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A four-dimensional analog of Chern–Simons theory produces in-
tegrable lattice models from Wilson lines and surface operators.
We show that this theory describes a quasi-topological sector of
maximally supersymmetric Yang–Mills theory in six dimensions,
topologically twisted and subjected to an Ω-deformation. By re-
alizing the six-dimensional theory in string theory and applying
dualities, we unify various phenomena in which the eight-vertex
model and the XYZ spin chain, as well as variants thereof, emerge
from supersymmetric gauge theories.
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1. Introduction

Over the past decade there has been considerable progress in our under-
standing of connections between quantum field theories and quantum inte-
grable systems. Many phenomena have been discovered in which structures

1931
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of integrable quantum spin chains and integrable lattice models emerge from
quantum field theories in diverse spacetime dimensions, in most cases su-
persymmetric ones.

Among these phenomena, there are several instances where the same
family of integrable systems appears. The most notable example is the XXX
spin chain and its generalizations the XXZ and XYZ spin chains, or equiv-
alently, the six- and eight-vertex models [1]. These spin chains and lattice
models have been found to arise in two-, three- and four-dimensional su-
persymmetric gauge theories with four supercharges [2, 3], four-, five- and
six-dimensional supersymmetric gauge theories with eight supercharges [4–
8], three-dimensional N = 4 supersymmetric gauge theories [9, 10], four-
dimensional supersymmetric gauge theories in the presence of surface opera-
tors [11–17], and a four-dimensional analog of Chern–Simons theory [18–21].

Then a question comes to mind: why does a single family of integrable
systems makes appearances in multiple contexts?

In this paper we provide an answer to this question. We argue that these
field theory setups are actually different descriptions of one and the same
physical system, all related by dualities in string theory.

Another, closely related, aim of the paper is to better understand four-
dimensional Chern–Simons theory. This bosonic theory has a fairly direct
connection with integrable lattice models, which can be elegantly deduced
solely from its topological–holomorphic nature. Yet, this is by far the
strangest of the theories listed above. For one thing, it can only be de-
fined on a product Σ× C of two surfaces, with C being either the complex
plane C, the punctured complex plane C× = C \ {0} or an elliptic curve
E = C/(Z+ τZ); the three choices correspond to the three levels of the
rational–trigonometric–elliptic hierarchy of integrable systems. Moreover, it
has a complex gauge group and a complex action functional.

One of the main results of this paper is that four-dimensional Chern–
Simons theory in fact has an origin in six dimensions: it describes a six-
dimensional topological–holomorphic theory, subjected to a so-called “Ω-
deformation” [22–24]. This six-dimensional theory is a partial topological
twist [25] of maximally supersymmetric Yang–Mills theory, and the restric-
tion on the choice of C comes from the requirement for unbroken super-
charges. The complex gauge group and the complex action functional nat-
urally arise when the path integral is partially carried out to yield a four-
dimensional description.

In turn, the six-dimensional construction allows us to realize four-
dimensional Chern–Simons theory and its observables using branes in string
theory. Various chains of dualities then relate the brane configuration thus
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obtained to different but physically equivalent configurations which realize
the other relevant theories, thereby unifying the connections between quan-
tum field theories and the eight-vertex model mentioned above.

Since this paper is somewhat long and at times technical, let us give a
brief overview here before proceeding to detailed discussions.

We begin in Section 2 by formulating the six-dimensional topological–
holomorphic theory. The theory is defined on a productM × C, and is topo-
logical on the four-manifold M and holomorphic on C. For M = D × Σ, we
may regard the theory as a B-twisted gauge theory [26, 27] on the sur-
face D, with an infinite-dimensional gauge group and infinite-dimensional
matter representations. It turns out that in this two-dimensional descrip-
tion, the theory has a superpotential which coincides with the action of
four-dimensional Chern–Simons theory.

In Section 3, we turn to general B-twisted gauge theories and explain
how to introduce Ω-deformations to these theories [28, 29]. By localization
of the path integral, we show that when the spacetime D is R2, the quasi-
topological sector of an Ω-deformed B-twisted gauge theory is equivalent to
a zero-dimensional gauge theory with complex gauge group, whose action
is given by the superpotential of the two-dimensional theory [28–30]. The
integration domain of the path integral for this zero-dimensional theory
consists of the gradient flow trajectories generated by the superpotential,
terminating on a Lagrangian submanifold chosen in a relevant moduli space.

Then we apply this result to the six-dimensional topological–holomorphic
theory, viewing it as a B-twisted gauge theory. We are immediately led to the
conclusion that the topological–holomorphic theory on R2 × Σ× C, with an
Ω-deformation on R2, is equivalent to four-dimensional Chern–Simons the-
ory on Σ× C. This is done in Section 4.

Section 5 is devoted to discussions on the relations between four-
dimensional Chern–Simons theory and integrable lattice models in the case
when C = E. We explain how a lattice model [31, 32] whose Boltzmann
weights are given by Felder’s dynamical R-matrix [33, 34] arises from a
lattice of Wilson lines, and how certain surface operators transform this R-
matrix to the Baxter–Belavin R-matrix [35–37] for the eight-vertex model
and its slN generalization. We also use these surface operators to define two
kinds of L-operators, which may be thought of as R-matrices associated with
a pair of finite- and infinite-dimensional representations. The section ends
with some discussions on framing anomaly and junctions of Wilson lines;
these lie outside the main line of argument and are not strictly necessary for
understanding of the rest of the paper.
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In Section 6, we present a string theory realization of the Ω-deformed
six-dimensional topological–holomorphic theory. This realization involves
a stack of D5-branes placed in a background with a nontrivial Ramond–
Ramond (RR) two-form field. Wilson lines are created by fundamental
strings ending on the D5-branes, whereas surface operators are produced by
D3-branes forming bound states with the D5-branes. Applying string duali-
ties, we map this brane configuration to those realizing brane tiling [38, 39]
and class-Sk [14, 40, 41] theories, linear quiver theories [42], and theories re-
lated to the cotangent bundles of partial flag manifolds. In each dual picture
we identify how the structures of lattice models and spin chains arise.

There are many directions for future research. One important question
which we hope this paper will shed some light on is the origin of the chiral
Potts model and its higher genus curve for spectral parameters. The myste-
rious coincidence between the chiral Potts model and magnetic monopoles,
pointed out by Atiyah [43] in 1990, hints that we are on the right track.
Indeed, we have necessary ingredients in our construction: monopoles create
surface operators, and crossings of surface operators produce [44–46] a vari-
ant of the Bazhanov–Sergeev model [47, 48] which is known to reduce to the
chiral Potts model in a special limit. It is plausible that the higher genus
curve emerges in low energy physics as a geometric object, in a way similar
to how the Seiberg–Witten curve does when a D4–NS5 brane configuration
is lifted to M-theory [42].

Finally, we remark that another string theory construction of four-
dimensional Chern–Simons theory has been proposed recently in [49]. Their
construction appears to be related to a T-dual version of ours. Also, a string
theory realization was discussed by Nikita Nekrasov in his talk on his joint
work with Samson Shatashvili and Mina Aganagic at the conference String–
Math 2017, where we also announced our results.

2. Six-dimensional topological–holomorphic theory

In this section we formulate the six-dimensional topological–holomorphic
theory, from which four-dimensional Chern–Simons theory arises via an Ω-
deformation. After explaining the construction, we reformulate this theory
as a two-dimensional gauge theory, in a form more suited for the application
of the Ω-deformation.
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2.1. N = (1, 1) super Yang–Mills theory

The topological–holomorphic theory is defined as a topological twist of
N = (1, 1) super Yang–Mills theory in six dimensions, which in turn can
be constructed from super Yang–Mills theory in ten dimensions by dimen-
sional reduction. So let us quickly review these super Yang–Mills theories.
We mainly follow the convention of [50].

To describe spinors in ten dimensions, we use the gamma matrices ΓI ,
I = 0, . . . , 9, obeying the anticommutation relation

(1) {ΓI ,ΓJ} = 2ηIJ ,

where η = −(dx0)2 + (dx1)2 + · · ·+ (dx9)2 is the ten-dimensional Minkowski
metric. They can be chosen to be real 32× 32 matrices. We let ΓI1...Ik be
the matrix that equals ΓI1 · · ·ΓIk if I1, . . . , Ik are all different and vanishes
otherwise.

The generators of the Lorentz group Spin(9, 1) are represented on R32

by the matrices ΓIJ . The chirality operator Γ0123456789 squares to 1 and
anticommutes with ΓI . Its eigenspaces therefore furnish irreducible spinor
representations of Spin(9, 1) on which the chirality operator acts as multi-
plication by +1 or −1; let S+ and S− denote the space of positive chirality
spinors and that of negative chirality spinors, respectively. There is a charge
conjugation matrix C such that CΓIJC

−1 = −ΓTIJ , and the map

(2) α 7→ ᾱ = αTC

sends α ∈ S± to its dual ᾱ ∈ (S±)∗. For α, β ∈ S±, the product ᾱΓI1...Ikβ
transforms under Spin(9, 1) like the corresponding component of a k-form.

The fields of ten-dimensional super Yang–Mills theory with gauge group
G are the gauge field A and a fermionic field Ψ, the latter being a positive
chirality spinor in the adjoint representation. More precisely, A is a connec-
tion of a principal G-bundle P over Minkowski spacetime R9,1, and Ψ is a
section of S+ ⊗ ad(P ), where ad(P ) is the adjoint bundle of P . The theory
is governed by the action

(3) − 1

e2

∫
d10x Tr

(
1

2
F IJFIJ − iΨΓIDIΨ

)
.

Here e is the gauge coupling, F = dA+A ∧A is the field strength and
D = d +A is the covariant derivative. The symbol Tr denotes an invariant
symmetric bilinear form on the Lie algebra g of the compact Lie group
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G. We have chosen A in such a way that it is antihermitian in a unitary
representation of G, and Tr to be negative definite. We pick generators Ta,
a = 1, . . . , dimG, of g such that Tr(TaTb) = −δab so that we can write, for
example, AI =

∑dimG
a=1 AaITa with real coefficients AaI .

The action (3) is invariant under the supersymmetry variation

(4) δϵAI = iϵ̄ΓIΨ , δϵΨ =
1

2
FIJΓ

IJϵ ,

whose parameter ϵ is a constant spinor of positive chirality. Hence, the the-
ory has sixteen supercharges, which is the maximum amount of supercharges
for theories without gravity. Let Qϵ be the supercharge generating the above
transformation. Up to equations of motion, the supercharges obey the anti-
commutation relation

(5) {Qϵ, Qη} = ϵ̄ΓIηPI ,

where the momentum PI generates translations in the xI -direction.
Now, let us demand the fields to be independent of the coordinates x6, x7,

x8, x9. Then we obtain a six-dimensional gauge theory, which is N = (1, 1)
super Yang–Mills theory.

Under the splitting of R9,1 into R5,1 and R4, the ten-dimensional Lorentz
group Spin(9, 1) decomposes into the product Spin(5, 1)× Spin(4)R. The
first factor is the six-dimensional Lorentz group, while the second is the R-
symmetry group of the six-dimensional theory. The ten-dimensional gauge
field

∑9
I=0AIdx

I descends to a gauge field
∑5

I=0AIdx
I and four adjoint

scalar fields

(6) ϕµ , µ = 0, . . . , 3 ,

in the six-dimensional theory, where the latter come from the components
Aµ+6 and transform in the vector representation 4 of Spin(4)R. Upon the
dimensional reduction the bosonic part of the action becomes

− 1

e2

∫
d6xTr

(
1

2

5∑

I,J=0

F IJFIJ +

5∑

I=0

3∑

µ=0

DIϕµDIϕµ(7)

+
1

2

3∑

µ=0

[ϕµ, ϕν ][ϕµ, ϕν ]

)
.

To understand what the fermion Ψ becomes in six dimensions, we recall
that Spin(4) is isomorphic to SU(2)× SU(2). In the case of Spin(4)R, we
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can take the first SU(2) factor to be generated by

(8)
1

2
(Γ67 + Γ89) ,

1

2
(Γ68 + Γ97) , −1

2
(Γ69 + Γ78)

and the second to be generated by

(9)
1

2
(Γ67 − Γ89) ,

1

2
(Γ68 − Γ97) ,

1

2
(Γ69 − Γ78) .

Acting on these generators with the chirality operator Γ6789 for Spin(4)R,
we see that the irreducible spinor representations of Spin(4)R of positive
and negative chirality are the representations (1,2) and (2,1) of SU(2)×
SU(2), respectively. The chirality operator for Spin(5, 1) is Γ012345, so S

+ of
Spin(9, 1) decomposes with respect to Spin(5, 1)× Spin(4)R as

(10)
(
4+, (1,2)

)
⊕
(
4−, (2,1)

)
,

where 4± are the spinor representations of Spin(5, 1) with the chirality in-
dicated by the subscripts. Thus, in six dimensions, Ψ becomes two sets of
spinors which have opposite chirality and are doublets of different SU(2)
factors of Spin(4)R.

The six-dimensional super Yang–Mills theory inherits the sixteen su-
percharges from ten dimensions. Since the parameter ϵ of supersymmetry
variations transforms in the same way as Ψ does, the theory has two SU(2)
doublets of supercharges with opposite chirality, generating N = (1, 1) su-
persymmetry in six dimensions.

2.2. Topological–holomorphic theory

The topological–holomorphic theory we are going to construct is a topo-
logical twist of the Euclidean version of six-dimensional N = (1, 1) super
Yang–Mills theory, and can be defined on a product M × C, with M being
a four-manifold and C either C, C× or C/(Z+ τZ). The relevant topological
twist is essentially the GL-twist of N = 4 super Yang–Mills theory in four
dimensions, which plays an important role in a gauge theoretic approach to
the geometric Langlands duality [50].

The Euclidean theory is obtained from the Lorentzian one by the Wick
rotation x0 7→ −ix0. Correspondingly, we get gamma matrices in Euclidean
signature by making the replacement Γ0 7→ iΓ0 in those in Lorentzian sig-
nature.
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For a moment, suppose that M is a spin manifold. The structure group
of the spinor bundle over M × C is Spin(4)M × Spin(2)C . To implement
the topological twist in question, we turn on a background gauge field for
Spin(4)R whose value is equal to the spin connection of M , and interpret
the diagonal subgroup Spin(4)′M of Spin(4)M × Spin(4)R as a new rotation
group on M . Under Spin(4)′M , the scalars ϕµ transform as the components
of a one-form

(11) ϕ = ϕµdx
µ

since they originated from the components of the ten-dimensional gauge field
along the directions rotated by Spin(4)R.

The transformation properties of the fermions can be identified as
follows. In Minkowski signature, we can take the chirality operators for
Spin(3, 1), Spin(2) and Spin(5, 1) to be −iΓ0123, −iΓ45 and Γ012345 =
−(−iΓ0123)(−iΓ45), respectively. Then, 4+ of Spin(5, 1) transforms under
the subgroup Spin(3, 1)× Spin(2) as 2−1

+ ⊕ 21−, while 4− transforms as 21+ ⊕
2−1
− . Here the superscripts indicate the charges under Spin(2) ∼= U(1), mea-

sured by −iΓ45. In Euclidean signature, Spin(3, 1) is replaced with Spin(4) ∼=
SU(2)× SU(2), and 2+ becomes (1,2) and 2− becomes (2,1). Using the
decomposition 2⊗ 2 = 1⊕ 3 of SU(2), we find that the fermions transform
under Spin(4)′M × Spin(2)C as

(12) 2(1,1)−1 ⊕ (1,3)−1 ⊕ (3,1)−1 ⊕ 2(2,2)1 .

The first three summands represent two scalars and one two-form on M ,
transforming as negative chirality spinors on C:

(13) ξ, ξ′ ∈ Γ
(
Λ0
M ⊗K

−1/2
C ⊗ ad(P )

)
, χ ∈ Γ

(
Λ2
M ⊗K

−1/2
C ⊗ ad(P )

)
.

The last summand gives two one-forms on M which are positive chirality
spinors on C:

(14) ψ ,ψ′ ∈ Γ
(
Λ1
M ⊗K

1/2
C ⊗ ad(P )

)
.

Here ΛpM is the bundle of p-forms onM andK
±1/2
C are the bundles of spinors

on C with positive and negative chirality, all pulled back toM × C. We have
used the same symbol P as in the ten-dimensional case to denote the gauge
bundle.
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Since the twisted theory does not contain any spinors on M , at this
point we can relax the assumption that M is spin. The twisted theory can
be defined on any four-manifold M .

Looking at the transformation properties of the fermions, we see that
the twisted theory has two supercharges that are invariant under Spin(4)′M .
They generate supersymmetry transformations whose parameters are con-
stant scalars on M and constant spinors on C, and as such are present for
any choice of M . In contrast, the other supercharges are broken unless M
admits covariantly constant one-forms or two-forms.

Let us describe the supercharges that are scalars on M more explicitly.
The relevant supersymmetry parameters are annihilated by the generators
of Spin(4)′M :

(15) (Γµν + Γµ+6,ν+6)ϵ = 0 , µ, ν = 0, . . . , 3 .

These equations can be rewritten as

(16) ϵ = Γµνµ+6,ν+6ϵ ,

and impose three independent constraints on ϵ. Each of them reduces the
dimension of the parameter space by half, so there are 16× (1/2)3 = 2 in-
dependent solutions, as expected.

We can single out a supercharge by further demanding

(17) ϵ = −iΓµ,µ+6ϵ .

These equations are compatible with the condition (16) and the chirality
condition

(18) iΓ0123456789ϵ = ϵ

in Euclidean signature since Γµ,µ+6 commute with Γ0123456789 and Γµνµ+6,ν+6.
We are left with a unique solution up to rescaling, and call the corresponding
supercharge Q. Similarly, imposing the condition

(19) ϵ = iΓµ,µ+6ϵ

we obtain another supercharge Q′.
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An important property of the supercharges thus defined is that they
square to zero:

(20) Q2 = (Q′)2 = 0 .

It is clear that Pµ cannot appear in Q2 or (Q′)2 because these supercharges
are Spin(4)′M -invariant. To see that PI for any I = 0, . . . , 9 makes no ap-
pearance either, say in Q2, we pick µ such that I ̸= µ, µ+ 6 and note
iϵ̄Γµ,µ+6 = −iϵTΓTµ,µ+6C = ϵ̄. So we have

(21) ϵ̄ΓIϵ = ϵ̄ΓI(−iΓµ,µ+6ϵ) = −iϵ̄Γµ,µ+6ΓIϵ = −ϵ̄ΓIϵ

and Q2 = ϵ̄ΓIϵPI = 0.
From the constraints (16) and the chirality condition (18), it follows

(22) ϵ = Γ0167Γ2389ϵ = iΓ45ϵ .

Since the parameters ϵ under consideration have charge −1 with respect to
the U(1) symmetry generated by−iΓ45, the corresponding supercharges have
charge +1. As can be seen from the transformation property of ᾱ(Γ4 − iΓ5)β,
the linear combination P4 − iP5 has charge 2 and is the only translation gen-
erator with that charge. Hence, {Q,Q′} ∝ P4 − iP5. Introducing the complex
coordinate

(23) z =
1

2
(x4 − ix5) ,

we normalize the supercharges in such a way that

(24) {Q,Q′} = Pz̄ .

Comparing the equation (Γ4 − iΓ5)ϵ = 0 with the formula (4) for su-
persymmetry variations, we see that Az̄ is invariant under the action of
Q and Q′. The extra condition (17) says (Γµ + iΓµ+6)ϵ = 0, meaning that
Aµ + iAµ+6 is annihilated by Q. The twisted theory therefore has the Q-
invariant partial connection

(25) A = Aµdx
µ +Az̄dz̄ , Aµ = Aµ + iϕµ .

By the same token, if we define

(26) A = (Aµ − iϕµ)dx
µ +Azdz ,
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then Aµdx
µ +Az̄dz̄ is Q′-invariant. We write D and F for the covariant

derivative and curvature of A+Azdz, and D and F for those of A+Az̄dz̄.
We can readily write down the action of Q on the rest of the fields.

From the Q-invariance of A, the transformation properties of the fields under
Spin(4)′M × Spin(2)C , and the fact that the supersymmetry variation of a
fermion is a linear combination of the field strength FIJ in ten dimensions,
we deduce that the Q-action can be written as

(27)

δAµ = 0 , δAµ = ψµ ,

δAz = ξ , δAz̄ = 0 ,

δξ = 0 , δξ′ = P ,

δψµ = 0 , δψ′
µ = Fµz̄ ,

δP = 0 , δχµν = Fµν .

We have introduced an auxiliary bosonic scalar P in order to realize the
correct supersymmetry algebra off-shell.

The variation δ′ under the action of Q′ can be identified with the help
of relation (24). Setting {δ, δ′}Aµ = Fz̄µ leads to δδ′Aµ = −δψ′

µ, so we have
δ′Aµ = −ψ′

µ up to Q-invariant terms which we can absorb in the definition of

ψ′
µ. Likewise, the relation {δ, δ′}Aµ = F z̄µ implies δ′ψµ = −Fµz̄. Redefining

ξ′ and P if necessary, we can set δ′Az = −ξ′. Then, {δ, δ′}Az = Fz̄z gives
δ′ξ = P− Fzz̄.

To have {δ, δ′}χ = Dz̄χ, we need to use the equation of motion for χ.
Let us postulate that the part of the action that contains χ is given by

S1 =
1

e2

∫

M×C
d2zTr

(
−δ
(
χ ∧ ⋆M F

)
+ χ ∧ Dψ′ +

1

2
χ ∧Dz̄χ

)
(28)

=
1

e2

∫

M×C
d2zTr

(
−F ∧ ⋆M F + χ ∧ ⋆M Dψ

+ χ ∧ Dψ′ +
1

2
χ ∧Dz̄χ

)
,

where d2z = −2i dz ∧ dz̄ = dx4 ∧ dx5. Note that we have chosen a metric
gM on M to define the Hodge star ⋆M on M . The above expression is Q-
invariant thanks to the Bianchi identity DF = 0, provided that boundary
terms do not arise in the Q-variation. The equation of motion for χ derived
from this action is

(29) Dz̄χ = −δ
(
⋆M F

)
+ δ′δχ .
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Equating the left-hand side with {δ, δ′}χ, we find δ′χ = − ⋆M F up to Q-
invariant terms. Because we did not redefine χ, its supersymmetry variation
is still given by a linear combination of FIJ , and the Q-invariant terms,
if exist, must be constructed from F . Such terms are not compatible with
δ′2χ = 0 and should be absent (unless we are willing to use other equations
of motion). The Q′-variations of the remaining fields can be fixed by the
requirement δ′2 = 0.

We have thus obtained the following formula for the supersymmetry
transformation generated by Q′:

(30)

δ′Aµ = −ψ′
µ , δ′Aµ = 0 ,

δ′Az = −ξ′ , δ′Az̄ = 0 ,

δ′ξ = P− Fzz̄ , δ′ξ′ = 0 ,

δ′ψµ = −Fµz̄ , δ′ψ′
µ = 0 ,

δ′P = Dz̄ξ
′ , δ′χµν = −(⋆M F)µν .

With these transformation rules, we can write S1 as

(31) S1 =
1

e2

∫

M×C
d2zTr

(
δ′(F ∧ χ) + χ ∧ ⋆M Dψ +

1

2
χ ∧Dz̄χ

)
.

This is Q′-invariant, again up to boundary contributions. Hence, S1 is in-
variant under both Q and Q′.

The rest of the action of the twisted theory is

S2 =
1

e2

∫

M×C

√
g d6x δδ′Tr(−ξξ′ + 2iFµzϕ

µ)(32)

=
1

e2

∫

M×C

√
g d6x δTr

(
(−P+ Fzz̄ + 2iDµϕµ)ξ

′ −Fµzψ
′µ
)
,

where we have ignored boundary terms in going to the last expression. To
define the volume form

√
g d6x we have endowed C with the metric gC =

(dx4)2 + (dx5)2; the total metric on M × C is g = gM ⊕ gC and we have
gzz̄ = gz̄z = 2. This action is manifestly Q- and Q′-invariant. Explicitly, we
have

(33) S2 =
1

e2

∫

M×C

√
g d6xTr

(
−P(P− Fzz̄ − 2iDµϕµ)− 2Fµz̄Fµz̄

+ ξ′Dz̄ξ + ξ′Dµψ
µ + ψ′

µD
µ
ξ +Dzψ

µψ′
µ

)
.



✐

✐

“1-Yagi” — 2021/9/1 — 1:32 — page 1943 — #13
✐

✐

✐

✐

✐

✐

Unification of integrability in supersymmetric gauge theories 1943

The bosonic part of the full action S1 + S2 is

1

e2

∫

M×C

√
g d6xTr

(
−1

2
FµνFµν − P(P− Fzz̄ − 2iDµϕµ)− 2Fµz̄Fµz̄

)
(34)

=
1

e2

∫

M×C

√
g d6xTr

(
−
(
P− 1

2
Fzz̄ − iDµϕµ

)2

− 1

2
FµνFµν

− 2FµzFµz − F zz̄Fzz̄ −DµϕνDµϕν − 2DzϕµDzϕµ

− 1

2
[ϕµ, ϕν ][ϕµ, ϕν ]−Rµνϕ

µϕν
)
,

where Rµν is the Ricci curvature of g. ForM = R4, it reproduces the bosonic
part (7) of the action for N = (1, 1) super Yang–Mills theory.

Now that we have constructed a theory with two supercharges that
square to zero, let us pick one of them, say Q, and consider the Q-invariant
sector of the theory. The correlation function of a Q-exact operator van-
ishes because in the path integral representation it is the integral of a “total
derivative” over an infinite-dimensional supermanifold. Therefore, the corre-
lation function of a Q-invariant operator depends only on the Q-cohomology
class of that operator. We can also define the Q-cohomology of states. This
is a module over the Q-cohomology of operators, and the partition function
with Q-closed states specified on the boundary components of spacetime
depends only on the Q-cohomology classes of those states. (More gener-
ally, correlation functions of Q-closed operators with Q-closed states have a
similar property.)

Since the dependence of the action on the metric of M is completely
buried in the Q-exact part, the theory becomes topological on M once we
restrict it to the Q-invariant sector. Similarly, the Q-invariant sector of the
theory depends on the complex structure of C but not on the metric. The
anticommutation relation (24) shows that Pz̄ = 0 in the Q-cohomology, so
correlation functions of Q-closed operators supported at points on C vary
holomorphically on C. In this sense, the twisted theory is a topological–
holomorphic theory on M × C.

An example of a Q-closed operator is a Wilson line constructed from A,
supported along a closed curve K ⊂M and a point z ∈ C:

(35) TrV P exp

(∮

K×{z}
A
)
.
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The trace is taken in some representation GC → GL(V ) of the complexifica-
tion GC of G. Such Wilson lines form one of the two classes of observables
from which we construct integrable lattice models.

2.3. Two-dimensional formulation

Suppose that C is an elliptic curve. If we make C very small and discard the
Kaluza–Klein modes, the topological–holomorphic theory onM × C reduces
to a topological theory on M . This is the GL-twisted N = 4 super Yang–
Mills theory [50]. We can further takeM to be the product of a surfaceD and
a torus, and make the torus very small. Then, after discarding the Kaluza–
Klein modes, we obtain a topologically twisted N = (8, 8) super Yang–Mills
theory on D.

In this series of reduction from six to two dimensions, we could as well
keep all Kaluza–Klein modes. If we chose to do so, we would end up with a
formulation of the six-dimensional topological–holomorphic theory as a two-
dimensional gauge theory. Let us describe this two-dimensional formulation
concretely, as we will use it later when we introduce an Ω-deformation of
the theory.

2.3.1. Two-dimensional supersymmetry. Recall that the topological
twist of the six-dimensional theory replaces the generators Γµν of the rota-
tion group Spin(6) with Γµν + Γµ+6,ν+6. The supercharges Q, Q′ are char-
acterized by three conditions on the parameter ϵ of supersymmetry trans-
formation:

(36) (Γ01 + Γ67)ϵ = (Γ12 + Γ78)ϵ = (Γ23 + Γ89)ϵ = 0 .

Requiring the additional condition

(37) ϵ = −iΓ39ϵ

then picks out the supercharge Q used to define the topological–holomorphic
theory. To describe this procedure in two-dimensional terms, let us impose
the above conditions in a different order.

First, we demand (Γ23 + Γ89)ϵ = (1 + iΓ39)ϵ = 0. These equations have
four independent solutions that are eigenvectors of the two-dimensional chi-
rality operator −iΓ01. The action of Γ06 leaves the space of solutions invari-
ant but changes chirality, so there are equal number of positive and negative
chirality solutions. The corresponding supercharges generate N = (2, 2) su-
persymmetry in two dimensions.
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Next, we impose (Γ01 + Γ67)ϵ = 0, which reduces the number of inde-
pendent solutions to two. There are two U(1) R-symmetries that rotate the
supercharges of N = (2, 2) supersymmetry, U(1)V generated by −iΓ45 and
U(1)A generated by −iΓ67. This condition means that we twist the two-
dimensional rotation group U(1)D by replacing it with the diagonal sub-
group U(1)′D of U(1)D ×U(1)A, and keep only those supercharges that are
scalars under U(1)′D. The R-symmetry U(1)A used in this twisting acts on
the scalars ϕ6, ϕ7, which are part of the Q-invariant connection

∑1
i=0Aidx

i

in two dimensions and belong to the vector multiplet of N = (2, 2) super-
symmetry. It is known as the axial U(1) R-symmetry, and the topological
twist with respect to it is called the B-twist [26, 27]. Since ϵ = iΓ45ϵ, the
scalar supercharges have charge 1 under the other R-symmetry U(1)V , re-
ferred to as the vector U(1) R-symmetry. The topological twist using U(1)V
is called the A-twist.

Finally, the condition (Γ12 + Γ78)ϵ = 0 picks out a particular linear com-
bination of the scalar supercharges, which we have been calling Q. We can
choose another scalar supercharge Q̃ (which is different from Q′) such that
Q and Q̃ obey the relations

(38) Q2 = Q̃2 = {Q, Q̃} = 0

up to central charges. These supercharges do not have definite chirality since
the last condition is not compatible with the chirality condition ϵ = ±iΓ01ϵ.

2.3.2. B-twisted gauge theory. Our task is therefore to describe the
six-dimensional topological–holomorphic theory as a B-twisted gauge theory
in two dimensions. To this purpose we briefly review the construction of the
latter theory.

We write G for the gauge group of a B-twisted gauge theory to distinguish
it from the gauge group of the six-dimensional theory. We pick generators
Ta, a = 1, . . . , dimG, of the Lie algebra Lie(G) of G that are orthonormal
with respect to the minus of an invariant symmetric bilinear form Tr. The
spacetime of the theory is a surface D, and the gauge bundle is a principal
G-bundle P → D.

The basic ingredients of a B-twisted gauge theory are vector multiplets
and chiral multiplets. A vector multiplet consists of a gauge field A of P,
bosonic fields

(39) σ ∈ Γ
(
Λ1
D ⊗ ad(P)

)
, D ∈ Γ

(
Λ0
D ⊗ ad(P)

)
,
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and fermionic fields

(40) α ∈ Γ
(
Λ0
D ⊗ ad(P)

)
, λ ∈ Γ

(
Λ1
D ⊗ ad(P)

)
, ζ ∈ Γ

(
Λ2
D ⊗ ad(P)

)
.

A chiral multiplet is valued in a unitary representation R of G. It consists
of bosonic fields

(41) φ ∈ Γ
(
Λ0
D ⊗R(P)

)
, F ∈ Γ

(
Λ2
D ⊗R(P)

)
,

and fermionic fields

(42) η̄ ∈ Γ
(
Λ0
D ⊗R(P)

)
, ρ ∈ Γ

(
Λ1
D ⊗R(P)

)
, µ̄ ∈ Γ

(
Λ2
D ⊗R(P)

)
,

where R(P) denotes the vector bundle associated to P constructed from R,
and R is the complex conjugate of R which we also regard as the dual of R
by a hermitian form on the representation space.

As mentioned already, a B-twisted N = (2, 2) supersymmetric theory
has two scalar supercharges, Q and Q̃. Under the action of Q, the vector
multiplet transforms as

(43)

δA = 0 , δA = λ ,

δλ = 0 , δα = D ,

δD = 0 , δζ = F ,

while the chiral multiplet transforms as

(44)

δφ = 0 , δφ̄ = η̄ ,

δρ = Dφ , δη̄ = 0 ,

δF = Dρ− ζφ , δF = 0 ,

δµ̄ = F .

Here we have introduced the notation

(45) A = A+ iσ , A = A− iσ .

The fields φ̄ and F are the hermitian conjugates of φ and F.
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The other supercharge Q̃ depends on a choice of a metric on D. It acts
on the vector multiplet by

(46)

δ̃A = ⋆ λ , δ̃A = 0 ,

δ̃λ = 0 , δ̃α = ⋆F ,

δ̃D = − ⋆Dλ , δ̃ζ = − ⋆D+ 2iD⋆σ

and on the chiral multiplet by

(47)

δ̃φ = 0 , δ̃φ̄ = − ⋆ µ̄ ,

δ̃ρ = − ⋆Dφ , δ̃η̄ = ⋆F ,

δ̃F = D ⋆ ρ− ⋆αφ , δ̃F = 0 ,

δ̃µ̄ = 0 .

The main part of the action is exact with respect to both Q and Q̃. The
action governing the dynamics of the vector multiplet is

SV =

∫

D
δδ̃Tr(ζα)(48)

=

∫

D
δTr

(
(− ⋆D+ 2iD⋆σ)α− ζ ⋆F

)

=

∫

D
Tr
(
−F ⋆F − D ⋆(D− 2i ⋆D ⋆σ) + αD ⋆ λ+ ζ ⋆Dλ

)
.

The action for the chiral multiplet is

SC =

∫

D
δδ̃(−φ̄F)(49)

=

∫

D
δ
(
−φ̄(D ⋆ ρ− ⋆αφ) + µ̄ ⋆F

)

=

∫

D

(
−φ̄D ⋆Dφ+ ⋆ φ̄Dφ+ F ⋆F

− η̄D ⋆ ρ− µ̄ ⋆Dρ+ ⋆ η̄αφ− φ̄λ ∧ ⋆ ρ+ µ̄ ⋆ ζφ
)
.

In addition, we can turn on a superpotential W , which is a gauge in-
variant holomorphic function of the chiral multiplet scalars. It generates the
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interaction terms given by

SW =

∫

D

(
F
∂W

∂φ
+

1

2
ρ ∧ ρ ∂

2W

∂φ∂φ
+ ⋆ δδ̃W

)
(50)

=

∫

D

(
F
∂W

∂φ
+

1

2
ρ ∧ ρ ∂

2W

∂φ∂φ
− F

∂W

∂φ̄
− η̄µ̄

∂2W

∂φ̄∂φ̄

)
.

Unlike SV and SC, this is neither Q-exact nor Q̃-exact. Furthermore,
it is not automatically invariant under Q or Q̃ if D has a boundary. The
Q-invariance requires

(51)

∫

∂D
ρ
∂W

∂φ
= 0 ,

while for the Q̃-invariance we need

(52)

∫

∂D
⋆ ρ
∂W

∂φ
= 0 .

Appropriate boundary conditions must be imposed for the supercharges to
be unbroken.

2.3.3. Topological–holomorphic theory as a B-twisted gauge the-
ory. Now we takeM=D×Σ and describe the six-dimensional topological–
holomorphic theory on D × Σ× C as a B-twisted gauge theory on D. We
use letters i, j, . . . for indices for D and m, n, . . . for those for Σ. For
simplicity we assume D × Σ× C has no boundary (or impose appropriate
boundary conditions so that all boundary terms arising from integration by
parts vanish).

We need to organize the fields of the six-dimensional theory into super-
multiplets of B-twisted gauge theory. Clearly, the theory has a single vector
multiplet whose gauge field Aidx

i is part of the six-dimensional gauge field.
Comparing the transformation rules (43) and (27) in two and six dimensions,
we identify the other fields in the vector multiplet as

(53) σi = ϕi , D = P , α = ξ′ , λi = ψi , ζij = χij .

In order to lift the vector multiplet action (48) to six dimensions, we
interpret the bilinear form Tr on Lie(G) as

(54)
1

e2

∫

Σ×C
⋆Σ×C Tr ,
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where Tr in the integrand stands for the bilinear form on g. This gives

(55) SV =
1

e2

∫

D×Σ×C

√
g d6x δTr

(
(−P+ 2iDiϕi)ξ

′ − 1

2
χijF ij

)
.

As can be seen from the bosonic fields annihilated by Q, we have three
chiral multiplets in the adjoint representation, whose scalar components are
Am and Az̄. We name the fields of these multiplets as (Am,Fm, η̄m, ρm, µ̄m)
and (Az̄,Fz̄, η̄z, ρz̄, µ̄z).

To lift formula (44) to six dimensions, what we have to do is essentially
to replace the scalar fields with the corresponding covariant derivatives so
that when we perform dimensional reduction on Σ× C, we get back to the
same formula. In this way we obtain

(56)

δAm = 0 , δAm = η̄m ,

δρmi = Fim , δη̄m = 0 ,

δFmij = Diρmj −Djρmi +Dmζij , δFmij = 0 ,

δµ̄mij = Fmij

and

(57)

δAz̄ = 0 , δAz = η̄z ,

δρz̄i = Fiz̄ , δη̄z = 0 ,

δFz̄ij = Diρz̄j −Djρz̄i +Dz̄ζij , δFzij = 0 ,

δµ̄zij = Fzij .

From the Q-variations involving the gauge field, we see

(58) η̄m = ψm , ρmi = χim , η̄z = ξ , ρz̄i = ψ′
i .

With this identification, we can write δFmij=(Dχ)mij and δFz̄ij=(Dψ′)ij +
Dz̄χij . On the other hand, from the six-dimensional action we derive the
equations of motion

(59) DMχ = − ⋆M Dzψ + ⋆M DMξ = − ⋆M ι∂zδF

and

(60) DMψ
′ +Dz̄χ = − ⋆M DMψ = − ⋆M δF ,
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with DM = Dµdx
µ. Combining these equations we deduce the on-shell rela-

tions

(61) Fmij = −
(
⋆M ι∂zF

)
mij

, Fz̄ij = −
(
⋆M F

)
ij
.

Then, we have Fmij = −(⋆M ι∂z̄F)mij and Fzab = −(⋆M F)ij on shell (note
the sign; the on-shell value of F is minus the hermitian conjugate of F) and

(62) µ̄mij = (⋆M ψ′)mij , µ̄zij = −(⋆M χ)ij .

Lifting the chiral multiplet action (49) to six dimensions is also straight-
forward. For example, the term δ(−φ̄D ⋆ ρ) in the integrand on the sec-
ond line can be converted to δ(Dφ̄ ∧ ⋆ ρ) by integration by parts and lifted

to δTr(−F im
χim −F izψ

′i). Also, since φ is in the adjoint representation,
δ(φ̄ ⋆ αφ) can be written as δTr(⋆[φ, φ̄]α) and is lifted to δTr((2iDmϕm +
Fzz̄)ξ

′). For comparison with the six-dimensional description, it is useful to
express the chiral multiplet action as

SC =
1

e2

∫

D×Σ×C

√
g d6xTr

(
δ
(
−F im

χim −F izψ
′i + (2iDmϕm + Fzz̄)ξ

′
)

+
1

2
F
mij

Fmij +
1

2
F
ij
z Fz̄ij

)

+
1

e2

∫

D×Σ×C
d2zTr

(
−Dχ ∧ ψ′

Σ + χΣ ∧ (Dψ′ +Dz̄χ)
)
.(63)

Here we have defined

(64) χΣ =
1

2
χmndx

m ∧ dxn , ψ′
Σ = ψ′

mdx
m .

We also need to determine the superpotential. In order to reproduce the
equations of motion (61), the superpotential must be

(65) W = − i

e2

∫

Σ×C
dz ∧ CS(A) ,

where

(66) CS(A) = Tr

(
A ∧ dA+

2

3
A ∧A ∧A

)
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is the Chern–Simons three-form constructed from A. The corresponding
superpotential terms are

SW =
1

e2

∫

D×Σ×C

√
g d6xTr

(
1

2
F
mij(⋆M ι∂z̄F)mij +

1

2
F
ij
z̄ (⋆M F)ij(67)

+
1

2
F
mij

(⋆M ι∂zF)mij +
1

2
F
ij
z (⋆M F)ij

− δFmzψ
′m +

1

2
χmnδFmn

)

+
1

e2

∫

D×Σ×C
d2zTr

(
1

2
χD|Σ ∧Dz̄χ+ χD|Σ ∧ Dψ′

D

)
,

where

(68) χD|Σ = χim dxi ∧ dxm , ψ′
D = ψ′

i dx
i .

The superpotential (65) is not quite gauge invariant, but this is not a prob-
lem because the resulting action is gauge invariant.

While the sum SV + SC + SW reproduces the fermionic part of the six-
dimensional action, they lack the terms

(69)
1

e2

∫

D×Σ×C

√
g d6xTr

(
−1

2
FmnFmn − 2Fmz̄Fmz̄

)

from the bosonic part. These missing terms are supplied when the auxil-
iary fields are integrated out. Thus, we have obtained a two-dimensional
formulation of the six-dimensional topological–holomorphic theory, which is
applicable for M = D × Σ.

3. Ω-deformation of B-twisted gauge theories

Once we reformulate the six-dimensional topological–holomorphic theory
as a two-dimensional B-twisted gauge theory, we can subject it to an Ω-
deformation [22–24] following the construction of [29]. Via localization of
the path integral, the Ω-deformation reduces the topological sector of the
B-twisted gauge theory to a zero-dimensional gauge theory with complex
gauge group [28–30]. In this section we discuss this localization mechanism
for a general B-twisted gauge theory.
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3.1. Ω-deformation

As we have seen above, a B-twisted gauge theory has two scalar supercharges
Q and Q̃. If the spacetime D is flat, the theory additionally has a one-form
supercharge G = Gidx

i, satisfying {Q,Gi} = Pi and {Gi, Gj} = 0 in some
coordinates. More generally, if V is a parallel vector field on D (which may
or may not be curved), there is an associated fermionic symmetry and hence
the corresponding supercharge ιVG. The linear combination Q+ ιVG is then
a supercharge which squares to V .

If V is not covariantly constant, ιVG does not exist in general. Never-
theless, if V is a Killing vector field generating an isometry of D, we can
construct a deformation of the theory such that it has a supercharge QV
that squares to the generator of the isometry and reduces to Q for V = 0.
This deformation is what we call an Ω-deformation of the B-twisted gauge
theory.

Specifically, the deformed supercharge QV acts on the vector multiplet
by

(70)

δVA = ιV ζ , δVA = λ− ιV ζ ,

δV λ = 2ιV F − 2iDιV σ , δV ζ = F ,

δV α = D , δV D = ιVDα ,

and on the chiral multiplet by

(71)

δV φ = ιV ρ , δV φ̄ = η̄ ,

δV ρ = Dφ+ ιV F , δV η̄ = ιVDφ̄ ,
δV F = Dρ− ζφ , δV F = DιV µ̄ ,

δV µ̄ = F .

Its square is essentially the Lie derivative LV = dιV + ιV d, but made covari-
ant with respect to the complexified gauge symmetry:

(72) Q2
V = DιV + ιVD .

The right-hand side equals LV plus the infinitesimal gauge transformation
generated by ιVA.

Being a generator of an isometry, V is a real vector field. More generally,
we allow V to be a complex Killing vector field that commutes with its
complex conjugate V . Also, V |∂D must be tangent to ∂D so that the isometry
preserves the boundary.
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The action of the Ω-deformed theory is again of the form SV + SC + SW ,
each term being a QV -invariant deformation of the corresponding term in
the undeformed action. As in the undeformed case, we can take SV and SC
to be QV -exact. A minimal choice is

SV = δV

∫

D
Tr
(
(− ⋆D+ 2iD⋆σ)α− ζ ⋆F

)
(73)

=

∫

D
Tr
(
−F ⋆F − D ⋆(D− 2i ⋆D ⋆σ)

+ αD ⋆ λ̃+ ζ ⋆Dλ̃+ αdV ♭ ⋆ ζ
)

+

∫

∂D
Tr(⋆ ζ ⋆ ιV ⋆α)

and

SC = δV

∫

D

((
Dφ̄+ ιV F

)
∧ ⋆ ρ+ ⋆ φ̄αφ+ µ̄ ⋆F

)
(74)

=

∫

D

((
Dφ̄+ ιV F

)
∧ ⋆
(
Dφ+ ιV F

)
+ ⋆ φ̄Dφ+ F ⋆F+Dη̄ ⋆ ρ

− µ̄ ⋆Dρ+ ⋆ η̄αφ− φ̄λ̃ ∧ ⋆ ρ+ µ̄ ⋆ ζφ+ ιVDιV µ̄ ⋆ ρ
)
,

where V ♭ is the one-form dual to V with respect to the metric on D and

(75) λ̃ = λ− ιV ζ − ⋆ ιV ⋆α .

It is important here that V is a Killing vector field and [V, V ] = 0. The former
property means that LV annihilates the metric and commutes with ⋆, while
the latter implies [LV , ιV ] = 0. Together with the identity [LV , ιV ] = 0, these
properties ensure the QV -invariance of SV and SC.

Remarkably, the Ω-deformation allows SW to be QV -invariant without
resorting to any boundary conditions. Suppose, for simplicity, that there is
only one boundary component in D, and parametrize this boundary circle
by an angular coordinate θ. Then

SW =

∫

D

(
F
∂W

∂φ
+

1

2
ρ ∧ ρ ∂

2W

∂φ∂φ
− δV

(
µ̄
∂W

∂φ̄

))
−
∫

∂D
W

dθ

V θ
(76)

=

∫

D

(
F
∂W

∂φ
+

1

2
ρ ∧ ρ ∂

2W

∂φ∂φ
− F

∂W

∂φ̄
− η̄µ̄

∂2W

∂φ̄∂φ̄

)
−
∫

∂D
W

dθ

V θ

is a QV -invariant superpotential action.
Since QV squares to zero on operators and states that are invariant

under the gauge symmetry and the isometry, we can define its cohomology
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in the spaces of such states and operators. Unlike the undeformed case, the
QV -invariant sector of the theory is not quite topological: it is invariant
under deformations of the metric only if V remains as a Killing vector field.
For this reason, we refer to the Ω-deformed B-twisted gauge theory as a
quasi-topological theory.

3.2. Localization on a disk

As we have just seen, an Ω-deformation can be applied to a B-twisted gauge
theory whenever the spacetime D has an isometry. A basic example is when
D is a disk of finite radius, equipped with a rotation invariant metric, and V
is a generator of rotations. We now show that for a suitable boundary con-
dition, the quasi-topological sector of the Ω-deformed theory is in this case
equivalent to a zero-dimensional theory, whose path integral is performed
over a domain specified by the boundary condition.

To be concrete, we endow D with the metric of a hemisphere of unit
area. In terms of polar coordinates (r, θ), the metric takes the form

(77) g(r, θ) = grr(r)dr
2 + gθθ(r)dθ

2

and we have

(78) V = ϵ∂θ

for some ϵ ∈ C. We use hatted indices (r̂, θ̂) to denote components of ten-
sors with respect to the orthonormal vectors ∂θ̂ =

√
gθθ ∂θ, ∂r̂ =

√
grr ∂r

and their duals dθ̂ =
√
gθθ dθ, dr̂ =

√
grr dr̂. For example, V θ̂ =

√
gθθ V

θ and

|V θ̂| equals the norm ∥V ∥ of V .

3.2.1. Boundary conditions. To begin with, let us figure out what sort
of boundary condition should be imposed. In general, a good boundary con-
dition ensures that the boundary terms vanish in the variation of the action
so that the classical equations of motion are obtained from the variational
principle. In our case, we moreover want the boundary condition to be QV -
invariant.

We start with the vector multiplet. Integrating D out and varying the
gauge field, we see that the boundary terms in the variation of the action
vanish if either the Dirichlet condition δAθ = 0 or the Neumann condition
Frθ = 0 is satisfied on the boundary. The former breaks the gauge symmetry
on the boundary. For our applications we look for a boundary condition that
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preserves the gauge symmetry, so we pick the Neumann condition. We can
also choose a gauge in which

(79) Ar = 0

on the boundary. Then, the Neumann condition reads

(80) ∂rAθ = 0 .

Next, varying σ, we find that each component σi of σ should obey either
the Dirichlet condition δσi = 0 or the Neumann condition ∂rσi = 0. In view
of the fact that the gauge field appears in Q2

V through the combination
A = A+ iσ, it is natural to choose

(81) σr = ∂rσθ = 0 .

Letting QV act on the boundary conditions we have so far, we get

(82) ζrθ = λr = ∂rλθ = 0 .

These conditions already ensure that the boundary terms vanish under vari-
ations of the fermions.

Since λθ does not vanish on the boundary, the action should have a term
that contains the boundary value of λθ. The only term that may not vanish
on the boundary is αDθλθ. So we require α to obey the Neumann condition

(83) ∂rα = 0 ,

just as λθ does. Then we must have

(84) ∂rD = 0

for QV -invariance.
The set of boundary conditions for the vector multiplet thus obtained is

QV -invariant. Repeated action of QV does not lead to any further conditions
since Q2

V just generates translations on the boundary.
On the chiral multiplet, we impose a boundary condition of brane type.

The target space X for the chiral multiplet is the representation space of
the representation R. We choose a submanifold γ in X, and demand the
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boundary value of the scalar field to lie in γ:

(85) φ ∈ γ .

The QV -action on this condition yields

(86) (ιV ρ, η̄) ∈ Tφγ ⊗ C .

We require γ to be G-invariant so that the gauge symmetry is preserved.
Furthermore, we assume that Re(W/ϵ) is bounded above on γ so that the
boundary term in the superpotential action (76) does not render the path
integral divergent.

Varying the fermions we get the boundary terms

(87)

∫

∂D
dθ̂

(
− 1

∥V ∥2 δ(ιV ρ)(ιV µ̄)r̂ + δη̄ρr̂

)
.

For these terms to vanish, we should have

(88)
(
ρr̂,−∥V ∥−2(ιV µ̄)r̂

)
∈ Nφγ ⊗ C ,

where Nγ is the normal bundle of γ with respect to the Kähler metric

(89) gX = Re(dφ⊗ dφ̄)

of X. The QV -variation of this condition, together with the gauge condi-
tion (79), gives

(90)
(
∂r̂φ+ (ιV F)r̂,−∥V ∥−2(ιV F)r̂,

)
∈ Nφγ ⊗ C ,

which completes a QV -invariant set of boundary conditions on the chiral
multiplet.

The equations of motion for F and F are

(91)

Fr̂θ̂ =
1

1 + ∥V ∥2
(
V
θ̂Dr̂φ+

∂W

∂φ̄

)
,

Fr̂θ̂ =
1

1 + ∥V ∥2
(
V θ̂Dr̂φ̄− ∂W

∂φ

)
.

Plugging these equations into the boundary condition (90), we get

(92)

(
∂r̂φ− V θ̂ ∂W

∂φ̄
, ∂r̂φ̄− 1

V θ̂

∂W

∂φ

)
∈ Nφγ ⊗ C .
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As a check, let us verify that boundary terms are absent in the variation of
the action under this boundary condition. After F and F are integrated out,
the bosonic terms in SC + SW are given by

∫

D
dr̂ dθ̂

(
1

1 + ∥V ∥2
(
Dr̂φ̄Dr̂φ+ V

θ̂
∂r̂W − V θ̂∂r̂W +

∂W

∂φ

∂W

∂φ̄

)
(93)

+Dθ̂φ̄Dθ̂φ+ φ̄Dφ

)
−
∫

∂D
W

dθ̂

V θ̂
.

Varying the scalars, we see that the boundary terms indeed vanish.
In the undeformed case ϵ = 0, the boundary condition (92) implies that

W is locally constant on γ. The same condition then requires (∂rφ, ∂rφ̄) ∈
Nφγ on the boundary. If γ is a complex submanifold, this is (part of) a “B-
brane” boundary condition for a B-twisted Landau–Ginzburg model [27],
which preserves half of N = (2, 2) supersymmetry. For our application, how-
ever, we will actually take γ to be, roughly speaking, a Lagrangian subman-
ifold.

We remark that the boundary condition described here depends on
∥V ∥2. As a consequence, the presence of boundary mildly breaks the quasi-
topological invariance of the theory. We are still allowed to deform the metric
as long as we continue to impose the same boundary condition defined with
respect to the original metric.

3.2.2. Gauge fixing. Performing the path integral requires gauge fixing.
We do this by adapting the BRST gauge fixing procedure to the present
setting.

We enlarge the set of fields with additional fermionic fields b, c and
auxiliary bosonic field B, all transforming in the adjoint representation:

(94) b, c, B ∈ Γ
(
ad(P)

)
.

Then we introduce the BRST symmetry that acts on these fields by

(95) δBb = B , δBB = 0 , δBc =
1

2
{c, c} .

On the other fields the BRST symmetry acts by the gauge transformation
generated by c; for instance, δBφ = cφ. Since the action of the theory is
gauge invariant, it is invariant under the BRST symmetry.

The conserved charge QB for the BRST symmetry squares to zero. In
the standard BRST gauge fixing, one adds QB-exact gauge fixing terms to
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the action and considers the QB-cohomology. However, such terms will not
be QV -invariant and breaks the quasi-topological invariance of the theory.

To remedy this problem we combine QB with QV . Let us postulate that
QV acts on b, c and B by

(96) δV b = 0 , δV B = ιV db , δV c = −ιVA .

With this definition of the action of QV , the combined charge QV+B =
QV +QB satisfies

(97) Q2
V+B = ιV d + dιV .

The right-hand side is the ordinary Lie derivative instead of a gauge covari-
ant one, so we can define the cohomology with respect to the action of QV+B

on rotation invariant states and operators which are not necessarily gauge
invariant.

After gauge fixing, therefore, what we should consider is not the QV -
cohomology, but the QV+B-cohomology in the spaces of rotation invariant
states and operators. Since SV and SC are QV -commutators of gauge invari-
ant expressions, they are automatically exact with respect to QV+B. The
quasi-topological invariance of the theory is thus maintained.

Now we can perform gauge fixing as in the usual BRST procedure, treat-
ing QV+B as the BRST operator. We pick a suitable Lie(G)-valued function
fGF constructed from the original set of fields, and add to the action the
QV+B-exact term

(98) δV+B

∫

D
⋆Tr(2ibfGF) =

∫

D
⋆Tr(2iBfGF − 2ib δV+BfGF) .

Integrating over B produces a delta function which imposes the gauge fixing
condition

(99) fGF = 0 .

The fermionic part can be written as

(100) 2i

∫

D
⋆(Tb · fGF)

abac̃b

for some fermion

(101) c̃ = c+ · · · ,
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where Tb · fGF denotes the infinitesimal gauge transformation of fGF by
Tb ∈ Lie(G). This is possible because for a sensible choice of fGF, the matrix-
valued function ((Tb · fGF)

a)dimG

a,b=1 represents an invertible operator on the
field space. The integration over the fermions produces the Faddeev–Popov
determinant for the gauge fixing.

For the convenience of computation, we actually make another choice of
gauge fixing terms:

SGF = δV+B

∫

D
⋆Tr(−bB+ 2ibfGF)(102)

=

∫

D
⋆Tr

(
−B

2 + bιV db+ 2iBfGF − 2ib δV+BfGF

)
.

This is a QV+B-exact deformation of the previous gauge fixing action, so
it leads to the same result. With this choice, integrating B out yields the
potential term Tr(−f2GF) rather than setting fGF = 0.

In the present situation where D is endowed with a hemisphere met-
ric, the gauge field on D can be obtained from one on the sphere S2 by
restriction. Then, Uhlenbeck’s theorem [51] guarantees that there exists a
representative satisfying the Lorenz gauge condition

(103) ∇iAi = 0

in each gauge equivalence class (at least when the field strength is sufficiently
small), and it is unique up to constant gauge transformations. Further, the
Lorenz gauge is compatible with the boundary conditions (79) and (80) on
the equator ∂D.1

We can remove the residual gauge freedom by imposing an additional
gauge fixing condition:

(104) fGF,0(φ0, φ̄0) = 0 .

1Let (θ, ϕ) be the spherical coordinates on S2, and A a gauge field on D obeying
the boundary condition Aφ = ∂φAθ = 0 at ϕ = π/2. We extend A to S2 by setting
Aθ(θ, ϕ) = Aθ(θ, π − ϕ) and Aφ(θ, ϕ) = −Aφ(θ, π − ϕ) for ϕ ≥ π/2. Suppose that a
gauge transformed connection Ag = gAg−1 − g−1dg satisfies the Lorenz gauge con-
dition, and let g̃(θ, ϕ) = g(θ, π − ϕ). Then, Ag̃

θ(θ, ϕ) = Ag
θ(θ, π − ϕ) and Ag̃

φ(θ, ϕ) =

−Ag
φ(θ, π − ϕ), and Ag̃ also satisfies the Lorenz gauge condition. By the unique-

ness property we have g̃ = g0g for some constant element g0. This implies that at
ϕ = π/2, we have −g−1∂φg = −g̃−1∂φg̃ = +g−1∂φg and hence Ag

φ = −g−1∂φg = 0

and ∂φA
g
θ = gFφθg

−1 = 0.
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Here fGF,0 is an appropriate Lie(G)-valued function on X, and φ0 is the
constant part of φ, defined as the average of φ with respect to the volume
form of D:

(105) φ0 =

∫

D
⋆φ .

Hence, we take our gauge fixing function to be

(106) fGF = ∇iAi + fGF,0(φ0, φ̄0) .

The corresponding gauge fixing action is

SGF =

∫

D
⋆Tr

(
−(∇iAi)

2 + bιV db+ 2ib∇iDic− ib∇iλi
)

(107)

− Tr
(
fGF,0(φ0, φ̄0)

2 + 2ib0 δV+BfGF,0(φ0, φ̄0)
)
,

where b0 is the constant part of b.
Before proceeding, we need to specify the boundary conditions for b, c

and B. For the QV+B-action to preserve the boundary gauge condition (79),
c must obey the Neumann condition. Then, for the nondegeneracy of SGF

on the boundary b should also obey the Neumann condition, and so should
B for QV+B-invariance. Thus, we impose the boundary condition

(108) ∂rb = ∂rc = ∂rB = 0 .

The set of all boundary conditions is then invariant under QB as well as QV .

3.2.3. Localization. We are ready to demonstrate the equivalence be-
tween the QV+B-invariant sector of the Ω-deformed B-twisted gauge theory
and a zero-dimensional theory. To this end we take advantage of the invari-
ance of the theory under QV+B-exact deformations and rescale the kinetic
terms by large factors. Such a rescaling makes the oscillating modes of fields
very massive and yields an effective description in terms of constant modes.

There are various ways of doing this by a QV+B-exact deformation, but
perhaps the most transparent is to rescale the metric as

(109) g → t−2g

and send t to a large value. (A disadvantage of this choice of deformation
is that the metric appearing in the action no longer matches the one that
enters the boundary condition.) In other words, we shrink the spacetime D



✐

✐

“1-Yagi” — 2021/9/1 — 1:32 — page 1961 — #31
✐

✐

✐

✐

✐

✐

Unification of integrability in supersymmetric gauge theories 1961

by a large factor so that the excited modes get large masses. To cancel the
accompanied rescaling of the volume form, at the same time we also rescale
the QV+B-exact part of the action by a factor of t2:

(110) SV + SC + SGF + SW → t2(SV + SC + SGF) + SW .

We want to show that in the limit t→ ∞, the path integral with respect
to this deformed action reduces to the path integral for a zero-dimensional
theory.

After this rescaling, the bosonic part of the action, with the auxiliary
fields integrated out, becomes

∫

D
dr̂ dθ̂

(
t4Tr

(
−F 2

r̂θ̂
−DiσjDiσj −Rijσ

iσj − [σr̂, σθ̂]
2 − (∇iAi)

2

)
(111)

+ t2
(
t2 − ∥V ∥2
t2 + ∥V ∥2

(
|Dr̂φ|2 + |σr̂φ|2

)

+
∥V ∥2

t2 + ∥V ∥2 |Dr̂φ|2 + |Dθ̂φ|2 + |σθ̂φ|2
)

− 1

4
(φ̄Taφ)

2 +
2i

t2 + ∥V ∥2 Im
(
V
θ̂
∂r̂W

)

+
t−2

t2 + ∥V ∥2
∣∣∣∣
∂W

∂φ

∣∣∣∣
2)

− 1

ϵ

∫

∂D
Wdθ − Tr

(
fGF,0(φ0, φ̄0)

2
)
,

where Rij is the Ricci curvature of g. The metric used in this expression is
the original one before the rescaling.

The real part of the integrand of the bulk integral is a sum of squares,
while the boundary integral is bounded below by the assumption on the
boundary condition for φ. Looking at the terms multiplied by positive pow-
ers of t, we find that as t→ ∞, the action diverges away from the field
configurations such that

(112) Fij = ∇iAi = Diσj = [σi, σj ] = Tr(Rijσ
iσj) = Diφ = σiφ = 0 .

The path integral therefore localizes in this limit to the locus of the field
space defined by these equations.2

2It is crucial here that D is compact. If D were noncompact, Drφ, for example,
could vanish as t−1 in the limit t→ ∞ but φ could still vary by a finite amount
over D.
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A general solution (A0, σ0, φ0) of the localization equations can be eas-
ily identified. The obvious solution of Fij = 0 is the vanishing gauge field,
and any flat connection on D is gauge equivalent to it under the Neumann
boundary condition which preserves the gauge symmetry. This solution also
satisfies the Lorenz gauge condition ∇iAi = 0, so we have

(113) A0 = 0 .

Also, as we have equipped D with a hemisphere metric which has a positive
Ricci curvature, Tr(Rijσ

iσj) = 0 implies

(114) σ0 = 0 .

Given the vanishing of the gauge field, Diφ = 0 simply means that φ0 is a
constant, which by the boundary condition must belong to the submanifold
γ of X:

(115) φ0 ∈ γ .

We can evaluate the path integral by perturbation theory around these
localization configurations. To facilitate the calculation we write

(116) A = A0 + t−2A′ , σ = σ0 + t−2σ′ , φ = φ0 + t−1φ′ ,

and rescale the fermions by the usual scale transformation:

(117) (α, λ, ζ) → (α, t−1λ, t−2ζ) , (η̄, ρ, µ̄) → (η̄, t−1ρ, t−2µ̄) .

The rescaling suppresses the fermionic terms that contain V .
Further, for each fermion Ψ, let Ψ0 be the part of Ψ that is a zero mode

of the Laplace–de Rham operator ∆d = (d− ⋆ d ⋆)2 and satisfies the relevant
boundary condition, and write

(118) Ψ =

{
Ψ0 + t−1/2Ψ′ (Ψ /∈ {b, c}) ;
Ψ0 + t−1Ψ′ (Ψ ∈ {b, c}) .

There are no zero modes for λ and ρ since there are no harmonic one-forms
on a hemisphere. A zero mode for ζ would be proportional to the volume
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form but this is killed by the boundary condition ζ0 = 0. Thus we have

(119) λ0 = ζ0 = ρ0 = 0 .

Then, η0 and ⋆ µ0 are constants satisfying the boundary conditions

(120) (0, η̄0) ∈ Tφ0
γ ⊗ C , (0, ⋆ µ̄0) ∈ Nφ0

γ ⊗ C .

The zero modes b0, c0 of b, c are constant and not affected by the boundary
conditions ∂rb0 = ∂rc0 = 0.

In terms of the field variables introduced above, the action reads, to the
zeroth order in t,

∫

D

(
Tr
(
−A′ ⋆∆dA

′ − σ′ ⋆∆dσ
′ + λ′ ∧ ⋆(d− ⋆ d ⋆)(α′ − ζ ′)

)
(121)

+
1

2
(φ̄′ ⋆∆dφ

′ +∆dφ
′ ⋆ φ̄′)

− ρ′ ∧ ⋆(d− ⋆ d ⋆)(η̄′ − µ̄′)− 2ib′ ⋆∆dc
′

)

+

∫

∂D
dθ̂

(
1

2
(φ̄′∂r̂φ

′ + ∂r̂φ̄
′φ′)− µ̄′

r̂θ̂
ρ′
θ̂

)
+ S0 .

The last term contains only φ0, φ̄0 and the fermion zero modes:

S0 = −2π

ϵ
W (φ0) + (faGF,0)

2(122)

+ 2i(Tb · faGF,0)b
a
0 c̃
b
0 −

1

4
(φ̄0Taφ0)

2 + η̄0α0φ0 .

Here c̃0 = c0 + · · · is the constant part of the fermion c̃ defined earlier. The
contributions from the higher order terms vanish in the limit t→ ∞.

Thus, to the order relevant in the limit we are interested in, the bosonic
and fermionic nonzero modes (the primed variables) enter the action quadrat-
ically and can be integrated out exactly. In general, the one-loop determinant
∆1-loop(φ0, φ̄0) produced by this integration is a function on γ: even though
the quadratic terms are independent of the point φ0 ∈ γ around which we
are expanding φ, the boundary conditions do depend on it.

Now that the nonzero modes have been integrated out, we are only
left with the integration over the zero modes. This step can be expressed
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schematically as

(123)

∫

γ
volγ

∫
dα0 dµ̄0 dη̄0 db0 dc̃0∆1-loop(φ0, φ̄0)e

−S0 ,

where volγ is a volume form of γ. The final expression may be thought of as
the path integral for a zero-dimensional theory, which is what we wanted to
obtain.

3.2.4. Lagrangian branes and complex gauge symmetry. The first
thing to notice about the integral (123) is that µ̄0 is absent from the ac-
tion (122); as ζ has no zero modes, the interaction term µ̄ ⋆ ζφ dropped
out in the localization process. For the integral to be nonvanishing, then,
µ̄ should have no zero modes either. In the same way, the number of zero
modes for η̄ should equal that of α or the integral vanishes.

The numbers of zero modes for η̄ and µ̄ depend on the boundary con-
ditions (120). If we wish to have a nontrivial result, we should choose the
submanifold γ for the support of the brane appropriately so that both of
the above requirements are satisfied.

First, suppose that the gauge symmetry is trivial. Then, the theory has
no vector multiplet, and we want the boundary conditions to kill η̄0 and µ̄0
completely. This is achieved if we take γ to be a Lagrangian submanifold of
the target space X, with respect to the Kähler form

(124) ωX =
i

2
dφ ∧ dφ̄ .

An interesting property of a Lagrangian submanifold of a Kähler mani-
fold is that the action of the complex structure J interchanges the tangent
and normal bundles. It follows that (0,−iη̄0) ∈ Nφ0

γ ⊗ C and (0,−i ⋆ µ̄0) ∈
Tφ0

γ ⊗ C, hence η̄0 = µ̄0 = 0, as desired.
Now suppose that the theory has a nontrivial gauge symmetry. In this

case, the action contains the potential

(125) (faGF,0)
2 − 1

4
(φ̄0Taφ0)

2 .

Actually, we can rescale this potential by an arbitrarily large factor without
affecting the localization argument; we just have to rescale the QV+B-exact
part of the action by that factor. Hence, for a nontrivial result, γ must
intersect with the zero locus of the potential.

The zero locus is characterized by the equations fGF,0 = 0 and
iφ̄0Taφ0/2 = 0. The former is the gauge fixing condition, so we can drop
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it and instead undo the gauge fixing. This puts us in a situation where we
have the Kähler manifold X, endowed with a G-action and the G-invariant
Kähler form ωX . The quantities

(126) µa(φ0, φ̄0) =
i

2
φ̄0Taφ0

which we are setting to zero are the moment map µ : X → Lie(G)∗ for the
G-action evaluated on Ta. By µ being the moment map, we mean that dµa =
ιvaωX , where va = Taφ0∂φ0

− φ̄0Ta∂φ̄0
is the vector field on X generated by

Ta.
As µ is G-equivariant (that is, ⟨µ(g · x),Ta⟩ = ⟨µ(x), g−1Tag⟩), the level

set µ−1(0) is G-invariant. The zero locus of the potential is homeomorphic
to the quotient

(127) M = µ−1(0)/G .

This is the symplectic reduction of X by the G-action and itself a symplectic
manifold. The symplectic form of M is naturally induced from ωX since
ωX(va, v) = v(µa) = 0 for any vector field v tangent to µ−1(0).

The equation µ = 0, like the other equation fGF,0 = 0, can be regarded
as a gauge fixing condition, albeit for a complex gauge symmetry. The G-
action on X naturally extends to a holomorphic action of the complexified
gauge group GC, whose Lie algebra Lie(GC) is spanned by {Ta, iTa}. The
vector fields Jva generated by iTa are normal to µ−1(0): for v ∈ Γ(Tµ−1(0)),
we have gX(Jva, v) = ωX(va, v) = 0. Hence, the GC-orbit GC · x of a point
x ∈ µ−1(0) intersects the G-orbit G · x ⊂ µ−1(0) orthogonally. Moreover, it
can be shown that every GC-orbit contains in its closure at most a single
G-orbit inside µ−1(0).

A point of X such that the closure of its GC-orbit has a nonempty inter-
section with µ−1(0) is said to be semistable. The fact just mentioned implies
that M is homeomorphic to the quotient of the set Xss of semistable points
by the GC-action:

(128) M ≃ Xss/GC .

Put differently, imposing the condition µ = 0, roughly speaking, gauge fixes
the noncompact part of the complex gauge symmetry generated by {iTa}.
Being a quotient by a holomorphic GC-action, M is complex, hence Kähler.

At low energies, the theory effectively becomes one without gauge sym-
metry whose target space is the curved Kähler manifold M. Then, an argu-
ment similar to what we have given for flat target spaces would show that η̄0
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and µ̄0 should vanish when pushed forward by the projection π : Xss → M.
Thus, we take γ to be the preimage of a Lagrangian submanifold L of M:

(129) γ = π−1(L) .

This is indeed a good choice. The kernel of π∗ is spanned by the vectors
(Taφ0, 0) and (0, φ̄0Ta). These lie in Tφ0

γ ⊗ C, so we still have µ̄0 = 0. How-
ever, η̄0 no longer needs to vanish and can be anything of the form

(130) η̄0 = φ̄0β0 ,

with β0 ∈ Lie(G). The number of zero modes for η̄0 is therefore dimG, just
as for α0.

We call a boundary condition of the type described above a Lagrangian
brane. Its support γ gives a Lagrangian submanifold in the symplectic re-
duction M of X.

Putting together what we have found, we conclude that the localized
path integral is given by

(131)

∫

γ
volγ

∫ ∏

a

(
dαa0 dβ

a
0 db

a
0 dc̃

a
0

)
∆1-loop exp

(
2π

ϵ
W − S′

0

)
,

with

(132) S′
0 = (faGF,0)

2 + 2i(Tb · faGF,0)b
a
0 c̃
b
0 + µ2

a + (φ̄0TaTbφ0)β
a
0α

b
0 .

The measure for the fermion zero modes is the natural one induced by the
metric on Lie(G).

The superpotential W is a holomorphic function of φ0 and gauge invari-
ant, and as such invariant under GC. The domain γ of the bosonic integration
is also GC-invariant. The emergence of complex gauge symmetry is sugges-
tive. Sure enough, the above integral may be interpreted as the path integral
for a zero-dimensional gauged sigma model with gauge group GC. This is a
gauge theory described by a map φ0 from a point to γ, and its action is given
by −2πW/ϵ. The Ω-deformation parameter ϵ plays the role of the Planck
constant, so the undeformed limit ϵ→ 0 is the classical limit.

Since the integral (131) is supposed to be a gauge fixed form of the path
integral for this bosonic theory, the fermionic piece S′

0 in the exponent must
be a gauge fixing action. As we explained already, the complex gauge symme-
try can be gauge fixed by the condition fGF,0 = µ = 0. Denoting the ghosts
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for the real and imaginary parts of GC by (b0, c0) and (β0, α0), respectively,
we can write the corresponding gauge fixing action as

(133) SGF,0 = (faGF,0)
2 + 2i(Tb · faGF,0)b

a
0 c̃
b
0 + µ2

a + 2i
(
(iTb) · µa

)
βa0α

b
0 .

Similarity between S′
0 and SGF,0 is obvious, but they do not precisely match.

The last term in SGF,0 is −iφ̄0{Ta,Tb}φ0β
a
0α

b
0, so up to a trivial rescaling of

the ghosts, it differs from the last term in S′
0 by a quantity which vanishes

on µ−1(0). However, the effect of this discrepancy, if any, should be offset
by the one-loop determinant, as we can argue as follows.

The idea is to rescale the potential µ2
a by a large factor via a QV+B-

exact deformation (say, by rescaling the bilinear form Tr). Then, the integral
localizes to µ−1(0) where the discrepancy disappears. Now we show that
∆1-loop is constant on µ−1(0).3

First, we note that the intersection γ ∩ µ−1(0) is a Lagrangian subman-
ifold of X. This is because γ ∩ µ−1(0) is the union of G-orbits in µ−1(0) that
make up the Lagrangian submanifold L ⊂ M. Having an isotropic image
under the symplectic reduction, γ ∩ µ−1(0) is itself isotropic. Furthermore,
it has dimension dimG+ dimL = dimX/2.

Next, pick φ0 ∈ γ ∩ µ−1(0) and choose an orthonormal basis (ej), j = 1,
. . . , dimG, of Tφ0

(G · φ0) ⊂ Tφ0
(γ ∩ µ−1(0)). We can extend it to an or-

thonormal basis (ek), k = 1, . . . , dimG+ dimL, of Tφ0
(γ ∩ µ−1(0)). As we

saw earlier, the vectors Jej are normal to µ−1(0). They are also tangent to
γ, so (ek, Jej) is an orthonormal basis of Tφ0

γ. On the other hand, (Jek) is
an orthonormal basis of Nφ0

(γ ∩ µ−1(0)). Then, (ek, Jek) is an orthonormal
basis of Tφ0

X, and ((ek − iJek)/
√
2) is a unitary basis of T 1,0

φ0
X. We require

the bases constructed here to vary smoothly over γ ∩ µ−1(0).
In terms of this unitary basis, the boundary conditions are described in

a uniform manner, irrespective of the choice of the point φ0 ∈ γ ∩ µ−1(0).
For example, the condition (ιV ρ, η̄) ∈ Tφ0

γ ⊗ C says that ιV ρ
l = η̄l for l =

dimG+ 1, . . . , dimG+ dimL. Also, the quadratic terms in the nonzero
modes, from which the one-loop determinant is calculated, has a uniform
expression in a unitary basis. Therefore, the one-loop determinant is inde-
pendent of φ0.

3In general, the argument given below cannot be applied globally, and the one-
loop determinant is not a constant but a flat section of a line bundle. We will not
address this issue here.
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3.3. Localization on a plane

We have just seen that when the spacetime is a disk of finite radius and the
boundary condition is given by a Lagrangian brane, the quasi-topological
sector of the Ω-deformed B-twisted gauge theory is equivalent to a zero-
dimensional gauged sigma model with complex gauge group whose target
space is the support of the brane.

The case when the spacetime is a plane is similar but qualitatively dif-
ferent. It is similar in that the Ω-deformed B-twisted gauge theory in this
case is still equivalent to a zero-dimensional gauged sigma model with the
same complex gauge group. The target space, however, is different due to the
noncompactness of the spacetime; it is no longer given by the brane itself.
Rather, it consists of gradient flows generated by the superpotential [30], as
we now show.

3.3.1. Path integral on a semi-infinite cylinder. Let us deform the
spacetime D = R2 into the shape of a cigar, consisting of a semi-infinite
cylinder capped with a hemisphere. We split the path integral on the cigar
into two parts. One is performed on the hemisphere, and we already under-
stand it well. The other is on the cylinder. Our strategy is to impose some
boundary condition at infinity and see what state the latter path integral
yields at the other end of the cylinder. Subsequently we feed this state into
the former path integral to deduce the result of the path integral on the
whole cigar.

Let D0 and D∞ be the hemisphere and cylinder parts of D, respectively.
As usual, we can deform the action by QV -exact terms since this does not
change the QV -cohomology class of the state at the end. Using this freedom
we choose the metric to be such that

(134) gθθ =
1

|ϵ|2

on D∞ so that we have ∥V ∥ = 1 on the cylinder. Moreover, we make grr(r)
decay sufficiently fast so that D has a finite area.

The action on D is the sum of two QV -invariant integrals, SD0
on D0

and SD∞
on D∞. It turns out that SD∞

is QV -exact: the part of the action
that depends on W can be written as

(135) δV

∫

D∞

dθ

V θ
ρ
∂W

∂φ
.
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For the above choice of metric, the bosonic part of SD∞
is given by

(136)

∫

D∞

dr̂ dθ̂

(
Tr

(
−1

2
F ijFij −DiσjDiσj −

1

2
[σi, σj ][σi, σj ]

)

+
1

2

∣∣∣∣Dr̂φ− ϵ

|ϵ|
∂W

∂φ̄

∣∣∣∣
2

+ |Dθ̂φ|2 + |σθ̂φ|2 −
1

4
(φ̄Taφ)

2

)
.

Note that there are no boundary terms in this expression.
Let us “squash” the cigar in the longitudinal direction in such a way

that grr is rescaled on D∞ as

(137) grr → t−2grr .

At the same time, we also rescale W as

(138) W → tW .

Both of these deformations are QV -exact. In the limit t→ ∞, the path
integral on D∞ localizes to the locus where

(139) F = Drσ = Dθσr = [σr, σθ] = Dr̂φ− ϵ

|ϵ|
∂W

∂φ̄
= 0 .

For the path integral to be nonvanishing, the boundary condition at
r = ∞ must be compatible with the localization equations. Then, for the
vector multiplet, we should take the Neumann condition as we did in the
hemisphere case. We can choose the gauge Ar = 0 on D∞, and in this gauge
and with this boundary condition on the vector multiplet, the above equa-
tions reduce to

(140) Ar = ∂rAθ = ∂r̂φ− ϵ

|ϵ|
∂W

∂φ̄
= 0 .

If D∞ were compact, with r varying over a finite interval, we would be
able to shrink it to a very short cylinder so that the localization equation
for φ would imply that φ does not vary in the longitudinal direction. In the
case at hand, however, r is not bounded above and takes values in [r0,∞)
on D∞ for some r0 > 0. If we introduce a new coordinate

(141) s = |ϵ|
∫ r

r0

√
grr dr ,
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which ranges from 0 to ∞, then in terms of this coordinate the equation
becomes

(142) ∂sφ− 1

ϵ̄

∂W

∂φ̄
= 0 .

Therefore, φ localizes to a solution of the gradient flow equation generated
by the function Re(W/ϵ) on X with respect to the Kähler metric (89).

We have found that the chiral multiplet scalar should approach a gradi-
ent flow as t→ ∞. As we will see, for the convergence of path integral the
flow must terminate at a fixed point. So we pick a submanifold γ∞ of the
critical locus Crit(W ) of W and demand

(143) φ ∈ γ∞

at r = ∞. The boundary condition at r = ∞ for the chiral multiplet is the
brane-type condition characterized by γ∞.

Now we turn our attention to the state produced by the path integral at
the other boundary of D∞. The wavefunction of this state is sharply peaked
on the localization locus. In the limit t→ ∞, the effect of including this
wavefunction in the path integral on D0 is to impose a boundary condition
that forces the bosonic fields to lie on the localization locus. For the vector
multiplet this is the Neumann condition.

For the chiral multiplet, the boundary condition is a brane-type condi-
tion whose support γ0 consists of all points p ∈ X such that there exists a
gradient flow φs : R≥0 → X with φ0 = p and φ∞ ∈ γ∞, namely the union of
all gradient flow trajectories terminating on γ∞. When γ∞ is a nondegener-
ate critical point, γ0 is known as a Lefschetz thimble.

3.3.2. Gradient flow trajectories as Lagrangian branes. We have
reduced the path integral on a plane to the path integral on the hemisphere
D0 with a particular brane boundary condition. For the path integral on D0

to be sensible, Re(W/ϵ) had better be bounded above on the brane support
γ0 so that the boundary term does not diverge. Furthermore, for the path
integral to be nonvanishing, γ0 should be a Lagrangian brane, that is, there
should be a Lagrangian submanifold L0 of M such that γ0 = π−1(L0).

These requirements are satisfied if we choose the brane support γ∞ at
r = ∞ appropriately [52, 53]. Since W is invariant under GC and so is the
gradient flow equation (142), gradient flows in X define gradient flows in M

which are generated by Re(W/ϵ) as a function on M. We pick a compact
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Lagrangian submanifold L∞ of Crit(W ) ⊂ M and set

(144) γ∞ = π−1(L∞) .

Then we have γ0 = π−1(L0), with L0 being the union of all gradient flow
trajectories in M that terminate on L∞.

First of all, Re(W/ϵ) is bounded above on γ0 because it is nondecreasing
along a gradient flow:

(145) ∂sRe

(
W

ϵ

)
=

1

|ϵ|2
∂W

∂φ

∂W

∂φ̄
≥ 0 .

As such, it attains the maximum value along each gradient flow when it
reaches γ∞, but this value is locally constant on Crit(W ).

We can show that L0 is a middle-dimensional submanifold of M as fol-
lows. By the holomorphic Morse–Bott lemma, in a neighborhood of any point
p ∈ Crit(W ) ⊂ M we can find local holomorphic coordinates (zi)dimC M

i=1 such
that

(146) W =W (p) +

n∑

i=1

(zi)2

for some n. The Hessian of Re(W/ϵ) at p has n positive, n negative and
(dimRM− 2n) zero eigenvalues. Hence, the union of gradient flows trajec-
tories terminating at p is a submanifold of dimension n. Since L0 is the union
of such submanifolds as p varies over the (dimRM/2− n)-dimensional sub-
manifold L∞, it has dimension dimRM/2.

To show that L0 is isotropic, we use the fact that gradient flows are
Hamiltonian flows generated by Im(W/ϵ). Indeed, if v = ∂sφ∂φ + ∂sφ̄∂φ̄ is
a vector field generating a gradient flow, we have

(147) ιvωX =
i

2

(
1

ϵ̄

∂W

∂φ̄
dφ̄− dφ

1

ϵ

∂W

∂φ

)
= d Im

(
W

ϵ

)
.

It follows that ωX is preserved along the flows: LvωX = (dιv + ιvd)ωX = 0.
On the other hand, any differential form on L0 is mapped to a differential
form on L∞ upon pullback to L∞ by gradient flows. Since ωX vanishes on
L∞ by construction, the invariance of ωX under gradient flows implies that
ωX vanishes when restricted to L0.

Combining what we have just found and the localization of the path
integral on the hemisphere, we arrive at the main result of this section: The
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quasi-topological sector of a B-twisted gauge theory with gauge group G,
subjected to an Ω-deformation on R2, is equivalent to a zero-dimensional
gauged sigma model with gauge symmetry GC whose action is −2πW/ϵ and
target space is a Lagrangian brane γ0 = π−1(L0). The Lagrangian subman-
ifold L0 of the Kähler quotient M consists of the gradient flow trajectories
generated by Re(W/ϵ), terminating on a chosen compact Lagrangian sub-
manifold L∞ of Crit(W ) ⊂ M.

4. Four-dimensional Chern–Simons theory from

six dimensions

Let us apply the result obtained in the previous section to the six-dimensional
topological–holomorphic theory on D × Σ× C, viewing it as a B-twisted
gauge theory on D.

The chiral multiplet scalars of the theory form a partial GC-connection

(148) A = Amdx
m +Az̄dz̄

on Σ× C. The target space X is therefore the space of such connections,
with (Am, Az̄) providing holomorphic coordinates. The gauge group G is the
group of maps from Σ× C to G, which is the group of gauge transformations
that are constant on D. Looking at the chiral multiplet action, we see that
X is endowed with the G-invariant Kähler metric

gX = − 1

2e2

∫

Σ×C

√
gΣ d2x d2zTr

(
δAm ⊗ δAm + δAm ⊗ δAm(149)

+ δAz̄ ⊗ δAz + δAz ⊗ δAz̄
)
,

where
√
gΣ d2x is the volume form of Σ. The superpotential is given by the

integral (65). This is not a fully gauge invariant expression; we will address
this point later.

Now we take D = R2 and turn on an Ω-deformation using the rotation
symmetry. Then, by localization the path integral reduces to the integral

(150)

∫
DA exp

(
i

πℏ

∫

Σ×C
dz ∧ CS(A)

)
,

with

(151) ℏ = − ϵe2

2π2
.
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This is precisely the path integral for four-dimensional Chern–Simons theory
with gauge group GC [18–21].

Thus we conclude: the Ω-deformed topological–holomorphic theory on
R2 × Σ× C is equivalent to four-dimensional Chern–Simons theory on
Σ× C.

We still have to identify the integration domain for the localized path
integral (150). With application to integrable lattice models in mind, let
us do so in the case when Σ is a flat torus T 2 and C is an elliptic curve
E = C/(Z+ τZ). Moreover, we take G to be either U(N) or a connected
and simply connected compact Lie group. We parametrize Σ with periodic
Cartesian coordinates (x, y), and let Cx and Cy denote the homology cycles
represented by loops in the x- and y-directions. The one-cycles along E are
denoted by Ca and Cb, with the former corresponding to a path from z = 0
to 1 and the latter a path from z = 0 to τ .

The main task is to understand the critical locus of W in the Kähler
quotient M of X. The Kähler form of X is

(152) ωX = − i

2e2

∫

Σ×C

√
gΣ d2x d2zTr

(
δAm ∧ δAm + δAz̄ ∧ δAz

)
.

A simple computation shows that the moment map µ for the G-action is
given by the formula

(153) ⟨µ, ε⟩ = − 1

e2

∫

Σ×C

√
gΣ d2x d2zTr

(
ε

(
Dmϕm − i

2
Fzz̄

))
,

where ε ∈ Lie(G) is the parameter of gauge transformation. Hence, the zero
locus of µ is described by the condition

(154) Dmϕm − i

2
Fzz̄ = 0 ,

and M is the quotient by the G-action of the space of partial GC-connections
satisfying this condition. The critical locus of W is where the equations of
motion hold:

(155) Fmn = Fmz̄ = 0 .
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Imposing the conditions (154) and (155) is the same as requiring the
vanishing of the integral

−
∫

Σ×C

√
gΣ d2x d2zTr

(
1

2
FmnFmn + Fm

zFmz̄(156)

+

(
Dmϕm − i

2
Fzz̄

)2)
.

By integration by parts we can rewrite this integral as

(157) −
∫

Σ×C

√
gΣ d2x d2zTr

(
1

2
FmnFmn + FmzFmz̄ −

1

4
F 2
zz̄

+DmϕnDmϕn +Dzϕ
mDz̄ϕm +

1

2
[ϕm, ϕn][ϕm, ϕn]

)
.

The integrand is again a sum of nonnegative terms and must vanish sepa-
rately. On µ−1(0) ∩ Crit(W ), therefore, A is a flat connection and ϕ satisfies

(158) Dmϕn = Dzϕm = [ϕm, ϕn] = 0 .

A flat connection A on a principal G-bundle P → T 2 × E is character-
ized, up to gauge transformation, by the holonomies around the one-cycles
in the base,

(159) P exp

(∫

C•

A

)
, • = x, y, a, b .

Since the fundamental group of T 2 × E is abelian, the holonomies form a
commuting quadruple of elements of G.

For G = U(N), the elements of the quadruple can be diagonalized simul-
taneously. Things are a little more complicated if G is not unitary. In this
case, these elements can be pairwise conjugated to lie in a given maximal
torus T of G, but in general it is not possible to put all of them into T. Still,
the moduli space of commuting quadruples has a component in which all
four elements belong to the same maximal torus, and if the holonomies are
generic they fall in this component. We will restrict our attention to this
generic situation.

The equationsDmϕn = Dzϕm = 0 imply that ϕm are left invariant by the
holonomies. Under the genericity assumption, this condition requires ϕm to
be valued in the Lie algebra t of T, and the remaining equation [ϕm, ϕn] = 0
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is satisfied. If we choose a gauge such that A is represented by a constant t-
valued one-form, the same equations imply that ϕ is also a constant t-valued
one-form.

The constant tC-valued one-form A define local holomorphic coordinates
on Crit(W ) ⊂ M. A better set of local holomorphic coordinates is given by

(160) τx =
1

2πi

∫

Cx

A , τy =
1

2πi

∫

Cy

A

and

(161) λ = − 1

2πi

(
τ

∫

Ca

A−
∫

Cb

A

)
=

1

4π

∫

E
Az̄ d

2z .

These quantities are invariant under topologically trivial TC-valued gauge
transformations.

Globally, topologically nontrivial gauge transformations induce the iden-
tifications

(162) τx ∼ τx + u , τy ∼ τy + u , λ ∼ λ+ u ∼ λ+ τu ,

with 2πiu ∈ t being an element of the kernel of the exponential map exp: g →
G. Lastly, we must identify values related by the action of the Weyl group
W (G) of G, which is part of the gauge symmetry. Altogether, the relevant
part of Crit(W ) ⊂ M is isomorphic to

(163)
(
(C×)r × (C×)r × Er

)
/W (G) ,

where r is the rank of G.
As discussed in the previous section, the integration domain for the local-

ized path integral is the union of the gradient flow trajectories terminating
on a chosen compact Lagrangian submanifold L∞ of Crit(W ) ⊂ M. An ob-
vious Lagrangian submanifold of the moduli space (163) is the product of
closed curves in each factor. For example, for the torus part (C×)r × (C×)r,
we can set Im τx and Im τy to constant elements of t.

It will prove useful to interpret the last factor of the moduli space (163)
in the language of holomorphic vector bundles. At each point in Σ, the gauge
bundle P restricts to a principal G-bundle over E. Pick a unitary represen-
tation of G and consider the vector bundle associated to this representation.
The G-action extends to a GC-action, making it a GC-bundle. Since the inte-
grability condition ∂̄2A = 0 is trivially satisfied for a dimensional reason, given
a connection A there always exists a holomorphic structure on this bundle
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in which the Dolbeault operator ∂̄ coincides with ∂̄A. On µ−1(0) ∩ Crit(W )
where A is flat, the bundle has degree 0 (that is, topologically trivial) and
is semistable. Conversely, a semistable holomorphic vector bundle of de-
gree 0 arises in this way from a flat unitary connection, according to the
Narasimhan–Seshadri theorem [54].

The relation between the coordinates on M and the holomorphic struc-
ture is as follows. The associated vector bundle in question is a quotient of a
flat bundle over the universal cover C of E. Let us take a gauge in which Az̄
is constant and valued in tC. Then, choosing a basis (si(0))

n
i=1 consisting of

eigenvectors of Az̄ in the fiber at z = 0, we can define holomorphic sections

(164) si(z) = exp
(
(z − z̄)Az̄

)
si(0) = exp

(
−2πiλi

Im z

Im τ

)
si(0) ,

where λi is the eigenvalue of λ associated with si(0). These sections provide
a basis for a local holomorphic frame. They obey the monodromy relations

(165) si(z + 1) = si(z) , si(z + τ) = exp(−2πiλi)si(z) ,

which determine the corresponding holomorphic transition functions. Thus,
the parameter λ of the flat connection specifies the holomorphic structure
via monodromy of holomorphic sections.

Now that we have understood the integration domain, let us come back
to the more fundamental question: how do we make sense of the superpo-
tential in the first place when it lacks gauge invariance? Fortunately, no
problem arises if G is connected, which we assume.

The point is that given a homotopy Ã : [0, 1] → X between two connec-
tions A0 and A1, we can define the difference of W evaluated for A0 and A1

in a gauge invariant manner:

(166) W (A1)−W (A0) =
i

e2

∫

[0,1]×Σ×C
dz ∧ Tr

(
F̃ ∧ F̃

)
.

Here F̃ is the curvature of Ã, regarded as a connection on [0, 1]× Σ× C. By
assumption, for any two gauge equivalent connections A0 and A1 satisfying
the equations of motion (155), there is a path g̃ : [0, 1] → G such that g̃(0)
is the identity element and A1 is the gauge transform of A0 by g̃(1). For
the homotopy Ã generated by the action of g̃ on A0, the right-hand side of
the above formula vanishes since the components of dz ∧ F̃ along Σ× C are
zero throughout the interval [0, 1]. Hence,W can be made gauge invariant for
connections in Crit(W ). Also by the same formula, the value of W (A1) for
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a connection A1 equipped with a homotopy to a connection A0 in Crit(W )
is determined from W (A0). We only have to deal with such connections
because A must approach a point on γ∞ as r → ∞, and γ∞ is a submanifold
of Crit(W ).

If we choose γ∞ inside a connected component of Crit(W ), the definition
of W on the relevant part of X boils down to a choice of a single constant
as the value of W in that component. This constant may be thought of as
an overall normalization factor for the path integral.

5. Integrable lattice models from four-dimensional

Chern–Simons theory

Now that we have understood the six-dimensional origin of four-dimensional
Chern–Simons theory, let us focus on this theory itself and explore its phys-
ical properties. In this section we explain how integrable lattice models and
related mathematical structures arise from nonlocal observables of the the-
ory. Throughout this section we take C = E, except for the argument in
Section 5.1 which works for all choices C = C, C× and E. Also, we take
Σ = T 2 whenever the topology of Σ matters.

5.1. Line operators and integrable lattice models

As in the ordinary Chern–Simons theory, the basic observables in four-
dimensional Chern–Simons theory are Wilson lines. Recall that in the six-
dimensional topological–holomorphic theory there are Q-invariant Wilson
lines constructed from the partial GC-connection A, which lie in the four-
manifold M = D × Σ and are supported at points on C. For D = R2 or
a disk, these Wilson lines remain as good observables even after the Ω-
deformation is turned on (that is, they are QV -invariant) if they are sup-
ported on closed curves in Σ and placed at the origin of D. They descend
to Wilson lines in four-dimensional Chern–Simons theory.

In the present setup, these Wilson lines wind around various one-cycles
of Σ = T 2. More generally, suppose that there are m+ n line operators Lα,
α = 1, . . . , m+ n, the first m of which are supported on the horizontal lines
located at (y, z) = (yα, zα), while the last n are supported on the vertical
lines at (x, z) = (xα, zα). These line operators form an m× n square lattice
on T 2. The case with (m,n) = (2, 3) is illustrated in Figure 1(a).
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(a) (b)

a

b c

d

α

β

(c)

Figure 1: (a) A lattice formed by line operators on T 2. (b) Decomposition
of the lattice into square pieces. (c) A single square piece with boundary
conditions specified on the corners.

We are interested in the correlation function

(167)

〈m+n∏

α=1

Lα

〉
.

In order to compute this quantity, we break T 2 up into square pieces, each
containing precisely two intersecting segments of line operators [46, 55]. See
Figure 1(b) for an example of this decomposition.

Take a single such piece, containing line operators Lα and Lβ . On the
corners we pick boundary conditions,4 which we label a, b, c and d, as in
Figure 1(c). This determines Hilbert spaces assigned to the sides of the
square. Let Vab,α be the Hilbert space of states on an interval with boundary
conditions a on the left end and b on the right end, intersected by Lα in the
middle. The path integral on the square piece produces a linear map

(168) Řαβ

(
a d
b c

)
: Vab,α ⊗ Vbc,β → Vad,β ⊗ Vdc,α .

We call this operator an R-matrix.
After computing the path integral on each square piece, we can glue the

pieces back together by composing the resulting R-matrices in an appro-
priate way. Finally, we sum over the boundary conditions specified on the

4To handle surfaces with corners in the framework of open-closed topological field
theory, one may imagine cutting out the corners and replacing them with branes on
which open strings have ends. For each corner we are choosing a boundary condition
that specifies the type of the brane sitting there [55].
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corners so that the fields are allowed to have all possible behaviors at those
points.5

This procedure for computing the correlation function of line operators
may be thought of as defining the partition function of a lattice model in
statistical mechanics. In this lattice model, state variables (or “spins”) are
placed on the faces and edges of the lattice of line operators. The boundary
conditions on the corners are identified with the face variables, whereas
basis vectors of the Hilbert spaces on the sides of the squares are the edge
variables. The matrix elements of an R-matrix encode the local Boltzmann
weights for various configurations of states around a vertex of the lattice. The
partition function of the lattice model is the product of the local Boltzmann
weights, summed over all allowed state configurations. This is precisely what
we have to calculate to reconstruct the path integral on the whole torus from
those on the square pieces.

The crucial property that makes this interpretation useful is that the
theory is topological on T 2.6 This property ensures that the state space
and local Boltzmann weights of the lattice model are independent of the
locations of the lines or how we cut T 2 into pieces; only topology matters.

So far we have only used the structure of a two-dimensional topological
field theory to establish that a collection of line operators gives rise to a
lattice model. Actually, our theory has more than just this structure. It is
really four-dimensional, and this fact has a profound implication [18, 19].

The two-dimensional topological invariance guarantees that the parti-
tion function of the lattice model remains unchanged when one of the lines,
say a horizontal one, is moved up and down. This is true as long as it does
not pass another horizontal line, at which point the topology of the lattice
changes. In general, one excepts the partition function of a quantum field
theory to behave badly at a singular configuration where two line operators
sit on top of each other. In the present case, however, the line operators
are generically located at different points on C, and the partition function
should be perfectly smooth even when two lines coincide on T 2 since they
are separated on C. The topological invariance on T 2 then implies that the

5Here we are assuming that the vacuum state of the Hilbert space for a closed
string (which is mapped to the identity operator under the state–operator corre-
spondence) can be expanded in boundary states describing branes [55].

6In reality, as we will see later, the topological invariance is broken due to a
framing anomaly [20, 21]. For the purpose of this discussion it suffices to consider
the situation where the lines making up the lattice are straight and therefore the
framing anomaly plays no role.
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partition function is left intact when the positions of two lines are inter-
changed.

Another important point is that each line in the lattice carries a con-
tinuous complex parameter, namely its coordinate on C. In the context of
lattice models, this parameter is called the spectral parameter of the line.
Hence, Řαβ depends on the spectral parameters zα and zβ , and by transla-
tion invariance it is a function of the difference zα − zβ . Since the theory is
holomorphic on C, it should satisfy

(169) [Dz̄, Řαβ ] = 0

so that gauge invariant quantities constructed from the R-matrices are holo-
morphic in the spectral parameters.

These two properties – the commutativity of any two parallel lines and
the existence of a spectral parameter assigned to each line – are what make
a lattice model integrable. Let us quickly explain why.

Formally, we can reformulate the above lattice model in such a way that
it no longer carries state variables on the faces: we simply introduce big
Hilbert spaces

(170) Vα =
⊕

a,b

Vab,α

and extend the R-matrix (168) to a linear map

(171) Řαβ(zα − zβ) : Vα ⊗ Vβ → Vβ ⊗ Vα ,

setting the excess matrix elements to zero. With this reformulation, we can
introduce the row-to-row monodromy matrices

(172) Tα(zα; zm+1, . . . , zm+n)

= Řα,m+n(zα − zm+n) ◦Vα
· · · ◦Vα

Řα,m+1(zα − zm+1)

and transfer matrices

(173) tα(zα; zm+1, . . . , zm+n) = TrVα
Tα(zα; zm+1, . . . , zm+n) ,

where the compositions and trace are taken in the space Vα assigned to
the horizontal edges in the αth row. These are endomorphisms of Vα ⊗
Vm+1 ⊗ · · · ⊗ Vm+n and Vm+1 ⊗ · · · ⊗ Vm+n, respectively. Graphically, a
monodromy matrix is a horizontal line traversing segments of vertical lines,
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. . .

(a)

. . .

. . .

(b)

Figure 2: (a) A monodromy matrix and (b) a transfer matrix.

and a transfer matrix is obtained when the horizontal line makes a loop and
comes back to the starting point; see Figure 2.

Using the transfer matrices we can express the partition function as a
trace:

(174)

〈m+n∏

α=1

Lα

〉
= TrVm+1⊗···⊗Vm+n

(tm ◦ · · · ◦ t1) .

If we think of the vertical direction as a time direction, we may regard
the transfer matrices t1, . . . , tm as a sequence of discrete “time evolution
operators” acting on the “total Hilbert space” Vm+1 ⊗ · · · ⊗ Vm+n of the
lattice model.

The commutativity of horizontal lines means that transfer matrices com-
mute:

(175) [tα(zα), tβ(zβ)] = 0 .

(Here we have suppressed the dependence of the transfer matrices on the
spectral parameters assigned to the vertical lines.) If we expand tα(zα) in
the powers of zα, the expansion coefficients are themselves operators on the
total Hilbert space. In this way we obtain an infinite number of “conserved
charges” which commute with the time evolution operator tβ(zβ). Further
expanding tβ(zβ) in zβ , we learn that these conserved charges mutually
commute. In this sense the lattice model is said to be integrable.

To recapitulate, the correlation function of a lattice of line operators
in four-dimensional Chern–Simons theory is the partition function of an
integrable lattice model defined on the same lattice. The integrability is a
consequence of the topological invariance on T 2 and the existence of the
extra dimensions C.

In fact, we can make a stronger statement. A similar argument as above
leads to the conclusion that the R-matrices satisfy the unitarity relation

(176)
∑

e

Řβα

(
a d
e c

∣∣∣∣ zβ − zα

)
Řαβ

(
a e
b c

∣∣∣∣ zα − zβ

)
= δbd idVab,α⊗Vbc,β
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g
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Figure 3: (a) The unitarity relation and (b) the Yang–Baxter equation.

and the Yang–Baxter equation

(177)
∑

g

Řαβ

(
f e
g d

∣∣∣∣ zα − zβ

)
Řαγ

(
a f
b g

∣∣∣∣ zα − zγ

)
Řβγ

(
b g
c d

∣∣∣∣ zβ − zγ

)

=
∑

g

Řβγ

(
a f
g e

∣∣∣∣ zβ − zγ

)
Řαγ

(
g e
c d

∣∣∣∣ zα − zγ

)
Řαβ

(
a g
b c

∣∣∣∣ zα − zβ

)
.

The latter is an equality between two linear maps from Vab,α ⊗ Vbc,β ⊗ Vcd,γ

to Vaf,γ ⊗ Vfe,β ⊗ Ved,α, and each R-matrix is implicitly tensored with an
identity operator. These relations imply the commutativity of transfer ma-
trices, hence integrability. Their graphical representations are shown in Fig-
ure 3.

5.2. Wilson lines and dynamical R-matrices

What kinds of R-matrices do we get if Lα are Wilson lines

(178) Wα = TrVα
P exp

(∮
A
)

in representations G→ GL(Vα)? To answer this question, we recall how we
defined the path integral for our theory. The computation is done in two
steps. First, we fix a tC-valued gauge field A∞ that represents a point in the
Lagrangian submanifold L∞ of the moduli space (163), and integrate over
the gradient flow trajectories generated by the real part of the action. The
result is a function on L∞. Subsequently, we integrate this function over L∞.

The first step can be well approximated by perturbation theory around
the background A∞. In perturbation theory, the contributions to the cor-
relation function come from the exchange of gluons between Wilson lines.
(There are also vacuum and self-energy diagrams which should be taken
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care of by renormalization.) The fluctuations from A∞ that we integrate
over are massive by construction. So if we take advantage of the topolog-
ical invariance of the theory and rescale the metric on T 2 by a very large
factor, the contributions from gluons traveling a finite distance in T 2 are
suppressed. This argument might fail if the coupling constant increases as
we take the large volume limit, but this does not happen as our theory is
actually infrared free. Thus, quantum effects get localized in the vicinity of
the crossings of Wilson lines. Accordingly, the correlation function factor-
izes into the product of local contributions associated to the vertices of the
lattice. These local contributions are the R-matrices of the lattice model.

While quantum effects are important only for interactions between
nearby Wilson lines, classical effects are not confined to short distances. A
Wilson line may be thought of as a heavy, electrically charged particle mov-
ing along a curve. The state of this particle is labeled by a weight ω ∈ t∗

C
of

its representation. When two such particles encounter, they exchange gluons
and their states may change. Hence, a state of the system under considera-
tion is specified by a set of weights assigned to the edges of the lattice. Each
of these edges sources an electromagnetic field, which does affect charged
objects at distant places.

As an example, consider a Wilson line in the state ω along a horizontal
line K at y = z = 0. The part of the Wilson line felt by faraway objects is

(179) exp

(∫

K
ω(A∞)

)
= exp

(∫

K×I×E
Tr(ωA∞)dθ(y)δ2(z, z̄) d2z

)
,

where I is an interval in the y-direction such that K × I × E contains the
Wilson line and the objects under consideration, θ(y) is a step function such
that ∂yθ(y) = δ(y), and we have identified tC and t∗

C
via the bilinear form

Tr. The presence of this factor in the path integral has the same effect on
those objects as shifting A∞

z̄ by −πℏωθ(y)δ2(z, z̄) over K × I × E. We must
take this shift into account when computing the R-matrices.

The above analysis shows that the R-matrices depend on the effective
background gauge field which differs from A∞ by a shift due to the combined
effect of all Wilson lines present in the system. By gauge symmetry, the R-
matrices are functions of the parameter

(180) λ ∈ t∗C

for the effective background, defined by formula (161). Its value jumps by
ℏω across a segment of Wilson line carrying the state ω. Drawing a Wilson
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line with a dashed line, we can express this jump rule graphically as follows:

(181) ω
λ

λ− ℏω
.

In lattice models, this parameter λ is called the dynamical parameter. An R-
matrix that has a dynamical parameter is known as a dynamical R-matrix.
The appearance of dynamical R-matrices from Wilson lines was argued
in [20] based on considerations in an effective two-dimensional abelian gauge
theory.

When one refers to an R-matrix depending on a dynamical parameter,
there is a potential confusion as to which point one is evaluating the dynam-
ical parameter at because its value varies from place to place. We define the
R-matrix

(182) Řαβ(zα − zβ , λ) : Vα ⊗ Vβ → Vβ ⊗ Vα ,

arising from the crossing of two Wilson lines Wα and Wβ , with respect to
the dynamical parameter on the top-left face:

(183) Řαβ(zα − zβ , λ) = α

β

λ
.

The dynamical parameters on the other three faces are determined once
states are chosen on the edges. Consistency at the bottom-right face requires
that the R-matrix has zero weight, that is, Řαβ commutes with the action
of tC.

A priori, the R-matrix (183) also depends on the components of A∞

along T 2. However, by a TC-gauge transformation we can make A∞
x and

A∞
y vanish everywhere except in the neighborhood of a single x-coordinate

and a single y-coordinate, respectively. In this gauge the sole effect of these
components is to twist the periodic boundary conditions with the gauge
transformations by the corresponding holonomies. Hence, we conclude that
the transfer matrices and the partition function are given by

(184) tα = TrVα

(
exp(2πiτx)Řα,m+n ◦Vα

· · · ◦Vα
Řα,m+1

)
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and

(185)

〈m+n∏

α=1

Wα

〉
= TrVm+1⊗···⊗Vm+n

(
exp(2πiτy)tm ◦ · · · ◦ t1

)
,

where Řαβ now refers to the R-matrix in the background with A∞
x = A∞

y =

0. The zero-weight property of Řαβ implies that the transfer matrix has zero
weight. In turn, this ensures that the partition function is independent of
the choice of the row in which the twist exp(2πiτy) is inserted, as it must be
by gauge invariance. By symmetry the same can be said about the choice of
the column for exp(2πiτx).

Keeping track of how the dynamical parameter changes in the graphical
representation of the Yang–Baxter equation, we find that the R-matrices
arising from the crossings of Wilson lines obey

(186) Řαβ(zα − zβ , λ− ℏhγ)Řαγ(zα − zγ , λ)Řβγ(zβ − zγ , λ− ℏhα)

= Řβγ(zβ − zγ , λ)Řαγ(zα − zγ , λ− ℏhβ)Řαβ(zα − zβ , λ) .

Here the notation hα means that it is to be replaced with ω when the R-
matrices act on a state with weight ω in Vα. The Yang–Baxter equation of
this form is known as the dynamical Yang–Baxter equation.

Four-dimensional Chern–Simons theory thus produces a dynamical R-
matrix Řαβ , specified by a choice of the gauge group G and a pair of rep-
resentations (Vα, Vβ) of G. This R-matrix has zero weight and satisfies the
unitarity relation

(187) Řβα(zβ − zα, λ)Řαβ(zα − zβ , λ) = idVα⊗Vβ
.

Furthermore, by perturbation theory we can compute the R-matrix order
by order in ℏ. At each order (except the zeroth), Řαβ(zα − zβ , λ) diverges
at zα − zβ = 0, which is the point corresponding to the situation where Wα

and Wβ intersect in the four-dimensional spacetime. At the first order, the
divergence comes from a diagram in which a single gluon travels between the
two Wilson lines in a neighborhood of the intersection, without going around
one-cycles of E. Hence, if we gauge away A∞

z̄ in this neighborhood, the
singular behavior of the R-matrix is independent of the dynamical parameter
to first order in ℏ.
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5.3. Dynamical R-matrices for G = U(N) and SU(N)

For G = U(N) and (Vα, Vβ) = (CN ,CN ), with Tr taken to be the trace in
the vector representation CN , Etingof and Varchenko [56] showed that a
dynamical R-matrix with the properties described above is unique to all
orders in perturbation theory, up to certain simple transformations and per-
turbative corrections to τ . It is Felder’s R-matrix for the elliptic quantum
group for slN [33, 34], which first appeared as the Boltzmann weight for an
integrable lattice model discovered by Jimbo, Miwa and Okado [31, 32]. For
N = 2, the Jimbo–Miwa–Okado model reduces to the eight-vertex solid-on-
solid model [57].

To state the result of [56] more precisely, we need a little preparation.
First of all, let us introduce some notations. For G = U(N), the com-

plexified Cartan subalgebra tC is the space of complex diagonal matrices.
The standard basis for tC consists of the matrices Eii, i = 1, . . . , N , which
have 1 in the (i, i) entry and 0 elsewhere. The trace Tr identifies Eii with
its dual E∗

ii, so we can write the dynamical parameter as

(188) λ =

N∑

i=1

λiE
∗
ii ,

using an N -tuple of complex numbers (λ1, . . . , λN ). The standard basis vec-
tor ei of C

N has weight ωi = E∗
ii. The matrix elements of an endomorphism

R of CN ⊗ CN are defined by R(ei ⊗ ej) =
∑N

k,l=1 ek ⊗ elR
kl
ij .

We also need Jacobi’s first theta function θ1(z) = θ1(z|τ). In terms of
the theta function with characteristics

(189) θ

[
a
b

]
(z|τ) =

∞∑

n=−∞

eπi(n+a)
2τ+2πi(n+a)(z+b) ,

this is given by

(190) θ1(z|τ) = −θ
[
1/2
1/2

]
(z|τ) .

It is an odd function:

(191) θ1(−z) = −θ1(z) .
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From the identities

(192)

θ

[
a
b

]
(z + 1|τ) = e2πiaθ

[
a
b

]
(z|τ) ,

θ

[
a
b

]
(z + cτ |τ) = e−πic

2τ−2πic(z+b)θ

[
a+ c
b

]
(z|τ) ,

it follows that θ1 has the following quasi-periodicity property:

(193) θ1(z + 1) = −θ1(z) , θ1(z + τ) = −e−πiτ−2πizθ1(z) .

We can now define Felder’s R-matrix RF. This is an End(CN ⊗ CN )-
valued meromorphic function on C× t∗

C
such that

(194) ŘF(z, λ) = PRF(z, λ)

satisfies the dynamical Yang–Baxter equation (186) and the unitarity rela-
tion (187). Here P ∈ End(CN ⊗ CN ) is the swap isomorphism: P (v ⊗ w) =
w ⊗ v. The matrix elements RF(z, λ)klij vanishes unless {i, j} = {k, l}. The
nonzero matrix elements are

(195)

RF(z, λ)iiii = 1 ,

RF(z, λ)ijij =
θ1(z)θ1(λij + ℏ)

θ1(z − ℏ)θ1(λij)
,

RF(z, λ)jiij =
θ1(ℏ)θ1(z − λij)

θ1(z − ℏ)θ1(λij)
,

where i ̸= j and λij = λi − λj .
Finally, let ŘU(N) be the R-matrix for the crossing of two Wilson lines in

the vector representation of U(N), and RU(N) = PŘU(N). As our aim is to
relate RU(N) and RF, we must identify RU(N) with an End(CN ⊗ CN )-valued
meromorphic function on C× t∗

C
. We do this by choosing a trivialization for

the rank-N holomorphic vector bundle Vλ → E corresponding to a flat gauge
field characterized by the dynamical parameter λ.

Let us treat the dynamical parameter on the left side of a Wilson line
as the background gauge field experienced by the charged particle; for in-
stance, the Wilson line in diagram (181) is a charged particle moving in the
background λ, which itself sources a gauge field and shifts the background to
λ− ℏω on the right side. If the spectral parameter of this line is z, a state
of the charged particle is a point in the fiber Vλ|z. We identify the local
holomorphic frame (si)

N
i=1 of Vλ defined by formula (164) and the standard
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frame (ei)
N
i=1 of the trivial bundle C× CN . With respect to this trivializa-

tion, RU(N) is an End(CN ⊗ CN )-valued function, and its matrix elements
are meromorphic functions of the spectral parameter since Dz̄si = 0 and
[Dz̄, R

U(N)] = 0. The matrix element RU(N)(z1 − z2, λ)
kl
ij describes the pro-

cess in which the state si(z1)⊗ sj(z2) in Vλ|z1 ⊗ Vλ−ℏωi
|z2 evolves into the

state sk(z1)⊗ sl(z2) in Vλ−ℏωl
|z1 ⊗ Vλ|z2 .

By choosing this gauge, we have set A∞
z̄ = 0 and let the monodromies

of si encode the dynamical parameter. For a generic value of λ, all we can
do now is to rescale si by separate factors, so the residual gauge symmetry
(apart from the Weyl group action) is given by TC-valued gauge transfor-
mations that are constant on E. Since we have also gauged away A∞

x and
A∞
y , these gauge transformations must be constant on Σ as well.

According to a theorem of Etingof and Varchenko [56], RU(N), regarded
as an End(CN ⊗ CN )-valued function as above, is related to RF by a se-
quence of transformations. Some of these transformations can be understood
as TC-valued gauge transformations which are meromorphic and possibly
multivalued on E. On a dynamical R-matrix R : C× t∗

C
→ End(CN ⊗ CN ),

the gauge transformation R 7→ g ·R by a TC-valued meromorphic function
g on C× t∗

C
acts by

g ·R(z1 − z2, λ) =
(
g(z1, λ− ℏh2)⊗ g(z2, λ)

)
R(z1 − z2, λ)(196)

×
(
g(z1, λ)

−1 ⊗ g(z2, λ− ℏh1)
−1
)
.

Under gauge transformations a unitary R-matrix is mapped to a unitary
R-matrix.

One of the transformations relevant for the theorem is the gauge trans-
formation by a multivalued function of the form

(197) g(z, λ)ij = δije
−z(ψ(λ)−ψ(λ−ℏωi)) ,

with ψ(λ) being a meromorphic function on t∗
C
.

Another transformation involves a closed meromorphic multiplicative
two-form φ on t∗

C
, which is a set {φij} of meromorphic functions on t∗

C
such

that φij = φ−1
ji and

(198)
φij(λ)φjk(λ)φki(λ)

φij(λ− ℏωk)φjk(λ− ℏωi)φki(λ− ℏωj)
= 1 .

Its action R 7→ φ ·R is given by

(199) φ ·R(z, λ)ijij = φij(λ)R(z, λ)
ij
ij ,
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with the other matrix elements unchanged. This transformation is also a
gauge transformation, at least locally on t∗

C
. Indeed, locally we can write

φ as an exact form [58]; in other words, there exist meromorphic functions
{ξi} such that

(200) φij(λ) =
ξi(λ)ξj(λ− ℏωi)

ξi(λ− ℏωj)ξj(λ)
.

Thus, the action of φ is locally the gauge transformation with g(z, λ)ij =

δijξi(λ)
−1.

The other relevant transformations are the maps

(201) R(z, λ) 7→ σ ⊗ σR(z, σ−1 · λ)(σ ⊗ σ)−1 ,

with σ being an element of the symmetric group SN , acting on t∗
C
and CN

in the obvious ways;

(202) R(z, λ) 7→ f(z)R(z, λ) ,

with f a meromorphic function on C such that f(z)f(−z) = 1; and

(203) R(z, λ) 7→ R(bz, cλ+ µ) ,

with b, c ∈ C× and µ ∈ t∗
C
.

The map (201) is simply the action of the Weyl group, under which our
R-matrix should be invariant. For c ̸= 1, the map (203) changes the amount
by which the dynamical parameter jumps across Wilson lines. So we have
c = 1.

To constrain the remaining freedom, we look at the quasi-periodicity
of RU(N). In the gauge we are using, the holomorphic sections si obey the
monodromy relations (165). In view of these relations, the matrix elements
of RU(N) have the quasi-periodicity property

(204)

RU(N)(z + 1, λ)klij = RU(N)(z, λ)klij ,

RU(N)(z + τ, λ)klij = e2πi(λki−ℏ(ωl)k)RU(N)(z, λ)klij

= e−2πi(λlj+ℏ(ωi)j)RU(N)(z, λ)klij .
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Here ωi =
∑N

j=1(ωi)jE
∗
jj , or (ωi)j = δij . For this to be the case, RU(N)

should take the form7

(205) RU(N)(z, λ) = f(z)φ ·RF(−z, λ) ,

with f satisfying the quasi-periodicity relations

(206) f(z + 1) = f(z) , f(z + τ) = e−2πiℏf(z) .

At this point there is nothing that constrains φ.
Let us turn to the case when the gauge group is SU(N). In this case

tC is the space of complex traceless diagonal matrices, so the dynamical
parameter for SU(N), which we call λ̄, obeys the constraint

(207)

N∑

i=1

λ̄i = 0 .

The weight ω̄i =
∑N

j=1(ω̄i)jE
∗
jj of ei is given by (ω̄i)j = δij − 1/N . We refer

to the background field configuration specified by a dynamical parameter λ̄
as an (N, 0) background, for a reason that will become clear later.

To identify the R-matrix R(N,0) for the vector representation of SU(N),
we consider four-dimensional Chern–Simons theory for G = U(N) and split
the gauge field into the overall U(1) part and the SU(N) part:

(208) A = AU(1) +ASU(N) .

Correspondingly, the dynamical parameter splits as

(209) λ = λ0I
∗ + λ̄ , λ0 =

1

N

N∑

i=1

λi ,

where I∗ is the dual of the identity matrix. Since AU(1) and ASU(N) are
decoupled in the theory, the total R-matrix is the product of the R-matrices

7For RU(N)(z)iiii to have the correct quasi-periodicity, ψ(λ)− 2ψ(λ− ℏωi) +
ψ(λ− 2ℏωi) must be independent of λ for all i. A function ψ(λ) that has this
property and is invariant under the Weyl group action is a multiple of the trace∑N

i=1 λi, but the corresponding gauge transformation acts trivially on the R-matrix.
Then, the quasi-periodicity of RU(N)(z)iiii fixes that of f , and the quasi-periodicity
of the other components determines the value of b and tells that µij are integers.
Shifting λij by integers does not affect RF.
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RU(1) for the U(1) part and R(N,0) for the SU(N) part:

(210) RU(N)(z, λ) = RU(1)(z, λ0)R
(N,0)(z, λ̄) .

The U(1) part is a scalar function of z and λ0, while the SU(N) part depends
on z and λ̄.

We know RU(N)(z, λ)iiii = f(z) and therefore RU(1) is independent of λ0.
The formula (205) for RU(N) then implies that φ ·RF is a function of λ̄ and
not of λ0. As R

F is independent of λ0, so is φ. Thus, we can write

(211) R(N,0)(z, λ̄) = f (N,0)(z)ξ−1 ·RF(−z, λ̄) ,

where we have expressed the action of φ as the gauge transformation by a
diagonal matrix ξ−1 = diag(ξ−1

1 , . . . , ξ−1
N ) of meromorphic functions of λ̄. By

considering the monodromies of R(N,0) as in the U(N) case, we deduce

(212)
f (N,0)(z + 1) = f (N,0)(z) ,

f (N,0)(z + τ) = e−2πiℏ(N−1)/Nf (N,0)(z) .

The unitarity relation requires

(213) f (N,0)(z)f (N,0)(−z) = 1 .

In Sections 5.7 and 5.8, we will obtain more conditions on f (N,0) from
considerations on framing anomaly and junctions of Wilson lines.

5.4. Surface operators and nondynamical R-matrices

Just as an electrically charged particle moving in spacetime creates a Wilson
line, the worldline of a magnetically charged particle is also a line operator.
This operator is called an ’t Hooft line operator if the particle is a magnetic
monopole. More generally, a dyon, which carries both electric and magnetic
charges, creates a Wilson–’t Hooft line operator [59].

Suppose that in addition to Wilson lines, we have ’t Hooft lines lying in
Σ and supported at points on E in four-dimensional Chern–Simons theory.
The inclusion of ’t Hooft lines in the path integral means that the gauge
field has a prescribed behavior such that as the distance from any of these
lines tends to zero, the gauge field approaches the corresponding monopole
configuration.
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For monopoles to originate from QV -invariant configurations in six di-
mensions and have a classical interpretation as a particle, their field configu-
rations, away from the points at which they are located, should be solutions
of the semistability condition (154) and the equations of motion (155). Al-
though we analyzed these equations in Section 4, there we assumed that
all fields were nonsingular, which may not be the case in the presence of
monopoles. We have to reexamine the analysis to incorporate possible sin-
gularities.

Let U be the union of small disks in E, each centered at the location of
a monopole where some fields may become singular. Performing integration
by parts on the integral (156) as before, but this time taking C = E \ U , we
find that this integral equals the bulk integral (157) plus the boundary term

(214) −
∫

Σ×∂C

√
gΣ d2xTr

(
2ϕm(Fmzdz + Fmz̄dz̄)

)
.

For solutions of the equations of motion, this term equals

i

∫

Σ×∂C

√
gΣ d2x(dz∂z − dz̄∂z̄) Tr(ϕ

mϕm)(215)

= −
∫

Σ×∂U

√
gΣ d2x dθ r∂r Tr(ϕ

mϕm) ,

where (r, θ) are the polar coordinates around the monopoles (defined by
2z̄ = reiθ; recall the definition (23) of z).

We know that ϕ is constant in the absence of monopoles, so −Tr(ϕmϕm)
should decay to a constant as r increases. Then the boundary term is nonpos-
itive. There are two possibilities: either the boundary term remains nonzero
as we send the radii of the disks to zero, or it vanishes in this limit.

In the former case, the previous argument based on the positivity of the
terms in the integrand fails. As a result, the characterization of semistable
solutions of the equations of motion is altered, a complication we want to
avoid. We will not pursue this possibility in this paper.

Therefore we consider the latter possibility. The previous argument then
goes through, and the semistable solutions are still parametrized by the same
data as in the case with no monopoles, as long as we stay away from singu-
larities. In particular, the curvature of the gauge field vanishes everywhere
except at the points on E where the ’t Hooft lines are placed. Such tightly
confined magnetic fluxes are familiar: they are Dirac strings attached to the
monopoles.
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θ

(a) (b) (c)

Figure 4: (a) A Dirac string emanating from a monopole. (b) The motion of
the monopole creates an ’t Hooft operator bounding a surface operator. (c)
A surface operator formed by a Dirac string stretched between a monopole–
antimonopole pair. Here the antimonopole is represented as a monopole
moving in the reverse direction.

As the monopoles move, their Dirac strings sweep out surfaces. Hence,
these ’t Hooft lines are really the boundaries of surface operators. Since the
spacetime is compact in the present setup, every Dirac string emanating from
a monopole must be eventually absorbed by other monopoles. For example,
a Dirac string may be suspended between a pair of monopoles with opposite
charges. The introduction of ’t Hooft lines thus divides Σ into distinct regions
supporting various surface operators. See Figure 4 for illustrations.

The signature of a confined magnetic flux is the Aharonov–Bohm effect,
the phase shift in the wavefunction as an electrically charged particle travels
around the flux. Near the location of a Dirac string in E, the gauge field
behaves as

(216) A = iα dθ + · · · ,

where iα ∈ t and the ellipsis refers to terms less singular than 1/r as r → 0.
The gauge transformation by g = exp(iuθ), with 2πiu ∈ ker exp |t, shifts α by
u, so the singular behavior of the gauge field is characterized by the holonomy
exp(2πiα) around the singularity. Surface operators that induce nontrivial
monodromies in fields are often called Gukov–Witten surface operators [60].

In the familiar story of monopoles, one requires this monodromy to be
the identity so that the Dirac sting is unobservable, and this leads to the
quantization of monopole charges. Here, the quantization condition needs
not be satisfied. If the monodromy is nontrivial, the Dirac string is physical,
hence so is the surface operator it creates. In that case the ’t Hooft line is
not a genuine line operator as it cannot exist by itself without having to
bound a physical surface operator.
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Figure 5: A lattice of Wilson lines in the presence of surface operators.

To better understand these surface operators, consider first a situation
in which none of them are present in the system. Part of the data specifying
a semistable solution of the equations of motion is a flat G-bundle over E.
Such a bundle is characterized by the holonomies a, b of the gauge field
around the one-cycles Ca, Cb of E. They satisfy the relation

(217) aba−1b−1 = e ,

where e is the identity element of G.
Now suppose that we put surface operators at a point p ∈ E, covering

some region of Σ whose boundaries extend in the y-direction, as in Figure 5.
As a result of the introduction of the surface operators, the holonomies are
modified in this region, where instead of the above relation they obey

(218) aba−1b−1 = exp(2πiα) .

While a pair (a, b) satisfying this modified relation corresponds to a flat
G-bundle over E \ {p}, this bundle cannot be extended to a flat G-bundle
over all of E. The right-hand side becomes the identity only if we project the
equation to the quotient of G by a normal subgroup N containing exp(2πiα).
This means that (a, b) still describes a flat bundle over E only if the structure
group can be reduced to G/N . The surface operators thus modify the gauge
bundle in a rather drastic way.

This modification of the gauge bundle is of a special kind [50]. The
surface operators map a solution of the equations of motion to another
solution. In particular, we have

(219) Fxz̄ = Fxz̄ − iDz̄ϕx = 0

throughout Σ, provided that we are away from p ∈ E. In a gauge in which
Ax = 0, this equation reads

(220) ∂xAz̄ = iDz̄ϕx .
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This shows that along the x-direction Az̄ varies by gauge transformations,
and the holomorphic structure defined by Az̄ remains unchanged. Therefore,
the holomorphic vector bundles associated to a unitary representation of G,
before and after the modification, are isomorphic on E \ {p}.

If the normal subgroup N acts trivially in the chosen representation,
the modified bundle can be extended to E as a (G/N)C-bundle. In this
situation the surface operators modify a holomorphic (G/N)C-bundle over
E to another holomorphic (G/N)C-bundle over E, which is isomorphic to
the original one on E \ {p}. Such a modification of a holomorphic vector
bundle over a Riemann surface is known as a Hecke modification.

In relation to integrable lattice models, the case of particular interest is
when G = SU(N) and

(221) α = diag

(
1− 1

N
,− 1

N
, . . . ,− 1

N

)
,

or any choice of α related to this one by a permutation of the diagonal
entries.8 In this case the monodromies are represented by N ×N matrices
A, B with determinant 1, satisfying the relation

(222) ABA−1B−1 = e−2πi/NI .

The right-hand side of this relation is a generator of the center ZN of SU(N).
Thus, the pair (A,B) defines a flat vector bundle over E with structure group
PSU(N) = SU(N)/ZN .

The reason this surface operator is interesting is that relation (222)
determines (A,B) uniquely up to gauge transformation: we can take them
to be the matrices defined by

(223) Aek = eπi(N−1)/Ne−2πik/Nek , Bek = ek+1 .

In other words, the flat PSU(N)-bundle over E has no moduli. Consequently,
the R-matrix arising from the crossing of a pair of Wilson lines in this

8In the rest of this section we only consider ’t Hooft lines and surface operators
whose charges have ±1− 1/N in the first entry. The distinction between surface
operators with charges related by permutations is meaningful in a generic back-
ground.
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background has no dynamical parameter, and satisfies the ordinary Yang–
Baxter equation

Řαβ(zα − zβ)Řαγ(zα − zγ)Řβγ(zβ − zγ)(224)

= Řβγ(zβ − zγ)Řαγ(zα − zγ)Řαβ(zα − zβ) .

With respect to holomorphic frames on the holomorphic vector bundles asso-
ciated to the representations of the Wilson lines, the R-matrix is represented
by a matrix of meromorphic function on E.

Although the form of the R-matrix generally depends on the location p ∈
E of the surface operator in which the Wilson lines are placed, for a suitable
choice of holomorphic frames this dependence disappears. (We implicitly
assumed that such a choice was made when we wrote down the Yang–Baxter
equation above.) This is because if we change the location of the surface
operator from p to p′, the associated bundles over E \ {p} change to new
bundles over E \ {p′}, but the two sets of bundles are isomorphic on E \
{p, p′} since they are both isomorphic there to the set of bundles we originally
had before the introduction of the surface operator. It follows that there
exists a choice of holomorphic frames on the relevant bundles with respect
to which the form of the R-matrix remains unchanged under the shift in the
location, at all point in E \ {p, p′}, hence on the whole E.

Let us call the field configuration for this surface operator the (N, 1)
background, and letR(N,1) denote the R-matrix for the crossing of twoWilson
lines in the vector representation in this background:

(225) R(N,1)(z1 − z2) = z1

z2

.

The associated bundle over E \ {p} has holomorphic sections

(226) s̃i(z) = P exp

(
−
∫ z

0
A

)
s̃i(0) .

(We have to be a little careful about the choice of the counter for the inte-
gral in the exponent because of the singularity of A.) With respect to the
holomorphic frame (s̃i)

N
i=1, we have Az̄ = 0 identically and the dependence

on the location of the surface operator disappears. In this frame R(N,1) is
an End(CN ⊗ CN )-valued meromorphic function with the quasi-periodicity
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property

(227)
R(N,1)(z + 1) = A1R

(N,1)(z)A−1
1 = A−1

2 R(N,1)(z)A2 ,

R(N,1)(z + τ) = B1R
(N,1)(z)B−1

1 = B−1
2 R(N,1)(z)B2 .

We have introduced the notation X1 = X ⊗ I and X2 = I ⊗X for X ∈
End(CN ).

There is a well-known R-matrix which almost has the same quasi-
periodicity. The Baxter–Belavin R-matrix RB [35–37] is a unitary solution
of the Yang–Baxter equation (224) satisfying the relations

(228)

RB(z + 1) = A1R
B(z)A−1

1 = A−1
2 RB(z)A2 ,

RB(z + τ) = e2πiℏ(N−1)/NB1R
B(z)B−1

1

= e2πiℏ(N−1)/NB−1
2 RB(z)B2 .

It is an End(CN ⊗ CN )-valued meromorphic function whose matrix elements
are given by [61]

(229) RB(z)klij = δi+j,k+l
θ1(ℏ)

θ1(z + ℏ)

θ(k−l)(z + ℏ)

θ(k−i)(ℏ)θ(i−l)(z)

∏N−1
m=0 θ

(m)(z)
∏N−1
n=1 θ

(n)(0)
,

where the indices are understood modulo N and

(230) θ(j)(z|τ,N) = θ

[
1/2− j/N

1/2

]
(z|Nτ) .

For N = 2, these matrix elements reduce to the local Boltzmann weights for
the eight-vertex model [35, 36].

Comparing the quasi-periodicity of R(N,1) and RB, it is fairly natural to
identify these two R-matrices:

(231) R(N,1)(z) = f (N,1)(z)RB(z) .

Here f (N,1) is a function that accounts for the slight discrepancy in the
quasi-periodicity, and satisfies f (N,1)(z)f (N,1)(−z) = 1 so that the unitarity
is preserved. In fact, as explained in [21], a theorem proved by Belavin and
Drifeld [62] on the classification of the solutions of the classical Yang–Baxter
equation ensures that R(N,1) must be of this form to all orders in ℏ, up to
reparametrizations of ℏ.
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We can also consider the (N,−1) background created by the surface
operator with the opposite charge,

(232) α = diag

(
−1 +

1

N
,
1

N
, . . . ,

1

N

)
,

and identify the R-matrix R(N,−1) that arises from the crossing of Wilson
lines in this background. Graphically we distinguish the (N,−1) background
from the (N, 1) background by using a different color:

(233) R(N,−1)(z1 − z2) = z1

z2

.

Since A−1BAB−1 = e2πi/NI, in an appropriate gauge this R-matrix
should obey the quasi-periodicity relations

(234)
R(N,−1)(z + 1) = A−1

1 R(N,−1)(z)A1 = A2R
(N,−1)(z)A−1

2 ,

R(N,−1)(z + τ) = B1R
(N,−1)(z)B−1

1 = B−1
2 R(N,−1)(z)B2 .

Noting that AT = A and BT = B−1, we see that R(N,−1) can be written as

(235) R(N,−1)(z) = f (N,−1)(z)RB(z)T ,

where RB(z)T is the transpose of RB(z).
We have already encountered a function that has the right properties to

be f (N,1) or f (N,−1): the function f (N,0) which enters the definition (211) of
the dynamical R-matrix R(N,0). We will argue in Section 5.5 that the three
functions are actually equal.

The relation between modification of bundles and that of R-matrices
discussed here had been previously considered in [63, 64]. In particular, the
R-matrices in the presence of more general surface operators were studied
in [64]. In general, the R-matrices depend on l moduli, with 0 ≤ l ≤ N − 1.

5.5. Intertwining operators and vertex–face correspondences

Once we have new line operators, we can construct new R-matrices. Es-
pecially interesting are the R-matrices that correspond to a Wilson line
crossing an ’t Hooft line and moving into a surface operator. The Yang–
Baxter equations involving two Wilson lines and one ’t Hooft line, such
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Figure 6: Vertex–face correspondences between R(N,0) and R(N,1).

as the ones illustrated in Figure 6, show that these R-matrices intertwine
the dynamical R-matrix and nondynamical ones. This kind of relation be-
tween dynamical and nondynamical R-matrices is known as a vertex–face
correspondence [31, 32, 57], for the two R-matrices may be regarded as the
Boltzmann weights for lattice models of “face type” and “vertex type,” re-
spectively.

Let S be the intertwining operator between R(N,0) and R(N,1) that arises
from the the crossing of a Wilson line in the vector representation and an ’t
Hooft line of charge diag(1− 1/N,−1/N, . . . ,−1/N):

(236) S(z − w, λ̄) = z

w

λ̄
.

By translation invariance S is a function of the difference of the spectral
parameters of the two lines, which we have written as z and w here; unlike
the location of the bulk of the surface operator, that of the ’t Hooft line is a
physical parameter. It also depends on the value of the dynamical parameter
λ̄ in the region adjacent to the ’t Hooft line.

With respect to the local holomorphic frames we have been using for
the relevant bundles, S is an End(CN )-valued meromorphic function and
satisfies the quasi-periodicity relations

(237) S(z + 1, λ̄) = AS(z, λ̄) , S(z + τ, λ̄) = BS(z, λ̄) exp(−2πiλ̄) .

In perturbation theory, we expect S(z, λ̄) to have poles at z = 0 where the
Wilson and ’t Hooft lines intersect in the four-dimensional spacetime.
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A matrix Φ(z, λ̄) that has the right quasi-periodicity and pole structure
is given by [63]

(238) Φ(z, λ̄)ji =
θ(j)(z +N λ̄i)

θ1(z)1/N
.

In fact, Φ is an intertwining operator relating RF and RB [31]:

RB(z1 − z2)Φ1(z1, λ̄)Φ2(z2, λ̄− ℏh1)(239)

= Φ2(z2, λ̄)Φ1(z1, λ̄− ℏh2)Θ
−1 ·RF(z2 − z1, λ̄) .

Here Θ = diag(Θ1, . . . ,ΘN ) is the diagonal matrix of meromorphic functions
with

(240) Θi(λ) =
∏

j( ̸=i)

θ1(λij) ,

acting on RF by the gauge transformation (196).
Given the expression (211) for R(N,0), the above consideration suggests

that we have

(241) S(z, λ̄) = Φ(z + d, λ̄)(Θ−1ξ)(λ̄)ḡ(z, λ̄) ,

where d ∈ C and ḡ is a diagonal matrix of meromorphic functions on E × t∗

that acts trivially on R(N,0). Let us further assume that the two functions
f (N,0) and f (N,1) in formulas (211) and (231) are equal:

(242) f (N,0) = f (N,1) .

Then, with this form of S, the following vertex–face correspondence holds:

R(N,1)(z1 − z2)S1(z1 − w, λ̄)S2(z2 − w, λ̄− ℏh1)(243)

= S2(z2 − w, λ̄)S1(z1 − w, λ̄− ℏh2)R
(N,0)(z1 − z2, λ̄) .

The two sides of this relation are represented by the diagrams in Figure 6(a).
A Wilson line coming out of the surface operator produces another in-

tertwining operator:

(244) S′(z − w, λ̄) = z

w

λ̄
.
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z2

z1

w

λ̄

=
z2

z1

w

λ̄

(a)

z2

z1

w

λ̄

=
z2

z1

w

λ̄

(b)

Figure 7: Vertex–face correspondences between R(N,0) and R(N,−1).

It satisfies the relation

R(N,0)(z1 − z2, λ̄)S
′
2(z2 − w, λ̄− ℏh1)S

′
1(z1 − w, λ̄)(245)

= S′
1(z1 − w, λ̄− ℏh2)S

′
2(z2 − w, λ̄)R(N,1)(z1 − z2) ,

which is the vertex–face correspondence in Figure 6(b). This relation sug-
gests that S′ is essentially the inverse of S. Hence, we propose that it can
be written as

(246) S′(z, λ̄) = χ(z, λ̄)S(z + δ, λ̄)−1 ,

where δ ∈ C and χ is a diagonal matrix of meromorphic functions that acts
trivially on R(N,0). We will determine δ and χ in Sections 5.7 and 5.8.

The intertwining operators involving the (N,−1) background can be
identified in a similar manner. Let us write

(247) S̃(z − w, λ̄) = z

w

λ̄
, S̃′(z − w, λ̄) = z

w

λ̄

and define a matrix Φ̃(z, λ̄) by

(248) Φ̃(z, λ̄)ji = Φ(z,−λ̄+ ℏω̄j)
i
j .

If we assume

(249) f (N,0) = f (N,−1)

and

(250)
S̃(z, λ̄) = S̃′(z + δ̃, λ̄)−1χ̃(z, λ̄) ,

S̃′(z, λ̄) = g̃(z, λ̄)ξ−1(λ̄)Φ̃(z + d̃, λ̄)
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for some diagonal matrices g̃(z, λ̄) and χ̃(z, λ̄) acting trivially on R(N,0), then
using the identities

(251)
RF(z,−λ̄)T = Θ−1 ·RF(z, λ̄) ,

RF
(
z, λ̄+ ℏ(h1 + h2)

)
= RF(z, λ̄)

we can verify that S̃ and S̃′ furnish the vertex–face correspondences between
R(N,0) and R(N,−1), shown in Figure 7.

5.6. L-operators

Now consider a surface operator stretched between two antiparallel ’t Hooft
lines, and aWilson line traversing it. This configuration defines an L-operator
L(N,0):

(252) L(N,0)(z − w, z − w′) = z

w w′

.

The Wilson line shifts the dynamical parameters on the two sides of the
surface operator by amounts depending on the states on the left and right
edges. Hence, we may think of L(N,0) as a matrix whose entries are difference
operators.

More precisely, we define the matrix element L(N,0)(z − w, z − w′)ji to
be a difference operator acting on a Weyl-invariant meromorphic function f
on t∗

C
× t∗

C
as

L(N,0)(z − w, z − w′)jif(λ̄, µ̄)(253)

= S′(z − w, µ̄)jkS(z − w′, λ̄)ki f(λ̄− ℏω̄i, µ̄− ℏω̄j) .

Then, the vertex–face correspondences (243) and (245) imply that L(N,0)

satisfies the following RLL relation with R(N,0):

(254) R(N,0)(z1 − z2, µ̄)L
(N,0)
1 (z1 − w, z1 − w′)L

(N,0)
2 (z2 − w, z2 − w′)

= :L
(N,0)
2 (z2 − w, z2 − w′)L

(N,0)
1 (z1 − w, z1 − w′)R(N,0)(z1 − z2, λ̄): .

The normal ordering sign : : means that the matrix elements of R(N,0) should
be placed in the leftmost position so as not to be acted on by the L-operators.
This relation is depicted in Figure 8(a).
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=

(a)

=

(b)

Figure 8: RLL relations for (a) R(N,0) and (b) R(N,1).

Interchanging the intertwining operators we get another L-operator:

(255) L(N,1)(z − w, z − w′) = z

w w′

.

This is a matrix of difference operators acting on Weyl-invariant meromor-
phic functions on t∗

C
by

(256) L(N,1)(z − w, z − w′)jif(λ̄) = S(z − w, λ̄)jkS
′(z − w′, λ̄)ki f(λ̄− ℏω̄k) .

It satisfies the RLL relation

(257) R(N,1)(z1 − z2)L
(N,1)
1 (z1 − w, z1 − w′)L

(N,1)
2 (z2 − w, z2 − w′)

= L
(N,1)
2 (z2 − w, z2 − w′)L

(N,1)
1 (z1 − w, z1 − w′)R(N,1)(z1 − z2) ,

which is the relation shown in Figure 8(b).
A good way to think about the L-operators is that they are R-matrices

associated with the crossings of Wilson lines and “thick” line operators,
where the latter are composed of pairs of antiparallel ’t Hooft lines and carry
infinite-dimensional representations. For example, L(N,1) is an R-matrix
whose vertical line carries an infinite-dimensional representation on the space
of Weyl-invariant meromorphic functions on t∗

C
.

Being constructed from the same intertwining operators, the two L-
operators L(N,0) and L(N,1) lead to the same transfer matrix:

(258) TrCN

(
L
(N,0)
k · · ·L(N,0)

1

)
= TrCN

(
L
(N,1)
k · · ·L(N,1)

1

)
.

This is a difference operator acting on the space of Weyl-invariant mero-
morphic functions on (t∗

C
)⊗k. By considering Wilson lines in various repre-

sentations, we get a number of such difference operators which commute
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with each other. For k = 1, these difference operators are [65] the conserved
charges of the elliptic Ruijsenaars–Schneider model of type AN−1 [66].

The RLL relation (257) is, roughly speaking, the defining relation for
the elliptic quantum algebra Aq,p(ŝlN ) [67–69] at level zero, with (q, p) =
(e2πiℏ, e2πiτ ). (It should be supplemented with the relation that sets the
quantum determinant of the L-operator to 1.) The algebra Aq,p(ŝlN ) is gen-
erated by the matrix elements of the L-operator, and is the elliptic coun-
terpart of the Yangian double DYℏ(slN ) and the quantum affine algebra
Uq(ŝlN ). The coalgebra structure making Aq,p(ŝlN ) a quantum group was
given in [70].

If it is further required that the dependence of the L-operator on the
spectral parameter takes a certain special form, the RLL relation encodes
the defining relations for the ZN Sklyanin algebra [71, 72]. This is a two-
parameter deformation of the universal enveloping algebra U(slN ) of slN ,
and reduces to the quantum group Uq(slN ) in the limit τ → i∞ [73–75].
Essentially, our L-operator L(N,1) gives an infinite-dimensional representa-
tion of the ZN Sklyanin algebra in terms of difference operators [76–78]. For
N = 2, this representation corresponds to a Verma module of sl2 whose high-
est weight is determined by the difference w − w′ of the spectral parameters
of the two ’t Hooft lines [71].

In a similar way, the other L-operator L(N,0) provides [16] an infinite-
dimensional representation of Felder’s elliptic quantum group Eq,p(slN ) [33,
34]. Alternative formulations of (a central extension of) Eq,p(slN ) are dis-
cussed in [70, 79–81].

5.7. Framing anomaly

Up until now we have discussed four-dimensional Chern–Simons theory on
Σ× C assuming it is perfectly topological on Σ, as suggested by the form
of the action which makes no reference to a metric on Σ. As a matter of
fact, this assumption is a little too naive. When it comes to actually per-
forming the path integral, one needs to introduce a metric on Σ for gauge
fixing and regularization. The introduction of metric can potentially spoil
the topological invariance. This is indeed what happens, but in a somewhat
subtle manner.

A manifestation of this quantum anomaly is the fact that the equation
that seemingly represents the equivalence between two diagrams, shown in
Figure 9(a), does not quite hold:

(259) R(N,1)(z1 − z2)
ml
kj R

(N,1)(z2 − z1)
nk
li ̸= δmi δ

n
j .
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(a)
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(b)

Figure 9: Crossing–unitarity relations in (a) the (N, 1) background and (b)
an (N, 0) background.

z1
z2 ϕ =

z1

z2

z2 −∆ϕNℏ/2π
ϕ+∆ϕ

Figure 10: Translation of Wilson lines leads to the same operator.

Instead, R(N,1) satisfies the crossing–unitarity relation [61]

(260) R(N,1)

(
z − 1

2
Nℏ

)ml

kj

R(N,1)

(
−z − 1

2
Nℏ

)nk

li

= δmi δ
n
j ,

provided that we have

(261) f (N,0)(z)f (N,0)(−z −Nℏ) =
θ1(z + ℏ)θ1(z + (N − 1)ℏ)

θ1(z)θ1(z +Nℏ)
.

Somehow the arguments of the R-matrices used in this relation have to be
shifted by −Nℏ/2 compared to the ordinary unitarity relation.

This shift is due to framing anomaly. As an analysis carried out in [20]
revealed, an anomaly breaks the gauge invariance of a Wilson line when
the line curves in the (N, 1) background. For this anomaly to be canceled,
the spectral parameter must be shifted by −∆φNℏ/2π, where ∆φ is the
angle by which the Wilson line bends. Note that in order to talk about the
angle of a curve, one must endow Σ with a framing, that is, a choice of a
trivialization of the tangent bundle. The only closed surface that admits a
framing is T 2, hence our choice Σ = T 2.

In turn, the framing anomaly implies, under the assumption that the
topological invariance on Σ is otherwise unbroken, that the R-matrix should
really depend on the angle at which two Wilson lines cross. This is because
as these lines curve, the R-matrix should change by shifting the argument
so as to compensate for the shift in the spectral parameters. In Figure 10,
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two diagrams are shown in which a straight Wilson line intersects another
Wilson line which initially goes straight but at one point bends by angle ∆φ.
If the straight Wilson lines in the two diagrams are parallel, these diagrams
should represent the same operator. From this equality we deduce that the

R-matrix R
(N,1)
φ for Wilson lines crossing at angle φ satisfies the relation

(262) R(N,1)
φ (z) = R

(N,1)
0

(
z − φ

2π
Nℏ

)
.

The unitarity relation (187), as we formulated it, does not involve any
shift in the spectral parameter. This is possible only if the equation refers to
the situation where the two lines are almost parallel. Therefore, the R-matrix
R(N,1) that appears in this equation corresponds to the case φ = 0:

(263) R(N,1) = R
(N,1)
0 .

The crossing–unitarity relation (260), on the other hand, corresponds to
the case when two lines are almost antiparallel, which explains the shift by
−Nℏ/2.

It turns out that the framing anomaly in an (N, 0) background is more
complicated. To see why, consider the crossing–unitarity relation shown in
Figure 9(b). For i ̸= n, the left-hand side is nonvanishing only when i = k =
m and j = l = n. If the sole effect of the framing anomaly were to shift the
spectral parameter just as in the (N, 1) background, then the left-hand side
in this case would be

R(N,0)

(
z1 − z2 −

1

2
Nℏ, λ̄+ ℏω̄j

)ij

ij

(264)

×R(N,0)

(
z2 − z1 −

1

2
Nℏ, λ̄+ ℏω̄j

)ji

ji

.

This equals

(265)
θ1(λ̄ij)θ1(λ̄ij − 2ℏ)

θ1(λ̄ij − ℏ)2

and not 1 as required by the relation.

Apparently, the matrix elements of the R-matrix R
(N,0)
π for φ = π differs

from those of R(N,0) = R
(N,0)
0 not only by the shift in the spectral parameter,

but also by some factors which are ratios of theta functions containing λ̄.
Let us determine these factors.
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z

z −Nℏ/2
λ̄ = λ̄

(a)

z −Nℏ/2

z

λ̄

=

λ̄

(b)

Figure 11: Unitarity relations involving a Wilson line and an ’t Hooft line.

First, consider the equality between two diagrams shown in Figure 11(a).
On the left-hand side, a Wilson line enters the (N, 1) background and makes
a left turn. The spectral parameter gets shifted by −Nℏ/2, and the line
comes out to an (N, 0) background. The right-hand side would be the iden-
tity operator if it were placed in the (N, 1) background. In the (N, 0) back-
ground, however, the framing anomaly replaces it with a diagonal matrix
diag(χ1, . . . , χN ), which is a function of λ̄ but not of z because of translation
invariance. So we get the equality

(266) S′

(
z − 1

2
Nℏ, λ̄

)k

j

S(z, λ̄)ji = χk(λ̄)δ
k
i .

Comparing this equation with the expression (246) for S′, we see

(267) δ =
1

2
Nℏ , χ(z, λ̄)ki = χk(λ̄)δ

k
i .

It should be emphasized here that we have defined the intertwining operators
S, S′ using Wilson and ’t Hooft lines crossing at the right angle.

Next, suppose that the Wilson line instead makes a right turn, as in
Figure 11(b). Then, the right-hand side is replaced with χ(λ̄)−1 because one
can straighten out a line that makes successive left and right turns, without
altering the initial and the final directions. Thus we get another relation
between S and S′:

(268) S′(z, λ̄− ℏω̄i + ℏω̄k)
k
jS

(
z − 1

2
Nℏ, λ̄

)j

i

= χk(λ̄)
−1δki .

These two relations imply

(269) S−1(z +Nℏ, λ̄+ ℏω̄k)
k
jS(z, λ̄+ ℏω̄i)

j
i = χk(λ̄+ ℏω̄k)

−2δki .
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The left-hand side of this equation contains

(270) Φ−1(z +Nℏ+ d, λ̄+ ℏω̄k)
k
jΦ(z + d, λ̄+ ℏω̄i)

j
i .

According to the formula [65]

(271)
θ1(z)

1/N

θ1(z +Nℏ)1/N
Φ−1(z +Nℏ, µ̄)kjΦ(z, λ̄)

j
i

=
θ1(z + (N − 1)ℏ+ λ̄i − µ̄k − (N − 1)/2)

θ1(z +Nℏ− (N − 1)/2)

∏

l( ̸=k)

θ1(λ̄i − µ̄l − ℏ)

θ1(µ̄kl)
,

this factor vanishes for i ̸= k. Setting i = k, we find

ḡk(z +Nℏ, λ̄+ ℏω̄k)

ḡk(z, λ̄+ ℏω̄k)
=
θ1(z +Nℏ+ d)1/N

θ1(z + d)1/N
(272)

× θ1(z + (N − 1)ℏ+ d− (N − 1)/2)

θ1(z +Nℏ+ d− (N − 1)/2)

× χk(λ̄+ ℏω̄k)
2
∏

l( ̸=k)

θ1(λ̄kl)

θ1(λ̄kl + ℏ)
.

Since z and λ̄ appear in separate factors on the right-hand side, ḡk takes the
form9

(273) ḡk(z, λ̄) = hk(z)ηk(λ̄) .

Then we have

χk(λ̄)
2 = Ck

∏

l( ̸=k)

θ1(λ̄kl)

θ1(λ̄kl − ℏ)
,(274)

hk(z +Nℏ)

hk(z)
= Ck

θ1(z +Nℏ+ d)1/N

θ1(z + d)1/N
(275)

× θ1(z + (N − 1)ℏ+ d− (N − 1)/2)

θ1(z +Nℏ+ d− (N − 1)/2)

for some constants Ck.

9If we write ḡk(z, λ̄) = hk(z)ηk(z, λ̄), with hk as given below, then ηk is a doubly
periodic meromorphic function of z satisfying ηk(z, λ̄) = ηk(z +Nℏ, λ̄). Assuming
that any pair from 1, τ and Nℏ are linearly independent in C, this implies that
ηk is independent of z as there are no triply periodic meromorphic functions other
than constants.
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The requirement that ḡ acts trivially on R(N,0) translates to the con-
straints

(276)
hi(z1)hj(z2)

hj(z1)hi(z2)
=
ηi(λ)ηj(λ− ℏωi)

ηi(λ− ℏωj)ηj(λ)
.

This equation tells that the left-hand side cannot depend on z1 or z2, so we
have

(277) hk(z) = ckh(z)

for some function h and constants ck. Absorbing ck into ηk, we can set

(278) hk = h , Ck = C

for some constant C.
We will see in Section 5.8 that C = 1. Then we can write

(279) χk(λ̄) =
∏

i<j

θ1(λ̄ij)
1/2

θ1((λ̄− ℏω̄k)ij)1/2
.

This shows that in the definition (256) of the difference operator L(N,1),
what the factor χ contained in S′ does is just to apply conjugation with the
operator that acts on a function f(λ̄) by multiplication by

∏
i<j θ1(λ̄ij)

1/2.
Therefore, it does not affect the algebra generated by the L-operator.

Having determined χ, we finally consider the same relation as in Fig-
ure 10 but placed in an (N, 0) background. Taking φ = 0 and ∆φ = π, we
conclude

(280) R(N,0)
π (z, λ̄)klij =

χl(λ̄)

χj(λ̄− ℏω̄i)
R(N,0)

(
z − 1

2
Nℏ, λ̄

)kl

ij

.

The prefactor on the right-hand side cancels the extra factor (265) in the

crossing–unitarity relation, as it should. The unitarity relation for R
(N,0)
π

also readily follows from this relation.

5.8. Junctions of Wilson lines

Although the Yang–Baxter equations and various other relations put strong
constraints on the forms of the R-matrices and the intertwining operators, we
have not been able to fix some ambiguities. While the determination of the
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ε
2π/N

(a)

λ̄ ε z − 2ℏ
z − ℏ

z

z − 4ℏ
z − 3ℏ

(b)

Figure 12: (a) A junction of Wilson lines for N = 5. (b) The spectral pa-
rameters are shifted due to the framing anomaly when the Wilson lines are
bent.

matrix ξ is not so crucial as it drops out from gauge invariant expressions, the
function f (N,0) = f (N,±1) does affect physical quantities. We can determine
this function by considering junctions of Wilson lines [21].

In gauge theory, one can join Wilson lines by contracting the ends of the
lines with an invariant tensor of the gauge group. In the case of G = SU(N),
we use a completely antisymmetric tensor ε to construct a junction of N
Wilson lines in the vector representation:

(281) εi1...iN (W1)
j1
i1
· · · (WN )

jN
iN
.

An example for N = 5 is shown in Figure 12(a).
While in the path integral the junction is described by the constant

tensor ε, it can receive quantum corrections in the effective description we
are using. This is natural because states on the Wilson lines participating
in a junction live in holomorphic vector bundles that are inequivalent due
to the jumps of the spectral parameter, and the notion of determinant has
to be modified.

Now, take a junction and bend the Wilson lines so that they all extend
horizontally to the right, as in Figure 12(b). At the junction the lines have
the same spectral parameter, but as they curve their spectral parameters get
shifted because of the framing anomaly. It was found in [20] that quantum
mechanically a configuration of Wilson lines suffers from an anomaly unless
the lines make equal angles at the junctions. Therefore, in the region where
the lines are horizontal, the spectral parameters of adjacent lines must differ
by ℏ. Let these parameters be z, z − ℏ, . . . , z − (N − 1)ℏ from top to bottom.

As we have seen already, in addition to the shifts in the spectral param-
eters, bending of Wilson lines in an (N, 0) background also induces some
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...ε = ...ε
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Figure 13: (a) Quantum determinant relation for R(N,0) (b) Quantum de-
terminant relation with a surface operator.

factors of theta functions containing the dynamical parameter. We have de-
termined these factors only in the case when the lines make 180-degree turns,
which can be useful only for N = 2.

Rather than trying to determine the quantum corrections to the junction
and the framing anomaly for general angles separately, let us encapsulate
both of these effects into a single tensor εℏ(λ̄). This is the operator represent-
ing the diagram in Figure 12(b). It is still totally antisymmetric since the
contributions to the path integral from terms in the junction (281) vanish if
im = in for some (m,n).

To this collection of Wilson lines let us introduce an additional Wilson
line, almost parallel to the horizontal lines. The familiar field theory argu-
ment then suggests that the relation shown in Figure 13(a) should hold.
(For the ease of visualization we have drawn the additional Wilson line ver-
tically.) The left-hand side of this relation, evaluated for (k1, k2, . . . , kN ) =
(1, 2, . . . , N), is the quantum determinant of R(N,0).

To determine εℏ(λ̄), we look at a similar relation, in which the vertical
Wilson line is replaced with an ’t Hooft line; see Figure 13(b). The right-
hand side of this relation contains a junction in the (N, 1) background.
Since the (N, 1) background has no moduli, the antisymmetric tensor can
only receive quantum corrections that rescale it by an overall factor, which
can be absorbed by rescaling of the antisymmetric tensor used to define the
junction in the path integral. Thus, we have

(282) εℏ(λ̄)
i1...iN

N∏

n=1

S

(
z − (n− 1)ℏ, λ̄− ℏ

n−1∑

m=1

ω̄im

)kn

in

= εk1...kN ,
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or

(283) εℏ(λ̄)
i1...iN

N∏

n=1

h
(
z − (n− 1)ℏ

) θ(kn)(z +N λ̄in + d)

θ1(z − (n− 1)ℏ+ d)1/N

× (Θ−1ξη)

(
λ̄− ℏ

n−1∑

m=1

ω̄im

)

in

= εk1...kN .

A key to crack this equation is the following determinant formula [82]:

(284) det
(
θ(j)(z +N λ̄i)

)
i,j=1,...,N

= CN,τθ1
(
z − (N − 1)/2

)∏

i<j

θ1(λ̄ij) .

Here CN,τ is a constant that depends only on N and τ . From this formula
it follows

(285)
1

θ1(z + d− (N − 1)/2)

N∏

n=1

θ1(z + d− (n− 1)ℏ)1/N

h(z − (n− 1)ℏ)

=
1

N !
εi1...iNCN,τ

∏

i<j

θ1(λ̄ij)εℏ(λ̄)
i1...iN

N∏

n=1

(Θ−1ξη)

(
λ̄− ℏ

n−1∑

m=1

ω̄im

)

in

,

and the two sides are equal to some constant D which can depend on ℏ.
Thus we get

εi1...iN
ℏ

(λ̄)

N∏

n=1

(Θ−1ξη)in

(
λ̄− ℏ

n−1∑

m=1

ω̄im

)
(286)

= C−1
N,τDε

i1...iN
∏

i<j

θ1(λ̄ij)
−1

and

(287)
1

θ1(z + d− (N − 1)/2)

N∏

n=1

θ1(z − (n− 1)ℏ+ d)1/N

h(z − (n− 1)ℏ)
= D .

The last equation is consistent with relation (275) only if

(288) Ck = 1

for all k.
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Let us go back to the quantum determinant relation in Figure 13(a).
For the calculation of the quantum determinant of R(N,0), we can perform
a gauge transformation to put the R-matrix in a convenient form. If we
apply the gauge transformation by Θ−1ξη, the tensor used at the junction
becomes precisely the left-hand side of relation (286). Moreover, since η acts
on R(N,0) trivially, we have

Θ−1ξη ·R(N,0)(z, λ̄)ijij = f (N,0)(z)Θ−1 ·RF(−z, λ̄)ijij(289)

= f (N,0)(z)
θ1(z)θ1(λ̄ij − ℏ)

θ1(z + ℏ)θ1(λ̄ij)

and therefore

Θ−1ξη ·R(N,0)(ℏ, λ̄)ijij = f (N,0)(ℏ)RF(−ℏ, λ̄)ijji(290)

= Θ−1ξη ·R(N,0)(ℏ, λ̄)ijji .

From this we deduce that for generic values of λ̄, the kernel of Θ−1ξη ·
R(N,0)(ℏ, λ̄) is

∧2
CN . In this gauge, the left-hand side of the quantum de-

terminant relation is antisymmetric under an exchange of final states on
adjacent horizontal lines, as we can see by making those lines cross and us-
ing the Yang–Baxter equation. Hence, it is completely antisymmetric in the
final states on all horizontal lines.

Making use of this antisymmetry we can arrange the final states so that
k1 = j1. Then, the only contribution to the quantum determinant comes
from the case when jn = j1 = k1 and in = kn for all n, and the quantum
determinant relation reduces to the equation

C−1
N,τDε

k1...kN
∏

i<j

θ1(λ̄ij)
−1(291)

×
N∏

n=1

Θ−1ξη ·R(N,0)

(
z − (n− 1)ℏ, λ̄− ℏ

n−1∑

m=1

ω̄km

)knj1

knj1

= C−1
N,τDε

k1...kN
∏

i<j

θ1
(
(λ̄− ℏω̄j1)ij

)−1
.

All constants and functions of λ̄ in the equation cancel out, leaving

(292)
θ1(z − (N − 1)ℏ)

θ1(z)

N∏

n=1

f (N,0)
(
z − (n− 1)ℏ

)
= 1 .
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This is consistent with the quasi-periodicity property (212), as well as with
the unitarity condition (213) and the crossing–unitarity condition (261). The
same equation is obtained if one sets the quantum determinant of R(N,1) to 1.

6. String theory realization and dualities

In the final section we discuss a realization of four-dimensional Chern–
Simons theory and the associated integrable lattice models in string theory.
The embedding into string theory allows us to invoke its powerful duali-
ties. Using these dualities, we relate the field theory setup considered in the
previous sections to other setups which have been extensively studied in
relation to quantum integrable systems. The string theory realization thus
provides a unified perspective on a number of phenomena in which the same
integrable systems arise from apparently different theories.

6.1. Brane construction of the Ω-deformed
topological–holomorphic theory

Consider a stack ofN D5-branes in Type IIB superstring theory. If the space-
time is flat Minkowski space R9,1, the low energy dynamics of the branes is
described by six-dimensional N = (1, 1) super Yang–Mills theory with gauge
group U(N). Discarding the decoupled degrees of freedom associated with
the center-of-mass motion of the D5-branes, we obtain the theory with gauge
group SU(N).

If, instead, the spacetime is T ∗M × C and the D5-branes wrap the zero
section of T ∗M and C, then the effective worldvolume theory is topologically
twisted along M [83]. (Here, as before, M is a four-manifold and C is either
C, C× or an elliptic curve E.) In fact, it is the twistedN = (1, 1) super Yang–
Mills theory whose Q-invariant sector is the topological–holomorphic theory
on M × C, constructed in Section 2. The reason is that the four bosonic
fields parametrizing the positions of the branes in the fiber directions of
T ∗M are not scalars as in the untwisted theory. Rather, at each point on C,
they are components of a one-form on M . Turning the four scalar fields
into a one-form on M is precisely what the topological twisting for the
topological–holomorphic theory does.

Our goal is to understand how to introduce an Ω-deformation to this
brane construction of the topological–holomorphic theory. More specifically,
we take M = R2 × Σ and C = E, and wish to turn on an Ω-deformation in
the worldvolume theory using the rotation symmetry of R2.
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To this end, suppose that we could realize the desired Ω-deformation,
and subsequently dimensionally reduced the Ω-deformed theory on E. Then,
we would obtain an Ω-deformation of the GL-twisted N = 4 super Yang–
Mills theory on R2 × Σ. This Ω-deformation is, however, different from the
one commonly considered in the study of four-dimensional N = 2 supersym-
metric gauge theories.

The standard Ω-deformation [22, 23] is compatible with the Donaldson–
Witten twist [25]. Upon dimensional reduction on Σ, the Donaldson–Witten
twist descends to the A-twist of N = (2, 2) supersymmetric theories in two
dimensions [84]. On the other hand, as we have seen already, the topological–
holomorphic theory reduces to a B-twisted theory in two dimensions, not an
A-twisted one.

From the GL-twisted N = 4 super Yang–Mills theory we can obtain ei-
ther of these twists in two dimensions, depending on the choice of the super-
charge we use to define a topological theory. In the four-dimensional theory,
the two types of twists are related by S-duality [50, 84, 85]. This means
that the Ω-deformation of the topological–holomorphic theory descends to
the S-dual of the standard Ω-deformation of the GL-twisted N = 4 super
Yang–Mills theory.

A nice thing about the standard Ω-deformation of an N = 2 supersym-
metric gauge theory is that it has a transparent geometric construction.
First, we lift the theory to an N = (1, 0) supersymmetric gauge theory in
six dimensions. The lifted theory is defined on the product M × E. Then,
we twist this product so that when we go around the one-cycles of E, we
do not come back to the point we started from, but arrive at a point that is
shifted by the action of an isometry of M . Finally, we perform the dimen-
sional reduction of the lifted theory down to four dimensions. The resulting
four-dimensional theory is deformed compared to the original one because
of the twisting of the product.

This procedure can be incorporated in our brane construction straight-
forwardly [86–89]. In our setup, the D5-branes are supported on the prod-
uct R2 × Σ× E sitting in the ten-dimensional spacetime T ∗R2 × T ∗Σ× E,
where R2 is the zero section of T ∗R2 and, for the purpose of this discussion,
we can take Σ to be the zero section of T ∗Σ.

If we apply T-duality on E, the D5-branes turn into D3-branes. In the
limit where E shrinks to a point, the low energy dynamics of these D3-
branes is described by the GL-twisted N = 4 super Yang–Mills theory on
R2 × Σ. To introduce the Ω-deformation, we modify the geometry before
applying the T-duality. Viewing R2 × Σ× E as a flat R2-bundle over Σ× E,
we twist it so that the fiber is rotated by some angles as it is transported
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along the one-cycles of E. For supersymmetry to be preserved, we must
simultaneously rotate the fiber of T ∗R2 in the opposite direction. Now, T-
duality on E produces a D3-brane configuration realizing the GL-twisted
N = 4 super Yang–Mills theory, subjected to the standard Ω-deformation.

To obtain the brane setup for the Ω-deformed topological–holomorphic
theory, all we have to do is to apply S-duality to this D3-brane configuration,
which leaves the D3-branes intact but acts nontrivially on the background,
and then T-duality on the dual elliptic curve E∨ to turn the D3-branes back
into D5-branes.

Let us describe this construction more precisely, following the chain of
dualities step by step. We use radial coordinates (r, ϑ) and (ρ, φ) for the base
and fiber of T ∗R2, respectively, and parametrize E with real coordinates
(x4, x5) defined up to the identification

(293) (x4, x5) ∼ (x4 + 2πR, x5) ∼ (x4 + 2πRτ1, x
5 − 2πRτ2) ,

with τ2 > 0. With respect to the complex coordinate z = (x4 − ix5)/2, the
modular parameter of E is τ = τ1 + iτ2.

Our starting point is the D5-branes supported on a twisted product of
T ∗R2 and E. In terms of the periodic coordinates y1, y2 defined by

(294) x4 = R(y1 + τ1y
2) , x5 = −Rτ2y2 ,

we can construct this space via the identification

(ϑ, φ, y1, y2) ∼ (ϑ+ 2πε1, φ− 2πε1, y
1 + 2π, y2)(295)

∼ (ϑ+ 2πε2, φ− 2πε2, y
1, y2 + 2π) ,

with some parameters ε1, ε2 ∈ R. The spacetime metric is given by

(296) g = dr2 + r2dϑ2 + dρ2 + ρ2dφ2 + (dx4)2 + (dx5)2 + gT ∗Σ ,

where gT ∗Σ is a Ricci flat metric on T ∗Σ. We take the dilaton to be a
constant:

(297) Φ = Φ0 .

The other background fields, the Kalb–Ramond two-form field B2 and the
RR p-form fields Cp, are all set to zero.
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The first step in the chain of dualities is T-duality on E. For this step
it is convenient to introduce angle variables

(298) θ = ϑ− ε1y
1 − ε2y

2 , ϕ = φ+ ε1y
1 + ε2y

2 ,

which disentangle the identification (295):

(299) (θ, ϕ, y1, y2) ∼ (θ, ϕ, y1 + 2π, y2) ∼ (θ, ϕ, y1, y2 + 2π) .

With these coordinates we can use the standard formulas for T-duality [90,
91].

The action of T-duality on g and B2 can be expressed concisely in terms
of the tensor g +B2. We write it in the block matrix form as

(300) g +B2 =

(
K N
M L

)
,

where K represents the block whose indices involve only y1 and y2. Under
T-duality in the y1- and y2-directions, g +B2 is transformed to g̃ + B̃2, with
the corresponding blocks given by

(301) K̃ = K−1 , L̃ = L−MK−1N , M̃ =MK−1 , Ñ = −K−1N .

The dilaton is shifted as

(302) Φ̃ = Φ0 −
1

2
ln detK .

Since B2 = 0 initially, K and L are symmetric while MT = N . Then, K̃
and L̃ are symmetric and Ñ = −M̃T . The T-duality thus turns the metric
into a block diagonal form and induces a nonzero B-field:

(303) g̃ =

(
K̃ 0

0 L̃

)
, B̃2 =

(
0 −M̃T

M̃ 0

)
.

An explicit calculation shows

(304)

g̃ = dr2 + r2dθ2 + dρ2 + ρ2dϕ2 − |ε|2
∆2

(r2dθ − ρ2dϕ)2 + gT ∗Σ

+
4

R4τ22∆
2

(
(r2 + ρ2)

(
Im(ε̄ dζ)

)2
+ dζ dζ̄

)
,

B̃2 =
2

R2τ2∆2
(r2dθ − ρ2dϕ) ∧ Re(ε̄ dζ) ,

Φ̃ = Φ0 − ln(R2τ2∆) ,
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where we have defined

(305) ε =
τε1 − ε2
Rτ2

, ζ =
R

2
(τy1 − y2) , ∆2 = 1 + |ε|2(r2 + ρ2) .

This is the NS fluxtrap background studied in [86–89].
Next, we apply S-duality. This step changes the metric and the dilaton

to

(306) ĝ = e−Φ̃g̃ , Φ̂ = −Φ̃ ,

and exchanges the B-field and the RR two-form:

(307) B̂2 = C̃2 , Ĉ2 = −B̃2 .

This background is called the RR fluxtrap [89].
Finally, we apply T-duality in the y1- and y2-directions again. The re-

sulting metric and dilaton are

(308)

ǧ = R2τ2∆e
−Φ0

(
dr2 + r2dθ2 + dρ2 + ρ2dϕ2

− |ε|2
∆2

(r2dθ − ρ2dϕ)2 + gT ∗Σ

)

+
4eΦ0

R2τ2∆

(
(r2 + ρ2)

(
Im(ε̄ dz)

)2
+ dz dz̄

)
,

Φ̌ = ln(R2τ2∆) .

On the RR two-form this step acts as a 90-degree rotation on the y1-y2

plane, sending dζ to dz:

(309) Č2 =
2

R2τ2∆2
(r2dθ − ρ2dϕ) ∧ Re(ε̄ dz) .

Based on the argument we have given above, we claim that this is the back-
ground in which a stack of D5-branes realizes the Ω-deformed topological–
holomorphic theory.

In principle, we should be able to verify this claim by comparing the
Dirac–Born–Infeld (DBI) action for the worldvolume theory of the D5-branes
and the action for the Ω-deformed topological–holomorphic theory. In prac-
tice, this is not as easy as it may sound because the two actions only need
to coincide up to Q-exact terms and a nontrivial field redefinition. Here
we content ourselves with confirming that the DBI action reproduces some
important terms.
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The metric on the D5-brane worldvolume is

ǧD5 = R2τ2∆0e
−Φ0

(
dr2 +

r2

∆2
0

dθ2 + gΣ

)
(310)

+
4eΦ0

R2τ2∆0

(
r2
(
Im(ε̄ dz)

)2
+ dz dz̄

)
,

where ∆0 = 1 + |ε|2r2. For this metric to reduce at ε = 0 to the one we used
for the topological–holomorphic theory, we must take

(311) eΦ0 = R2τ2 .

Then, we have

(312)
√
ǧD5 d

6x =
√
gΣ d6x ,

where d6x = dx0 ∧ · · · ∧ dx5, with x0 + ix1 = reiθ and (x2, x3) being coordi-
nates on Σ.

The DBI action, expanded to quadratic order in derivatives, contains
the terms

−(2πα′)2

2R2τ2
T5

∫

R2×Σ×E

√
gΣ d6x(313)

× Tr

(
1

∆2
0

F rmFrm + F θmFθm +
1

2∆2
0

FmnFmn

)
.

Here (2πα′)−1 is the string tension, T5 is the D5-brane tension, and indices
are raised with respect to the metric dr2 + r2dθ2 + gΣ + (dx4)2 + (dx5)2.
We identify these terms with the kinetic terms |Dr̂φ|2/(1 + ∥V ∥2) + |Dθ̂φ|2
for φ = Am and the potential term |∂W/∂φ|2/(1 + ∥V ∥2) for φ = Az̄ in the
bosonic part (111) (with t = 1) of the action for the Ω-deformed topological–
holomorphic theory. Thus we find

(314)
1

e2
=

(2πα′)2

2R2τ2
T5 , |ϵ| = |ε| .

The RR two-form induces the Wess–Zumino term

(315) − i
(2πα′)2

2
µ5

∫

R2×Σ×E
Č2 ∧ Tr(F ∧ F ) ,
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where µ5 is the D5-brane charge. This term contains

(316)

(
(2πα′)2

2R2τ2
e2µ5

)

× 2i Im

∫

R2

r dr ∧ dθ ∧ ε̄r

∆2
0

∂r

(
− i

e2

∫

Σ×E
dz ∧ CS(A)

)
.

We see it within the terms 2i Im(V
θ̂
∂r̂W )/(1 + ∥V ∥2). Comparing the coef-

ficients of ∂rW , we identify

(317) ϵ = ε .

For the overall factor to be equal to 1, we must have T5 = µ5. This is the
BPS condition for D5-branes.

6.2. Wilson lines and surface operators

Let us construct integrable lattice models in the above string theory setup.
For Σ = T 2, the ten-dimensional spacetime is

(318) T ∗
R
2 × T ∗Σ× E ∼= R

2 × T 2 × E × R
2
67 × R

2
89 ,

where R2
67 and R2

89 are the fibers of T ∗R2 and T ∗Σ, respectively. The sub-
scripts refer to the coordinates for these spaces which are consistent with
the ones used in Section 2. We use coordinates (x, y) for T 2 and a complex
coordinate z on E.

Four-dimensional Chern–Simons theory for G = SU(N) is realized by N
D5-branes D5i, i = 1, . . . , N , supported on

(319) R
2 × T 2 × E × {0} × {(ϕix, ϕiy)} ⊂ R

2 × T 2 × E × R
2
67 × R

2
89 .

Without loss of generality we may assume

(320) ϕ1x ≤ ϕ2x ≤ · · · ≤ ϕNx .

The coordinates (ϕix, ϕ
i
y) of D5i in R2

89 determine the imaginary part of the
background value of the complex gauge field Axdx+Aydy. Together with
the real part, given by the values of the gauge fields on D5i along T

2, they
specify the twisted periodic boundary conditions of the lattice models. In
the absence of the Ω-deformation, the D5-branes would preserve half of the
thirty-two supercharges of Type IIB superstring theory.



✐

✐

“1-Yagi” — 2021/9/1 — 1:32 — page 2021 — #91
✐

✐

✐

✐

✐

✐

Unification of integrability in supersymmetric gauge theories 2021

The construction of integrable lattice models requires Wilson lines and
surface operators bounded by ’t Hooft lines. To be concrete, let us consider
a lattice similar to the one illustrated in Figure 5. It consists of m horizontal
and n vertical Wilson lines in the vector representation of SU(N), as well
as k vertical strips of surface operators.

In general, Wilson lines in the worldvolume theory of a stack of N D-
branes are created by fundamental strings ending on the D-branes. The end
of a semi-infinite open string behaves as a charged particle with infinite
mass. There are N choices for the D-brane on which the string ends, and
these correspond to the possible states of the charged particle. Thus, a single
open string creates a Wilson line in the vector representation. For Wilson
lines in other representations, there are more elaborate constructions which
involve multiple strings and additional branes [15, 92–94].

Adopting this construction, we see that the horizontal Wilson lines are
realized by fundamental strings F1α , α = 1, . . . , m, ending on one of the
D5-branes at (y, z) = (yα, zα) and extending in the negative x8-direction. If
the αth Wilson line is in the iαth state, F1α ends on D5iα . The vertical

Wilson lines are created by fundamental strings F1β , β = 1, . . . , n, ending

on D5iβ at (x, z) = (xβ , zβ) and extending in the negative x9-direction. To
be compatible with the Ω-deformation, these strings must sit at the origins
of R2 and R2

67. In the undeformed situation, F1α would break half of the

sixteen supercharges preserved by the D5-branes, and F1β would further
break half of the surviving eight supercharges.

The brane realization for the ’t Hooft lines can be identified from the fact
that ’t Hooft lines in N = 4 super Yang–Mills theory in four dimensions are
the S-duals of Wilson lines. As such, in the worldvolume theory of D3-branes
these lines are created by D1-branes, which are the S-duals of fundamental
strings. Since D3-branes are what the D5-branes become if we compactify
R2 to a torus and apply T-duality along its one-cycles, ’t Hooft lines in the
worldvolume theory of the D5-branes are created by the T-duals of those
D1-branes, namely D3-branes.

Therefore, the ’t Hooft lines going upward in Figure 5 are created by
semi-infinite D3-branes D3γ , γ = 1, . . . , k, coming from x8 = −∞ and hit-
ting D5iγ at (x, z) = (xγ , zγ). The choices iγ of the D5-branes that these
D3-branes hit determine the charges of the ’t Hooft lines: for G = U(N),
the γth ’t Hooft line has charge diag(0, . . . , 0, 1, 0, . . . , 0), with 1 in the iγth
entry. Throwing away the center-of-mass degrees of freedom of the D5-branes
makes the charge traceless, replacing it with the fractional charge (221) or
its permutation. This brane realization of monopoles is the S-dual of the one
studied in [95].
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Spacetime: R2 × T 2 × E × R2
67 × R2

89

D5i: R2 × T 2 × E × {0} × {(ϕix, ϕiy)}
F1α : {0} × {y = yα} × {zα} × {0} × {(x8, ϕiαy ) | x8 ≤ ϕiαx }
F1β : {0} × {x = xβ} × {zβ} × {0} × {(ϕiβx , x9) | x9 ≤ ϕ

iβ
y }

D3γ : R2 × {x = xγ} × {zγ} × {0} × {(x8, ϕiγy ) | x8 ≤ ϕ
iγ
x }

D3γ : R2 × {x = xγ} × {zγ} × {0} × {(x8, ϕiγy ) | x8 ≥ ϕ
iγ
x }

Table 1: A brane configuration for an integrable lattice model. The branes
are placed in a background with nonzero RR two-form. D3γ forms a bound
state with the D5-branes in the region {xγ ≤ x ≤ xγ} on T 2.

If a D3-brane creating an ’t Hooft line curves in T 2, it also has to curve
in R2

89 by the same angle to preserve supersymmetry. In particular, an ’t
Hooft line going downward is created by a D3-brane hitting one of the D5-
branes from the positive x8-direction. This observation suggests the following
construction for the strips of surface operators.

When D3γ comes from x8 = −∞ and hits D5iγ , it makes a right turn to
move along T 2, and the two branes form a bound state. This D3–D5 bound
state creates the surface operator whose left boundary is the γth upward ’t
Hooft line. While maintaining the bound state, D3γ can gradually shift its
position in E. When D3γ reaches (x, z) = (xγ , zγ), it makes a left turn and
leaves D5iγ . Then D3γ goes off to x8 = +∞, yielding the downward ’t Hooft
line on the right boundary of the surface operator,

The D3-branes break half of the four supercharges preserved by the other
branes. We refer to the semi-infinite parts of D3γ responsible for the upward
and downward ’t Hooft lines as D3γ and D3γ , respectively.

The brane configuration realizing the integrable lattice model is summa-
rized in Table 1.

6.3. Brane tilings and class-Sk theories

Tracing back the chain of dualities, we obtain another realization of the same
integrable lattice model. By the application of T-duality on E, S-duality, and
T-duality on E again, F1α and F1β are converted to D3-branes D3α and

D3β , while D3γ and D3γ are converted to NS5-branes NS5γ and NS5γ . The
dual brane configuration is summarized in Table 2.

Each NS5-brane forms a bound state with the D5-branes over a colored
region in Figure 5. This bound state of N D5-branes and one NS5-brane is
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Spacetime: R2 × T 2 × E × R2
67 × R2

89

D5i: R2 × T 2 × E × {0} × {(ϕix, ϕiy)}
D3α : {0} × {y = yα} × E × {0} × {(x8, ϕiαy ) | x8 ≤ ϕiαx }
D3β : {0} × {x = xβ} × E × {0} × {(ϕiβx , x9) | x9 ≤ ϕ

iβ
y }

NS5γ : R2 × {x = xγ} × E × {0} × {(x8, ϕiγy ) | x8 ≤ ϕ
iγ
x }

NS5γ : R2 × {x = xγ} × E × {0} × {(x8, ϕiγy ) | x8 ≥ ϕ
iγ
x }

Table 2: A brane tiling configuration for an integrable lattice model. The
product between R2 × R2

67 and E is twisted by rotations of R2 and R2
67 in

opposite directions.

called an (N, 1) 5-brane. In this terminology, a stack of N D5-branes may
be referred to as an (N, 0) 5-brane. Our choice of the names for various
backgrounds was motivated by this 5-brane interpretation.

The 5-brane system realizes a five-dimensional N = 1 supersymmetric
gauge theory on R2 × S1 × E [96, 97], with the product between R2 and
E being a twisted one. The D3-branes create three-dimensional defects sup-
ported on {0} × S1 × E in this theory. Thus, the partition function of the lat-
tice model translates to the correlation function of these defects in this the-
ory, also known as the supersymmetric index of the theory on R2 × S1 × E
in the presence of the defects.

If we wish, we can introduce additional ’t Hooft lines in the horizontal
direction and make a tricolor checkerboard pattern on T 2, as in Figure 14(a);
or for that matter, we can consider entirely different patterns of (N, 0) and
(N,±1) background regions, such as the one shown in Figure 14(b). Such
configurations of 5-branes, called brane tilings, realize four-dimensional N =
1 supersymmetric gauge theories on R2 × E [38, 39]. These theories have
multiple SU(N) gauge (and flavor) groups, one for each (N, 0) background
region, and chiral multiplets in the bifundamental representations under
two SU(N) gauge groups associated to (N, 0) background regions sharing a
vertex.

The theories realized by the brane tilings in Figure 14 are also examples
ofN = 1 supersymmetric theories of class Sk [14, 40, 41]. Theories of class Sk
describe the dynamics of M5-branes probing a transverse C2/Zk singularity,
compactified on punctured Riemann surfaces which in our case are tori.
This brane setup is obtained by T-duality in the horizontal direction of T 2,
followed by a lift to M-theory. The D3-branes are lifted to M2- and M5-
branes, producing surface operators in the class-Sk theories.
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(a) (b)

Figure 14: (a) A tricolor checkerboard brane tiling. (b) Another brane tiling.

Spacetime: R2 × T 2 × E × R2
67 × R2

89

NS5i: R2 × T 2 × E × {0} × {(ϕix, ϕiy)}
D0α : {0} × {(xα, yα)} × {zα} × {0} × {(x8, ϕiαy ) | x8 ≤ ϕiαx }
D2β : {0} × T 2 × {zβ} × {0} × {(ϕiβx , x9) | x9 ≤ ϕ

iβ
y }

D4γ : R2 × T 2 × {zγ} × {0} × {(x8, ϕiγy ) | x8 ≤ ϕ
iγ
x }

D4γ : R2 × T 2 × {zγ} × {0} × {(x8, ϕiγy ) | x8 ≥ ϕ
iγ
x }

Table 3: A brane configuration of Hanany–Witten type for an integrable
lattice model.

It is known that surface operators act on the supersymmetric indices
of brane tiling and class-Sk theories as difference operators [11–17]. Our
construction shows that these difference operators are nothing but transfer
matrices of L-operators. This result, obtained in [15, 16] from the perspective
of brane tilings, was a primary motivation for us to study surface operators
in four-dimensional Chern–Simons theory.

6.4. Linear quiver theories

Another interesting chain of dualities we can apply to the brane configu-
ration in Table 1 is S-duality and T-duality in the horizontal direction of
T 2. This turns D5i into NS5-branes NS5i, F1α into D0-branes D0α , F1β
into D2-branes D2β , and D3γ and D3γ into D4-branes D4γ and D4γ , as
summarized in Table 3. A schematic picture of this brane setup is shown
in Figure 15(a). These branes are placed in a background with a nonzero
B-field.

Let us decompactify the holomorphic surface C = E to C. Then, the
part of the system consisting of the D4- and NS5-branes is a well-known
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z

x8

x9

. . .

NS52

. . .

NS51

. . .

NS5N

...
...

k D4 k D4

D2

D0

(a)

k k k . . . k k

N + 1 nodes

(b)

Figure 15: (a) A D4–NS5 brane configuration of Hanany–Witten type with
additional D0- and D2-branes. (b) The linear quiver for the theory realized
by the D4–NS5 brane configuration.

brane configuration studied in Witten’s classic paper [42], which builds on
his earlier work [98] with Hanany.

The D4–NS5 brane configuration realizes a four-dimensional N = 2 su-
persymmetric gauge theory on R2 × T 2. This theory is described by a linear
quiver shown in Figure 15(b). A circle node represents a vector multiplet for
an SU(k) gauge group, a square node an SU(k) flavor group, and an edge a
bifundamental hypermultiplet.

The value ϕi+1
x − ϕix determines the gauge coupling of the ith SU(k)

gauge group, while the difference of the periodic scalars on NS5i and NS5i+1

gives the θ-angle for this group; together they form a complexified gauge
coupling. The positions zγ and zγ of the D4-branes in C determine the
masses of the hypermultiplets charged under the left and right SU(k) flavor
groups, respectively. For generic values of ϕiy, the theory is in the Higgs
phase in which the gauge symmetry is completely broken.

The topological twist used in the construction of the six-dimensional
topological–holomorphic theory becomes the Donaldson–Witten twist of the
linear quiver theory, as can be seen as follows. If there are only the NS5-
and D4-branes, the dualities used above can be applied to a more general
setup whereM is the product of a three-manifoldW and S1, instead of R2 ×
T 2. By dimensional reduction on S1, the linear quiver theory reduces to a
three-dimensional N = 4 supersymmetric gauge theory onW . There are two
topological twists for a generalN = 4 supersymmetric gauge theory [99], and
what we get here is the one using the SU(2) R-symmetry coming from the
rotation symmetry of R3

679. This is known to be the dimensional reduction
of the Donaldson–Witten twist.
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The presence of the B-field and other ϵ-dependent part of the background
has the effect of introducing the standard Ω-deformation. A quick way to
see this is to note that if we apply S-duality, T-duality in the horizontal
direction of T 2, and T-duality on E to the brane configuration in Table 2,
we arrive at an almost identical Hanany–Witten configuration, in which E is
replaced with the dual elliptic curve E∨. The linear quiver theory realized by
this brane configuration is clearly subjected to the standard Ω-deformation
because the last T-duality is applied to a twisted product of R2 and E and,
as discussed earlier, this is how the standard Ω-deformation is constructed.
The theories realized by the two Hanany–Witten configurations are related
by a diffeomorphism between the elliptic curves, so the deformations they
receive are the same.

The D0-branes insert local operators in the linear quiver theory, while
the D2-branes create surface operators supported on {0} × T 2. In particular,
each D0-brane acts on the partition function of the Ω-deformed linear quiver
theory as a transfer matrix.

Let us consider the situation where all D4γ and D4γ end on the same
NS5-brane, say NS51. In this case, this transfer matrix is constructed from k
copies of a rational version of L(N,1) corresponding to the decompactification
of E to C.10

If we further specialize to the case N = 2, these L-operators are R-
matrices for the rational six-vertex model (the rational limit of the eight-
vertex model) whose vertical lines carry Verma modules of sl2. The mod-
ule structure comes from dynamical creation and annihilation of D2-branes
stretched between D4γ and NS52 [5].

A transfer matrix of the rational six-vertex model is a generating func-
tion of the conserved charges of the XXX spin chain. Thus, our brane con-
struction naturally explains the appearance of the “noncompact” XXX spin
chain of length k, whose spins take values in Verma modules of sl2, from
the Ω-deformed N = 2 supersymmetric gauge theory with a single SU(k)
gauge group and two fundamental hypermultiplets [4, 5]. This phenomenon
generalizes to any N ≥ 2, for which an slN spin chain arises [6–8].

Now let us make C compact again, taking C = E. Then, the D4–NS5
brane configuration realizes a six-dimensional lift of the linear quiver theory

10The dynamical parameter is absent for C = C as we explain in Section 6.5,
so the decompactification acts as if wrapping T 2 with a surface operator and then
taking the rational limit. The transfer matrix still consists of L(N,1) if the positions
of the ’t Hooft lines are pairwise interchanged. To be precise, the L-operator that
enters the transfer matrix is not equal but gauge equivalent to L(N,1) because we
have defined L(N,1) as the L-operator in the background with Ax = Ay = 0.
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z
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x8

NS51
NS52

...

M D2

n−M D2

Figure 16: A brane configuration for a two-dimensional N = (4, 4) super-
symmetric gauge theory.

compactified on E, as one can see by applying T-duality on E. Correspond-
ingly, the six-vertex model is promoted to the eight-vertex model, whose
transfer matrix generates the conserved charges of the XYZ spin chain. If
we compactify only one direction so that C = C×, the brane configuration
produces a five-dimensional gauge theory and the XXZ spin chain.

6.5. Nekrasov–Shatashvili realization of compact spin chains

In the same brane configuration, the crossings of the D0- and D2-branes
create transfer matrices constructed from R-matrices in the vector repre-
sentation of slN . Therefore, the slN spin chains with spins in the vector
representation also appear in this setup. It is interesting to look at these
spin chains from the point of view of the D2-branes.

For the moment let us take N = 2, so there are two NS5-branes. The
possible configurations of n D2-branes ending on either NS5-brane are classi-
fied by an integerM such that 0 ≤M ≤ n, namely the number of D2-branes
ending on NS52. This is the magnon number of the spin chain, counting the
total number of “up” spins in the chain. A case with M = 2 is illustrated in
Figure 16.

In the case when C = C and the Ω-deformation is absent, the D2–NS5
brane configuration with fixed M realizes an N = (4, 4) supersymmetric
gauge theory on T 2. This theory has a U(M) gauge group and a hypermul-
tiplet in the bifundamental representation of the gauge group and a U(n)
flavor symmetry.

The separation ϕ2y − ϕ1y of the NS5-branes in the x9-direction determines
the gauge coupling. The separation ϕ2x − ϕ1x in the x8-direction is propor-
tional to the Fayet–Iliopoulos (FI) parameter r for the U(1) part of the
gauge group, and it combines with the two-dimensional θ-angle ϑ to form
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the complexified FI parameter

(321) t =
ϑ

2π
+ ir .

The positions zβ of D2β in C are twisted masses of the hypermultiplet. These
complex mass parameters may be thought of as the eigenvalues of the scalar
field in the nondynamical vector multiplet for the U(n) flavor symmetry.

To this theory the Ω-deformation is applied. This makes use of the U(1)
isometry of a plane transverse to the D2-branes, and breaks the N = (4, 4)
supersymmetry to N = (2, 2) supersymmetry. In the language of N = (2, 2)
supersymmetry, theN = (4, 4) vector multiplet consists of a vector multiplet
and a chiral multiplet in the adjoint representation, whereas the N = (4, 4)
fundamental hypermultiplet splits into a pair of fundamental and antifun-
damental chiral multiplets. The Ω-deformation gives the adjoint chiral mul-
tiplet a twisted mass u proportional to ϵ, and the fundamental and antifun-
damental chiral multiplets twisted masses −u/2 and u/2, respectively [86].

The topological twist is the A-twist here. We can see this from the fact
that the scalar field σ of the vector multiplet for the gauge symmetry, whose
eigenvalues parametrize the positions of the D2-branes on C, is unaffected
by the twist. Alternatively, we may note that the D2-branes are surface
operators in the theory on the D4-branes, and the Donaldson–Witten twist
reduces to the A-twist in two dimensions.

Suppose that r ̸= 0 and the twisted masses are vanishing, including those
induced by the Ω-deformation. Then, the theory is in the Higgs phase and
flows in the infrared to a topological sigma model whose target space is
the cotangent bundle T ∗Gr(M,n) of the Grassmannian Gr(M,n), endowed
with a hyperkähler metric. This is the A-model [100], and its algebra of local
operators is given by the quantum cohomology ring QH•(T ∗Gr(M,n)). By
the state–operator correspondence this is isomorphic as a vector space to
the Hilbert space of states.

Now we turn on all the twisted masses. As the supercharge of an A-
twisted gauge theory squares to a gauge transformation generated by the
adjoint scalar in the vector multiplet, this amounts to working equivariantly
with respect to the U(n) flavor symmetry as well as the U(1) isometry used
in the Ω-deformation. The algebra of local operators is therefore deformed
to the equivariant quantum cohomology QH•

(C×)n×C×(T
∗Gr(M,n)), where

(C×)n is the diagonal torus of the complexification of the U(n) flavor sym-
metry and the last C× is the complexification of the U(1) isometry.
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The D0-branes create local operators in the theory. According to our
brane construction, these operators can be understand as transfer matrices,
constructed from a rational version of R(N,0). Although there is a rational
solution of the dynamical Yang–Baxter equation [56], what we get here is
a nondynamical one: flat connections on C = C are all gauge equivalent to
zero, so the relevant moduli space has no directions that would correspond to
a dynamical parameter. (In our brane setup ϕ goes to a constant value at the
infinity of C, and with this boundary condition the argument in Section 4
applies.) The transfer matrices of this rational R-matrix are those of the
XXX spin chain whose spins are in the vector representation.

By integrability, these transfer matrices generate a commutative algebra
of operators, called a Bethe algebra, which has the same dimension as the
Hilbert space of the spin chain. Since the total spin is a conserved quantity
in the XXX spin chain, this is the direct sum of n+ 1 commutative alge-
bras, each acting on a subspace of a fixed magnon number. In the present
setup, the local operators created by the D0-branes generate the summand
corresponding to the M -magnon sector. The dimension of this summand
is actually equal to the dimension of QH•

(C×)n×C×(T
∗Gr(M,n)), so the D0-

branes generate the whole algebra of local operators of the A-model. Hence,
the Bethe algebra for theM -magnon sector of the XXX spin chain of length
n is isomorphic to QH•

(C×)n×C×(T
∗Gr(M,n)).

Our brane construction thus explains the correspondence between the
XXX spin chain and the equivariant cohomology of the cotangent bundles
of Grassmannians, discovered by Nekrasov and Shatashvili [2, 3] and math-
ematically developed in [101–103]. The above brane configuration has been
studied in this context in [104].

If we take C = C×, the brane configuration realizes a three-dimensional
lift of the above theory, and the rational R-matrix is replaced with a trigono-
metric one. This is again a nondynamical R-matrix for the following reason.
Physically, we expect that the trigonometric case is equivalent to the limit
τ → i∞ of the elliptic case where E degenerates to a cylinder. If the dynami-
cal parameter λ̄ is fixed in this limit, the dynamical elliptic R-matrix becomes
a dynamical trigonometric R-matrix. In our case, however, λ̄ is determined
by the background gauge field according to formula (161). Provided that the
holonomy of A around the one-cycle Ca is generic and fixed, taking τ → i∞
entails the limit |λi| → ∞. In this limit of infinite dynamical parameter, the
dynamical trigonometric R-matrix reduces to a nondynamical one.

Hence, the three-dimensional theory corresponds to the M -magnon sec-
tor of the XXZ spin chain, whose transfer matrices coincide with those
of the nondynamical trigonometric R-matrix. The trigonometric case of
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the Nekrasov–Shatashvili correspondence has been mathematically estab-
lished [105].

For the elliptic case C = E, one may be tempted to say that the four-
dimensional lift of the theory should correspond to the “M -magnon sector”
of the XYZ spin chain. However, such a statement does not make sense since
the total spin is not a conserved quantity in the XYZ spin chain. This is
not a contradiction. The point is that the R-matrix for the XYZ spin chain
is Baxter’s nondynamical elliptic R-matrix, while what the theory gives is
the dynamical elliptic R-matrix R(N,0). The transfer matrices of R(N,0) do
preserve the total spin. The correct statement is therefore that the Higgs
branch of the four-dimensional theory corresponds to the Bethe algebra for
the M -magnon sector of the spin chain defined by R(N,0).

For general N ≥ 2, the configurations of n D2-branes ending on N NS5-
branes are classified by integers M = (M0, . . . ,MN ) such that

(322) 0 =M0 ≤M1 ≤ · · · ≤MN = n .

The gauge theory on the D2-branes has gauge group U(M1)×· · ·×U(MN−1)
and flavor group U(MN ), and a bifundamental hypermultiplet of U(Mi)×
U(Mi+1) for each i = 1, . . . , N − 1. For generic values of the FI parame-
ters, it flows to the A-model (or its three- or four-dimensional lift) whose
target space is the cotangent bundle T ∗FM of the partial flag manifold FM

parametrizing chains of subspaces

(323) 0 = F0 ⊂ F1 ⊂ · · · ⊂ FN = C
n , dimFi =Mi .

Everything we have said about T ∗Gr(M,n) generalizes straightforwardly to
T ∗FM, and we find that the subsector of an slN spin chain with total slN
weight

∑N
i=1(Mi −Mi−1)ω̄N−i+1 arises from this theory.

6.6. Q-operators

In all of these spin chains there are important operators called Q-operators,
which are of great help in solving the spectra. One of the main results of [2, 3]
is that the Q-operator Q(z) for the XXX spin chain is identified with the
local operator

(324) det(z − σ)

in the gauge theory. (Similar results have been obtained for the trigonometric
case in [106, 107].) We can understand this identification as follows.
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Let us enrich the system by introducing an additional ’t Hooft line along
the horizontal direction of the lattice, with the Dirac string extending along
C = C and going off to ∞. By following the chain of dualities we see that
this is another kind of D2-brane, which covers the Ω-deformation plane R2

and ends on one of the two NS5-branes, say NS52, from the positive x9-
direction. (Which NS5-brane it ends on is immaterial due to the symmetry
under flipping of all spins, or the isomorphism Gr(M,n) ∼= Gr(n−M,n),
or Hanany–Witten transitions involving D6-branes.) This D2-brane is sup-
ported at a point on T 2, hence creates a local operator in the theory.

From the point of view of the linear quiver theory on R2 × T 2, the orig-
inal D2-branes and the additional one represent two kinds of surface op-
erators, one extending along T 2 and the other along R2. Such intersecting
surface operators were studied in [108] by means of the correspondence to Li-
ouville theory [109]. There it was found that open strings stretched between
intersecting D2-branes give rise to a zero-dimensional N = (0, 2) Fermi mul-
tiplet at the intersection. In the present case, this multiplet takes values in
the bifundamental representation of U(M)×U(1), where U(M) is the fla-
vor symmetry on the original M D2-branes attached to NS52 (which is the
gauge symmetry of the two-dimensional gauge theory) and U(1) is the global
symmetry on the additional D2-brane. The partition function of this multi-
plet turns out to be given precisely by the operator (324), with z being the
value of the scalar field in the U(1) vector multiplet, or the position of the
additional D2-brane on C.

Thus, we identify Q(z) with a horizontal ’t Hooft line with spectral pa-
rameter z crossing the vertical Wilson lines. In our forthcoming paper, we
will present a more explicit derivation of this identification using a descrip-
tion of surface operators in four-dimensional Chern–Simons theory in terms
of two-dimensional degrees of freedom.

6.7. Theories for open spin chains

In the above discussions on the appearances of spin chains from linear quiver
theories and theories related to the cotangent bundles of partial flag mani-
folds, it is crucial that the horizontal direction of T 2 is periodic because we
need to use T-duality in this direction to arrive at the relevant brane con-
figurations. Consequently, the spin chains appearing in these theories are
closed ones with periodic boundary conditions.

In four-dimensional Chern–Simons theory, however, there is nothing that
stops us from considering lattices on a noncompact surface such as R2. Even
though we can no longer apply the T-duality then, S-duality still leads to
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an interesting configuration consisting of NS5-branes NS5i, D1-branes D1α
and D1β , and D3-branes D3γ and D3γ .

For C = C, the part of the system comprised of NS5i and D1β realizes
a one-dimensional gauge theory which is the dimensional reduction of the
two-dimensional N = (2, 2) supersymmetric gauge theory discussed above.
Our construction therefore implies that an open slN spin chain arises from
this one-dimensional theory.

Since the horizontal Wilson lines now extend indefinitely, they do not
represent transfer matrices anymore. Rather, these Wilson lines crossing the
vertical ones are monodromy matrices Tα constructed from the rational ver-
sion of R(N,0), which is a nondynamical R-matrix. The monodromy matrices

satisfy the RLL relation (254), with Tα taking the place of L
(N,0)
α . As such,

they provide a representation of the corresponding quantum algebra, namely
the Yangian of slN .

Again, the theory flows to a sigma model on T ∗FM for generic values of
the FI parameters. Due to the topological twist this is topological quantum
mechanics on T ∗FM, whose algebra of local operators is the equivariant
cohomology H•

(C×)n×C×(T
∗FM). Thus, the action of monodromy matrices

on the Hilbert space defines an action of the Yangian on H•
(C×)n×C×(T

∗FM).

This statement was proved in [101–103].
Similarly, we obtain in the trigonometric case an action of the quantum

loop algebra of slN on the equivariant K-theory of T ∗FM [105], and in the
elliptic case an action of the elliptic quantum group of slN on the equivariant
elliptic cohomology of T ∗FM [110–112].

6.8. Yangians in three-dimensional linear quiver theories

The D3–NS5 part of the above system, for C = C, is the original Hanany–
Witten configuration for a three-dimensional N = 4 supersymmetric gauge
theory, described by a linear quiver with U(k) gauge and flavor groups [98].
In this theory D1α create local operators which involve monopoles, and
they represent monodromy matrices with k vertical lines carrying infinite-
dimensional representations of slN .

For generic values of the FI parameters, the theory is in the Higgs phase,
and the topological twist and the Ω-deformation reduce it to topological
quantummechanics on the moduli space of vortices [113]. Therefore, D1α act
as the Yangian on the equivariant cohomology of this space. This conclusion
fits nicely with results obtained in [9, 10], where it was found that the algebra
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of local operators of the topologically twisted and Ω-deformed linear quiver
theory is a certain quotient of the Yangian.

Acknowledgments

We would like to thank Davide Gaiotto for valuable discussions. This work
is supported by the NSERC Discovery Grant program and by the Perimeter
Institute for Theoretical Physics. Part of the research was conducted while
JY was supported by the ERC Starting Grant No. 335739 “Quantum fields
and knot homologies” funded by the European Research Council under the
European Union’s Seventh Framework Programme and by the National Key
Research and Development Program of China (No. 2020YFA0713000). Re-
search at Perimeter Institute is supported by the Government of Canada
through Industry Canada and by the Province of Ontario through the Min-
istry of Research and Innovation.

References

[1] R. J. Baxter, Exactly Solved Models in Statistical Mechanics, Aca-
demic Press, Inc. [Harcourt Brace Jovanovich, Publishers], London,
(1989).

[2] N. A. Nekrasov and S. L. Shatashvili, Supersymmetric vacua and Bethe
ansatz, Nucl. Phys. B Proc. Suppl. 192/193 (2009), 91–112.

[3] N. A. Nekrasov and S. L. Shatashvili, Quantum integrability and su-
persymmetric vacua, Prog. Theor. Phys. Suppl. 177 (2009), 105–119.

[4] N. A. Nekrasov and S. L. Shatashvili, Quantization of integrable sys-
tems and four dimensional gauge theories, in: XVIth International
Congress on Mathematical Physics, p. 265, World Sci. Publ., Hacken-
sack, NJ, (2010).

[5] N. Dorey, S. Lee, and T. J. Hollowood, Quantization of integrable sys-
tems and a 2d/4d duality, JHEP 10 (2011) 077.

[6] H.-Y. Chen, N. Dorey, T. J. Hollowood and S. Lee, A new 2d/4d duality
via integrability, JHEP 09 (2011) 040.

[7] N. Nekrasov and V. Pestun, Seiberg–Witten geometry of four dimen-
sional N = 2 quiver gauge theories, arXiv:1211.2240.

[8] N. Nekrasov, V. Pestun, and S. Shatashvili, Quantum geometry and
quiver gauge theories, Comm. Math. Phys. 357 (2018), 519–567.



✐

✐

“1-Yagi” — 2021/9/1 — 1:32 — page 2034 — #104
✐

✐

✐

✐

✐

✐

2034 K. Costello and J. Yagi

[9] M. Bullimore, T. Dimofte, and D. Gaiotto, The Coulomb branch of 3d
N = 4 theories, Comm. Math. Phys. 354 (2017) 671–751.

[10] A. Braverman, M. Finkelberg, and H. Nakajima, Coulomb branches
of 3d N = 4 quiver gauge theories and slices in the affine Grassman-
nian (with appendices by Alexander Braverman, Michael Finkelberg,
Joel Kamnitzer, Ryosuke Kodera, Hiraku Nakajima, Ben Webster, and
Alex Weekes), arXiv:1604.03625.

[11] D. Gaiotto, L. Rastelli and S. S. Razamat, Bootstrapping the super-
conformal index with surface defects, JHEP 01 (2013) 022.

[12] A. Gadde and S. Gukov, 2d index and surface operators, JHEP 03
(2014) 080.

[13] L. F. Alday, M. Bullimore, M. Fluder, and L. Hollands, Surface defects,
the superconformal index and q-deformed Yang–Mills, JHEP 10 (2013)
018.

[14] D. Gaiotto and S. S. Razamat, N = 1 theories of class Sk, JHEP 07
(2015) 073.

[15] K. Maruyoshi and J. Yagi, Surface defects as transfer matrices, PTEP.
Prog. Theor. Exp. Phys. (2016) 113B01.

[16] J. Yagi, Surface defects and elliptic quantum groups, JHEP 06 (2017)
013.

[17] Y. Ito and Y. Yoshida, Superconformal index with surface defects for
class Sk, Nuclear Phys. B 962 (2021) 115277.

[18] K. Costello, Supersymmetric gauge theory and the Yangian, arXiv:
1303.2632.

[19] K. Costello, Integrable lattice models from four-dimensional field the-
ories, in: String-Math 2013, vol. 88 of Proc. Sympos. Pure Math.,
pp. 3–23, Amer. Math. Soc., Providence, RI, (2014).

[20] K. Costello, E. Witten, and M. Yamazaki, Gauge theory and integra-
bility, I, ICCM Notices 6 (2018) 46–119.

[21] K. Costello, E. Witten, and M. Yamazaki, Gauge theory and integra-
bility, II, ICCM Notices 6 (2018), 120–146.

[22] N. A. Nekrasov, Seiberg–Witten prepotential from instanton counting,
Adv. Theor. Math. Phys. 7 (2003), 831–864.



✐

✐

“1-Yagi” — 2021/9/1 — 1:32 — page 2035 — #105
✐

✐

✐

✐

✐

✐

Unification of integrability in supersymmetric gauge theories 2035

[23] N. A. Nekrasov and A. Okounkov, Seiberg–Witten theory and random
partitions, in: The Unity of Mathematics, vol. 244 of Progr. Math.,
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elliptic quantum algebra for ŝl2, Lett. Math. Phys. 32 (1994), 259–268.

[68] H. Fan, B.-y. Hou, K.-j. Shi, and W.-l. Yang, The elliptic quantum
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