local center-of-mass formula (2.14]) with respect to
the surfaces (X,,0,) in a spacetime (NN, g) with vanishing linear momentum
at null infinity and with positive Bondi mass, such that the pairs
(X, To,) described above satisfy both the isometric embedding equation
and optimal isometric embedding equation to all orders. Taking
limits as r approaches infinity, we recover the components of the center-of-
mass integral at future null infinity. In doing so, we make use of the data
, the derived expansions , the linearized
optimal isometric embedding equation .

For simplicity, we begin by considering the case where the observers
To,r = (1,0,0,0), such that b; = 0 in its expansion . According to Defi-
nition [I} we consider the boosts

(71) Ki,r = $i8t + t(?,-

associated with Ty = (1,0,0,0). Here K, denotes the restriction of the
Lorentz boost to the embedded surface X, (3,).
On the embedded surfaces X,.(¥,), the K;, satisfy

<72) <Ki,T7TO> = —T'Xi — X’(O) + O(T—l)7

1, 1 _
(7.3) (KZT)B = <TQUAB — ﬁCAB +O(r 4)>

< (rX'+ X'O) 5+ X', + 067,

VaXx'0g, 4 (T%AXJ + WXJ'(O)) d; + 0(r—1)>
1

== (_@B (Xz‘Xo(o)) +2@BX¢X0(0)) +O(r?),

where in the second expression we apply the projection formula (2.15).
Expanding the center-of-mass formula (2.14)), we find

(7.4) C{(S), X, Tp) = — [ mX'+0(1),

e Jgs2

with the seemingly divergent top-order term annihilated by our assumption
of vanishing linear momentum at null infinity (/5.8)).
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Expanding (2.14)) to the next order and taking the limit as r approaches
infinity, the center-of-mass integral at future null infinity is given by com-
ponents

(7.5) cio !

~ 8me

Xt (1HAE3) 173
(ol =)
i S A i (=1
+om X0 — ovAXiX00);( >],

where we have applied the linearized optimal isometric embedding equation
, amounting to a divergence-free condition on jf4_1), to integrate away
its contraction with the first term in the expansion .

As mentioned in the previous section, owing to the form of the compo-
nents of , calculation of the center-of-mass does not rely upon appli-
cation of the second order term in the optimal isometric embedding
equation.

We begin our simplification of by rewriting terms in the integral
of the reference mean curvature norm (4.8)):

Lemma 7.1.

.. JO . 17/ 2
N j(=1) _ = 0(0)
/S2X<XAX 4<AX ))
1

- /1
:/ Xl<4(CDECDE) + Z(EDEEDE)
SZ

1o o oo 1 ,
=4 Vav pcVAVEe — 5vBFBDéDAv Ac>
< 1o o4 1 © AR 2
+ [ X' —-VacVic— — (V \Y CAB)
52 4 16
2 1 A 1 — A B
—m” + 5m(A+2)c+ EmV VZCap |.
Proof. Suppose XD = aA%AXj + BXJ. With this notation and the sur-

face metric expansion (3.1)), the second order term of the isometric embed-
ding equation (4.2) takes the form

Vaagp + Vo +286ap = Z(CDECDE)UAB — VX Oy 5 x9(0)

+ %AXO(O)ﬁBXO(O)
=:004B.
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We compute
~XIAXIED = 6485545 — (A +2).
Substituting for X9 , we get
1

7
1 1. o o 4o 1o o
= 5 (FapE?) = 2V AV peVAVE e — SV EFppeP iV e

. 1 1. .
64850 45 = 5(CABG“B) — Z(FugFAP) — ZVAFADVBFE/?

1o o o
- ZvAgvAng VX002,

Noting that
Y 1 . 1~ /. 2
/ Xi <|VX0(°>|2—(AX0<0>)2> :/ — X (A +2)x°0),
S2 4 S2 4

we substitute linearized optimal isometric embedding equation (5.7 for
(A +2)X90) to obtain

.. JO . 1/ 2
i i xiD _ L (& x00)
/S2X<XAX 4(AX ))

~. (1 1
:/ X1(4(CDECDE) + Z(EDEEDE)
SZ

1o o o g0 1. .
— ZV AV peVAVEBe — 5VBEBDEDAV Ac>

. 1o o 1 o 5 2
+/ X@(VACVAC - (VAVBCAB)
o 1 16

1 o 1 - 40
—m? + im(A +2)c+ 2mVAVBC'AB>

~. (1. o 1 o 2
- / X <VAFADVBF5 T ((A + 2)0)
- \a 16

1o 40 o
+ §VAVBC’AB(A + 2)c>.
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Recall VBF D = %@D (A + 2)c and the last integral vanishes via integration
by parts:

~ . 1o o 1 o 2 1o o o
/ Xi <4VAFADVBF§ + ((A n 2)0) + VAV Cup(A+ 2)0)
SQ

1o~ . 1 ~. /7 & 2
— / —~VPXVAFAp(A +2)c+ —X° ((A + 2)c)
g 8 16

_ /S —3%61350‘% ((A+2e) + 1—16X (A +2)e)

=0.

This completes the proof. O

Applying the mean curvature expansions (3.4) and (4.8]) together with
Lemma we find

X¥([Hol) — |H|Y
L. )
o 4 1 ~. 1~ .
- / {VAXWA + 5 X'm(A + 2)e+ XA+ 2)(CDECDE)}
5'2
- /1 1 o o 4o
+/ X1<4(FDEFDE) - Z(VAVBQVAVBQ)
S2
1o - 1o o
— §VBFBD€DAVAQ — 4VACVAC>
- . 1o - 1o °
+ /5 X (—QVACABVDFg +5Va (C’ABVDEDB)
]. 1 o o o o
— ZCABF,p+ VAACVAA0>.
2 16
Note that
1 Sie @ © AR
— 2 X{(VAVpeVAVEe)
82 4
1o ~io o, 1 o oo
- / [4VAXZVBCVAVBc+4X’VBCAVBC]
SQ

1 ~. o 1 ~. o o
= / [XZvAcVAHX%vBcVBAc]
SQ 2 4
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and hence
N 1o, o 1 o o o
/ X' [—4VAVBCVAVBC - 1VAQVAQ+ EVAAQVAAQ

2 16

1 ~. & .
-/, X VARV Epp.

Moreover, by (A.2), we have

1 ~ o o o 4 o
—/ — X'V A(A +2)eVAA + 2)c
S

/52 X' (%BFBpéDA%AQ + FABEAB)
= /. —VE X FppéPAV 4c
_ /S PRl VAR + 2)c
_ /S 2 %XW(AH)C epaVic

= —XiVBFBDEQDAVAQ
SZ

and hence

1., . 1~
/S2 _invBFBDgDAVAQ — y ZXZFABEAB‘

These two reductions imply

L X (1l = =)

o A~ 1~
— / [VAXWA + 5 X m(A + 2)%
5’2
~. (1 o 1o o
+ / X@(4VAFABVDFBD — 5VAOABVDEQ
52
1. . 1

The next lemma evaluates the second part of the center-of-mass integral

73).
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Lemma 7.2.
/ [2mXi(0) _ 2¢AX¢X0(0)3-1(4—1)}
52
-/ [;WDFAD@BFAB VKV Am + 2 em

- %X’Z(Ac)m + 2€AB¢AXi(§BC)m] )

Proof. Recall
j1(4—1) = —%6BEAB = —iéAgﬁB(A +2)c

and note that for any functions f and g
10 [ VK eanviAe2g= [ VIRA 2T

The assertion follows from the linearized optimal isometric embedding equa-
tion (5.7) and the expressions for X% ([Z.7). O

In summary, the center-of-mass integral is equal to (up to the factor 8—71%)
(7.7) / VAX? (NA —Vam + 2€OAB(%BQ)TTL) +3X'em
S2
-/ 1. .
+/ X’(VAFABVDFBD
5’2 4
1o o 1
+ §VA (CABVDEDB) - 4CABFAB)

The last integral will be simplified by the next lemma.

Lemma 7.3. Per Proposition[A.1], we have

- , 1 ~.
(7.8) XiV 4 (FABVDFDB) :/ SX FapP??,
S2 S2
- , 1 ~.
(7.9) | XVa (EABVDEDB) - /. S X2,

XV, (FAB@DEDB) _ XV, (EAB@DFDB>
S2 g2

(7.10) == /., XV AFABVPFE .
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Proof. Using (A.2)), we have

XV, (EAB%DEDB> _ _@AXiEAB@DEDB

S2 S2

1. ~. o o
:/ —§VAX’EABEBDVD(A+2)Q
5‘2
1. ~. - o
= QVAXZEBDVDEBA(A—I—Q)Q
5‘2

1o ~.o o o
= 1VAXZVA(A +2)c(A +2)c
5‘2

1 ~. 7 o 2
- / X (A+2e)
5‘2 4
and
Xz‘EABEAB _ XZEABEAD@B@DQ
S2 S2
N ~ . o 1 ~. 0 o o
— / {VDXZEADFABVBC — 5)(WB (A + 2)cv3c}
S2

1ron~:o o oo~ o . . .
:/ 3 [VDXlVD(A+2)Q.Q+VBXZ(A+2)2VBQ+XZ(A+2)QAQj|
5‘2

- (@)

This proves ([7.9)). Identity (|7.8]) is proved similarly using (A.2]).
For ([7.10)), we have

~ o ° 1. ~. o o
X'V, (FABVDEDB) :/ —§VAXZFABEBDVD(A +2)c
S2 S?

1o .. o o o
_ / — VAKX BT (A +2)e(A +2)c
S2

= —X'VPFppVAFAE,
SQ

using (A.2)) and

Xi@A (EAB@DFDB> :/

1. ~. ° o
—§VAX2EABVB(A+2)C
5‘2

SZ
1o ~.o o
= §VAXZVB£AB(A +2)e
5‘2
= [ —X'VPFgpVsFAB.
S2 0
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Theorem 7.4. Suppose (N,g) is a spacetime with Bondi-Sachs expan-
ston . Further assuming that (N,g) has vanishing linear momentum
at null infinity and positive Bondi mass, the center-of-mass integral at
future null infinity has components

) 1 o 4~ 1 . 1.
711) C'=_—— [ VAX'|Ns - -CapVpCPE - —_v, (CPEC
(7.11) ) [A 1C4VD 1 A DE)
—cVam + 2€AB(¢Bc)m}
+ i 3Xlem — 1X”'@AFAB@DF
87'('6 S2 4 7 —DB:
In particular, if Cap is closed, then
4 1 o . .
= — | VX <NA v Am> +3Xem,
e Jg2

thanks to (7.8). In addition, if Cap is closed and m is angular independent,

then
1

N 8me S2

Proof. We simplify the last two terms in ((7.7)):
- (1 . 1
Lz X <2vA (CABVDEDB) _ 4CABFAB>
1. . . .
= / X' Va (FABVDEDB + FABVPF +£ABVDEDB>
SQ
~ 1 1
Jr/ i (_4FABFAB _ 8FABFAB>
5'2
- (1 . 1
— / X <4vA (CABVDODB) — SOABCAB)
SZ

o 4~ 1 o 1 -
= / vAX! (—4CABVDCDB — EVA (CABCAB)>
S2

i

VAXIN,.

where we used ([7.10)) and ([7.9)) in the first and (7.8]) in the second equation.
We thus have calculated ([7.11]) assuming an observer Ty = (1,0,0,0). More

generally, the condition allows for observers Ty, expanding according
to . Following Definition (1} we write Ty, = A,((1,0,0,0)) for Lorentz
transformations A, and measure the quasi-local center-of-mass with
respect to the Lorentz boost A, (K; ), taking limits as r goes to infinity to
recover the components of the center-of-mass integral at future null infinity.
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Owing to preservation under Lorentz transformations, the inner prod-
uct expansion ([7.2]) remains the same. Likewise, the density terms in the

expansion (5.3) and the current term ].1(471) (5.5) are unchanged. Using the
expansion of the Lorentz transformations A, (5.6, we have

A (Kiy) = 2'8, + t0; +f Zb 0 + th; at—l—tZaU i |+ 062,

from which application of the projection formula (2.15]) gives the expansion

(A (Ko ) ™8 = % (97 (X1x00) 4297 XIX00 4 Xip, BRI
+0(r™?),

differing from the earlier (7.3)) in its final term. The new terms in the center-
of-mass component amount to

1

16me XiijBvaDEDB =0,

by (5.5) and Lemma - 5[ below. In this way, the earlier calculation of -

is preserved

Lemma 7.5. For any co-closed symmetric traceless two-tensor F 45, we
have

- XZVBXJVDEDB = 0

Proof. Since closed and co-closed symmetric traceless two-tensors are or-
thogonal, we have

0= 2/ (VDVB(XZXJ) - A(XZXJ)&DB) Fpg
SZ

= /. XVBXIVPF 5.
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8. Example: Kerr spacetime
8.1. Singular Bondi-Sachs coordinates

Barnich-Troessaert [6] provide a BMS coordinate system (u,r,6,¢) for the
Kerr spacetime, such that

Grr = Gro = gro =0,
and the spherical part of the metric satisfies the determinant condition ([2.2])
det gap = r*sin? 6.
The remaining components expand as
Guu = —1 +2Mr~ 1 4+ O(r™2),

1
Gur = —1 + a? (2 — cos? 9) r2+0(r?),

acosf acosl a
= + (8M+ ) 00,
Guo 2sin? 6 4 sin® @ " (r™)
(8.1) Gup = —2aM sin® Or~' + O(r™2),
2
2 —1
= O
oo =7"+ sin9T+ 2sin? +0(r™),

96 = 0(7“_1),
2

gop =1’ sin® 0 — asinbr + % +0(r™h,

where M is the mass and a is the angular velocity.

Regarding the quantities appearing in the expansion , the mass
aspect m = M is constant, while the shear tensor C'4p has closed form,
with components

a
Cop = ——
%~ sing’
(8.2) Cyy =0,
Cypp = —asinb,
and potentials
= —2asin 0,

(8.3) Z: .
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In addition, the angular momentum aspect N4 has components

Ny =3Macosb,

8.4
(84) Ny = —3Ma sin? 6.

We note that certain metric components above are singular. The singular
nature of the coordinate system is also apparent in the Bondi-Sachs data;
in particular, the shear tensor C'4p is singular.

As the mass aspect is constant, the condition holds, yielding van-
ishing of the linear momentum at future null infinity. That is, the spacetime
is in center-of-mass frame, and solvability of the linearized optimal isometric
embedding equation is ensured. In particular, we find

X00) _ _3@ +2)e.

Considering the next order in the optimal isometric embedding equation,
we can directly compute vanishing of the term S in the discussion following
(15.9), using the mass aspect, the angular momentum aspect , the shear
tensor , and the form of X% obtained by solving the linearized equa-
tion . As a consequence, we consider the observer Ty = (1,0,0,0), such
that the b; = 0 in the observer expansion .

In calculating the angular momentum and center-of-mass integral at
future null infinity, it is helpful to express the first eigenfunctions in spherical
coordinates:

X1 = siné cos o,
(8.5) X? = sinfsin ¢,
X3 = cos#.

Owing to the simplicity of the Kerr spacetime, with constant mass aspect
and closed shear tensor, we apply the special case appearing below our
general formula for the quasi-local center-of-mass integral at null infinity

(7.11)) to deduce

. 1 o Ao~
= — / VAXIN, = 0.
S2

:871'



1464 J. Keller, Y.-K. Wang, and S.-T. Yau

On the other hand, the special case appearing below our general formula
for the angular momentum (|6.14)) yields

1 o -
Jl = / ABVEXIN, =0,
87T S2
1 o -
(8.6) J2=_— [ éBVpXIN, =0,
87T S2
1 o -
J3 = / BV EX3Ny = —Ma,
87T 92
where

ePVpX? =0,

in spherical coordinates. In this way, the calculations are precisely what we
expect from the usual presentation of the Kerr spacetime.

8.2. Approximate Bondi-Sachs coordinates

An approximate Bondi-Sachs coordinate system (@, Z, 0, ¢) is constructed in
Chrusciel-Jezierski-Kijowski [15] with Bondi-Sachs data

m =M,
CAB = 07
8.7 .
(87) N? =0,
N% = _3Ma.

For more details on the authors’ construction, see Appendix C.7 of [15].

The discussion in the previous subsection carries through largely un-
changed; in particular, we have vanishing of linear momentum and solvabil-
ity of the optimal isometric embedding equation, with X%© =0 and the
observer Ty = (1,0,0,0).

The center-of-mass calculation is even simpler than in the previous co-
ordinate system, since the present coordinate system has a divergence-free
angular momentum aspect. As before, we find

. 1 o 4 o~
= — / VAXIN, = 0.
SZ

:87r
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Likewise, the angular momentum components are the same:

Jl—l

—/ gABﬁBXlNAZO,
8 S2

1 o -
(8.8) J2=_— | éBVpX2IN, =0,
87T S2
1 o -
Jd = — / ABYV X3 N,y = —Ma.
87T S2

Appendix A. Two tensor identities and expansion of V'
In the appendix, we first derive some identities concerning the derivatives of

closed and co-closed traceless symmetric two-tensors on S2. Then we prove
the expansion of metric coefficient V' claimed in Proposition

Proposition A.1. Let Cap be a symmetric traceless 2-tensor on (S2,5).

Then
(A1) VaCpp — VCap = VECEEé4p — VECar65D
(A.2) BV \Cpp = épaVCAP

Proof. The second identity follows by contracting the first one by é45. Tt

suffices to verify the first identity for an orthornomal frame ey, es. For A =
e1, B =ey, D = ey, we have

ViCoi — VaCi1 = V1012 + VaCas = VFCpy;
for A=e1,B = e2, D = eg, we have
ViCas — VaCiz = —V1Cy1 — VaCay = —VEChy.
This proves the assertion. ]

Proposition A.2. Let Cuap be a traceless symmetric two-tensor on S2.
Then we have

(A.3)  VPV4COpp + VPVECup — ACup = 645VPVECpp + 2045,
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Proof. We work at the potential level and compute

VPV ACEp = VaVPCpp — RP %Cpp — RP, B, Chi

= SVAV(A + et LePVaVD(A +2)e+ 20us.
For a function f, we have
AVAVEf =VaVE(A+2)f +2VaVpf —2Af6 5.
Hence,

) C . 1. .
ACAp = VAVB(A +2)c— §A(A +2)coap

1 - - o o o o
+5 (éADVDVB(A et EPVHVA(A + 2)g) +2Cag.

Putting these together, we obtain

VPV 4Cpp + VPV ECap — ACap = 3A(A +2)coap +2Cas
= 645VPVECDE + 2045

Lemma A.3. We have the following identity:

1 1 o o 1 o
1o 1 AB&D DEy _
(A.4) 2R + 4VA (C \V4 CBD) + 16A(CDEC ) 0,

where
(A5) R = (CppCPP) 4 SVaCapV PO 1 LA (CppCPP)
~Va (CAB%DCBD + CBD%BC,‘%)
- i (VaCmpvAc??).
Proof. By Proposition we have

(A.6) VaCppVACEP = v ,CppVECAP + VEC 5V pCAP.
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Indeed,
VaCppVACEP
e (@BcAD LB ATy LAt @EFBE&AD)
= VaCpVPOAP 4 1 (VoA +2)c — eppVP(A +2)c) AVPe
+ % (@B(A +2)c —éppVP(A + 2)c> vEe
n %%EFBE (%B(A +2)e+ BPVp(A + 2)g>
= VaCpVPOAP 4 VAR + 2V (A 1 2)e
+ %EBD@B(A +2)eVp(A +2)c + %VA(A +2)eVA(A +2)c
= VACppVECAP 1 VBC, 5V pCAP.
Moreover, contracting with C48 | we obtain
CABAC B = 2048VPV 4Cpp — 2(CppCPF).
We deduce
R® %%A (CAB%DCBD) + éA(CDECDE)
1

2
1o ° 1. o
+ 4 VaCppVECAY — -V ECApV AP

- %m (CABﬁDCBD) V., (OBD%B(J;‘))
)
+VACppVECAP + %%BCAB%CAD

- %m (CABﬁDCBD) V4 (CBD%BCg)

1 o o 1 o o
= —(CpeCPP) + §CABVDVACBD - 5Cf“BvAchj_u;D

(CprCPE) + % (ACABCAB + %ACBD%ACBD)

1 o e 3
= §(CDECDE) + CABVDVACBD — §(CDECDE)

=0.

We are ready to simplify the expansion of V.
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Proof of Proposition[2.1] Per Madler-Winicour [22], we have the initial data
equation

2

(A7) 0(V)=—UR( )—ﬁAUJrﬁv UvAU
‘ )= Bel Ty AU VA

1 r2
— ﬁVA (ar(T4WA)) — EO’AB (arWA) (87~WB) ,
with R(co) the scalar curvature of o.
It is well-known that the scalar curvature expands as

2

1l ope 1
R(o) = 5+ -VPVECDE + 743@ +0(r?).

3
See [9, Proposition 4] for example.

Recall ([2.4))
WA = SwD4 L L9 o)
r2 r3

1 e 1 /2 1. 1 e
— ﬁchg + = <NA — — V4 (CppCPF) - 20§v£’c§>

r3 \ 3 16
+0(r™)
and we get
o2m 1 1 L ;
_qom 1 a1 DEy _ _— _A bE
v 5l 1 (CoeC™Y) = 555 A (CpeC™r)
1 4. 1¢ AT
oz <3VANA - gA (CpeCPF) - CABVAVDCB) +0(r™).
By Lemma we get
2 1 . .
V=1-=E 4 g Vactiv
1 1 o _
+ WCDECDE + QVANA +O(r 3)'

Appendix B. Decomposition of symmetric traceless
2-tensors on S2

Theorem B.1. Let Cyap be a symmetric traceless 2-tensor on (SQ, o) that
is divergence-free, VACap = 0. Then Cap = 0.
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Proof. The assertion actually holds for any metric on S?, based on the fact
that S? has no nontrivial holomorphic 1-form. For standard metric &, we
present an elementary proof following Madler-Winicour [22], page 13-14].

Let YA = é4BV g where ¢ is a —2 eigenfunction of (S2,6). By the
identity @A@Bg = —gdap, we have @B(YAC’AB) = (0 and hence there exists
a function f such that YAC 5 = GOBpﬁDf. We compute

/ (YAC ) (YPCE) = / APV pgCupeBPV D f
S2 S2
:_/ PV pgVpCapé®P f
SZ

— _/ (&AB&DE - &AD&BE)%EQVDCAB]C
SZ

=0

where we used the identity éAPégp = —(% in the second equality. Thus

YAC4p = 0. Since for every point p on S? and tangent vector v € Tp5’2,
there exists ¢ such that Y4 = v, we conclude that Cyp = 0. Il

Theorem B.2. Let Cyp be a symmetric traceless 2-tensor on (S?,5). Then

o o 1 o
CAB(U,:CA) = (VAVB — 2&A3A> c(u,fL’D)

1/, ope e
+ 3 (6ADVDVB + 6BDVDVA> c(u,zP),

with scalar potentials c(u,z”) and c(u,xP) and ésp the area form of the

standard unit sphere.

Proof. Let

éACAB = VBf + éBD%Dg
be the Hodge decomposition of 1-form VAC 5. We decompose f and g into
spherical harmonics f = fj—1 + Jilzzoand g = gi=1 + gi>2. We first show that
fi=1 = gi=1 = 0. Indeed, using VaVpfi—1 = —fi=164B, we integration by
parts to get

0= /32 VACARVE fioy = /52 IV fi1|?.

Similarly, we have

0=/ VACApéPPV pgio =/ Vgi=1/?,
52 52
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where we used the identity égpéPf = § DE .

Since f and g both support in the [ > 2 modes, there exist potentials
¢ and ¢ such that %(A +2)c = f and %(A + 2)c = g. Direct computation
shows that the symmetric traceless 2-tensor

N o o 1 o
Cuap = <VAVB — 2&ABA> c

1/ epe e
+ 5 (EADVDVB + EBDVDVA> [

satisfies 6ACA’AB = %Bf + éBpﬁDg = %ACAB. By the previous theorem, we
get Cap = Cap. O
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