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Supertranslation invariance of
angular momentum

Po-NinG CHEN, Mu-TAo WANG, YE-KAT WANG,
AND SHING-TUNG YAU

LIGO’s successful detection of gravitational waves has revitalized
the theoretical understanding of the angular momentum carried
away by gravitational radiation. An infinite dimensional super-
translation ambiguity has presented an essential difficulty for
decades of study. Recent advances were made to address and quan-
tify the supertranslation ambiguity in the context of compact bi-
nary coalescence. Here we present the first definition of angular
momentum in general relativity that is completely free from su-
pertranslation ambiguity. The new definition was derived from the
limit of the quasilocal angular momentum defined previously by
the authors. A new definition of center of mass integral at null in-
finity is also proposed and shown to be supertranslation invariant.
Together with the classical Bondi-Sachs energy-momentum, they
form a complete set of conserved quantities at null infinity that
transform according to basic physical laws.

1. Introduction

The definitions of conserved quantities such as mass and angular momen-
tum have been among the most difficult problems since the genesis of general
relativity. According to Einstein’s equivalence principle, there is no density
for gravitation and no canonical coordinate system for spacetime. The is-
sue is further complicated by the nonlinear nature of Einstein’s eponymous
equation. One of the most important problems is the definition of angular
momentum for a distant observer, or angular momentum at null infinity, a
notion that has been studied for decades [3| [, [14]. An essential difficulty is
presented by the ambiguity of supertranslations, an infinite dimensional sub-
group of the Bondi-Metzner-Sachs (BMS) group [5]. According to Penrose
[13], the very concept of angular momentum gets shifted by these supertrans-
lations and “it is hard to see in these circumstances how one can rigorously
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discuss such questions as the angular momentum carried away by gravita-
tional radiation” (page 654 of [13]). The astronomical event GW150914 [I]
observed by LIGO corresponds to the coalescence of a binary black hole, and
recent advances [2] were made to address and quantify the supertranslation
ambiguity in general compact binary coalescences. Nevertheless, to deal with
general isolated systems it is desirable to have a rigorous definition that is
free from any supertranslation ambiguity. In this article, we propose the
first definition of angular momentum at null infinity that is supertransla-
tion invariant. The definition is derived as the limit of quasilocal angular
momentum that was proposed in [9] and evaluated at null infinity in [§].
Comparing with existing definitions, the new definition contains an impor-
tant correction term (that has never appeared in any previous definitions),
which comes from solving the optimal isometric embedding equation in the
theory of Wang-Yau quasilocal mass [16]. This provides the reference term
that is critical in the Hamiltonian approach of defining conserved quanti-
ties. Our theory also produces a definition of center of mass integral at null
infinity which is shown to be supertranslation invariant as well.

2. Conserved quantities in Bondi-Sachs coordinates

We consider a Bondi-Sachs coordinate system (u, 7, z2, %) in which the phys-
ical spacetime metric takes the form
(1)

— UVdu? — 2Ududr + r*hap(dz® + WAdu)(dz® + WBdu), A, B = 2,3.

The future null infinity .#* corresponds to the idealized null hypersurface
r = oo and can be viewed .#T = I x S? with coordinates (u,z) where u € T
and x = (22, 2%) € S?, the unit sphere. The outgoing radiation condition [15]
implies the following expansions in inverse powers of r:

2
V:l—{?+0w4y

1 1 /2 1 1
WA = 5 VRCAP 4 <3NA — g VACr - QCABVDCBD> +0(r™),

C
hap = oap + % +O0(™2),

where o4p(z) is a standard round metric on 52 and V 4 denotes the covari-
ant derivative with respect to o4p. The indices are contracted, raised, and
lowered with respect to the metric o4p. Defining on & T (r = o) are the
mass aspect m = m(u, ), the angular aspect No = N(u,z), and the shear
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Cap = Cap(u,x) of this Bondi-Sachs coordinate system. We also define the
news Nag = 0,CaB.

The standard formulae for the Bondi-Sachs energy-momentum [5] at a
u cut along £ are

(2) E(u) = /2 om(u,-), P*(u) = /2 om(u, ) X", k=1,2,3

where X* k = 1,2, 3 are the standard coordinate functions on R? restricted
to S2.

In order to define the angular momentum, we consider the decomposition
of C'y4p into

1 1
(3) Cup =VaVpBe— §O'ABAC + Q(EAEVEVBQ + EBEVEVAQ)

where €45 denotes the volume form of o4p. ¢ = ¢(u,z) and ¢ = ¢(u, x) are
the closed and co-closed potentials of Cxp(u,x). They are chosen to be of
£ > 2 harmonic modes and thus such a decomposition is unique.

The asymptotic symmetry of .# T consists of the BMS fields [2, [15]. We

say a BMS field Y is a rotation BMS field if in a Bondi-Sachs coordinate
system (u, ),

(4) V=v4_—

where }A/A(.%) is a rotation Killing field on S?. We define the angular mo-
mentum with respect to a rotation BMS field Y in the following:
Definition of angular momentum: For a rotation BMS field Y that is tangent
to u cuts on .# T, the angular momentum of a u cut is defined to be :

1
(5) J(u,Y) = /52 y4 <NA - ZCABVDCDB — cVAm> (u,-)

Suppose (@, ) is another Bondi-Sachs coordinate system, we define sim-
ilarly:

_ _ _ 1- ~epo _
(6) J(a,Y) = / y4 (NA - Z(JADVBCDB — chm> (a,-),
5'2

where Y is a rotation BMS field that is tangent to @ cuts.
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A supertranslation is a change of Bondi-Sachs coordinates (1,
such that

) = (u,x)

(7) u=u+ f(z),r=2

on #* for a function f that is defined on S2?. Two rotation BMS fields
Y and Y are said to be related by the supertranslation f if, in the (u,z)
coordinate system

— o~ O - 0 4 0
(8) Y:YA&U—A—i—Y(f)% and Y:YAax—A
for a rotation Killing field Y on S2. In this case, Y is tangent to the @ cuts
while Y is tangent to the u cuts.

We show (Theorem 1) that the total fluxes of J(u,Y) and J(u,Y) are
the same when Y and Y are related by a supertranslation f of harmonic
mode £ > 2, thus removing the supertranslation ambiguity.

The expression originated from the definition of quasilocal angu-
lar momentum, which was proposed in [9] to complement the definitions

of quasilocal mass-energy-momentum in [I6]. Their limits at null infinity
were evaluated in [8]. The expression f52 y4 (NA — %C’ABVDCDB) (u,-) =
J(u,Y) in already appeared in other definitions of angular momentum
[3, [IT], while the last term in that involves ¢ is new and plays an in-
dispensable role in supertranslation invariance. This term arises naturally
from solving the optimal isometric embedding in the theory of Wang-Yau
quasilocal mass [16] and provides the reference term that is critical in the
Hamiltonian approach of defining conserved quantities. Rizzi’s angular mo-
mentum definition [14] is essentially .J(u,Y) in the framework of [10]. With-
out a suitable reference term, his definition is only valid for a restricted
class of foliations at null infinity, and does not satisfy the supertranslation

invariance property.
3. Supertranslation invariance of total fluxes

We assume .# 1 extends from i® (u = —00) to it (u = +00) and that there
exists a constant £ > 0 such that

(9) Nap(u,z) = O(Ju|17°) as u — +oo.
The total flux of the angular momentum is defined to be

0JY)= lim J(u,Y)— lim J(u,Y).

u——+00 UuU——00
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Figure 1: A supertranslation that maps @ cuts to u = u + f(zx) cuts. Y and
Y are rotation BMS fields such that Y is tangent to u cuts and Y is tangent
to u cuts.

When two Bondi-Sachs coordinates are related by a supertranslation,
one shows that (see below)

m(+) = lim m(u,z) = lim m(a,x)

(10) u—>—+00 U—>—+00
and m(—)= lim m(u,z)= lim m(a,z)

U——00 U—>—00

are two functions on S2.

Theorem 1- Under condition @, suppose two Bondi-Sachs coordinate sys-
tems are related by a supertranslation f, and Y and Y are rotation BMS
fields related by f . Then

(11) 5J(Y)—5J(Y):—/

| (e AValn() ()

where f = fo<1 + fr>2 is the decomposition into the corresponding harmonic
modes.
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Proof. The Einstein equation implies (see [11}, 12]):

1 1
Oym = —gNABNAB + Zvf‘vl-?z\rAB

1
(12)  9,N4=Vam — ZvD(vaECEA —VaVECEep)
1

1 1
+ ZVA(CBENBE) — EVB(CBDNDA) + §CABVDNDB.

We calculate

~ 1
(13) Ouf(w,Y) = ; / Y4 [CapVpNEP — NopVpCBP - Vs(CPP Np )]
SQ

According to ([5), the total flux §.J(Y) is thus

u=-+00
YACVATTL:| ,

U=—00

(14) §J(Y)=0J(Y) — {
SZ

1 oo
0I(Y) = / /S 2 YA[CupVpNBP — NopV pCBP

— V5(CpNpa)](u,-)du.
For a supertranslation , it is known that the mass aspect m(u, ), the
shear Cyp(u,z), and the news Nap(u,x) in the (@,Z) coordinate system

are related to the mass aspect m(u,z), the shear Cyp(u,x), and the news
Nap(u,z) in the (u,x) coordinate system through:

(i, 2) = m(a+ f,2) + 5 (V2 Npp)(a+ f,2)V7f

—

+ 1(8uNBD)(ﬂ + f,2)VE VP f

- %NBD(a+f,x)vaDf
C_'AB(fL,J:) =Cup(u+ f(z),x) —2VAVpf+ Afoap
NAB(Q,:U) = NAB(ﬂ—i- f(a:),a:)

See [11, (C.117) and (C.119)] for example.
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The decay condition of the news @D implies that the limits of the mass
aspect and the shear satisfy

lim m(a,z) = lim m(u,z),
(16) a—+o0 u—r+o00
lim Cap(u,x) = Jim Cap(u,x) —2VAVpf + Afoap.

In particular, the limit of the potential ¢ satisfies:

EEI:EOO C(u’ SU) - UEI:?OO C(u7 :C) - 2f€22'

It follows that the contributign from the second term of in the difference
§J(Y) = 6J(Y) is [g[2fez2Y AV A(m(+) — m(—))]. On the other hand, the
contribution from the first term in (14), or §J(Y) — 6J(Y'), after substituting

, integration by parts, and change of variables, is shown to be ( [6], see
also [2])

1 [tee
4/ [ fYAVA(NppNBP — 2vPVP Ngp) | du.
—00 S2

At this point, we invoke the Einstein equation and rewrite the last in-
tegral as [ [—2fY AV 4(m(+) — m(=))]. Therefore §J(Y) — 6J(Y) is given
by (TI). By (), the total flux of linear momentum is §P* = 2 [, (m(+) —
m(—))X*. It follows that

(17) 5J(Y) =06J(Y) + ;e ;6P7,
if f=a0+ OéiXi + f[ZQ and YA = GABVBXk

In particular, if f is of harmonic mode ¢ > 2, §J(Y') = §J(Y') is invariant.

4. Spacetime with vanishing news

We consider a non-radiative spacetime in the sense that the news vanishes.
This includes all model spacetimes such as Minkowski and Kerr. If in a
Bondi-Sachs coordinate system (u, z), Nap(u,x) vanishes, by the mass
aspect m(u,z) = 1m(z) is a function on S2.

Theorem 2- Under the same assumption as Theorem 1, if in addition the
news vanishes, then J(a,Y)=J(Y) and J(u,Y) = J(Y) are independent
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of u and u, respectively, and are related by
(18) IT) = 5¥) == [ @hal V),
S2

where m is the mass aspect.

Proof. The vanishing of news also implies C'4p and thus ¢ are independent
of u. The constancy of J(u,Y) follows from (13)). We denote Cap(u,z) =
Cap(z) and ¢(u,z) = &(z). The exact formula for the angular aspect on a
spacetime with vanishing news is obtained by integrating with respect
to u:

(19) Na(u,x) = Na(ug,z) + (u— up) <VA7’72— iVBIODBA>

for any v and fixed wug, where ﬁBA = VBVECO'EA — VAVECO'EB.

Suppose (u, ) is related to (u,z) by a supertranslation f . By ,
Nap(t,r) =0 and J(%,Y) is independent of 4. In addition, their mass as-
pects, shears, and shear potentials are related by

(20) ﬁ%Zﬁl,Cﬂ'AB:CO'AB—FAB, and 03:&—2]"@22,
where FAB = QVAva - AfUAB.
In this case, the angular aspect transforms according to [11l (C.123)]

Na(@,x) = Na(a+ f,z) +3mVaf — 3PpaVP f Combining this with

and set u = u + f, we obtain
_ R B
1) Na(w.) = Natuo.o) + (@ + ) (Vi = 177 P
3.
+3mVaf — 1PBAVBf

for any u and fixed uo.
Let J(up,Y) (resp. J(up,Y)) be the angular momentum of the @ = ug
(resp. u = ug) cut in the (@, Z) (resp. (u,x)) coordinate system. Taking their

!Note that the convention of angular momentum aspect in [11] is —3N 4.
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difference and applying ,

J (o, Y) — J(uo,Y)
_ /52 yA [Na(tig, z) — Na(ug, z)]

1 o o
+ 4/ y4 [C'ABVDFBD + FapVpCPP — FapVpFBP
S2

—I—/ (QfEZQYAVAm).
SQ
We then apply to show that the sum of the first two integrals on the

above right hand side is [, (=2fY AV 410) and J(Y) — J(Y) is of the desired
expression , see [6] for details. In particular,

(22) J(YV) = J(Y)+ ;e P7,
if f =ap+ OéiXi + fg22 and YA = EABVBXk.

5. Conserved quantities on null infinity

The limit of the quasilocal center of mass integral defined in [9] also gives
a new definition of center of mass integral at null infinity [8]. We say that
a BMS field Y is a boost BMS field if in a Bondi-Sachs coordinate system

(u7 x)?

NG, ~ 0
_vA
(23) Y=V ruX o

where Y4 = VAX and X is a function on S? of harmonic mode ¢ = 1.

Definition of center of mass integral: For a boost BMS field Y , the
center of mass integral of a u cut is defined to be:

~ 1 1
Cu,Y) = / vAX <NA — ZCABVDCDB - 15VA (CDECDE)> (u, ")
SQ
- 2u/ (Xm)(u,-)
SZ
+ / c (3Xm - VAXVAm) (u,-)
SZ

(24) + /S 2 <2VAX eap(VPe)m — %XVA(A +2)cVAA + 2)c> (u,-)
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Suppose (@, Z) is related to (u,x) by a supertranslation f . Let Y be

the boost BMS field
a4 O ~ 0
V=Y4 — +aX——
oz4 T o
for the same Y4 in 7. Y and Y are said to be related by the super-
translation f and C(,Y) is obtained by replacing m, Cap, Nag, Na, ¢, c,u
in with m, Cap, Nap, Na, ¢, ¢, u. We show in [6] that their total fluxes

are related by
SC(Y) —6C(Y) = —2 y frai VAXV 4 (m(+) — m(=))

+6 . fec1 X (m(+) = m(=)),

and therefore,

(25) 6C(Y) = 6C(Y) = apdP* + ai,0E
if f=ap+aX + fe>2 and vA =vAXFE,

‘When the spacetime has vanishing news, we show in [6] that C(u,Y) =

C(Y) and C(u,Y) = C(Y) are independent of u and u, respectively, and are
related by

(26) CY)=C(Y)==2 | ficxVAXV i +6 [ foc1 X1
S2 S2

Fixing X* k=1,2,3 and denoting J*(u)=J(u,Y) for Y =
eABVBXka% and CF(u) :== C(u,Y) for Y = VAX"“{)% + uXk%, we ob-
tain the new definitions of angular momentum J*(u) and center of mass
integral C*(u). They complement the classical Bondi-Sachs energy momen-
tum F(u), P*(u) and form a set of conserved quantities that correspond to
the Poincaré symmetry. All of them can be derived from the limits of quasilo-
cal conserved quantities defined in [9] [16]. The Poincaré symmetry is due
to the choice of Minkowski reference and is acquired through the reference
embedding into the Minkowski spacetime [16]. The use of the Minkowski ref-
erence is essential. In the early days of the study of angular momentum flux,
there was confusion about nonzero flux in the Minkowski spacetime, which
was eventually clarified in [4]. For our definitions of angular momentum and
center of mass integral, not only that the fluxes are zero, but also that the
angular momentum and center of mass integral are zero in any Bondi-Sachs
coordinate system of the Minkowski spacetime.
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6. Conclusions

We obtain a complete set of ten conserved quantities (E, P*, J* C*) at null
infinity (all as functions of the retarded time wu) that satisfy the following
properties:

(1) (E, P*, J% C*) all vanish for any Bondi-Sachs coordinate system of
the Minkowski spacetime.

(2) In a Bondi-Sachs coordinate system of the Kerr spacetime, P*
and C* vanish, and £ and J* recover the mass and angular momentum.
(E, P*,J* C%) are supertranslation invariant.

(3) If a spacetime admits a Bondi-Sachs coordinate system such that
the news vanishes, then (F, Pk,Jk,Ck) are constant (independent of the
retarded time ) and supertranslation invariant.

(4) On a general spacetime, the total fluxes of (£, P¥, J* CF) are super-
translation invariant.

(5) (E, Pk, J* C*) and their fluxes transform according to basic physical
laws , , , under ordinary translations.

Under additional assumptions and Vam(+) = Vam(—) = 0, the super-
translation invariance holds by Remark 2 of the second paper in [2]. This
manifests the importance of the correction term (the last term) in our defi-
nition of angular momentum which is supertranslation invariant without
any additional assumptions. We only consider supertranslations which cor-
respond to fixing the 2-metric o245 at .# . The transformation of angular
momentum and fluxes under boosts, which change o 45 by conformal factors,
is discussed in [7].
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