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Higher-spin kinematics & no ghosts on

quantum space-time
in Yang-Mills matrix models

HaroLD C. STEINACKER

A classification of bosonic on- and off-shell modes on a cosmologi-
cal quantum space-time solution of the IIB matrix model is given,
which leads to a higher-spin gauge theory. In particular, the no-
ghost-theorem is established. The physical on-shell modes consist
of 2 towers of higher-spin modes, which are effectively massless but
include would-be massive degrees of freedom. The off-shell modes
consist of 4 towers of higher-spin modes, one of which was missing
previously. The noncommutativity leads to a cutoff in spin, which
disappears in the semi-classical limit. An explicit basis allows to
obtain the full propagator, which is governed by a universal effec-
tive metric. The physical metric fluctuations arise from would-be
massive spin 2 modes, which were previously shown to include the
linearized Schwarzschild solution. Due to the maximal supersym-
metry of the IIB model, this is expected to define a consistent
quantum theory in 341 dimensions, which includes gravity.

(1 Introduction|

2 Basic definitions and algebraic structures|

3,1

[4  Matrix model and higher-spin gauge theory|

(> Fluctuation modes)

[6 Inner product matrix|

Meinc T : 1

1025

1026

1028

1033

1042

1044

1053

1064



1026 Harold C. Steinacker

8 Conclusions and outlook 1066
[9 Appendix| 1067
[References| 1090

1. Introduction

The starting point of this paper is a recent solution of IKKT-type ma-
trix models with mass term [I], which is naturally interpreted as 3+1-
dimensional cosmological FLRW quantum space-time. It was shown that
the fluctuation modes around this background include spin-2 metric fluctua-
tions, as well as a truncated tower of higher-spin modes which are organized
in a higher-spin gauge theory. The standard Ricci-flat massless graviton
modes were found, as well as some additional vector-like and scalar metric
modes. The latter was shown to provide the linearized Schwarzschild solu-
tion in [2]. However, the fluctuation analysis was not complete. In particular,
although general arguments suggest that the model should be free of ghosts,
this has not been established up to now.

The present paper provides a complete analysis and classification of all
bosonic fluctuation modes which arise on this background in the matrix
model. It turns out that in addition to the three towers of (off-shell) higher
spin modes found in [I], there is a fourth tower, which is obtained in a
coherent way. This provides a full and explicit diagonalization of the gauge-
fixed quadratic action for the bosonic matrix fluctuations. Moreover, we
classify and find the physical modes (i.e. the gauge-fixed on-shell modes
modulo pure gauge modes) and show that the invariant inner product is
positive, so that they define a Hilbert space. Since the quadratic action
is defined by the same inner product, this amounts to the statement that
there are no ghosts, i.e. no physical modes with negative norm. We also
compute the inner products for all off-shell modes, which is found to have
the same Minkowski structure as in flat space. This allows in principle to
write down the full propagator, and should be very useful in a future analysis
of perturbative quantization.

Along the way, many useful and surprisingly nice properties of the space-
time and its modes are uncovered, including simple on-shell relations which
show that the time evolution behaves very much like on commutative space,
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even in the presence of space-time noncommutativity. Quite generally speak-
ing, even though the organization is rather involved due to the higher-spin
structure, the results are remarkably nice and simple.

The origin of higher-spin modes can be understood as follows. The math-
ematical structure underlying the background under consideration is quan-
tized twistor space CP%’Q, which is a quantized 6-dimensional coadjoint or-
bit of SU(2,2) or SO(4,2). Semi-classically, this is an S? bundle over the
4-hyperboloid H4, or over the space-time M>!. The latter is a projection of
H* with Minkowski signature, describing a FLRW cosmological space-time
with a Big Bounce. This S? fiber is quantized and therefore admits only
finitely many harmonics, which transmute into higher spin modes on M3
due to the twisted bundle structure. All this is automatic on the matrix
background under consideration.

For reasons of transparency and simplicity the analysis is performed in
the semi-classical Poisson limit, where spacetime is described by a classical
manifold carrying extra structure which is underlying the noncommutativ-
ity. This case is already very interesting in its own right, and since most
computations are based on the Lie-algebraic structures, most steps would
go through in the noncommutative case with minor modifications. The clas-
sification of modes is literally the same due to the SO(4,2)-covariant quan-
tization map Q (2.13]), and the no-ghost result is expected to hold also in
the non-commutative case up to the cutoff.

However, there is one complication. Due to the FLRW geometry, the
isometry group SO(3, 1) of the background comprises space-like translations
and rotations, but no boosts. This means that local Lorentz invariance is
only partially manifest. The usual 34+1-dimensional tensor fields accordingly
decompose into several SO(3, 1) sub-sectors. This sub-structure is addressed
in section [3.2] which leads to an organization reminiscent of but distinct from
primary and secondary fields in CFT. In any case, the underlying SO(4,2)
structure group is powerful enough to control the kinematics. There is in
fact one advantage, since the absence of ghost is quite transparent as the
fields are naturally organized in space-like or radiation gauge. In the end,
local Lorentz invariance seems to be effectively respected and all modes
propagate in the exact same way, governed by a universal effective metric.
This is expected due to the manifest higher spin gauge symmetry, which
includes an analog of (modified) volume-preserving diffeos. Nevertheless,
the issue of local Lorentz invariance should be clarified further.

The appearance of a higher-spin gauge theory is of course very reminis-
cent of Vasiliev’s higher spin theory [3], [4]. Indeed as elaborated in previous
papers [5l [6], the present higher-spin kinematics is clearly related to the
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higher spin algebras of Vasiliev theory, although further clarification would
be desirable. There may also be a close relation with the Yang-Mills higher
spin models considered in [7]. However there are clearly significant differ-
ences. In particular, the present model is defined by an action and features
two scales, and IR scale given by the cosmic curvature and a UV scale where
the noncommutativity becomes significant. The separation of these scales is
determined by an integer n, and is therefore protected from quantum cor-
rections.

The results of this paper thus provides a solid base for an interacting
higher spin gauge theory which appears to include gravity. Although the
model is intrinsically noncommutative, it should be viewed in the spirit of
field theory. In contrast to holographic approaches space-time arises as a
condensation of matrices here, whose dynamical fluctuations are described
by an effective (almost-local) field theory. Most importantly, the present
model is well suited for quantization, as discussed in the outlook. The present
results should allow to study the quantum theory in detail. In particular, it
would be very interesting to make contact with the numerical simulations
of the IKKT model [8-10], which provide evidence that an expanding 3+1-
dimensional space-time indeed arises at the non-perturbative level.

The paper is rather technical and includes all the required details. To
make it more accessible, the conceptual considerations are kept in the main
text while many technical details are delegated to the appendix. The main
results are the classification of modes in sections [5| and and the no-ghost
theorem in section[6.4 The required background is provided in sections[2] and
which should make the paper mostly self-contained. Finally, a disclaimer
on mathematical rigour: The use of “Theorem”, “Lemma” etc. should be
understood in a semi-rigorous physicist’s sense. The statements are clear-
cut and justified with formal proofs, but full mathematical precision is not
attempted.

2. Basic definitions and algebraic structures

The theory under consideration [I] is based on the Lie algebra so(4,2) gen-
erated by M,

(2.1) [Map, Meq) = 1 (NacMpd — NadMpe — MbeMad + MbaMac)

for a,b=0,...,5, and a specific class of unitary representations H, known
as doubletons or minireps [IT], 12], labeled by n € N. These are short dis-
crete series unitary irreps of s0(4, 2), which have the distinctive feature that
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they remain irreducible if restricted to SO(4,1) C SO(4,2). They are also
multiplicity-free lowest weight representations. The special case n = 0 is ex-
cluded.

Fuzzy hyperboloid Hfl. The fuzzy hyperboloid H? [5, [13] is defined in
terms of SO(4,1) vector operators

(2.2) X% =rM®, a=0,...,4.

Here r has dimension length, and 7., = diag(—1,1,1,1,1,—1). Since H,
remains irreducible for SO(4, 1), they satisfy the relations of a 4-dimensional
hyperboloid

2

(2.3) npX°X' = —R*1, R®= %(nQ — 4
where the sum is over a,b =0,...,4. It is easy to see that the X* generate

the full algebra End(#,,), which transforms under SO(4, 2) via
(2.4) MP ¢ =MD, ¢, ¢ € End(H,) .

The quadratic Casimirs of SO(4,2) and SO(4,2) act on ¢ € End(H,,) as
Cls0(4,2)]6 = S, Mo, 6], a,b=0,....5

(2.5) C?s0(4,1)]¢p = =[MP®, [Mu, 8], a,b=0,...,4

1
2
and the SO(4, 1)- invariant matrix Laplacian on H;}

(2.6) On¢ = [Xa, [X, 0] = (=C?[s0(4,2)] + C*[s0(4,1)])¢

encodes the geometry of H*. All indices will be raised or lowered with the
appropriate 7% throughout the paper, and latin labels a, b range from 0 to
4 (or possibly 5). In particular, the following SO(4, 1)- invariant Casimir on
End(#y,) [1, 5]

8% = 5 S (M, M, J] 472X, [X°, ]
a,b#5
(2.7) = 20?[50(4,1)] — C?[s50(4,2)]

can be interpreted as a spin observable on H, which satisfies

(2.8) [S2,0x]=0.
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Hence Oy and S? can be simultaneously diagonalized, and End(#,,) decom-
poses into [5]

(2.9) End(H,)=C=C’@C'®...9C" with S%c =2s(s+1).

We will see that C° describes the space of (scalar) functions on H;, while C*
describes spin s modes on H2. The origin of this higher spin structure can
be understood by noting that End(H,,) should be interpreted as quantized
algebra of functions on CPY2, which is an equivariantlﬂ S2-bundle over H*.
This is best understood in terms of coherent states, which are defined as
follows: let

(2.10) |zo) == |0) € Hy

be the lowest weight state. This is an optimally localized statdﬂ at the “south
pole” of H*, with (zo|X®|zo) = zo = R(% +1,0,0,0,0). Then the coherent
state |x) = g |zg) € H,, is defined by a rotation g € SO(4,1) which rotates
xo into x € H*. Since the stabilizer group of g € H* is SO(4), the expec-
tation values

(2.11) 2® = (2| X|z)

span H* = SO(4,1)/SO(4). However there is a hidden fiber bundle over H*,
which arises from the fact that #,, is a representation of su(2,2) = s0(4,2) D
50(4,1). Then the coherent states sweep out the space

(2.12) {|p) = g>0), g € SU(2,2)} = SU(2,2)/SU(2,1) =CP¥? x U(1) .

Here CP'? is a 6-dimensional coadjoint orbit of SU(2,2), which is a S?
bundle over H* via the Hopf map . The fiber describes in fact a fuzzy
S2 spanned by the stabilizer SU(2) 1, of g € H* acting on |0), which spans an
n + 1-dimensional irrep, leading to the truncation in . For more details
we refer to [5]. The extra U(1) is just the phase of the coherent states on
Ccp2,

Using these coherent states, we can write down a natural SO(4,2)-
equivariant quantization map from the classical space of functions on C P2

li.e. SO(4,1) acts on the entire bundle in a way consistent with the bundle
projection.
2In a suitable sense, cf. [14], or [15] for a discussion in a similar context.
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to the noncommutative or fuzzy functions End(Hy,):
Q: C(CPY?) = End(HM,)
(2.13) 6w b= [ ow)n) 6l -

cp12

Here CP%? is equipped with the canonical SO(4, 2)-invariant measure. This
map is essentially one-to-one up to a cutoff [5], mapping square-integrable
functions to Hilbert-Schmidt operators. The inverse map (up to normaliza-
tion & cutoff) is given by the symbol

(2.14) ¢ € End(Hn) — (plolp) = é(p) € C(CP™?) .

Hence End(H,) decomposes into the same unitary irreps as L?(CP12) below

the cutoff, and the harmonics on the S?2 fiber lead to (2.9)). Since Q respects
SO(4,2), the generators act as

(2.15) (M, Q(¢)] = Q(i{m®, ¢(z)})

where {m®,.} implements the SO(4,2) action on C(CP'?) via the Pois-
son bracket arising from the canonical (Kirillov-Kostant-Souriau) symplectic
structure. This Poisson bracket is defined through the Lie algebra relations
for the embedding functions m® : CP'? < s0(4,2) = R, replacing
[.,.] by i{.,.}. This replacement will be called semi-classical limit indicated
by ~. In particular, it is easy to see that M® = Q(m®) and X* = Q(z%)
(up to normalization).

Due to the intertwiner property of Q, most of the (Lie-algebraic) com-
putations carried out at the Poisson level carry over immediately to the full
non-commutative (NC) case in End(H,). For example, the Casimirs and
Laplacian are respected:

(M, [Map, Q()]] = Q(—{ M, {Map, $}}),
(2.16) O0rQ(¢) = Q(0ue) ,

where Oy ¢ = —{2?, {24, ¢}} on the rhs is the Laplacian on H*. Thus even
though we will mostly work in the semi-classical case, most of the results
carry over immediately to the NC case.

Fuzzy space-time Mf’l’l. The main space of interest here is the fuzzy
or quantum space-time ./\/l%’l, which is generated by the X*, ©u=20,...,3,
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dropping the X* generator of H2. Then
(2.17) NuwX'X" = -R*1- X7,

and greek labels i, v etc. will run from 0 to 3 throughout the paper. Dropping
the X4 generator corresponds to a projection of H* to R*!, so that M%’l
should be interpreted as 2-sheeted hyperboloid, as sketched in figure[l} This

Figure 1: Projection II from H* to M>! with Minkowski signature.
interpretation is substantiated via the matrix d’Alembertian
(2.18) O = [T, [T", ¢]) = (C*[s0(4,1)] = C*[s0(3, 1)) .

which encodes an SO(3, 1)-invariant d’Alembertian for M?! with Lorentzian
structurd’, where
(2.19) = Ly

. = .
It is easy to see that the X* alone generate the full algebra End(H,,), which
can now be interpreted as quantized functions on a S2-bundle over M3,
They satisfy the commutation relations

(2.20) [XH, XY] = iOM = —ir? MM
It turns out that O is related to TH (cf. (3.4)), which satisfy the commu-
tation relations

1

Wl — pv woxv :i pv
(2.21) [TH,T"] r2R2® , [TH, X"] Rn X4 .

3It is natural to wonder about the Sitter solutions. While this is possible in
principle [16} 7], End(H) would imply a non-compact internal fiber and infinitely
many dof per unit volume. This is avoided here.
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These generators satisfy further constraints due to the special representation
Hy,. To simplify these relations we will focus on the semi-classical (Poisson)
limit n — oo from now on, working with commutative functions of z# ~ X*#
and t* ~ T" but keeping the Poisson or symplectic structure |[.,.] ~i{.,.}
encoded in 0*7.

In order to have a well-defined action, we will consider modes on M3
which are square-integrable, in the sense that the SO(4,2)-invariant inner
product is finite,

(2.22) 0< (0.0) =Tl ~ [ 5 <o

cp12

where functions ¢ € L2(CP?!) are identified with operators End(H,,) via
. The measure is the symplectic volume form 2 = %L!Pw/\?’ on CPY2,
which is dropped. All integrals in the paper are understood in this sense,
unless stated otherwise. Accordingly, ¢ € L?(CP%?) belongs to some unitary
representation of SO(4,2).

Since SO(4,2) is the conformal group on R*!, one might hope to apply
CFT concepts such as conformal primaries etc. Indeed H,, is a lowest-weight
module with ground state |0) which is an eigenstate of D = X*, whose eigen-
values are raised and lowered with M*® + i M#**. However, the main object of
interest is End(H,) = H, ® H},, and the square-integrable modes consists
of principal series modules rather than highest or lowest weight modules.
Therefore the familiar concepts from CF'T are not useful here. Instead we
will develop some more suitable structures in section which replace these
concepts to some extent.

3. Semi-classical structure of M?3:1

In the semi-classical limit, the generators z* and t* satisfy the following
constraints [5]

r

(3.1a) zuat = —R® — af = —R* cosh®(n) R~ on
(3.1b) t, " =12 cosh?(n)
(3.1c) tat =0

which arise from the special properties of H,,. We will interpret z# : M3 —
R31 as Cartesian coordinate functions. Here 7 is a global time parameter
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defined via
(3.2) z* = Rsinh(n)

which defines a foliation of M>! into space-like surfaces H?; this will be
related to the scale parameter of a FLRW cosmology with k= —1.
Note that 1 distinguishes the two degenerate sheets of M*1, cf. ﬁgure The
tH generators clearly describe the S? fiber over M>!, which is space-like due
to . These generators satisfy the Poisson brackets

{a, 2"} = 0" = —P2R2{1 1"},
m x! 7
3.3 th ¥} = v,

The Poisson tensor §" can be expressed in terms of t* via [5]

7‘2

(3.4) or = 72<sinh(n)(a:“t” —a"th) + euyaﬂmatg) ,
cosh®(n)

and it satisfies the constraints

(3.5a) t, 01" = —sinh(n)x*,
(3.5Db) 20" = —r? R? sinh(n)t®,
(3.5¢) UWHWHVB = R2r2no‘ﬁ — R%4t8 4 r2200F

as well as self-duality relations given in Lemma [9.4]
We observe that due to the relation (3.3)), the derivations or Hamiltonian
vector fields

(3.6) —i[TH,.] ~ {t", .}
play the role of momentum generators on M?>!, which satisfy
(3.7) {tu, ¢} = sinh(n)0,¢
for ¢ = ¢(x). There is also an SO(3, 1)-invariant global time-like vector field
(3.8) T = 210),.
3.1. Effective metric and d’Alembertian

In the matrix model framework, the effective metric on any given background
is obtained by rewriting the kinetic term in covariant form [I], [I8]. For the
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M3 background under consideration, this is
39 Slol= Tl 0lTu6) ~ [ e VGG 0000
and one obtains [1]
(3.10) GH = Sinh73(77) ~H 'yo‘ﬁ = 17“,,9“0‘9”5 = Sinh2(n)na6

dropping some irrelevant constant. This metric can be recognized as SO(3, 1)-
invariant FLRW metric with signature (— + ++),

ds? = G datdz” = —R?sinh®(n)dn? + R? sinh(n) cosh? (1)) d%?
(3.11) = —dt? + a*(t)d¥?.

We can read off the cosmic scale parameter a(t)

(3.12) a(t)? = R?sinh(n) cosh?(n) 0 R sinh®(n),
(3.13) dt = Rsinh(n)2dn

which leads to a(t) ~ %t for late times. This metric can also be extracted
from the “matrix” d’Alembertian (2.18])

(.14) D= [T ) ~ —{t {tu ) = sinh®(n)0g
: 0 4 _ __1 uv )
acting on ¢ € C°, Wher Oa \/@8“(\/ |G| G d,)

3.2. Higher spin sectors on M?3! and H? substructure

Due to the extra generators t#, we obtain explicitly the decomposition (2.9)
of the full algebra of functions into sectors C® which correspond to spin s

41t is interesting to observe that the invariant volume form d*z 3%4 arising from

the symplectic volume form [I] does not coincide with the Riemannian volume
d*r \/|G|. Accordingly, spin 1 gauge transformations are diffeomorphisms which
preserve 2 rather than the Riemannian volume.
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harmonics on the S? fiber:
(3.15) End(H,)=C=C"@cC'e...oC" with S%c =2s(s+1).

In the semi-classical limit, the C® are modulesﬂ over CY, which should be
viewed as sections of (higher spin) bundles over H*. More specifically, C*
can be viewed as totally symmetric traceless space-like rank s tensor fields

on M?3!

(3.16) ) = b () Gpr =10

due to (3.1). The underlying so(4, 2) structure provides an SO(3, 1) -invariant
derivation

. 4 252 1 1
qu = {I’ ’d)} =r"R Ft#{tua ¢} = *FI’M{I"M, ¢}
(3.17) =r? Rttt VP gy, (@)

where V) is the covariant derivative along the space-like H> ¢ M>!. Hence
D relates the different spin sectors in (3.15):

(318) D=D"+D*: ¢ = lact, DY = [Dg]p

where [.]s denotes the projection to C* defined through (3.15). It is easy to
see that

(3.19) (DY = —-D~

w.r.t. the inner product . Explicitly, Dz* = r?Rt* and Dt* = R~! 2#.
In particular, C(*9 c C* is the space of divergence-free traceless space-like
rank s tensor fields on M>!, in radiation gauge.

The DT operators allow to organize the C® modes into primals and
descendants

c(s0) — {p€C® D ¢=0} ...primal fields
clsthk) — (DH)ke(s0) ... descendants

5The module structure also applies in the noncomutative case if C° is equipped
with the commutative but non-associative pull-back algebra structure, due to (3.46)
in [B]. Useful discussions with S. Rangoolam are acknowledged.
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cf. [5]. This is somewhat reminiscent of primaries in CFT but the concepts
are different. The primalﬁ have minimal spin S2, which is raised and lowered
by D*; they correspond to divergence-free spin s tensor fields on H* in space-
like gauge, i.e. tangential to H3. The descendants are space-like derivatives
of the primal fields. However they should not be considered as pure gauge
fields, and they are part of the physical Hilbert space.

This sub-structure encodes two different concepts on the FRW back-
ground, which arise from the presence of a space-like foliation: S = 2s(s +
1) measures the 4-dimensional spin on H*, while (s — k) measures the 3-
dimensional spin of C(*%) on H3. Nevertheless, local Lorentz invariance
should be largely restored through gauge invariance, which contains €2-
volume-preserving diffeos. Although these act in a somewhat unusual man-
ner [5], one may expect that they protect the model from pathological
Lorentz violation. This will be illustrated by the fact that all modes propa-
gate according to the same effective d’Alembertian [J. In physical terms, an
SO(4,1) irrep #) € C* encodes a series of massless modes ¢(*%) in radiation
gauge with spin s — k for k=0,...,s.

Averaging over §2. We can interpret the projection [f(#)]o on the scalar
sector CY as an averaging or integral over the S? fiber described by the ¢
generators,

1

(3.20) O = =g o,
such that [1]p = 1. This gives the formula

cosh®(1)
(3.21) [tht]o = TPE
where
(3.22) P = n" + R200ihz(n)xuxy

In contrast to primaries in CFT, these are not annihilated by the M#> — i MH4
operators which lowers the eigenvalue of D. Primal fields do not have an eigenvalue
of D.
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is the positive semi-definite projector tangential to the space-like H3. Fur-
thermore, we have [I]

1
(3.23a) [t*0"], = g(sinh(n)(na”x“ —n*a’) + 1‘5664auy> ,
(3.23b)

3

[t#l o t/M]O — g([tmt”ﬂ[tust#‘l]o 4 [tmt#sﬂtﬂztﬂzx]o + [tult#4][t#2t#3]o) )
This also provides a formula for the projection on C!,
3

(3.24) [t*t5¢7); = g([t"‘ztﬁ]ot7 + [t 7)o + tﬂ[tat7]0> .
The general Wick theorem
(3.25) [t 4220 = age Y [EN] L [t ]

summing over all contractions can be obtained recursively from Lemma[9.1
in the appendix.

3.3. C® and higher spin on H*

In the previous section, C® was identified with space-like spin s tensor fields
on M>!. On the other hand, C* can also be identified with totally symmetric,
traceless, divergence-free tangential rank s tensor fields ¢, 4. on H* via [5]

(3.26) o) = {2, {z™, Pay.a.}...} €C°.

Conversely, a totally symmetric tensor field on H* can be extracted from
¥ via

(3.27)
barara, = {Tays - Az, 0D o = AT AT W] e

anticipating the notation (5.8), which is tangential due to z,{z? ¢} = 0.
One can also define intermediate tensor fields such as

(3.28) o) = {z% . {a™, Gayar ra )} €CT

which are tangential and associated to the underlying irreducible rank s
tensor field. Using Lemma [9.3] we obtain

(3.29) —{2%, $a} = a1 (O — 4r°)g1V
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and similarly using

—{2™, Paya,} = 01 (O — 4r) A [p?)]
(3.30) = o AL (O — 22+ 2)r*)o?)]

and in general

(3.31)
{2, barara.} = AL [ AL [(On — (52 + s +2)8)] ]

Iterating this, we recover up to some action of Ly,

(3.32) (—1)* (2%, ... &% Buras 0.} .-} = O(Or)d

where O(Op) is a positive and hence invertible operator provided
(3.33) On > r?(s* + 5+ 2) on C*% .

We will see that this is indeed the case for admissible modes, because ((3.44)
gives

(3.34) r 20 > +s5+9/4> 2 +5+2.

Therefore the maps (3.26)) and (3.27) are inverse of each other up to nor-

malization.

Relation with higher spin field strength. It is instructive to work out
these formulae more explicitly using the tangential derivatives on H* [5]

1
r2R2

(3.35) 0% = {07, 6}, e,

which satisfy

{z%,-} = 095, x0, = 0,
1
6a$b _ Pab _ nab + ﬁxaxb’
1

(3.36) 99t = ﬁ(—eacxd + 0%z,
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It is then straightforward to show (cf. [5])

1
as...a5 — {xalagbalaQ...as} — 0a1b16b1¢a1a2...a5 eC

(3.37) @) = gm0 . 0%0F, ... Oy barasa, = 0N 0V Fo b,
noting that §21019%b> = -2 R2pbib2 Here

th;a = 6a¢b - 6b(pa

(338) fal...ad;bl...bs = 6[bs o ESbld)alaz...as] .

The last term is a generalization of the curvature or field strength tensor,
which has the symmetry of the Young tableau . This provides a link with
Vasiliev’s higher spin theory [3),[4]; see also [5] for further related discussion.
However, the realization is more transparent.

3.4. Admissible tensor fields and positivity

This section discusses integrability and positivity aspects, and can be skipped
at first reading.
In order to have well-defined kinetic energy and similar quantities, we

need some refinements of the integrability condition (2.22)). Consider for
example

(3.39) 0< [{anoMa.6) = [ om0

The lhs is positive since {2, ¢} is tangential to H*, due to x,{z%,.} = 0.
Therefore

(3.40) Oy >0

must be positive definite. This argument carries over to End(#,,) (for Hilbert-
Schmidt-operators) using Q ([2.13]). However, we will need a slightly stronger
bound, which can be obtained from group theory. A heuristic argument for
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such an improved bound is as follows: consider the SO(4,1) invariant ex-

pression

(3.41)
- / (M, $}{M™, 6} = / H{M (Mo, 6}} = —2 / HC2[s0(4, 10

for a,b=0,...,4. At the reference point ¢ = (R,0,0,0,0) € H*, the sum on
the lhs separates as

(3.42)
4
(M pHM®, ¢} £ 23 (MO, 61 {M, 6} — 3 (M, p}{M?, ¢} .
a a,b=1

The first term is manifestly positive, while the second term is negative and
involves the local stabilizer SO(4) acting on ¢. Hence the second term mea-
sures the spin, and we expect heuristically that it contributes —2s(s + 1), if
we forget about curvature corrections for the moment. This would give the
estimate —C?[s0(4,1)] > —s(s + 1) for integrable modes.

The precise statements required are obtained from representation theory
for principal series of unitary representations. They describe the normaliz-
able fluctuation modes in the present context, corresponding to a continuous
basis for square-integrable wavefunctions on the hyperboloids, analogous to
plane waves in the flat case. The (bosonic) principal series of unitary repre-
sentations II, s of SO(4,1) are determined by the spin s € Ny and the real
(“kinetic”) parameter v € R. They can be identified with spin s wavefunc-
tions on H*. For these representations, the quadratic Casimir satisfies the
following bound [19]

(3.43) —C?50(4,1)] =9/4+ 1> —s(s+1)>9/4—s(s+ 1)

assumingﬂ v # 0. This is clearly a refined version of the above heuristic
argument, and it entails via (2.7 the following bound for Og

(3.44) 2 0p¢") = 2s(s + 1) — C?[s0(4,1)] > s> + s +9/4

which is slightly stronger than (3.40|). This will imply that the higher spin
modes in the present framework are square-integrable over H* and form a

"Note that v will not play the role of a mass in the present context. The case
v = 0 would correspond to some extreme IR case and is ignored here.
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Hilbert space, as discussed below. We will denote modes which satisfy the
condition , i.e. which consist of unitary principal series of SO(4, 1), as
admissible modeﬂ This condition is preserved by D* due to (9.12)).

It is interesting to compare this with the (bosonic) principal series uni-
tary representations II, s of SO(3,1), which are determined by the spin
s € Ny and a kinetic parameter p € R. They can be identified with spin s
wavefunctions on H?, and satisfy the bound [20, 21]

(3.45) —C?50(3,1)] =p* — s> +1> s +1.

Even though the conditions (3.43)) and (3.45)) are a priori independent, they
are closely related for on-shell modes here, i.e. modes satisfying the on-shell
condition (|5.26))

(3.46) 0=0=C?s0(4,1)] — C*[s0(3,1)] .

Then the 3-dimensional condition is slightly stronger than the 4-
dimensional condition except for s = 1. This means that on-shell
wave-functions which are square-integrable over some time-slice H3 are au-
tomatically integrable over the entire space-time, which is quite remarkable
and helpful for a theory with time evolution.

In particular, it follows that for admissible modes ¢ € C*, the tensor field
anlaQ...as defined in are square-integrable with positive-definite inner
product and form a Hilbert space, since

(3.47)
[ 8 = [V e b)) = [00Cu

and O(Op) (3.32) is positive as shown above. For the Minkowski case see

Corollary

4. Matrix model and higher-spin gauge theory

Now we return to the noncommutative setting, and define a dynamical model
for the fuzzy M?>! space-time under consideration. Consider a Yang-Mills

8Tt is interesting to observe using that the admissible modes are precisely
those with C2%[s0(4,2)] > 9/2, and it is plausible that those are precisely the prin-
cipal series irreps of SO(4,2) in End(#,). However, this will not be investigated
here. There are of course functions (e.g. polynomial functions) which violate these
bounds, but they are not normalizable and not considered here.
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matrix model with mass term,

(4.1) ﬂﬂ:;ﬂ%Whyann+£ﬁwn).

All indices will be raised and lowered with n** in the following sections. This
includes in particular the IKKT or IIB matrix model [22] with mass term,
which is best suited for quantization because maximal supersymmetry pro-
tects from UV /IR mixing [23]. As observed in [I], M?! is indeed a solution
of this mode]ﬂ, through

(4.2) YH=TH.

Now consider tangential deformations of the above background solution, i.e.

(4.3) YH=TH 4+ A

where A* € End(H,,) ® R* is an arbitrary Hermitian fluctuation. The Yang-
Mills action (4.1)) can be expanded around the solution as

(4.4) S[Y] = S[T] + Sa[A] + O(A?%) ,

and the quadratic fluctuations are governed by

(4.5) &Myz—iﬁ(AAD%-i}M+guw).
g R

This involves the vector d’Alembertian on M3

(4.6) DA=(0-27)A

(cf. (3.14))) which is an SO(3,1) intertwiner, as well as

. |
= 2R (O, A] = T2R2

(A7) T(AM = —[[Y", V"], A)] I(A)"

9This ”momentum” embedding via T* has some similarity with the ideas in
[24] but avoids excessive dof and the associated ghost issues, cf. [25]. The positive
mass parameter in simply sets the scale of the background. For negative mass
parameter, X* would be a solution [26], but the fluctuation analysis would be less
clear.
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using (2.21]). As usual in Yang-Mills theories, A transforms under gauge
transformations as

(4.8) OAA = —i[TH + A* A] ~ {tH, A} + {A* A}
for any A € C, and the scalar ghost mode
(4.9) GA) = —i[T%, A, ~ {#, A}

should be removed to get a meaningful theory. This is achieved by adding
a gauge-fixing term —G(A)? to the action as well as the corresponding
Faddeev-Popov (or BRST) ghost. Then the quadratic action becomes

2 3
(110)  SHA]+ S + Sghost = = 5 Tr <Aﬂ (D2 - ﬁ),aw n 2cmc>
where ¢ denotes the BRST ghost; see e.g. [27] for more details.

5. Fluctuation modes

We should expand the vector modes into higher spin modes according to

B.13),
(5.1) A* = A(x) + Al(z)t* + Aby(2)t*tP +... € CP@ClaCPa ...

However these are neither irreducible nor eigenmodes of D?, and the goal of
this section is to find explicitly all eigenmodes of D?. This will be achieved
using the s0(4,2) structure and suitable intertwiners.

Intertwiners. We recall the SO(3, 1) intertwiners (3.18))

DE: MR =) @ R?
(5.2) A, — DA,
It is easy to show using (9.5) that they satisfy the following intertwiner
property for D? [2]

28 + 2
RZ

_ %) AG, A® @

D2DtAL) = DT(D? + )A®),

(5.3) D2D~A® = D~ (D?
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In particular,
(5.4) [D>,DT™D7]=0.
We also recall the SO(3,1) intertwiner (4.7))

I: C°oR*—=C*oR*
(5.5) AR {0M ALY

which satisfies
(5.6) [Z,D*]=0.

In analogy to the SO(4,1) case discussed in [5], this is related to the total
50(3,1) Casimir of the vector fields via

a a 2 5
(57)  Clso(3, D]V = C[so(3, DY + C¥[so(3,1))*) — 5T

where (ad) indicates the adjoint action (2.5). Hence Z describes some kind

of “spin-orbit” mixing.
5.1. Diagonalization of D?

In [1], three series of eigenmodes A,, of D? were found, of the form

(5.8) AD[p] = {t,, ¢} e,
(5.9) AP GE) = {2y, 6}, ={wn, 6P}y eC,

(5.10) AT ={xu, ¢}, |, ={zp 0} e

for any ¢(®) € C*. However there should be another series, and to find it we
re-derive the previous results in a more systematic way. We start with the
easy observation [I]

i

(5.11) 'D?Agw¢]:,4@wxm—+}?)§]
This means that A,(f ) [#] is an eigenmode of D? if (¢ = A¢. Using the inter-
twiner properties (5.3), we obtain new eigenmodes by acting with D*. To
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organize this, observe using the Jacobi identity

D+AL9) [¢0®)] = Aff) [Dto)] + EA/(:r)w(S)]
2
(5.12) DYDY AW [¢)] = AW [DT D] + EAff) (D3]
etc., and similarly
1
D‘Aﬁf) [¢0®)] = _AELQ) [D~¢®)] + EAEL—)M(S)]
- s — 1) (s 2 — — (s

(5.13) D™D~ AW (¢ = AW DD ¢)] + EAL )[D~¢®)]

Using also the intertwiner properties (9.5 between [0 and D* we recover

(5.14) DQAff) (6] = A [ (O + = 5)<Z>(S |
(5.15) Do) = A0 O+ 2;? %))

D“‘A ) does not give a new mode due to , however D+A [qﬁ(s ] or
D_.A [qﬁ(s | do. These two modes are hnearly dependent modulo A(+—9)
due to the Jacobi identity

DA ¢ + D™ AL* )]

= [D({zp, ¢ Ps = B{ty, ¢} + {2, DH}s
(5.16) = r2RAD[¢(] + A [DT ()] + AP D] .

Hence either one can be used to represent the new mode (if it is indepen-
dent). We choose

(5.17) A .= DTAD 9] et

This provides the following list of eigenmodes of D? in C* ® R*

(5.18) {AD[p)], AP [plD] AT [pFD] A [p)])
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with eigenvalues

o 25 + 3\ (s

(5.19) DA D] = AP [(@+ 2 2) et
Vi (s _ —25+ 1, (s
(5.20) D2A (gl 1] = AL [(D + )" “)} .
S 3 S

(5.21) D2A[(I/g) [¢( )= _A(g) [(D Ri)ag( )}
(5.22) D2AM ¢ = A [(D + ﬁ)qﬂﬂ .
The eigenvalues can be made to coincide upon inserting DT using ,
and for any e1 enmode of ¢ = m2¢) we obtain 4-tuples of “regular”
eigenmodes A ®)] € ¢* @ R* of D?

AN [D=¢]

o A D) o

5.23 A(l) = 5 (ZWS +7_7n7

r2RAY)[¢]

for ¢ = ¢(®) dropping the index p, with the same eigenvalue

D2AW[g] = (1w + ) Ao
D2AONG] = (m2 4 S\ AC)
52 6] = (m*+ %2) 9
D2AD[g] = (m? + 55) A9[g]
DA 9] = (m? + o) AV

There is one “special” mode in (5.18) which is not covered by the regular
A® | namely A [¢(59)] with

28+3

(5.25) D2AD[p0] = A (O + )p=0] .
We will see that it is orthogonal to all regular modes, and altogether these
modes are complete. Hence diagonalizing D? is reduced to diagonalizing O]

on C?. In particular, we obtain the following on-shell modes (D2 — %)A =0

{AD) )], A ¢, A9 [p()], AT ()]} for g™ =0

(5.26) A0 for (O %)qg(sm _0.
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The propagation of all these modes is governed by the effective metric G,
encoded in [. In particular, we note that the on-shell relation Clp = 0
determines C?[SO(4, 1)] via for any given SO(3,1) mode, correspond-
ing some irreducible tensor field on the space-like H3. To put it differently,
the state at any given time-slice H3 completely determines the time evo-
lution, up to forward or backward propagation. This is non-trivial in the
NC case, and the time evolution is completely captured by SO(4,1) group
theory, even though M?>! admits only space-like SO(3, 1) isometries. Hence
we will obtain the standard picture of time evolution even though time does
not commute. This would be hard to see in formulations based on higher-
derivative star products.

In section [6] we will establish independence and completeness of
these modes after dropping A™[¢(>#*)] (which is not independent) and
A [gb(s’o)] =0, leading to a ghost-free action and a Hilbert space upon
gauge-fixing.

5.2. Diagonalization of Z and eigenmodes

To establish independence of the above modes, we need to distinguish them
using some extra observable. Since Z is related to the total SO(3,1) Casimir
(5.7) and commutes with both [0 and D?, we look for a basis of common
eigenvectors of D? and 7 in C ® R*. Using the above results, it suffices to

diagonalize Z on the tuples 1) 1} of eigenmodes. We can use the
relations

(5.27) FADBO]) = 12(s + 3) AP [6®)] 4 12RAD[D+ )]
| LADBY) = (=5 + 2 ADBY] + P RAD (D)
and

RIZ(A9D[¢]) = (s + 3)r?RAD [¢] + (25 + 3) AT DT ()]
+ 240D~ ¢®)] — (25 + 1) A [¢]

which gives

Z(A™[g)) = DT(Z(AL)[¢")])
(528)  =r2(—s+2)AW[H)] + r2AD D7 6)] + 2 RAV[D* D)
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using [Z, D*] = 0. In terms of the A® (5.23), this can be summarized in

matrix form as follows

(5.29)
AD)[g] s+2 0 0 dio\ [AD)[g]
A | _ 2| 0 s+l 0 dy | [ AD)[g)
AM[g) | 1 0 —s+2  di | | AM[g]
A9 ) 2 2s+3 —(2s+1) s+3 A9) [¢]
=:1

for ¢ = ¢>F) . Here we introduce the notation DTD~¢ = r2d,_¢ and
D~Dt¢ = r2d_, ¢ assuming that they are diagonalized on ¢*) which is
always possible because D™ D~, D™ D™, ] are mutually commuting. To find
the eigenvalues of I, we compute

det(I —z1) =d_+(2s+3)(s —x + 2)(s + = — 2)
(5.30) +(s—2+3)(s+a—1)(-2di_s+di_ +s*— (z—2)%) .

Using the commutation relations (9.70) of D* on C(**) this factorizes as
(5.31) det(] — z1) = <(k 52 (- 2)2) (K - (z—2)?) .

Here we introduce the useful quantity

42 — 1
k(2s — k)

(2s+1)(25s+3)
(k+1)(2s—k+1)

(5.32) —K:=s>+ dio = (s+1)2+ d_y

(for k = 0, the second form must be used), which is a measure for the kinetic
energy of ¢(5%) on the time slices H3. This quantity satisfies the important
positivity property

Lemma 5.1. For all admissible modes ¢, the following estimate holdﬂ

(5.33) Kl,>0.

10Recall that K commutes with (7. This operator inequality is hence a statement
for IC acting on some eigenspace or spectral interval of (.
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which is proved in appendix We can now read off two “regular”
(integer) eigenvalues of Z

(5.34) rzy =2+ (k—s),

which essentially measures the spin. The corresponding left eigenvectors
v+ - I = x4v4 are

_( _2k=2s41 _ 2543 _2s41
U- = k(k—2s) k—2s5—1 25—k
_ o _ —2k+2s+1 _ —2s—3 _ 2s+1
(5.35) Uy = ( k(k—2s) k+1 k 1 ) :

The remaining factor in (5.31]) leads to two extra eigenvalues
(5.36) 2. =2+ VK

where v/—K is purely imaginary due to (5.33)). The corresponding eigenvec-
tors for k # 0 are

s TFV_EK)—2s+1  3+2s 1425
(5.37) v/i:<( ~ ) , - ,1).
s2+ K s+1++v/—-K s++v/—-K

Their complexified form is somewhat misleading, and one can replace them
by the two real modes

;1 Py 1 (s+1)(2s+3) 73(23—1—1)
01_2(v++v‘)_(s2+lc’ (s+1)2+K° s24K ’1>

1 (v,_v,)_(_ 2 (25+3) (2s+1) )
oK T T\ 24K (s+124K 24K

(5.38) v =

which span the 2-dimensional negative eigenspace of (Z —2)2. More pre-
cisely, they satisfy

/
1
(5.39) (Z —2)vy =] .

We will see in section@that all the vy and v/, modes are mutually orthogonal
w.r.t. the invariant but indefinite inner product, as they must be, and v4
have positive norm at least on-shell.

Linear independence and degeneracies. Generically, the 4 vectors
above have different eigenvalues of Z, and are therefore linearly independent.
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Linear dependence can only occur if some of these eigenvalues coincide. In-
specting the above eigenvalues, we have to investigate the following special
cases:

e r, = x_, which happens if £ = s. This case will be discussed below.
e 2/, =2’ which can only happen for K = 0. This is ruled out by (5.33).

e 2 coincide with z/, if £(k —s) = +/—K. Again this cannot happen
since I > 0 (5.33)).

e Finally for £ = 0 and s = 0 some of the modes disappear, as discussed
below.

Hence except possibly for these special cases, the 4 regular modes A are
linearly independent. This strongly suggests that they provide a complete
set of modes, which will be proved in section [6.3

5.2.1. The primal sector £k = 0. In this case, we cannot use the above
results since A [D~¢] = 0, so that there are only 3-tuples of regular modes,
supplemented by the special mode .A(*)[<Z>]. For the 3-tuples, we then have

AG)g] —s+1 0 d—y\ [AD)[g]
(5.40) T AM[g | =2 o0 —s+2 0 AM)[g]
A9[g] 25+3 —(2s+1) s+3/ \A9[g]

=1

for ¢ = $(*0). To find the eigenvalues of I, we compute

(5.41) det(I —z1) = (s + 2 —2)(— K — (v — 2)?)

where the 2nd form of K in must be used. This has one “regular” root
(5.42) To=—5+2

with eigenvector

(5.43) vo = (0,1,0)

corresponding to A™ . The two other eigenvectors corresponding to the roots

(5.44) Ty =24+V-K
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are given by

25+ 3 —2s—1
(5.45) vy = < ) .

; )1
s+1++v/—-K st+v/—-K

It can be checked explicitly using the results of section [f] that these three
modes are mutually orthogonal. Again, we can replace the complex modes
v/, by 2 real modes

;1. iy (@2s+3)(s+1) (2s+1)s
01_2(v++v‘)_< (s+1)2+K 7 s2+K =

1 (o — )= (- (2s4+3) 2s+1
/Kt T H1D)24HK 82+ K]

(5.46) vh =

which are linearly independent. In addition to the above three modes, there
is an extra mode:

Special massless spin s mode A&_)[qb(s’o)]. For k =0 consider the
extra mode

(5.47) vy = AT [p0]

This is not contained in the previous modes v, vy because ¢(9) cannot
be written as DT ¢'. Hence it complements the 3 regular modes, so that
each ¢(50) determines again 4 independent modes. The on-shell condition
(D? - %)A(f)w(s’o)] = 0 takes the slightly different form (O — %)¢(3,0) =
0, due to (5.15)). This mode satisfies

(5.48) 2" A e = 0

due to i.e. it is space-like, since z# defines the time-like direction (e.g.
at a reference point ¢ = (&,0,0,0) on M31). Positivity of the inner prod-
uct then follows immediately, in agreement with the direct computation in
section @ Moreover implies that this mode is physical, and we will see
that for s = 2 it provides the 2 standard degrees of freedom of the physical
graviton [I].

The case s = 0. In this case (which implies k = 0), not only the A,(f)
mode vanishes but also .AELH) = 0, because A()[¢(0)] = 0. The above special
mode v also disappears, and only the v/, survive among the above
modes, or equivalently .AL_) [DT¢] and A,(f ) [¢]. We will see below that their
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inner products are non-degenerate, and these 2 modes are complete for s = 0.
This is consistent with the case of H;} studied in [5] and the case of S3 in
[6], where also two tangential modes were obtained for s = 0, and 4 modes
for s > 1.

5.2.2. The scalar sector k = s # 0. For k =5 # 0, ¢(*%) = (D)5¢(0)
is the s-fold space-like divergence of a scalar modﬂ Then the eigenvalues
z4 of Z and in fact also the corresponding modes v 1D coincide,

1 2s+3 2541
5.49 - ,:(f, - ,1) .
(5:49) Y 27 s+1 s
However, we will see in section that in fact v4 = v_ = 0 vanishes iden-
tically. A substitute can be found by formally taking the limit

(5.50)
1. Vy — V-
(¥ = am ———
extra T s k—s
o 2k—2s—1 | 2k—2s+1 2543 | 2543 2541 | 2s+1
Il < k(h—25) T k(h—2s) > K+l T F—2s—10 kT 254;70)

B (3 2s+3 2s+1 ())
B 27 (s+1)27  s2 7

We will see in section that vextra has positive norm and is orthogonal to
v/y, and there are no further scalar modes.

6. Inner product matrix

Now that we have identified the eigenmodes of D?, we can compute the
inner product matrix with respect to (2.22)). This will confirm and complete
the results of the previous section, and allow to determine the signature of
the inner product matrix for all admissible modes. We can then establish
a no ghost theorem providing a Hilbert space of physical modes. Moreover,
the off-shell results provide all the information needed to obtain the full
propagator.

URecall that (DT)*¢() are space-like scalar modes in the sense that the 3-
dimensional SO(3,1) spin on H? vanishes, since D commute with SO(3,1).
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For ¢, ¢' € C* we define the inner product matrb@
(61) G0 = (AD[, ADg]),  ije{+,—n.g)

with the A® defined in . The matrix elements are computed explic-
itly in appendix[0.9] They can be evaluated easily e.g. in Mathematica, since
the entries D1 and [J mutually commute, and can be simultaneously diag-
onalized for any fixed mode ¢(**). Then the space of modes boils down to
4-dimensional blocks A® which are mutually orthogonal. The metric in the
blocks is non-degenerate but indefinite since 7,,, has Minkowski signature,
and one can verify explicitly using the commutation relations that Z
is hermitian, i.e.

(6.2) (GIT)H) = (1G)t

where [ is the matrix defined in . This provides a highly non-trivial
consistency check.

Let us discuss the results in detail, assuming ﬁrst S 75 k # 0. One can
then check explicitly that all modes {v4,v}} (5.35) , are mutually
orthogonal, as they must be. The norm of the vectors vy is obtamed (e.g.
using Mathematica) as follows

4 2(k — 5)? (IC +(s— k)2)

(6.3)  (vy,vy)=r B0 D@ F) (K-RO+s*+k-1) .

Here [J is understood to acﬂ on ¢ resp. ¢', as resulting from the inner
product formulas in section The factor (K + (s — k)?) is positive since
K > 0, due to lemma [5.1} The factor

(6.4) (K-RO+s+k—1)=r20g—k(2s—k—1) —25—2
(using (9.76|)) is positive using the estimate

(6.5) P20 > k(2s —k—1)+2s+2,

12t is important to observe that the modes are integrable over the entire M?>!,
rather than just the space-like H3. The reason is that we consider the principal
series unitary irreps of SO(4, 2) in End(H,,), which correspond to square-integrable
tensor fields on H*. This allows to use invariance relations such as (D~)" = —D*.
Although semi-classically one could define an inner product based on H3, this would
not make sense in the fully NC case.

Brecall that O commutes with X and Op.
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which follows from the admissibility condition (3.33) for Oy
(6.6) P20 > s +s+2>k(2s—k—1)+2s+2

which reduces to (s — k)(s —k — 1) > 0. Therefore (vy,vy) > 0, and simi-
larly

(6.7)
420k — 5)? (IC + (s — k)2)

— RO+ —k+2s—1 .
R(2s — k£ 1)(25 — k)2 (IC RUO+s"—k+2s ) >0

(v_,u_)y=r

Now consider the v/, modes. Since they are complexified, we refrain from
computing their scalar product. The overall signature of G(") can be de-
termined more easily from the determinant of the full inner product matrix

, which is found to be

i 160 (k+1)(2s —k+ 1)(k — s)?
det(g8) =1 +(452—1) (4s(s + 2) + 3)? KK+ (s +1)%) -
((-RPO+K+s+s—1)2—(s—k)?)-
(6.8) ((RPO+k* —2ks+1-5)*+K) .

The first factor in the second line arises from the v+ modes, and is positive as
shown above. The last factor arises from the v/, modes and is also positive.
Using d4+_ < 0 and K > 0 we obtain

Lemma 6.1. In any 4-dimensional space of modes AD[¢], i € {+,—,n, g}
for admissible ¢ € C*F) with s # k and k # 0, the metric G is non-
degenerate with signature (+ + +—).

This is the core of the no-ghost theorem, as discussed below. The special
cases k = 0 and s = k will be discussed separately below. Off-shell, the signa-
ture (+ + +—) should be important e.g. in the context of loop computations
and to establish perturbative unitarity and causality statements.
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Explicit inner product for v}, modes. We can compute the inner
product for the U/LQ modes defined in 1' Their inner product is given by

oty = BV (7 M 220) (0 3 )
v (K + s2)2(K + (s + 1)2) b —£)”
K+s* s 2 2 2
@=-5—7 (RPO+k —2ks+s+2) +s (RPO+ K —2ks +1) ,
K+s?
P21 12
(6.9) b=-R*0-1 k+2k8+28+1
noting that
(6.10) k(25 — k) (K + s%) = —(4s% — 1)d, _ .

Here the 2 x 2 matrix has negative determinant

det (Z —b;é> ——M(K+82)(K+(8+1)2>
(6.11) (K4 (RPO+k* —2ks —s+1)*) <0,

and we recognize the last factor from . One could now select a canonical
basis of two null vectors if desired.

6.1. The primal sector £k =0

For primal modes k = 0, the A (0] = A [D=¢(=9] = 0 mode van-
ishes, and the inner product matrix simplifies accordingly. One can check
again that the 3 eigenmodes v/}, vg in (5.43)), (5.45) are mutually orthogonal,
with

4

(6.12) (vo, o) = ¢ I3

m(’C‘f’SQ) (—R2‘:’+IC+S2—].) .

This is again positive for admissible on-shell modes using IC > 0. The deter-
minant of the inner product matrix for these 3 modes is

. d__.s
(4,9)y — .12 + .
et ) =1 S e s 4 3)
(6.13) K (K—RO+5s>—1) (K+(1+R’0-3)?) .

Since d_4 < 0, it follows as in (6.4]) ff. that the determinant is negative for
all admissible modes.
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Now recall the extra special mode .AEL_)[<Z>(S’O)} . It is easy to see
from the explicit formulas for the inner products in section that this
mode is orthogonal to all other modes, and its inner product is positive as
already observed in [I]. Therefore we have

Lemma 6.2. In any 3-dimensional space of modes A® [¢], i € {—,n,g}
for admissible ¢ € C(59) with s # 0, the metric GO9) is non-degenerate with
signature (+ + —). These 3 modes are orthogonal to A7) [¢(*0)], which has
positive norm.

Explicit inner product for v}, modes. We can compute the inner
product for the UILQ modes defined in ([5.46)). Their inner product is given by

(o0t = r4(2s5 4+ 1)(—=K) (a b )

v (K+(s+1)2)(K+s2) \b —%
K+ (s+1)2
K+ (s+1)2
— P2 _ =\ 7
(6.14) b=—-R0O-2+ % 1
noting that
(6.15) ~K=(s+1)*+ (25 +3)d_; .

The 2 x 2 matrix again has negative determinant,

(6.16)

and we recognize the last factor from (6.13]). A basis of two null vectors can
be found if desired.

The s = 0 sector. As discussed above there are only two modes v/, in

this case, since Affb) = 0 vanishes identically. The considerations of the v} ,
modes defined in ([5.46)) goes through, and the determinant of the 2 x 2 inner
product matrix is still given by (6.16)) evaluated at s = 0,

(6.17) det <Z _b’%> =—(K+1)(K+(1+R0)%) <0.

Hence the signature is (+—), and we obtain
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Lemma 6.3. In any 2-dimensional space of modes AD[¢], i € {—, g} for
admissible ¢ € CO0) | the metric G9) is non-degenerate with signature (+—).

6.2. The scalar sector k = s # 0

In this case, gives det(G (izj)) = 0. This means that there is a null mode,
which is of course precisely the mode found in ([5.49)). In fact we show in
section [9.7] that it vanishes identically,

1 2s4+3 2s+1

6.18 =(— — 1) = =0.
(6.18) vt (52’ s P ) = Vnull
One can check that the extra mode ((5.50)
2 2s+3 2541
(619) Vextra = -2 ((927 (S + 1)27_ ) a0>

is orthogonal to both v/, , and its inner product is positive,

T4

53(1+5)K(’C OR*+s“+s—1)>0.

(6.20) (Vextras Vextra) =

However, we will see that vexira is not physical. This extra mode also explains
why there is only one factor (k — s)? in det(G(9)) , which arises from
the inner products of either v+ (6.3). The v/, modes can again be replaced by
v 5 (5.38), and the inner product in the space spanned by v} 5 has signature
(+-), which can be inferred from

K3 (K + (R?0 - s(s +1) +1)?)
a (K +s2)3 (K + (s +1)2)

(6.21) det (v}, v’;) =

i Yy <0

as before, using s?(K + s?) = —(4s% — 1)d,_. This means that there are 3
linearly independent modes {vi?Q,vextra} whose metric has signature (— +
+), and we have established

Lemma 6.4. In any 3-dimensional space of modes AD[¢], i € {+,—,g}
for admissible ¢ € C(5%) with s # 0, the metric G is non-degenerate with
signature (++ —).

These modes are equivalently spanned by vexira, v}, v, while the Al (@]
mode is a linear combination of these modes via (6.18)).
To summarize, we have identified the following scalar modes:
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A € C° The scalar modes A € C° are given by A(7)[¢] and AW [¢] for
¢ € C°, with non-degenerate metric with signature (+—). The mode A™ 4]
vanishes identically.

A € C%. The scalar modes A € C* for s #0 are given by A(7)[¢] and
AD)[¢] and AW[¢] for ¢ = %) = (DF)*¢(®) with non-degenerate met-
ric with signature (+ + —). We will see that for s =1, the only physical
mode in this sector leads to scalar metric perturbations, and in particular
to the linearized Schwarzschild solution [2].

6.3. Completeness

Now we want to understand whether the above modes are complete, i.e. if
they span the space of all fluctuations A. This will be addressed by counting
the number of degrees of freedom (dof), i.e. real scalar fields on M>!, at
each sector A, € C* @ R%,

A, € C®® R4 This sector clearly contains 4 dof. Among the above modes,
only the spin 1 mode A()[¢(V] and the spin 0 modes AW [p(D] are in
C’ ® R*, while A™[$(D)] vanishes. It follows from the previous considera-
tions that all these modes are independent. Now AEL_)[¢(1)] i.e. oM encodes
the most general space-like vector field on M3, cf. , which amounts
to 3 degrees of freedom. Together with the spin 0 mode A9 [$(*)] we obtain
4 dof, which is precisely the content of C® @ R*. It follows that the above list
of modes is complete. These modes are elaborated explicitly in section [9.2

A, € C°* @ R%.  This sector contains 4(2s + 1) dof. It is convenient to
ignore the (s, k) substructure of the C* here. Among the above modes,
A gD AM 6] A9 [p()] and A [¢(5~D] are in C° @ RL. If they
were all independent, this would provide all the (2s + 3) + 2(2s + 1) + (25 —
1) = 4(2s + 1) dof. The above results show that these modes are linearly in-
dependent except for the scalar sector discussed in section[6.2] which provides
only 3 rather than 4 modes due to the relation (6.18)). Therefore there must
be one exceptional scalar dof for each s > 1,

(6.22) Alms) c s RY, s>1.

Since none of the regular scalar modes A® is null, we can choose A% to

be orthogonal to all A Due to the explicit form of the A®, this implies
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that the A(€®%) can be chosen as follows
exr,s)\ _ ) — ex,s ex,s) __ +\s—1 4(ex,1
(6.23)  {t", A} = 0= {at, Alem9} | Al = (DT)smiglenl)

Orthogonality implies that this sector is respected by D?, and the physical
constraint is satisfied. Further details are discussed in appendix however
the explicit form of A¢®%) is not known.

Taking these exceptional modes into account, we have recovered all
4(25 +1) dof in C* ® R*, so that the list of modes is complete. Together
with the above lemmas, we have shown

Theorem 6.5. The AD[p(*)] modes along with the A [¢=0)] for
all s > 0 and the exceptional modes A'*"*) for s > 1 span the space of all
fuctuations A. A basis is obtained by dropping A™[¢>)] and AH)[p(=0)].

From a representation theory point of view, we have essentially decom-
posed the tensor product

(6.24) CoR*=a(...)

into SO(3,1) irreps. It is natural to expect that that each irrep in C arises
with multiplicity 4 on the rhs, and we have seen that this holds indeed for
the regular modes. However for non-compact Lie groups, the appearance of
extra modes A€ in the tensor product is not too surprising.

6.4. Physical constraint, Hilbert space and no ghost

We first observe that an (admissible, i.e. integrable) fluctuation mode .4
satisfies the gauge-fixing condition {t*, A, } = 0 if and only if it is orthogonal
to all pure gauge modes,

(6.25) (A9 A) =0 .

Now consider an on-shell mode A € C° in some 4-dimensional mode space
AD[¢], i € {+ —ng} determined by some ¢ € C**) with ¢ = 0 and s >
k > 0. Since that 4-dimensional space of modes has signature (4 + +—) due
to Lemma and AW is null, the gauge-fixing constraint leads to a
3-dimensional subspace with signature (+ + 0), which contains A, Then
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the usual definition

(6.26) Hphys = {gauge-fixed on-shell mOdeS}/{pure gauge modes}

leads to 2 modes with positive norm. This establishes the generic part of

Theorem 6.6. The space Hppys of admissible solutions of (D2 —
%)A = 0 which are gauge-fized {t*, A,} = 0 modulo pure gauge modes in-

herits a positive-definite inner product, and forms a Hilbert space.

Proof. The same argument works for the on-shell modes A®) [¢] € C* with
primal ¢ € C(59). For s # 0 there are 2 physical modes. One is given by a
linear combination of the A®[¢], i € {~ng} which has signature (+ 4 —)
before gauge fixing. In addition there is an extra on-shell physical mode
A [pE0] € ¢s for (O - 2)60 =0 (5.26).

For s =0, no physical mode arises from the A® e €% with i € {—g}
which has signature (4+—) before gauge fixing, due to Lemma For the
scalar on-shell modes AW [¢] € C*, i € {4+ — g} with ¢ € C(**), there is one
physical linear combination according to Lemmal[6.4]} Finally, the exceptional
modes A(c7:) are physical, and their norm is positive because the
25 + 1 dof in C* ® R* with negative norm are already accounted for by the
regular modes as shown above.

The admissibility condition implies square-integrability as discussed in
(13.47)). Together with the completess theorem the statement follows.

O

Observe that the inner product for vector modes is precisely real-
ized in the quadratic action (4.10)). Hence the above theorem is tantamount
to the statement that the quadratic action is free of ghosts, i.e. physical
modes with negative norm. Although the result is established only at the
semi-classical (Poisson) level, most of the steps would go through in the non-
commutative case using the so(4,2)-covariant quantization map Q ,
with minor adaptions due to the cutoff. Hence we expect that the theorem
holds also in the non-commutative case.

There is no obstacle to determine Hppys explicitly. It turns out that
none of the modes vy and v/, satisfy the physical constraint, hence non-
trivial combinations are required, and we can just as well us the A® modes.
A simplification arises for low spin, since the A7) [¢(2%)] € C' modes are all
physical due to . This leads to the following sectors of Hppys:

The physical modes A,, € C°. As explained above, the off-shell modes
A, € C° comprise the spin 1 mode A7) [¢(1)] and the spin 0 modes A9 [¢(?)]
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are in C° ® R*. These modes are elaborated explicitly in section Among
these, only the spin 1 modes A(f)[qﬁ(l’o)] are physical, and

(6.27) Hopnys N C° = {AD[g] for ¢ € c1, (O~ %)qﬁ =0} .

These modes satisfy 0" A, =0 = z".A,, and describe a spin 1 Yang-Mills
(or Maxwell) field.

The physical modes A, € C'. They arise from the 12 off-shell modes
A 6P, A W] AW [¢(M] and AlC®D modulo the relation .
Among these, all A(-)[¢?)] are physical due to , and so is the excep-
tional scalar mode A(¢*1) whose on-shell condition is not known explicitly.
We claim that there are no further physical states in this sector, so that

4

Hpnys N €' = {AT)[g] for ¢ € B2, (O~ 25)¢ =0}
(6.28) U {_,4(@3371); ('DQ _ %)A(m,l) =0} .

They satisfy {t*,A,} =0, and :U“Au[gzﬁ@’o)] = 0. To see this, note that
AM[p(1L0] is in the same tuple of primal spin 1 modes as A()[p(1-0)
and A [gb(l’o)] which contains only one physical mode due to Lemma
given by A [DT¢L0] = A)[¢(1:0)]. Note that the on-shell condition in
1D for ¢ = DT¢(1*) is equivalent to Od1*) = 0 due to . Similarly,
AD[pO] ~ AD[DHpO)] is in the same tuple of scalar modes as
ADt¢0] and A9 [D¢O)], and due to Lemmaonly AC)Dtp0)] =
A(*)[D+D+¢(O)] is physical. Again the on-shell condition in (6.28) for ¢ =
Dt D¢ is equivalent to 0D ¢ = 0.

The modes in govern the linearized gravity sector, as discussed
below.

The physical modes A, € C° with s > 2. For the regular modes,
the physical constraint {¢#, A4,} = 0 must be solved directly. To determine
Hphys, we can drop any contribution from AW, The simplest case is the

mode ((5.26) which is always physical due to (9.3)),

2(s+1)

(6.29)  {AD[pE+LO] for (O - = JolTL0) =0} € Hpnys NCE .

All other modes are contained in some regular A tuple, and we need to
work a bit harder. The gauge fixing constraint for the A& modes is given
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n (9.3), and for the A™ mode it is

{t", AP} = {1, DY AT (6]}
= DH{t", AT 8]} - *{ﬂf“ A7)

—s+2 — /(s — s
= 2D - (e, AD V)

(6.30) = (-5 + D™D + (O — 275 +1))) 4

using (9.50|), consistent with (9.106]). We should hence determine all on-shell

linear combinations
(631)  AP™[g] = e AV 9] + - A [g] + A [g],  Tp=0
for ¢ € C® which satisfy the gauge-fixing constraint

0= R{t", AP (o]}
— (e+(s+2)D* D™ + ¢ (~s+1)D"D*

(6.32) + cn(as(Op — 2r2(s + 1)) + (—s + 3)D+D_)>¢ .

Replacing Uy on-shell using allows to recast this into a 3-dimensional
constraint on H?, but does not lead to a simple expression. The first two
terms are non-trivial since s > 2.

Consider first the primal tuple A® [gf)(S’O)] for ¢ = —,n,g. This contains
one physical mode due to Lemma which we can choose to be a linear
combination with ¢, =1,

(6.33)
{e_ AD[E0] 4 AW (g0 for D0 = 0 and (6.32)} C Hpnys N C°

where c_ is determined by solving the above constraint. Next, the scalar tu-
ple A®) [qﬁ(s’s) | for i = 4+, —, g contains also one physical mode due to Lemma
which we can choose to be

(6.34)
(A [ 4, AD[p#)] for Op**) = 0 and (6.32)} C Hpnys NC° .
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Next, the generic tuple AW [¢(*)] for i = +, — n, g and s # k # 0 contains
two physical modes due to Lemma [6.1} which we can choose to be

{AS 3R] 4 L AP 3R] for Op*F) = 0 and } C Hphys NC?
(6.35) )
{c_ AV [ER] 4 AM[ER] for OplH) = 0 and (6.32)} C Hypnys N C°

the first of which was found in [I]. Finally, the exceptional scalar modes
Al€:3) are always physical, upon imposing the on-shell condition
(ex,s). D2 3 (ex,s) _ cs
(6.36) {A ; (D — ﬁ)A =0} C Hpnys N
This completes the list of physical modes.

Discussion. To summarize, the model contains generically 2 physical
modes parametrized by ¢®) € C5 with 0¢®) = 0 for each spin s > 2, up
to the exceptional cases discussed above. The ¢() are “would-be massive”
spin s modes, i.e. they contain the 2s 4+ 1 dof of massive spin s multiplets
with vanishing mass parameter, and they decompose further into a series
of irreducible massless spin s — k modes (in radiation gauge) as discussed
in section [3.2] These modes mix under the higher-spin gauge transforma-
tions. It is hence plausible that some of these modes become massive in the
interacting theory, which remains to be clarified.

Furthermore, we recall that at least for the regular modes, the above
Hilbert space is determined uniquely be the wavefunction on any space-like
slide H3. More precisely, the 4-dimensional Casimir C?[s0(4,1)] is deter-
mined on-shell by the space-like Casimir C?[s0(3,1)]. These statements ap-
ply also in the fully noncommutative case, resulting in a picture which is
quite close to the usual setup in field theory.

7. Metric fluctuation modes

To illustrate the physical relevance of the above results, we briefly discuss
how metric fluctuations arise from the above modes, elaborating on [IJ.
The effective metric for functions of M>! on a perturbed background Y =
T + A can be extracted from the kinetic term in , which defines the
bi-derivation

vy: CxC — C

(1) (6, ) > Y, 0} (Yar &'}
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Specializing to ¢ = z#, ¢’ = x¥ we obtain the coordinate form
(7.2) P = oM + {AY 2 H{ Ao, 27 Ho
whose linearized contribution in A is given by

(7.3) 67" = sinh(n){ A", 2"}o + (b < v) .

The projection on C° ensures that this is the metric for functions on M3,
Clearly only A € C! can contribute to d 4y*¥, which we assume henceforth.
To evaluate this explicitly, it is convenient to consider the following rescaled
graviton mode:

(74) WA = (A2 Yo+ (o ), RLA] = 2{A% 2}

Including the conformal factor in (3.10)), this leads to the effective metric
fluctuation [2]

(7.5) SGM = B2 (h — %17’“’ h) .

Let us discuss the mode content of h**[A]. Recall that the 12 off-shell dof in
A, = Ayat® € Chare realized by A 6], AP [p(D], 4D [p(1] AH) [4(0)]
and A1) Hence the 10 dof of the most general off-shell metric fluctua-
tions are provided by A [¢()], A9[¢(M)], and the scalar modes A [(0)]
and A1 The 6 physical metric ﬂuctuation arise from A [¢(?)] and
Aleml) - According to the results of section the 5 physical would-be mas-
sive modes A(7)[¢(?)] decompose into the massless graviton A7) [¢(20)], one
massless vector mode A7) [¢(3V], and one scalar mode A()[¢(2?)]. The
vector field can be extracted by

{tu, P} = {tu, {A", 2"} } + {tu, {A”, 2"} -}
— {{t, AM} 2} — %D‘A”

hys 2 __
7.6 P _Z DAY
(7.6) =D A

In particular, even though A [¢(M] encodes off-shell dof of a space-like 2-form
in (5.1), it is not physical. However the 2-form may be determined by the metric
modes arising from A7) [¢(V)], which are physical.
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using the Jacobi identity and (9.1]), which vanishes for the A()[¢(29)] mode.
Together with

(T7) At Lt P71 = Tt ({0 AP, 2%} ) = {1, D™ A%} P20 L

we obtain
1

(7.8) {tu, {tu, " }} + th =0 for physical A .
This constraint is satisfied by the physical scalar metric mode arising from

A [D* Dt ¢], which underlies the linearized Schwarzschild solution [2].
8. Conclusions and outlook

The results of this paper demonstrate that the model under consideration
defines a consistent and ghost-free higher spin gauge theory in 3+1 dimen-
sions, at least at the linearized level. It leads to truncated towers of higher-
spin modes, which include spin 2 fluctuation modes of the effective metric
leading to Ricci-flat metric perturbations as shown in [I], and the linearized
Schwarzschild solution as shown in [2]. Since it is defined in terms of a max-
imally supersymmetric Yang-Mills matrix model, it is plausible that this
defines in fact a consistent quantum theory which includes gravity. The cru-
cial feature in contrast to standard Yang-Mills theories is that space-time is
not put in by hand, but emerges in the semi-classical limit from the back-
ground solution given in terms of 3+1 large (in fact infinite) matrices.

Let us briefly discuss briefly the quantization of the model. Even though
the noncommutative space has only finitely many degrees of freedom per
volume, it is not automatic that the theory is finite and approximately local,
because of UV/IR mixing [23]. It is well-known that in NC field theories, the
UV degrees of freedom are dominated by string-like modes, which have both
IR and UV properties and violate the Wilsonian paradigm. In order to have a
good locality and UV behavior, their contributions in loops must cancel. It is
also known that in 4 dimensions, sufficient cancellations occur basically only
in the maximally supersymmetric N' = 4 case [28-30]. But this is precisely
what happens in the IKKT matrix model. In fact, one can view the present
model as noncommutative N'=4 SYM [31] with hs - valued gauge fields,
where bs is the finite higher-spin-like “algebra” generated by 0¥ or t#. This
suggests that the theory should be UV finite at all loops, and it is manifest
from the generic formulas in [22, 27] that the one-loop effective action is
indeed finite, cf. [32]. Of course the argument is not fully justified since hs is
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not a standard Lie algebra but includes some z-dependence; nevertheless the
similarity with A/ = 4 SYM suggests that the present model might provide
a UV-finite quantum theory including spin 2. This is certainly intriguing,
and vindicates more detailed investigations.

Although the model is not yet sufficiently developed, it is tempting to
compare and relate it with other approaches to quantum gravity. Conformal
or quadratic gravity (cf. [33] and references therein) is reminiscent of Yang-
Mills theory and is renormalizable [34], but contains ghosts. A similar issue
may be expected in asymptotic safety scenarios [35]. In contrast, we have
seen that the present model does mot contain ghosts, as the fundamental
degrees of freedom are different and arise from matrix fluctuations. String
theory in its conventional formulation can claim to provide 941-dimensional
(quantum) gravity, however compactification to 3+1 dimensions leads to a
lack of predictivity known as the landscape problem. This is avoided in the
IKKT model, which can be viewed as different, constructive approach to
string theory. Hence the present matrix model and the type of background
under consideration may provide the basis for a consistent and useful 3+1-
dimensional quantum theory including gravity, however it remains to be seen
whether the resulting physics is viable.
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9. Appendix
9.1. Useful identities for the vector modes A

We recall the following gauge-fixing identities for the vector modes A*

s+ 3
DTo®)
oDl

—s5+4+2
R

{t", A) [¢(S)]} —

i

D¢

(9.1) {t", A7 [pI]} =
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for ¢(*) € C*, which follow from (A.34) in [I]

R, {20, 00}) = £ (557~ s(s+ 1) +4) Dot
= (s+3)D+¢<S + (—=s+2)D~ ¢
(9.2) R{w,, {t",¢)}} = (s = 1)D" ¢l — (s +2) D7 ¢*) .
In particular, we note

s+2

{t", AL D7)} = = =DT D¢
(9.3) {t#, A [DF )} = _SJ;F L p-Dte®

The time component of AF) along the vector field 7 || can be obtained
using (3.17)) as

(9.4) P AB 9] = —2, DFo()

Intertwiner relations for (] and A. The following relations were shown
in [1]

OD ¢ = (D _ 7) o

R2
s 25 + 2\ (4
OD* ¢ :D+<D+ = )cé()
(9.5) ODYD~¢®) = DT D=0

as well as

0 LAY = (s+3>A<+ (6] + r*R{t, D* ¢V}
' (AT [69) = r*(=s + 2) A [69] + 1 Rit,, D¢}
and
D2AD (3] = AGH [(D n 281;2 5) ¢(s)}
(9.7) D2A [¢)] = AL [(D n %)&ﬂ .

Since D?A = (O + 2 I).A these two relations can be combined to obtain

(9.8) i)w(s | = (i) [(D _ %)qs(s)} _ %A/&g)[Did)(S)] )
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Intertwiner relations for Oy and \A. The SO(4, 1) intertwiner relation

r2C%[s0(4, 1) 4,[6®)] = —(Og + 220) — r2(8% + 4)) A, [¢®)]
= A [r2C?[s0(4,1)]0)]

(cf. (D.30) in [5]) can be used to derive several useful identities for Og. In
particular for A, = A [00)] = {24, }+ and a = 0,...,4, one obtains

Ou AT 6] = A [(On — 2r%s)6)]
(9.9) O ALY [909] = AP [(Op + 202 (s + 1)) )]

IO AD[G) =122 - ) AT and
IOAD 0] = r2(s + 3 AP (o),

cf. (5.48) in [5]. This implies for a =4

OuD™ ¢ = D™ (O — 2r°s)¢!))
O D¢ = DT ((Og + 2r2(s +1))9®))
(9.10) O DTD~¢®) = DY D~ Oge™ .

These are completely analogous to the relation for [J (9.5)), and can also be
checked directly. It is also easy to see (e.g. using their expression in terms
of Casimirs) that

(9.11) Oy, 0] =0=[0y,D? .
Together with (3.44)), we also obtain

(=C?[s0(4, )] + (s + 1)(s +2) D¢ = (O — r’(s + 1)(s + 2)) D76
= DT (Og —r?s(s +1))p®
(9.12) = DH(=C?s0(4, 1)) + s(s +1))o

an similarly for D™, which means via (3.43) that DT preserves admissible
modes.
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Evaluation of Z(.A9)). Consider for ¢ € C(*)

Z(ADg]) = {0, {t.,, 0}} = {{=", 2"}, {tu, 0}}
= _{{xy7 {t,,, (z)}}a I”} - {{t,,, d)}’xﬂ},x’/}
= —{{z", {tv, o} }, 2"} + {{¢, 2"}, o}, 2"} + {2t 1}, 6}, 27}

1 . ph
= —5{s=1)D*6— (s +2)D"¢,a"}

— AP0} 2} — (LA 0] b} = 2{D6, 27}
(s+1)

_ 54 _ N2 AH) -
= 2 amprg - CED ampg)
+ M]%?))D—AL+)[¢] _ (S_R2)D+AI(L—)[¢]

using 1) Using the definition of .A,(An) and 1} this gives

RI(A9D[¢)]) = (s + 3)r*RAY + (25 + 3) A" [ D¢
(9.13) + 241D ] — (25 + 1) AM[g] .

9.2. Explicit vector modes A € C°

We give explicitly the fluctuation modes discussed in section For qb(l) =
Pt we have
A 6W] = {2, 6at Yo = B6a[0"t7]0 + da{z”, 17}
1 1
(9.14) = 3 sinh(n) (@060 — (7 + 3)dy) + gxﬂeﬁ‘*wayqba

using (3.23)). The last term is the 3-dimensional rotation on H3. This vector
field separates into the space-like divergence-free field

A,l(t_) [(b(l,())] — _% Slnh(n)('f + 3)¢“ + éxﬁ564auyay¢a,
(9.15) DA, =0=alA,

(hence in radiation gauge) using (9.4), and the scalar mode
) r’R o
A [D¢] = 3 sinh(n)(2,0%0a¢ — (T + 3)0u9),
1

9.16 oMA, = ————5—
(9.16) A R2 sinh?(n)

zH A,
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using (9.1]) for ¢ € C°, which is neither space-like nor divergence—fredﬂ The
remaining mode in C is the pure gauge mode

(9.17) AW [6] = {t,, ¢} = sinh(1)d,6V .

This illustrates the sub-structure of tensor fields resulting from the reduced
SO(3,1) covariance. The only physical mode in this sector is .A,(f) [¢(10)],
which corresponds to a massless vector field.

9.3. Wick theorem for averaging over S?

Lemma 9.1.

3

(9.18) [0 b0 = bag Y [t tlo,  bas = s2s+ 1)

1<j
i.e. b2 = 1, b4 = 1%, b6 = % etc.
Proof. The structure of the rhs follows from the fact that all totally sym-
metric SO(3, 1)-invariant tensors are obtained from 7®?. The constants by
can be determined either using a recursive combinatorial argument by con-
tracting with 74, q,, or implicitly & recursively from

1 ~ 1
[t25]p = 5 25(25 = 1)bas[tsts] (135 2g == 55 D2sbas—a - bo(29)![tats]*
1 (2s)!
= 3°—[t3ts]®
3 tats] sl(2s+1)(2s —1)...1
(2s)!s! 1 cosh®(n) 1

9.19) = 3%[tats) 2 = 3°[t3t3])° =
(9.19) tats] s!(2s +1)! tata 5577 r2 25+ 1

at the reference point &. Taking into account the local radius of S?, this

agrees with (3.20))

(9.20)
1 1/t 1 1 1
— | cos(9)**2n sin(d)dd) = / duu® = - ——[u* ) = )
471' 92 2 -1 22S+1 25+1

g

We will also need the following variant of Wicks theorem:

5Incidentally, the explicit form of A;(f) [D¢] shows that the scalar mode A,(f) [¢] =
x,¢ as discussed in [2] is a linear combination of A,(f) and A&g).
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Lemma 9.2.

3
2541

(921) [t % ey = o1 D (VY[ tem1, Copr =
1<J

summing over all contractions, where [.]s_1 denotes the projection on C51.
Proof. The constants csy1 can be determined by contracting with 7y, q,:

(9.22)
(94,06 .19,y
= Cort <[t”tu] Ly NI Sy 1720 SO R S 127 | t]5_1>

cosh? 1
B csﬂrz(n)([t% T o 2(s = 1S t“s“h—l)

noting that no contractions can occur in the last term, and using (3.21))

cosh?(n)
3r2

h2
POt = cos (ﬁ)ta

2 L4 tH ottt =

as well as t#t, = %ﬁ(n) Thus
(e %) Qs a3 Qs 2 Qa3 sy
[0 . o] :cs+1<[t ] (s = D ]H)
2
(9.24) =cop1 (14 g(s — 1))t Lt
which implies ((9.21)). O

9.4. Computation of oy

We want to show the useful formula

Lemma 9.3.

(9.25) —{2% {24, 0} Vs = (O — 272 (s + 1)),  a, =

This formula was derived in [5] using the representation (3.26) for s = 1,
and for general s based on an indirect argument; however o was not yet
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found for s > 2. The structure of the formula is not surprising, since the lhs
is a SO(4,1)-invariant 2nd order derivation on C*®, which can only be Oy
up to some constants. Here we provide a direct proof, using the result for
s=1.

Proof. For s =1, the formula (9.25) was proved in [5] for ¢ = {z%, ¢,} for
any tangential divergence-free vector field ¢,, and it is not hard to see that
all ¢ € C! can be written in this wa; Using this result for ¢ = 6% as well
as [5]

(9.26) Oy = —r*R?9%9,

where 0 is defined in (3.35)), we obtain

(9.27) O (f0®) = —r?R2f0°0%f — 22 f09° — 212 R2(590°%)8,f .

On the other hand,

—{af {ze, f0°°Y Y = =27 00 — P2 R2(8%0°0) D f — {2, [0°°0°Y)0Daf}

1 .
L (O - 4)(f0™)
(9.28) = LR, - 2 0 2 R0

which gives the useful formula

9.20)  —{a®, [0°0° B, ) = %TQRQ( 03, f + (3%6°)3,f) -
Now consider the following constant modes

(9.30) O = ur app 00 0% e

where ¢, a.:b,..0, € C are traceless with the symmetry of a Young diagram
alelel Then

(9.31) {2 ¢ = —5¢a, . anpr.s 000 {20, 0%}

16For example, it suffices to show this for polynomial functions on CP'2, for
which the representation ¢ = {z%, ¢,} can be shown using Young diagrams along
the lines in [6]. It is also easy to see that {%, ¢,} = 0 for ¢, = 0,¢. For more details
we refer to [5].
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and

—{2% {24, 0} }4 = —50a, avbr. .00 {2 {2, 040}
(9.32) = —2r25¢®)
since —{x%, {z4,0%}} = —2r20%. It is easy to see that this coincides with
(9.33) Ogo® = —2r25¢®

because @q, .. q4.:p,..6, 15 traceless. Therefore

(9.34)
—{a® {2, 6} 1y = au(0n — 27 (s +1))¢) = —2r%(2s + 1)
and we obtain

_ S
C2s+1°

(9.35) as

Now consider general (non-constant) modes in C*® for s > 2. They are spanned
by modes obtained by multiplying the above constant modes ¢®) with some
functions:

(9.36) @)™ = f(2)ba,...auby., 000 .. %0 cCs .

Then

{2, [} = =50, a0, FO {00}
(9:37) Gy, 070 0905, f

(note that there is no factor s in the second term), and

_{xc’ f¢(8)}— = _S(Z)al...as;bl,,,bS f9a1b1 L. {1‘07 Qasbs}
(9.38> - SCS-"-1¢(11...as;bl...bS 9a1b1 R [HaSbSHCd]O5df

using tracelessness, where ((9.21))

3

9.39 _ ,
(9.39) “2s+1 = 50
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Now consider first

—{ze, {2, FON) = —5Par a0, fOU0 - {e, {26,071}
N—_————
2r2fQasbs

_ 2S¢)a1..-as;b1...b50albl . {xc, easbs}gcdédf

— 5(8 = 1)¢ay avibr. b, f {2, 000} . {aC, 0%}
0
— Bay.anipr b, 00 0% {xe, 0900}
= —r?R2¢595, f — 2517 fo(*)
— 2500, aubr b, 000z, 09010 f
= —r?R2¢)%f — 2512 fo')
— 2572 R%Ga, a5, 00 . (3%0%0)D f

using
(9.40) {26,000 f} = {2, 0704 f + 0°Y ., Daf} = r? R0, f

since %9, = 0. We observe that the last term is in C*. That formula could
be obtained simply from (9.26)), but the intermediate steps are useful here.
The first terms also arise in

—{@e, {2, fOD}_}h = — 500, aupe.b, fOUT L e, {2€, 090 })
— ———————
2r20asbs

— 5Gar.anibr. 5,00 e, 0701000 f
— 8Cs+1Pay...anb. b, 00 L {xe, 0720004 f }
— 5(s — 1)Cs410a,...aubr.b, {Te, 070} (09220 0Dy f
= =251 f¢) — s’ R%a, a0y 0,07 . (090%P )0 f
— 8Cs+1Pay...anbr b, 00 L A{xe, 0720004 f }
= 12500, aupy..b, 0" 0% b

1
(9.41) (276" + 209" )3af + —5evir{e [6°700Baf} ) -
Here we observe that the term proportional to s(s — 1) vanishes since

Bar...anibr.b. 425 001} L [09P0°)
= T2¢(11...a5;b1...b5 (nalcxbl - nblcxal) e I:Haébéeccqo

(9.42) = r2¢almas;blmbs([gasbsgald]oxbl _ [easbselnd}oxal) =0
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as it involves a contraction or the irreducible tensors with 74 or €gpeqe due
to (3.23). Now we can reduce the term in brackets using the s =1 result

(19.29). This gives

7“25

_ e rols) ___"s
(e {25 fO )y = =5+
(2(23 + 1) f0%b + 25 R*(999%%)d,f + R?0°0%0, f)

¢a avbi b 0a1b1 0a5—1b5—1
1...U54071...05 A

= 5o 7O = 2°(s + D7)
_ T2S < _ R2¢(8)6d6 f _ 2(28 4 1)f¢(8)
T 2541 d

— 25R*Pa, a0, 0 (5d9“sb°‘)5df)

using , which proves . [l
It is quite instructive to check the s = 1 case explicitly for ¢ = zP )10
(9.43) OpoM) = —6r2¢M 4 2(9%P2b — 9P2) .
Now
(€, 2P M) — —P{MP, 2°) 4 [§P MY,
(9.44) = (gt — nPea®) — T(Pjapfb PPy %50(1]21)6‘%6)
hence

{we, {2, 2P M} )
2
1
=—mmﬂﬁrwmw%%—%%wmmﬁ—@%ﬁ%+ﬁfm%@
4 1
= =5 (2270 + 2"0° — 2°0) — S Re"P*“0e

4 2
=~ (20760 + 29" — 2°6%) — Z(6" 2 + 6" + 972

1 2 2
— §0r2¢(1) _ gwbeap + gl'aebp
= 2 (On — 4?)g

using the self-duality relations in Lemma
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Lemma 9.4. 0% satisfies the following self-duality relations

(9.45) gapeeq  xP = 2RHW
1
(9.46) 0 = e xebie
2
(9.47) gabreeq = E(@“%P + 0P 4 gPagbt)

where the indices of Oee = NeeNeer 0 € .

Proof. The first relation is already known [5], and the second relation reduces
to the first at the reference point £ = (R, 0,0,0,0). Now consider the third
relation. The rhs is totally antisymmetric. At the reference point we can use
00¢ ~ £,0°* = 0, so that the lhs vanishes if all 3 indices abp are tangential at
£. If one is transversal, say a = 0, this reduces to

2
(9.48) gobpeeq ., = Eebpxo = 20
which is correct using (9.45]). As a check, contracting (9.47)) with eqpprs gives

6
(9.49) Eabprs€ P 0ce = Eaabxpgabpm =120, .

As a corollary, we obtain

Corollary 9.5.

(o, {69} )y = (0u(Op = 2%(s +1)) + DY D" )¢
(9.50) = a,(0y — 27%(s + 1))V, k=

Proof. This follows from the above noting that {z*, {z4,¢}_}, = D*D~¢
and D~¢(*0) = 0. a

Corollary 9.6. The totally symmetric tensor field ¢, . .. (z) associated
to ¢ wig 18 square-integrable, space-like and divergence-free with
positive inner product if &0 is admissible. It is proportional to the tensor

field in .
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For generic higher-spin modes such as AL_) [p(=#)], positivity should not
be expected, since they are in general not physical.

Proof. To see this, we first note that {z,, ¢(s,0)}_ e C5=19) because
(9.51) D~{x,, s} _=0.
More generally,

(9.52) Bpiro = A JAD [9E0] L] € el

for any [, so that

{2 Az, by} -t =12 A{Ta> Ppseop - F o+
(953) = QS(DH - 2T2(5 -1+ 1))¢N1...MZI :

Then in the computation of the inner product (3.47) goes through with

indices in 0, ..., 3. Space-like and divergence-free follows as in (9.15]). The
relation with (3.16)) follows from irreducibility. O

9.5. Algebraic relations for D, Oy and K

We can derive a relation between [J and [y as follows: consider
2 2 7 2 Iz
=006 = 13l a7,6}} + ({t (2", D))
+ {@, {t", DOYY) + {ty, {t", D*9}} — 2r’0¢
2 4
= {2, 6}} + 5 {t (2%, Do}

— %quﬁ — O(D?%p) — 2r*0¢
2 2
(9.54) = —ﬁmfm +0D?¢ — ﬁp% —2D0OD¢ — 2r20¢

using D?z* = r2z# and the identity
(9.55)  2R{t" {x,,¢"*)}} = (R’O+4)D¢!) — R*D(0¢")

which is proved in (A.36) in [1]. Hence

(9.56) 20y = R*(D?*0+0OD? — 2DOD — 2r200) — 2D? .
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Writing D = D' + D~ this can be written using (9.5) as

(9.57) |[Omo® = ( — R*?0+ (2s —1)DTD™ — (2s +3)D~ D+)¢(s> _

This is a very useful relation, which can be checked easily e.g. for ¢ = z%.
It will allow to evaluate the inner products of the fluctuation modes. It also
allows to express D~ D™ in terms of D™D~ and the Box operators. Since
D~ D" commutes with both [0 and g, we obtain

(9.58) [D-D*,D*D7]=0.

In particular, this gives

(9.59) OpoO = ( ~R%0— (25 + 3)D‘D+)¢>(5’0) .

Now consider

O DoY) = DHOp + 2% (s + 1)) >0
- D+< ~R%?0— (254 3)D~ DT + 2r2(s + 1)>¢<S>

(9.60) - ( (25 +3)DTD™ — R¥%?0+ 4r%(s + 1))D+¢(5’0) .
Combining this with (9.57) for Dt ¢(9) gives

( (25 +3)DTD™ + 4r(s + 1)>D+¢(570)

(9.61) - ((23 +1)D¥D™ — (25 + 5)D‘D+)D+q5(s’0)
hence
25+ 5
62 D+D— D+ (s,0)y — D—D+ 2 D+ (s,0) )
00 e = (B0 )

These are effectively commutation relations between Dt and D~ on 11,
For the general case, we make the ansatz

069 [ DTD((D7)6) = @D D +5) (D6
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The constants are determined recursively by considering
DH(D+)k¢(S’O) — DT (DH + 27“2(8 + k‘)) (D+)k_1¢(5’0)

=DV (- R**0+ (2s+2k—3)DTD"

— (25 + 2k +1)D" DT +2r2(s + k)) (DT)F o0

= (= R0+ ((2(s + k) = 3)i1 — 2(s + k) — 1) D¥ D™
(9.64) (25 + k) — 3)bp_y + 472(s + k)) (DH)Ep0)
On the other hand, the lhs can be written using (9.57)) as

Or (D)0 = ( — R%20+ (2(s+ k) — 1)DT D™

(9.65) —(2s+ k) + 3)D—D+) (D)kg(s0)
and combining these we obtain

((2(s + k) — 3)ax—1 —4(s + k)) DD~
+ (25 4 2k — 3)bj_1 + 2r%(2s + 2k)
(9.66) = —(2(s+k)+3)D D"

acting on (D1)*¢(0) Comparing with (9.63)), we obtain two recursion re-
lations

G — 2(s+k)+3

ap = (2(s + k) — 3)ap_1 — 4(s + k)

u (2(s+ k) — 3)l~7k—1 + 47"2(5 + k)
(9.67) b, = — (2(s+k) —3)ag_1 — 4(s + k)
with
(9.68) ap=0=by .

This is solved by the remarkably simple general formulaF_q

~ 2s+ k

by = krP————
et ok — 1

k 2s+2k+3 2s+k

T k412542 —12s+k+1°

a

17A random change of the recursion would lead to a complete mess here, which
strongly indicates that we are on the right track.
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Now we change notation as follows:

(9.69)
D+D_¢(S’k) _ (as,kD_D+ + bs7k)¢(s’k), ¢(s,k) _ (D+)k¢(s—k,0) )

Comparing with the above we see that a1, = Gg|s—s—k and ask = Akls—s—k,
and therefore

2s — k
be . = r’k
sk =T 2s — 1

B k 2s+3 2s—k
Ck4+12s—12s—k+1"°

sk

We also note the inverse relation
p Dt = Lt prp bk
Qs | Gs k
_k+125s—12s—k+1
k2543 25—k

2s—k+1

(9:70) 25+ 3

D"D™ —r?(k+1) , k>1

which however only makes sense for k > 1.

Relations for K. As a consequence, we obtain

D+D_¢(S’k) _ D+(D_D+)¢(S_1’k_1)

k 2s —k 2s—3 2s — k
el _ D-‘r( D+D— . 2]{5 (s—1,k—1)
(9.71) k—12—k—12s5+1 " 2s+1>¢

for k > 2, which gives

(2s+1)(2s — 1)

— 4(sk)
k(2s — k) DD7¢
_ (25 —1)(2s — 3) . B (s—1k—1)
_D+((kz—1)(2s—k:—1) DYD™ — r2(2s 1))¢> Lk=1)

Comparing with the definition (5.32)) of K

452 — 1
2 2.2 N
2K = —D"D
AT s — )
25 +1)(2
(9.72) I CLh L e

(k+1)(2s—k+1)
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we obtain
(9.73) [K,DF]=0 onCl® k>1.
For k =1, we can write

Ko = KDTpl—10) = _((23 +1)D*D™ + 32)D+¢(5*170)
(9.74) = —D+((23 +1)D D" + 32)(25(5*170) — DYKpE10

using the second form in (5.32)) of K. It follows that

(9.75) [K,D¥] =0

without any restrictions. In particular, diagonalizing the space-like Laplacian
DD~ on ¢(#) = (DH)kp(s=k0) is equivalent to diagonalizing it on ¢(5=%:0)

Evaluation of g and positivity. We can use the above results to show
(9.76) Opo=k) = rz( RO+ K+ (s+ 1)+ k(25 — k))¢><s’k>

which is obtained from (9.57) using the relations . This provides an
on-shell relation between the Laplacians on H3 and H*. Moreover, we recall

that Oy is manifestly positive, and satisfies the bound Oy > r2(s? + s + 2)
using the admissibility condition (3.33)). Then (9.76) gives

(9.77) (—R2D+lc+s—1+k(2s_k))¢<s,k) S0,

This is useful to establish the signature (+ + +—) of off-shell modes in sec-
tion [6

9.6. Positivity of the space-like Laplacian K

Now we show lemma [5.1} which states that IC > 0 for admissible ¢. To get
some insight, recall from [I] that for scalar fields ¢ € C°,

2 P2
(9.78) -D™ D¢ = % cosh?(n) AP g .

Here A®) = —V(3)°‘V(ag) is the space-like Laplacian on H? w.r.t. the induced
metric, extended to symmetric tensor fields ¢, .. (). The lhs is related
to K by a factor and a shift. Clearly A®) > 0 for square-integrable
functions, but the required bound K > 0 is slightly stronger.
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Proof. Using (9.75), it suffices to show K > 0 for k£ = 0, which is the state-
ment

5 (s+1)2

(s,0)
25 + 3 on € '

(9.79) -D"Dt > r

Recall that the tenssor field encoded in ¢) = 0NN e oS C:0) g
divergence-free. Then

DD ¢ = +2RD~ (vg?’)(;sm,,,mtm .. t“Sta)

= riR? [Vg”) V)t .. .t“st“tﬁ}

S

_ 057“7«2 R? cosh?(n) (v(:a)avga) G B0 11

+sVOmYBg, g t“Sto‘)

7,2

(9:80) T 25+3 (‘RQ cosh?(n) APl — (s + 1)¢>(5))

using Lemma noting that V) P/ = 0 and

[V(3) Vg’)]gﬁ”“'“s — (Rf;)a)“;gb”“2“"‘s + Z(R;(i)a)“li(ﬁ“l””'“;

M1
#1
_ 1
R2 cosh?(n)
. (2paiy¢vuz---us + E (¢ma---u; _ P,fl,,qb“l”“'o‘“'“;))
J#1
1 ,
— QpOH2bs 4 (g ] oz,uz.,.us)
R2 cosh?(n) < ¢ ( )9
1
9.81 = ——————(s+4 1)pH2Hs
(9.81) 72 ool (77)( )®

using space-like gauge and tracelessness of ¢#*#=. Here

@ _ 1o 51 3 __2plL
(982) R . - _?(Pp,apyf)’ - P/.LBPI/Ol)7 R/(ioz - _ﬁpua

are the Riemann and Ricci tensors on H? with radius p = R cosh(n), and Pju
is the tangential projector (3.22)) on H3. Now (9.79)) follows using results of
Delay (remark 6.2 in [36]) and Lee (Proposition E in [37]), which essentially
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state that the spectru of p2A(3) on rank s symmetric square—integrabl
tensor fields on H? is given by [s + 1,00), i.e. pQA(3)|¢M__MS > s+ 1. O

9.7. Proof of vyuyn =0

In this section we prove that the null vector (6.18)) which arises in the scalar
sector actually vanishes,

(9.83) Upul = 0 .
To see this, we need some identities.
Proposition 9.7. The following identities hold

(25 +1) DT D~ AP [p)]
— AM[((2s = 1)DYD™ — (25 +3)D" D" +17(25 + 1)) 6]
(9.84) + (254 5) D" AD[DT¢)] — 2r2RAD Dt ()] |
(25 4+ 1) DT AM[¢(¥)]
= 2A(+)[(D+D’ — D*D+)¢(5)] — (25 +5) A DT D)
(9.85) +2(2s + 3)AM DT )] — 22 RAW[DT )]
Proof. We can rewrite the lhs of the first relation using and use the
intertwiner properties and to get
(25 + 1) DT D~ AD) [¢()]
= (R2r2D +0n + (25 + 5)D—D+),4<+> ()]
= AD[(R*?0+ Oy +1%(2s +1))®)]
+ (25 + 5) D" AP D] — 22 RAD[D*¢*)]
= AD[((2s —1)DTD™ — (25 +3) D™D +12(25 + 1)) )]
(9.86) + (25 + 5)D*A(+) [D+¢(8)] —92:2R A [D+¢(s)] .

18Tn [37], the result is established only for the essential spectrum, but we assume
that this is not a significant restriction. I am grateful for useful communications
with Erwann Delay and Wilhelm Schlag.

9Since ¢y, .. is square-integrable on H* being a principal series irrep of
SO(4,1) (see also corollary , it is also square-integrable on almost all H3 by
Fubini’s theorem, and for sufficiently smooth wavefunctions this should hold for all
H3. However, there should be a better way to justify this.
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Then is obtained using (5.16]) twice. ]
Now we can prove . Consider first

s = 1 Case. We start with the easy observation

(9.87) D= AP[¢] = r*R{t", ¢} + A7) (Do)

for ¢ € C°. Acting with D%, this gives

(9.88) DD~ AP [g] = r2 AP [¢] + r? RAY [Dg] + AV [Dg] |

and using for the lhs leads to

(9.89)  —3ADD™Dg] + 5D~ AN [Dg] = 3r*RAP D] + A1 [Dg)] .

Writing D¢ = ¢(1) and replacing D~ AM) using , we obtain

2D = 9,2 R A9) [¢(1’1)] + 5«4(_)[D+¢(1’1)]

null

(9.90) +2AM D7) — 6 A 6 D] = 0.

This is precisely the null vector in (6.18)) for s = 1, which is thus shown to
vanish identically.

Generic s. Acting with DT on vr(jl)n 6.18]) and assuming inductively that

it vanishes, we obtain with (9.84]) and (9.85)) after some straightforward
calculations

0= 3D+U(S) — E_A(Jr) [D+D7¢(5»3)] n (9(35_{—4—3)
S

null = Al [D+¢(S’S)]
— (25 + 1)DTAM™ [ 4 sr2 RDF AW (5]
= A [(1 ~2ptp 42D Dt + r25) )]
+ (25 + 5) AT DT Dt pl>9)]

2
(9.91) — (23 + 3)'; 1 SA(TL) [D+¢(s,s)] + (S + 2)T2RA(9) [D+¢(S’S)] )

Now we can use the commutation relations in the form

2s—1 s(2s+3)

(9.92) e

DD ¢ = < D D"+ rzs) ¢(**)

and ¢GTLst) = Dt g(s5) which leads to

(9.93) 0=(s+2np

null
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9.8. Exceptional scalar modes
It was shown in sectionthat the regular scalar modes A,(f) [p(®)] for s > 1
span only a 3-dimensional space, which implies that there is one missing

scalar mode for each s > 1. Here we show how to determine this missing
mode for s = 1. The remaining modes then arise as in (6.23)).

A relation for s = 0. As a preparation, recall that Afl_)[gb(l)] and A&g) [&]
are complete in C° @ R%. Therefore there must be a relation

(9.94) 0=au0+ AP [g] + A [Dg] .
By acting with {¢#,.} and {z*,.}, this implies

0= {t*, 2,0} + {t*, AP (9]} + {t", A (D]}
(9.95) = sinh(n) (7 + 4)¢ — 06 + %D‘qu’ .

Similarly,

0= {2#, 2,0} + {a#, AP (3]} + {2*, A [Dg]}
= —Rsinh(n) D¢ + {{z", 1.}, 8} + {t,, {z", $}}
— (a1(Oy — 4r*) + DTD™) D¢/

(9.96) - D( — Rsinh(n)¢ + %é — (0a(Ty — 202) + D‘D)d)’)
implies
(9.97) %(5 = Rsinh(n)¢ + (a1(Og — 2r*) + D™ D) ¢’ .

These two equations can be solved for ¢’ and &, for given (admissible,
generic) ¢. It follows that

0 = D(z,¢) + DAY [¢] + DA [Dg/]
= r?Rt,¢ + 2, D¢ + AP D + r*RD|
(098 + AL+ 4D (DD
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Exceptional mode for s = 1. Similar to (9.94), we make the ansat@
(9.99)  AFPV[gl = t,D% ¢+ AP D] + A (D] + AT Do

for ¢, é, ¢, € C°. By definition, these are orthogonal to all Aff) modes, which
amounts to

(9.100) 0= D__Al(ff”vl) — {tﬂ’Aﬁew,l)} — {xu’Age:c,l)} .

These 3 equations can be solved for ¢~), ¢y, for any given (admissible, generic)
¢. The same constraints follow for all A,(fx’s) by acting with DT. In particu-

lar, the A,(fx’s) are physical. We refrain from studying these in detail, since
no nice general formula was found.

9.9. Inner products of A modes.

Here we derive the expllclt formulas for the inner products ) for all
A@[4] modes for ¢ = ¢*F) and ¢/ = ¢'(**). First, it is clear (by 1nvar1ance)
that the modes are orthogonal unless the spin quantum numbers s = s’ and
k = kK’ coincide. Assuming this, we obtain

O.001) [ AP A o] = [ 500

(9.101b)
2
/ AD[@ADHD¢] = —S; / ¢ D D¢
(9.101c)
/Ag) DT ¢ = 'D"Dt¢

/Af; (Dt ¢|ATIH[D™¢] = —/ D D*¢' D*D™¢
(9.101d) = —/ ¢ D"DTDYD™ ¢

/ ADD™¢TADH D= )] = / D™¢/((1 — as-1)0x
+2a,11°s+ D" DT)D™¢

_/ ¢,(283_ 7 (O —2r%)

20Using 1) this is equivalent to the ansatz AELSZ’I) =2,D¢+ S AW,
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(9.101e) +D*D7)D*D™ ¢
[ AT ANA D) = [ D7 (O - 25+ 2)
(9.101f) +D*D™)D%¢
(9.101g) = —/ ¢ (as+1(0p —2r*) + D"DT)D" DT ¢

using (9.10) in the last two relations, and as = 557 (9.25). The inner

products with the A modes is obtained as follows:

[ AP D 6] = [ Dr A A DY)
_ / A D~ ACH[D* g
/ AC) (¢ AOHD D g)
(9.102) = —/ ¢ (as(Op — 2r*(s+ 1))+ DTD7)D"D%¢ .

Here we used
(9.103) DA [g]=AD D], DTAD[g] = AD[DT¢] .

Next,

/ AP [§ADHDg] = / DA @A D9
_ / (= DA + 2 R{ty, &'}
+ ADDT ] + AL [D*¢']>A(+)“ [D™¢]
_ / AP [ADHDT D¢

/ (T‘QR.A D¢ + AT DV ]

+

A [ m)A(*)“[ 0]

2 2
(9.104) ¢ S0n +7 222 4542 pipe DYD¢
1-— 452 — 1
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using (5.16)) along with the previous inner products, and

(9.105)
(+) s) S —+ 1 +9r 2‘9(3 + 1) D—D+ (s)
/A [ / ¢ 25 +1 + )¢ '
Next,

[ AP @1AD#6) =~ [ ADSID {0}
= — [ FADA 6] + AD ) A0 D

n

(9.106) =

==

/(;S/(as(—DH +122s + 1)) + (s — 3)D+D‘)¢
and finally

/ A [/ A / DA ¢ DA 9]
/ A ¢'1D~ D+A )]

= 25+1/A —3)D*D™ — DH—R2r2D>Afj)[¢]
i1 DA A
+ 5 +1/A [(Og + R*r?0) A [¢]
= g1 [ AV OAD D
28+1/A A( (Dg + r?R20 —1%(25 4+ 1)) 9]

— 2Rr2A@H[ D~ QS(S)])

28 —
O 4?s\DTD- — DTDtD D~
2s+1/(ZS 25—1( ) )

—|—28+1/¢> as(dg —2r%(s+ 1))+ D D™ )
(DH+r2R2D r2(2s 4+ 1))¢

(9.107) 42t = 23+ : /¢’D+D ¢
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using (9.57)), ff, and the previous relations with (9.1)) in the last step. To
rewrite DY Dt D™D~ we need to specify ¢ = ¢*¥). Then we obtain using

25 — 3 —
[ A - 23 [ (20— ) b Dh D

+ as_l,k_1D+D—D+D—)¢

1 , S 9 _
Oy —2 1 DtD
+23+1/¢(2s+1( H=2ri(s+ 1))+ )

Oy +r*R2O0—-12(2s+1))¢

22(3_2) '+ -
T /¢DD¢.

(9.108)

This can be used to perform the computations in section [0} and a non-trivial
consistency check is provided by (6.2)).
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