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The charge 2 monopole via the ADHMN

construction

H. W. BRADEN AND V. Z. ENoLskiI

with an Appendiz by David E. Braden, Peter Braden, and H. W. Braden

Recently we have shown how one may use use integrable systems
techniques to implement the ADHMN construction and obtain gen-
eral analytic formulae for the charge n su(2) Euclidean monopole.
Here we do this for the case of charge 2 giving the first analytic ex-
pressions (for general x € R3) for the gauge invariant Tr ®2, where
® is the Higgs field, and the energy density. A comparison with
known results and other approaches is made and new results pre-
sented.
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1. Introduction

This paper describes the exact solution of the gauge and Higgs fields for
charge two su(2) Euclidean monopoles. Despite BPS monopoles having been
studied for over 35 years, and having uncovered extraordinarily beautiful
structures, such analytic reconstruction has (with the exception of some
partial results that will later be recalled) proved too hard. We often know
more about the moduli space of these solutions than we do the actual fields.
This is particularly true in the charge two setting: the Atiyah-Hitchin mani-
fold, the moduli space of the centred charge two monopoles, is a well-studied
and rich object and yet the analytic solution of the fields has proved elusive.
Recently a general program for reconstructing the gauge theory data for
su(2) Euclidean monopoles of general charge has been given, circumvent-
ing a number of previously intractable steps. This lowest charge case is a
useful testing ground and will produce a number of new results. (The spher-
ically symmetric case for charge one and coincident charge n monopoles is
amenable to other approaches.) We will compare our results with some of
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the numerical studies that have been undertaken. Although constructing
exact solutions — be they of gravity or gauge theory — is often viewed as
a rather recondite area of research analytic solutions give at the very least
some control over numerical results.

The algebro-geometric construction of su(2) Euclidean monopoles de-
scribed here is built upon the substantive work of a number of authors.
Particularly relevant (with more detail following) are:

(i)

(iii)

(iv)

(vii)

Nahm’s modification of the ADHM construction of instantons [37, [38].
This introduces n x n matrices T;(z) (j = 1,...,4) that satisfy a sys-
tem of ordinary differential equations (Nahm’s equations) and an op-
erator A.

Nahm’s equations may be written as a Lax pair L = [L, M]. Here
there is a spectral parameter L = L((), ¢ € P!, and the characteristic
equation P(n, () := det(n — L(¢)) = 0 defines a spectral curve C C TP!
where the mini-twistor space TPP! is the geometric setting for Hitchin’s
description of monopoles [24], 40].

The gauge and Higgs fields are then constructed from integrals (over
z) of bilinears involving the two normalizable solutions to the Weyl
equation Afv = 0. Hitchin proved [25] that the regularity of these fields
placed certain constraints on the curve C. We shall describe a curve
satisfying Hitchin’s constraints as a monopole spectral curve.

These integrals may in fact be performed using formulae of Panagopou-
los [8, [43].

Ercolani and Sinha showed how one could use integrable systems tech-
niques to solve for a gauge transform of the Nahm data in terms of a
Baker-Akhiezer function ® g 4 associated to C [16]. Here one of Hitchin’s
constraints on the curve is reexpressed in terms of the direction U of
flow on the Jacobian Jac(C). The Ercolani-Sinha vector U is a half-
period [7, 26].

Using a lesser known ansatz of Nahm the authors showed how one
might solve for v in terms of the Baker-Akhiezer function ® 54 and the
same (unkown) gauge transformation employed by Ercolani and Sinha
[8), [40].

Finally it has been shown how to eliminate the unknown gauge trans-
formation to reconstruct the gauge and Higgs fields [§].
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At this stage one has a way of analytically constructing the gauge and Higgs
fields given a monopole spectral curve. Several remarks are however in order.
The number of known monopole spectral curves is few: although Hitchin’s
constraints on a curve are algebro-geometric in nature a constructive solution
is still lacking [9]. The construction outlined does not yet provide a solution
to the Nahm equations in standard (7y = 0) gauge. Notwithstanding such
questions we may now in principle analytically construct solutions.

To provide the context to the contents and new results of this paper we
must first recall the various analytic approaches to studying BPS monopoles.

1.1. Three analytic approaches

There have been three approaches to constructing analytic solutions of the
su(2) monopole equations on R3: via the Ay ansatz of Atiyah-Ward; via
an ansatz of Forgdcs, Horvath and Palla that emerged from their study of
axially symmetric monopoles and the Ernst equation; and via Nahm’s mod-
ification of the ADHM construction of instantons. We shall briefly describe
these. In all three approaches the spectral curve of the monopole appears
and the importance of this curve was gradually elucidated. Further, most
authors focussed on calculating the Higgs field and the gauge invariant quan-
tity % Tr ®2. With appropriate choices points on the spatial axes are related
to points on the n = 2 spectral curve by biquadratic equations rather than
the more general quartic equation and this meant the Higgs field on the co-
ordinate axes was more amenable to study. One early result [11][(7.2)] was
that the Higgs field at the origin gave (in units described in the sequel)

1. (K(14 k?) —2E)?
(1.1) —5Tre \(070,0) e

One of the simplifying features of monopoles is that the energy density £(x)
is related to 3 Tr ®2 via Ward’s formula [48]

1
Elx) = —§v2 Tr ®2.

Once one could calculate %Tr ®2 in any of these approaches it was possible
to numerically calculate the Laplacian and subsequently the energy density:
the culmination of these (amalgams of analytic and numerical) studies were
plots and a video using an early supercomputer (see below).

1.1.1. A, ansatz. Based on Ward’s identification [47] of self-dual so-
lutions to the Yang-Mills equations and appropriate vector bundles over
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twistor space, Atiyah and Ward [2] developed a series of ansétze, the Ay
ansatz, that reduced the construction of su(2) instantons to constructing
patching functions g for gauge bundles. In terms of this data Corrigan,
Fairlie, Yates and Goddard [I3] showed how to reconstruct the gauge fields
making connection with Yang’s study of su(2) instantons [52] and Yang’s
equation.

Now Manton in [33] had noted that the field equations for BPS monopoles
corresponded to the equations of static self-duality and Ward in [48] de-
scribed how to modify the patching function data to reproduce such solu-
tions. Ward’s initial ansatz produced axially symmetricﬂ charge 2 monopoles
and for a particular choice of constant he saw regular solutions. Prasad and
Rossi [44] then produced the appropriate Atiyah-Ward patching function for
the axially symmetric charge n monopole. Ward [49] subsequently general-
ized his ansatz to account for separated charge 2 monopoles and Corrigan
and Goddard [14] extended this to the general charge m monopole with
4n — 1 degrees of freedom. One shortcoming with this approach was that
the regularity of the gauge fields was left unproven: although the spectral
curve of the monopole makes its appearance the full conditions for regularity
were not obtained until Hitchin’s work [25].

Ward concludes in [49]: “It seems likely that the expressions for general
n-monopole solutions, as functions of z, y and z are so complicated that
there would be little point in trying to write them out. Of course, since
we have explicit formulae, the fields could be computed numerically to any
desired degree of accuracy. One attraction of the technique presented here
is that the matrices g are relatively simple, even when the corresponding
space-time fields A, are extremely complicated. So one can deduce much
about instantons and monopoles (such as their existence!) without having
to write down space-time expressions for them.”

There have been a few works that have sought to apply the Atiyah-Ward
construction. Brown, Prasad and Rossi [12] explored the uniqueness and as-
sumptions of [14},49]; their results differed in cases of non-regular monopoles.
In [41] O’Raifeartaigh, Rouhani and Singh looked at solving the Corrigan-
Goddard constraints for n monopoles while in [42] they studied the n = 2
monopole in detail. This latter work presents the Higgs field in terms of var-
ious infinite sums and their derivatives: their ‘very complicated’ expression
was evaluated numerically for the axis joining the monopoles where the zero
was found to be ‘very close’ and ’barely distinguishable’ from £kK (k)/2 (in

1One of the surprises discovered about BPS monopoles was that an axial sym-
metric monopole corresponded to coincident charges [28§].
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our later notation) [42, §6, §9]. They write that they “cannot guess a ‘natu-
ral” analytic expression” describing this position. Brown [10] later evaluates
these infinite sums in terms of elliptic functions. Brown in fact evaluates the
Higgs field on each of the axes using the Corrigan-Fairlie-Goddard-Yates
formalism reproducing for one axis the earlier result of Brown, Prasad and
Panagopoulos [I1] (see below) obtained via the Nahm equations with the
corresponding value of %Tr ®? at the origin . Without denying the im-
portance of the Brown’s work we believe that there are errors in his formulae
describing behaviour on the other axes, in particular his values of the Higgs
field at the origin of his y and z axes differ from ([1.1)).

1.1.2. The Forgéacs, Horvath and Palla Ansatz. Again in [33] Man-
ton introduced an ansatz for axially symmetric BPS monopoles that he was
unable to solve. In a series of papers Forgacs, Horvath and Palla [17, (18] 21]
used the Ernst equation to study such monopoles separate to the devel-
opments of the Atiyah-Ward construction. In [19] they obtained a suitable
Backlund transformation reproducingﬂ Ward’s results while in [20] they look
at n = 2, 3, 5 giving determinantal expressions for Tr ®2 and from this plots
for the energy density evaluated numerically.

Forgacs, Horvath and Palla subsequently generalized their ansatz [21-
23] to account for separated monopoles; this also made connection to Yang’s
equation. In [22] 23] their ansatz gives the Higgs field, and from this they
numerically calculate the energy density plotting this for the (in our con-
ventions) xo = 0 plane. Based on the numerical evaluation of their ansatz
Forgacs, Horvath and Palla [22] (21)] gave the zeros of the Higgs field to be
(in our units) +kK (k)/2 while in their later worlf| [23, §6] they expressed
that their earlier result was to be viewed as a very good approximation of
the zeros.

Using the Forgacs, Horvath and Palla ansatz for the n = 2 Higgs field
Hey, Merlin, Ricketts, Vaughn and Williams [35] [45] made use of a very early
supercomputer to determine the Higgs field and consequently (numerically)
the energy density over a region of R? for various monopole separations. To-
gether with Atiyah and Hitchin this was used to produce a video describing
monopole collisions [1].

2Compare (8), (9) of [48] with (22), (23) of [19].
3This followed two analytic works: the already noted [42] §6, §9] where the zero
was numerically found to be very close to £kK (k)/2; and in [I1] expansions for the

zeros of the Higgs field were given for k£ near 0 and 1, the latter being situated near
+kK(k)/2.
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1.1.3. Nahm’s modification of the ADHM construction. Nahm’s
modification of the ADHM construction was developed in [37H39] and in
[40] he described the algebraic geometry underlying this together with his
“lesser known” ansatz. Brown, Prasad and Panagopoulos [11] used Nahm’s
formalism to explicitly solve for the Higgs field on a portion of the axis
joining two separated monopoles. This was possible because Nahm’s 4 x
4 matrix equation Afv =0 (see below) actually factorizes into two 2 x 2
matrix equations. We shall show that this holds true for each axis and indeed
the same Lamé equation results with appropriate shifts for each axis. A
significant early step in tying Nahm’s work with integrable systems was
then made by Ercolani and Sinha [16] who first made connection with the
Baker-Akhiezer function; Houghton, Manton and Roméao [26] revisted this
making connection with the Corrigan-Goddard constraints [14] and the Ay
ansatz. In a number of works culminating in [8] the authors have shown
how given a spectral curve one may solve for the monopole gauge data; this
paper will, amongst other things, do this for the n = 2 case.

1.1.4. Spectral curves. As noted above a spectral curve underlies each
of the analytic approaches just described. Hitchin [24][Theorem 7.6] shows
this curve determines the bundle described by the Ay ansatz and in [25] that
it is the spectral curve of Nahm’s integrable system. Also in [25] Hitchin
gives the necessary and sufficient conditions for a spectral curve to yield a
nonsingular monopole. Hurtubise [29] then evaluated these constraints to
produce the n = 2 spectral curve.

1.2. Overview and principal results

While it has been known for a long time then that the spectral curve fully
determines a monopole it has remained less clear how to implement this. Our
approach here is to follow Nahm’s construction: in [8] we have described this
for general n and here we will do this concretely for n = 2. We will review
this approach in Section [2l Whatever approach is adopted one needs an
understanding of the spectral curve and the integrals of certain meromorphic
forms on it. Sections 3-6 will determine many of the basic properties of the
n = 2 curve, its parameterizations and needed integrals. A given point x €
R3 corresponds to (generically) 4 points on the curve (by what we describe
below as the Atiyah-Ward constraint). We uncover a number of new special
addition theorems for #-functions whose arguments are the Abelian images
of these points as well new relations for sums of non-complete first and
second kind integrals. The explicit answers and derivations for the charge
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two monopole depend significantly on these. The results of these sections will
enable us to make contact with earlier results. (Appendix A will relate the
different forms of this curve used by workers over the years.) As remarked
upon above, the coordinate axes (under appropriate choices) have a number
of simplifying properties and these are described in [5} Section [6] describes
spatial points whose twistor lines are bitangent to the spectral curve: these
points will also be distinguished in various ways described in the sequel.

Only in sections 7-9 do we come to the data in Nahm’s modification
of the ADHM construction: section [7] describes a fundamental matrix W
of solutions to a matrix first order differential equation AW =0 in terms
of the function theory on the curve (in particular the Baker-Akhiezer func-
tion); section |8 describes the adjoint of this equation ATV = 0; and section
|§| describes the projector from V to two normalizable solutions Afv = 0.
(Both A and its adjoint Af are described more fully below.) From v one
may construct the gauge and Higgs field. We illustrate this by constructing
the Higgs field in the simpler setting for the zo axis in section [L0| recovering
. In Appendix [Ef we show this yields the result of Brown, Prasad and
Panagopoulos [I1] obtained via Lamé’s equation. In section [11| we turn to
general formulae for the Higgs field and energy density where we obtain the
new result for the energy density at the origin in Proposition [11.5

32

2
= s [k2(K2k’2 + B 4EK +2K2 + k%) — 2(E — K)Q] :

Eoo(k)

with the known limiting values E,—0(0) = 2 (7% — 8)? at k = 0 (coincident
monopoles) and Ez—o(1) = 0 at k = 1. Section [12| evaluates the general for-
mulae for the Higgs field on the coordinate axes; here we are able to give the
equation describing the zero of the Higgs field. (Again in Appendix
we obtain these solutions via Lamé’s equation.) Figure [1|illustrates these
results for different scales. Finally in section [13] we take the & = 0 limit of
our results reproducing Ward’s expressions [48] amongst others. Throughout
the text we will defer a significant number of proofs and computations to
the five Appendices.

We conclude this introduction by comparing our analytic results with nu-
meric computations. Figures 2] and [3] compare our results with the numerical
results underlyingﬁ the charge 2 results of [34] for —% Tr ®2 and the energy
density respectively. The clear lesson is how well these results agree. From
Figure [2| the values of —% Tr ®2 are essentially indistinguishable for z, < 5;
for larger z, one sees a divergence (attributable to the large intermediate

4We thank Paul Sutcliffe for making these available for comparison.
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Figure 1. —% Tr ®2: z1-axis red; xo-axis blue; z3-axis green. k = 0.8.

quantities involved in the calculation) but in the range of the second plot
this is onlyﬂ 1 ~ 2%. Figure |3| compares the energy density: again these are
essentially indistinguishable. Closer inspection of the analytic result (red)
shows 4 anomalous evaluations: these are close to points of bitangency men-
tioned above (and described more fully below); these could be removed by
using I'Hopital’s rule, but we have included them here to illustrate their
presence.

Figures give a number of views of the energy density as a function
of k (k=0 being coincident, and k = 1 infinitely separated). In Appendix
(by David E. Braden, Peter Braden and H.W. Braden) we describe and
give links to both the scripts that generate the monopole numerics and tools
to enable their visualisation. Three tools are given: two are interactive, and
the third graphical. The first visualiser encodes energy density as opacity
while the second defines a energy density threshold above which to consider
as solid (the mesh can be visualised with many mesh viewers, or even 3D
printed). Screenshots of these are given in Figure [8 The third method of
visualizing the data is a ‘Tomogram’ that takes slices through the volume.
We can plot the contours on these images, or use colour to represent the

5The numerical technique here is, given the Nahm data, to solve Nahm’s equa-
tions (ODE’s) on the requisite interval [0, 2] using a shooting algorithm and then
numerically integrate. The ODE (see Af in the text) is linear in the spatial coor-
dinate x and so this approach necessitates smaller step size the larger the z-values
being considered. Inherently this approach has greater errors for larger x. The nu-
merical works do not give error bounds; results are usually given for as large an
z-domain as possible where quantities appear stable under step-size changes. Our
analytic results allow a significant test of these numerical results.
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Figure 2. —% Tr ®2 Analytic vs Numerical: z1-axis red vs black; zs-axis blue
vs violet; x3-axis green vs yellow. The second plot focusses on a smaller
interval. k = 0.8.

Figure 3. Energy Density on the zj-axis: analytic (red), numerical (blue)
and comparison for £ = 0.99.

density at that slice (see Figure E[) The second last column of these figures
correspond to the k value of Figure
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Figure 4. Two views of the Energy density £(x) for k = 0.8. Blue corre-
sponds to the isocontour £(z) = 0.2, red to £(x) = 0.42, and dark red to
E(z) =0.7.
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Figure 5. Two views of the Energy density £(z) for £ = 0.05. Blue corre-
sponds to the isocontour £(z) = 0.2, red to £(x) = 0.42. The energy density
E(z) = 0.7 is not achieved.
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Figure 6. Two views of the Energy density £(x) for k= 0.25. Blue cor-
responds to the isocontour &(x) = 0.2, red to £(x) =0.42, dark red to

&(z) = 0.65.

Nﬁ\/Z
0 -
5 1

15 1 05 00

Figure 7. The Energy density £(x) for k£ = 0.99. Blue corresponds to the
isocontour £(x) = 0.09, red to £(x) = 0.42, dark red to £(z) = 1.35.
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Figure 8. Two interactive visualisers: the first represents energy density by
opacity while the second uses energy density to give a threshold producing
a solid above the threshold. Here k = 0.74 and the energy density threshold
is 0.5.

L L K L

Figure 9. A Monopole Tomogram with (a) uniform colouring and (b)
nonuniform colouring.

1.3. A more detailed outline of the paper

This paper is long and a more detailed outline of the paper may be helpful
beyond the overview and principal results just given. While the index gives
a detailed breakdown of what is covered we will give here a synopsis of
the strategy of our calculation and the reason behind the various sections.
Although the main body of the paper will contain the essential results the
Appendices are an integral part of this work serving two purposes. First, we
defer many proofs to the appendices: some of these may be straightforward,
or, once having proven an illustrative case, proving a number of related
results; other proofs are less straightforward but nonetheless a distraction
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from the progression of the main calculation. Second, this work is built upon
nearly 40 years of research and to connect this to our own it is helpful to
relate some of the many conventions and results in a unified fashion.

Section [2] of the paper gives an overview of our approach which is based
upon the ADHM construction. Here we summarise a number of results that
underly or implement this construction, including some more recent ones of
our own: these are the points (i)-(vii) noted above. The ADHM construction
expresses the gauge and Higgs fields in terms of integrals to (normalisable)
solutions to on ODE Afv = 0; A is built out of ‘Nahm data’. Let V denote a
fundamental matrix of solutions to this equation. The integrals of the ADHM
theorem may in fact be performed and knowing V' (which also yields the
projector to the normalisable solutions) is sufficient to reconstruct the gauge
and Higgs fields. The aim is to construct V. Thus far integrable systems
are not in the fore. Hitchin related the construction of Nahm data to an
integrable system and linear flow on the Jacobian of an associated spectral
curve C. There is a twistorial basis to Hitchin’s construction and the Atiyah-
Ward equation will relate spatial coordinates to coordinates on the spectral
curve. This integrable system allows us to construct solutions to the adjoint
equation Aw = 0; taking W = (w) then V = (W1)~! and we may obtain
the desired V. The columns of W are determined by the solutions of the
Atiyah-Ward equation. Together with our recent result expressing W in
terms of the Baker-Akhiezer function for Hitchin’s flow on C (questions of
gauge choice arise here) we have a means of reconstructing the gauge and
Higgs fields and then relevant physical quantities: we wish to determine W
and thence V.

To follow our route we need to construct the Baker-Akhiezer function
and flow of the associated integrable system. This necessitates a good un-
derstanding and parameterisation of the curve and Section |3| treats this.
Although we use the Ercolani-Sinha paramaterisation of the curve and ho-
mology throughout we will need to compare with results expressed in dif-
ferent parameterisations and Appendix [A] will do this giving the explicit
transformations with a number of authors and providing further calcula-
tional details for the section. Various needed expansions at the end-points
of the flow and these are gathered here. At this stage we have the basic
building blocks for the construction.

Although the Baker-Akhiezer function (and so W) only depends on a
single point on the curve V = (W1)~! depends on all of the solutions to
the Atiyah-Ward equation and their Abel-Jacobi images. Section [ deals
with with the addition formulae that will appear and how they interact
with conjugation and other symmetries. Some of these addition formulae
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are general and Appendix [B|first lists Weierstrass’s Trisecant f-formulae and
then applies them in our setting. There are however a number of addition
formulae arising because of Atiyah-Ward equation and these are also dealt
with. (Appendix |C| will prove many of these.)

Thus far all our expressions have been for general z € R? and Section
describes those loci where the general analysis simplifies. These include
each of the coordinate axes and here we examine these and give alternate
parameterizations that will facilitate comparison with results in the litera-
ture. For general z € R? the roots of the Atiyah-Ward equation are distinct:
the locus for which we have multiple roots is described in Section [6] These
are the points of bitangency referred to above and whose significance will
be described in the text.

We are now at the stage where we can calculate W and from this
V = (W1 =L Section [7| constructs W and examines its pole structure and
expansion (results used later). In this section we express W in the form
(1 OC(2)) D (the notation is defined in the sequel) and calculate the
determinant |D| and adjugate matrix of ¥ in preparation for calculating V.
Here the addition formulae previously established become critical. While we
illustrate these in the calculation of |D| we defer the proof of the adjugate
matrix of ¥ (Theorem to Appendix @

The all important matrix V' may now be determined, though its easier
to treat its complex conjugate V = (W7)~! rather than conjugate all ex-
pressions. We do this in Section [8] with the important Theorem giving
its expansion at one end of the spectral flow; the common pole structure
required by the theory is exposed. Further, we show the expansion at the
other end may be described by a (constant) monodromy matrix which sim-
plifies the problem to expansions at one end of the interval. The appearance
of this matrix and the consequent simplifications appears new. A convenient
normalisation is introduced. We find the expansion of the matrix V can de-
termined from our earlier expansion W; this serves as a check in the present
work but may prove a useful observation for the general monopole setting.

The common pole structure of V together with the monodromy matrix
allows the projector to the normalisable states to be constructed in Section
[0l We are now at the stage where we have the ingredients of the ADHM
theorem and can perform the integrations to recover the gauge fields. As a
warm-up we use our result to reconstruct the Higgs field on the x9-axis in
Section Here we recover previous results obtained via Lamé’s Equation.
In Appendix [E] we do this calculation for each of the coordinate axes and
perform the analysis needed to compare with the parameterisation of the
body of the paper.
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Section [L1]now calculates the Higgs field and energy density for a generic
x € R3. To integrate the normalisable solutions we already have all of the
needed quantities bar one and this is determined. Here our recent Theorem
[2:3] proves useful. We show how to combine our results to give the gauge
invariant —% Tr ®2 and, via a formula of Ward, the energy density &(x) =
— %VQ Tr ®2. While the paper determines all of the partial derivatives needed
to evaluate the energy density we do not write this out here; we do however
determine the new result of the energy density at the origin described in the
Overview. Appendix [F] indicates where code implementing the formulae of
this section may be found.

The final two sections specialise our results. In Section [12| we again focus
on (now all of the) coordinate axes. Again we make contact with Lamé’s
Equation and Appendix [E] and show these approaches coincide. Further we
discuss the zeros of the Higgs field identifying a transcendental equation
that determines these. The final Section [13] looks at the k& — 0 limit which
reproduces the charge 2 axially symmetric monopole showing how our results
reproduce those of Ward.

2. Background

To make this paper more self-contained we will elaborate a little on the
points noted in the construction: the ADHM construction and Panagopoulos
formulae; the spectral curve and Hitchin’s constraints; the Ercolani-Sinha
Baker-Akhiezer function for the curve; and Nahm’s lesser known ansatz.
Here we will simply cite the critical formulae.

The field equations for the three dimensional Yang-Mills-Higgs Lagrangian
with gauge group SU(2)

1 3 .
L=—3TrFFY + e Did D',

are
1 3
(2.1) Di® =5 > eipFR, i=1,2,3.
J.k=1

Here @ is the Higgs field, Fj; = 0;A; — 0;A; + [A;, A;] is the curvature of the
(spatial) connection of the gauge field A;(x) and D; the covariant derivative
D;® = 0;® + [A;, @], = (21,72, 23) € R3. These equations may be viewed
as a reduction of the self-dual Yang Mills equations to three dimensions
under the assumption that all fields are independent of time. Configurations
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minimizing the energy of the system are given by the Bogomolny equation
(2.1). A solution with the boundary conditions

wl—%—&-O(r_Q), r=\/a? + 23 + 23,

r—00

—%Tr@(T)Q

is called a monopole of charge n. The aim is to construct the Higgs and
gauge field satisfying the Bogomolny equation and this boundary condition.

2.1. The ADHM construction and Panagopoulos formulae

Nahm, in modifying the Atiyah-Drinfeld-Hitchin-Manin (ADHM) construc-
tion of instanton solutions to the (Euclidean) self-dual Yang-Mills equations,
introduced the operator

3
d
(2.2) A:z%+x4—zT4+Zaj®(Tj+zxj1n),
j=1

where the Tj(z) are n X n matrices and o; the Pauli matrices. Here n is
the charge of the su(2) monopole. Following the instanton construction the
operator ATA must commute with quaternions which happens if and only
if ;1 = —T;, T = —Ty and

3
(23) Ty = [T T+ D arlTh(), Tila)
G k=1

Equations are known as Nahm’s equations; one often encounters them
in the more familiar gauge with 7y = 0. When ATA commutesﬁ with quater-
nions it is a positive operator; in particular this means that (ATA) (z) is an
invertible operator and consequently A has no zero modes. The ADHM
construction further requires A to be quaternionic linear, which means that
Ti(z) = —Ti(=2), Ty(z) = =T4(—z). To describe monopoles the matrices
Tj(z) are further required to be regular for z € (—1,1) and have simple
poles at z = %1, the residues of which define an irreducible n-dimensional
representation of the su(2) algebra. Hitchin’s analysis [25][§2] of the equation
Afv =0 tells us this has two normalizable solutions and it is in terms of

6Throughout the superscript ¥ means conjugated and transposed. We will at

times emphasise the vectorial nature of an object by printing this in bold, e.g for

vector at =a”.
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these that the Atiyah-Drinfeld-Hitchin-Manin-Nahm (ADHMN) construc-
tion gives the gauge and Higgs field solutions.

Theorem 2.1 (ADHMN). The charge n monopole solution of the Bogo-
molny equation 18 given by

1
(2.4) D) = Z/ dz zv! (z,2)vp(2,2), a,b=1,2,
-1
1

(2.5)  Ajw(x) = / dz vg(z,a:)aavb(z,m), i=1,2,3, ab=1,2.
-1 ZT;

Here the two (a =1,2) 2n-column vectors

vo(z,x) = (vga)(z,a:), V.. ,véz)(z,w))T

form an orthonormal basis on the interval z € [—1,1]

1
(2.6) / dz 'vg(z, x)vp(z, ) = Oap,
1

for the normalizable solutions to the Weyl equation

(2.7) Aty =0,
where
3
d
(2.8) AT:z%+x4—zT4—Zaj®(Tj+mj1n).
j=1

The normalizable solutions form a two-dimensional subspace of the full 2n-
dimensional solution space to the formal adjoint equation . The n x
n-matrices T;(z), Ty(z), called Nahm data, satisfy Nahm’s equation
and the Tj(z) are required to be regular for z € (—1,1) and have simple
poles at z = £1, the residues of which define an irreducible n-dimensional
representation of the su(2) algebra; further

(2.9)

Ti(z) = —T)(2), Ta(2) = —T)(2), Ti(z) =T](=2), Ta(2) =T{(~2).



Charge 2 monopole 809

Although the integrations in (2.4 look intractable work of Panagopou-
los enables their evaluation. Define the Hermitian matrices
(2.10)

3

1

’H:Z;:L"joj(gln, ]-"ZZZ;(I]-@Tj, QZT—Q’H}—’Hf}".
j= J=

Then

Proposition 2.2 (Panagopoulos [8], [43]).

(2.11) /dz vivy, = vl Q7.
i 0
(2.12) /dz 2vlv, = vl Q7! (z +H Z@xl) Vp.
f 6 + -1 8 z
(2.13) U“@x-vbdz =9 By + ”HT—Q ri+H— (2 x V)| vy

At this stage we see that to reconstruct the gauge and Higgs fields we
need knowledge of the normalizable solutions to Afv = 0 at the endpoints
z = £1. We will construct a fundamental matrix V' = (vy,...,va,) of solu-
tions to this equation and then extract the normalizable solutions using a
(2n x 2 matrix) projector p

Vi = (v1,v2).

The work of [8] shows that p is z-independent and so may be removed from
the integrals; thus for example the matrix

(/ dz 'vl'vb> = /dzuTVTVu =yl (/ dz VTV> w= MTVTQAV/L.

We also note a further result of [8] that will prove useful:
Theorem 2.3. With the notation above, and for W = (V1)~1
(2.14) (VTQAHV) (2) = constant, (WT QHW) (2) = constant.

Towards constructing the fundamental matrix V' we next turn to the
spectral curve.
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2.2. The spectral curve and Hitchin’s constraints

One may readily associate an integrable system and spectral curve to Nahm’s

equations. Hitchin’s seminal work [25] provided a geometric setting for this,

the global geometry yielding necessary and sufficient conditions for such to

be a monopole spectral curve. Here we will recall the salient features.
Upon setting (with 7,7 = —T;, T = —Ty)

Oé:T4+lT3, /B:T1+iT2,
L=L(¢) =B~ (a+al) (- B¢, M=M(C) :=-a-p,

one finds

1 3

Ty = [T, Tl + 5 Y ijwlTi(2), Te(2))
Gk=1
(2.15) =k [LC’ZM]
o]0
dla+af) t i
—)  fa,al)+ (5,41

Focussing on the first equivalence, Nahm’s equations may be expressed as a
Lax pair, to which we may associate the spectral curve C given by

(2.16)  P(C,n) = det(n — L(C))
:nn+a1(c)nn—1+...+an(C) =0, degak(C) < 2k.

The genus of C is g = (n — 1)2. Hitchin’s construction shows that the spec-
tral curve naturally lies in mini-twistor spaceﬂ TP!, the space of lines in R3.
The spectral curve is an algebraic curve C C TP, If ¢ is the inhomogeneous
coordinate on the Riemann sphere then ({,7n) are the standard local coor-
dinates on TP! defined by (¢,n) — 77d%' The mini-twistor correspondence

If we set y = (1252, 1;C27—C €C?, then y-y=0and y-y=(1+[¢*?/2.

Thus with T = (11, 15,13), € = (z1, z2, 3), then

L) =21y -T = (T) +1Tp) — 22 T3¢ + (Ty —1Ty) ¢2.

We have n =2y - x.
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relates (21,2, 73) € R with (¢,n) b

(217) n= (ZL‘Q*ZLEl)*Z:EgC*(562+7“’L'1)<2.

The anti-holomorphic involution

(2.18) J:(Gm) = (2»2

which takes a point on P! to its antipodal point reversing the orientation of a
line, endows TP! with its standard real structure. The hermiticity properties
of the Nahm matrices mean that C is invariant under J.

If the homogeneous coordinates of P! are [(y, (1] we consider the stan-
dard covering of this by the open sets Uy = {[(o,(1]|{o # 0} and U; =
{[¢0, C1] [ €1 # 0}, with ¢ = ¢1/¢o the usual coordinate on Up. We denote by
U() 1 the pre-images of these sets under the projection map 7 : TP — P!,
Let L* denote the holomorphic line bundle on TP' defined by the transition
function go; = exp(—=An/¢) on Uy N Uy, and let LA(m) = L @ 7*O(m) be
similarly defined in terms of the transition function go; = (" exp (—An/Q).
A holomorphic section of such line bundles is given in terms of holomorphic
functions f, on Ua satisfying fo = gapfs. We denote line bundles on C in the
same way, where now we have holomorphic functions f, defined on C N Ul,.
Hitchin’s conditions for a monopole spectral curve are:

H1 Reality conditions: C is invariant under J, ax(¢) = (—1) C%ak( 1/¢).
H2 L? is trivial on C and L'(n — 1) is real.
H3 H°(C,L*(n —2)) =0 for A € (0,2).

2.3. The mini-twistor correspondence and the Abel-Jacobi map

Given the mini-twistor correspondence and the spectral curve ,
a point € R3 yields an equation of degree 2n in ¢ and gives us 2n points
P; = (¢i,mi) (perhaps with multiplicity) on the curve C. We will refer to
this degree 2n equation in ¢ and @ as the Atiyah-Ward equation (it having
appeared in their work). As both the curve and the correspondence satisfy
the antiholomorphic involution J, so to do the solutions and we may choose
an ordering such that

(2.19) Piin = 3(P).
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Recall that the fundamental matrices V and W were 2n x 2n; the points P,
will be used to label the columns of W.

The points {P;} satisfy a number of relations. Let ¢(P) = fPP; v denote
the Abel-Jacobi map for our curve C and for a choice of suitably normalized
holomorphic differentials v, Abel’s theorem says that ZpeDiv(w) o(p) lies in
the period lattice A for any function w. Consider first the function w(P) =
—n + (w9 —1w1) — 2¢x3 — (z2 + 221)¢? on C which has divisor

Div(w) = Py 4 -+ 4 Pap — 2(001 + - - - + 00y,).

Then
2n P n 0;
(2.20) Z/ v—QZ/ veEA
i=1 7 Fo i=1 " Fo

Further identities arise by taking f(P) := [ Iiz ~ for some (possibly meromor-
phic) differential v and appropriate functions w(P); a dissection of C along
a canonical homology basis {a;, b;}?_; (suitably avoiding poles) yields

1

0= 2271 df( )AdInw(P)
=5 8Cf( )dlnw(P):Pegw Res (f(P)d Inw(P))
71
(2.21) :;m[iidﬂm?{idlnw jfdf y{dlnw ]

Generically the points P; are distinct with non-generic points corre-
sponding to points of bitangency of the spectral curve. There are typically a
number of components to these loci and Hurtubise’s study of the asymptotic
behaviour of the Higgs field [30] discussed one of these.

2.4. The Ercolani-Sinha construction

Ercolani and Sinha [I6] sought to use integrable systems techniques to solve
Nahm'’s equations by solving

(2.22) { dZ + M] U =0.
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To understand the Ercolani-Sinha results its useful to focus on the second
of the equivalences of which expresses Nahm’s equations in the form
of a complex and a real equation (respectively) [15]. The complex Nahm
equation is readily solved,

d _ .
(2.23) Bg = gv, (dz—a>g=0<:>ﬂ=gvg Loa=g97t,
where v is constant and generically diagonal, v = Diag(vy, . .., v, ); by conju-

gatinﬁﬂ by the constant matrix g(0) we may assume $(0) = v and g(0) = 1,,.
The meaning of v follows from the equation of the curve . For large
¢ we see that det(n/¢? — L/¢?) ~ [Tl (n/¢? + I/J) and so /¢ ~ —1/;[(; we
shall denote by {oo;}?" ; the preimages of ( = oo with this behaviour. The
real equation is more difficult; Donaldson proved the existence of this equa-
tion in the monopole context in [15]. Upon setting

(2.24) h=g'g
then
(2.25) hh=t =gl (a+af)g' 1, h(0) = 1,

and the real equation yields the (possibly) nonabelian Toda equation

(2.26) % (hh—1> - [huh_l,uq .

Now ([2.22)) is not a standard scattering equation, but upon setting U =
g' ~1® we may use the complex equation to transform 1j into a standard
scattering equation for @,

(2.27) [ddz —g'(a+ ozT)ng] d= (i,

“Standard” here simply means that the matrix (v on the right-hand side
is z-independent. In terms of h we have (2.25) and

(2.28) g"Lgt ' = hwh™" — hh ¢ — Ui

The point to note is that we can solve the standard scattering equation
(2.27) explicitly in terms of the function theory of C by what is known as

56 = g(0)7'89(0), 3(2) = 9(0)~"g(2), & = g(0) " ag(0).
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a Baker-Akhiezer function [31]. If ® := (®;) (with ¢ labelling the rows) the
Baker-Akhiezer function is uniquely specified by requiring the behaviour

(2.29) lim ®;(z, P)e*¢ D) = lim D;(z, P)e Y = 0ij
P=P({n)—00; P=P(¢n)—00;

and that ®(z, P) is meromorphic for P € C\ {001,...,00,} with poles at
a suitably generic degree g + n — 1 divisor §. If ®(z,() is the n x n matrix
whose columns{g_r] are the Baker-Akhiezer functions for the preimages of (,
then

g'Lg'~! = & Diag(m1, ..., 1) 0.

Thus the Baker-Akhiezer function enables us to solve for (the gauge trans-
form) gTLg"~! and so too hh~!; Ercolani and Sinha [16] gave an expression
for hh~L.

The Baker-Akhiezer function may be explicitly constructed: the asymp-
totics of the essential singularity of is encoded by seeking an abelian
differential 7o, on the curve such that near oo; (j =1,...,n)

P

i~ =/~ 2 /%o(P) — 7

0

This behaviour defines a differential v, of the second kind on C which
is unique if we further require the a-normalization fuk Yoo(P) =0, (k=

P
1,...,9). The constant 7; here is defined by 7; = limp_.o, J 7voo(P) + % .
P,

In the Baker-Akiezer description the flow of line buntiles given by
Hitchin’s exponential transition functions corresponds to a flow on the Ja-
cobian of C in the direction of the winding vector U of b-periods of the
differential v, (P),

T
1
(2.30) U = 9 (%1 Yooy« v s j{g ’700)

This connection with Hitchin’s monopole constraints comes from

Lemma 2.4 (Ercolani-Sinha Constraints). The following are equiva-
lent:

96(,2,() = (®1(2, P1),...,®n (2, P)), where P, = (¢, n;).
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(i) L? is trivial on C.

(i1) There exists a 1-cycle es =m -a+m - b such that for every holomor-
phic differential @ = (Bon" = + BL(O)n" ™% + -+ + Bn-2(()) dC/(OP /),

(2.31) fQ = —28,,

s

T
1 1 1
(iii}2U6A<:>U:(j{ %O,...,?{ 'yoo> =-n+-Tm.
2m b, by 2 2

Thus for a monopole spectral curve we require that U is a half-period.
Further, from H3 the vector U should be primitive, i.e. AU belongs to
the period lattice A if and only if A = 0 or A = 2. Although a general Baker-
Akhiezer function depends on a generic divisor § the real structure demanded
by Hitchin’s H2 imposes constraints on this. This reduces [16] to

2.32 = —cii, h o= 3;(0, P).
(2.32) Cij = —Cji where ¢ P:P(g%%of i(0,P)

Braden and Fedorov [6] show that these constraints may always be solved
for.

It is worth clarifying what the Ercolani-Sinha construction does and
does not yield. Given the Baker-Akhiezer function the construction yields
the gauge transformed 7} := g'T;g" =1 which satisfy

. 1.
Ti/ = [ihh 17Ti/] + [leﬂTI::]

(and cyclic). Here T4 = %hh_l and the i = 3 equation becomes . Al-
though Ercolani and Sinha only solved for Ah~! the recent work of [§] shows
how one may obtain h. Thus the Ercolani-Sinha construction will yield so-
lutions of the Nahm equations, but not in the standard gauge with 7y = 0.
To obtain a solution of the Nahm equations with T = 0 requires

(2.33) a=al <= hth=2¢"1§ < h=29"g =24y,

viewed as a differential equation for g with A specified; the solution for g is
only defined up to left multiplication by a constant unitary matrix. Although
a solution exists we cannot as yet explicitly write one down; such however
is not needed to solve for the gauge and Higgs fields.
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To make connection with the notation of Ercolani and Sinha [16] that
we will at times employ, we record

(2.34) gd1t:=c, vI = —Diag(p1,. .., pn)-
2.5. A lesser known ansatz of Nahm and the construction of V'

It remains to give the fundamental matrix V of solutions to Afv = 0. The
solution we follow is based on another ansatz of Nahm: we construct a fu{l—
damental solution W to the equation Aw = 0 and then take V = (WT)_ .

Theorem 2.5 (Nahm [40]; the modification of [8]). Leto = (01, 02,03)
and let u(x) be a unit vector independent of z. Let |s > be an arbitrarily nor-
malized spinor not in ker(le + u(x) - o). Then

(2.35) w = w(é‘) = (12 + ’ﬁ(:l:) . 0—) e*lz[(11*212)<72x3714]‘8 >® U(Z)

satisfies Aw = 0 if and only if

(2.36) 0= (L(¢) =n) U(2),

(2.37) 0= (;Z - M(C)) U(2),

where

(2.38) n = (zg —121) — 223¢ — (22 +2021)(?,

and L(¢) and M(C), as above, satisfy the Lax equation L = [L, M].

Although early workers sought to explicitly perform these integrations
we may use the connection with integrable systems to solve

(2.39) Uiz)=g'1®

in terms of the earlier (and unknown) gauge transformation C := g1
and the Baker-Akhiezer function ®. We may write the k-th column to the
fundamental matrix W = (w*)(z.2)) of Aw =0 as

(2.40)

w® (z,z) = (1o + 6(C) - o) e Fl@mrime)iza—ad] g 5 & C(2)®(2, Py)
= (12® C(2) (12 + @(Q) - o) e lmmiminnills > o @(z, Py
= (1,0 C(2)) ®¥ (2, z)
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and Py = ((x,mx) are the 2n solutions to the mini-twistor correspondence
described earlier. These 2n points come in n pairs of points related by the
antiholomorphic involution J. To each point we have the associated values
u((;) and for each of these we solve for U(z) yielding a 2n x 1 matrix w(FP;).
Taking each of the 2n solutions we obtain a 2n x 2n matrix of solutions W.
As noted earlier, there may be non-generic points for which (; = (; corre-
spond to points of bitangency of the spectral curve; at such points we modify
this discussion by taking a derivative w’(F;).
The equation for Aw = 0 may be rewritten as

[d A PP N
(2.41) 0_[d2 H—F — hh 12]11}

where we have used ([2.33]) and set

3 173—1 +
shh —w
! _ . T =1
7= ijlaj ©9lig = (z2hyh1 —éhh1> '

Both h and the solution w of are determined entirely in terms of the
Baker-Akhiezer function and the only unknown in the account at this stage
is the gauge transform g. But as shown in [8], this unknown gauge transform
combines in all of the integrals in Proposition into the known h(z):

pvieov =ttt (1@ gt) @7 (L@ g)| OVp
= VIO (1, @ h) OV .

Here O is one of the operators appearing on the right-hand side of Proposi-

tion [2.2| and (using the definitions (2.10))
1 3
0= (Log)o(Ley )= SHFH-F, F=1) o0¢Te "
j=1

The conclusion is that we may reconstruct the gauge and Higgs fields from
just a knowledge of the Baker-Akhiezer function.
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2.6. Remarks

At this stage we have presented the ingredients needed to reconstruct the
gauge and Higgs fields apart from the general construction of the Baker-
Akhiezer function.

Although we only need an expansion of the solutions of V' at the end
points z = £1 to reconstruct the gauge theory data and we have in fact
described the solution V' (z) for all z. The asymptotic behaviour of the Nahm
matrices given by the ADMHN theorem tells us that T(z) expanded in the
vicinity of the end point z = 1 — £ behaves as

l:
Ti1-§=—15+00), j=123

where (the Hermitian) [; define the irreducible n-dimensional representation

of the su(2) Lie algebra, [I;,{r] = 1€;1 l;. Then (2.7) behaves in the vicinity

of the pole as

(2.42)

3
dg g Za]@)z + D ojezly | +01)| vl —¢&x)=0.

J=1

One can show (see for example [51]) that Z;’:l 0j ®1; has only two dis-
tinct eigenvalues, A\, = (n — 1)/2 with multiplicity n 4+ 1 and Ay, = —(n +
1)/2 with multiplicity n — 1. If a; are eigenvectors associated with A, (i =
1,...,n+1), and b; eigenvectors associated with A, (] =1,...,n—1), then
- has solutlons v=_¢a;+ - andv = §>"’b + - Therefore normal-
izable solutions must lie in the subspace with positive Ao = (n—1)/2 and
so we require that v(1,x) is orthogonal to the subspace with eigenvalue
—(n+1)/2, ie.

lim v(z,w)T-bj =0, j=1,....,n—1.

z—1-
These n — 1 conditions coming from the behaviour at z = 1 thus yieldan + 1
dimensional space of solutions to Afv =0. A similar analysis at z = —1
again yields a further n — 1 constraints resulting in two normalisable solu-
tions on the interval. Now although local analysis at each of the end points
lets us construct normalizable solutions, the difficulty is in relating normaliz-
able solutions at both ends: V(z) does this for us while numerically this has
been done via shooting methods (see [27] for an algebraic implementation
of these).
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3. Basic properties of the spectral curve
3.1. The curve

The spectral curve C for n = 2 was constructed by Hurtubise [29] and we
shall employ the Ercolani-Sinha [16] choice of homology basis (see Fig.
and form of the curve,

2
(3.1) 0=n+ KT (¢t +2(K* =K +1),

where k"2 =1 — k% and K = K (k) is a complete elliptic integram Here n
is related to the spatial coordinates by . With our conventions the
monopoles are on the z; axis (for £ > 0) and at k = 0 the monopoles are
axially symmetric about the x9 axis. These properties, together with a com-
parison with other curve conventions in the literature, are given for conve-
nience in Appendix [A]

3.2. Homology, differentials and the Ercolani-Sinha vector

The roots of the quartic ¢* + 2(k? — k"2)¢? 4+ 1 are £k’ & 1 k; these give us
the branch points. With k' = cos o, k = sin a they be written as +e*™® and
these lie on the unit circle. We may take 0 < a < w/4. We choose cuts be-
tween —k' +ik = —e7*® and k' + ik = €' as well as —k’ — ik and k' — ik.
Let b encircle —k’ + ik and &’ + ik with a encircling ¥’ + ik and —k’ + ik on
the two sheets as shown in Figure We take as our assignment of sheets
(j =1, 2, with analytic continuation from ¢ = 0 avoiding the cuts) to be

i = (~1P 5T 20— RO+ 1

With our choice of homology basis the normalized holomorphic differential

is then]

S

(3.2) v = 1

10

7T/2 du
0 V1 —k2sin”u

HSee Appendix
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b P,=k'+ik

Figure 10. The homology basis for the curve with dark lines representing
the cuts.

and the period matrix for C is 7 = i{K’/K. Comparison with (2.31]) shows
that the FErcolani-Sinha constraint is satisfied for for the normalization of
our curve (3.1)) and es = —a. Thus we have

(3.3) U=-1/2
Also from the (2.34) and with our assignment of sheets for C we have that
?

7
=—K = -K.
1 5 P2 5

The normalized second kind differential ., written in the curve coordinates
is

2 _
(3.4 w(P) = (¢ - ) a




Charge 2 monopole 821

3.3. Abel maps and notation

In [7] we used the Abel map ¢(P) = fliz v with respect to a fixed base point
Py = (k' +ik,01) of the a-normalized differential v, and using symmetry
established that

1 1-—
ZT = —¢(002), ¢(01) = 1 a

¢(o01) = = —¢(02).

For a degree zero divisor the choice of Py doesn’t matter. Here we shall often
use 001 as a limit of our integrals and to distinguish this we introduce

P
a(P)= [ v =6(P) = sl o(P) = a(P) - a(R).
It will be convenient to introduce the shorthand notation
0;(D] := 0; (Z a(P)> .
PeD

Upon using the identification of §(z) with the Jacobi theta function 63(z) :=
03(z|7) = > ,cz exp(2 [T + 2nz]) and the periodicities of the Jacobi theta
functions 0.(z) we note that

O(—[z+1]/2—1—7) = —e ") 0,(2/2),
O(—[z+1]/2 — (1 +7)/2) = e E/247/4) 9y (2 /2).

We record for later use:

Bloor) — () = 2, loer) — plo02) = o
(3.5) 2 2,
$(001) — ¢(02) = > d(001) = —a(Py) = T

3.4. Parameterization of the curve
We establish in Appendix that

Lemma 3.1. With 6; := 0;(0) the curve is parameterized by

TETTL T g PRey [P

(3.6) ¢=—i
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The following #-quotients are also expressible in terms of coordinates
and parameters of the curve

0[P  K(¢2—1)—2m
04[P]2 2K k(2 ’

(3.7) 62[PI> _ K(C(K* —K*) +1)+ 2
04 P)2 2K kk/(2 ’
03[P)*  K(CP+41)+ 2
0,4 P2 2Kk/C2

3.5. The Baker-Akhiezer function

We shall now gather together a number of functions on C including the
Baker-Akhiezer function. (The construction of these from first principles is
described in [7].)

The unique meromorphic functions g; 2(P) on the curve such that

gj(00r) = 6j1

and with poles for P such that a(P) = +1/4 are

() = 05 P)63[P) B 1+ 4 2in/K

I = 0, [P105[P] — 61[P04[P] ~ 1+ C2 + 2in/K + 2ik'C’
0[PP 2ik'¢

92(P) =

01[P04[P] — 02[P)0s[P] 1+ (2 + 2in/K + 2ik'C’
The pole behaviour of these may be seen from
01 (Oé(P) — 1/4)94(04(P) + 1/4) 05065

= 01[P]04[P] 02(1/4)05(1/4) — 01(1/4)04(1/4) 02[ P03 P]
= —01(1/4)04(1/4) (02[P]03[P] — 601[P]04]P])

which holds as a consequence of

01(x + y)0s(x — y) 0203 = 01(x)04(x) O2(y)05(y) + 61(y)0a(y) O2(2)03(x)
and
01(1/4) = 02(1/4),  03(1/4) = 04(1/4).

There is a unique a-normalized differential v, on C with second order
poles at 0012 such that in the vicinity of P = 0012 we have f;; Yoo ~ —N/C.
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We set

7 = 5i(Ry) = Jim (/P Yoo (P') + "(P)) .

—00; \J, ¢

The following lemma (proved in Appendix [A.5) will be useful.

Lemma 3.2.

P L[8IP) | B[P -]
39) [ =] VA o) =

1[P] 03[P
(3.9) 7{700 =2miU = —im,
b
N ] . 1 . - ] - -
(310) 141 :—Z’]T, Vo = Zﬂ—, Vo — V] = g, U1+ 15 =0.

It is important to note that this lemma relates the choice of contours
on each side of the identity by the vanishing of each side at P = Py; adding
a b-cycle then to one side is compensated by adding a b-cycle to the other
and so on.

If we define f3;(P) = fPPo Yoo — Vi, then B1(P) = B2(P) + 5 and we are
able to work with just the one function, which we will choose to be

/ / P T
(1) Bi(P)=; {Zﬂ ¥ Zﬂ} = [ )+

Combining these expressions yields the Baker-Akhiezer function ®(z, P) for
our problem; its chief properties are given by:

Lemma 3.3. ®(z, P) defined by

B -0 a(P))Q (Oé(P) — z/2) eﬁl(P)z
(3.12) (2, P) =x(P) ( 91?04(13))942(04(13) - 2/2) > 02(/2)
where

B 02(1/4)05(1/4)
(3.13) X(P) = 93(0)91(a(P2) — 1/;)94(a(P) +1/4)
satisfies

(i) ®(z, P) is meromorphic for P € C \ {001,002} and with poles at a(P) =
+1/4.
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(ii) ®(z, P) has simple poles at z = +1 and is regular for z € (—=1,1).

t n 0
1i $(». P —2vf¢(P) _ 1i &(z. P)e? (P) _ ity
(i) P=P(C) o, (z. P)e P=P(Cn) o0, (= P)ee Jig
gl(P)>
(o) #(0.7) = (27},
= li P)=—1k = —cy = — li P).
(v) ci2 P:P(Q}gl)_)mfm( ) v 21 P:P(Clgl)_mmcw( )

Hence ®(z, P) is a Baker-Akhiezer function for the charge 2 spectral curve.

We remark that the reality conditions (2.32)) determine the pole structure
of ®, here a(P) = £1/4, only up to a discrete number of choices (see [7]).
We will work throughout with the above.

6. Nahm data and expansions

The Nahm data for the n = 2 spectral curve has long been known. With
Tj(z) = 3¢ fj(z) Nahm’s equation reduce to the equations of the spinning
top f1 = f2 f3 (and cyclic) with solutions

(3.14)

o dnKz 7003 63(2/2) _,snKz w304 601(2/2)
fi(z) =K enKz 2 6y(z/2) fa(z) = Kk e =
Fa(e) = KK 0201 0a(2/2)

enKz 2 0y(2/2)

(This choice of solution yields the spectral curve E) These solutions
were derived from first principles for the n =2 curve in the work of [16]
and (with corrections in) [7]. We shall rederive this solution using the recent
general approach of [§]; this enables us to introduce a number of functions
and their expansions that will be used throughout.

12

Inla — L) = n* + = (fl )¢+ 5 (fl +f5 -2+~ (fl f3)

:7724_%[{2 (C4+2( —k’2)§ _|_1)
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As noted in our general description, h(z) may be constructed directly
for a monopole spectral curve [§]. The n = 2 example of that reference gives
(3.15)

_ (A —f 1y LS 1 . (01
h(Z)_K<—f2 f1>’ " (Z)_K<f2 f1>’ = f3<1 O)'

To put the Nahm data into standard gauge one solves the differential equa-
tion a = af (with h~! = C1C)

e n f3 (001
cCc=cCccC —2<1 0>.

Upon writing
(3.16) C(z) = < Fz) G(2) )
we find F = f3G/2, G = f3F/2 with solution

F=cosh ([ fas/2) = )+ 1/ /2,
G =sint [ h(s)ds/2) = ) - p(a)] 2

wherdD
. : 4 dnKz + KsnKz]"?
p(z) = exp (/0 f3(3)d3/2> = eXp (k/K 0 cn;(Z> - [ - ZC:KZSH Z} '
Now
2, 1 (dn(Kz k) _1/ih
@e1=5 (aien 1) =2 (k1)
_sn(Kz k) fo
(3.17) 2F(2)G(z) =k m =%
J1

F2_G%?’=1, F?+G?*="1.
, + 7

13Here we have made use of

du 1 . dnu+ k'snu
—_— In—.
cnu k' cnu
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The Nahm data now follows from

~_z s _1_2 _ o —1__£ fl f2
T3—2C(hh )C —2f301, B=T+1Th =gvg " = 2<—f2 _f1>’

which leads to

Ti() = 5. hiZos, Doz = 5 hleon, Ta(z) = - fslz)on

Now g and C' are only defined up to left multiplication by a constant unitary
matrix. Let O be the orthogonal matrix

(3.18) 0= \}5 G _11> :

for which
0710'10 =03, 0710'20 = 09, 071030 = —01,
With this we obtain

(3.19) Tj(z) = OTy()07" = L f(2), j=1,2.3

3.6.1. Expansions. For later use we record

All=€) = ¢ + 5 K (2 +1) €+ O,
(320) P16 = g =G K* (R +2) ¢+ OE)
Fll=€) = ¢ + 5 K (222 +1) 6+ 0(E),

and note that

AE=1)=f(1-8+0(&),
(3.21) fl6—1)=—f(1-&+0(,
f3(€—1) = f3(1 = &) + O(&).

Then
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32 +006), j=13,
3.23 T:(—1 ~ 2¢
(3.23) i(=1+¢) { L% 1 0), j=2

The expansion of the entries of F(z) and G(z) in the vicinity of points

z = +1 may be obtained as follows. Taking into account the expressions for
F? and G? we find that
F(1F¢ =+

Lm0 Ve + o<53/2>)

1
<\F93(0)\/E 4
! L m05(0)VE + O(é””)

<ﬁ93( 0)vE 4

The final choice of sign follows from the relation 2F (2)G(z) = k'sc(Kz; k)
from which it follows that the coefficients of €1/2 in F and G should be of
the same sign at z = 1 — € and of opposite sign at z = —1 + £. Therefore we
will fix the signs as follows

G(ElF¢) ==+

F(l=€) = oo + V(O VE + 0,
1 1
G(1 =€) = =z — Vts(0)VE+ O(€7?),
(3.24) ﬁreg(ol)\/g 1 )
F(-L+8) =~z ~ 1V sOVE+0E),
G149 = = — VAOVE+ OE)

These then yield

(325) C(-¢) =~ <l+€K/2 1_§K/2>+o<§3/2>,

VEVRK \1-¢K/2 1+€K)2

11 —1-¢K/2 1-¢K/2 52
(3.26) C(& 1>_\/§\/ﬁ<1—§K/2 —1—§K/2>+O(£ ).

3.7. Asymptotic expansions

We consider the expansion of the Weyl equation Afv =0,

{ (ZU] ®ojfi(z ) (ZU] ®leg)] v(z,x) =0,
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in the vicinity of the pole z = 1. First, with z = 1 — £ we find from (3.22)
and (3.20) the leading behaviour
(3.27
d 1< ’
aE % Y oi®ai |+ D oj@uils | +0E) | vié,z) =0.
j=1 j=1

Now %Z?:l 0; ® o has an eigenvector (0,1, —1,0) with eigenvalue —3/2
and eigenvectors (0,0,0,1)7, (0,1,1,0)7, (1,0,0,0)T each with eigenvalue
1/2. The singular solution at z = 1 then behaves as

(3.28)
0 1T9 — I a
_ 11 L 3 1/2 b— 7"2/2 3/2
’Ul(&,m)— €3/2 -1 +£1/2 3 +€ b+7"2/2 +O(£ )
0 119 + I c

The undetermined coefficients a, b, ¢ here reflect that we can get contribu-
tions from the regular solutions that begin at this order.

A similar analysis at z = —1 now using leads to consideration of
the matrix § <Zj:173 0j®0j—02® 02) which has the eigenvector (1,0,0,1)T
with eigenvalue 3/2 and eigenvectors (0,1,0,0)7, (0,0,1,0)T, (1,0,0, —1)T
each with eigenvalue —1/2. We then obtain the expansion of the singular
solution at z = —1 to be

(3.29)
1 —x3 a —r%/2
B 1 O 1 19 — X1 1/2 b/ 3/2
v—l(faiv)—@ 0 +§1T iz — 1 +¢ ! + O(€77),
1 x3 —a' —1r%/2

where again the coefficients a/, V', ¢ reflect that we can get contributions
from the regular solutions at this order.

4. Identities

This section will gather a number of useful identities to be used in the
sequel. Recall we have defined the Atiyah-Ward equation to be the quartic
equation (in general, the degree 2n equation) obtained by substituting the
mini-twistor relation into the equation for the curve . Throughout
we let {P, = (Cx,mk)}i_; be the corresponding four solutions to this and
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denote their Abelian images by

1 [Pdc
4.1 == — k=1,...,4.
( ) ag 4L1 77’ ) )

Throughout all our calculations have been checked numerically and some
comment now may be helpful. The general Abel image «y is only defined
up to a shift by a lattice point reflecting the ambiguity in choice of contour
integral. Abel’s theorem tells us that the degree zero divisor ) _.(p; — ;)
corresponds to that of a function if and only if its Abel image is a lattice
point. When constructing this function we typically specify sheets by choos-
ing >, (p;i — qi) = 0 (see Mumford [36]). The real structure of our curve will
enable us to further specify our choice of contours and we shall see that we
may take

(4.2) 041+042+a3—|—044:NT, NEZ,

where N reflects a remaining choice of contours in the Abel-map. Assume
henceforth that such a choice has been made and NV is then fixed for a given
set of solutions to the Atiyah-Ward equation. The points may generically be
ordered by

Pis = 3(P)).

We also introduce the important functions
(4.3) e = Pr(Pg) + 17N —o[(z1 — 122)(p — iz3 — 34]

and derive a number of relations for them. This function combines the ex-
ponential term in Nahm’s ansatz and that coming from the Baker-
Akhiezer function ; there is an additional phase proportional to N that
comes from the choice of contours.

The identities we describe are grouped as follows: those that follow from
the mini-twistor correspondence and Abel’s theorem; those arising from the
real structure of the curve; and those related to single points on the curve.
Because of we may express theta functions with arguments depending
on three points to those involving a single point. Next we derive a number
of identities for the functions p defined by . Finally we derive a number
of identities involving theta functions whose arguments have more than one
Abel image: some of these hold true for arbitrary arguments and are based
on the Weierstrass trisecant identities which (together with other properties
of the theta functions) are gathered together in Appendix B others depend
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on properties peculiar to our curve. All proofs unless given are deferred to
Appendix [C|

Before turning to the identities we note that any three solutions to the
mini-twistor correspondence may be solved to give the monopole coordinates
(z1,x2,x3), or equivalently x4 := x1 £ 129, x3. Let 4,4, k,1 € {1,2,3,4} be
distinct solutions of

(4.4) n; = —zx,CJZ —2Qjr3 —wwy, j=1,...,4

Then given {1, j, k}

Ui . . .
4.5 r_ = + cyclic permutations of 1, j, k,
(5) (G — GG — k)
(4.6) Ty 656k + cyclic permutations of i, j, k,

T (G- GG -
1 (Gt GRmi
2 (G — GG — Ck)

The compatibility condition of all 4 equations (4.4]) shows

(4.7) T3 + cyclic permutations of 1, j, k.

_ G = ) (G — )
(G — ) (G — Ck)

One can check that the permutations of (i, j, k, 1) in equation leads to a
solvable homogeneous system with respect to 71, ...,n4. By considering the
two Atiyah-Ward equations with ¢ = (; and (; and eliminating the variable
k? from the two equations by computing resultant one also finds that

(4.8) m + cyclic permutations of 1, j, k.

(4.9) I~ _L(Ci"_Cj)[CiZCJZ(KQ—leQ_)—K2+4xa_]
| L GGi(z—GiGj — 74)

‘We have that

r_G( —ry | T-(Q — Ty

G+ G Ck+ ¢

(4.10) =0, i#j#k#1€{1,2,3,4}

or equivalently,

1 (C1+ G+ G+ G) =2-(C16263 + ¢1¢20s + C1¢3C + (23C4)

This relation follows from the Atiyah-Ward equation.
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4.1. Derivatives

In later calculations we will need various derivatives with respect to the
spatial coordinates (z1,z2,x3). Implicit differentiation of the Atiyah-Ward
equation gives us 0;C := 9¢/0x;; the differential of together with 0;(
then yields 0;n. From we have

2 —
omn(P) =4 (- )

from which we obtain 0;u(P).

4.2. Reflection

We see that if P = ({,n) is a point on the spectral curve corresponding to
@ then P’ = (¢, —n) corresponds to —x. Now using Yoo (P’) = —700o(P) and
that Py is a branch point we have

aP) T = [P = [P == [ )

Py Py P,
17T Pé 1T
= - [Bl(P) - Z} +/P Yoo P) = =1 (P) + T
Then
(4.11) W(P) = —p(P)  (mod %T).

Although we have used the reflected path to define 51 (P) the path need not
be given this way and there is an ambiguity of half b-periods.

4.3. Abel-Jacobi constraints

As noted in section the solutions to the Atiyah-Ward equation satisfy a
number of relations.

Proposition 4.1. Let the four points P; = ((,m;) i = 1,...,4 solve
for the curve . Then the following hold

Py Py P Py
(4.12) /'v—i-/ v—l—/ v—i—/ v=Nr+M, NMEeZ
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and for the choice of paths given by Lemma

P P P P 2
1 2 3 4 4K
(4.13) / ’yoo—i-/ ’yoo—i-/ %o+/ Yoo =~ U3 (N 4 1),

3 5
Py Py Py Py K* —4z°

and

(4.14) > g = 3N,
k

Here v in the normalized holomorphic, Yoo the a-normalized differential of
the second kind, and base point Py = (k' + 1k, 01).

The proposition is proven in Appendix [C.1] If we do not relate the paths
foi’i v and f’“ Yoo Via Lemmathen 4.13| |4.14)) are only defined mod u7.

Using and the periodicities of the theta functions (see Appendix
we have the further relations:

Corollary 4.2. Set E; := NN [ v N e, for distinct i, j, k,l €

{1,2,3,4} if holds we have

601
02
03
04

Pj+ P, + P, —z/2
P;+ P, + P, —z/2
Pj+Pk+Pl—Z/2
Pj+ P, + P, —z/2

(—)NHMHL B9 (P + 2/2),
= (-1)M E; 62(P; + 2/2),

Ez GS(Pz + Z/Q)a
(—1)N E; 04(P; + 2/2),

~—~ o~~~

)
)
)
)

and similarly
2inN [Fiv _ 2inN [T v
GT(R‘FE)gT(-Pz‘l'Pk)e ot —HT(PZ‘F-Pj)er(B‘{'Pk)e <o

4.4. Conjugation

We will need the complex conjugates of the Baker-Akhiezer functions to
implement our strategy and we investigate this here. At the outset we note
that choices of contours are implicit in the results stated; the proofs make
these clear, but they are the natural ones: given a contour A between two
points P and @, then we integrate between J(P) and J(P) along J.(A) and
so forth.
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Proposition 4.3. Let Pj, j =1,...,4 be the solutions of the Atiyah- Ward

equation constraint. Then
/ ) / i ;
V= — v— =,
[ oF] 1 2

/P2 /P4 ;
V= — v — —.
(oo} ] 01 2

Proof. For the first of relations (4.15)) we have

(4.15)

TACETAL RV TR R T ¢)

_ 1/3(P1)d5_ 1/133‘14_ 1/P3dC 1/°°1d<
4 J(001) 4 0, 7 4 oo N 4 0, n

The second relation is proven analogously. g

Using the fact that 7 is pure imaginary for our curve we have that

4 P, 4 P,
k=170 1

k=1

whence
Corollary 4.4. In Proposition [{.1] we have M = 0.

The conjugation rule induces the following conjugation rule of theta
functions. Again the purely imaginary period matrix for (3.1)) yields that

Qk(z)zak(f), k=1,...,4.

The following relations are valid

P Ps 4 Ps 4
sl (/ v> :—1194< v> exp{—m v—m},
(o o5} [o. o} (o o5} 4

(4.16) o <

P, P54 P54 VT
/ v) =1 </ v> exp{—m v—},
o0 (e eF) o001 4
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We will need also:

(4.17)

Py s P Ps 4 > Ps.a 1wz AT

) / v— =) =193 / v+ = | exp —mr/ V— — — ——
00; 2 00, 2 001 2 4

1,2 P34 P34

: z : z : 1TZ TT

794( v—>:u91< v+)exp{—m/ v——}.

0 2 0o, 2 00, 2 4

4.5. The curve

We shall now prove various properties of theta functions depending on one
and (via Corollary [4.2)) three distinct solutions to the Atiyah-Ward equation.

Lemma 4.5. Let P = (¢,n) € C for the curve (3.1)). Then

/ /

D>
fuey
N

Pl

(418) o oyp] K

(4.19) Zlﬁg - z‘i’: g = &K ((A(P) +n),

(4.20) dac(lP)C = 4,

(4.21) dof(lp)n = —2K* (¢ + (K - K?)()

where $1(P) was defined in .

Corollary 4.6. With a = f:; v, where P = (¢,n) € C for the curve ,

we have

(4.22) Zigj; = 28,(P) + K¢,

a2) B —a5(p) - ik,

(4.24) Zﬁg = K% —4EK +2K? + 46, (P)? + 4K (B, (P) + 4K,
(4.25) eigzg = K22 — 4EK + 2K? + 48, (P)? — 4K (B (P) — 4K,
426) ) UK+ 6081 (P)y + 6K261 (P)C? — 24K BBy (P)

>
iy
—

Q
~
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+12K28,(P) 4 861(P)® — 31K3¢3
— UK [-8k*K? + 6K E + K? — 68,(P)?(,

= 4K[K¢ — 6181 (P)]n + 6K28,(P)¢? — 24K EBy (P)

+12K261(P) + 861 (P)? + 3uK>(?
+ 2K [-8K°K? + 6KE + K? — 681 (P)?]C.

05’ (@)
03(cv)

(4.27)

Corollary 4.7. Leti,j,k,l € {1,2,3,4} be distinct with o; the Abel image
of P; subject to a1 + as + ag + ay = N7. The following relations are valid:

(9/(04- + —l—ak)
4.28 L1\ j _ Nk
(4.28) 01 (i + aj + ) Bi(oq) — 2am 1KQ,
el(a' + o —l—ak)
4.2 3\ J _ o N K
(4.29) 03(ci + aj + ay) Pilar) — 2N +1K G,
9”(@+a+ak)
4. 1 1 7 — K2 2 4 2N2 N — 202K — K
(4.30) 01 (0 + aj + ay) § T + 881 () ( )
482 — AK (TN —1B1(a)))( + 4Ky,
03 (c; + o + ag)
4.31 3 1 ] :K2 2_4 2N2 ] 9EK _ K
( ) 03(0&1' + o + ak) Cl u + ’Lﬂl(al)ﬂ- ( )
+ 4512 + 4K (N — 181 ()¢ — 41K

4.6. Conjugation and properties of uy

We may now use the results of the previous subsections to place useful
constraints on the uyg’s.

Proposition 4.8. With uy. defined by the ordering J(P;) = Pit2 and
the conjugate contours then the following relations for ui are valid for all
(:Ulv T2, 173)

(20

_ s _
(4.32) prtps = =0, M2ty =—o

Proof. Upon noting that J(P;) = P; we have

p1 + i = [B1(P1) — 23 — (22 +121) 1] + [B1(P3) — 23 — (22 + 171) (3]

= B1(P1) + B1(Ps) — (22 +121)C1 — 233 + (22 — m)ﬁ
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= B (P) + B (P3) + %

Taking into account (3.8)) and (4.15) we find

— 1 9, (Pl) 9, (Pl) 9,(P1) 92(131) 1T m
s =g 6’11(P) + 933(13) - 922(13) TP 2t

Upon using the representation,
P)=—1—ZF 7=
=, PP
this may be transformed into the form

1 d ur
p1 iy = —*71111 (o) + 1=

Finally, the first two terms cancel because of the relation (4.20)). Thus the
first of the stated relation follows; the second is proven in analogous way. [

Here we have chosen contours in a specified way; if we had chosen arbi-

trary contours then the relations are only defined mod 7w. We also prove in
Appendix [C.5 that

Proposition 4.9. Suppose that (1 +( =0, {3+ (» = 0. Then for the
(z1,22) plane, 23 =0,

(4.33) 1+ pe =0 (moderw), po+ e =0 (mod ).
4.7. Combined results

We next present a number of nontrivial identities that arise from the Weier-
strass trisecant identities or combining our expressions for the curve together
with the Weierstrass trisecant identities.

Lemma 4.10. For arbitrary o;, a;, oy, the following relations are valid

(4.34)
[91(041’ + a; + ay )01 (ai)el(aj)el(ak) + 03(a; + aj + ak)ag(ai)eg(aj)eg(ak)]
X «91(061' — Oéj)@l (Oéj — ozk)Ql(ai - Odk)
= > 01(ci)03(cxi)01(0rj)03(cj)01 (i — cj) 03 (s + orj)02(20u),

cyclic permutations 4,5,k
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01(c; + v + g )01 ()01 ()0 (o) — O3(ci + aj + ag)O3(a;) 03 ()03 (uy)

Lemma 4.11. Let i,j,k,l € {1,2,3,4} be distinct and P; j . be points on
the curve corresponding to solutions of the Atiyah-Ward equation. Let o be
the Abel image of P; subject to o + aa + ag + ag = N7. Set f; := (1(F;),
Ty =z £wwe and p; = B + 1w N — (x2 +1x1)¢; — x3. The following rela-

Charge 2 monopole

= —03(0)01 (i + a;)0(aj + )01 (0 + o).

tions are valid

(4.36)

(4.37)

(4.38)

(4.39)

(4.40)

(4.41)

(4.42)

Or(ci + o + ai)01 ()01 (a;)01 (ar) 9y — K
03(c; + o)03(; + o) b3(0y + our) -
O3(i + o + ag)3(aq)03(a;)03 ()
O3(vi + a;)03(; + ag)0s(oy + o)
01(c; + v + )01 ()01 (aj)01 (ou)
+ 03(a; + a; + ak)eg(ai)gg(aj)ag(ak)
_ 4331 — 12
m03(0)
01 (cvi + o) + o )01 ()61 ()01 (cur)
93(@,; + ozj)ﬁg(az- + ak)eg(aj + Oék)
— —(2B1(a0) + 2N + 1K) 2R
7T93(0) ’
05(cvi + aj + o )03( )03 ()03 (aur,)
93(0@' + aj)Hg(ozi + Ozk)eg(ozj + Ozk)
20 + K
= —(2ﬁ1(al) + 29N — ZKC[)W,
Qi(aj + AL + 041)91 (aj)Hl(ak)Gl(al)
— 9%(053‘ + o + 041)93(043')93(0%)93(041)
=2(p; + 333)93(0)(93((1]' + )03 (o + al)eg(oz]' + ),
01 (v + aj + ag) 01 (i) 01 ()61 ()
03(c; + aj)03(v; + )03 (j + o)
= [—4K(7TN — Zﬁl(al)) + 4ZK77Z
+ K2¢ — 4m*N? + 87 B1 () N
20 — K
~w05(0)

705(0)

m03(0) =2z_+ K,

93(052‘ + Oéj)93(04]' + Oék)eg(ai + Oék),

2K (2E — K) + 461 ()?]



838 H. W. Braden and V. Z. Enolski

05 (i 4 aj + )03 (i) 03(ev)) 03 (ag)
O3 (v + aj)eg(ai + ak)Hg(aj + ak)
=[4K(rN —151(y)) — LKy

(4.43) + K22 — 472N? + 8um By (o) N
2K (2E — )+ 4 ()] Z

03 (cvitoj+ou )05 ()03 (a;)0s (ar) =67 (it +ou )01 (i) 01 () 01 (v )
03(0)0s (s +a;)0s (i +ar)bs (o +ak)
(4.44) = K¢ 4+ 8(mN —1B1(ay))z— — 4(nN — 181 (cy))?
— 8z —2K(2E — K),
1m(103(0)%601 (i + o + )01 ()01 ()01 (cur,)
+ 03(cy; + o + o )03(i) 05 ()03 (aur)]
(4.45) = =2[01 (i + o + )01 ()01 ()01 (v
— O30 + o + ag)B3(aq) 03 ()O3 ()]
+403(0) (e N + B1)03(c; + aj)03(a; + ag)b3(a; + ag).

We note that from (4.36} 4.37) we may also express

(4.46)

_ m63(0) 61 (ag)b: ()01 ()01 (aur) + O3(u) s (i) B3 () B3 ()
4 91(0@)(91 (ai)Hl(aj)Gl(ak) — 93(al)93(ai)93(aj)93(ak) '

Finally we consider expressions of the form

05 (i + )

(4.47) Bs(on + ) o))

9 i7j7€{17273)4}7
involving the addition of two points. Using that aj +a; = N7 — a; — a;j we
first note that

Hé(al + Otj) n Hé(ak + Ozl)

(4.48) O(c + ;) O3(ak + ap)

= —2utN.

Proposition 4.12. Leti,j,k,l € {1,2,3,4} be distinct and P; j,; be points
on the curve corresponding to solutions of the Atiyah-Ward equation. Let o
be the Abel image of P; subject to aq + as + ag + ag = N7. Then

05 (i + )

(4.49) Ba(oi T oy) 2(pi + p;) mod(2ur),
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tla_GG — o)

(o +a5)
(4.50) m = 2(pi + pj) + e mod(2urr),

O+ ag) _ ~ ) o,
(4.51) Balos + ) 423 — x—(Cp + ()" + 40N — pg — )

— K2(Cr + () — AK(E — KK'*) mod(2r),
9/1/(011' + Oéj) _ Hg(al + aj)
O1(ci +aj)  O3(u + ay)

+ 16¢(5; + B;)

+AK?CC

(4.52) oGl — 4

G+

Corollary 4.13. Let i,5,k,l € {1,2,3,4} be distinct and P ;i be points
on the curve corresponding to solutions of the Atiyah- Ward equation. Let o
be the Abel image of P; subject to a1 + as + ag + a4 = N7. Then with the
paths specified in Lemma the following relation is valid

mod(2ur).

05 (0 + aj)
03(0@ + Ozj)

Observe the consistency between (4.14] [4.48) and (4.53).

5. Special loci

(4.53) = —2(pg + pj) + 2w N.

In this section we shall describe those loci in R? where the general analysis
simplifies, in particular describing the corresponding transcendent u. These
loci include each of the coordinate axes and we shall give an alternate pa-
rameterization for these involving Jacobi elliptic functions that will facilitate
comparison with results in the literature.

For charge 2 the Atiyah-Ward equation is a general quartic and while
this is solvable, there are several simplifying loci for which it becomes a
biquadratic. This occurs for the zs-axis and the x3 = 0 plane, the latter
including the z o axes.

xg-axis. Here n = —2x3(. For x5 < Kk'/2 we may take

iVE2k? + 4232 + VK2K? — 4152

G = 7

Then [¢1] = 1 and so with P = (¢1,m1) our ordering yields
— =2
Py = (=1/¢,—m/G") = —(C1,m)-
We may then take Py = ((1,77) and Py = —((1,m1). For this range |¢;| = 1.
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In general we may set 3 = k% — k'? 4+ 823/K? and

V-

which reduces to the previous. For 23 > Kk'/2 now (; is purely imaginary

G1=1

and
[ [Bv1. [B-1
G =t \/ 2 +\/ 2 ]
G =—1 \/631\/6;112626,
G4 = —C3.

x3 = 0-plane. We give the solutions of the general plane z3 = 0 before
specialising to the simpler cases of the x1 and z2 axes. Upon setting x4+ =
x1 £1x9 and n = —ww_(? — . the Atiyah-Ward equation becomes

1 1 1
(4}(2 — x2> ¢+ <2K2 — K2k — 2x+x_> ¢+ <4K2 — xi> =0.

This has solutions (;(x), i € {1,...,4}

W~
8
s
s
)
Il
|
o
8
—
8
N
~—

n
—
I
nn
—_
8
—
8
no
I
\
NA
IS
—~
3
o
no
\
o
8
+
i
+
£}
+
\
8
\
\.l\.')

We need to order the roots. We are free to choose (1 = ¢1 once and for
all, but the choice of (3 := —1/(; depends on (z1,x2) according to whether



Charge 2 monopole 841

+5% > 0. Noting that (;Co = S»/S3 then
1

1
¢, = CQS? G1 (3 !
1=9.8; 1 P
R R T )
S2 (G G4

Thus
(3=C3if S2 <0, (3=0( if S7>0.
We observe that if S? <0 we have four roots ¢; each of modulus 1. We are

similarly free to choose (2 = (s, giving a double root (; = (3 when S7 = 0.
As we cross S? = 0 the ordering of P3 and Py interchanges:

ST<0: G=C, =0, =0, (=0,
S}>0: G=C, e=0=1/C, =20, =0

The solutions are ordered to satisfy

G(0) =K +1k,  ((0) =K — ik,

(5-1) G(0) = —K 1k, Ci(0) = —K' +1k.

When we restrict to the coordinate axes we can say more.

x2-axis. On the xp-axis S < 0 and so each |¢;| = 1. Further, as n = x2(1 —
(¢?) is invariant under complex conjugation we have the four points

(Com)y Py = (=1/C,—7/C) = (—Com),

(5.2) Pr=1(c,n), ) G
P2:(C7 )7 P4 (_1/Ca_77/< )Z(—Cﬂ?)

n
n
Explicitly we take

1Kk + ) K2E? + 423
VK? + 423 ’

x1-axis. Finally consider the z;-axis. Here = —1z1(1 + ¢2) is invariant un-
der (¢,n) — (£(,—n). We have ordered the points Py = (¢,n), P3=
(—-1/¢, —ﬁ/zg), and with Py = J(P,) we are left to determine Py = ((2,72).
We determine these depending on the sign of S2.

(5.3) (1=

(5:4)  wiaxiss  Pr=((n), Py = (=1/C,-1/C) = (=¢.m),
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St<0  P=((-m,  Pi=(=1/¢n/¢) = (=¢m).
We take here

KK + 1 /K2k? — 422

(55) Cl = Cl(xl) = \/m

For $? > 0 we have chosen (; = 1/(s.
(5.6)  xp-axis: P = (¢,m), Py = (~1/¢, -1/,
$2>0 P =(1/C, -1/, Pi=(=Cn).

We remark that the solutions (;(x) = (;j(z1,x2) are singular on the z-axis
when

(5.7) G(K/2,0) =00, i=1,...,4.
At this point the degree of the AWC is no longer a quartic. With 0 < k£ <1

we see that (; has a different analytic behaviour for each of the following
domains of the x1-axis

I: x1 € [-Kk/2, kK/2],
IT: x1 € [-K/2, —kK/2]U[KEk/2, K/2],
IIT : x1 € [—oo, —K/2|U[K/2, 0.

The interval I corresponds to S? < 0 and we have (; = (3. On interval IT
we have that (j is real while on interval III it is purely imaginary. It follows
from 7 = —ux1 (1 + ¢?) that 7 is purely imaginary on intervals IT and III.

5.1. p;

We now calculate the transcendents p for these loci.

xo-axis. The invariance under complex conjugation gives

P, P Py Py 001 01
a(Pl):/ v = v = ’U:/ ’U+/ 'U:O[(PQ)+/ v
001 oo1 oo1 001 o1 002
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where we have used our definition of sheets to give 307 = 0os. Therefore,

from (3.11]), we have that

B(Pr) = B(P) — 5

and consequently from (4.3) and that {; = (o we see that

(20

ﬁlZMZ—E-

Combining this with Proposition (4.9) we obtain

Proposition 5.1. The transcendents p; on the xo-azis are given (mod o)
by:

(5.8)

s s 0
pr=2X+ —, pa =X+ —, puzg=—Az— —

1T
=—Xo——, A R.
4 A 4,#4 )‘2 4 2 €

Thus on the xo-axis there is only one transcendental function Ay =
A2(x2) to evaluate; we shall identify this function shortly. Now

28 3
(5.9) p1(0) = p2(0) = =, p3(0) = pa(0) = =~
The first equality is evident as (;(0) = k' + 1k = a. To prove p2(0) = r/4
we note
g k' —ik (ZQ—C)dZ B
2 Jira /(22 —a?)(22 - b?)

because of the normalization condition fu Yoo = 0. The remaining equalities
follow from the propositions. Thus we have that A2(0) = 0.

x1-axis. The behaviour of ;1 depends on which interval 21 belongs. A similar
proof to the above (given in Appendix |C.9) shows that:

Proposition 5.2. The transcendents j112 on the x1-axis behave (mod )

as
s s s
I:ipa(21,0) = A+ —, pe(21,0) = =M+ —,u3 = —A1 — —,
4 4 4
s
M4:/\1_Zv
(5.10) II:py =), ,uzz—z)\'l—zj, ,ugzz)\'l—kzj, pg = —\j,

2 2
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III: jiy = MY, uzzx\'{—%, u3=—/\'1’+%, fa = =M,
where Ay = A\ (z1), ] = M (z1), A] = N (21) € R are such that

0= M(0) = A\ (£Kk/2) = N(£K/2),  N(:Kk/2) = %,
and Ny (£K/2) =0 (mod 7).

x3 = 0-plane. More generally the same symmetry arguments together with

7 and show that

Corollary 5.3. For the plane x5 = 0 and the choices above, we have that

(mod 27r)
T v e T
S?<0: =A+—, 3= -A——, g =N+ —, =N ——
1< H1 +4,/L3 4,#2 +4,,U4 4
S2>0: p=N 4, ,ugz—X’—i—on—%r, ,ugz)\"—zoz—%r,
,11,4:—)\/,—10(,

where A\, N, N, a € R.

We observe that Proposition [4.8|tells us that in the general case we have
two complex functions to consider; Proposition and Corollary [5.3|reduces
this to two real functions. Although the transcendents u;(x) and ps(x) are
analytically independent they are related when we reduce to either of the
axes (z1,0), (0,z2).

We record:

Proposition 5.4. The derivatives of 12 are

2 (r1,22) = _20((E ~ K)as — Bay)(—uS122 + KK?2)KG
a.’l?l 'u'1 1,42) — Sl(x_é‘% + $+)x+S§
1(2EK — S2)(KK* + S))ay
N 2 )
(511) 51C1$+SS .
0 2(u(E — K)xy — Ex1) (15129 + KK 21)K(

87271#2(1‘1’ r2) = Si1(z-C3 + x4 )w1 53

W(2EK — S3)(KK? — S1)x,
51C2{L‘+S§ ’
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0 21(1(E — K)xg — Ex1)(1S171 — KK 19) K (3
Tmul(ml’m) T Si(z_C 4wy ), 53
1(2EK — S3)(—Kk? + S1)xo
B 51C1$+S§ ’
0 21(1(E — K)xg — Ex1)(15121 + Kk?22) K (o
87U2M2(9€1’$2) - Si(x-¢3 + x4 )z 53
1(2EK — S2)(Kk? + S1)x2
B S1¢ow 453 '

xz-axis. We show in Appendix that

Proposition 5.5. The transcendents p; on the xs-azis are given (mod um)

by:
KK T s
r3 < 5 Do =, /12:—2)\—5,#322)\—%5,#4:—1)\, AER,
K u T
T3> = 1M1=>\§,—5, po = N3, p3 = =g, M4:—)\§+57 A; € R

Again there is only one transcendental function to evaluate.

5.2. Parameterizing of the axes in terms of Jacobi’s elliptic
functions

To compare with existing results shall need in the sequel to parameterize

the axes in terms of Jacobi’s Elliptic functions. For reasons that will later
be clearer we take

422 k"2 — k%cn?(t) £ 2kk'cen(t) k' + 1k en(t)
a2y — T 2 —
422 —2+ 2cn(t) 1+ cen(t)
cdn(t) = ——2, C=14+———, (=
vz dn(?) K2’ * sn2(t) ’ sn(t) '
4 2
z3: en?(t) = — kigg, 2 = 2dn?(t) — 1 + 2uksn(t)dn(t),

¢ = £(dn(t) £ etk sn(t)).

There are 4 choices of ¢ in each of the above corresponding to the 4 signs,
each point giving a solution to the Atiyah-Ward equation. Given one solution
the other solutions are generated by ¢ — t + 2K and ¢t — t + 21K’ so only



846 H. W. Braden and V. Z. Enolski

one solution must be found. Further we note that if

t=t +1K'=t"+ K +1K' then

(5.12) Tren(t) _ om0 K ikon(t”)
Tonp el ="

Previously we have parameterised ( = —i [ P]04[P]/01[P]03[P], and now
we have, for example on the zo-axis

Zl + cn(t) B 9204(2) + 9492(2)

CEETLD T Gai(e)

where z = t/(2K). Can we relate the Abel images of P to z? We show in
Appendix

Proposition 5.6. The Jacobi parameterizations of the azxes, given above,
follow upon taking z = —2«a(P) —1/2 —7/2 for the xi-axis, z = —2a(P)
for the xa-azis and z = =2 a(P) — 7/2 for the x3-axis.

5.3. Expressions for p in terms of the Jacobi zeta function

We have as yet to identify the functions A1 23 beyond their definition: we
do this now. Set

L 1 1 2331
(5.13) AL = 2K'Z(sn (kK’k> k),
1 21z
1.t -1 2
(5.14) Xy i= 5K Z(dn (K k:) k),
(5.15) s i= 2K Z(en L (293 1) k).
2 Kk )’

where Z(v) is the Jacobi Zeta function. Then

Lemma 5.7.

dpi(z1,0,0) _%__ EK—K2+43:%

da da VE? =422\ /K2k? — 427
dul(O,xg,O) . d)\IQ _ EK + 4.7}%

dz drz KT 403\ [K2K2 + 4
dpi(0,0,23)  dxg  K?k*+ EK — K? + 4273

dz dzs \/KZRZ T 423\ /- K2k + 423
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This may be proven directly or via (5.11]). For example,

dpp  dBy dag dGy d¢

oy dardGday 0 Pday
and df;/dag was determined in ((C.5) while from we have day/d(; =
1/(4my). Finally the d¢;/dzy term comes by implicit differentiation of the
Atiyah-Ward equation. After simplification we obtain the derivative given
above.

It follows then that (0, z2,0) = M,4constant and similarly for the
other axes. The constant may be determined by comparison at the origin.
(There is a choice of square root here that may be appropriately chosen.)
Now dn(K +iK') =0 and KZ(K +iK')/2 = Fir/4 and we may identify
p1(0,22,0) = FNy(22). The choice of sign ultimately makes no difference
(it will correspond to the symmetry of the xo Higgs field about the origin)
and we choose 1 (0, z2,0) = A (x2). For the identification on the x5 axis we
recall that cn(K) =0 and KZ(K)/2 = 0. Noting we find"]

v
M1($170>0):)\1+Z, (1 €1),
v
(516) M1(07$2> O) =X+ Z = )‘/2('%'2)7
p(0,0,25) = da+ - =1A, (w3 < KK/2).

We plot these in Figures respectively and note that the points
of discontinuity on the x; and x3 axes correspond to the vanishing of the
Atiyah-Ward discriminant corresponding to points of bitangency; these will
be described in the next section.

6. The points of bitangency

Substituting the Atiyah-Ward constraint

n = (zro2 — 1) — 2¢xs — (2 + le)CQ

into the equation of the spectral curve P((,n) =0 gives an equation of
(in general) degree 2n in ¢ and generically this has 2n solutions. There are

1We remark that Maple’s inbuilt function InverseJacobiDN has the unwanted
behaviour
Re(InverseJacobiDN(JacobiDN(x, k), k)) = |x|
and must be used cautiously.
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0.59 /
-2 41 1 2
x
-0.5

Figure 11. The real (green) and imaginary (red) parts of A; restricted to z1-
axis k = 0.8. The points of discontinuity correspond to points of bitangency.

Figure 12. The real (green) and imaginary (red) parts of A2 restricted to
ro-axis k = 0.8

however loci of points & € R? for which we have multiple roots, the points of
bitangency we have referred to; calculating the discriminant of our equation
describes the locus. This discriminant is of degree 2n in the z;’s but because
of the reality conditions it may be expressed as a polynomial of degree n in
the x?’s with no odd power of x; appearing. Focussing on the n = 2 case the
discriminant @ is a quartic in X = x%, Y = x%, Z = x% This discriminant
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0.8 3
0.6
0.4+

0.2+

Figure 13. The real (green) and imaginary (red) parts of u restricted to 3-
axis k = 0.8. The points of discontinuity correspond to points of bitangency.

is not very enlightening: we find real loci

(6.1) 0=K2k"* —4k°2% — 4242
1 (K2 4 am?) R
(62) xr1 = 1 ka/Q .

Thus on the z; axis there are the 4 solutions £K /2, £Kk/2, no solutions
on the x9 axis and £Kk’/2 on the z3 axis. These are the points we have
previously noted. We remark that in the case of we obtain double roots
with modulus less than one and greater than one while for we find the
roots of the Atiyah-Ward constraint have modulus one. Hurtubise [30] in
his study of the asymptotics of the Higgs field gave the first of these loci. In
Appendix we will relate Hurtubise’s curve and our own.

7. The matrix W

In this section we will determine the matrix W and its inverse. We
shall calculate W~ via cofactors and this will involve a number of the iden-
tities established in the previous section. We will also look at the behaviour
of W at the z = £1.

The 4 x 4 matrix

W = <w(k)(z,m))
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is constructed from
w®(z,2) = (12.© C(2) (12 + () - o) e FE izl > @ 3(z, Py) )

where Py, = ((x, 1) are solutions to the mini-twistor constraint. From (3.12]
3.13)) the Baker-Akhiezer function takes the form

[ ag /
where (again with oy := a(Fy)) we have

(7.1) ar = —03(ag)2(ap — 2/2), br = 01(ak)0s(ar — 2/2),

and
92(1/4)93(1/4) eﬁl(Pk)z

D;C - 93(0)91(0&]g — 1/4)04(Oék + 1/4) 92(2/2)

Now the kernel of

_ 2 (1 0\ (1 -
) e = (0 zc> (1 —z<>

has basis (Zf) for finite ¢ and <(1)> for the infinite case. Thus we may take

for our construction
1
s>=|[2

for all directions apart from ¢ = oo which gives us

. 1 1
e+ 30 ) ls>= 1 ()

We may therefore write

(7.2) W=(1,0C(:)¥D, D =Diag(Dy),
where
(7.3) o
- 1 92(1/4)03(1/4) eﬂl(Pk)z—zz[(wl—zccg)ﬁk—za:g,—xd
k pr—

1+ [Ckl? 05(0)01 (e — 1/4)04(cu, + 1/4) 02(2/2)



Charge 2 monopole 851

and

ai az as a4

b b b b

(7.4) \I/:<<.1>®(ak)>: 1 2 3 4
ZC:k; bk iClal iCQGQ iC3a3 iC4CL4
1C1b1  iCoby  i(3bs  i(4by

We remark that if we work with with the standard Nahm matrices (3.19)
then the corresponding conjugation by O replaces w(z) = C(z)¥(z,(,n) by
OC(2)¥(z,(,n) and consequently we would have

W=(1®0C(2))¥D
We shall calculate W~ via cofactors. Upon noting that
(W[ = [C)[¥]|D] = [¥][D]

in the following subsections we shall calculate |D|, |¥| and finally the ad-
joint Adj ¥ but before turning to this a helpful check is to look at the pole
structure of W which provides a nontrivial check of the solution.

7.1. The pole structure of W

We have seen in Lemma [3.3] that for the case at hand the Baker-Akhiezer
function only has simple poles at z = 4-1. (For general n one has that hh~1
only has simple poles [7, [16] though the the Baker-Akhiezer function has
higher order poles [7].) Using

7.5

(7.5) o

b2 (1= €)/2) = 01(£/2) = 5 61(0) + 12 07(0) + O(€°),  61(0) = 7 626364,
we obtain (in the following ¢, ¢’ etc are constants)

03 (P1) 02 (P1 — 1/2 + £/2) A=)
( § Pl) < 913((}’1§)942((Pll— 1//2 —|—+§§//2>)65(P1)(1 €) > + 0(5)

< 203 P1 01 (P1) + 05 (P1) € (2B(P1) 01 (P1) — 04 (Pl))> P
293 (P1) 61 (P1) — 01 (P1) € (28(P1) 03 (P1) — 05 (P1))
O

+ m\o
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and we see this simple pole behaviour. Now from (3.25)) and (3.18)) we have

K/2 —£K/2
(90(1—5):\}5\/% (5 1/ 51/>+0(€3/2),

and consequently that

C/

—203(P1) 0, (P) K
OC-¥(1-¢ )= ﬁ (91 (Pr) 05 gPl)l— 913 (;1) 01 (P1)> + 0(61/2)'

Upon making use of (4.18]) this takes the form

(1) e

Therefore the pole structure of the first column (and similarly the remaining
columns) of W takes the form

1
o a (1 1 12y _ € | G 1/2
Wi(l1-¢) = VE <ZC1> ® (ZQ) + 077 = VE 2412 +O(&7).
-G

Linear combinations of the columns of W therefore give us three solutions at
z = 1 with singular behaviour 1/£'/2 proportional to the vectors (1,0,0,0)7,
(0,0,0,1)7 and (0,1,1,0)7. This is what the discussion of section re-
quires, with the orthogonal direction, spanned by (0,1, —1,0)7, correspond-
ing to the solution with £3/2 behaviour. We note that to get this behaviour
requires the use of the identity . We shall see significantly more com-
plicated identities are required when we examine the pole behaviour of V.
Using the 6-constant relations

67(0)  6(0)

(7.6) 6:0) ~ 8;0)

= Wzﬁé((])

for (ijk) € {(4,3,2),(4,2,3),(3,2,4)}, we find the analogous expansion near
z=—1,

1G1
€1 -1 —2(By (Py) il (1 —i2) 1 — s —a]) 1/2
W _1+ —_ = e 11 1 2)G1 3 4 +O

—101
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0 1 0 0\ /1
_a | =L 000 e | e ()il —iwa) G —iws —a]) 1/2
Elo o o 1|l +O(E).
0 0 -1 0/ \-¢

The reason for our writing the expansion in the second form will be made
clearer in due course.

7.1.1. Higher expansion terms of W. The identities of the last sec-
tion yield further terms in the expansion of the matrix W (F1 £¢), where
W(z,x) =

(Wi(z,x),...,Wy(z,x)). Introduce the 2-vectors

(7.7)
1 12 _Ck + T3
w = R w = )
0,k < 1Cpe ) Lk < T4 —1(px3 )
(7.8)
(K2 —42?) G + ww-wae — 31(2K° — 1)K + 323
Wo p = ’

(—2’—4(2k’2 1)K? + 2Z$3> Cp — ryws + 81@ (K2 — 41:3)
and the 4-vectors

(7.9) Wor=wor@wor, Wir=wor®@wig, Wap=wor® wyg.

Then we find
(7.10)
Wi(1—-¢&) =c { \/»Wok FVEW o+ EPW o, + 0(55/2)}
Wi(-1+¢) = { — EW )+ EPW o + 0(55/2)} e 2,

where U = 15 ® is the matrix already encountered and c; are

-1 0
constants that we need not specify.
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7.2. The determinant |D|

From (|7.3) we obtain

4

1 04(1/4)04(1/4 1 651(Pk)z—zz[(xl—zr2)g“k—zz3—m4}
‘D| — Dk = 2( /4) 3( / )
e R U

Recalling that we have ordered the roots so that

(Ch CHES <4) = (Ch (2, _1/517 _1/52)

we consequently find that

4

H 1 _ (162¢3¢s
L+ G2 (G —E3)%(C— G)?

_ 1 [Ty 01(cv)f2(cu) B3 () Ba(cve)
03(0)03(0) 07 (a1 — a3)03(ar + a3)07 (a2 — )03 (a2 + aa)’

k=1

7.3. The determinant |¥|

As the identities needed to evaluate |¥| are illustrative of the more
complicated identities that are employed in calculating Adj ¥ we shall de-
scribe these in the text, and leave the latter to Appendix We begin by
observing that

a a2 as a4

by by b3 by
|W| =
Gar  Ceaz (3az  (aay4

Cibr  Caba  (3b3  (abs

_ a1 a2 (a3 a4 _|ar as|laz a4
= bl bg b3 b4 (C1C2+€3C4) bl b3 bg b4 (€1<3+C2C4)
a; aq4||a2 as
oy byl oy by (S161 T C263):

Noting ([7.1)) we may may show

a; aj

bi b

= 93(0)92(2/2)91(0[2' — Ozj)04(az‘ +a; — 2/2).

L4 [Cel* O1(or — 1/4)0a(ar +1/4)
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Now it is clear that the determinant vanishes when (; = (s = (3 = (4 and so

0:(11 as| (as a4_a1 az| |(az a4 a]; a4 (a2 as
by by||bs ba by b3||by ba b1 byg||by b3
whence
= b GG+ k) — (G + oG]
— IR MG+ ) — (Gl GaG)]
by b3||by by
_|a1 azl|az aq|,. oy _|a as||az a4f . B
- bl b2 b3 b4 (Cl <3)(C2 <4) b b3 b2 b4 (Cl CQ)(<3 C4)
Now
i — Gl = O2(cj)0s(cj)  Oaay)0s(u)

01 (Otj)93(aj) B 01 (Oék)03(ak:)
0

01(cj)03(cr;)61 (o) O3 (v )
and upon using (W3, Appendix [B) with a = (¢, ag, ax, ;) we obtain

91(04]' — Ozk)eg(aj + Ozk)

(T GG = 10000 5 000 () alon)
Thus
p) =~ BE/DOBO0OO) b (s — )b (01 — a)b (an — an)

TTj—1 01(c;)03(c;)
X [93(041 + 043)93(Oz2 + 044)94(041 + o — 2/2)04(a3 + oy — Z/2)
— O3(a1 + a2)03(as + ag)b4(1 + a3 — 2/2)04 (e + g — 2/2)].

Next, using (W4, Appendix witha = (a1 + a2 — 2/2, a3 + g — 2/2, 1 +
a3,
ag + ay4) we find

Os(a1 + ag)bs(as + ayg)bs(ar + ag — 2/2)04(as + oy — 2/2)
— 93(0[1 + a2)03(a3 + 054)94(041 + oz — 2/2)04(042 + ay — 2/2)
4
= 05(2/2)6; (Z o — z/2> 01(o — aug)f1 (g — a3)

k=1
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where the sign is determined for example by considering a; = —ag, as =

—aa. Then
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01(c; — o
(W] = —65(2/2)65 (Zak—z/2> 62(0)62(0)62(0) [Tic; 01( )

Upon using (4.12)
4
92 (Eak - Z/Q) =

k=1

giving finally that

[1j=y 61(c)05(c)

05 (NT + M — 2/2) = 05 (2/2) e mMH+N?T-Nz]

(0 — ) )
(7.12) W] = —03(2/2) 62(0)62(0)62(0) Iic; 0100 = Q5)  _impprinerns)

[1j—1 01(;)05(ar))
7.4. The adjoint of ¥

Developing the method just employed we show in Appendix [D.1] that

Theorem 7.1.

The i-th column of Adj(¥)T takes the form (for i,j, k.l

distinct)
(7.13)
lC 02(2/2) 02(2:5;&1' as—2/2) _02(0)04(0)05 (rj+ak )03 (ajFau)0a(a;—2/2)0s (1 —2/2)
J [, 0s(as) 03(ces) I1op; 01(cs)03(axs)

_ 92 (0)04(0)93(01]+ak)03(a,+a,)92(aj—z/2)94(o¢k+al—z/2)

where
(7.14)

e 02(2/2) 0430, L, 0s—2/2)
ij Hs#i 91#(0‘

s)

01(a;) 1, 01(as)05(cs)

02(2/2) 02 (3.2 @5 —2/2)
Hs¢l93( s)

02(2/2) 02 (3 oz s —=2/2)
Hs#i 01 (aS)

di = —e€ijr1 02(0)05(0)04(0)0; (o; — )01 (aj — ap)br (g, — ) B2(2/2).

Recall that

V=wi-1=

(Dt

8. The matrix V

(12 ®Cil(z)))T — (12 ®Cil(2’)) \IITil ,1571
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and so
V= (la®C™'(2)) Adj(®)" D' |w| ",

where we have made use of the fact that C'(2) is real and symmetric. Here
V is the complex conjugate of the matrix V' and it will be convenient to
deal with this for the time being. If we work with the standard Nahm basis

(3.19) we have instead
V=(1L80C ) Adj(¥)" D~ ¥}

as O is orthogonal. Collecting the z dependent factors together and utilising
(4.12) this may be rewritten as

1
03(2/2)

where D is a z-independent diagonal matrix that we shall not need and
(8.1)

AD

714 62(2/2) 92(27‘#1: ar—z/2) 02(0)04(0)05 (a; )03 (oj+)0a(c; —2/2)0a (e +a1—2/2)

i L0 T 7a(a;) . 01 () 0a(a)
e 02(2/2) 04, 4 ar—2/2) 05(0)04(0)03 (0 k)85 (o +0u)02 (0 —2/2)0a (st —2/2)
_ e L R 7i(0;) 11, 01 () 0s(a)
Az' = e *Hi
02(2/2) 02(3, 4 ar—2/2)
[Tz 0s(as)

02(2/2) 04(S, 1 av—2/2)
Hﬁ¢, 91(015)

where we may choose (i, j, k,l) as a cyclic permutation of (1,2,3,4). Here
we encounter f defined in (4.3]).

8.1. The pole structure of V'

We need the expansion (8.1)) to determine the projector and for calculating
the Higgs field via the Panagopoulos formulae. Set
(8.2)

E(z) = (12 & OC_l(Z))

1
A= Vi s €752 where z =1—¢,
AR

and

(8.3) Ri= (_§Cj> ® (fé) * @ “ @ |
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Here
0 oy — 2/2
B = bs2) M0 22

Mpibilon) ©

o 02(0)04(0)03(cr; + )03 (0 + )0a(cj — 2/2)0a(vy + p — 2/2)
O3(ctj) [Tszi 01(as)B3(cs)

3= 92(0)94(0)03(0@ + Otk)eg(aj + al)OQ(aj — Z/2)(94(Oék +o—2/2) _

e *Hi

= e e,

O1(j) Tleri 01 (as)b3(as)
A lengthy calculation given in Appendix shows that

Theorem 8.1. Fach column of v; has expansion at z =1 —¢

0 —I1 —1X9
— _ |1 1 1 r3 Vi3 .1/2 3/2

(84) v; = NZ {3? _1 + 51? T3 + Wlf + O(f )

0 T1 — 129

where

[Lick jwi 03(F + Pr)
N; = VK 050, —1=E 2 74 e Hi
L 01 (P)0s(Pr)

and the finite term ©; 3/ N; has the equivalent expansions (for j # i)
(8.5)

G+ GG+ )G X —myaz — 20 (r? =323 +2X) G — 423 G(G + §)

IS

1 3
_§X G-z a35¢G+ N — 5x§

1 1
ng Cf —2x_x3@G+ A+ — 537:2,)

7

EXQ —T_T3
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—ing Az g2+ 20 (12— 323 +2)) G+ 3aya

1 3
B —§XC3—213:7$3Q+)\—§$§
Vi3
(8.6) —= = )
Ni Ly o Lo
_§X GG —21x_x3G+ AN+ oo — 573
7 X6
4 i~ LT3
o (K?—da?) .
4 Gi
1 3
_ —fng—sz_ngi—f—/\—fa:%
(8.7) Vi3 _ 8 2
i Lo L o
_§X G —21r_23G + A+ opm — 373
7 X6
4 i — LT3
with

1
Ty = 11 & o, /\:§K2(1—2k2), X = K? — 422,

Several observations are in order. First, up to normalisation, this takes
the form of (the complex conjugate of) 1' with 6273 = (a,b—12/2,b+
72/2,¢)T. The common pole structure means that we may determine a pro-
jector (see later) onto the normalisable solution. Next, using the second
representation we find that

2

_ _ _ _ r
D13, V2,3, V3,3, Va3| = 198 NN NaNy(K — 20 )3(K + 22 T[(G — )
i<j

We have already noted that points of bitangency of the spectral curve yield
solutions with multiplicity to the mini-twistor constraint and at these non-
generic points we need to take further terms in our expansions to get a basis
for solutions to AW = 0 and ATV = 0; this occurs when [Tic;(G = ¢) =0.
It naively appears that the solutions are also linearly dependent whenever
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K = 42z _: what is happening here? The reality of K means this only oc-
curs for the lines 9 = 0, 1 = £K/2 and x3 arbitrary; this means one of the
roots of the mini-twistor constraint is ( = 0. Indeed if we call this vanishing
point P; we have

e 1 = K/2, 9 =0, x3 arbitrary: P; = 01, P3 = 001; P, Py determined
by 3.

e 11 = —K/2 29 =0, z3 arbitrary: P, = 02, P3 = 009; P», P; determined
by 3.

Upon noting that the normalizations N; (i = 2,3,4) have a denominator
01(P1) there is a precise cancellation between numerator and denominators
and the determinant does not vanish along these lines. Thus we only need to
consider further terms in the expansion at (nongeneric) points of bitangency.

8.2. The behaviour at z = —1 and Monodromy

Although we must take the expansions of the solutions at both z = £1 these
are related. We establish in Appendix [D.3]

Theorem 8.2. Let v;(1 —&) =3 50 Vis £575/2. Then

Ti(-1+&) =) v, &7

s>0

where

1
This explains the origin of the matrix U = 12 ® _01 O) we encoun-

tered earlier relating solutions at the endpoints. In particular the expansion
at z = —1 + £ then takes the form

1 —xI3
1 0 1 —12X9 — X
= a2 | L 2 1 1/2
(8.8)  @; = Nje a7 | o +§1/2 Vi — 21 +0(£Y?)
1 I3
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8.3. A convenient normalization

We have just established that up to the normalisation factors N; the pole
terms of V' have a common form; these normalisations may be removed by
left multiplication by a constant matrix and is convenient to define

(8.9) V : =V Diag(1/Ny,1/No,1/N3,1/Ny).
Then
- 1

(8:10)  Vi(1 =€) = 770 51/2111 +¢%8i0+ 0(¢?)

where
0 —x1 —1T9

(811) by: = _11 , b= iz R ﬁi,Q = ﬁi,3/Ni-
0 T1 — 1X9

Similarly we have the non-conjugated quantities

1
Vil =€) = g0 gmnwg“ b2 + O(E?),

where
—x1 + 129
T
v = 3
€3
r1 + 122

and so forth. Now we have shown that

M1+ =U (0 - o + €26+ O ) explzn)

where
0O 1 0 o0
0 1 -1 0 0 O
(8.12) U:=1® <_1 0) =10 0 o 1
0O 0 -1 0

Thus

V(14 =U[V:(1-§-V-(1-¢|M
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where Vi are the even (odd) terms b; and
(8.13) M := Diag(e?1, 212 21 ¢2H4),

With this normalisation W := VI ~1 has columns
(8.14)

st o (0 1)) (4)e () s

where

r<s 03 [P'r + Ps]

T — 92(0) Hr s<;ék

(8.15) di == —c \/>91 P103| P e H* ’ .
o MR G B ) TP~

From our expansion (7.10) we find that

1

Ve

= \}gmo,k + V& + €%y + 0652

Wi(1 —€) =0 { Wor + VEW )+ EPWoy + 0(55/2>}

where

_ 201 (ak)03(ak) pu—in
0 = _dk\/zez@@(o)e“ N.

We remark that from W7 (2)V(z) = 14 the expansion at z = 1 yields the
consistency relations

0= mg.ﬁo,
(8.16) 0 =7 .0g + 1o .01,
1, = wl.0s 4+ w7 .01 + v

The first two of these are easily seen to be true while, upon noting mlT.ﬁl =0,
the third simplifies to

(8.17) 14 = mg.ﬁg + mQTﬁo.
This then follows from the relation (for each j € {1,...,4})

(8.18)
Qj = 1/aj7
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where

(8.19)

D= —dw_x3C? — (27 — 1)K? + 47 — 1223)¢; — 12203 +
j

which holds for (;,7; satisfying the Atiyah-Ward equation. Theorem [8.2|then
means that the expansion at z = —1 also holds true.

8.4. Derivation of v, from YW-data and vice versa

In the preceding sections we have derived vy by calculating the general
inverse of W and taking its expansion. In this subsection we show that the
same result can be obtained from the expansion of W itself; this is a useful
check. We shall show that using we can in fact determine the vs term
of the expansion of V from that of ¥V and vice versa.

Recall from that we have an expansion for V of the form
(8.20)

0 —T4 an
_ . 1 1 — . 1 I3 ~ o 1/2 b] — T /2
Vo = 53/2 -1 IR WES 51/2 x3 ;o by =¢ bj +r2/2
0 T_ c;j

while that of W is (up to the constants 9;) in terms of Wy ; = wo ; ® wo j,
Wi =wp; @wyj and Wy = wpy; ® wa ;. We choose to rewrite

§52¢ + w3l — 312K — 1) K2 + a3}
w2’] =
. <—i(2k'2 C)KZ4 %x§> G —w-wy+ g 5%

with Sy = \/m, T+ = x1 £ 9. The first two identities of (8.16)) hold
and we find

Proposition 8.3. The matriz ® in the following relation

(8.21) Wleo+Wle +Wlb,=9
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is diagonal if and only if the quatities a;,b;,c; are given by the formulae

7 53_
aj = G T3,
(8.22) Lo o Lo 2y, 1 2
) bj = —éS_(j — 2uw_x3(; + éK (1—-2k%)+ S %+T- = 3,

1
_ 2
Cj = ZS_Cj —xr_x3,

where (5, j = 1,...,4 are solutions of the Atiyah- Ward equation and the j-th
diagonal element ©; 1s given by .

Analogously, given vy one can construct W.
9. The projector

The common pole structure at z = +1 means that the construction of the
projection matrix becomes algebraic. It is clear from (8.11f) that

1 1 1
-1—-1 0 0
(9.1) Vv 0 -1 0
0 0 -1
gives three vectors vanishing at z = 1 and with behaviour at z = —1 going
as
1 —XI3
1 0 1 —1T9 —
21 2u, L L 2 1 1/2
(9:2) (e ) /210 + 12 | 1xp — 1 o)
1 T3

for r = 2,3,4. While it is possible for e?#1 = 22 for certain = (see the xo-
axis below) a consequence of proposition (4.8]) is that

e — s = 2 4 72 £ (),

Therefore the rank of

62/1'1 _ 62/143 0
e2u2 _ 62/141 62/141 _ 62#4
0 e2Hs _ o2t
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is always 2. Thus we may construct from these the two required normalisable
solutions by taking

1 1 ]- 62[1/1 _ €2M3 0
— 0 e2Ms _ g2
0 0 -1

We observe that the projector is z independent, as requiredﬁ Thus we have
the projector

LU e
(9.3) 7= ) L0 e2M2 _ o2 o2 o204
0 _0 o 0 e2Ms _ o2

which is such that
(1,1,1,1)m = (0,0), (1,1,1,1)Mum = (0,0),
the latter showing this holds for z = —1 as well.

10. An example: the x, axis

Before turning to the general formulae its helpful to see an example of our
formalism to reconstruct the Higgs field on the xs-axis. We shall first con-
struct the two normalisable solutions, then use the Panagopoulos formalism
to calculate their normalisation and then finally calculate the Higgs field.
Aleady at this stage we obtain a new analytic result for the depth of the
well.

15Tf we had used the projector

e2h1 _ g2u3 o211 _ o204
62#2 _ 62#1 0
0 e2h2 _ o2

instead, then on the x» axis the first vector V; — V, is already normalizable at both
ends and we construct the remaining vector as an appropriate linear combination
of the final two columns.
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10.1. The normalizable solutions

Utilising Theorem [8.1] and restricting to the xo direction we find that at
z=1-¢&:

Proposition 10.1. Let 1 = x3 =0 and the points P; be given by .
Then the first column of the expansion of the fundamental solution takes the
form

0 1To

B = Olgg =N g2 [ 1 || |
1 &n0 T 4V1 § 1 +§ 0
0 1T9

1
VE? + 4x3 <1 gy [K2k? + 4933)
/ 223
—an K2K1% 4 g2 — 222
, Kk ! TR T

T 2$2
o K22 42 4 222
14/ +1x2+ Kk

— K2—4$g <1+ZM\/K2]{7’2+4$%>

It is convenient to set

(10.1) p=1/K2?+423, q=\/K2k"*+ 423

in terms of which the whole £'/2 entry to the expansion of the fundamental

solution (for the ordering of roots (5.2)))then reads

p+wg/Kk  —p+pg/ Kk —p—wq/Kk  p—wpq/Kk

—g— 2 g — 2% —g— 2 g — 2%
Kk Kk Kk Kk Diag(Ny, ..., Ny).
4 g+ 2 g+ 2 —ig+ 22 g+ 2 &Ny, Ny)

-p+pg/Kk p+awpg/Kk  p—wpg/Kk —p—apg/Kk

The expansion of the vector v;(z) near the point z = —1 4 ¢ is then given

by Theorem

_ bi — x3/2 _ _ —a;
-0 =N| J LB | =g —Nen |

—a; bi + x3/2
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Now acting by the projector (9.1)) yields three normalizable vectors at
z=1

p  pt+we/Kk pq/Kk
€1/ Kk | —uq 0 —1q
2 —1q 0 —1q

-p  —p+pg/Kk pq/Kk

From (9.2) and (5.8) the first column here is also finite at z = —1, and
because

62/1,3 — 62/1,4 — 672/1,1 — 672M2

as a result of (5.8) the remaining two vectors have the same poles and
consequently their difference is then finite at z = —1. We have then

Proposition 10.2. The Weyl equation Atv = 0 admits precisely two nor-
malizable solutions v1(z;x), va(z;x), for z € [—1, 1] which for x = (0, x2,0)
vanish at the end points as

p
w-ga) =10 VB 0@,
q
P
q
vi(-1+&z) = %e% ZZ VEFO(E?),
—-q
p
w-ga) =" | | VE+oE),
—-Pp
q
va(—1+ &) = %e_% :zz VE+O(E¥),

where p = /K2 + 423 and q = \/ K2k'* + 4x3.
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Proof. Recall that we have been working with the matrix V and so the
complex conjugate of the required solutions of the Weyl equation. The nor-
malisable solutions we have constructed vanish at the end points as

p
w-ga) = | | VEroEn),
—-p
1
w1+ ga) =t | P Eroe),
i
p
wl-ga) =5 | | VE+OER)
—-bp
g
w1+ o) = e | T E o),
-

Both p, g are real in our setting and so the behaviour at z = 1 follows. For

z = —1 we use (5.8) and so

with the proposition following.
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10.2. Orthogonalization

Given our two normalisable solutions we must now normalise them. To do
this we shall calculate the inner products using Panagopoulos’s formulae,

1
/_1 vj(z,w)vj(z, x)dz = Limgﬁoivj(l —&,x) Resg—oQ(1 — &) 1v;(1 - &, 2)

(10.2) Lime ool (<1 + €, @) ReseeoQ(—1 + &) oy (—1 + &, ).

Direct calculation shows that for = (0, x2,0)

1 0 0 -1

_ _ 1 0 -1 -1 0

ReS§:QQ(1 —£) - RGS§:0Q(—1 +¢) 1 — Ko 0 -1 -1 0
-1 0 0 1

and consequently we find

Proposition 10.3. The Gram matriz built from the vectors vi(z,x), i =
1,2 is diagonal,

(103)
(/ 101(2’9")”"(2’%)(12) B ( e K2k2(1(:ue—“2) )

- ij=1,2

Therefore the vectors vi(z,x), i = 1,2 are orthogonal with norms

(10.4)

M =|loi(z,2)]| = KkvV1+ e, Ny = [jog(z,2)|| = Kkv/1 + e P

In what follows we shall denote the orthonormal vectors used in the
ADHM construction by

1 1
UI(Z,QZ), VQ(va) = 7’02(va)'

M )

10.3. The Higgs field

Vl(z, :B) =

We now compute the Higgs field using (2.12)) to evaluate the integrals. For
the zo-axis this takes the form

1
—ZCDU—/ zV;L(z,:B)Vj(z,x)dz
1
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= LimgﬁonI(l —&,x) Resg—0Q(1 — &) 'V;(1 - €, )

10.5
" + Limf_méV;r(—l +&,2) ReseoQ(—1+ &)V (—1 + ¢, )
+ Limg_mihV;f(l — &, 1) Resg—oQ(1 — g)lﬂodizvju — &)
- LimgﬁoéVg(—l +&,x) Rese—oQ(—1 + g)lﬂofwvj(q + &)
where

0 1
H(]:Z.CL‘2< _12 02 )

We remark in passing that while the Panagopoulos formula used to establish
the norms was insensitive to the interchange of V; and V;, this is no longer
the case for the above formula as it has been derived assuming ATV = 0.
Now with 7 = j = 1, the first two lines of ((10.5)) give in this case
1 _ e4>\2

m = tanh(2)\2)

whilst the next two lines reduce after simplifications to

41’2

VE? + 433/ K2k + 423

Therefore,

(10.6) ®; 1 =1 [ tanh(2Xg) —

4:62
VE? + 423/ K2k'? + 423

In analogous way we compute

41‘2

VE? ¥ 422\ K22 + 42 ’

KE? +2F — 2K
cosh(2X\g) Kk?

(107) @272 =1 | — tanh(2>\2) +

Similar calculations leads to

(10.8) By =Byy = —1




Charge 2 monopole 871

Recalling (|11.16)) then H = \/_%(I)%,l — %@%72 — ®19P21 and so

455\?  (KK?* - 2E + K)?
10.9 H?(0,29,0) = ( tanh 2Xg + ——=
(10.9) (0,22,0) < 2 Wz) K2k4 cosh? 2,
with
1T
o= -2, W= VE? + 423) (K202 + 4a3).
We find that as x9 — oo that H approaches to 1 as
1 1K2(1+K% ( 1 )
10.10 H=1—-—+= +0 .
(10-10) PREEEE BR

The depth of the well (z2 = 0, Ay = 0) is found to be

K(1+k?) —2E
10.11 H(0) =
(10.11) o) = KT =28
reproducing (1.1) found by Brown et. al. [I1], see their equation 7.2; Ap-
pendix [E| compares notation]; the work of [42] (7.1)] presented this in terms

of an infinite series together with an undetermined integral.

11. Formulae for the Higgs field and energy density

The aim of this section is to evaluate the formulae determin-
ing the Higgs field (at a generic point x). We have all of the necessary
components with the exception of the quantity Q' which we will evalu-
ate in the first subsection. We have already noted that the combinations
(VIQ7'HV) (2) and (WTQHW) (z) are constant. These structured matri-
ces help us to simplify our results and we next evaluate these. The final
subsection then combines preceding results. Again some proofs are relegated
to an Appendix.

11.1. Q7! and related quantities

We need Q7! at the endpoints. Here the Hermitian Q, defined in (2.10)),
takes the form

(r?+a 24252 —w52) fs w3(ifoza—f171) 3 fs(—w1tizs)
— — — *
2r2 T2 r2
x3(ifaxatfizr) (r?+zi®+a®—x3?) fs " x3 f3(—x1+izs)
_ 2 2 2
Q - (z1+iz2) f3zs (rP* 4z +a’—xs?) fs z3(ifazo—fi1)

*

2r2 T

_(Z1+ix2)f3x3 _$3(if21?2+f1$1) _(T2+x12+ﬂ?22*$32)f3
T2 r2 2r2

7-2
*
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where

Q _ _f1l’22+f2$22+2if1551$2+2if2551$2+f1T2—f27“2—f1€512+l’32f1—f2$12—x32f2 _ Q
14 = o2 = ¥41

923 — —f1x22+fz:(:22+2if1x1$2—2if2x1xz—2]:}2r2—f27“2+f1x12—x32f1—f2x12—x32f2 — Q32~

Thus Q has first order poles at z = £1. One finds upon use of elliptic function
identities that the determinant of Q is constant, |Q| = D x K?/r* with D
given below. Indeed one finds that the entries of Adj ©Q are again linear in the
fi’s and consequently Q! has only first order poles at z = £1 (the possible
third order poles cancelling) and vanishing constant term. One finds that

A B B C
1 _|B -A -A -B
Res,—1Q ' (z,z) = 5 A -4 _Bl°
C -B -B A
(11.1)
A B B -A
. B -A C -B .
Res..1Q7'(z2)=| 5 & 4 p|=URes:mQ'(z2)0,
~A -B B A

where

A= (—K’2%2? + 23w 0 — (el —23))/D,

B=uz3 <x+(k/2x2, +23) + (w1 + x+)x_x2) /D,

C = (—(x+x_ + 290%)3:3/{/2 — 224 — (x4 + 2uw9)z_a3 + x%x%) /D,
D= —K2 (2 ikaZng — k2$12 - k2$22 + :L‘12 + 1‘32)

X (k2$12 + k‘szQ + 2ikxoxs — .T12 — .%'32) .

Towards evaluating VIQ~! and VIQ 1% at the end points we record
that (recall H=! = H/r?)

(11.2) Ho, = —12vy, Hvg = —by.

These, together with O '"H =-HO !, yield that

1
(11.3) o) Q '"Hov, = —720{ Q 'Hvy, ol QMo +0] Q0 "Huy=0.
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Further, calculations show that

(11.4) o) QM 0o = 4172012025 (K2f1 — K2 fo — f1 + f3)/D
UTResZ 1071 —UT Res,_1 0" = (0,0,0,0).

11.2. The matrices VTQ_I’HV, WTQHW and VIQ—1V

The constancy of the matrix (VI Q7'H V) (z) (and similarly for W) means
that the possible poles at the end points Inust occur in vanishing combina-
tions. Thus, for example the leading pole (00 Q '"Hvg) /&3 (for z =1 —¢&)
together with and

}ka/2K4§3 + 0(65)

(K fi =K fo= i+ )1 =€) = ¢

in fact gives a finite contribution. The results of the previous section show
that

2 k2k/2K4
(VT Q_lH V)” = ' xle;;) T2 (Reszzl Q_I(Z, ac)) 7‘[ U]”Q
Q '(z,x)
+ 012 (Resz IW 7‘[0]‘70
9 l(z,x)
+ UT (RGSZ 1(1)> HU]"Q.

We can in fact say more about the structure of this matrix. Its constancy
means that

lim (VT Q' V) — lim (VT o v)
z—1 jk  z——1 Jk
= M, (I VIUTU Q" HOTY) My
z—1 jk
— — exp(2u; + 271) lim (VI Q7' v)jk

upon using 1} and that UTU =14, U? = —1y4, UH = HU. Thus the
(4, k)-element is non-vanishing only if exp(2u; + 2fi;,) = —1. We have seen
that this is always the case for the (1,3), (3,1), (2,4) and (4,2) elements.
We prove in Appendix
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Theorem 11.1. With our ordering J(P1) = Ps, J(P2) = Py, then

0 0 fs3 O
0 0 0 ¥
1 . 4
(11.5) WIOHW = RO 0 0
0 f2 0 O
and the constant matrix
0 0 1/f1 O
_ 0 0 0 1/f2
— vt o1 _ .2
(11.6) C =V QT"HYV r 1 /fs 0 0 0

satisfies ME = — &M . Here

(11.7)
2 H T<Sk03[Pr +Ps]2

Gy 0(0)
R c2 n 2 5%
fk s 2 51_[198[Pk] <92[Z?1 Pj]) Hl;ﬁk Hl[Pl _ Pk]Q
BRI .,

X (Z 92[2Pk]92(0)3 To + 94[2Pk]94(0)3 xr —

01[2P]
(11.8)
K202 (R- G + 2 RasG® — Ry G — 23 (S-2 + 542))
S2 (dizsr_ G — RGP + 12z w3 + 54 2)°
satisfies f, = —f7k), where

Ry =152 (25 (2K — 1) + 1) F 16wwsal, R =2K*K* — 5% — 8a2,
Sy =4/K?—42%, S=+K?—4ayu_.

We may now use the matrix € in evaluating V1 Q~1V. By inserting 14 =
WHV, we have

vig-ly = %2 ¢ (WTHV) = (VTHW(Z)) ¢

1

r2
and so € (WIHV(z)) is Hermitian for general z. Although WIHV () diverges
as z — &£ the projector removes these. Thus

i T T — tomt
ll_)ﬂi,u ¢ <W HV(z)) = p'CrogHoopu
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is Hermitian, whence

1
== uie (mé%ng) L.

z=1
HEb,
z==1/ 1

1 _ _
=3 €y (m(T{HUz)lk [1 — exp(—27; + 271,)] peb,

z=1 )
kb
z=—1 jk

1 _ _
=2 Mlﬁjz (mE”an)lk [1+ exp(—27y + 271,)] tiko-

(2ol = e (w)s

z=1
Therefore

z=1

1 _
(1L.9)  pf; (VTQ ly

1
1>jk Hib = 3 Mlje:jl (WTHV

z=—

(11.10) gl (szglv

11.3. Evaluating fil dz vl

We have

/dz 'vIva = ulj (/ dz VTV> PEb = /,Lij (VTQAV) - Hkb-
ik ik

Thus

1
/ dzvlv, = /‘Iu' (U;QReszzl Q! (z,2)0p0
-1

*ij";‘,QUTReSnfl Q (2, w)Ukaﬂkk) [kb

= i}y (0] sRes.21Q7 (2, @)oya [1+ exp(2u; + 27,)] ) sy

where we have used (L1.1) together with UTU = 14 and U? = —14. Com-
bining this with (11.9) and Theorem yields:

Theorem 11.2. We have the formulae for the orthogonalisation

1
/ dz vgvb = iulj (U;QResz:l Q_l(z7 :U)ng 1+ exp(2,uj + Qﬁk)]) kb,
~1

1 _ _
2 :U’lje:jl <m$7'll’2>lk [1 — exp(—27 + 271,)] 1tk

= Mlﬁjz (W(T;.H02>lk [1 — exp(=27; + 27,)] pio,

(11.11)
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where
0 0 Dg/fg 0
1 0 0 0 04/f
—_ — ot /14 ] _ <Ff
§ 72 01/f1 0 0 0 §
0 02/f4 0 0
and

GE?(R-C} + 2Rx3(? — Ry.(j — x3(S% + 5%))
(4256333,@3 — RCJQ + 12w w3 + 5%) S2

fi/0; =D;f =1

Here we have defined

Ry =15% (25 (2K — 1) + 1) F 16wwsal, R =2K*K* — 5% —8a2,
Sy =1/K2?2—42%, S=+/K?—4dx,z_.

Conjugation acts at these quantities by

(11.12)
S§=8 S;i=8¢ R=R, Ry= —ZS_ZF(:L‘$(2]€/2 -1 4zy)F 16m¥x§

and our convention is that
(1113) (<17 €27 C37 C4) = (_1/€37 _1/€47 _1/<17 _1/C2)
11.4. Evaluating fil dz zvlvg

Now we must simplify

(11.14) /dz zvjlvb = ,ulj (/ dz zVTV> b
ik
t (pig-1 z 8
:Maj Vo Z+H72w 1% Hib-
r2 Oz ik
The first term here is treated as before and we have

1
/ dz zvlvy, = ulj (n}zResZ:l Q' (z,x) 059 [1 — exp(2u; + 2ﬁk)}> kb

-1
o z=1
Hkb-
z=—1 .
jk

oxt

oy (VTQl Hf—? %
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The constancy of € = VIQ~1HV means that the derivative acts only on the
V. Let us further consider the final term. Writing

zt 0 zt 0
VIO H SV = ¢<WT 5 Zv)

then

b 0
(VTQ Ho5o -V

1 29 z=1
—,f T
z:—l) s s Q: (W T2 8‘T1 z=—1> :

with the only z dependence in W1V’, where ’ abbreviates 7%% Noting that
x'0;01 0 = 0 and that 2'0;v; 1 = vy 1 is annihilated by the projector then

g 0 (0
<W r2 8x1v z:l) =19 (7’2 8min2> .
while
wi a0 Y o= lim M imo — /€y + P, TUTU
r20xt |, £-0 VE
)

x 1 1 1/2 —_—
(o |(gmo gm0 7))
—-1 1 0 — 1zt 9 —
=Moo (gt ) Mut (M a g M )k

where we have used (8.16)) and (8.17). Thus

0

i =1
x
MCLJ (VTQ Hs r2 9t
7
= /"La]Q:,]l < |:7"28.’Ei02
220 0 _
~shen (% )

and consequently

V kb
0 _ _
1 — exp(—27; + 27,)] pro

1>jk
) I
@

1
/ dz zvl v, = ,ulj (U}yQReszzl Q (2,059 [1 — exp(2u; + 2ﬁk)]) kb
-1

)
(11.15) +u2j(’:jz < o/ {1;2 pp ZUz]) [1 — exp(—27; + 27i,)] pirp
Ik
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t 21‘Z 8 _
_Man:jk TT%IU% Hkb-

The derivatives m(T) (0;02) 1 appearing here may be combined in various
ways. From (8.17) and that vy is constant we have that

wloop =p, 1 (909) p=— (&mg) ol

Also
1
divoy o = 0; (0 Wio) = (9:0r) Wi + 0,0 Zg: :
—G}
1
9% | 0iGk 0 9iCk
= 1o — 0
[Dk+Ck w0 0* ¢
G
giving
T AN f
; e ook 0ik : DiCk 0 0
) (0;0 =-D D 0 v
0( 2) 1ag[ak + A u+ Diag |0y e 02 02 21
1 “ e 4

Similarly

méwﬂu = ﬂu, mg (81'02) Mu = — <8Zm$> ngﬂu,

and we can express the derivative similarly at z = —1
Bringing these results together gives

Theorem 11.3.

1
/ dz zvl vy, = u:;j (U}’QReszzl Q Yz, 2)0p0 [1 — exp(2u; + 2ﬁk)}> kb
-1

z=1
kb
z=—1 jk

(0] sRes.1 @7 (2, @0 [1 — exp(2hy +20,)]) ey

t (yigty s 0
+,uaj (V Q Hﬁ8$lv

— 0
_Maj
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+/~‘a; jl (m [ 5 opi le (1 — exp(—271; + 27i,)] p1xp

- Ha] Jk < T2 a 7/:U’k'> HEkb

wolHos ) [1-+exp(—27 + 2] o

jl
r2 /“Laj

0 . -
+ <m0 [ 5 (%szblk (1 — exp(—2 + 211;)] piko
2t 9
Ma]Q:]k ﬁ%ﬂk kb
= S (WhHos ) (1 + exp(=27, + 27 o

)

' 0 _ _
+ € (‘U(T) [TQW%DM (1 — exp(—21; + 271,)] p1xp

= :u'j;jgﬂ (WEL),HUQ)lk [1 + eXp(—Qﬁl + Qﬁk)] kb
.0
+ M:rzj%jl <WOT [ivzaﬁ'%] ) N [1 — exp(—27; + 271,)] pp
22t 9
- Mljetjk <ﬂwﬂk> HEkb

= St (WhHos) (1 + exp(=27, + 27 o

T 1 ... 1\
o[22 0 0 0
e T
G .. G

Uk
x (1 — exp(=27; + 271, )] pin

t QLBZ 8 _
_Naj(’:jk ﬁ@ﬂk Hb-

We conclude with some comments on the Hermiticity of these expres-
sions. From

(VTQ 1Hx 0 > _ 0

o1 :

v e (Ve - v( 57 (MO ])
_yigo 1T 0

VIHE r2 9zt

1%
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together with the homogeneity z°0; (Q_IH) = Q7 'H (which easily follows
from the simpler 2'0; (QH) = QH) this becomes

zt 0 1 zt 0
- T -1 ~— o1 To-1y 2 2
L (VHQTWY) VoY £ vieTH Ly,

z=1
z=—1

is Hermitian. If we consider the hermiticity of the first term on
the right-hand side is manifestly Hermitian while the property fz = —f T (k)
together with show that the final term is Hermitian. Indeed the matrix
€A is Hermitian for any diagonal matrix A = Diag(\1, ..., \s) provided \; =
— ;. By rewriting the middle term

Then the constancy of VIQ~HY then shows that

=1 \1 0
— To-1 =
_1> <V Q H 7“2 al'ZV

z=

0

ozt v

<VTQ—1 Y
r

Nan:Jl <m0 |:7028x102:|>lk [1 - exp(—2ul + Qluk’)] 27

o 9

= Hlj (U;zReSz_l Qil/)'-[ |:r2 aink’Q] [1 + exp(2u] + 2/1%)}> Mkb

we see that it also is Hermitian.

11.5. Calculating the Higgs field

We now describe how to calculate the Higgs field ® and the more important
gauge invariant quantity

(11.16) H(z) = ,/—% Tr 2 =1-— % +0(r7?).

Define
1
g := Gram = (/ dz vl.vb> ,
-1 a,b=1,2

(11.17) 1
H := Higgs' = (/ dz zv:fl.vb> .
-1 a,b=1,2
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The (Hermitian and positive definite) Gram matrix G may be diagonalized
and written as

G = U'DiagU = NTN, N :=/Diag U.
The Higgs field is then (in terms of the unnormalized Higgs' expressions)
= NIIyN~.

When we calculate the Higgs field we will need to calculate this factorization
of G but this is not necessary to calculate the gauge invariant quantity

H? = —%Tr o2 — —% Tr (NHHN*I) (NHHN*l) - —%Tr HGIHG .

At this stage we have all the needed formulae to evaluate H?(x) (for generic
space time points) and, upon solving the diagonalization, the Higgs field ®.
Our strategy is then to calculate

Gram = ul, Fy (WiHvs ) [1 = exp(=20 + 2710)] s,

Higgs)| = iﬂljgjl (W(T)Hbz)lk [1+ exp(—27; + 271;,)] pkp,

(0 f
Higgs), = wljgﬂ Diag [:B le] 0 0 09
Ck u 02 02
G - G

Ik
x [1 — exp(—27; + 271 )] prn,

22" 0
. ! . ) ab U
Higgsy = —ip,; i < 2 9 A%) [kb

where Higgs’l,w simply correspond to the three terms arising in the evalua-
tion of the integral in Theorem [11.3] and Gram the terms of Theorem [11.2

11.6. Calculating the energy density

Although one could calculate the gauge fields via (2.13]) and from these the
energy density &, the easiest way to calculate the energy density is using a
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formula of Ward [48]

1
(11.18) E(x) = —§v2 Tr &2,

which is normalizedﬁ such that E = [, £(x) d®x = 47n for the charge n
monopole. Then

Lemma 11.4.
—&(x) = Trace ([aﬂgl — H.gl,i:| 2)
+Trace< 68 7 G- 250
(11.19) + 7. [g gfi Gl =G+ Gt gg H.H.Q*)
where
Gii= G g2 G Ga=G .gjg g

Using all of the derivatives here involve expressions such as
0;¢ and 0; i and we have described earlier how these are to evaluated. Thus
the energy density may be calculated analytically; the large number of terms
mean this is best done with computer algebra. As an example we establish

in Appendix
Proposition 11.5. The Energy density at the origin is given by

(11.20)

32
Ex—o(k) =

kSkI2 K4
The limiting values of Eg—o(k) at k =0 and k =1 are

2
[18(1{%’2 VB AEK +2K2+ k2) — 2(E — K)Q]

(11.21) Euo(0) = %(# C82 Eao(1) =0

We plot Ex—o(k) in Figure

16This normalization varies: [34] chooses E = [;, E(x)d*z = 2rn while [46]
has E = [ps 8 )d3z = 47n. For the charge n =1 monopole we have H(x) =
coth(2r) — o= and £(0) =8/3.

2r
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Figure 14. Ez—o(k).

12. The Higgs field on the coordinate axes

In this section we shall calculate the Higgs Field on each of the coordinate
axes. We have already done this for the x5 axis using Panagopoulos’s formu-
lae for evaluating the Higgs field and determined H(x) = / —% Tr 2. Here
we shall employ Theorem First though we recall an old approach of
Brown, Panagopoulos and Prasad [11] sufficient to make comparison with
the results here; the full details are given in Appendix [E]

Brown, Panagopoulos and Prasad observed that (a constant) conjuga-
tion of the operator A took the form

(fs+ f1— f2)/2 —x3 —x1 iT2

il I —x3 (fs—f+f2)/2 ) —11

dz 4 -1 —i%9 (fi+ fa—f3)/2 x3
—ixy —x1 x3 —(fi+ fo+ f3)/2

and so on any coordinate axis this reduced to two 2 x 2 matrix equations.
They focussed on the axis joining the two monopoles where they showed
that each of the 2 x 2 matrix equations reduced to Lamé’s equation. For
that case they determined the two normalizable solutions to Afv =0 and
then showed that two of the three Higgs field components vanished; denoting
the remaining non-vanishing component by ¢ then [11, 6.13] expresses this
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as

2K snt dS
12.1 H=—id= KK+—— " (g__mt @
(12.1) ¢ T EaZi— 5 ( cntdnt dt>’
where [11] 6.11]

sntdnt
t) =— tanh (K Z(t
5(0) = "L o (e 2 (1)
and t is defined through the relation [11], 6.8]
45'3%,1315

4k’2w%Bpp —(1+k*) =—1 -k cn’t <= sn’t =

k2K?2

We will relate this to our expressions making use of the results of and
Appendix [E] performs the analysis for each of the coordinate axes and
relates the conventions and scalingﬂ of Brown, Panagopoulos and Prasad
to those here; the analysis of the Appendix clarifies some of the arguments
of [11].

For each coordinate axis we record the calculations of Gram and Higgs),
(i =1,2,3) of Theorem and then evaluate H(x). It is convenient to
define
(12.2) .
D()\) = Diag(e™?*, ), M) = <e Sinlh@ A _2) siilh(Q )\)> :

Then Tr [D(A)M(N)]? /2 = cosh?(2 \). We begin first with the simpler case
of the z9 axis, recovering our earlier result, and then turn to the other axes
which contain points of bitangency.

12.1. The x5 axis

With 1 = A2 +im/4 and

iKk 4+ K2K? + 4252
\/ K2+ 4$22

Q=

we obtain

Gram = 8 cosh® (2 \g) K?k*D(—\2)

Yeppp =zpe/KK, ¢pE = ¢dprp/ (K K).
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Figure 15. H?(x) := —% Tr ®2 restricted to the zp-axis k = 0.8.

Higgs| = 81 cosh? (2\2) [K2 k> M (=) + 2(K? + 423) 0]
32icosh?® (2 \g) 2o K 2k?

VE? + 4292/ K2k? + 4252

Higgsy = —164 cosh?(2)\e)(EK + 4x3) 01

Higgs, = D(—=X2)

Assembling these we again obtain (10.9)) (for —oo < x2 < 00)

4:1;2)2 (KK? — 2E + K)?

H?(0,x9,0) = | tanh 2y 4+ —
(9, 22,0) (an 2T W, K2k4 cosh? 2\

with Wy = \/(K2 + 422)(K2k"? + 423). These are plotted in Figure |15 for
different scales using Ao = X, — im/4 where X\, is given by (5.14).

12.2. The x; axis

We have seen that the points +Kk/2, £K/2 of the z; axis correspond to
nongeneric points of bitangency to the spectral curve. Without including
higher order terms in the expansion of the eigenfunctions we consider sepa-
rate cases and we show here that these piece together to one expression for

H?. Recall that we identified in ({5.5)

KK + 1y /K2R — 422
VK2 — 456%

G =C(x) =
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12.2.1. Calculations for |z1| < Kk/2. Here pu; = A\ +in/4 with A\

given by (5-13).

Gram = 8 cosh (2 \1) (—K2 K (cosh? (2A1)) + K2 — 41:12) D(\)
Higgs| = 8i (—K2 K2 (cosh? (2 A1) + K2 — 43712) M(\)
160K 2k" 21 sinh(4\

— ) 5 M(A)
K2 — 422 \/K?2k? — 42?
Higgsh = 16i (K(E — K) +421%) M(\1)

Higgsh = —
i

12.2.2. Calculations for Kk/2 < |z1| < K/2.

Gram = —8 (KQI{Z,Q sinh?(2u1) + K2 — 437%) 1y
Higgs] = —& <K2k,"2 sinh?(2u1) + K2 — 43}%) o1
160K 2k sinh (4 1) 21

K? —42.2\/K2k2 — 42,2 '
Higgs = —16i (K(E — K) +421%) o1

Higgs) =
\/

12.2.3. Calculations for K/2 < |x1|. With u; = /.

Gram = 8(:osh(2)\'1’)(k’2K2 sinh?(2)\}) + K2 — 422) Diag(e 27| &2 M)
Higgs| = 8u(K 2k sinh®(2\)) + K2 — 4z3) M (=X

160K2k'% sinh (4 \)) 21 M(=N")

K2 — 42.2\/K2k2 — 42,2
Higgsy = 164 (K (E — K) +421%) M(=)))

Higgs) = —
N
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Assembling these pieces yields

2K (—Kk?cosh? 2)\; + E)
K2k'? cosh?2)\; — K2 + 42
1 2K2k? 21 sinh 4\ 2] < Kk
W1 K2k"? cosh? 2)\; — K2 + 422 2
2K (KK?sinh? 2, + E)
K2k cosh® 2py + K2k2 — 4a2

1+

H(lUl, O, 0) - 1 2K2k‘/2x1 sinh 4“1 o .
W1 K2k'% cosh? 2y + K2k2 — 423 2 <|z| < 5
L 2K (KK sinh? 2\ 4 E)
K2k cosh? 2\] + k2 K2 — 422
1 2Kz sinh 4\ «
N +W1 K2k’2cosh22)\’1’+[(2k2_4x% 5 < |z
where

Wi =/ (K2k? — 4a?) (K2 — da).

The sign of the square root Wi in regions II, III requires a little more
care and is best done by analytic continuation. We also note that in all of
these formulae there are apparent singularities at 1 = +Kk/2,+£K/2 and
the zeros of the denominator

K2k cosh? 2u1 = 4a? — K2k>.

We may in fact solve this transcendental equation: our previous results
p1(£Kk/2) =in/4 and pi(£K/2) =0 show the roots to again be x; =
+Kk/2,£K/2. The signs may be verified as such that give finite values.
Analytic continuation away from the axis around these values shows that
the signs of region II, III coincide with the single expression for the whole
axis

2K (—KK?cosh? 2)\; + E)
K2k cosh? 2\ — K2 + 42?
1 2Kz sinh 4\

W1 K2k'? cosh? 20\ — K2 + 4a?

(12.3) H(z1,0,0) =1+

where \; is given by (5.13). Note that A(z1) is odd and overall H%(z1,0,0,0)
is even. From the expression when |z| > K /2 we see it has the desired asymp-
totics. We again observe , a necessary test of consistency. This is plotted
in Figure
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Figure 16. H?(z) := — Tr ® restricted to the z;-axis k = 0.8.

12.3. The x3 axis
Again we have the points of bitangency +Kk’/2 and our analysis proceeds

for two intervals which again may be expressed in terms of a single expres-
sion.

12.3.1. Calculations for |z3| < Kk'/2. With py =i\ = A3 +in/4 and

i/ K2k2 + 4132 + \/KQk’2 — 4232
G = e
Gram = 8(K?sin? (2)\) — KK + 413%)1y

Higgs] = 81 (K2 sin? (2\) — K2K* + 4x32> o1
—1672 sin(4\)z3 K2
\/ K2K? — 422\ /K2k2 + 422

Higgsh = — 161 (— K2K” + KE + 4x32) o1

Higgs), = o1

12.3.2. Calculations for Kk'/2 < |zs|.

Gram = 8 cosh (2 1) (K2 cosh? (2 ) — K2k? — 4;3%) D(—p1)
Higgs| = 8¢ (K cosh? (2 1) — K?k* — 433) M(—pu1)
16 sinh (411 )z3 K2
e
\ K2E? — 422\ /K2k? + 4x}

Higgsh, = 1(52(—[(2]{/2 + EK + 423) M(—pu1)

Higgs) =
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-20 -10 10 20 -2 -1 1

Figure 17. H?(z) := —5 Tr ®? restricted to the z3-axis k = 0.8.

Recall that we have shown that for |z3| < Kk'/2 then py = A3 +im/4
with A3 given in (5.15)). These combine to yield the single expression for the
r3-axis we have

2K (K cosh?2u; + E — K)
K2 cosh? 2pu; — K2k? — 423
N 1 2i K25 sinh 4411
W3 K2 cosh? 21 — K2k? — 43

(12.4) H(0,0,23) = 1 —

where now

(12.5) Wy =/ (K2h2 — 402) (K2K? + 4a3).

Here the expressions for p; combine with the signs of the square roots Wj.
The expression given in fact holds for x3 > —Kk'/2 with u; = A3 + im/4 and
A3 given by . We note that both W3 and the dominators K2 cosh? 241 —
K?k? — 4:U§ vanish at x3 = Kk'/2 and again careful analysis of the func-
tion H?(0,0,z3) shows these points it to be regular. The shape of the field
H?(0,0,z3) is shown in Figure Again we have the consistency check
and the correct asymptotics.

12.4. Zeros of the Higgs field

The position of the zeros of the Higgs field was an early subject of discussion.
Based on the numerical evaluation of their ansatz Forgacs, Horvath and Palla
[22, (21)] gave these to be (in our units) £kK (k)/2. Two analytic works then
followed. In [42, §6, §9] an analytic expression that needed differentiation
was obtained; this ‘very complicated’ expression was evaluated numerically
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where the zero was found to be ‘very close’ and ‘barely distinguishable’ from
+kK(k)/2. In [I1] expansions for the zeros of the Higgs field were given for
k near 0 and 1 (the latter being situated near £K (k)/2). In [23, §6] Forgacs,
Horvath and Palla expressed that their earlier result was to be viewed as a
very good approximation of the zeros.

The position of the zeros of the Higgs field, which lie on the z; axis,
may be found from . We have already recorded that at the points of
bitangency +kK(k)/2 and £K(k)/2 the numerator and denominators of
vanish, but by ’'Hopital’s rule for example one sees regular behaviour
here. We may express the zero of the Higgs field then as the vanishing of
the numerator of (12.3), but discounting kK (k)/2 and +K (k)/2. With

Y =exp(dri(x)), W = /(K2k2 — 422)(K? — 4a2),

(and \; again defined in [5.13]) we obtain the transcendental equation
(12.6)

W (K?k? +4EK —3K?2+822)Y
—Y2(W 4 4z) -2 Uk + +87%)

K2 (k2 — 1)

—W+4x=0.

The vanishing of W at the points of bitangency makes checking the vanishing
of this equation there straightforward. One finds for & € (0, 1) a further point

of vanishing in (0, kK (k)/2). Figure|1§|illustrates this zero for which we have
found no analytic expression.

13. The k = 0 limit

Early analytic studies of monopoles followed work of Manton [33] assuming
axial symmetry. One of the surprises discovered was that an axially symmet-
ric monopole corresponded to coincident charges [28]. Ward [48] developed
the Atiyah-Ward ansatz in the monopole setting and gave an ansatz that
produced a charge 2 axially symmetric monopole. Our aim in this section
is to reproduce Ward’s results as the k£ — 0 limit of our own. We will first
recall Ward’s results, then obtain those as a limit and then conclude with a
new result (Proposition [13.2)).

13.1. Ward’s results

Ward [48] expresses the Higgs field (with our enumeration of axes) as

U Ve 2w
(13.1) o= ( e g )
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00004 0.00004-

0.00003

0.00034 0.00002

0.00001

0.0002- O )
1.03

-0.00001+
0.0001 -0.00002+

-0.00003

0 T T T T T T T T | -0.00004
0.77 0N8 0797080 081 082 083 084 085

X

Figure 18. Zeros of equation (12.6)) for (left) k = 0.8; kK (k)/2 = 0.798 is
the upper zero and (right) & = 0.9; kK (k)/2 = 1.026.

where 1 + iz3 = |x1 + iz3|e’¥. Then on the zy-axis

)
(13.2) i tanh(22)
V=W=0

while on the (x1, x3)-plane

U=0

(13.3) c? cosh(2a)[sinh(2a) — 2a cosh(2a)]

V=W=
a(a? — 2 sinh?(2a))

-1

where a = V72 — ¢2. Ward found that only ¢ = 7/4 gave nonsingular solu-
tions.

13.2. The k = 0 limit of the Atiyah-Ward constraint and relevant
quantities

The k = 0 limit of the Atiyah-Ward constraint yields the equation

2

(22 +121)¢* + 223¢ — 22 + zx1]2 + %(CQ —1)2=0.
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With 72 = 23 + 23 + 23 and x4 = 21 + 129 the solutions are
(13.4)
Gl =

dixy £ /72 — 1672 + iy
de_ —m ’

iy £ /72 — 1612 — Sumay
B dr_+m

(34

)

where we again order the roots according to the conjugation conditions

1 1
BG=—=, G=-=.
C1 Co
Noting that K(0) = E(0) = 7/2 one has that the corresponding p; are
(13.5)
v ?
/_,[,172 = <Z — T2 — le) CLQ — X3 = ¢Z\/ﬂ-2 - 16r2 + 8Z7rx27
p3 4 = <—E — X9 — 2331> (34— 23+ 2= :Fz\/w2 — 1612 — Suras + .
’ 4 ' 2 4 2
One sees that
s
H1 M3 = 97 H2 Mg = 9

Upon introducing the notation

(13.6) Ry = /72— 1612+ 8urao, R_ =Ry = /72— 16r2 — Sury

it is convenient to rewrite the above formulae as

Clo— daxs £ Ry _ dxs £ R_
(137) 1.2 dr_ — T ’ 34 4o _ 4+

(2 1 1T
=F-R =F-R_+ —.
1,2 :F4 +5  M34 ¥4 + 5

)

13.3. The xq-axis

We have previously obtained (|10.9))

dz5\*  (KK?* = 2F + K)?
H(0,z2,0)? = ( tanh 2\ + —=
(0,22,0) ( a Wz) K2k cosh? 27
with
A== T, W= V(K + 423) (KK + 4a3).
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Now on the x9 axis with k = 0 then (1234 = *1 and p12 = % — x9. In the

limit & — 0 the second term in H (0, z,0)? vanishes and we obtain
H(0,z2,0)7_y = | —tanh(2zs) + T 2
172 k=0 = YT 1622 +72)

This coincides with Ward’s result upon his use of ¢ = 7 /4.

13.4. The (z1,x3)-plane

Next we obtain the Higgs field and on the x3 = O-plane. We remark that
our Higgs field is a gauge transform of Ward’s by the gauge transformation
Diag(e™™, ™). In Appendix we establish

Proposition 13.1. The Higgs field at k = 0 and o2 = 0 is function of r =
/23 + 23 in the whole (z1,x3)-plane given by

(13.8)
H(x1,0,23) = H(r)
21% cos( /72 —1612)(2sin(5 V72 —16r2)—/72—1612 COS(%\/W))
Vm2—16r2(n2 cos? (5 v/m2—16r2)—1612)

=-1

One can see that H(0) =0 accords with earlier formulae for depth of
the well.

13.5. The (x1,x2)-plane

Next we obtain the Higgs field and on the x3 = O-plane. In Appendix
we establish

Proposition 13.2. Higgs field on to the plane x3 = 0 is given by

6
(13.9) H(xy,2,0)* =) Hj(w1, 22)
j=1
with
(13.10)
S«%S% 2 2 4 p4 4.2 2 2 2
Hi = (7% — 1623) (—RL R + 2048725 + 1677 (RS + R2))

R2 R? G?
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8mS. S
Ho = FTZ (C_Sy(m+dwwe)R_ + CS_(m — dwxo)Ry)
_ 87TS+ 2 2y B
Hs = R G2 (CLC_ + 1) (7 + daxe) (R_C_(7* 4+ 161°) — 4(7m — daxa)wS_)
Hy = —gség (1 — 4a9) {16 [8(CL O + 1)(2C_ — 3C4) — 165,.5_(C- — C4)]
+ 87TQC+(C_C+ + 1) + 64271'1'2(0_ + C+)(C_C+ — S_S+ + 1)}
Hs = 3 B+ B2 {64[2S_S.(E? — E7)— (3C_-C4 + 1)E?
+(2E* - 2E?E% —1)E% + C_C,E%]+?
—32(E2E% +1)(C_ + Cy)mze — 4(E? + E3)(C_C4 + 1)n*}
1
He = m(a@ +1)(7% + 16r?) {16 [AC_ — 4C} + (E2E% — 1)E?
+2(C_ — 2C4)E*E2 — C_C4(E* + B42)]r*
+160(E2 B2 4+ 1)(C_ + Cy)mws + (E? + E2)(C_C4 + 1)n?}
Here

1 1 1
(13.11) S+ = sin (2Ri> , C4 = cos <2Ri> Ey =exp (41Ri>

and Ry = /72 — 1612 + 1.
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Appendix A. The curve
A.1. Properties of the curve

We may see that the monopoles are on the x; axis (for £ > 0) and at k =0
the monopoles are axially symmetric about the xo axis in several ways. First
our spectral curve takes the form

0= <77 + ZKék) [¢* + 1}) (n ~ zKék) 2+ 1}) — K (k)*k"¢?
= <77 + iKék) ¢~ 1}) (n - ZKék) [¢* 1}) + K (k)22

Now upon noting that K (k) ~ In(4/k’) as k — 1 then in this limit this be-

haves as
0~ <n+iKék> [§2+1}> (n—iKék) [§2+1}>

and so upon comparison with the 1-monopole curve we have two widely
separated monopoles at i(@,0,0), on the x; axis. Alternately, set 77 =

n—iK (k) [¢* + 1] /2, which corresponds to a shift by K(k)/2 along the x4
axis, then the curve may be written as

,'72

0= %@

+i(1+ )i — K (k)K"

Now again letting k — 1 we find (1 + ()7 = 0. If ij = 0 we see the second
monopole is at the origin, and so both lie on the z; axis; if ( = £ then
n=mn=2y- -x=2(x2Firs) corresponds to a line parallel to the z; axis
through the point 77 = 7. Finally, we can read off the axis of symmetry from
the curve as follows. If £ = 0 we have

0= <n+iK§0) [¢? - 1}) (n—iKéo) [¢?— 1})

where K(0) =7/2, and this corresponds to the (complex) points
(0,£iK(0)/2,0). A rotation around the xy axis leaves this invariant.
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A.2. Comparison of notation

The charge 2 spectral curve has appeared with many differing conventions.
We give here transformations between these to enable comparison with ex-
isting results.

2
¢ 0=+ Bt 2R R 1) = Iy - L(Q)

Here, Ercolani-Sinha

1
Crup 0=9y>+A <x2 + 2) + B Forgdacs, Horvath &Palla
X

2
Cors 0=~%+1-— EZ (CB — C§1)2 O’Raifeartaigh et. al., Brown

Crss w?=r1z>—rez? —riz, ri2 € R, r1 >0 Hurtubise 83
Chss w?=r(22—5%)(s’22-1), k>0, s€[0,1) Hurtubise 85
Can nap = K*Canm (KK' |Gy — 1) + (K* — K®)Can)  Atiyah, Hitchin

The reality properties of the spectral curve are preserved by the trans-
formations of TP

(A1) )
R::(p Z)EPSU@), R A U

) 77_>17R::77
qC+p (gC+p)?

il

—-q

which correspond to a spatial rotation. In particular with p = e=%/2, ¢ = 0,
we may rotate (C,n) — ¢?(¢,n), and so the relative signs between n? and the
highest powers (¢* or ¢3) may be chosen so that the leading coefficients are
positive. This, for example, enabled Hurtubise [29] to choose his coefficient
1 > 0.

We will describe our procedure for establishing the needed birational
correspondence between our curve and the other curves with the curve of
Forgacs, Horvath and Palla as the example.

A.2.1. Transforming between C and Crpgp. First we record that the
parameters of the Forgédcs, Horvath and Palla curve are related by.

VI+3 1+

To see that a transformation (A.l) between the curves is possible we
compute the Klein absolute invariants of both curves, je, je,.. and find

x/§=1K< 25) A:éﬁB, B e[-1,0].
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the allowed relations between the parameters k and 3 given their prescribed
domains. Here,

o 256(kt— K24+ 1)2 64(38% +1)3
(AQ) Jc = 15’4(]62 — 1)2 ) y JCrup — 62((62_1))2

The equation jec = jec,,» admits a number of solutions, and among them
exists one suitable, namely,

k‘2
A3 = € [-1,0] « [0,1] 3 k2,
(A3) =1 Bel-L0 o)
and equivalently,
2
(A.4) o 20

B—1

The relation (|A.3]) enables us to connect the parameters of the curves,

1+K% 2B
: = K Kk) =4 —— .
(A.5) B 5 K(k), (k) T2

To find the explicit transformation one can equate the fractional
linear transformations of branch points of C with the branch points of Cors.
There are 24 variants of such homogeneous equations with respect to the
parameters of the fractional linear transformations but only four of them
admit non-zero solution. An appropriate transformation is given by

C_m—l 2wy
(A.6) w1 n_(z—x)z’
' ¢+1 2n
=1

(-1 YTt

Note, that transformation (A.6)) maps the 4 complex branch points +k' + 1k
of the curve C to four real branch points of the curve Crgp as follows

—1++/1— 32 1+ K
+ (k' 4 k) + + P =4t ,
64 k
14+ +/1— 32 1—F
+ (=K +1k) TR s 5 b + T

(A7)




898 H. W. Braden and V. Z. Enolski

A.2.2. Transforming between C and Cors. We note that Brown’s
curve [I0] is the same as O’Raifeartaigh, Rouhani and Singh’s [42] with
d < ¢. Now

O 256(K — K7 1) 256(ct + &2+ 1)

Jc = k/4(1 — k/2)2 = 54(62 T 1)2 = JCors
has solutions 2 = —k'?, —k2, —#, —%, f—i\, %2 Take
)
A8 €= ——.
(A8) :

Following the method outlined above we find the transformations

1-=z ~ 2wzK (k)
C_1—|—Z7 77_ (1—|—Z)2’
(A.9) 1 o

Ty YT EmE -1

(where the parameters k and € are related according (A.8|)) take the branch
points +k’ + 1k of C to the branch points of Corg, (£1 £ ve2 +1)/e.

A.2.3. Transforming between C and Cggs. Consider the transforma-
tion

1 i ) ) 1 21
) Qf , u:e”/A‘; CZ—Z,ZL7 772_17102.
V2 \—u iz—1 (iz—1)

This transforms our curve (3.1)) into

2

MQZKT(k:ZQ—l—Zz—I—k) (k‘z2—22+k‘).

The substitution

2s 1—s2 k
k;:i kjlzi e —
14 52’ 1+ s2’ 5 1+ kK’

then yields
K2
2 2 2\(.2.2
W= ——5 (27— 5%) (572" — 1
e (e )
which is Hurtubise’s curve upon the identification x = K2/(1 + s2)2. When
we substitute this transformation into our Atiyah-Ward constraint n = (xo —
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1w1) — 2¢w3 — (22 + 221)¢? We obtain
w = —(1 — ir3) + 2292 + (z1 + ix3)2>

which corresponds to an interchange xo <+ x3 with Hurtubise’s conventions.
With the above identifications we find that our curve of bitangency (6.1)) is
that of Hurtubise [30] whose curve of bitangency is

K(s* — 1)2
M (@ (R w0

A.2.4. Transforming between C and Cap. Then with the rotation
R =

1 —a 1 W h
\/W 1 —a € have

Do (c+3) - (¢ ) x o
— WC}% (CR + 1bt(_;b> (CR + 16_::;5) .

We have previously ordered the four roots of our curve as a = e = k' + ik,
~1/a =~k —ik,b=e" =k —ik, —1/b = —K + ik, where 2a > 0 is the
angle between the lines. Then k = sina > 0 and so

l+ab e ™™ a-—b

— bl =2k 1+ ab| = 2k’
@ — bl 1+ abl " b—a  tana’ 1+a

= —je “tana,

S

giving
—ie" R kk' (C?{ — e "(tan o — cot a)Cp + efzm) .

Thus the further rotation ((g,ngr) — (¢, 1) := ie**((r, NR) gives

K2
0=n"+ T(C4 +2(K* =) +1) =0

/172
= = R R R+ kK,
where cot o = k'/k, tana = k/K'. Thus we have the Atiyah-Hitchin curve
upon the identifications (Cam,namg) = (¢, 27).
We note that the sign of the term (tana — cota)¢’ = (k? — k%) /kk' ('
depends on whether 0 < o < w/4 or 7/2 < a < 7/2. When « > 7/4 the an-
gle between the lines is obtuse.
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A.3. Calculation of periods and the Abel map

We determine here the periods of the holomorphic differential v, the mero-
morphic differential vy, and express the Abel map in terms of incomplete
elliptic integrals.

0

A.3.1. The periods of v. Upon using the substitutions ¢ = e’ and

ksinu = sin # on sheet 1,

a2 dc ~1 o 1 du

K (2 -y _e2m) kK 1_%Sm29*f 1 _snlu

7{d§_—2/_0‘d0_4/7r/2du_4
a? K /. k2 —sin20 K Jo 1 — k2sin?u .

Similarly (with ¢ = expi(w + 7/2), sinw = k' sinu)

Thus

d¢ 24 1 -1d¢ 1
n K C 2\/sm w — k"2 K ¢ VE?2 —sin2w
du

K k2 — st w K 1—k2sin?u

One determines the sign of the square root in the second equality, for when
¢ =1,w=0and n = —iKk on sheet 1 (and crossing no cuts). We then have

a—7/2 41 T/2—a dw
7€7I— T/2—a 2—s1112w K 0 k"2 — sin® w
/2 du _ 41K'(k)

=47,

K 0 V1—k?2sin? uw  K(k)
where 7 =1 K'(k)/K(k) is the period matrix.
A.3.2. The periods of 7o. Consider

K? (., 26-K
Too(P) = 7 <C 7 >dC

Then with the earlier substitutions and again on sheet 1,

K?¢?d¢ K C2d¢ _-K  &*dg

4 n 2 \/ e2za <2 —2ia) 4k /1 _ %Sin29
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—K (1 —2k?sin® u + 2ik sinu\/1 — k2 sin® u)du
4 V1 —kZsin?u '

Then

w/2 1212 .
KfQ ¢2d¢ _ K/ (2 [1 k*sin u] 1)du K (E-K)
0

V1 —k2sin?u

and 50 §, Yoo = 0. Now

K? j'{ (CQ 2F — K) a _ K a=m/2 [—e?v — (2E — K) /K] dw
4 K Ui 2 Jrj2-a k2 — sin? w
B —zK/ﬂ/z @ [cos2w + (2E — K) /K| dw
k2 — sin? w
_ _ZK/”/2 — k?sin®u] — 1+ (2E — K)/K)du
V1 —k2sinu

=—i2(KE' + F'K — KK') = —ir = 2inU,

where we have use Legendre’s relation.

A.3.3. The Abel map. We may express the Abel maps ¢ and « in terms
of incomplete elliptic integrals. Denote

2E - K

=k +ak, b=k —ik =
a + 1k, 1k, ¢ K

eR.

Here a = Py is the base point of the Abel map ¢(¢) = 1 fc 4 One can

represent ¢(¢) in terms of Jacobian incomplete integrals pe
(A.10) $(¢) = — <F (C, a) - F (1, “)) ,
2Kb b b
and this representation accords with the relations of [7],
Bloor) = " = ~0(oea), 9(0) =~ = ~6(02).
We note the relations
a 1+ik/k 1-kF ., ik . 1

b 1—dk/k 14k’ k'’ k'’
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K (%) _1 ; ¥ k(i) = g (K'(k) + iK () .

Using these our normalized Abel map now reads

2K b a

A.3.4. Numerical computation. We have shown that

K? (., 26-K
Too(P) = 1 <C 7 )dC

A1) alC@) = 6(C() — ploor) = ~o L F (C(“” , ‘;) -z

Then

(A.12) /P’y py- & /C(x (=~ odz
Py ool V(22 — a?)(22 - b?)

1 (9’ 1 (a(C(=))) | 05 (o (C(@))) o
01 (a(C(z))) b3 (a(C(2)))

4
with a({(x)) being the normalized Abel map (A.11). Now

(A.13)

/ \/zQZ a_;)dz b?)
o (5) - S () o (L) - e (425)

where K(k), E(r) and F(z,k), E(z,k) with kK = a/b are standard complete
and incomplete elliptic integrals of the first and second kind respectively.
We remark that some care is needed in keeping track of the sheets when
using this representation.

A.4. Proof of Lemma [3.]

To show that (3.1)) is parameterized by

02 P)04] P _ i 030207 03]2P]
6.[Plos[P]” " 1 0,[P1265[P]>

we use (with 6; := 6,;(0))

03 03 T
k=22 K=_5 03+0i="0;, K=-03
0%7 9?2)7 2+ 4 3 2 3
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01[P)*603[P]? + 05| P)204[P]* = 650, 64]2P],
201 [P]02[P]03[P04[P] = 020504 61[2P],
O3(z + y)b3(x — y) 0F = 07 ()65 (y) — 67 ()63 (y)
= 03(2)0%(y) — 05(2)63 (v);

the latter with x = 0 and y = 2a(P). Then

C4 + 2(]432 _ k/2)<2 41
_ 03 (61[P)?65[P)* + 92[P]294[P]2)2 + 4(01 — 03) 61 [P]?0[P)?03] P]204 [ P)?

05 01 P)*63[P]*
030402 0,[2P)? — 056202 0,[2P)?
a 03 01[P]*63[P]*
030303 (03 04[2P) — 63 6,[2P)?)
- 03 01[P1*05[P]*
_ 6361 63[2P]
0% 6i[P]6s[P]

so establishing the lemma.
A.5. Proof of Lemma [3.2]

We will show that both sides have the same periodicity, zeros, poles and
residues. Both sides of are constant under shifts of a-periods. A shift
in the theta functions under a b-period is immediate giving —:7m = 2miU
(using U = —1/2). That is the right-hand side shifts by (272 times) the
Ercolani-Sinha vector. But
f Yoo = 2w U
b

is fundamental to its definition and follows from a bilinear relation [7]. Now

observe that
P 01 ( f }f v)
d1n 6, </ U) :v(P)ili
P 0 (fP* ”)
and that for a local parameter ¢ at P,

w2

P

[(Ps) + O(t)]dt, /P v = pu(P)t + O(t?).
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Thus

P /
d1n 6, (/P v) = dt[u(P,) + O(t)] <m + 0(#)) = % [140(t)]

has a simple pole at P,. Thus expanding the right-hand side of (3.8]) at coq,
for example, gives

1 1 0] —
{—t/ 4 (001 002]_‘_.__}_171_%)1_’_”.

4 (4p1) = 01]o01 — 002 t
where
5o Lbifoor —oc] _ um
1_401[001—002]_ 4

We know that in the vicinity of co; the left-hand side looks like,

[ Py =i

Py

Thus both sides have the same pole and residue and similarly at cos. Finally
at Py both sides vanish so establishing the lemma. As remarked after the
lemma, this identifying of the vanishing relates the choice of contours on
each side of the identity.

Appendix B. Theta function identitities
B.1. Weierstrass Trisecant #-formulae

In this appendix we describe the Weierstrass Trisecant #-formulae that we
implemented in the course of calculation. Following [50][p47] we introduce 3
vectors a = (a1, a2, a3, ), & = (0], o, af, o), & = (off, af, of, o)) that
transformed one to another by the rule:

a1+ o+ a3+ oy

T 1 a1 +oag — a3 — Qg
a1 — Qg + a3 — oy

—o1 t+agt+ a3 — oy

which leads to the relations: T'(a) = o/, T(a/) = &”, T(a") = a.
The following 6 Weierstrass Trisecant #-relations are valid
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01(a1)01(a2)01(3)0:1 (o) + 01(a})01(as)01(a3)01 ()

Dol =0, Y
0i(a1)0i(az)f1(az)01(aq) + 0;(a)0; ()01 (a3)01 ()
bt =0, )
0i(a1)0; ()0 (3)01 () + 0;(a))0; () 0k (a3)01 ()
()0 i) =0, )
0;i(a1)0i(2)0i(3)0; () — 0; ()05 ()05 ()05 ()
(0l (@) =0, Y
Oa(c1)02(2)0a(c3)02(cra) — O3()03(az)03()05(ay) (W)
+04()04(ay)04(03)04(c)) = 0,
0i(a1)0i(a2)0i(z)bi(a) — 0;(a)0i ()i (a3)0i () (W6)

+601 ()01 ()01 ()01 (o)) = 0.

We present here particular cases of these relations that used in our de-
velopment. From (W2) it follows that:

Proposition B.1. Let a;, a5, 04 , 1,7,k € {1,2,3,4} be three arbitrary com-
plex numbers. Then forn = 2,3,4 and z € C the following trisecant addition
formula is valid

61(cvi)01(aj — a)bn (ai + g) 0, (aj + oy + f)

2
(B.1) + 01 (ag)01 (0 — )0y (ak + %) 0, (ai +oj+ g)
+ 01 ()b (o — )0, <aj + %) 0,, (ai + ay, + g) =0.

From (W3) it follows that:
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Proposition B.2. Let ai,as,as,aq4 be four arbitrary complex numbers.
Then for any i,j =1,...4 and arbitrary z € C the following trisecant addi-
tion formula is valid

01 (cvi)02 (aj =+ %) 03(;j)0s (ai + %)

(B.2) — 01(a )by (ai + %) ()0 <O‘j = %)

= 01(cj — ;)b (%) 63(0)0,4 (ozi taj+ ;) .

From (W4) it follows that:

Proposition B.3. Let a;, o, , 4,5,k € {1,2,3,4} be three arbitrary com-
plex numbers. Then forp=3,g=4 orp=4,q9q =3 and z € C the following
trisecant addition formula is valid

0p(ci)Op(crj + a)b, (ozk + %) 0, (Oéi +aj — g)

(B.3) — Op(en)plas + )0y (s %2 ) 0y (0 + on = )

=09 (g) 0 (ai +oj+ o %) 01 (v — )01 ().

Also for arbitrary four complexr numbers oy, ... a4 , 1,7,k € {1,2,3,4} the
following trisecant addition formula is valid

(B.4)

Op(aa + a2)bp (a1 + a3)b, <a2 + oy + g) b, (a4 + a3+ g)

— Op(0y + a3)0, (g + a1)b, <a4 + a9+ g) 0, (ag + a1 %)

z z
—0 (5) & (al toztoaztog® 5) 01(a2 — a3)01 (a1 — o) = 0.

Suppose we now have that
(B.5) a1 +as+agt+ags=N1, NEZ

the last trisecant relation turns to the following:
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z z
Hp(a4 + 052)917(0&1 + 043)9q (Oég + a1 §> (9q (Oé4 + az £ 5)

z z
(B.6) — Op(aa + a3)0, (a2 + )b, (044 +ag + 5) 04 <a3 +aq £ 5)

2
=0 (g) 01(a2 — ag)b1(ap — ay)exp {—Z?T(N2T +Nz)}.
The combination of relations (W3) written in the form

01 ()0 (s %) b (07) 61 (o + %)

(B.7) ~ 03 () b (ai _ g) 0 () 03 <aj n %)
40y (%) 0 (ov; + ) 05 (0) O3 (ai —a; - ;) —0
and

01 (ai + %) 09 <aj — %) 05 (aj) 04 (ov;)
(B.8) — 01 () 2 () 03 (Oéj + ;) 04 (Oéz‘ - %)
+ 61 (ai —ay — %) 02 (%) 03 (0) 04 (ai + Oéj) =0

together with (W4) leads to the addition formula that we implemented to
calculate the Gram matrix,

( Z) 03 (5) 62(0) 01 (%) 64(0)

01(c;)04 (i — =

4 71 o (e +3) 0aci) 05 (cj + 5) b2()

(B.9) . 03 (5) 02(0) 01 (5) 04(0)
+ 93(0(1')92 (Oéi — 5)

Finally we note:

Proposition B.4. Let a1, a9, a3,a4 be four complex numbers satisfying
condition

alt+as+ag+ags=N1, NELZ
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and z € C. Then

4 4
DY T Oalam) + (DM T 02(cm)
m=1 m=1

(B.10)
= 03(0)03(c; + o)03(a; + oy )03(j + ag)
X exp {—QWNal + Z7TN2T} ,
and
4 4
1)(N+M) H 01 (o) + H 03 ()
(Bll) m=1 m=1

= 03(0)03(cv; + ozj)Hg(ai + Ctk)93<06j + ag)
X exp {—2177Nal + Z7TN2T} ,

withi#j#k+#1€{1,2,3,4}

Proof. If we use a = (ag, g, g, —ag — a3 — ), &’ = (0, a0 + a3, a3 + g, g +
ayg) and & = (ag + ag + g, —ay, —ag, a3) in (W6) for ¢ = 3, together with
the Abel relation we obtain the second identity while the first similarly fol-

lows from (W5).

B.2. Periodicities

01(z+ M + N7) = (— 1)N+M+1 —in[N?74+2N2] 01(2),
03(z 4+ M + N7) = (—1)M e IN*74+2N2] g, ()

O3(z + M + N7) = e mINTH2N g, ),

04(z + M + N7) = (=1)N IV 72Nl g, (),

We also note

(B.12) O2(z £1/2) = F01(2),
(B.13) u(z£1/2) = 63(2).
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Appendix C. Identities
C.1. Proof of Proposition 4.1

For the curve (3.1)) we may write
(C.1)
4
- 01[P— P
w(P) = —n + (zo —1x1) — 2Cx3 — (20 +1221)3 = ¢ 1, 01l d

01 [P]291 [P — 002]27

some constant c. Here we encounter a subtlety referred to earlier when dis-
cussing Abel images. In writing the function in the specified form with the
given theta functions, periodicity requires choosing the Abel images so that

) +ah+ah + o) = Za(Pk) = 2a(001 + 003).
k

The first part of the proposition is then proven upon establishing that
¢(2[oo; — 002]) € A, which follows from either (3.5]) or observing that this is

the divisor of the function
K
77_’_15 (C2+(k2—k/2)) .

Although our numerical calculation of Abel images was such that ), aj =
N, the choice of of sheets in defining (C.1)) has >, o) = —(1+ 7); agree-
ment can be achieved simply by shifting the argument of one of the #;’s in
by the appropriate lattice point, for example

/ /
a1 =a), ay=ay az=a5 ar=ao)+(N+1)7+1.

If we expand w(P) at co; on sheet 1 we see

) 1 02001 — 00962
w(P) = 5(K = 20)¢* = 2m3¢ 4+ 1= 2(K—2x_)H14[ ; = 2 jD}
i=1Y1 1= Iy

Y

while on sheet 2

2

i i 02 [00g — 00116,
P)= ——(K+25_ )% —223C+ - ¢g= ——(K +2z_)—L L,
W) = TR e = R e A

Consistency requires that ¢; = co or that

K — 2x_ - H?:l 91[001 — Pl]

K420 [[L 6i[o0 — P
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[I,61(h) Tl 61(c))

= exp (i” [Xkl s+ T] ) [Tiey 0s(ci) Tz s(a))

upon using 1 [coy — Py = =01 (o), + (1 4+ 7)/2) = —exp(—in[a}, + 7/4) O3(c},).

Now from

01 (NT — c4)01(an)b1(2)01(a3) (-1)

K —2z_ _
K+ 2x_ O3(NT — ay)03(1)03(2)05(as)

and the shifts given above establish the needed consistency.
To establish the second identity we use (2.21). With ¢ =1/t a local

parameter we have at co; on sheet 1

N+1 H?=1 01(cs)

H?:l 03 (i)

2
[1_5”3 t+---]

(K —2x_)

) 1
2

dt 41'3:3
nw(P) " + 7 +

while on sheet 2

w(P) = —%(K 4 2g;_>tl2

dt 4ix3
dinw(P) = —2% _ 28 4.
nw(P) t  Krorl T

while with f(P) = [} 7o,

Thus
~ ~ 4i$3 41'3:3
0= P)dl P) = P)—2 _
Re;:uesf( )dInw(P) zk:f( %) — 2(01 + 12) P —om TP R
giving
Py N, / / 2
' L {61(eg) | 05(c AK 224
B L B
ko & 1(ag,) 3(a,) — 42

establishing (4.13]).
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A consequence of this result is that

1 (01 (k) O5(a) _ 4Kz
Zk: 4 {91(ak) + O3 () } TN = Xk:ﬁl(Pk) TN = K2 — 422

and so

4K2$3

> P =8N =) (w3 +iz-G) + {1

k k
. 4K21'3
Using >, ¢ = —16wz3z_ /(K% — 422) we obtain
(C.2) Zuk = N
k
establishing the proposition.

C.2. Proof of Lemma [4.5]

We use

1)

98- 2 (3- 20) (2" (3
et () (1120 (- 3
i (80)- E (45
s
sy i ()P

= 8iKn + 8iK( 51 (P).

In going from the third last to the penultimate line here we are using stan-
dard theta function identities such as (02[P]/03[P]) = —70261[P]04[P]/05[P)>.
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Examination of the latter proof shows we have in fact also established (4.20)).
The final identity follows upon differentiating both sides of

2
= —KT (¢t + 2K — k)¢ +1)

and using (4.20)).

C.3. Proof of Corollary

The first set two relations follow upon combining (4.18)) with ( -,

P ' (o "
o i [ 18 10

Next, upon differentiating (C.3)), using (4.22) and upon noting that the

normalized second kind differential ., written in the curve coordinates is

2
(€ L e L

while v = d{/(4n) we get

(©3) Py = S — w225

and consequently

01 () 9&’()
1() 93()

Combining this with - then yields (| and - Equally, upon
defining

(C.6) = 2K?%(* — 4(2E — K)K + 83*(P).

>

_ ()
T := 51 (o) = 201(P) + 1K
then
6’/1/(04)_ / / 2 _ 2 2_2E*K 2
el(a)—Qﬁl(P)—HKC +T1T° =2K (( % >+4m+T.

The final results follow upon further differentiation and using the earlier
results.
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C.4. Proof of Corollary

Using the constraint aj + as + as + a4 = N7 the periodicity of the 6-
functions (Corollary yields

(C.7) O+ aj+ap) = (DN (ag)e —m N2 Noy |
(C.8)  O3(a + aj + ) = O3(ay)e _”NQT‘*‘%”NO‘Z

(C9)  Oi(ai+aj+ar) = (=N [0 () + 227TN¢91(al)] —uN*r+2mNoy
(C.10)  O5(cs + aj + o) = — [05(cr) + 2N O3 (oy)] e —wN*r+2mNoy
(CA1)  6Y(v + o + ap) = (—1)NHle N TH2mNey

x (—47*N?01 () + 4w N0 () + 0 ()
(C12) 05(cvi + o + o) = e N* T+ 2mNoy
X (—47T2N293<Oq) + 4’L7TN(9§(OJ[) + Qg(al)) .

The Corollary now follows upon employing Corollary We note that

01 (i + o +ag) | O5(ci + aj + ag)
Hl(ai + a; + Ozk) 93(0&1‘ + a; + Oék)

— — 4B () — dumN,

(C.13)
01 (i + aj + o) _ On(ci + o + a) = —21K (],
01(a; + a; + ar)  O3(a; + oj + a)

and

(C.14)

9/11(042' + a; + Ock) (%,/(Cti + a; + Ozk>
91((11‘ + oy +Oék) 93(0@ + —|—ak)’
= 2K%(} — 81*N? + 16131 (ay)mN — 4K (2F — K) + 861 (q)?

07 (i + aj + ay) B 04 (a + aj + ag)
91(041‘4-0&]' +Oék) 93(0&1‘ + a;j —1—0%)
= —8K(mN —181())q + 8K
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C.5. Proof of Proposition
To prove the first of these relations we compute

pa(x) + p(
oK Cl(m 6 (= (22 — c)dz
-5 </ / ) - a2)()j2 Y

— (22 + 1) (G () + (@) + =

2
(C.15) K (/Cl(m) Jr/Cl(ac)> (22 — ¢)dz L
2 N CE I
K </C1(sc /Cl x)) (22 — c)dz L
(22— a?)(2 - b2) 2
—k—k (22 — c)dz ur

2 Sy J(EE—ad)(2-02) 2

Taking into account that

_ K jg (22 — ¢)dz K K=k (22 — ¢)dz
V(22— a?)(22 — b?) piak /(22— a?)(22 — b?)
k' 1k _
B —zK/ (22 — c)dz
w—ik /(22 —a?) (22 — b?)

one can transform the last integral in (C.15)) into

zK —k—k (22 — ¢)dz ZK / Ktk (22 — ¢)dz
ki /(22 — a?) (22 — b?) vk /(22 —a2)(22 - b?)

sz{ z—cdz o
V(22 —a?) 22_52)_2

which completes the proof. The second relation in (4.32)) can be proved
similarly.

C.6. Proof of Lemma [4.10]

(4.34)): Let us fix for definiteness i =1,j =2,k = 3. To prove (4.34
group and factorize the first term from the left-hand side of (4.34
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with the first term of the right-hand side and then do the same with
next pair to get

— 01 (a1)91 (042)(91(@1 — 042)[93(041)93(042)03((11 + 042)(93(2043)

(C.16) —01(a1 — a3)01 (e — a3)01 (a1 + ag + asz)b1(as))],
and
(C.17) — O3(a2)b3(as)01 (a2 — a3)[01(a2)01(3)05(v2 + a3)03(2011)

—01(a1 — a3)01 (a1 — a2)03(aq + g + az)b3(ar))].
Using the Weierstrass trisecants (W6)

91(041 + a9 + a3)91(a1 — Oé3)91 (062 — 043)91(043)
(0.18) — 93(042)(93(0[1)93(0&1 + 042)03(2043)
+ 03(a + oz — a1)03(a1 + a3)03(az + ag)b3(as) = 0,

and (W2),

61(o1 — a2)b1 (a1 — a3)f3(a1 + ao + a3)b3()
(C.19) — 01(a2)01(a3)03(as + a2)03(2a)
+ 01(a2 + az — a1)01(o1)03(a1 + a3)03(ar + az) = 0.

Correspondingly we factorise expressions and to the form
—01(a1)01(2)01 (a1 — a2)03(a3)b3(an1 + ag — az))03(a1 + ag)fs(ag + ag),
and
—0s(3)03(a2)01 (a2 — a3)f3(az + ag — a1)01(a1)f3(a1 + asz)fs(ar + az).

Adding to these two expressions with the remaining term from (4.34)
we observe the vanishing of the overall sum because of the trisecant
(W2),

01(as3)01 (g — a3)03(2a1)03(2)
+01(01)01 (a1 — a2)03(aq + a3)b3(an + g — a3)
— 91(a1 — a3)91(a1 + a3z — a2)03(a1)93(a1 + ag) =0.

(4.35)): This follows from the Weierstrass trisecant (W6).
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C.7. Proof of Lemma [4.11]

(4.36)): Let us fix i =1, j =2, k = 3. Then from (4.5),
i tn2 3

TG00 -6 " (G2 = G1)(G2 — G3) - (G3—=C)(G—C2)

Substituting the @-functional expressions (3.6 into this and using
(7.11) we may rewrite x_ in the form

(C.QO)
. 7T93(0) 93(2&1)91 (042)01 (043)93(062)93(043) + cyclic
a 4 O1(a1 — a2)fi(a1 — a3)03(a1 + a2)b3(0n + a3) '
Substituting (C.20|) into (4.36) we get
201(a1 + a9 + a3)61(a1)01 (a2)01 (043)
= —03(0)03(1 + a2)03(1 + a3)03(aa + a3)
n 91 (2041)93(0&2 + C¥3)91 (042>91 (Oé3)03(0[2)93(0&3) i cyclic '

01(a1 — a2)01 (a1 — )
Now using Weierstrass trisecant (W6) written in the form
= 03(0)01 (o1 4 a2)0(c2 + a3)01 (1 + as)

(0.21) = 91(0(1 + oo + a3)91(a1)01 (a2)¢91 (Ozg)
— 03(a1 + az + az)3(a1)0s(az)03(as)

in the first term of the right hand side we get

01 (o1 + a2 + az)f1 (1)1 (az2)01(as3)
+ 03(a1 + o + a3)f3(1)b3(2)03(3)
_ 91(20&1)03(0&2 + 063)91((12)91 (OZ3)03(O¢2)€93(0&3)
91 (041 — a2)91(a1 — 043)

+ cyclic.

After multiplication of both sides by 60 (a; — a2)01 (a1 — a3)01 (e —
as) the last relation becomes the already proven relation (4.34]).

(4.37)): Is proven in the same way as (|4.36)).
(4.38)): This follows immediately from (4.36)) and (4.37]).

14.39|, 4.40|, 4.41)): This group of relations represent composition of
(4.36]) and (4.22) and (4.37]) and (4.23]) with the final identity given by

subtracting them and using the definition of y;.
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(4.42|, 4.43|, 4.44]): This group of relations represent composition of
(4.36)) and (4.26]) and (4.37)) and (4.27) with the final identity given by

subtracting them.

(4.45), (4.46[): These follow directly from those just obtained.

C.8. Proof of Proposition [4.12

Let us prove (4.49). Fix values ¢ = 1, j = 2. Taking the partial derivatives
with respect to a1 and ao of both sides of the equality

(C.22)  Os(on + a2)f3(on — a2) = ;1 (0) (07 ()03 (r2) — 07 ()03 (az))

and the adding the results we get

051 + o2) 1 g
Caoz Olertez) - 93(041)9:%(042)—9%(a1)9§(a2)[94( 1)03(02)03 ()
(C.23) — 01 ()03 ()] (1) + O3(x0)03 ()05 (a2)
— 02(a2)0 (1) (a2)].

Now we find from taking logarithmic derivatives of (3.7]) and using Corollary
[4.6] that

03(a)

1K +2n 0)(a) —1 K + 2
02(a) '

SN () ¢

Substituting these expressions together with (4.22)), (4.23) and the expres-
sions for #-squares (3.7 into (C.23)) we obtain after simplification

(C.24)

=201 (a) +

=2B31(a) +

0{3(0[1—{—0[2) . 1-X
(C.25) m =2(f1(on) + Bi(az)) — 1K (¢ + C2) T+ X
with
(C 26) X = K(C% — 1) — 2up . K(CQQ — 1) — 2upp (kl>2 _ 9%(041)9%(042)
' K+ 42 K(G+1)+2m \ k 02(1)02(a2)”

Taking into account expression for pg, pur = B1(ag) + mN —1(x_( — 1x3),
we conclude that the proof of (4.49)) will follow upon establishing that

(C1+ @)K —2z_) + 4wz
(C1+ Q)(K +22_) — duxs

(C.27) X =
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where in the expression for X the variables n; should be expressed in terms
of (; via the mini-twistor correspondence.
To proceed, one can find k? from the relation

P((1, w9 — 1wy — 2C1w3 — (29 +121) ()
— P(C2,$2 — 1 — 203 — (.7}2 + Z.%'l)CQQ) =0

giving
1 1 a2 2ryx_ Axd
B=—g@+@ 45+ =@ +@)+ -2
s 2 2
(C.28) - m[xi(gl + GG+ ¢G) + oyl

Expression (C.27) factorises after using (C.28]) with one of the factors van-
ishing because of relation (4.9)).

The proof of (4.50) parallels that of (4.49). We find an expression for
01 (a1 + a2)/0(a1 + ) similarly to (C.23|). Next computing

01(a1 +a2)  O3(c1 + a2)
Or(ar +a2)  O3(a1 + a2)

(C.29)

and making all of the above substitutions the result follows.

To prove (4.51]) compute the «y derivative of both sides of and
use the expressions 6}(c) /6;(cv), 07 () /6;(cr) from the list of formulae (4.22))-
together with the formulae

(C.30)
Zi EZ; = 48%(a) + 87“? L ga) FARK? —AEK — K2 (a) + 4ZK(ﬁ;)(O‘),
ZACH o 8181 () 2,02 2,2 2K B ()
Tata) = 40H@) + SO UK ABK - K¢ (0) - =5

and those for #-squares to get algebraic expression of 11 2, (1,2, f1(a1,2) and
(r+,z3), K,k For the right hand side of one can transform from the
group of variables labeled by indices 3 and 4 to variables labeled by 1 and 2
using the formulae,

161x32_
‘szi - Cl CQ)

(C.32) w3+ pa = —p1 — po (mod ).

(C.31) G+ G =
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Now upon subtracting theses expressions for the left and right hand sides of
and using the expressions for p; and those for n; following from the
mini-twistor correspondence one obtains a rather cumbersome expression
that again factorises as in the proof of . Here we find a vanishing
factor

(C.33) (G + Q)G (K? —4a?) — (K? — 4a2)] + 1601 Ga (241 Ca — 4 )3

so proving (4.51)).
The final expression (4.52)) is proved analogously.

C.9. Proof of Proposition

For S? < 0 and the invariance of the curve under conjugation we have that

Py (Zvﬁ) (Zvﬁ) (Ev_ﬁ)
(C34) «a(P)= / v = / v= / v = —/ v=—a(P).

This together with (4.3) and the even/oddness properties of the theta func-
tions shows that on interval I

B1(P1) = —B1(P).
Accordingly
fiy(21,0) = —pa(21,0),  To(x1,0) = —pi(x1,0).

Taken together with Proposition (4.9)) we obtain upon noting ¢; + (3 =0
that

17T ¥

T :)\l(x1>+Z’ M2:—/\1(9?1)+Z,
1T 1T

u3 = —)\1(1’1)—27 /1,4:/\1(901)—1.

where A1(z1) is a real function. The initial conditions of y; give A;(0) = 0.
Given the reality properties noted earlier, we have that on the remaining
intervals

II ¢(=¢ 7n=-n olP)=—aP),

B(P1) = —B(P1), Foo = —VYoo» r1{ = —121C,
111 Z = _Ca ﬁ = -, a(Pl) = a(P1)7

B(P1) = B(P1), Too = Yoor wr1( =111(.
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From these it follows that
(C.35) IT: 71y (21,0) = —pa (21, 0), IIT : 72y (21, 0) = pa(21,0).

Again taken together with Proposition (4.9))

E7 H3 = _)\” + 1w + Ev Ha = _>\” — i,

— )\// — )\// _ _
M1 + o, g = 5

the result follows. The remaining boundary conditions now follow.

C.10. Proof of Proposition [5.5

For x3 < Kk'/2 the proof follows that of the the zs-axis. For x3 > Kk'/2
then P, = —P; and

WK S22 —¢ WK[S 22 —¢
M(_Cv _77) = / dz — r3 = — dz — T3
2 a - 2 —a n

a

= (¢ m) +/ Yoo

—a

Then

a k' —k —k'—ik 1 1 .
- Yoo = Yoo T Yoo =5 P Yoot 5 P Yoo =15
—a k' 41k k' —k 2 a 2 b 2

and the result follows.

C.11. Proof of Proposition [5.6

We note that in all cases the possible signs are generated by z — 2z 4+ 1 and
z — z+ 7 and because of we need only solve this for one axis to
determine the answer for each axis. We begin by focussing on the xo axis
and a choice of signs such that

(0.36) 02[P]94[P]9391 (Z) = 91 [P]Qg[P]HQHz;(Z) + 91 [P]Qg[P]9492(Z)
Now we have (for any distinct 4, j, k € {2,3,4}) the trisecant identity (W3)

0i(a1)0;(a2)0r(a3)b1 ()
+ 0 ()0 ()0 ()01 (o)) + 0i(a)0;(as) 0k (a5)01 () = 0
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where a = (a1, ag, a3, a4), &’ and o’ are described in Appendix [Bl Then
if we take @ = (0, P,—P,2P) and (3, j,k) = (3,4,2) we recover with
z=—2a(P).

For the 1 axis

K Eken(t) | 0404(2) £ 160202(2)

CEETLO T 0050)

we now wish to solve
(C.37) 02[P)04[P)0303(2) = £ [0202(2) £ 260404(2)] 01 P]03[P].
This may be rewritten as
92[P]94[P]0392(Z + 7'/2) =+ [9293(2 + 7’/2) + 6491(2 + 7'/2)] 91[P]93[P]

0305(c(P) + 1/2)02(z + 7/2)05[P] = +0202(a(P) + 1/2)03(2 + 7/2)05[P]
+ 0404(a(P) +1/2)01(2 + 7/2)61[P).

This is in the form if the trisecant identity

O2(av1)02(2)03(cv3)03(uq)
— B2(a))02(0)05(0i3)03(ay) + 04 ()04 (a3)01(a5)V1(afy) = 0.
We find a solution o« = (—2P —1/2, P,0, P +1/2), that is z = —2a(P) —
1/2 - 7/2.
Finally, for the x3 axis we have

0403(z) £ 10261(2)
0304(2)

¢ = +(dn(t) £ ksn(t)) = +
and we are led to
(C.38) «92[P]94[P]9304(Z) ==+ [0201 (Z) + 19493(2)] 91 [P]@g[P}
For an appropriate set of signs we may rewrite this as

91(2’ + T/2)02[P]9394[P] = (91 [P]0203[P]04(z + 7'/2)
+ 91[P]92(Z + 7'/2)93[13]94

which we solved earlier, z = =2 a(P) — 7/2.
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Appendix D. The matrices W and V
D.1. Proof of Theorem [7.1]

The form of shows that its principal cofactors are either linear or
bilinear in the (’s. Now W Adj(¥) = |¥|14 and the first two columns are
bilinear in the {’s while the third and fourth are linear. Let us consider first
the linear case. We find for example that

Adj(V)13 = i1 (a2) 04 (2 — 2/2) 01 (a3 — ) 04 (a4 — 2/2 + a3) 03(0)02(2/2)C2
— 161 () 04 (a3 — 2/2) 01 (2 — q) 04 (g — 2/2 + a2) 03(0)02(2/2) (3
+ @b (o) b4 (g — 2/2) 01 (2 — a3) b4 (a3 — 2/2 + a2) 03(0)62(2/2)Ca

1= alz + b(3 + cCa

where a+b+c=0
=a(C2 — Ga) +b(¢3 — Ca)
and upon using ([7.11)) we find

92(2k¢10‘k_z/>
= — 05(z/2)02( || O1(a —
Hk¢103(04k) 2( / ) 2 11 1 k l
k,l1#£1

Here we have used the trisecant identity to simplify each of the coefficients
of (; in obtaining the first line, and we remark that whichever of a, b or ¢ we
eliminate in the third step we arrive at the same final expression. We have
then for the third and fourth columns of Adj(V) that

02(> ki ok — 2/2)

Adj(¥)is = VACS
x| (=1)'03(2/2)82(0 ©) I 6rlar — ) J] 020k — )|,
i Kish
94(21#1 o — 2/2)
Adj(T)yy = 2 e
d.]( ) 4 Hk?éz Hl(ak) ( ) 02(’2/ )02 g 91 g Oél
kUL

and we note that the terms 024(> . ,; o — 2/2) may be rewritten using
Proposition [£.2]
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Let us now consider the quadratic terms. Taking for example Adj(¥)1y
with the same a, b, ¢ appearing as in Adj(¥);3 we have

Adj(V)11 = ic (a3 +ibaly +ia (3(s
=1a(3(C — C2) + b ((Ca — (3)
= —ifa(Ca — Ca) + b(G — Q)] G +ib ({3 — Ca) (G — C2)
= —iC3 Adj(V)13 + (3 — (4)(G3 — ¢2)
X 01(a3)b1 (s — aq)ls(as — 2/2)04(aa + g — 2/2)65(0)02(2/2)

or grouping factors differently

= —iC Adj(¥)13 + ({2 — (3)(C2 — Ca)

X 01(a2)b1 (a3 — aq)bs(aa — 2/2)04 (s + g — 2/2)65(0)62(2/2)
= —iC Adj(¥)13 + (¢4 — ¢2) (G — C2)

X 01(a)b1 (a2 — a3)ls(aq — 2/2)04(ca + a3 — 2/2)05(0)02(2/2).

In general, for j,k,1 # i and k < [ we have

Adj(W);1 = —i¢; Adj(¥)iz + (¢ — Ce) (G — ¢) x Coeff (Adj(¥)41, G1Gr),
Adj(¥)se = —i¢; Adj(W)is + (¢ — Ck) (¢ — ) x Coeff (Adj(¥)42, C1(r)-

which may be written as

Adj(P)in = =i Adj(P)is — € (G — G)(G — Q)

X 01 ()01 (g — ap)ba(ay — 2/2)0s(ar + ay — 2/2)05(0)02(2/2),
Adj(P)i2 = =i Adj(V)ia — €5 (G — (G — G)

X 03(0)01 (g — oq)b2(a; — 2/2)04(ay + o — 2/2)05(0)02(2/2).

We find upon using (|7.11]) and taking the transpose

D.2. Proof of Theorem [8.1]

Towards expanding ({8.2]) we first note that

O CY(z) = Diag(F + G, F — G) O = Diag(p(z),1/p(2)) O.
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Then, from the integral representation of p(z) and that f3(z) is even, we
have p(z)p(—z) = 1 and so

_ 1 1 p
(D.1) vi(z) = B02) Vo (12 ® <

1) G

n 1 N B
0 a+p)|"
We shall now define

A©) = A1-¢ =) A& B():=B(1-¢=) B¢,

O
SN—
S
—~~
| o
X
N———
N———

s>1 s>1
a@)=a(l—9 =) &, B =B1-8=>Y B¢,
s>0 s>0
1 4 B _ 1610
K-/ & Zog w0 o)
p(l - szsﬁ ;v po=1,p2= 214(%2 - 1K?,
s>0
(-14+¢) = ZQQS £, q= 5 42 = ~P2do;
s>0

where here the expansion of A and B begin with & because of

_ — _§ 53 " 5
02 (1 -€)/2) = 61 (£/2) = 5 61(0) + 12 67'(0) + O(£")

= ¢ T2 <1 - e +0(€Y).

We then have that

v ¢ o ZCJ p2m(An - Bn) >
1,8 = = ®

o \/? 2l+2%—:|-n:s ! |: < 1 ) <qu(An1 + anl)

(DQ) 1 me(an - /Bn)
0 QPm(Qp—1 + 571—1
“(0) @ (e )]

In particular we have

00w (o)
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where we have used that ap = Sy which follows from (B.12} |B.12)). Making
use of this then yields

ar — fB1 —1((ArL — By)
OJQK
Ay — By ’
0

ag — 2 —1(2(Ar — Bo)
(a1 + B1 —1((ArL + By)) K/2
Ay — Bo ’
(A1 + B1)K/2
az — 3 —1(2(A3 — B3)
(cg + P2 —1(a(Ag + Bo)) K/2
A3 — B3
(A2 + B2)K /2
0

)

Sl

(D.5) Vjo =

)

Sl

)

Sl

c 1 _
— 2K poay \/? 0 + (c2 + p2)vi 1.
0

1 702030401 (Py+ Py + Py) _
A=< o

2 O3 (Py) 03 (Po) 03 (Py) ¢

107 (Py+ P; + P
1( 4+ 3+ 2;+M1>A17

Ay = <
200 (Pr+ P+ P
1m0 05 (P4 Py Po)
2 01 (P3)01(P2)01 (Py) ’
105 (Py+ P+ Py) >
By= (=2 B
2 <293(P4+P3+P2)+“1 L
ap = 026405 (P4 + P3) 03 (Pg + PQ) 03 (P4 + Pg) "
01 (PQ) 03 (PQ) 01 (Pg) 03 (Pg) 01 (P4) 03 (P4) ’
1 9:9) (P4 + Pg) 1 (9:/3 (PQ) >
ap = | = = + ),
L <2 O3 (P + P3) 205 (P) " 1)
Bo = v,
105 (Py+ Ps)  10)(Po) >
= —_ —_ —|— (0] N
b <2 03 (Py+ P3) 201 (P) fr ) o

1
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_ 19”(134—1—1334-132)+ O (Pi+Ps+P) pi 1 >A
86, (P + Ps + Py) 0, (P P+ Py) 2 27)°0

_ 19g(P4+P3+P2)+u19 (P4+P3+P2)+M_162>Bl
805 (Py+ Ps+ P) 2 03 (Py+ Ps+ Ps) 2 2 ’

_(105(Pa+Ps)  105(P) | 105(Py+ Ps) 05 ()

B P4+P3 8(93(P2) 493(P4+P3) 3( )

03 (Py+ P3) 05 (Ps) uE
(93 (P4 + P3) " (P2)> S )ao’

8 03
1
2
160 // P4—|—P3 10” PQ) 163 P4+P3)91(P2)
8 63
1
2

=
=
=3
= (5o

P4—|—P3 §01 (Pg) 4 03 (P4+P3) 01 (PQ)

93 (Pr+Ps) | 0 (Pz)) M%)
+ + + —= ,
03 (Pat+ P3) 0, (Po) )/t 2 )20
[1 (93” (Py+ P3) N 03 (Py + P3) 05 (P») 393 (Py+ P3) 05 (P») n 05’ (P2)>
8 P4+P3) 03 (P4+P3) 93 (PQ) 93 (P4+P3) (93 (PQ) (93 (PQ)

L 3m <eg (Py+Ps) 05(Py+ P3)05(P2) 04 (Pz))
4 \ 03 (P + Ps3) O3 (Py+ P3) 05 (P2) 63 (Pa)

i ( )

)

3 0, (P, + P 05 (P
H1<3 4+3+3(2)>+M:{,ao,
2 (93(P4+P3 ( ) 6

By = [1 (93»" (Pa+Ps) 05 (Pat Ps) 0y (Py) 05 (Pat Ps) 07(Py) O (P2)>
0 0

03 (Py + P3) 03 (Py + P3) 01 (P) 3 (Py+ P3) 61 (P2) * 61 (Pz)

L 3m ( 5 (Py+P3)  05(Py+ Ps) 01 (P) | 07 (P2)>
4 \0s3(Py+ Ps) 03 (Py+ P3) 01 (P2) 61 (P2)
3 (% (Ps+Ps) 0 (P2)> 3| a0
+ + +ud| =2,
2 \(Pr+B5)  6i(P)) "6
Now

A — B 1 L 7050504(01(PatPs+Po)01(Ps)01(P2)01(Pa)—05(PatPs+Ps)05(Ps)05(P2)05(P1)) e,
1 1= 2 01(P2)03(P2)01(Ps)03(P3)01(Pa)03(Ps)

= —K ag,

where we have employed the Weierstrass trisecant identity (W6) which says
for any a1 93 that

91(0&1 + (65 + 043)91(0[1)91(0[2)91(053) — 93(0&1 + (65 + 043)93(041)93(0[2)93(063)
= —03(0)03(1 + a2)03 (2 + a3)03(c1 + a3)
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and K = 763 /2. Further

165 (F2) 16, (P)
205 (P2) 201 (P)

Oé1ﬁ11C2(A1B1)=< +ZC2K>ao:0

upon making use of (4.18) and we then have the leading order pole term of
v at z =1 — £ behaving as

0
1 1
@C Oé()\/? _1
0
Now from (4.38]) we see that
A+ By
—— =T —1T9.
20&0
Writing
o1+ B —1G(4 + By)

2050
1 <9§ (Pr+Ps)  165(P) n 1601 ()  105(R) 2 )
2\05(Pi+ P3) ' 205(P) 26, (P) 2063(P) !

— ZCQ[l‘l — 2$Q]

and making use of (4.22] [4.23] 4.53)) yields

1
= 5 ([—ZK+2(:E2 +Z$1)] Cg — 2/11 + 2x3 +'LK<2 +2u1) — ZCQ[:L“l —’L$2]

= x3.

Similarly making use of (4.36} [4.37] [4.39] [4.40)) we find

Az — By = apK s,

az — B2 —1(2(A2 — Bo) — a2 — P2 — 10 Kx3

0 I 0, (Py) 0 (P)D
3 2 1 2

_ <19§ (P) _107(P)  1[03(Pit+Py) } [ B
8 05 (PQ) 8 01 (PQ) 4 |63 (P4 + Pg) H 03 (PQ) 01 (PQ)
— 1K




928 H. W. Braden and V. Z. Enolski

and using ([1.22] [1.23] [1.24] {.25/4.53) we obtain

= —1 K (B(P)G2 +m2) — %Cz (2(z2 +121)C + 223 — 2B(P)) — 12K x3
= — 1K (233C0 + [w2 + 121]¢3 + 12)

and upon making use of the mini-twistor constraint simplifies to

=—1K(x2 —121)
= K(—ZEl — 2172).

Thus we obtain the subleading pole

—T1 —1x2
1 T
——cogVK 3
51/2 xs
Tr1 —1x2

which agrees with (the complex conjugate of) (3.28]). At this stage we have
shown that the first column has an expansion

VE 020403 (P3 + P2) 03 (Py + Py) 03 (Py + P)
01 (Py) 03 (Py) 01 (P2) 03 (Py) 01 (P3) 63 (P3)

0 —XT1 — 11X
_ 1 1 1 T3 1
M1 _ R /2
X e &2 | -1 + R 5 +0(&7%)
0 1 — 19

and analogously each column has expansion at z =1 —¢

0 —T1 — 11X
3. — N. i 1 i x3 1/2
(D7) V; = Nz 53/2 -1 + 51/2 €3 + O(é )
0 T1 — 1T
where
N, = VK o84 i<k jupi03(F) + Br)

[12: 01(P)03(Fr)

The remaining terms of the theorem follow from and the relations
of Lemma and Lemma Thus for example the fourth entry of v;

uses (4.38) and the second entry (|4.45)).
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D.3. Proof of Theorem [8.2]

We have seen that

63(¢/2) Jli (12@ <p(10_ * p(—lo +§)>> Ai(€)

where we now define

o= (1) (4959 () (45,50)

Next we easily obtain

vi(l-¢§) =

Lemma D.1.

A(-1+8) = A(=¢)
a(=1+¢) = a(=¢)

B(-1+¢) = —B(-¢)e*",
B(—1+¢&) = —B(—€)e*,

2p;

et
2ps
e“H
Then from (D.1)) and the previous lemma,

w0 =g (2o (070 o))

x (12® (2 é)) i(—€) e
(12 ® ((1) é) e%> 9%(;/2) 12 <12 ® p(lo— £) p(_10+ £)>> Ai(—€)
2

0 gnggg 24 1
=1 - i
( 0e (58;8 0 ) ) 63(/2)
X (12® <p(1(;i—§) p(—lo— §>>> Ai(=€)

where we have used p(z)p(—z) = 1. Upon comparing this with

N e p(1—=¢) 0 A
19 = ey va (29 (V0 ¥ ailvg)) 4O
= Zﬁi,s 55_5/2

s>0

VRS

Sl

—
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we obtain

0 p(1+€)
ﬁz(_l + {) = — (12 ® (p(lg) p(l()—@) 62,U«¢> Z(_l)s ﬁi,s 58—5/2.

p(1+E) >0

Here we use the definition of p(z) and the periodicity of the theta functions to
see that p?(1 — &) = —p?(1 + &) to give that p(1 + &) = +1p(1 — &) yielding

(D.8) Vi(—1+&) =+ <12 ® (_01 é) 62’“> D (1) g

s>0

Finally we may use continuity and the explicit formula (D.1)) to determine
the overall sign, which is found to be 1, so establishing the theorem.

D.4. Proof of Proposition [8.3

Write the (2,1), (3,1) and (4,1) matrix elements of the matrix equation
which are linear equations with respect to ay, b1, c1. Solving these via
Kramer’s rule we find quantities aq, b1, ¢; in the form of symmetric functions
of ¢2,34. Thus, for example,

SQ
(D.9) 0 = _%CQC?: +C§2§z4+ (3G4 N %@g‘ggﬁ 2y,

Now from the mini-twistor constraint,

(D.10)

CGatata = £ 451

1620364 = 732
162x320_

C1+C2+C3+C4:—ma

—8xyx_ + 1622 + 2K2(1 — 2k'%)

K2 — 422

C1(C2 + 3+ Ca) + C2G3 + C2la + (3Gu =

Using these we may solve to give a; as given by (8.22); we similarly obtain
by and c¢;. Now the (1,1) diagonal entry is

2

1 1 S
(Dll) gS%C? - (Cl - ﬂi_xg)c% + 22b1<j — T4 T3 + a1 + g% = 91,1517j'
J
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Substituting the expressions for ai, by and~cl leads to (8.19). The same
arguments work for the remaining entries to 9. The mini-twistor constraint
is used at all stages of the derivation.

D.5. Proof of Theorem [I1.1]

The matrix is skew-hermitian and the block structure is preserved by left
and right multiplication by diagonal matrices, so it suffices to show that

1
Vi mv)y t=wintow = = Wt OHW

has the desired structure. The constancy of the matrix enables us to choose
any convenient z to evaluate this; we will choose z = 0 where C(0) = 1s.

Then give
1 _ZK(C,§+1)+2117,€
W= (z@) ©0 2BKG B
K (G + 1)+ 20m70)

o — (ST —1
1

for appropriate nonzero dy, dj.. Now

0 iKxo —Kk (—z1 +ix) —x3K
o 1K 1o 0 —x3K KK (—Il +i:r2)
(QH)(0) = —Kk (izo + 21) 3K 0 —iKxy
3K KK (il‘z + 1‘1) —iK o 0

Substitution of these into WTH1QW and using yields (i, 7)-matrix
entries which, for j # J (i) have the form poly((;, ¢j)/¢:i¢; and this polyno-
mial is in the ideal generated by each of the quartics that (; ; individually
satisfy[]

The nonzero elements of the matrix fi 7 =1,...,4 may be repre-
sented in the 6 function form by using duplication f-formulae, formu-
lae (7.8) representing f-quotients in term of coordinates of the curve together

8An elementary way to verify this is as follows. Let ¢; be the quartic that ¢;
satisfies. Then the resultant of poly((;,(;) and ¢; with respect to (; is a polynomial
in ¢; with a factor (amongst others) of ¢;.
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with the relations (for all permutations of «;)

O3 (a2 + a3)03 (2 + ay)b3 (s + ay)

01(ce — )01 (s — )01 (g — o)
4C1(k‘k/)3/2K4e_mN2T

o m2(da_w3(P 4 RG + 122 23¢ —152)

(D.12) 07 (01)03 (ar)

D.6. Proof of Lemma [11.4

We want to compute

02 02 0? 1 1
—45(33) = {83}% + (971'% + 8:6‘%} Tr (Hg Hg ) .
Recall we have defined
4 0G %G
g1 Y e o1
gl,z g 8:01 .9 ) g2,z G- al‘? g
First observe that
o) . OH oG~
LOH o 00 o O
= Ba;i'g -H.G v G- &Ci-g H.G,.
Further,
0? _ 07-[ 0G1,i
da? s (HG) = a2g 20 g
Because
8g1,i - 8g_1 ag -1 1 a g -1 1 ag ag—l
o, O 'axz'g T2 Y A o
B Q 1 0G
= —glz 8 g 81‘2 gl,z
we get
0? -1 O*H -1
02 9 =529~ 2,
0 0
116159 6 G699 g

Ox;’ O
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We conclude that

882(%9’ MG

933

1}

B PH OH Q -1 ag 1
4 [0*H (97-[ oG ag
1 1
+,Hg {85622 axz glz+H |:glz lg g2z g 6
2
2 [m{.g—l — H.glﬂ-] .
Bx,-
Upon noting
82
o2 Tr(H.G ' HG)
_ O"H 1
_2Trace<{8 7 G- axi'
0 0
[glz g G =G+ Gt ag 91,2} }.H.Q_1>
€T T
2
+ 2 Trace ([8?—[.9_1 — 7-[.91,7;] )
8.213@'
the Lemma follows.
D.7. Proof of Proposition [11.5
Let matrices G and H be given by and use . Each of the

terms depend on the solutions (; of the Atiyah-Ward equation and their

derivatives. We note that at x

G(0) = 8k*K* <

9 (x)] =16Kk(E - K)
81‘1 x=0

o

_— =1 EK

8952 (w) x=0 6

o

27|, ="

k2
k' (

= 0 we have (; = £k’ £1k. Then,

1 0
0o 1)’
-1 0
0o 1)’
-1
0

0
1 )



934 H. W. Braden and V. Z. Enolski

0? 64 267.2 o (1 0

@g(m) m:o_lﬁEKﬁ (E—-K)*(2k* — 1) — k?) ( 01 )

0? 128E%k* (11 0

P gw| -BER(10Y

03 0 k2 0 1

82 64 12 2 2712 1 0

5:29@| = —ppe (B - K2 K)? - k27| ( 01 )
Also

H(0) = KK (1 + k%) — 2E] ( (1’ (1) )

0 _ /2 -1 0
a—xl’H(m) wzo-le(E—K)[QE—K(l—Hf )]( 01 )
0 162k2 1 0
0
x=0

02 641 /2 1 0
675%%(:8) o W[K(l‘H‘? ) — 2E] < 0 1 )

+% [(K(E—K)—Q)(E—K)k”—mﬂ ( (1) (1) )
0?2 641k°E 1 0
3, = == (0 1)

641 E2 2 0 1

+W[K(1+k )—2E]< Lo >

0 _ 64 12\2 2,12 12 0 1

Bringing all these together in (11.19)) yields (11.20)). To find (11.21]) we use

for k= 0,1 the corresponding expansions of K (k) and E(k),

8
ga::O,kNO = ;(WQ - 8)2 +

gw:O,k’NO = 32k/2 + O(k/4>.

(72 — 8)(w? — 16)

o K+ O(k),

(D.13)
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D.8. Proof of Proposition [13.1

In the case 9 = 0 we have from that Ry = R_ = R = /7% — 1602,
Ty = x_ = x1. We order the solutions of Atiyah-Ward equation in such the
way that in the limit x5 = 23 = 0 they coincide with our case II, |z1| < &
of the x1-axis, namely,

dixs — R drxs + R dixs — R drxs + R
D.14 =2 - — o — _
( ) G 41:1—71"C2 4x1+7r’€3 4a:1—|—7r’C4

4oy — 1

The corresponding exponentials p; are
1 1
(D.15) W1 =X pz=-—-\+ S H3 = A+ ST Ha = —A,
with
(D.16) A= iR: i\/ﬂ'z—16r2, r=/z}+ 3.

We then obtain

Gram = 3272 — 272 cosh?(2)) 1
Higgs) = 1(32r% — 272 cosh?(2)))oy

(D.17) A2
Higgs), = % sinh(4\)o

Higgsy = —64ur20,
and the corresponding normalized Higgs field is

cosh(2)\)?72 R 4 2um? sinh(4\) + 167°R
R(n2 cosh?(2)\) — 1612)

(D.18) D orm = 107

and formula (13.8)) follows.

Although this formula was derived under the assumption 1672 < 72 the
discussion of §11 shows that ([13.8) admits a continuation to the area 1612 >
72. Indeed the points r = £m/4 are ordinary points of the function H(r),
namely

12 — 2

H(+m/4) = —3o g ~ 012t
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D.9. Proof of Proposition [13.2

In the case 3 = 0 we have from (|13.6])
(D.19)

Ry = /72 —16r2 + 8uzy, R_ = +\/n2 — 1612 — Quwaa, 12 = 23 + 3.

Solutions of Atiyah-Ward equation are ordered as follows

R, R_ R_ R,

D.20 = R - __ =
( ) Cl CZ 7T—|—4IE7’ C3 7_[__{_4:1;77

T —Adx_’

The associated p; are then

1 1 1 1 1 1
D.21 = 1R =—R_+4+ - = - — = 1 R_.
(D.21) 1M B2 4R + 50, 13 4R++ 5 Ha 4ZR

The usual calculation leads to the following expression for Gram matrix,

(D.22)
Gram = %G(xl,:cg)Diag (exp (%(R+ - R—)) , €Xp <_%(R+ - R—)))

where

(D.23)
G(z1, 1) = (72 + 16r%) sin % sin % —Ri{R_ <cos % cos % + 1> .

It is easy to see that G(0,22) =0 and we have the series expansion in
£~ 0,

32cosh? (29) 7

D.24 =
( ) (&, 22) w2+ 1696%

& +0(Eh.

Introducing the shorthand,
(1 1 1
(D.25) Sy =sin iRi , Cy =cos §Ri Ey =exp ZzRi ,

we arrive at the formula (11.3)) upon substitution of (D.20)), (D.21]) into the
Higgs field ®.
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To check the result obtained, consider the reduction of (13.9) to the x;
and zo axes. To reduce expression (13.9)) x1-axis set zo = 0 and

(D.26) Ry =R_= /72— 162? = R.

Substituting these into the general formula together with k =0, K = F =
7/2 one obtains Ward’s expression (13.3) with r = z1,

B 2m2C(2S — RC)
R(m2C? — 162%)’

(D.27) H(x1,0,0) = —1

where S = sin(R/2),C = cos(R/2).
To reduce expression ([13.9)) to the zs-axis set 1 = 0 and

(D.28) Ry =7+ 4o, R_ =7 —4duxs.

Now in this case G(0,z2) = 0 for all 9 € R while also the numerator of the
expression vanishes and therefore the value of H(0,x2,0) results from the
limit as z; — 0. To do that expand the quantities R+ with x; =& up to
order 4,

8¢? 32¢4 6
D.29 Ry =7m+ 4y — — O .
( ) TN T Ly (7 £ duxo)3 +0(&)

Substituting these into the numerator and denominator one finds that both
vanish to order £* and the quotient reads

1602\
2 _
(D.30) H(0,22,0)" = (—tanh@m) + W>

which again coincides with Ward’s answer in this case.

Appendix E. Lamé’s equation

Here we adopt the approach of Brown, Panagopoulos and Prasad [1I] to
conjugate the equation Afv =0 into a convenient form. The aim of this
appendix is to show that for each coordinate axis we may reduce the matrix
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differential equation Afv = 0 to solving

d?u
dz?

(2) +U(2) u(z) = A u(z),

or the same equation for a shifted argument giving w(z). Here

1
A\ =27 — J(+ k) K2, Ay =3 — I<:2K2 A3 =122 — ZKQ.

With Kz = 3K + 2iK’ + 2s we may put U(z) into the standard Lamé form

(fg — 2k%sn? (s)> F(s) = =AF(s)

with A =1+ k%cn?(t) = —4);/K? and the parameterization of

2 2
4x] 4x3

422
. 2 _ 3
R T2 dni(t) = ——3,

k2K?
We caution at the outset that both the order of our tensor products and

our Nahm data differ from those of [11] and we shall relate our conventions
shortly. Set

z1: sni(t) =

z3:  cn’(t) = —

SO O =
O R OO
O O~ O
@)
I
o O =
S O =
O R = O

1|0 -1 -1 0
R"?—io 0 —i

Then we have P (Z 10 ® leg) P = Z 1 Zjlae ® 0. Then with

d 1
Afy = a—i-i ZUJ(X)O']f] Z@@leg v(z,x)
i f3/2—.%'3 0 —x1 + 129 f1/2—f2/2
d 0 —f3/2—{L‘3 f1/2—|—f2/2 —x1 + 129
-1 .
" —r1—ir2  f1/2+ f2/2  —f3/2+ w3 0 v(z, )
| f1/2 = f2/2  —z —ixs 0 f3/2+ x3
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the conjugation

(E.1)

Al .= 97 1P AT PQ

(fs+ f1— f2)/2 —13 -z iTo

il + —x3 (fs— fi+ f2)/2 T -z

dz 4 -1 —ixg (fi+ fo—f3)/2 T3
—ixo -1 T3 —(fi+ fo+ f3)/2

brings this to the form (6.2) of [I1]. This is the form of the equation to be
studied. The key observation of [11] is that for a coordinate axis (there the
x9-axis) the 4 x 4 problem ([E.1|) reduces to two 2 x 2 uncoupled equations.
These in turn may be reduced to an n = 1 Lamé equation. Before turning
to each of these reductions we first comment on the relation of the solutions
to our earlier general solution and relate the conventions of [I1] with those
here.

In general the solutions Vppp to ATVB pp = 0 are related to our earlier
solutions by

1
03(=2)

Vepp = Q 'PV =07'P (1, 0C '(2))

where (the conjugate of) A; was given in (8.1). Thus

1

Vepp = QP (12 ® Diag(p(z),pil(z)) O) %(2/2) A;
p(2) —p(z)  p(=2) p(=2)
S G A O R A A
03(2/2) 2 | p(=2) p(-2) px)  -p() |
—p(=2) —p(=2) p(2) —p(2)
(1/2iB —1/2iA)p(2) G+ (1/2a —1/28)p(2) + (1/2B + 1/2 A) p(—=)
1 (1/2iB —1/2iA)p(2) ¢ + (1/2a—1/28)p(2) + (=1/2B —1/2 A) p(—=2)

e
)

5(2/2) | (-1/2iB = 1/2iA)p(—2) G + (=1/2B +1/2A)p(2) + (1/2a +1/28) p(—=2)
(1/2iB+1/2iA)p(=2) G+ (=1/2B+1/2A)p(2) + (=1/2a = 1/28)p(~2)
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With our expansion

V(-6 ~

then VBpp(l - f) ~

and we ﬁnd ATVBPP =

(E3) V(E—1)~

then Vppp(€ —

5—3/2 _

573/2 +

573/2

_5—3/2

x1 + 129

1) ~
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—x1 + 1To

VE

\x[-l-\f(b—l/Qr)

ﬁ%—f(b—l—l/%“)

r1 + 129

Ve

(a+0)
s Vet

(a0
7 Ve

/s
V2bE+ Ve
\/g_

++v¢&a

+VE€c

’L'\/i’xg
vE€

,r.2

V2

V2
e

O(¢'/?). Similarly

L3 _1/942
\/E+\/E(b 1/27%)

—x1 + 122

VE

— JVEa

JE ++/Ec

—VE(b+1/27?)

Y
53/2
V23
VE

T3

i

_7\[_{_

V2b/E€ —
(a—0¢) - Vo
Ve

_( \f) "
a+c 1V 2x9
ves V&

V2
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E.1. Comparison of notation
To compare with [I1] we note their choice of the functions f;(z) are cycli-
cally shifted from ours and their spatial coordinate are the opposite of ours.
Denoting the [I1] choices by f; , Z; and Z then
fi=f/KK, f2= /KK, fs= /KK

By comparing

RATR! = i14
dz
B (f3 + fl - f2) P —3 121
n —r K; (fs—fi+ fa) iz —T9
—T3 —ia KQk (it fo—f3) x2
—iz1 T3 Z2 *K; (fi+fat f3)

with [11] we see that

B = —a3/KK, iy=—x1/KFK, &3=—x3/KFK, Z=KFK2.

E.2. The x, axis

We shall now reduce for each of the coordinate axes in turn to a
n = 1 Lamé’s equation; having done that we will solve for this, and so solve
for the three axes. First the xo axis. With x; = 0 = x3 the equations
ATY = 0 decouple into

Dot (@) +(1/2£5() +1/2/1 () = 1/2 2 () 01 (2) + o (2)

—0
%Ug (z) —iwovy (2) + (=1/2 f1(2) = 1/2 fo(2) — 1/2 f3(2)) v2 (2)
and
Lo () (1/2£3.(2) = /201 (2) 122 (2)) wn (2) + o (2)
=0.
d

0 (2) —idzows (2) + (1/2 f1(2) + 1/2 fo (2) — 1/2 f3 (2)) w2 (2)
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Consider the first of these. Solving the first entry for vy yields

i

7}2(2’) = E

(1@ 5+ 01 A -0 () ) 42 50 ()

which after substituting in the second component gives a second order equa-
tion of the form

1 (2) = f2(2) vi(2) + A(2)vi(2) = 0.

Now

(B4) fi= Tt f) fo= s+ fi), f= i+ R,

and so upon introducing the integrating factor

v1(2) = u(z) exp(% /z fa(s)ds) = u(z) v/ f1(2) + f3(z)

we obtain the equation

2u
% (z2) + A(z)u(z) =0

where

A() = =1/4 (f3(2))* =1/2 /1 () f3 (2) = 1/4 (h1 (2))°
+1/2f1(2) fa (2) = 22” +1/2 f3(2) fa (2).
We shall show that this is a Lamé equation. In terms of u(z) we have
(B5)  n() = 5 [20(2) + (5(2) + A uz)] VAG) + I00).

2332

When performing the same eliminations for the second set of equations
we find that the integrating factor is the inverse of that found. We have

w(z) i(e) — 20+ () ~ A w(z)
fiG) + fo(2) 20 1)+ ()

wy(z) =

)

where now

d2
422

(2) + B(z)w(z) =0, B(z) = A(2) + f3(2) [/1(2) = fa(2)]-
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At this stage we have a solution of the form
V=cVi +c)s

where

0
(EG) Vl = 0 3
(

B 712 + f3(2)
B Vo= S e Fe) )

2wy VG + f(2)

0

and this has precisely the asymptotics of for regular solutions u
and w.

To proceed we now construct the relevant Lamé equations. Although our
choices for the f;’s differ from those of [I1] we will obtain the same equation
though for shifted arguments. First, noting that f3(z) = —k*K? + f?2 (2)
we obtain the equation

d’u 2 Lo o
(E.8) 2 (z) +U(2) u(z) = A u(z), A2 = x5 — Zk K-,
with
UE) = 5 [F2() ()~ () fs (2) + i () o ()~ 72 (2)]

and also

Ty ew — ) U IS

22 B W) w(z) =X w(z), 2 =2y — kK7,
with

W) = 5 [ () fs () 4 1 (2) s (2) 4 1 (2) o (=) = 2. (2)].
Let us record the translation properties of our functions f;(z) (3.14):

fi(£2) = fi(2), fi2*2)=—fi(2), fil2T £2) = fi(»),
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fa(£2) = £f2(2),  fa2E2) =+£fo(2),  fo27 £ 2) = Ffa(2),
f3(£2) = f3(2), f32£2)=—f3(2), f3(271£2) =—f3(2).

W(z) =UQ2T — z), w(z) = u(2r — 2),

and our analysis reduces to the study of U(z).

Observe that from our asymptotics (3.20 |3.21)) of f;(2) that

2
UL-=0(),  UE-D)~ - oK,
which means that from
(E.9) u(1 — &) = constant + O(€),
W€ -1 = g~ |35+ R+ gl €40
1 a3 1 2\ 2 2

When substituted into (E.6) this yields (E.2|). We also see that both w(1 — &)
and w(§ — 1) are regular.

Finally, let
Kz =3K + 2iK' + 2s.

Then
1
U(z) = —§k2K28n2(s)
and we arrive at the first Lamé equation

2 332
%(S) - 2k23n2(8) F(s) = (4;{22 — k2) F(s) :=—=\F(s), F(s) = u(z).

If we set (this is the parameterization of §5.2)

4x3 Y
KR

2
4x3

)\:1+k2cn2(7§):k2 el

or dn®(t) =

and noting that if F(s) is a solution so too is F'(—s) (because sn?(—s) =
sn?(s)), then in section we show that Hermite’s eigenfunctions in this
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case are

H(s+1)
O(s)

H(—s+1)

o0) exp{sZ(t)}.

exp{—sZ(t)},

We note that
To=0<=t=K+iK'.

E.3. The x; axis

With 25 = 0 = 23 the equations ATV = 0 decouple into

(;zvl () 4+ (172 f3 (2) +1/2 f1 (2) — 1/2 o (2)) 01 (2) — 2109 (z))
=0
Ls (&) = ()4 (V212 (2) 1212 (2) = 1/2f3.(2)) 3 (2)

and

dz

Doy (2) — wvwn () + (“1/2 1 (2) = 12 fo (2) — 1/2 f5 (2)) s (=

( Loy (2) 4 (12 f5 (2) = 1/2 1 (2) + 1/2 f2 (2)) wr (2) — 210 (2) )
= 0.
dz )

Following the same steps as before we now have a solution of the form
V=c1 V1 + c)s

where

V1

VQ = 0
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Here

d*u 2 1 2\ 72
@(z)‘Fu(z)U(z):)\lu(z), )\1:1‘1—1(1"“]‘? JK*,

where again

UE) = 3 [F2() f5(2) — 1 (2) s (2)+ () o (2) — 72 2]

and also

d? 1

S EOHEWERE) = hwi),  A=af - (1)K
with

1
W(2) =5 [=f2(2) f3 (2) + [ (2) f3 (2) + 1 (2) fo (2) = f (2)] -
Now we have the parameterisation (this is the parameterization of

4

A=1+k%cn’(t) = (1

4

422
T K2K?

= %2 (1+EHK? — x%) or sn(t)

We note that depending on whether z; < Kk/2 or not, the value of ¢ changes
from real to a general complex number. This effects the nature of the func-
tions u(z) and the argument of Brown et al. for a real solution breaks down.

E.4. The x5 axis

There are a few differences in this case. With 1 = 0 = 29 we have the de-
coupled equations

AR PR 2R N e @)
i (2) —aer (2)+ (/2 3(2) = 1/2 1 (2) + 1/2 f2(2)) w2 )

and
U@ 2R G 2 @ (@) () )

d%wQ (2) + 23wy (2) + (=1/2 f1(2) = 1/2 fo (2) — 1/2 f3(2)) w2 (2)
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Again solutions have the form

V=c1 Vi + s

where now
u(z)
f1(2) + f2(2)
P — 1 2d(2) + (f1(2) — fo(2)) u(2)
2a3 fi (g) + fa(2) ’
0
0
Vo = 0
X w(z) v/ f1(2) + fa(2)
o 2w'(2) + (f1(2) + f2(2)) w(2)] v/ f1(2) + f2(2)
Here
*u u = N = a2 — LK
@(z)—i— (2) u(z) = A3 u(z), 3= a3~ 8

where again

U= L[ G A G BE+AERE - RG],
but now
FWE) w(z) = Agw(z),  Ag = al— %KQ,
with
W) = WK +2) = 5 [£2(2) s () + 1 (2) s () — i (2) o (2) = 2]
Thus
W(z) =UQRK + 2iK' —2),  w(z) = u(2K + 2K’ — 2),

and our analysis again reduces to the study of U(z).
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E.5. n =1 Lamé equation

We have shown that our matrix differential equation may be reduced to the
same Lamé equation for each of the coordinate axes and here we recall the
solutions to this. We have that

AU PN

) = S ata)

solves

du?

The Jacobi functions are

{dQ - 2p(u)] O(u,a) = p(a) ®(u,a).

H(u) = 01(u/03(0)), ©(u) = 04(u/035(0)), Z(u) =

Set wy = 163(0) = K. Then

(1) = s 0 o/ (2e) explm/(2))

_mu 1 6i(u/(2w1))
) = o 21 61 (uf (2o))
and
_0uta/@w)  f u 6(a/(2)
P =l 2an) p{ 21 91<a/<2m>}‘
Thus

. H(u+a)
O1(u/(2w1) —7/2)

X exp {— (231 - ;) %1((2//((22021):://22)) }

O(u—wiT,a+ wiT) =

_ H(u+a) e d Y 0 (a/(2w1)) e

- 945“/(260)1))eXP(Z'WU/(le)) p{ 2w [94(0/(2001)) H
yH(u+a

=c O exp{—uZ(a)}

and using 7 = w3 /w1,
1
p(u+ws) = —g(l + k?) + k%sn?(u)

we obtain Hermite’s solution.
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We may write our solutions to (E.8) as

(E.11) u(z)

_ 04 (21—1 _*_L) eXp{_z—!—l@fl (QL)

Now

61 (0)0s(c) P\ 6a(a)

_ 1 L@ (G 18O oo
_v+2[94(a) <94(a)> 361 (0) +O)
:%—2K2p(2Ka+w3)v+O(v2)

— % — 16 [112(1 + kD K? + ;)\2] v+ O(v®)

which gives (E.10).

Using our observation that if F'(s) is a solution of Lamé’s equation then
so is F'(—s) we may construct a solution vanishing at z = —1 by taking

NG R SN EESTTE
b () T (o)
0 g [ 1)

o () 01 ()

Appendix F. Monopole numerics and visualisation
(by David E. Braden, Peter Braden and H. W. Braden)

The numerical evaluation and visualisation of the charge 2 monopole is described.

We describe here the numerical evaluation and visualisation of the charge
2 monopole. The code and numerical evaluation of the energy density are
available via GitHub. The numerical evaluation of the Higgs field and en-
ergy density implements the functions of the main text in python: the main
procedures are described below. The key procedures are those that calcu-
late —% Tr ®2 and the energy density € for a given k and point in space
(21,2, z3). These are then utilised to calculate the same quantities on planes
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or axes as desired. We have given the energy density output in the directory
python_smoothed for k from k = 0.01 to £ = 0.99 in steps of 0.0lE

We have provided three tools to visualize the five dimensional datasets
(€, k, 1,22, 23): two are interactive, and the third graphical. These may be
also used for more complicated monopole configurations. We consider the
data as three dimensional volumetric data. Each of the interactive viewers
allow data to be dragged around and resized. The first https://www.maths.
ed.ac.uk/~hwb/browse.html (see the first of Figure uses the energy
density as opacity, and hides all volumes below a specified value in order to
look inside the volume. One may vary k and the threshold energy density
value. The opacity here is on a 0 — 255 scale and the double precision energy
density is converted to byte format. (The code also includes options for ab
initio creating energy density in byte form.)

The second visualizer defines a threshold above which to consider as
solid, and uses the Marching Cubes algorithm [32] to construct a mesh of
that threshold’s contour. These meshes can be visualised with many mesh
viewers, or even 3D printed (see the second of Figure . The procedure
generatemesh.py will take the value k = 0.6 and threshold 0.55 to produce
a standard .obj file via ‘python generatemesh.py 0.6 0.55 > test.obj’.
The resolution of the cubes is that coming from the numerical evaluation
(in the Figure these are cubes of size 0.05).

The third method of visualizing the data is a ‘Tomogram’ that takes
slices through the volume. We can plot the contours on these images, or
use colour to represent the density at that slice; Figure [9] shows Tomograms
with uniform and nonuniform colourings. The second last column of these
figures correspond to the k value of Figure

Numerical and Visualisation Scripts

The key scripts will now be described, breaking these into the numerical
determination of the relevant quantities and then their visualisation.
Numerical Scripts. The requirements for running these are python 2.7
and the following pip packages: numpy, scipy, mpmath.

9Each of the subdirectories, for example python_smoothed/k = 0.01, contains 60
files, each with the results of an xy-plane with a specified z-value from z = 0.025
to z = 2.975 in steps of 0.05. The zy-plane themselves are 60 x 60 arrays of double
precision output for x,y from 0.025 to 2.975 in steps of 0.05. The procedures allow
arbitrary grids to be specified.
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higgs_squared.py: For input (k,x1,x2,x3) calculates —%Tr ®? at the
point (z1,x2,x3) of space and a parameter k (between 0 and 1). This
file also calculates —% Tr ®2 for various planes. It may be run by
python -c "from higgs_squared import higgs_squared;
print (higgs_squared(0.8, 0.1, 0.2, 0.3))"

energy_density.py: For input (k,x1,x2,x3) calculates the trace of the
Higgs field squared for a point (x1,x2,x3) of space and a parameter
k (between 0 and 1). This file also calculates —3 Tr ®* for various
planes. The file tests if the spatial point corresponds to a multiple
root or branch point. It may be run by
python -c "from energy density import energy._density;
print(energy density (0.8, 0.1, 0.2, 0.3))"

Scripts for basic Functions: These functions are in the previous
scripts. Given k, determining the curve, and a point in space (k, x1, x2, 3)
the elementary operations are

e quartic_roots(k,x1,x2,x3) gives (unordered) solutions (; to the

Atiyah-Ward constraint.

order_roots(roots) orders the roots using the real structure .

cale_zeta(k, x1,x2,x3) = order_roots(quartic_roots(k, x1,x2,x3))

calc_eta(k, x1,x2,x3) gives the corresponding y;’s.

calc_abel(k, zeta, eta) calculates the Abel image of a point P =

(¢,m). To get the correct choice of contour we compare the n-value

given by the theta function given by calc_eta_by_theta(k, z)

and use abel_select: if they agrees the Abel image is accepted and

if not it is shifted by the half period to the correct sheet.

o calc.mu(k,x1,22, 23, (, abel) calculates the one transcendental func-
tion w.

o is_awc_multiple_root(k, 1,22, x3) tests if there are multiple roots.

e is_awc_branch_point(k,x1,x2,x3) tests if we get a branch point as
a roots; these are numerically unstable.

python_expressions, modified _expressions: These directories contains
the code for such expressions as the Gram matrix, the Higgs, and the
various first and second derivatives of (;’s, p;’s. When the the expres-
sions are very long, the appropriate matrix element of the matrices is
given.

python_smoothed: As described above, this directory gives the double
precision output for the energy density for k from k£ = 0.01 to &k = 0.99
in steps of 0.01.
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Visualisation Scripts. The dependencies for the visualisation tools may
be installed via the Makefile. The README.md contains instructions for
using the tools.We have

contours-image.py: Generates the Tomogram image.
generatemesh.py: Generates a 3d .obj file from the data.

generate-image-data.py: Generates the image data for the interactive
web visualiser.

visualise: This directory contains the interactive visualiser.
File Handling and Smoothing. A number of files deal with file handling.

array_tools.py, array_tools_float.py: General file handling and reflec-
tion of first quadrant data.

data.py: Load and manipulate the data.
files.py: read and write floating point files.
file_converter.py: converts floating point to bytes.

file_smoother.py: smooths the data on the exceptional loci arising from
bitangency.

simplify _script.py: modifies a number of python expressions in order to
evaluate them faster; the resulting files are in the modified_expressions
directory.

smoothing_tools.py: for smoothing arrays.
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