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Transgression of D-branes

SEVERIN BUNK AND KONRAD WALDORF

Closed strings can be seen either as one-dimensional objects in a
target space or as points in the free loop space. Correspondingly, a
B-field can be seen either as a connection on a gerbe over the tar-
get space, or as a connection on a line bundle over the loop space.
Transgression establishes an equivalence between these two per-
spectives. Open strings require D-branes: submanifolds equipped
with vector bundles twisted by the gerbe. In this paper we develop
a loop space perspective on D-branes. It involves bundles of sim-
ple Frobenius algebras over the branes, together with bundles of
bimodules over spaces of paths connecting two branes. We prove
that the classical and our new perspectives on D-branes are equi-
valent. Further, we compare our loop space perspective to Moore-
Segal/Lauda-Pfeiffer data for open-closed 2-dimensional topolog-
ical quantum field theories, and exhibit it as a smooth family of
reflection-positive, colored knowledgable Frobenius algebras.
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1. Introduction

The motivation for this article comes from the Lagrangian approach to 2-
dimensional field theories, where we consider smooth maps ¢ : ¥ — M from
a Riemann surface X to a smooth manifold M. If the surface ¥ has a bound-
ary, then we specify a family of submanifolds @; C M (the “D-branes”) and
require that ¢ map each boundary component to one of these [Pol96].

The usual sigma model action functional on the space of maps ¢ requires
a metric g and a hermitian line bundle gerbe G with connection over M, the
“B-field” [Alv85, [Gaw88, [Mur96]. In the case that ¥ has boundaries, the
D-branes @); have to be equipped with G|g,-twisted vector bundles & with
connections, known as “twisted Chan-Paton gauge fields” in string theory,
[Kap00|, [GR0O2, [CIM02]. The twisted vector bundles make up the famous
relation between D-branes and twisted K-theory [FW99| [FHO00].

In Wess-Zumino-Witten (WZW) models, for instance, M is a compact
Lie group G and the branes @); are conjugacy classes of G [AS99]. The metric
is induced by the Killing form, and the bundle gerbe G represents the “level”
via its Dixmier-Douady class [G] € H*(G, Z) = Z. The bundle gerbe G and
the twisted vector bundles can be constructed explicitly in a Lie-theoretic
way, for all compact simple Lie groups |[GR02, Mei02l, (GR03, [Gaw05].

Especially in the discussion of WZW models it is common to consider,
instead of the bundle gerbe G, a hermitian line bundle with connection over
the loop group LG. One advantage of this perspective is, for example, that
one can (at least at an informal level) study the geometric quantization of the
model. In fact, every smooth manifold M has a corresponding transgression
map to its free loop space LM = C*°(S, M) |[Gaw88, [Bry93], [Wal10]

{ Hermitian line bundle gerbes } N { Hermitian line bundles }
with connection over M with connection over LM J

In good cases, for instance in WZW models with simply-connected target
groups, this map induces an equivalence of the corresponding categories, so
that the loop space perspective is equivalent to the original setting.
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In cases of more general topology, transgression is neither injective nor
surjective, but the equivalence can be re-established by changing the range
of transgression [Wall6]. Two changes are necessary: the first change is to
add fusion products, a structure defined for a line bundle £ over the loop
space LM [STO5, [Wall6]. It consists of fiber-wise isomorphisms

L"YIU'YZ ® L|"/2U’)’3 - L|’71U’Ys?

where (y1,72,73) is a triple of paths in M with a common initial point and
a common end-point, and ; Uy; denotes the loop that first follows v; and
then returns along the reverse of «;. The second change is to impose various
conditions on the connection on £, most importantly the condition that it
is superficial. This is a property that can be considered for connections on
bundles over mapping spaces C*°(K, M), where K is a compact manifold
(here, K = S' or K =[0,1] later). If T': [0,1] — C*(K, M) is a smooth
path in such a mapping space, then there is a corresponding “adjoint” map
'V:[0,1] x K — M, and superficiality requires certain conditions for the
parallel transport along I' depending on the rank of the differential of I'V. We
refer to [Wall6l Sec. 2] or Appendix for more details. Taking fusion and
superficial connections into account, transgression provides a complete loop
space perspective to connections on bundle gerbes (“B-fields”) for arbitrary
smooth manifolds M.

In this article we establish an analogous loop space perspective to D-
branes and their twisted Chan-Paton gauge fields. To that end, we provide
a transgression map for G|g,-twisted vector bundles &; supported on sub-
manifolds (); and prove that it establishes an equivalence between the ap-
propriate categories. Due to the twist represented by the bundle gerbe G,
transgression of D-branes will be defined relative to the above-mentioned
transgression of bundle gerbes.

First results in this direction have been obtained by Brylinski [Bry93],
Gawedzki-Reis [GR02] and Gawedzki [Gaw05]. In the following, we say that
a G-brane is a pair (@, €) of a submanifold @ C M and a G|g-twisted vector
bundle £ with connection. In [GR02, [Gaw05] it is described how to associate
to a pair of two G-branes (@, €) and (Q', £’) a hermitian vector bundle R with
connection over the space P of paths connecting Q with @’. In Section
we give an alternative, but equivalent description of this vector bundle in
terms of a modern, bicategorical treatment of bundle gerbes. We also clarify
some regularity aspects of the vector bundle R that have not been treated
so far. More precisely, we work in the convenient setting of diffeology, which
provides a simple and yet powerful framework to study geometry over spaces
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of loops and paths. Furthermore, we exhibit in Section [4.3]a new property of
the connection on R, which is analogous to the superficiality for line bundles
over loop spaces mentioned above.

While this construction of the vector bundle R over P is the basis of our
transgression map for D-branes, the picture is incomplete in essentially two
aspects. First, it seems that the vector bundle R has lost its relation to the
twist G, or rather its loop space analogue, the transgressed hermitian line
bundle £. In Section we discover an isomorphism

(1) L”YlU’Yz ® £R|’Y2 - :R|’Y17

where 71, y2 are paths with a common initial point and a common end point.
It satisfies the axiom of an action with respect to the fusion product on £;
therefore, we will call it the fusion representation of £L on R. Second, we
discover in Section a homomorphism

(2) :R23|723 @ R12|’}/12 - 313‘723*’}/12

relating the vector bundles R;; formed from three G-branes (Q1, &1), (Q2, &)
and (Qs,&3), which lifts the concatenation of a path -2 between @)1 and
@2 and a path 793 from Q2 to @3 to the path o3 * 12 between @1 and Q3.
The homomorphism of is accompanied by additional structure rendering
it compatible with identity paths and path reversal, and satisfies several
compatibility conditions. We call it the lifted path concatenation.

We assemble the data obtained by transgression abstractly into a cate-
gory LBG(M, Q) of loop space brane geometry (LBG), depending on a target
space M and a family @ = {Q;}ie; of D-branes. Roughly, the objects are
tuples consisting of a line bundle £ over LM with superficial connection, a
fusion product on £, vector bundles R;; over the spaces P;; of paths connect-
ing (); with @);, fusion representations for each of these vector bundles, and
a lifted path concatenation relating them to each other. A precise definition
is given in Section 2.2} On the other side, the basis of transgression was a bi-
category TBG(M, Q) of target space brane geometry (TBG), whose objects
consist of a bundle gerbe G over M with connection and Q\Qi—twisted vector
bundles &; with connection. A precise definition of that bicategory and some
background about bundle gerbes is given in Section [2.1] In Section we
prove that transgression furnishes a functor

7 :h TBG(M, Q) — LBG(M, Q),
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where h; denotes the 1-truncation of a bicategory (identify 2-isomorphic
1-morphisms). In Section |5 we construct in a natural way a functor # in
the opposite direction called regression. Our main result is the following
theorem.

Theorem 1. Transgression and regression form an equivalence between
target space brane geometry and loop space brane geometry,

h TBG(M, Q) = LBG(M, Q).

The proof of Theorem []is carried out in Section [6] by constructing explic-
itly natural isomorphisms &# o 7 = id and 7 o #Z = id. Theorem [I| means
that the Lagrangian approach to 2-dimensional topological field theories
with D-branes can be pursued in an equivalent way either via TBG or via
LBG.

An interesting aspect of the equivalence of Theorem [1] is the presence
of algebra bundles over the D-branes, arising in both perspectives. In TBG,
algebra bundles A; arise as endomorphism bundles of the G |Ql-tWisted vector
bundles [STV14]. They are well-known for their relation to twisted K-theory
[Kar12]. In LBG, algebra bundles A; are obtained by restricting the vector
bundles R;; to constant paths in @;, and turning these restrictions into
algebra bundles using the lifted path concatenation of , see Section
We prove the following result.

Theorem 2.

(a) The algebra bundles A; arising from loop space brane geometry are
bundles of simple Frobenius algebras.

(b) Transgression and regression induce isomorphisms A; = A; between
the algebra bundles that arise independently from target space and loop
space brane geometry.

At first sight, it seems that @ implies @ because endomorphism al-
gebras are automatically simple Frobenius algebras. However, we prove @
loop-space-intrinsically without any reference to endomorphism bundles, see
Proposition In fact, we use @ in the construction of the regression
functor Z so that it really is an independent result. Part @ is proved in
Section

In Section [3.2] we also discover the following algebraic feature of the
vector bundles R;; over the spaces Pj; of paths connecting @; with @;.
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Theorem 3.

(a) The vector bundles R;; are bundles of bimodules over the algebra bun-
dles evgA; and eviAj, where evg: Pjj — Q; and evy : Pjj — Q; are
the end point evaluations.

(b) Lifted path concatenation induces connection-preserving isomorphisms

Rik @a, Rij = R

Our motivation for exhibiting these algebraic features is the functorial
perspective to topological field theories [Seg04, [ST04, Lur09], where field
theories are regarded as functors from certain categories of bordisms to cer-
tain algebraic categories. The bordisms are equipped with smooth maps
to M in order to incorporate a target space. Bunke-Turner-Willerton have
shown that 2-dimensional topological functorial field theories are equivalent
to bundle gerbes with connection over M [BTWO04]. In an upcoming arti-
cle [BW21] we will extend this result to an equivalence between TBG and
functorial field theories with D-branes, whose values will be given by the
algebraic data provided in Theorem

In the setting of functorial field theories, quantum theories are defined
on bordisms without a map to a target space. Equivalently, a quantum field
theory is one with M = {x}. Quantization is supposed to correspond to the
pushforward to a point in a suitable generalized cohomology theory [ST04].
For quantum field theories, it is common to describe functorial field the-
ories by algebraic structure obtained from a presentation of the bordism
category in terms of generators and relations. For the closed sector and
two dimensions, this leads to commutative Frobenius algebras [Abr96]. For
quantum theories with D-branes, the algebraic structure has been deter-
mined by Lazaroiu, Moore-Segal, and Lauda-Pfeiffer [Laz01l, MS06] [LP0g],
of which the last reference termed it a colored knowledgable Frobenius al-
gebra (the “colors” are the brane indices i € I). One can now perform an
interesting consistency check between classical and quantum field theories:
the restriction of a classical field theory to a point; here, this means putting
M = @Q; = {*} for all brane indices i. Of course, this will not give “the”
quantization of the original theory, but it does give “a” quantum theory
and thus should fit into that framework. We show that our LBG passes
this consistency check in the sense that there is a naturally defined faithful
functor

F : LBG(x, {*}ier) — K-Frob)
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to the category of I-colored knowledgable Frobenius algebras. Our final re-
sult determines the image of this functor. We show that all colored knowl-
edgable Frobenius algebras in its image are equipped with an additional
structure that we call a positive reflection structure. In our upcoming article
[IBW21] we will show that it is equivalent — under the correspondence to
topological quantum field theories — to a positive reflection structure in the
sense of functorial field theories [FH21]. We prove the following.

Theorem 4. The functor F induces an equivalence between loop space
brane geometries of a point and reflection-positive, I-colored knowledgable
Frobenius algebras whose underlying Frobenius algebra is C.

Thus, LBG is a target space family of reflection-positive, colored knowl-
edgable structures on the Frobenius algebra C. All details and the proof of
Theorem [ are given out in Section

This paper is organized in the following way. In Section [2| we give precise
definitions of the categories TBG(M, Q) and LBG(M, @), and we recall some
relevant aspects about bundle gerbes. In Section [3| we derive the algebraic
structures induced by LBG as stated in Theorem and Theorem 3| and
discuss the reduction to the work of Moore-Segal [MS06] and Lauda-Pfeiffer
ILPO8]. In Sections 4] and [5| we construct the transgression and regression
functors .7 and %, respectively. In Section [6] we prove Theorem [I]and Theo-
rem We conclude with an appendix providing technical background
material, in particular about diffeological vector bundles, superficial connec-
tions on path spaces, and bundles of algebras and bimodules. For the benefit
of the reader we include a small table of notation on page
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RTG 1670 “Mathematics inspired by string theory and quantum field the-
ory”. We would like to thank Ulrich Bunke, Lukas Miiller, Ingo Runkel,
Christoph Schweigert, Richard Szabo, Peter Teichner and Stephan Stolz for
valuable conversations.

2. Brane geometries

In the following, a target space will be a pair (M, Q) of a connected smooth
manifold M and a family @ = {Q;}ies of submanifolds @; C M. We work
over a fixed target space; but all definitions and constructions will be natural
under maps between target spaces, i.e. smooth maps f : M — M’ such that

f(Qi) € Q.
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2.1. Target space brane geometry

As motivated in Section (1} an object in the bicategory TBG(M, Q) is a pair
(G, &), consisting of a hermitian line bundle gerbe G with connection over M
and a family £ = {&; }ics of G|g,-twisted vector bundles & with connections.
We recall some minimal facts to explain these notions. Hermitian line
bundle gerbes with connection over M form a bicategory GrbY(M) that can
be defined in the following very elegant way [NS11]. Let HVBunY (M) de-
note the symmetric monoidal category of hermitian vector bundles equipped
with (unitary) connections, with the morphisms connection-preserving, uni-
tary bundle morphisms. The assignment M — HVBun" (M) forms a sheaf
of symmetric monoidal categories over the site of smooth manifolds (with
surjective submersions as coverings). We consider the following bicategory
TrivGrbY(M):
(a) Tts objects are 2-forms B € Q?(M), which we will denote by Zp in this

context.

(b) The Hom-category Hom(Zp,,Zp,) is by definition the full subcategory
HVBunY (M)B=B1 of HYBunV (M) on the objects (E, V) with

(3) K(E) tr(curv(V)) = By — By.

(c) Composition is the tensor product in HVBun" (M).

The assignment M — TrivGrbY (M) is a presheaf of bicategories. The sheaf
GrbY is by definition its sheafification, i.e.

GroY = (TrivgrbV) ™.

The objects Zg € TrivGrbY (M) C GrbY (M) are now called trivial bundle ger-
bes. Spelling this out results exactly in the usual notion of bundle gerbes
[Mur96l, MS00, [Ste00] with the bicategorical structure described in [Wal07].
In particular, 1-morphisms in GrbY(M) have a well-defined rank, and a 1-
morphism is a 1-isomorphism (“stable isomorphism”) if and only if it has
rank one [Wal07, Prop. 3].

We will use a slightly generalized version of this bicategory, obtained by
performing the sheafification in the site of diffeological spaces (with respect
to the Grothendieck topology subductions), and then restricting again to
smooth manifolds. The occurring vector bundles have to be treated as vec-
tor bundles over diffeological spaces (see Appendix. This generalization
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results in an equivalent bicategory, see [Wall6l Section 3.1] for more infor-
mation. It is necessary because the regression functor defined in Section
takes values in the generalized version of bundle gerbes.

If G is a bundle gerbe with connection over M, then a G-twisted vector
bundle with connection is a 2-form w € Q?(M) together with a 1-morphism
£:G—71,1n Qrbv(M ). This gives precisely the usual notion of a “bundle
gerbe module with connection” introduced in [CJMO02], see [Wal07]. A
twisted vector bundle of rank one is called a trivialization of G.

We return to the definition of the bicategory TBG(M, Q) of target
space brane geometry, whose objects are pairs (G,€) of a hermitian line
bundle gerbe G with connection over M and a family € = {&;}ier of Glg,-
twisted vector bundles & with connections. The 1-morphisms between (G, £)
and (G', &) are pairs (A, 1), consisting of a 1-isomorphism A:G — G’ in
GrbV(M) and a family v = {¢;};c; of 2-morphisms v; : & = £/ o Alg, in
Grbv(Q;). The 2-morphisms between (A, 1) and (A’,9’) are 2-morphisms
0: A= A in Grb¥(M) such that the diagram

Ei :5/0./”@1

\ / o,

& o Alg,

of 2-morphisms in Grb¥(Q;) is commutative for all i € I.

In the remainder of this subsection we discuss an operation on 1-
morphisms between bundle gerbes that will be used frequently throughout
this article. Namely, for bundle gerbes G, H € GrbY (M) there is a functor

(4) A Hom(G,T,) x Hom(G, T, ) — HVBunY (M),

that can be seen as an enriched version of an internal hom, see [BSSIS|
and [Bunl7, Thm. 3.6.3], and [BS17] for a less technical overview. It is de-
fined in the following way. We first consider the functor ()* : Hom(G, H)? —
Hom(H, G), which on the level of the presheaf TrivGrbY(M) is just the du-
alization F — E*. Since this is a morphism of presheaves, it survives the
sheafification and induces the claimed functor ()*. Now, A is defined by

(G, L,) x Hom(G, T, )? ——L s Hom(G, T.,,) x Hom(Z..,, G)

— 2 Hom(Zu,, Tuy) = HVBunV (M)w2—%1,
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Since the functor A is quite important in this article, we spell out its
definition in terms of the explicit definition of bundle gerbes. Suppose G
consists of a surjective submersion Y — M, a hermitian line bundle L with
connection over Y2 := ¥ x,; Y, and a bundle gerbe product p over Y13
Twisted vector bundles & : G — Z,,, (i =1,2) consist of hermitian vector
bundles F; with connection over Y, and of connection-preserving, unitary
bundle isomorphisms

Ci L ® pr;Ei — pr’l‘Ei

over Y2, satisfying a compatibility condition with the bundle gerbe product
1 over YBI see [Wal07]. In order to define the vector bundle A(&s, &),
we consider the vector bundle Ef ® Ey over Y, and over Y2 the bundle
isomorphism ¢ defined by

(5) pr3(E£7 ® Ep) Epribf ® L* @ L @ priky
dril@@ * Tk * ~ * *
priE] @ priEy = pri(E] @ E»).

Here we have used the coevaluation isomorphisms between a complex line
bundle and its dual, and (..)"" denotes the transpose of a linear map. The
conditions for ¢; and ¢, imply a cocycle condition for ¢ over Y3, Since ¢ is
connection-preserving and unitary, Ef ® Ey descends to a hermitian vector
bundle A(&s, &) with connection over M this gives the definition of A.

Remark 2.1. We observe the following features of the functor A:

(a) For three twisted vector bundles &, &, £3 we have a morphism
A(fg,é’g) X A(gg, 51) — A(53,51)

in HYBunY (M), which is an isomorphism if and only if & is invertible.
It is induced by a 2-morphism &5 o & = idz,, , which is in turn induced
by the evaluation Fo ® E5 — C of dual vector bundles.

(b) For two twisted vector bundles & : G — Z,,, we have an isomorphism
A(&1,E) — A(E2,&)* in HVBunV(M), induced by the canonical iso-
morphism (& 0 £5)* =&y 0 &F.

(c) For two twisted vector bundles & : G — Z,,, and a l-morphism A :
G' — G in GrbY(M) we have a morphism

A(gl o .A, 52 o .A) — A(gl,gg)
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in HVBunV (M), which is an isomorphism if and only if A is invertible.
It is induced from the 2-morphism A o A* = idg and a 2-isomorphism
(&3 0 A)* = A* 0 &, which is in turn induced by the canonical isomor-
phism (Ao Ey)* = Ej @ A*.

Remark 2.2. 1If £ is a G-twisted vector bundle, we obtain a hermitian vec-
tor bundle End(€) := A(&, ) with connection. Remark [2.1 (a)| provides a

connection-preserving bundle morphism
(6) End(€) ® End(£) — End(€),

which endows the fibers of End(€) with (associative, unital, complex) alge-
bra structures. The fact that End(£) carries a connection for which (6] is
connection-preserving, together with the fact that all fibers are simple alge-
bras, assures that End(€) is an algebra bundle, see Lemmas and
For an explicit construction, one notices that the descent isomorphism (
of is an isomorphism between algebra bundles [STV14]. In relation to
twisted K-theory the same algebra bundle has been constructed in [Karl2].

Remark 2.3. Applying the previous remark to a TBG object (G, &), we ob-
tain bundles of central simple algebras End(&;) over the branes ;. The
assignment of these bundles is functorial with respect to TBG morphisms.
Indeed, if (A, 1)) is a 1-morphism, then we obtain a bundle morphism

Ay ) A

Al &) (€10 A &} 0 A) ——— A(ELE))

(Rt

by Remark 2.1 (c¢)} Following Remark [2.1]it is easy to check that this bundle
morphism preserves the algebra structures. Furthermore, one can check that
it only depends on the 2-isomorphism class of (A, ). Finally, the composi-
tion of TBG morphisms induces the composition of algebra bundle homo-
morphisms. Summarizing, for every brane index i € I we have constructed
a functor (G,€&) — End(&;) from h;TBG(M, Q) to the category of central
simple algebra bundles over Q);.

Remark 2.4. We recall the following facts about trivializations of bundle
gerbes, described in [Wall6, Lemma 3.2.3]. Suppose G € Grb¥(M) and s :
M — Y is a smooth section into the surjective submersion of G. Then, we
obtain a 1-morphism T : G — Z,-p in GrbY(M), where B is the curving of
G. Explicitly, it is defined by the hermitian line bundle T := (idy,s o 7)*L
over Y and the isomorphism o, := (pry, pry, s o m)*u, where L is the line
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bundle of G, and p is its bundle gerbe product. We call T the trivialization
associated to the section s. If s : M — Y is another section, and §: M — L
is a parallel unit-length section along (s,s’): M — Y[ then we obtain a
2-isomorphism 5 : Ty = To in GrbY(M), given fiber-wise by

1d®s
Tsly = Ly s(n(y)) = Ly,s(x()) @ Ls(n(w)),s (n())

“w
—— Ly s(ry) = Torly -

Now, consider a 1-morphism & : G — T, in GrbY(M), consisting of a vector
bundle E over Y and a bundle isomorphism ¢ over Y2, and a section s :
M — Y. Then, there is a connection-preserving, unitary bundle isomorphism
s : A(E,Ts) — s*E, which is induced by

N . A®id Cls(r )y
T6|y ® Ely = L‘y,s(w(y)) ® Ely ———— L‘s(w(y)),y ® Ely ————— E|s(r(y))'
Here, fi: L}, . — Ly, 4, is induced from the bundle gerbe product. In the
presence of a second section s’ and a parallel unit-length section s of L along
(s,s') we obtain from the definitions a commutative diagram

AETy) — "B

A(id,wg)J [C@@—)

2.2. Loop space brane geometry

We let LM :=C>®(S', M) be the loop space of M, considered as a
Fréchet manifold or, equivalently, as a diffeological space. We let PM C
C>°([0,1], M) be the subset of paths with sitting instants, considered as a
diffeological space. Further, we let P;; C PM be the subspace of paths v
with v(0) € Q; and (1) € Q;. Vector bundles and connections on diffeolo-
gical spaces are discussed in Appendix essentially, they can be treated
just like vector bundles over smooth manifolds.

We now describe the objects of the category LBG(M, @), making the an-
nouncements of Section [I| precise. An object is a septuple (£, A\, R, ¢, x, €, )
consisting of the following structure:

(1) A hermitian line bundle £ over LM with a superficial connection.
The definition of “superficial” is [Wall6, Definition 2.2.1]. We re-
call that a thin homotopy between loops 7,7’ : S* — M is a path
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h:[0,1] = LM such that the differential of its adjoint map h" :
[0,1] x S' — M has rank less than two everywhere. If 7,7’ are thin
homotopic, then the parallel transport of a superficial connection
along a thin homotopy h between 7 and 7’ is independent of the
choice of h, and hence determines a canonical unitary isomorphism
drr L) — L], independent of the thin homotopy.

A fusion product A on £, i.e. unitary isomorphisms

A’Ylﬁzﬁs : L"YlU’h ® L”YzU% — £‘|’YlU’Ys

for all triples (7y1,72,73) of paths in M with a common initial point
and a common end point, forming a connection-preserving unitary
bundle isomorphism over the 3-fold fibre product PMB! of ev : PM —
M x M with itself. The fusion product is required to be associative
over PMWM and to be symmetrizing with respect to the connection
([Wall6l Def. 2.1.5]); this latter property only plays a minor role in
the present article, though.

The fusion product induces a parallel, unit-length section PM — £ :
7 + v, along the inclusion of “flat” loops PM — LM : v+ vy U,
which is neutral with respect to fusion [Wall6, Lemma 2.1.4]. Fur-
ther, we obtain a connection-preserving, unitary isomorphism :\%72 :
Ly, = £%|,0y, that we will often combine with the identification
L£* = [ between the dual and the complex conjugate line bundle, in-
duced by the hermitian metric on £.

A family R = {R;;}; jer of hermitian vector bundles R;; over Pj; with
superficial connections pt;;.

We refer to Definition in Appendix for the definition of “su-
perficial” for connections on vector bundles over path spaces. Similarly
to a superficial connection determines — via parallel transport — a
canonical unitary isomorphism d. ,+ : R;;|, — R;j|,» between the fibers
of R;; over all pairs of fixed-ends thin homotopic paths v,~" € P;;.

A family ¢ = {¢i;}ijer of unitary isomorphisms

¢ij’71,'yg : L|71U'yz ® :Rij|’72 — :Rij|’71

for all v1,72 € P;; with common initial point and common end point.

These have to form connection-preserving bundle isomorphisms ¢;;
2

over P := Pyj xq,xq, Py-
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(5) A family x = {Xsji}i,jrer of linear maps

Xijk"}’12,’723 : "Rjk"}’zs ® Rij")/m — :Rik”’\/z:;*’YM

for all composable paths v12 and ~23. These have to form a connection-
preserving bundle morphism x;;x over Pj; X, F;j.

(6) A family € = {¢; }ier of parallel sections €; : Q; — R;; along the inclu-
sion x +— ¢, of constant paths.

(7) A family o = {a;}i jer of unitary isomorphisms
ily : Rijly = Rjily

for all v € P;;, where 7 denotes the reversed path. These have to form
a connection-preserving bundle isomorphism over F;;.

This structure has to satisfy the following axioms:

(LBG1) The isomorphisms ¢;; are compatible with the fusion product A;
that is, the diagram

1d®¢ijlyg,v3
L|W1U“/2 & L|W2U“/3 & :Rij"m —_— L"Yluw ® jz"ij|"/2

Av1.72.73 ®idJ Jd’ij lv1.72

Llyiuys @ Rijlyg Rijlv

Pij |'71 >3

is commutative for all (y1,v2,73) € PZ-[;]. We say that ¢;; is a fusion
representation of (£, ) on R;;.

(LBG2) The maps x;ji are associative up to parallel transport along a
reparameterization; that is, the diagram

jzkl|’¥34 X :R]'k‘wzs Y Rij|"/12

XJMW d®Xijklv12,723

-(le"mzx*’ms ® -(Rij ‘712 ‘{Rkl|734 ® Rik|’v23*"/12
Xi.7’17121734*72?\/ \/(ik1|723*712>“/34
) N )
Rll|("/34*’¥23)*"/12 P :Rll|’734*(ﬁz3*’n2)

is commutative for all triples v12 € Pjj, 723 € Pji, and 713 € Py, of
composable paths, and d is the canonical isomorphism of | (3) We
say that x is a lifted path concatenation on R.
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(LBG3) Fusion representation and lifted path concatenation are compati-
ble in the following sense. Suppose Y12, V15 € Pij and 723, V53 € Pjg
connect three points in the following way:

Y12 Y23
x Yy z.
’ !’
Y12 Y23

Then, the diagram

N ®Xijk
L|W23U’Y§3 ® L|712U712 ® :Rjk|v§3 @ Rij ‘"/12 E— L|(V23*W12)U(7§3*712) ® Rik'wég*%g
id®bruid®idJr
L|W23U’Y§3 ® Rﬂf‘ﬁg ® L‘Mzuvig @ Rij ‘“/{2 ik
¢jk®¢i]‘J
:Rjk"yzz ® Rij|712 Xijh Rikhzs*’nz

has to be commutative. The isomorphism A on the top of this
diagram is given by

d®d
L"Y23U7§3 ®L‘712U’Y{2 ? L'(E*'V23>Ucy ®L|cyu(w{2*w)
JA
Ll etz — a7 Llemarmz) s oiy)-
(LBG4) The sections ¢; provide units (up to reparameterization) for the
lifted path concatenation, i.e.
Xiijle,y (0 €i(2)) = dyquc, (v) - and  Xijjlye, (€j(y),v) = dy e,y (V)

for all paths v € Pj; with z :=~(0) and y :=~(1), and all v €
Rijly. We say that ¢; is a lifted constant path.

(LBG5) The isomorphisms «;; satisfy the following compatibility condition
with the hermitian metric h;; on R;; and the lifted path concate-
nation: for v € Pj; and elements v, w € R;;|, we have

hii (Xijily (i (w) @ v), de, yuy (€i(2)))
= hij(v,w) = hjj(de, v47(€(2)), Xjij Iy, (0 @ @i (v))).

We will say that «;; is a lifted path reversal.
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(LBG6) Lifted constant paths are invariant under the lifted path reversal:

iile, (€i(2)) = ().
(LBG7) Lifted path reversal is involutive: aj; o aj; = idg,, .
(LBGS) Lifted path reversal is an anti-homomorphism with respect to

lifted path concatenation: the diagram

Xijk"yl,’vz

:Rjkhz ® jQij|"/1 E— :Rik|‘/2*’n

%‘k®az‘.{

Rijlvz ® Rjilar ik

braidJ{

Rjilsr © Rijlvg —————— Riilrrems

Xkjilvz, 7T
is commutative for all 71 € Pj; and 2 € Pjj.
(LBGY) Lifted path reversal intertwines the fusion representation (up to

reparameterization), in the sense that the diagram

Pij
Llyyume @ Rijlyo — Rijly,

:\®a,ijl

Z"qum ®§ji|ﬁ ij

d®idJ

Llrrumz @ Rjilyg —— Ryilr
Ji

is commutative, where \ was explained in

(LBG10) The following normalization condition holds between the lifted
path concatenation and the hermitian metric h;; on R;;: for all
v € Pj; with z :=~v(0) and y:=~(1), every orthonormal basis
(v1, ..., vn) of Ryj|, and every v € Ryjlc,

> Xjig e, (Kiiglew (5 © 0) @ ij(0r)) = hii(ei(@),v) - de, acoeq(€i(y))-
k=1

Loop space brane geometry as defined above forms a groupoid
LBG(M, Q) in a natural way: a morphism between (£, )\, R, ¢, x, €, @) and
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(LN R X €,a)) is a pair (p, &) consisting of a connection-preserving
unitary isomorphism ¢ : £ — £’ that preserves the fusion products A and
N, and of a family £ = {&;;}i jer of connection-preserving, unitary bundle
isomorphisms &;; : R;; — ngj that are compatible with the remaining struc-
ture in the obvious way. In the remainder of this subsection we deduce some
direct consequences from the axioms of LBG in the following remarks.

Remark 2.5. From [ (LBG1)| one can easily deduce that the section v in £
described in[(2)]is neutral for the fusion representation, i.e. ¢ij|y (v, v) = v
for all v € Ryjl.

Remark 2.6. In the context of field theories, | (LBG10)| will be responsible
for the Cardy condition, see Section Here we remark the following con-
sequences of | (LBG10)| for the rank of the vector bundles € R;;:

(a) We have
llei(2)]] = V/rk(Rii),
where the norm is formed fibrewise using the hermitian metric on R;;.

Indeed, we set i = j, v =c, and v = ¢;(z) in | (LBG10), and obtain
using | (LBG4)

ZX@'@'@"CI,CI (Ve ® aji(vg)) = hii(€ei(x), €i(x)) - ().

k=1
Inserting this into h;(€;(z), —) and using [ (LBG5)| gives
n
> haivk, o) = hiei(x), ().
k=1

Since (v1,...,vy) is an orthonormal basis, we have the claim.

(b) Putting v = ¢(z) in[ (LBG10)| we obtain using[(a)|
(7) > i

k=1

7y (Vk ® aij(vg)) = VIK(Rii) - de, iy (€5())-

We insert into hj;(—,dc, v+v(€j(y))) and obtain

n

> b (i g 0k ® @i (vr)), de, iz (65 (1)) = VIK(Rii) - hyj(e; (1), € (1))

k=1
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With | (LBG5)| the left hand side sums up to n = rk(R;;), so that we
obtain:

rk(Ri;)? = rk(Ry;) - tk(R;;).

Remark 2.7. Let L; :={y € Py |~v(0) =~(1)}, coming with an injective
smooth map L; — LM which we usually drop from notation (the image
consists of loops based in Q; with sitting instants at 1 € S'). Consider the
map L; = Py XQ,xq, Pii : 7+ (cz,7), where z := ~(0). The pullback of the
fusion representation along this map is a connection-preserving bundle iso-
morphism

Biilcary * Lesuy ® Riile, = Riily-

Using the superficial connection on £ to identify £, uy = £, and the lifted
constant path ¢;(x) we obtain a connection-preserving bundle morphism

Li - L — CR”’L

over L;. We call it the string opening morphism; in the context of topological
field theories it will describe the phenomenon that a closed string opens up
in the presence of a D-brane [BW2I]. In order to describe the converse
phenomenon, we define a smooth, fiber-wise linear map 6; : c*R;; — C by
0;(v) := hii(ei(x),v), where v € Ry;|c,. We will reveal it in Section [3.1] as the
trace of a certain Frobenius algebra. Now, the inverse of ¢;; in combination
with 6; gives a connection-preserving bundle morphism

L: : fR”| L; — L
over L;, which is called the string closing morphism.

3. Algebraic structures in loop space brane geometry

In this section we study LBG intrinsically, without relation to TBG. We show
that LBG induces bundles of simple Frobenius algebras over the branes,
together with bundles of bimodules over spaces of paths connecting the
branes. By an algebra we always mean a complex, associative, unital, finite-
dimensional algebra, and algebra homomorphisms are assumed to be unital.

3.1. Frobenius algebra bundles over the branes

Let (£,\,R,¢,x,€,a) € LBG(M,Q). A vector bundle over @; is obtained
by putting A; := c*R;;, where ¢ : QQ; — Pj; associates to each point = € );
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the constant path c, at that point. The pullback of x;; along Q; — Fj; X g,
Pi; : x — (cgz,¢z) gives a bundle morphism p; : A; ® A; — A;. We consider
condition restricted to a triple of constant paths, (cz, ¢z, c;). The
reparameterization at the bottom of the diagram is trivial in this case, and
we obtain that u; is associative. Further, the lifted constant paths ¢; : QQ; —
R;; induce a smooth section of A; that by provides a unit for each
fiber.

Lemma 3.1. A; is a bundle of simple algebras over Q;.

Proof. So far we have constructed an algebra structure on the vector bundle
A;, see Appendix[A.3] The connection on ®;; induces a connection on A;, for
which the multiplication y; is connection-preserving. By Lemma the
algebra structure is local. We will show in Corollary that all algebras
Ail, are simple, so that A; is a genuine algebra bundle (Lemma . O

We continue writing a - b := p;(a ® b) and 1 := ¢;(z) for short. Further,
we consider the following additional structures: first, the lifted path reversal
induces an isomorphism c*ay; : A; — A; that is unital involutive
and anti-multiplicative we write a* := c*ay;(a). With
these operations, A; becomes a bundle of involutive algebras. Second, the
hermitian metric h;; on R;; induces a hermitian metric (—, —) : A; X A; — C
on A;. The induced norm satisfies ||1|| = y/rk(A;) by Remark In
particular, A; is not a bundle of C*-algebras unless rk(A;) = rk(R;;) = 1.

Remark 3.2. Since units in algebras are uniquely determined, we obtain that
the lifted constant path is fiber-wise uniquely determined. More precisely, if
(LN R, 0, x,6,a) and (L, \, R, b, x,€,a’) are LBG objects, then € = €.

Using the involution we can turn the hermitian metric into a bilinear
product,
o A x A = C: (v,w) = (V" w).

Lemma 3.3. The bilinear product o; is fiber-wise non-degenerate, sym-
metric, and invariant, i.e. o;(v-w,z) = o;(v,w - ) for all v,w,x € A;.

Proof. 1t is fiber-wise non-degenerate because h;; is so and because «;; is an

isomorphism. The unitarity of «;; implies that (a*,b*) = (b, a); this shows
that o; is symmetric. For the invariance, we use | (LBG5)| to check:

((v-w)',z) = (2" (v-w)" 1) = ((w-2)" -0, 1) = (V' w-x),
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which proves the claim. O

This shows that A;|, is a symmetric Frobenius algebra for each = € Q;,
and together with Lemma [3.1] we have the following result:

Proposition 3.4. A; is a bundle of simple, symmetric Frobenius algebras
over ;.

Remark 3.5. The trace A; — C corresponding to the bilinear form o; is
a — o(a,1). In terms of the hermitian metric, it is a — (a*,1) = (1, a), so
that it is precisely the map 6; defined in Remark From this it is easy
to see that it respects the involution: 6;(a*) = 6;(a). It is non-degenerate in
the sense that its kernel contains no non-trivial left ideals; this follows from
the non-degeneracy of oy, see [Koc03, Lemma 2.2.4].

3.2. Bimodule bundles and Morita equivalences

In this section we show that the vector bundles R;; are bundles of bimodules
over the algebra bundles defined in Section [3.1} For this purpose, we define
bundle morphisms

>\z‘j : eVT.Aj X fRZ'j — fRZ'j and Pij fRij X GVS.AZ' — fRij

over P;; in the following way. For a path v € P;; with « := (0) and y :=
(1), we let Ajj|4 be defined by

— Rijly,

Xijj \w,cy

Ajly ® Rijly Rijle, sy

and we let p;j|, be defined by
Xiijlea,v ey vy
Rijly @ Aile —— Rijlyne. —— Rijly-

Lemma 3.6. The bundle morphisms X\;j and p;; define commuting left and
right actions of A; and A; on R;j.
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Proof. We consider the following diagram; the commutativity of its outer
square corresponds to the statement that left and right actions commute:

id®Xiijle,, id®d
Ajly ® Rijly ® Ails — Ajly ® Rijlyre, — Ajly ® Rijly
X"]jl’)’*c.v-,cy Xijj"v&y
X |,cy ®id :Rij ‘cy*('y*cz) ﬁ jzz‘j ‘cy*fy
=
Xuﬂj‘cz,cy*'y
Rij |Cy*’Y ® Aila :Rij‘(cy*'y)ocz d
d®id kd
Rijly ® Aily —————— Rijlyoc, Rijly

Xiijlew .y

The diagram in the upper left corner is the pentagon diagram of
The two rectangular diagrams commute because x;;; is connection-
preserving, and the diagram in the lower right corner is commutative be-
cause the isomorphism d is independent of the ways the thin homotopy is
performed.

Associativity of the left action follows from in a very similar
way, and the associativity of the right action is seen analogously. The fact
that the actions are unital can easily be deduced from O

Lemma 3.7. The bundle morphisms \;j and p;; are connection-preserving.

Proof. For \;;, we have to show that for each path I' : v — +/ in P;; there is
a commutative diagram

Xijjly.cy dey ony,y

Ajly ® Rijly ————— Rijlc,+~ Rijly

ph,@ph;rJr J{Ptur,, J{ptur

Ajlyr ® Rijly W Rijley T Rijly
Here, n € PQ); is the path formed by the end points of I', i.e. n(t) := I'(¢)(1),
and T,y € PPM is defined by T(t) := ¢, * (). Further, we have set
y:=7(1) and 3 :=+/(1). The diagram on the left is commutative because
Xijj is connection-preserving. The diagram on the right is commutative be-
cause the connection on R;; is superficial. Indeed, we note that the obvi-
ous homotopy h € PPPM between I'; and I' fixes the paths of end points
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(namely, ¢ — T'(t)(0) and 7). Further, the adjoint map h" : [0,1]3 — M fac-
tors through T'V : [0,1]2> — M, which implies that its rank is less or equal
than two. Then, the diagram on the right is precisely an instance of the
property Definition of a superficial connection. The discussion for
pi; is analogous. (I

Proposition 3.8. The vector bundle R;; is bundle of eviAj;-evjA;-
bimodules.

Proof. By now we have equipped R;; with a bimodule structure (X;;, pi;). As
a consequence of Lemmas and this bimodule structure is local.
We show below (Remark that the bimodule structure is faithfully
balanced, so that Lemma implies that R;; is a bundle of bimodules. [

Remark 3.9.
(a) Riilc, is the identity A;|z-A;|z-bimodule.

(b) Lemma implies that parallel transport along a fixed-ends path
I' in P;; is an intertwiner of evjAj;-evjA;-bimodules. In particular,
the canonical isometries dy . : Rij|ly — Rij|4 for a pair (,4") of thin
fixed-ends homotopic paths are intertwiners. If a path I" does not fix
the endpoints, then parallel transport is an intertwiner with respect
to the parallel transport in A; and A; along the paths of end points,
respectively.

(c) The lifted path reversal a;; : R;; — Rj; exchanges left and right actions
under the involutions of the algebra bundles. More precisely, for a path
v € Py with 2 :=(0) and y := (1) the diagram

.
¢ @ai; braid

Ajly ® Rijly ———— Ajly @ Rijly — > Rjil, @ Ajly

/\ijJ( J(ﬂz:j

Rijly Rji

Qg

Y

is commutative. This follows from | (LBGS)| and the fact that o;; is

connection-preserving.

Next, we consider the space Pj X, P;; of composable paths between
three D-branes, equipped with the projections p;; to Pj; and pji to Pj, the
composition ¢ to Py, and the projections p;, pj, pr to the end points of the
paths.
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Proposition 3.10. Lifted path concatenation x;j; induces an isomorphism
PRk @pra,; piiRij = ¢ Rig
of bundles of p;Ap-p; A;i-bimodules over Py, Xq, Pij.

Proof. In order to see that x;;i is well-defined on p;fkijk Qp: A, p;‘jIRU it
suffices to show that it vanishes on elements of the form pj;|, (w ® a) ® v —
w & Aijly(a ®@v), where a € Ajly, v € R;ij|y and w € Rjg|y, and (1) =y =
7/(0). This follows from the definitions of A;; and pj; and via a
direct calculation.

Similarly one checks that x;j is an intertwiner for both actions. In order
to show that it is an isomorphism we construct an inverse map in the fiber
over a point (v',7) € Pj; xq, Pyj. Let (v1,...,v,) be an orthonormal basis of
Rijly. For x € Rik|y4y we consider the element

1/1(@ = ( & azg(vl))) X vy

ﬁzd’vﬂ *’Y’Y(Xﬂk"YW*W
Rij)

€ Rjkly @ Rijly-

Using the fact that x;; is connection-preserving and | (LBG2), we compute

Xijk’%v/ (Y(z)) = (7 * ) *(Fx7) 7 *y
%ﬁ Z
(Xiikﬁ*%v/w(m ® Xijily(uj(or) @ v))).
With the latter becomes
Xijk|%’¥’ (¢(x)) = d('y’*'y)*(ﬁ*'y),‘y/*y(Xiik|7*’Y7’Y'*’Y (.’L‘ X dczﬁ*’Y(ei (x))))

Via | (LBG4)| this is equal to x. Conversely, we compute 9 (xijk|~,y (W ® v))
for v € Ri;|, and w € Rji|,. Using the definitions, the fact that x;j; is

connection-preserving, and | (LBG2), we obtain

1

Tyjj) Z Pk (W ® dyiy.c, (Xjijlro (v @ aij(vr))) @ .

=1

V(Xijhlyqy (0 @ v)) =

Under the quotient by the Aj-action, the right hand side is identified with

V(Xijklyy (W @ v)) = \/rktT) D w @ Nij(dyey,c, (XGig 5 (0 @ aig(vr)) @ vr).
77 =
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Again, from the definitions, the fact that x;; is connection-preserving, and

| (LBG2)| we obtain

1 n
T w®d * (F*
rk(ijj) lz; Yx (Y)Y

~a(aij(v) @ v))).

Y (Xijklyy (W@ v)) =

X (Xiijlay (0 © Xigi
Now we use to obtain
w(Xijk’%v’ (w®v))=w® dv*(ﬁw),y(Xz‘z‘jH*%v(v ® dcxﬁﬂ(ei(m))))-

Finally, by [ (LBG4)|, the latter is equal to w ® v. O

Corollary 3.11. The bimodule bundles R;; and R;; are invers to each
other, in the sense that there exist bimodules isomorphisms

Rijily ®@a,), Rijly 2 Aile  and  Rijly @4,), Rjily = Ajly,

for every v € Py with x := ~v(0) andy := (1), forming bundle isomorphisms
over Pyj. In particular, the bimodule R;;|, establishes a Morita equivalence.

Proof. Proposition [3.10] provides bimodule isomorphisms
Rjily @a.l, Rijly = Riilgey  and  Rijly @, Rjily = Rjijlysmy

and by Remark we have bimodule isomorphisms Rjj|5xy = Rislc, =
Az‘x and Rjo)@ = :Rjj ¢, = .Aj|y. O

Remark 3.12.

(a) Since all algebras A;|, are simple, it is clear that they are all Morita
equivalent (to C); the point is that LBG provides a consistent choice
of these Morita equivalences, parameterized by paths.

(b) Inverses of invertible bimodules are unique up to unique intertwin-
ers, and a canonical choice is to take the complex conjugate vec-
tor space with swapped left and right actions. Remark
shows that o;; : R;; — Rj; is that unique intertwiner. In particular,
if (L,\,R,¢,x,€6,a) and (L, \,R, ¢, x,€6,&') are LBG objects, then

a=da.
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(c) By Lemma we have morphisms between algebra bundles
ev’{Aj — Endev[*ﬂqi (RZ]) and GVB.AZ' — (EndevIAj (Ri]’))OP

over Pjj, where Endey; 4, (R;j) and (Endey: 4, (R;5))°? are bundles of en-
domorphisms of right evA;-module bundles and of left evjA;-module
bundles, respectively. Since the bimodule R;; establishes a Morita
equivalence, it is faithfully balanced; i.e., the above algebra bundle
homomorphisms are isomorphisms.

The following statement combines the bimodules structure with the fu-
sion representation, and will be useful in Section

Lemma 3.13. The fusion representation commutes with the bimodule ac-
tions of Lemma[3.6; more precisely, the diagrams

id®¢ijlvy,v2
Aj|y ® (L|71U72 ® :Rij|"r2) —_— Aj|y ® :Rij|"r1

braid@idJ

L|71U“/2 ® (‘Aj|y ® :Rij|72) Al
id®Aij~/2J
Ll’YIU'YZ ®Rij|“/2 ~ Rijhl
ijlvive
and
bijlyi e ®id

Llyiums @ Rijly, @ Aile Rijln @ Ailw

id®Pij'ng/ J{Pijhl

L|W1U72 ® -(Rij"vz fRij|~/1

4’71]‘"‘{1,'72

2]

are commutative for all (y1,7v2) € Pi?
71(1) = 72(1).

with x :=v1(0) =72(0) and y :=
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Proof. For the first diagram, we insert k = j, vi2 := 71, Vg := V2, V23 :=
Yas := ¢y into | (LBG3)|[and use the section Ve, into L,,uy;,- As v, is neu-
tral with respect to the fusion product and the fusion representation (Re-

mark we obtain from | (LBG3)| the commutativity of the diagram

AR~ i s
®Xijj l’YiTCy

L"HU’YZ ® R]’jlcy ® Rij ‘72 S — L‘(Cy*’Yl)U(Cy*V2) ® Rij ‘Cy*’YZ

bT'aid@idJr

‘erj|Cy [ L|’Y1U’72 [ jzij ‘72 Pigley vy .cyxva

id®di; |71772J

Rjjley @ Rijlv

Rijleysr .
Xijjlviey

Using the obvious reparameterizations and the superficial connection, as well
as the fact that ¢;; is connection-preserving, this shows the commutativity
of the first diagram. The second diagram follows analogously. O

3.3. Reduction to the point

One important insight of the Stolz-Teichner programme [ST04] is that clas-
sical field theories (with a target space) and quantum field theories fit into
the same framework of functorial field theories, in such a way that the tar-
get space of a quantum theory is a point. Under a conjectural identification
between certain types of field theories and generalized cohomology theories,
quantization is the pushforward to the point in that cohomology theory.

As we will show in [BW2I], our LBG is precisely the data for a
2-dimensional open-closed topological field theory with target space M.
On the other hand, Lazaroiu, Lauda-Pfeiffer and Moore-Segal determined
the data for a 2-dimensional open-closed topological quantum field theory
[Laz01l, IMS06l ILPO8|, resulting in a structure called an I-colored knowl-
edgable Frobenius algebra in [LP0§|. In this subsection we prove that both
data are consistent in the sense that in the case M = {x} our LBG reduces to
an I-colored knowledgable Frobenius algebra (with additional structure and
properties). Loosely speaking, LBG is a family of I-colored knowledgable
Frobenius algebras. We start with the following simple reduction of LBG to
a point:
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Lemma 3.14. Consider the target space (M,Q) with M = {x} and Q =
{*}icr. Then, the category LBG(M, Q) is canonically equivalent to a cate-
gory LBGY defined as follows. An object is a septuple (LR, 0, x, € )
consisting of the following structure:

(1*) A complez inner product space L together with a unitary isomorphism
A: L®L— L such that (L, )\) is a commutative algebra.

(2%) A family R = {Ry;}ijer of complex inner product spaces.

(3*) A family ¢ = {¢sj}ijer of unitary isomorphisms ¢i; : L @ Rij — Ryj,
forming a representation of (£, X) on Ryj.

(4*) A family x = {Xijk}ijrer of associative, linear maps xijk : Rjr ®
Rij = Rik, and a family € = {€;}icr of elements €; € Ry; that are neutral
with respect to X and X;j;-

(5*) A family o= {aij}ijer of unitary isomorphisms a;: Rij — Ry
that are unital (cyi(€;) = €;), involutive (aj; o oy; = idw,,) and anti-
multiplicative, i.e. xpji(oi;(v) @ ajp(w)) = i (Xije(w @ v)) for allv €
fRij, w € :Rjk-

This structure has to satisfy the following axioms:

(LBG1*) The following diagram is commutative:

A®Xijk

id®braid®idJ

LRk L& Rij bik
¢_jk®¢ijJ/
Rjk @ Rij o Rik

(LBG2*) For any elements v,w € R;; we have

hii(Xiji(ij(w) @ v), €) = hij(v,w) = hyj(ej, Xjij(w @ az;(v))).
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(LBG3*) The following diagram, where \ is defined as in is commuta-

tive:

Pij
L& Rij — Rij

5\®aijJ( J%‘j

Z@iﬁ *}ab jzji
ji

(LBG4*) For every orthonormal basis (v1,...,v,) of Rij and every v € Ry;
we have

> xGis (i (vk ©0) @ g (or)) = hai(ei,v) - €.
k=1

Finally, a morphism in LBGY is a pair (p, &), consisting of a unitary al-
gebra isomorphism ¢ : L — L' and of a family & = {&;}ijer of unitary iso-
morphisms &; : R;j — R;j that are compatible with the remaining structure
i the obvious way. O

Remark 3.15. The unit-length section v of yields a unit-length element
1 € £ that is neutral with respect to A. By definition, the map A\ : £ — £*
mentioned in is given by

AOWE) 1=\t ).

Using that {1} is an orthonormal basis of £ and A is unitary, one can show
that A (under the isomorphism £* 2 £) is given by

AL =Ll h(0,1)-1.

We find that X is a unital, involutive, algebra homomorphism. The map
C— L :2z+ z-11is a unitary algebra isomorphism, and under this algebra
homomorphism, A becomes complex conjugation.

Our goal is to compare the category LBG(Y) with the following cate-
gory, which in turn is equivalent to the category of topological open-closed
quantum field theories with boundary labels in I, valued in the symmet-
ric monoidal category of finite-dimensional complex vector spaces [LP0S8|
Theorem 5.6] and [MS06]. The relationship to quantum field theories will
be further elaborated in [BW21].
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Definition 3.16. Let I be a set. An I-colored knowledgable Frobenius al-
gebra is a septuple (£, R, x,€,60,¢,.") consisting of the following structure:

(CFal) £ is a commutative Frobenius algebra whose trace will be denoted
by .

(CFa2) R = {Ry;}ijer is a family of finite-dimensional complex vector
spaces.

(CFa3) X = {Xijk‘}i,j,kEI is a family of linear maps Xijk * Rjk &® Ri]’ — Rik
satisfying an associativity condition for four indices, and € = {¢; }ier
is a family of elements ¢; € R;; that are neutral with respect to .
In particular, R;; is an algebra.

(CFad) 6 = {6;}ics is a family of linear maps 6; : R;; — C.

(CFab) ¢ = {t;}ier is a family of algebra homomorphisms ¢; : £ — R;; which
are central in the sense that x;;;(v ® ¢;(€)) = xi;5(¢;(¢) ® v) for all
lel andvaRij.

(CFa6) * = {i}}icr is a family of linear maps ¢} : R;; — £ which are adjoint
to ¢; in the sense that V(€ - ¢f (v)) = 0;i(xiii (i(£) @ v)) for all v € Ry;
and £ € L.

This structure defines a pairing o;; by

(8) Rji @ Rij — Ris e

which is supposed to satisfy the following three axioms:

(CFa7) o0y is non-degenerate, i.e. the induced map ®;; : R;; — R;‘-i is bijec-
tive.

(CFa8) o04j and 0j; are symmetric: 04(a ® b) = 0;(b ® a) for all b € R;; and
ac iRﬂ

(CFa9) If (v1,...,vy) is a basis of R;;, (v',...,v"™) is the dual basis of Rj; with
respect to 05, and v € R;;, then

(15 03)(0) = > Xjij (i (06 @ 0) @ V%),
k=1

Note that[(CFa7)|and [[CFa8)|imply that R;; is a symmetric Frobenius al-
gebra. A homomorphism between I-colored knowledgable Frobenius algebras
is a pair (¢, £), consisting of a Frobenius algebra homomorphism ¢ : £ — £’
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and of a family £ = {&;;} jer of linear maps &;; : Ri; — inL»j that respect pro-
ducts, units, and traces in the obvious sense, and satisfy ¢; o ¢ = &; 0 ¢; and
¥ 0 &i = ¢ o . The category of I-colored knowledgable Frobenius algebras
is denoted by K-Frob).

Remark 3.17. Definition was described first in [MS06, Section 2.2],
where was related to the Cardy condition. The terminology “I-
colored knowledgable Frobenius algebra” was coined in [LP08| Def. 5.1] for a
slightly different but equivalent structure — the equivalence is established by
an “I-colored version” of the well-known equivalent ways to define a Frobe-
nius algebra (one by a non-degenerate inner product and the other one by
a co-product, see [Koc03, Prop. 2.3.22 & 2.3.24]).

Moore and Segal prove the following theorem [MS06, Theorem 2]; their
proof applies without changes.

Theorem 3.18. Let (L, R, x,¢€,0,1,.*) be an I-colored knowledgable Frobe-
nius algebra with £ one-dimensional. Then, the Frobenius algebra R;; is
simple, for every i € I. O

In the following we construct a functor

(9) F:LBGY) — K-FrobW),

Suppose (£, A\, R, $, X, €, @) is an object in LBGW). Thus, £ is a commutative
algebra. The hermitian metric » on £ induces a non-degenerate trace J(¢) :=
h(1,¢), making £ into a commutative Frobenius algebra; this is [(CFal)
The vector spaces R;;, products x;;x, and units €; give [(CFa2)| and [(CFa3)|
The trace 6; is the one given in Remark ie. 0;(v) := hsi(e,v); this
gives The linear map ¢; : £ — R;; is the string opening morphism
of Remark ie. 1;(f) := ¢ii(£ ® €;). In order to check we have to

prove that ¢; has the following properties:

(a) It is an algebra homomorphism. This follows by reducing [(LBG1*)| to
i =j = k, inserting €; € R;;, and using that xiii(€; ® €;) = €.

(b) It is unital. This follows from Remark

(c) Tt is central. This follows by reducing [(LBG1*)|to the cases i = j and
j =k, and by using the neutrality of e;.
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The linear map ¢} : R;; — £ is the string closing morphism, i.e. ¢ (v) :=
1-6;(v). In order to check we show that it is adjoint to ¢;:
V(27 (v) - €) = hii(ei, h(1, £) - v) = hii(ei, ii(dia(h(£,1) - 1 © i (v))))
Remark B.15]
i hii(€s, (G (A(£) © ais(v))))
= hii(€i, ¢ii({ @ v))
= hii(€:, Xiii (v ® ¢ii (L ® €;))) = 0i(Xiii (v @ i (£))).
Now it remains to verify the axioms that involve the pairings o;;. For

the non-degeneracy of o;;, we show that the corresponding map ®;; coincides

with the isomorphism c;; under the isomorphism () : Rji = R;, Le. we
show that ®;;(v) = a;;(v)? for all v € R;;. To that end, let w € Rj;. We

compute:

D (v)(w)

hii(€s, Xiji(w @ v)) (LBG2Y))
hii(Xigi(aij(v) @ agi(w))), €) = hij(agi(w), v)
h > (w).

ji(w, aij(v)) = aij(v)’ (w)

The next calculation verifies the symmetry between o;; and o0j;:

oij(w @ v) = hii(xiji(ai(v) @ agi(w)), &)
= hjj(€j, Xjij (v @ w)) = 0i(v @ w).
Finally, we verify the Cardy condition Suppose (v1,...,v,) is an
orthonormal basis of R;; with respect to h;;, and suppose (vh,...,v") is the

dual basis of Rj; with respect to ¢;;. We have already seen that ®;; = ()’ o
a;j; this means that vk = a;j(vg) for all k =1,...,n. We get for v € Ry;:

1 (45 (0)) = 4i(L-0i(v)) = 0i(v) - €5 = hii(€i, v) - €.

Now, |(LBG4")|implies|(CFa9)l This finishes the proof that (£, R, x, €, 6, ¢,1*)

is an I-colored knowledgable Frobenius algebra.
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In order to define the functor F on the level of morphisms, we consider
a morphism (¢, &) in LBGWU). We claim that the same maps p: L — L and
&ij 1 Rij — R;j form a morphism of the corresponding objects in K-Frob(®.
First of all, the unitarity of ¢ implies that ¥ o ¢ = 9, i.e. ¢ is a Frobenius
algebra homomorphism. Second, by assumption, &;; respects products and
units, and since §;; is unitary, it also respects the traces ¢;. Proving the iden-
tities ¢; 0 p = &;; 0 ; and 1) 0 §; = ¢ o1} is straightforward. This completes
the definition of the functor F.

Now we are in position to deliver the remaining part of the proof of
Proposition namely that the algebras A;|,, for z € Q; and i € I, are
simple. Restricting a given LBG object to z yields an object in LBG) with
L := L], and Ry := Ryiile, = Ailo. Under the functor F, it becomes an I-
colored knowledgable Frobenius algebra with £ one-dimensional. Applying
Theorem [3.18] we obtain:

Corollary 3.19. The algebras A;|; obtained from LBG in Section are
all simple.

We continue studying the functor F. It is obviously faithful, but nei-
ther full (i.e., non-isomorphic LBG may give isomorphic I-colored knowl-
edgable Frobenius algebras), nor essentially surjective. In order to prop-
erly understand these phenomena, we lift the functor F to a new cate-
gory RPK-Frob!! ), where the I-colored knowledgable Frobenius algebras are
equipped with so-called positive reflection structures, which we introduce
next. We will discuss in [BW21] the relation to positive reflection structures
in functorial field theories, in the sense of Freed-Hopkins [FH21].

Definition 3.20. A reflection structure on an I-colored knowledgable
Frobenius algebra (£, R, x, €, 6, ¢,0*) is a pair (A, «) consisting of an involu-
tive algebra isomorphism X : £ — £ and of a family a = {aij}ijer of invo-
lutive (i.e., aj; 0 j = id), anti-multiplicative isomorphisms a; : Rij — Rj;
such that the conditions

(10)

19()\(5)) = ﬁ(f), aii(ei) = €4, «9@(04“(7./)) = QZ(U) and Q3 O Ly = Ly © 5\

are satisfied for all ¢ € I. A reflection structure is called positive if the
sesquilinear pairings

(v,w) = oij(az; (W) @w)  and  (£,) = IAT(L) - L)

on R;; and £, respectively, are positive-definite for all 7,5 € 1.
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We remark that the last equation in implies the analogous con-
dition Aol =1f oy for ¥, due to the adjointness in |(CFa6)| and the

non-degeneracy of #. A homomorphism (p,&) between I-colored knowl-
edgable Frobenius algebras is called refiection-preserving, if XN o p=po A
and o ; ©&ij = &ji 0 aj. The category of I-colored knowledgable Frobenius
algebras with positive reflection structures is denoted by RPK-Frob!). There
is an obvious forgetful functor RPK-Frob) — K-Frob(!. Next, we construct
a lift of the functor F to RPK-Frob( ),

RPK-Frob™®

/
r‘Lb(”.

LBGW —— KF

In order to define the lift F , we have to define positive reflection struc-
tures on the I-colored knowledgable Frobenius algebras in the image of
F. The isomorphisms A and a;; are the given ones. Remark shows
that A has the required properties; the properties of «;; follow directly
from The compatibility condition follows from the definition of
¢t and The pairing reproduces exactly the given hermitian metric
on fRij,

(v, w) = 0;(xiji(ij (v) @ w)) = hii(€i, Xiji(u(v) @ w))
(LBG27)

hji (Oéij (w), Qg ('U)) = hij (U7 w),

and is hence positive definite. Similarly, the pairing on £ reproduces the
metric h:

(0,0 = IN) - ) = h(1,A0) - ') = h(A(£),1) - h(1,£)
= h((,1) - (1, = h(£,0).

Finally, we observe that the morphisms of LBG!) respect the reflection
structure by definition. This completes the definition of the lift F.

Proposition 3.21. The lifted functor F is full and faithful, and surjective
onto those objects with £ = C as Frobenius algebras (with idc as the trace
on C). In particular, it induces an equivalence

LBGY) ~ RPK-Frob)¢,
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where RPK-Frob¢ is the full subcategory on all objects with L =C as
Frobenius algebras.

Proof. 1t is obvious that F is faithful. In order to show that it is full, we con-
sider two objects (£,\, R, b, x,€ ) and (L, N, R, ¢, X', €,a) in LBGD),
and consider a morphism (¢, §) between the corresponding I-colored knowl-
edgable Frobenius algebras with reflection structures. The compatibility of
¢ and §;; with the involutions A and a;j follows because (¢, €) is reflection-
preserving. It remains to show that ¢ and ;; are unitary, and that the fusion
representations are preserved. We have seen above that the metrics h and
hij are determined by the traces, the multiplications, and the involutions,
which are all preserved by ¢ and &;;; this implies unitarity. Concerning the
fusion representation, implies that ¢;; = xijj © (¢j ® idg,,). Thus,
the fusion representation ¢;; is determined by the product x;;; and the al-
gebra homomorphism ¢;. Since these are preserved by &;; and ¢, the fusion
representation is preserved. This completes the proof that F is full.

Now we assume that (£,R,x,€,60,¢,0") is an I-colored knowledgable
Frobenius algebra with a positive reflection structure (S\,Oéij), such that
L = C as Frobenius algebras. First of all, we remark that if £ = C, preser-
vation of traces implies that there is only one such isomorphism, namely
the trace ¢ itself. In particular, ¥ : £ — C is a unital algebra isomorphism.
We equip £ with the sesquilinear form h(¢,¢') := 9(A(€) - £'). Using that o is
involutive and an algebra homomorphism, we get h(£, ') = 9(¢) - 9(¢'); this
shows that h is a hermitian metric and that the product A of £ is unitary.
We equip R;; with the sesquilinear form h;;(v, w) := Qi(Xiji(oz;il(v) ®w)).
Using that «;; is involutive, anti-multiplicative and compatible with 60;, we
see that h;; is hermitian. It is non-degenerate, since the pairing o;; is non-
degenerate and o;; is an isomorphism. Finally, it is positive-definite since the
reflection structure is positive. The involutions «;; are unitary with respect
to the metrics h;; and hTz we have

hji(eij(v), aij(w)) = 0ji(v ® azz(w))
(CTas)

= O'ij(()éij(w) ®v) = hij(w,v) = m

We define the fusion representation by ¢;; := xijj o (¢; ® idg,,). This is a
representation because x;j are associative and ¢; is an algebra homomor-
phism. Further, ¢;; is unitary:
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hij(¢ij (£ @ v), ds (0 @ "))

0: (xiji (xjis (i (A(0)) ® a7 (v)) @ s (1(€) @ 0)))

Xiii (Xiii (i (A () ® () @ Xijz‘(aj_il(v) ®")))
Xiii(Li(A(0) - ) @ xijilag;' (v) © 01))
(CFab)
= IO - - 4f (gl (v) ©0)))
¥ is an algebraihomomorphism
= 9(A(0) - £) - 9(1- ¢} (xiji(a; (v) @)

= h(,€) - 0;(xain(& @ xigilaj; (v) ®V)))
= h(ﬁ, 6/) . ]’Lij(’l), ’Ul).

Now we have provided the structure to of an object of LBG),
It remains to check the axioms. Axioms [(LBG1*)| and [(LBG3*)| follow from
the definition of ¢;;, the centrality of ¢; in Rm and its compatibility with
« in . The first part of (LBG2")| follows from the associativity of x;jx
and its compatibility with «;;, and the second part additionally from the
symmetry of the pairing o;; in Finally, for Axiom we have
seen above that v¥ = a;;(vg) for a basis (v1, ..., v,) of R;; and its dual basis
(vl,...,v™) with respect to o;;. With |(CFa9)| it thus remains to prove that

hii(ei,v) . €j = (Lj (e] L;()(U)

To see this, we first note that J(:}(v)) =6;(v) due to the adjointness
in[(CFa6)} Since ¢ is a unital algebra isomorphism, this implies .} (v) = 6;(v) -
1. Then, we obtain (¢; 0 t})(v) = 6;(v) - €, which coincides with hj;(e;, v) - €;.
Summarizing, we have constructed an object of LBGW, which is (by con-
struction) sent by the functor F to the I-colored knowledgable Frobenius
algebra with reflection structure we started with. (]

Proposition shows that by restriction of LBG to a point one obtains
all reflection-positive open-closed topological quantum field theories whose
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bulk algebra is C. This will be further investigated in our upcoming paper
[BW21].

4. Transgression

In this section we construct our transgression functor .7 : TBG(M, Q) —
LBG(M, Q). In Sections to we describe its action on the level of
objects, i.e. the transgression of a TBG object (G,&). In Section we
treat the morphisms, and in Section we consider the situation where the
bundle gerbe G is trivial.

As announced in the introduction, we will treat analytical regularity
over loop spaces and path spaces in the framework of diffeology. The reason
is that we use extensively the concatenation of arbitrary paths, whenever
they have a common end point. This requires sitting instants (i.e., the map
v :[0,1] — M is constant around {0} and {1}). Spaces of paths with sit-
ting instants are not manifolds in any way; this forces us to use diffeologi-
cal spaces. An introduction to diffeology can be found in [IZ13| BHI11]. A
systematic application to spaces of paths and loops in the context of pa-
rallel transport has been pursued in [Bae07, [SW13|, and in the context of
transgression in [Wall2l, Wall6]. For the sake of self-containedness, we have
included an Appendix about vector bundles over diffeological spaces.

4.1. The line bundle over the loop space

The transgression of gerbes with connection to the loop space was described
first by Gawedzki [Gaw8§| (in terms of Deligne cohomology) and Brylinski
[Bry93] (in terms of Dixmier-Douady sheaves of groupoids). A transgression
for bundle gerbes was described by Gawedzki and Reis in [GR02]. An adap-
tion to bundle gerbes of Brylinski’s transgression was described in [Wall0],
and then extended in [Wall6] to include fusion products. In the following
we recall this approach briefly.

Let G be a bundle gerbe with connection over M. We define a principal
U(1)-bundle LG over LM in the following way. The fiber LG|, over a loop
T is the set of 2-isomorphism classes of trivializations T : 7°G — T, i.e. 1-
isomorphisms in GrbV(S'). This set is a torsor over the group of isomorphism
classes of principal U(1)-bundles with connection over S!, which can be
identified canonically with U(1) by taking the holonomy around the base
S1; this establishes the U(1)-action on LG|,. The total space of LG is the
disjoint union of the fibers LG|,. A diffeology on LG is defined as follows.
A map ¢: U — LG is a plot if the projection c:=mo¢:U — LM is a plot
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of LM, and every point u € U has an open neighborhood v € W C U and
a trivialization T of (¢Y)*G over W x S! such that é(w) = [i},T] € LG|,
for all w € W. Here ¢V : U x S — M is the map ¢"(u, 2) := c(u)(z), and
iw ST — W x St is defined by i,(t) := (w,t). It is proved in [Wall6l, Sec.
4.1] that this makes LG into a diffeological principal U(1)-bundle over LM.
By Lemma the associated vector bundle £ := LG Xy 1) C with respect
to the standard representation of U(1) on C is a hermitian line bundle over
LM.

The fusion product A on £ is defined first on the principal U(1)-bundle
LG as described in [Wall6l, Sec. 4.2]. We consider (y1,72,73) € PMB! and
the corresponding loops 74y := 74 U Y, for a,b =1,2.3. Let Ty : 7,G — Zo
be trivializations for ab € {12,23,13}. We work with S! = R/Z, and consider
the two maps t1,2: [0,1] — ST defined by ¢1(t) := 3t and w(t) := 1 — it.
Suppose there exist 2-isomorphisms ¢1: t77T12 = t77T13, ¢2: t5T12 = 17723
and ¢3: 15 T23 = 15713 over the interval [0, 1] such that ¢1]o = ¢3]o @ P2]o and
111 = ¢3|1 ® P2|1, where o denotes the vertical composition of 2-morphisms
in GrbY. Then, we set

)‘|’Yl,72,’73 (712 ® 753) = Tis.

It is proved in [Wall6l Sec. 4.2] that this sufficiently characterizes A as a
bundle morphism. On the associated bundle £, the fusion product is then
defined by

Ay oims ([Th2, 212] @ [T23, 223]) 1= [AN(T12 ® T23), 212 - 223].

Remark 4.1. Pullback along rev : S' — S' : ¢+ 1 — ¢ defines a bundle mor-
phism LG — LG* that covers the loop reflection rev: LM — LM : 7+
7 o rev. We note that rev(y; U~2) = 72 U~v1. On the associated line bundle,
rev induces the bundle morphism

A'Ylv')’z : L’YlU’Yz — Z|’Y2U’71 : [T7 Z] = [rev*T, E]v

which is part of the LBG structure | (2)]

A connection w on LG is defined in [Wall6l Sec. 4.3]. Here, we describe
its parallel transport 7, combining the definition of the 1-form w [Wall6]
Sec. 4.3] with the derivation of the parallel transport described in [Wall2]
Def. 3.2.9]. If I' € PLM is a path, 7 : (T'V)*G — I, is a trivialization, and
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To and 77 are its restrictions to {0} x S and {1} x S1, respectively, then

(7o) :== T1 - exp (/[01] 51p>'

The connection w on LG is superficial [Wall6, Cor. 4.3.3] and symmetrizes
the fusion product [Wall6, Prop. 4.3.5]. We obtain an associated connection
pt on the associated line bundle £, see Lemma This completes the
construction of LBG structures and from a bundle gerbe G with

connection over M.

4.2. The vector bundle over the path space

In this section we construct the vector bundles R;; over the path spaces
P;j, from a given TBG object (G, ). It is different from a construction of
Gawedzki and Reis |[GR02], but results into an isomorphic bundle. We use
the following notation: if p € M is a point, we denote by G|, the pullback of
G along the map {*} — M : % — p.

The fiber of R;; over a path v € P;; with z :=~(0) and y := (1) is
defined as follows. Let T : v*G — Zy be a trivialization. Over the point we
have the two 1-morphisms 7o : G|, — Zp and &, : G| — Zo, so that we
obtain a hermitian vector bundle A(&;;, T |o) with connection over the point,
i.e. a complex inner product space; see Section Similarly we obtain a
complex inner product space A(Ejly, T]1). We define

Rijly(T) = Hom (A(Eilx, Tlo), A(Ejly: Th)),

which is a vector space of dimension rk(&;) - rk(&;), and comes equ1pped
with the complex inner product h;j(p,v) := tr(¢* o)), where ¢* denotes
the adjoint map.

Remark 4.2. Under the identification Hom(V,W) =V*®@ W, this inner
product is the one induced from the inner products on V and W. The
induced norm is the Frobenius norm.

We show that the vector spaces R;j|,(7) and R;;|,(T") associated to two
trivializations are canonically isomorphic. If 1) : 7 = T is a 2-isomorphism
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in GrbV([0,1]), then we have unitary isomorphisms

o == A(id, lo) : A(Eilz, T'lo) = AlEile, Tlo)
1= AGd, ¥h) $ Ay, T') = AEly, Th),

combining into a unitary isomorphism
ry: Rigly (T') = Rigly(T) 0> 1o oy

This isomorphism is in fact independent of v: since [0, 1] is connected, any
other 2-isomorphism ¢’ : T = T satisfies ¢/’ = 1) - z for a constant z € U(1);
and hence we have ry = ry. Moreover, since [0,1] is contractible and 1-
dimensional, any two trivializations over [0, 1] are 2-isomorphic.

Alternatively, we give another description of 7. The two trivializations
T and 7' determine a hermitian line bundle L := A(T,7") with connection
over [0,1]. By Remark we have canonical isomorphisms

A(Eilz, Tlo) ® Llo = A(Eilz, Tlo) @ A(Tlo, T'lo) = A(Eilz, T'|o)
A(&ly, Th) ® Lt = A(Ejly, TIh) @ AT, T'1) = A&y, T')

that together yield an isomorphism
L[5 @ Rijly(T) ® L1 = Ryl (T").
Any parallel unit-length section ¢ in L then determines an isomorphism
G Rijly (T) = Rijl5(T).

This isomorphism is again independent of o: if ¢’ is another parallel unit-
length section, we have ¢/ = o - z for a constant z € U(1). This shows that
o=2a.

A parallel unit-length section o in A(T,7’) is the same as a 2-
isomorphism ¢ : 7 = T, and under this correspondence we have ry = 5.
Thus, we have two descriptions of the same, canonical isomorphism, which
we will denote by 77 7-. On the class of pairs (7, ¢), where ¢ € R;;|,(T), we
define the relation (77, ¢") ~ (T, 777 (¢’)). This is an equivalence relation,
and R;j| is, by definition, the set of equivalence classes. It is a complex
inner product space of dimension rk(&;) - rk(£;). We note that the choice of
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any trivialization 7 determines a unitary isomorphism
Rijly(T) = Rijly o= (T, 0)].

We will shortly need to consider the vector spaces R;; in smooth families,
and we thus prepare the following notation and Lemma4.3|below. Suppose U
is a smooth manifold, possibly with boundary, and f : U — P;; is a smooth
map. By definition of the diffeology on P;;, this means that f¥ : U x [0,1] —
M is smooth. For w € U and t € [0, 1] we will use the maps two maps i, :
[0,1] = U x [0,1] and j; : U — U x [0, 1] defined by i,(t) := ji(u) := (u,t).
If 7:(fY)*G — I, is a trivialization, then we define the hermitian vector
bundles

V7= A((evoo )&, joT) and Wy = A((evio )", 51 T)

with connection over U. In terms of this notation, we have R;j| ¢, (7, T) =
Hom(Vr, Wr)l, for all u € U. We need the following result about a change
of trivialization in smooth families.

Lemma 4.3. Let T : (fY)*G = Z, and T : (f¥)*G — I be two trivializa-
tions. If U is contractible, then there exist the following:

e a I-form n € QYU x [0,1]) such that p— p' = dn and itn =0 for all
uelU

e q connection-preserving bundle isomorphism
o HOII](V'T, WT) ® (CJ'TTI*]'STI — HOHI(VT/, WT/)

over U, such that G|, = ri=7 47 for all w € U. Here, C,, denotes the
trivial line bundle equipped with the connection induced by a 1-form w.

Proof. We use a U-family version of the canonical isomorphism r7 77. We
consider the hermitian line bundle L := A(T,T’) over U x [0, 1] with con-
nection of curvature p — p’. By Remark we have an isomorphism
V7@ joL = A(evooe)*E;, joT) @ AGGT. 46 T')
=~ A((evo o e)*&, joT') = Vo

A similar construction works for W+ and Wy, and together we obtain a
bundle isomorphism

joL* ® Hom(V7, Wr) ® ji L = Hom(V77, Wr).
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Now, L may not have a parallel unit-length section. However, it always
admits a unit-length section o that is parallel along i,. Indeed, since U
is contractible, there exists a smooth unit-length section og : U — ijL. We
define o(u,t) := pty, ,(00(u)), where 7, is the path 7 i,(7) restricted
to [0,t]. Since the parallel transport depends smoothly on the path, this
gives a smooth section of L, as desired. We denote by n € Q' (U x [0,1])
its covariant derivative, so that dn = p — p'. Therefore, o determines the
claimed connection-preserving bundle isomorphism &, as claimed. Since o is
parallel along i,,, we have i;;n = 0 and |, = 777 O

We are now in position to assemble the fibers R;j|, into a diffeological
vector bundle. Its total space R;; is the disjoint union of the fibers R;;|,
for v € Pj;, equipped with the obvious projection 7 : R;; — P;;. Let U C Rk
be open. We define a map ¢: U — R;; to be a plot of R;; if the following
conditions hold:

(a) The composition ¢:=moc:U — P;; is a plot of Pj;.

(b) Every point w € U has an open neighborhood W C U, a triviali-
zation T : (c|}},)*G — Z,, and a smooth section 7 into the bundle
Hom (V7, Wr) over W, such that ¢(w) = [i, T, 7(w)] for all w € W.

It is straightforward to show that this indeed defines a diffeology.
Proposition 4.4. R;; is a hermitian vector bundle over P;.

Proof. Let ¢: U — P;j be a plot and let u € U. We choose a contractible
open neighborhood W C U of u. Since W x [0, 1] is contractible, there exists
a trivialization T : (c|}/)*G — Z,, and since W is contractible, there exists
a trivialization

7: W x C*¥ = Hom(V, W),

where k =1k(&;) - rk(€;). We define a local trivialization ¢ of R;; by the
formula

¢ W xCF = W xp, Rij: (w,0) — (w,[i5, T, 7(w,v)]).

This map is smooth (by definition of the plots) and fiber-wise linear. We
have to show that it is a diffeomorphism.

The inverse map of ¢ can be described in the following way. Given
(w, [Tw, @]) € W xp, Rij with a trivialization Ty, : ¢(w)*G — Zp and ¢ €
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iRij ‘c(w) (7;1} ) , We have

¢~ (w, [Tu, ¢]) = 77 (rey 7,72, (9)).

In order to show that ¢! is smooth, we consider a plot of W x p,; Rij, which
is a pair (f, ¢) of a smooth map f : U’ — W and aplot ¢ : U’ — R;; such that
cof=moé=:c. Since ¢ is a plot, there exists (possibly after replacing U’
by a smaller subset) a trivialization 7" : (¢V)*G — Z,» and a smooth section
7" of Hom(V7/, W7) such that é(u) = [T, 7' (u)] for all u € U'. Now, we
have to show that the map U’ — W x CF given by

wer ¢ (f(w), [T 7' (W)]) = 77 (ris 7 (7 (w))

is smooth. Indeed, by Lemma [4.3] it is the composition of smooth bundle
morphisms. O

4.3. The superficial connection

We define a connection on the vector bundle R;;, in the sense of Defi-
nition [ALBl A similar definition of that connection has been sketched in
IGRO2]. Let ' € PP;; be a path in P;;, and let v, :=I'(s) € P;;. Thus, T’
is a path from 7 to ;. We consider the adjoint map T'V:[0,1]2 = M
(i.e. I'V(s,t) := 7s(t)) and choose a trivialization T : (I'V)*G — Z,. Let T :=
Tlistx[0.1]; these are trivializations of (vy)*G. Further, let 7% := T/ 1x {0}
and 71 :=T| [0,1]x{1}, Which are trivializations along the paths of end points.
In the notation of the previous subsection, we consider the hermitian vector
bundles V7o and Wy with connection over [0,1], and the corresponding
Hom-bundle Hom(V7o, Ws1) over [0, 1] with its induced connection. Now
we have

Rijlyo (To) = Hom(Vro, Wri)lo  and  Rijly, (T1) = Hom(Vero, W)l

Then, we define

(11) PtijIr : Rijlye (T0) = Rijlyy (T1) = @ — exp (/{O . p) -pt(p),

where pt is the parallel transport in Hom(V7o, W1) along the linear path
in [0,1] from O to 1.

Proposition 4.5. defines a superficial, unitary connection pt;; on R;;.
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Proof. The proof is split into five parts.

Part I: the definition of pt;;|r is independent of the choice of the trivi-
alization 7. In order to prove this, let 7" : (I'V)*G — Z,, be another trivi-
alization. We consider a 1-form 7 € Q*(]0, 1)) and a connection-preserving
bundle isomorphism

o HOIn(VT, WT) &® (ijﬂ—jéﬂ — Hom(VT/,WT/)

over U, as in Lemma Thus, the parallel transport pt in Hom(Vy, W)
and pt’ in Hom(V7, W) differ by the parallel transport of Cjryy—jzyp, i-€.,

pt'(Glo(w)) = al1(pt(e)) - exp </ Jin— J’Sﬁ)

)

for all ¢ € Hom(V7, W7)|o. Due to Stokes’ Theorem, and the properties
p' —p=dnand ign = iin = 0 of 1, we can write this as

pt' (Glo()) - exp (/{0’1]2 p’) = 0l1(pt(p)) - exp (/{071]2 P) .

Since &|s establishes the isomorphism r7 77 between R, (7;) and
Rijlv. (T); this shows the claimed independence.

Part II is the verification of ptij|r depends only on the thin
homotopy class of I'. In order to prove this, we suppose I'1,I'y € PP;; are
thin homotopic (Definition for X = P;;). Thus, there exists h € PPP;;
such that

(a) h(0) =T and h(1) =T
(b) h(r)(0) =T1(0) =T2(0) and h(r)(1) =T1(1) = T2(1) for all r € [0, 1]
(c) BV :[0,1]> = Pi; : (1,8) = h(r)(s) has rank one.

Here, a smooth map f between smooth manifolds is said to have rank k if
tk(df;) < k for all points z in its domain. We let H : [0,1]3> — M denote
the map H(r,s,t) = h(r)(s)(t) = h"(r,s)(t); which by (c¢) has rank two. We
choose a trivialization 7 : H*G — Z,; since H has rank two, H*G is flat and
hence dp = 0.

The restriction of H to the (¢t = 0) face of the cube [0,1] has rank
one due to (c). By Theorem there exists a parallel trivialization 7,
a hermitian vector bundle Ey with flat connection, and a 2-isomorphism
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(12) V7= A(H[}Z&i, Ti=o) = A(TZo ® Eo, Ti=0) = A(TZ, Ti=0) ® Eo.

We note that the line bundle A(7,_, Ti=o) carries a connection of curvature
—pi=0. Analogously, Wy =2 A(T,_,, Ti=1) ® E1, for another flat hermitian
vector bundle F; and a parallel trivialization 7, ;. Computing the holonomy
of the vector bundle Hom(V7, W7) over [0,1]? around the boundary, we
obtain

(13) Plr=1 0 pts—=0 = pts=1 © plr=0 - €Xp </[ } —pPt=0 — ,0t=1> :
0,1]2

Here and in the following, the orientation on the faces of the cube [0, 1]® are
always the ones induced on the boundary by the standard orientation on
[0, 1]3.

Next, we consider the (s = 0) face of the cube [0, 1]3, where H is constant
in r due to (b). Let Ts=o := T |j0,1]x {0} x[0,1] be the restriction of T to that
face, and let ps—o be its 2-form. For p:[0,1]2 — [0,1)%: (r,t) = (0,t) we
have another trivialization T._y := p*T |{0}x {0} x[0,1] With vanishing 2-form,
since p factors through [0, 1]. Applying Lemma to the pair (Ts=0, T.—o):
we obtain a 1-form 79 € Q1([0, 1]2) such that ps—g = dng and i*ng = 0 for all
r € [0,1], and a connection-preserving bundle isomorphism

0p : HOIn(VTS:O,WTs:O) [ (cjfno—jéno — HOHI(VTS/:U, WTJ:o)

over [0, 1]. The parallel transport from 0 to 1 gives the identity

1
0|1 © pte—o = pti_g o Golo - exp (/ Jo™o —ﬁﬁo) .
0

In this identity, we used the fact that over each point r € [0, 1] &¢ restricts
to the canonical isomorphism

T oo * Riglyo (Tsr=0) = Rijlyo (T3 r20);

see Lemma Likewise, the parallel transport pt,_, in Hom(V7_ , W7 )
coincides with the canonical isomorphism r72 _ 77 since it describes a

trivialization of A(7;’7r:0, 7;’:077“:1). Finally, we use the properties of 79 and
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Stokes’ Theorem, and obtain

(14) Pls=0 =TT, .o, Toco o1 * €XD ( / ps_o) :
[0,1]2

The (s =1) face is treated analogously, just that we get —ps—1 under the
integral.

Now we are in position to show that the two parallel transports pt;;|r,

and pt;j|r, coincide, under the canonical isomorphisms r. Indeed, for ¢ €
Rij’%(ﬁ,rzo) we have:

ptl] |F2 (/r,];,'r‘:(]y,];:o,r:l (SD))

= ptT:l(rTs,r:o,Ts:O,rzl((p)) * €Xp (/ _pT’=1>
[0,1]2

(14)
ptrzl (pts:O((P)) - €Xp (/[ | —Ps=0 — prl)
0,1]2

pts—1(ptr=o(p)) - exp </[ | —Pt=0 — Pt=1 — Ps=0 — pr:l)
0,1]2

&

I=

TTct o, To s (PEr=0(p)) - €XP ( /[ | —Pt=0 — Pt=1 — Ps=0 — Ps=1 — pr—1>
0,1]2

= TTs:l,r:O,Ts,r:l(ptT:O(sp)) - €Xp (/[ | pT:O)
0,1]2

=TTl 0T (PLiIT, ()

In the last-but-one step we have used Stokes’ Theorem for the closed 2-
form p.

Part III is the verification of parallel transport is compatible
with path concatenation; this follows directly from the definition.

Part IV is the verification of pti; is compatible with local
trivializations. Let ¢ : U — P;; be a plot and let ¢ : W x Ck W X p,, Rij
be a local trivialization with W C U. We can assume that ¢(w,v) =
(w, [¢, T, 7(w,v)]), where T : (¢V)*G — I, is a trivialization over [0,1] x W,
and 7 is a bundle isomorphism 7 : W x C*¥ — Hom(V7, Wy). We let w, €
QL (W, gI(CF)) be the corresponding connection 1-form, i.e. it induces the
unique connection on W x CF such that 7 is connection-preserving. This



1140 S. Bunk and K. Waldorf

means that for a path v € PW we have

(15) T(v(1), exp(wr)(7) - v) = pty (7(7(0),v)),

where exp(w;)(7y) € GL(CF) is the path-ordered exponential of w, along 7.
Then we define

(16) W = Wy +/ p € QYW gl(Ck)),
[0,1]

with the addition performed under the diagonal embedding R C gl(C¥). We
note that

(17) exp(wg)(7) = exp(wr)(7y) - exp ( /[0 (idjo,1) 7)*/}) -

71]2

Now we consider the relevant diagram, whose commutativity is to check:

exp(wg)(7)

ck c*
¢H(o>J }’lw(l)
Rijlet0)) pinslons Rijlevy)-

Clockwise, using and we obtain the map

v !%)Ta exp (/[0’1}2(101 x '7)*/)) 'Ptv(T(’Y(O)av)))] :

Counter-clockwise, we first have v — [L,";(O)T, 7(7v(0),v)] and then obtain, by
definition of pt;;, precisely the same result.

Part V: the connection pt;; is superficial (Definition[A.11]). For condition
A.11 (i)l we may equivalently show that a thin, fixed-ends loop I' : S' — P;;
has trivial holonomy, pt;;|r = id. Here, by a thin loop we mean that its
adjoint T : S' x [0,1] — M has rank one. Since I'V| g1 foy and I'V |1 1} are
constant and all paths have sitting instants, we can extend I'V constantly to
discs glued along their boundary to S' x {0} and S! x {1}. By Theorem|C.1
@ there exists a trivialization T : (I'V)*G — Zy. Thus, pt;;|r is determined
completely by the holonomy of Hom(V7, W) around S* = 9D?2. The vector
bundles V7 and W are defined over D? and are flat by Theorem
hence, their holonomy vanishes.
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For condition we consider a rank-two-homotopy h € PPP;;
between paths T'y = h(0) and T’y = h(1). Let T : (hY)*G — Z, be a trivi-
alization. Due to condition hY has rank two, so that (hY)*G is
flat and dp = 0. Over the (¢ = 0) face, h" is constant in r due to
and hence is of rank one. Using Theorem there exists a trivialization
To : (hV)];_oG — Zp and a flat hermitian vector bundle Ej over [0,1]? such
that V= A(7o, Ti=0) ® Eo, see . Since A(7o, Tt=0) is a hermitian line

bundle with connection of curvature —p|i—g, we have

(18) Holy.. (9]0, 1]?) = exp (/{0 . —p|t0) .

We treat the (¢ = 1) face analogously, producing the same formula for W
and pl(~1. Now we are in position to prove condition [A.11 (ii); we need to
check that

Ptijln, © Ptijly, = Plijly, © Ptijln,-
Substituting our above findings, we obtain the integral of p over four faces
of the cube, as well as the holonomy of Hom(V7, W7) around 90, 1]2. Us-

ing the latter provides integrals of p over the remaining faces. All to-
gether, these integrals vanish due to dp = 0 by Stokes’ Theorem. O

We conclude the discussion of the connection pt;; with the following
result. It coincides with a corresponding claim in J[GR02] (for rank one D-
branes).

Lemma 4.6. The curvature of the connection pt;; on R;; satisfies

1
I‘k(fRU)

tr(curv(pt;)) = / evieurv(G) + eviw; — eviw;.
[0,1]

Proof. According to Remark we have to compute tr(dwg), where wy
is the 1-form encountered in the preceding proof in , which in turn
was obtained from a trivialization 7 : (¢¥)*G — Z,. For the first summand
in we have to compute tr(dw;), i.e. the trace of the curvature of the
vector bundle Hom(V7, W7 ). From the definition of the functor A and the
vector bundles V+ and W+ we see that

rk(lgi)tr(curv(VT)) = (evpoc)'w; — jop and

*

tr(curv(Wr)) = (evg o ¢)*w;j — jip.

1
rk(&;)
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Thus, we obtain

1

mtr(curv(ﬂom(VT, Wr))) = ¢*(eviw; —eviws) — jip+ jop

in € Q2(W). For the second summand in we recall that integration over
a fiber with boundary satisfies a version of Stokes’ Theorem,

d/ p=/ dp + jip — jop-
[0,1] [0,1]

We have dp = (¢")*curv(G) and obtain — under the sum of —the claimed
formula. O

4.4. Fusion representation

We equip the vector bundle R;; over P;; with a fusion representation of the
line bundle £ over LM. We start by constructing isomorphisms

Dijly s+ Llr @ Rijly, = Rijly,

for (y1,72) € Pi[f] = Pj XQ,xq, Pij, with 7:=71 U~2. Let T be a trivi-
alization of 7*G. We recall that S?! =R/Z and consider the two maps
11,021 [0,1] — S* defined by ¢1(t) := 1t and to(t) := 1 — 3¢. Then, T := i} T
is a trivialization of 4{G, and Ty := (57 is a trivialization of v5G. We note
that

Rijlne (T2) = Hom(A(Eile, Tlo), A(&jly, T11)) = Rijly, (T1),
and define:
Bijlys s+ Ll @ Rijlay (T2) = Rijly, (Th) = [T, 2] @ @ = zep.

Lemma 4.7. This defines a connection-preserving, unitary bundle isomor-
phism ¢;;.

Proof. (1) The map ¢j|y, ., is independent of the choice of the triviali-
zation T. Indeed, if 77 is another trivialization of 7*G, let P be a her-
mitian line bundle with connection over S! such that 7/ =7 ® P. Let
o1 and oy be parallel unit-length sections into (JP and (5P, inducing 2-
isomorphisms ¢ : T; = T{ and 12 : T3 = 7. These differ over the endpoints
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by numbers ag,a; € U(1), say 11]o = ¥2|o - ap and ¥1|1 = a1 - a1. We ob-
tain Holp(idg:) = aga;*, and [T, 2] = [T’ a1ay " - 2] in £|,. Further, we have
(in the notation of Section

ry, (9) = (Y2)1 090 (Ya)g " = arlag - (Y110 po (v1)g" = ai ag - ry, ().
We obtain
(arag" - 2) - 1y, (0) = 1y, (290);

this shows the independence.

(2) The map ¢;; is smooth. Consider a plot ¢: U — Pg]. We con-
sider an open subset W C U with a trivialization 7 : (¢¥)*G — Z,, where
¢: W — LM is the induced plot of LM, i.e., ¢ := U o c. We obtain induced
trivializations T; := (¢1 X idw )*T and To := (12 X idw )*T. After choosing
a trivialization 7 of the vector bundle Hom(Vy, W7) over W, we obtain
local trivializations ¢1 of priR;; and ¢ of priR;; over Pljz, defined by
o1(w,v) = (w, [v5 T, 7(w,v)]) and ¢2(w,v) := (w, [t} T2, 7(w,v)]), accord-
ing to the proof of Proposition [4.4l Further, we have a local trivialization
¢ of U*L defined (see Lemma [A.2)) by ¢(w,v) := (w, [}, T, v]). By definition
of the isomorphism ¢;;, we have a commutative diagram

(W x C)® (W x CF) W x Ck

¢®¢2J{ ‘m

(W XP_[2,] U*L) ® (W XP.[Z,] pI';:R”) T) w XPP] pI‘I:Ri]'
ij ij ij ij

whose top arrow is pointwise scalar multiplication. This shows that ¢;; is
smooth.

(3) The bundle morphism ¢;; is connection-preserving. Let I' = (I'1,I'2)
be a path in Pi[f}, and let 7: =17 U2 be the induced path in LM. Let
T : (7V)*G — I, be a trivialization over [0,1] x S1. Let Ty : (I'Y)*G — I,
and T3 : (I'y)*G — Z,, be the trivializations obtained by pullback of 7" along
the maps id x ¢1,id x 13 : [0,1]2 — [0,1] x S*, respectively. Let T;(s) be the
restriction of 7y to {s} x [0, 1], for s € {0, 1}. By construction, we have V., =
V1, and W, = W, as well as

/ P—i—/ P2 =/ P1-
[0,1] x5 [0,1]2 [0,1]2
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From the definitions of the parallel transport in £ and R;;, we conclude that
the diagram

$i51r1(0),r5(0)

Llr0) ® Rijlry(0)(72(0)) Rijlry0)(T1(0))

PtT®PtijF2JV thijll"l

Llr1) ® Rijlry 1) (T2(1)) Rijlr, 1y (T1(1))

$ijlry (1),rg (1)

is commutative; this shows that ¢;; is connection-preserving. O

Next we show that the first LBG axiom is satisfied.

Lemma 4.8. Aziom| (LBG1) is satisfied: ¢;; is a fusion representation.

Proof. We consider a triple (v1,v2,7v3) € PM Bl and the corresponding loops
Tab = Ya Up. Using trivializations Ty : 7,3,G — Zo, and 2-isomorphisms
(251: LT7-12 = LT7-13, ¢22 L;’Tlg = LT’Eg and (2531 L;’ng = L;’Tlg, LBGl im-

plies the commutativity of the following diagram:

N 1d®¢ijlvg,v3 "
L|71U“/2 ® L|’Y2U“/3 ® Ri]’|’¥3(b27—23) —_— L’YIU72 ® :Rij|72(bl7—23)
id®r¢2
Av1vz,v3 ®1d Loy, ® Rij|72(53712)
¢ij|71,'v2
Llyiums ® Rijlys (13723) Rijly (11Th2)
id@r;; (re )7t
La10vs @ Rijlys (e3T13) Rijlyy (11 Ths).

bijlvivs

In this diagram, the bundle morphisms ¢;;, ¢;x and ¢;, are just scalar
multiplication. We may additionally assume that \([T12, 212] ® [Ta3, 223]) =
[T13, z12223], reducing the commutativity of the diagram to the equation
r;ll org, = r;sl. By definition of the fusion product and of the morphisms
r¢., this equation follows from the identities between the 2-isomorphisms
¢1, ¢2 and ¢3. O
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4.5. Lifted path concatenation

We equip the vector bundle R;; over P;; with a lifted path concatenation,
and start by constructing a linear map

Xijk|712,’723 : :Rjk|723 ® 921'J'|'Y12 — :Rik|’723*’712

for all (’723,’712) € ij XQ, Pij and 7,5,k € I. Let x := ’712(0), Y= ’712(1) =
v23(0) and z := 723(1). Consider a trivialization 7 of (y23 * 712)*G, and let
trivializations 712 of 7],G and 723 of 753G be defined via restriction, i.e.
Tz :== T and Toz := 15T, where ¢1,¢2 : [0, 1] — [0, 1] are defined by ¢1(t) :=
1t and o(t) := § + 2t. We find

Rijlys (Tiz) = Hom(A(Eilz, Tlo), A(Ejly, T11))

Rijk oy (Toz) = Hom(A(Ejly, T11), A€kl Th))
iRik"Y’zaO’le (7-) = Hom(A(€Z|xa T|0)7 A(gk|z’7 T|1>)

Thus, we define
jQJ‘]€|’Y23 (753) ® :Rij|712 (7’12) - :Rik|’723*’712 (T)

simply as the composition of linear maps, i.e., @23 ® Y12 — WYa3 0 Y12.

Lemma 4.9. This defines a connection-preserving bundle morphism
Xijk : Pr1Rjx @ praRi; — «" Ry,

Proof. (1) Independence of the choice of the trivialization is straightforward
to see and left out for brevity.

(2) In order to see that x;ji is a smooth bundle morphism we represent
it in local trivializations. Consider a plot ¢: U — Pj; X, FP;j, and let c12,
c23 and c13 be the pointwise projections to F;; and Pj, and the pointwise
concatenation, respectively. We restrict to a contractible open subset W C U
such that there is a trivialization T : (c{3)*G — Z,. We induce trivializations
T12 and Ta3 of (¢Y5)*G and (cy5)*G by pullback along idy x ¢1 and idw X g,
respectively. We then consider the vector bundles

Vii=A(evo o c13) &, 5o T), Vo i= Al(evy o c13) &, jiT)
and V3 := A((evy o c13)*E;, 51 T)
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over W. We claim that there exist trivializations 7, of the Hom-bundles
Hom(V,, V) such that the diagram

(W X (Cngan) ® (W X (CnQan) 3 W X (Cn3><n1

723 ®T12J J‘Fm

HOIH(VQ, Vz) ® Hom(\?l, Vg) 40) Hom(\?l, Vg)

is commutative, with pointwise matrix multiplication in the top row. These
can be found by choosing trivializations of the bundles V, separately, and
then inducing trivializations of the Hom-bundles via Hom(V,,Vp) = Vi ®
V. According to the proof of Proposition the gerbe trivializations 7gp
and the bundle isomorphisms 7, induce local trivializations ¢ of c53Rj,
¢ij of c19R;;, and ¢y, of c¢j3R;x. By construction, the diagram

W>< ((anxn] ®(an><ni) : chnkxni

¢_jk®¢ijJ{ ‘/d)ik

* * *
w XijXQj P;j (prjkajk ® prz‘ijij) w X Pjp, xXQ; Pij (* :Rik)

idX X5k

is commutative. This shows that x;j; is smooth under local trivializations,
and hence smooth.

(3) The bundle morphism x;;x is connection-preserving. Indeed, consider
a path (I'g3,I'12) in Pj, X, Pi;, and let I" be its pointwise concatenation.
Let 7 : (I'Y)*G — Z, be a trivialization, and let Ti2: (I'}3)*G — Z,,, and
Tas : (T'y3)*G — I,,, be the pullbacks of 7 under (id x ¢1) and (id x ¢2),
respectively. We consider the hermitian vector bundles with connections

U:=A((evoo I')*&;, joT), V:= A((ev% oI')*&;,jiT)
and W := A((evy o')*E, 57T)

over [0, 1], so that

Rijlras) (Ti2l sy xj0,1)) = Hom(U, V)]s,
Rk rss (s) (T23lgsy x[0,17) = Hom(V, W)|,
and  Rig|res) (T lisyx[0,1)) = Hom(U, W),

and lifted path concatenation is the composition

(19) Hom(V, W) ® Hom(U, V) — Hom(U, W).
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It is elementary to see that is a connection-preserving bundle morphism
over [0,1]. Further, we find

/ (TV)*p = / (TY,)" prz + / (TYs)* pas
[0,1]2 [0,1]2 [0,1]2

for the integrals of the 2-form of the trivializations. These results prove the
claim. 0

Now that we have established the lifted path concatenation in R;;, we
are in position to show that the next two LBG axioms are satisfied.

Lemma 4.10. Axziom | (LBG2) is satisfied: the maps x;ji are associative

up to reparameterization.

Proof. In order to prove the pentagon diagram of | (LBG2), we have to
choose a path T' in P;; connecting (34 * Y23) * 712 With v34 * (723 * 712). In
order to do so, we let ¢ : [0,1] — [0, 1] be a smooth reparameterization such

that ((7y34 x Y23) * v12) (t) = (34 * (23 * 712)) (0(t)) for t € [0,1]. We let T" be
induced from a fixed-ends homotopy h between id[g ;) and ¢. We let 71 be
a trivialization of (34 x (723 x 712))*G, and then define a trivialization of G
along I' by T := h*T1. We set To := T{oyx[0,1] = ¥*T1- We note that I" is a
thin path with fixed endpoints, and that 7 is a trivialization with vanishing
2-form. Thus, by definition of the parallel transport pt;|r,

d('734*’723)*7127'734*(723*’712) : CRil’(’YszL*’hs)*’le (76) — :Ril|734*(723*712)(7’1)
is the identity map. The pentagon diagram we have to prove thus reads as

Rkl'"{sA(L;LS%) ® :Rjk"st (LTL;%) ® :Rij"‘/m (LT%) — :Rk’l"Ys:n (Lgﬂ) ® :R]'k“"/za (L;L?]—l) ® :Rij"‘/lz(LTLT/]’l)

Xjklvzg»wM@idJ Jid@xu’»nzns

:le |’Y:34*"{25 (L§76) ® :RU |’Yl2 (L’{%) :Rk‘l ")’34 ([';ﬂ) ® le |’Y23*"7’12 (LTTI)

Xl:l"vumn*ws kal"vzx*'vnv‘v:n

:Ril | (Y3axy23)* Y12 (76) :R’il ‘7:34*(723*712) (71 ) .

The arrow on top consists of the canonical identifications r relating different
choices of trivializations, and they are all identities according to the sub-
sequent Remark The remaining diagram then commutes due to the
associativity of the composition of maps. Il
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Remark 4.11. Suppose v € P;; and ¢ :[0,1] = [0,1] is a smooth map
with ¢(0) =0 and (1) =1, such that yop =+. Let T :v*G — Zy be a
trivialization, and let 7' := ¢*T. We have R;j|5(T) = Ri;|,(T"), and we
claim that r7 77 =id. In order to see this, we may choose a smooth ho-
motopy h:[0,1]2 — [0,1] between the identity and ¢, with fixed ends
(h(s,0) =0, h(s,1) = 1forall s € [0,1]) that fixes the path, y(h(s,t)) = ~(t)
for all s,t € [0,1]. Then, we consider the trivializations h*7T and priT,
where pry:[0,1]2 — [0,1] is the projection. The hermitian line bundle
L := A(h*T,pr37T) has a flat connection and thus admits a parallel unit-
length section over ({0} x [0,1]) U ([0,1] x {0}) U ([0,1] x {1}), where the
two trivializations agree. With the connection, the section can be extended
to all of [0, 1]2. In particular, we obtain a parallel section o of A(7”,7T) that
is the identity over the end points. This shows r7 77 = id.

Lemma 4.12. Aziom| (LBG3) is satisfied: ¢;; and x;;i are compatible with
each other.

Proof. We consider paths 7yi2,7]5 € P;j and 723,743 € Pji as in | (LBG3)
and form the loops

7= (y3*xm2) U (Va3 % Y12) »  Ti2:i=712U%e 5 Tz = Y23 U s,

We consider corresponding trivializations of G, namely T along 7, 712 along
T2, and Ta3 along 7o3. The first objective is to compare these trivializations
wherever two of them are defined. Over the common point y, we fix a 2-
isomorphism o : Ti2|1 = Taslo. Since all paths have sitting instants there
exist maps ¢, 19, g02§ : §1 — S1 such that

T23 023011 = T23 =T OPYOLY,
T23 © 23 O L1 = Cy = T12 © P12 O L1,
T12 0 P12 0Ly = T12 O IOty = T 0 Y O L9,

where rot, : S! — S!is the rotation by an angle of 7. Due to the first and the
third of these identities, we can find 2-isomorphisms ¢1 : (53723 = t7*T
and ¢3 : L5971, T12 = t50*T. Because of the second identity, we have a 2-
isomorphism ¢ := C;J 11595323 = L1915 T12. We claim that we can choose
these 2-isomorphism such that

(20) P1lo = P3lo® p2lo  and @11 = ¢3]1 @ P21
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Indeed, the first equation can be used to re-define o such that this first
equation is satisfied. Since ¢ = c,0, we cannot repeat this for the second
equation, so that we first obtain an error, a number z € U(1). We consider
the hermitian line bundle L. over S! with connection of holonomy z. Then
we replace Ti2 by Ti2 ® L, and repeat the whole construction by fixing a
new 2-isomorphism o; then both equations in are satisfied. Comparing

with the definition of the fusion product given in Section [4.I] we have that

[T23, 223] @ [Th2, 212) — (33723, 223] ® [1aT12, 212]
= [*T, z12203) — [T, 212223

realizes the isomorphism )\ on top of the diagram of The remain-
ing arrows of the diagram are labelled with the lifted path concatenation
and the fusion representation, which, by our choices of trivializations, are
just composition and scalar multiplication of linear maps, and the commu-
tativity of the diagram reduces to the trivial fact that zj2293 - (23 0 ©12) =

(z23¢23) © (212012)- O
4.6. Lifted constant paths

We equip the vector bundle R;; with lifted constant paths. To that end,
we consider x € @; and choose a trivialization T : G|, — Zyp. We have
Riile, (3 T) = End(A(&lz, T)), and readily define €;(x) := ida(s,|, 7)-

Lemma 4.13. The assignment x — ¢;(x) defines a smooth, parallel section
along c: Q; — Pj;.

Proof. Tt T is another trivialization of G|, then there exists a 2-isomorphism
¢ T = T’ inducing the linear map rc.y : Riile, (3 T7) = Riile, (c3T). We
have 7c-y(idace,),,7)) = ida(g,,,7); this shows well-definedness. Next, we
show directly that €; : Q; — R;; is smooth. Let f:U — @; be a plot of
Q;, i.e., a smooth map defined on an open subset U C R™. We have to
show that ¢ :=¢; 0 f : U — Ry; is a plot. Note that ¢ := 7o ¢ =co f, where
c:Q; — Py is the assignment of constant paths, and ¢V : U x [0,1] — P
is the map (u,t) = cg(,)(t) = f(u). We choose an open subset W C U such
that there exists a trivialization T : f*G|lw — Z,,. Then we set T’ := prj;, T
for pryy : [0,1] x W — W, so that 7 is a trivialization of (¢¥)*G. The rele-
vant vector bundle over W is

Hom(A((evg 0 ¢)*&, jiT"), A((evy o ¢)*&;, jiT")) = End(A(F*E:, T)).
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We note that w — 7(w) := ida(s-¢, 7|, 15 @ smooth section of this bundle
over W. By definition of the diffeology on R;;, we have that w—
[T, T(w)] = [c3, T, idA(E ] 0wy, T10)] = €i(f(w)) = E(w) is a plot, which was
to show.

If v is a path in @, let T be a trivialization along =, and consider the
trivialization S := pr37 over [0, 1]2. In particular, S is a trivialization along
the path ¢ — c,(;) connecting ¢, with ¢, in Pj;, and it has vanishing 2-form.
We let V:= A(y*&;, T). Then, the parallel transport in R;; along c,(_) is
just the parallel transport in End(V):

ptii|c.y(,) : EHd(V)|0 — End(V)h
Since the section id into End(V) = V* ® V is parallel, we have the claim. O

Lemma 4.14. Aziom | (LBGJ) is satisfied: €; provides units up to repa-

rameterization for X;ji.

Proof. Let Ty be a trivialization of G along a path + from x to y, and let ¢ :
[0,1] — [0, 1] be a smooth map such that v o ¢ = 7 x ¢, (this uses the sitting
instants of 7). Let h be a fixed-ends homotopy between idjg,1) and ¢, and let
T :=h*T as well as T1 := T |{1}xj01] = ¢ To- These are trivializations with
vanishing 2-forms and they agree on [0,1] x {0, 1}, so that

dv,v*cm : Rz]|’y(76) — iRz’j’wcc,c (’Tl)
is the identity by definition of the connection pt;;. Moreover,
Xiijley * Rijly (13T1) @ Riile, (11T1) = Rijlayme, (T1)

is the composition. Due to Remark we have identities Rii|c, (¢171) =
Riile, (c(Tolo)) and Rijly(¢5T1) = Rijl4(To). The first shows that €;(z) =
id € Riilc, (¢7T1). The second shows that R;j|(t5¢*T) = Rij|+(To), and to-
gether with the first we have

Xiijle, ~ (v, €i(x)) = dy e, (v),

which is the first half of | (LBG4)| The second half is proved analogously. [
4.7. Lifted path reversal

We equip the vector bundle R;; with a lifted path reversal. Let v € P;;
with 2 := ~(0) and y := y(1). We choose a trivialization 7 of v*G, and let
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T := rev*T, where rev : [0,1] — [0,1] is defined by rev(t) := 1 — t. We have

Rjil5(T) = Hom(A(&jly, Tlo), AEila, Th))
= Hom(A(gj‘wTh)vA(gi|a:77-|0))'

We define the lifted path reversal by forming the adjoint linear map with
respect to the given hermitian metrics,

aijly  Rijl(T) = Rjil5(T) = ¢ > ™.
Lemma 4.15. This defines a connection-preserving bundle morphism.

Proof. If T’ is another trivialization we consider a 2-isomorphism 1) : 7 =
T’ and the corresponding canonical identification 74 () = ¢1 0 @ 0 ¥y L for
¢ € Rij|4(T"). Since 1y and ¥ are isometric isomorphisms, we have

(ro()* = (W1 ooy ') =vgop ot
= (rev*y))} o " o (rev* )y ! = Tyeyeyp(07),

where rev*1) : T — T'. This shows the independence of the choice of the
trivialization.

In the following we consider a smooth map f: W — P;;, where W is a
smooth manifold, that admits a trivialization 7 : (f¥)*G — Z, defining the
vector bundles V- and Wy over W. We consider the pointwise path reversal,
reviy : W x [0,1] = W x [0,1] : (w,t) = (w,1 —¢). Then, T :=rev}, T is a
trivialization of G along f o revy,. We have

V7 =A((evoo V)€, joT) = Al(evi o f¥ o R)*E;, jiT) = W,

and similarly W = V= Now suppose f :=c|y is the restriction of a
plot ¢:U — Pj; to an open subset W C U, and we have a trivializa-
tion 7: W x C* — Hom(V7, Wr), inducing a local trivialization of R;;.
Taking the pointwise adjoint defines a local trivialization 7: W x CF —
Hom (W, V7) = Hom(V7, W), inducing a local trivialization of Rj;. Under
these local trivializations, «;; is the identity, and hence smooth.

In order to see that «;; is connection-preserving, we consider a path
I' € PP;; and compare the parallel transport pt;;|r with ptj;|or, where
rev: Pj; — Pj; : v+ 4. We put f:=1T in the situation described above. It
is elementary to see that taking adjoints in the bundle of homomorphisms be-
tween hermitian vector bundles preserves induced connections. In the present
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case, we have a commutative diagram

0* - -
Hom(V7r, Wr)lo —— Hom(W+,V7)|o Hom(V7, W=)o

Hom(Vr, Wr)|1 T Hom(W7,V7)[1 == Hom(V=, W=)|1

It remains to compare the integral of the 2-form p over I'V with the integral
of revi,p over (revol) =revyy o'V, Since revyy is orientation-reversing,
we get the opposite sign. In the definition of ptj;|myor, the exponential of
this integral is considered as a scalar, which is multiplied with the parallel
transport in the Hom-bundle. Since we are concerned with the complex
conjugate vector bundle Tﬁ, the product has again the correct sign. This
shows that the diagram

Rij|r(0) (To) — Ryilro5(To)

ptijhﬂJ( J{Ptjilrﬁxol"

Rijlo)(T) — = Rialry (Th)

is commutative; hence, a;; is connection-preserving. O

Lemma 4.16. Aziom| (LBGS) is satisfied: lifted path reversal is compatible
with the metrics.

Proof. As in the proofs of Lemmas and the endomorphisms
de, 74y (€i(x)) and dc, yoy(€j(x)) are identities, and the remaining equality
is the obvious identity

tr((¢v* ok)* oid) = tr(k* o9p) = tr(id o o k*)

for traces and adjoints of endomorphisms v, x of a finite-dimensional com-
plex inner product space. [l

Axioms iLBGGiL (LBGT)| and [ (LBGS)| are obvious identities for ad-

joints of linear operators. The last two axioms are again more involved.

Lemma 4.17. Aziom| (LBGY9) is satisfied: lifted path reversal is compatible

with the fusion representation.

Proof. We consider (y1,72) € Pij X@,xq, Pij, the corresponding loop 7 :=
v1 U2, and a trivialization 7 : 7°G — Zy. In the diagram of | (LBG9)| the
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clockwise composition

* i * Yii T
Llr @ Rijly, (5T) —— Rijly, (3T) — Ryil5z (3 T)

sends [T, 2] ® ¢ to z - ¢*. For the counter-clockwise direction, we let rot; :
St — S1 denote the rotation by an angle of . Then, the map d : £]y,uy, —
L|yuss is given by [T, 2] — [rot; T, z|, see [Wall6l, Lemma 4.3.6]. We have
to compose this with the isomorphism X of which was computed in
Section see Remark Thus, the map

5\®0<7‘,j

L|T ® :Rij|72 (L§7-) ZHQU% ® §J1|’72(L§77—)

d H — PR
i © Ryl (ET)

is given by [T,z]®@ ¢ [rev*T,Z]® o* — [T, Z] ® ¢*, where T':=
rotyrev*7. In order to obtain the counter-clockwise composition, it remains

to compose the with fusion representation. We observe that (57" = (37 and
LiT" = UiT; hence, the fusion representation results in ¢;([7T",z] ® ¢*) =
Z - ¢* € Rjil5r(¢iT). This shows that the diagram of | (LBGY)|is commuta-

tive. O

Lemma 4.18. The Cardy condition| (LBG10) is satisfied.

Proof. As in the proofs of Lemmas and the endomorphism
de, yxe.x7(€5(y)) is the identity. The remaining equality is the identity

n
> propoyp; =tr(p)-id,
k=1

where (¢1, ..., ) is an orthonormal basis of R;j|(7) with respect to the
metric defined in Section It is straightforward to check this identity, for
instance using elementary matrices. 0

4.8. Functoriality of transgression

In Sections to we have defined our transgression functor on the level
of objects. Now we provide its definition on the level of morphisms: we
associate to a TBG 1-morphism (A, 1) : (G,€) — (G', &) a morphism (¢, &)
between the transgressed LBG objects.
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To start with, the transgression of U(1)-bundle gerbes is functorial
[Wall0]: from the isomorphism A :G — G’ we obtain an isomorphism ¢ :
L — L', which over a loop 7 € LM is given by [T, z] + [T o 7* A1, 2], for
T a trivialization of 7%G. The isomorphism ¢ is connection-preserving and
fusion-preserving.

Next, we define a vector bundle isomorphism &;; : R;; — iR;j foralli,j €
I, using the 2-isomorphisms v; : & = &/ o A|g,. Let v € P;; be a path with
x:=~v(0) and y := (1), let T : v*G — Iy be a trivialization, and let T’ :=
T o~v*A~L. We consider vector bundle isomorphisms

wz‘,O : A(Ez\x,ﬂo) — A((‘:{‘x,’]—qo) and
Vit A&y, Th) = A&y, T'h)

defined as follows. The bicategory GrbvV(M) provides a 2-isomorphism
§: A1 o A= id, which induces a 2-isomorphism ido =1 : 7T = T’ o y*A.
Now, 1); 0 is the composite

QS
(i,id) A

A(&ile; Tlo) (&l © Alz, T1o)

A(id,idos—? Ay
SO, A€l 0 Ale Tl 0 Al) 25 ALl T'lo),
where A 4, is defined in Remark ;.1 is defined analogously. We have

Rijl (T) = Hom(A(Eilz, Tlo)s AlEjly, Th))
Rij |y (T") = Hom(A(&fl2, T'lo), A(Ejly, T'1)),

and we finally define
&7+ Rijly(T) = Ryl (T') 1 9 > i 0 oty

Lemma 4.19. This defines a connection-preserving bundle isomorphism,
which depends only on the 2-isomorphism class of (A, ).

Proof. Independence of the choice of T is routine. For the smoothness,
we consider a plot ¢:U — P;;, an open subset W C U, a trivialization
T : (c|y}y)*G — I,, and a bundle isomorphism 7 : W x C"* — Hom(V7, Wr)
over W, so that we have a local trivialization ¢ of R;;. We set T’ :=
T o (c|y)*A~! and obtain bundle isomorphisms ;0 : V7 — V7 and ¢; 1 :
Ws — Wo over W from exactly the same definition as above. Then we ob-

. R . . 1
tain a local trivialization of R;; using 7" and 7/(w, v) := ;1 o 7(w, v) 0 ;4
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for w € W and v € C"; in these local trivializations the map &;; is the iden-
tity, and hence smooth.

If T': [0,1] — P;; is a path, we choose a trivialization 7 : (I'V)*G — Z,.
Then, the trivialization 7’ := T o (I'V)*A~! has the same 2-form p. Since
the isomorphisms ;o and ;1 over [0,1] are connection-preserving, the
induced isomorphism between Hom-bundles is connection-preserving, too.
This shows that ;; preserves connections.

We consider a 2-isomorphism ¢ between (A,v) and (A’,¢’) and the
corresponding vector bundle isomorphisms &;; and &/.. For a path v € Py, let
T : (vV)*G — o be a trivialization, 7' := T oy* A~ and T" := T o y* A~ 1.
From the 2-isomorphism ¢ : A = A’ we construct another 2-isomorphism
n:=ido~*p® : T' = T", where 7 : A~1 = A'~! denotes the inverse with
respect to horizontal composition. We consider the following diagram of
linear maps:

A(id,idos ! AW
A(El] 0 ALy, Tlo) — 2200 A (el 0 AL, T'o 0 Al) —255 A(ElLe, T')o)
A(1h;,id)
A(Eilz, Tlo) Alidog,id) Alidop,nlooy) Aid,nlo)
A(vy,id)
A(Ell o Ao, Tlo) —————— A(El]w 0 ALy, Tl 0 A1) —— AElLe, T"|o)
Alid,ido6 %) Ay

The diagram is commutative: the triangular diagram on the left commutes
due to the condition for TBG 2-isomorphisms, ¢} = (id o ¢) e ¢;. The dia-
gram in the middle commutes because the 2-isomorphism 64 : A~ 0 A = id
is natural with respect to 2-morphisms, and the diagram on the right-
hand side commutes by definition of A 4,. The diagram gives the equation

io = A(id, nlo) 0 ¥i0. Analogously, we have 1, = A(id,n|1) o ¢; 1. Thus,
for R;j|~(T) we have:

&i(0) = ¥y o podist = A(id, nlo) o i o po vy o Alid, )~
= A(id, n]o) © &;(9) 0 A(id, nl1) ™" = 1y (&i5(9)).-

This shows that &;; = O

r
ij*

The following lemma is a straightforward check, only using the defini-
tions; its proof is left out for brevity.

Lemma 4.20. The bundle isomorphism &;; intertwines the fusion represen-
tations, and respects the lifted path composition, lifted constant paths, and
lifted path reversal. O



1156 S. Bunk and K. Waldorf

Thus, the pair (¢,&), with £ = {&;}i jer is a morphism in LBG(M, Q),
and we call it the transgression of the 1-morphism (A, 1)). It is again straight-
forward to show that the assignment (A, 1)) — (¢, &) preserves identities and
the composition, so that we have the following:

Proposition 4.21. Transgression is a functor 7 :TBG(M,Q) —
LBG(M, Q). O

4.9. Transgression of a trivial bundle gerbe, and reduction
to the point

We analyze the transgression of TBG with a trivial bundle gerbe, i.e. G =
Z,. We note that the bundle gerbe modules &; are nothing but ordinary
hermitian vector bundles F; with connections over ();, and the 2-forms w;
are determined by

wi = p+ tr(curv(E;)).

1
Under transgression, we obtain the following. The line bundle is £ =C,,, ,,,
the trivial line bundle equipped with the connection 1-form py s := fsl ev¥p,
and the fusion product is just multiplication in the fibers [Wallll Lemma
3.6]. Concerning the vector bundles R;;, we claim that we have a canonical,
connection-preserving, unitary bundle isomorphism
(21) Rij = Hom(eVSEi, ev}‘Ej) & (CpPM
over Pj;, where ppys := f[o,l} ev*p. Thus, R;; is globally a bundle of homo-
morphisms between two vector bundles.

The isomorphism is defined in the following way. We consider
a path v € Pj; from = € Q; to y € Q; and the trivialization 7 :=idg,
of v*G =~*Z, = Iy. Then, A(&|, Tlo) = Eil» and A(&jly, T|h) = Ejly, so
that R;j|(idz,) = Hom(E;|4, Ejly). It is straightforward to see that this
defines a smooth bundle morphism (21)). Concerning the connection, let
[':[0,1] = Pj; be a path. Considering the trivialization 7 :=1idz,.,., of
(IV)*Z,, we obtain V7 = (evg o I')*E; and Wy = (evy o I')*E}j. Now, the pa-
rallel transport in R;; is

ptilr : Rijlro)(dz,) = Rijlray(idz,) : ¢ = exp (/{0 ] (FV)*p> -pt(p).
7]- 2

This is precisely the parallel transport in the vector bundle
Hom(ev{E;,eviE;) ® C

PPM*
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The fusion representation is trivial. The lifted path concatenation is the
composition, under the isomorphisms , which is connection-preserving
because x*ppyr = prjkaM + prfjppM on Pjp Xq, P;j. The lifted constant
path ¢; is the identity section, and the lifted path reversal is given by taking
adjoint homomorphisms.

Finally, we consider the yet more trivial case of a target space (M, Q)
with M = {x} and @Q = {*};c;. The bundle gerbe G is trivial, as before, while
the twisted vector bundles &; give just a family {F;};c; of finite-dimensional
hermitian vector spaces. In other words,

TBG' 1= by TBG(x, {x}ics) = [ [ HVect in —
el

Transgression to the category LBG) described in Lemma takes a fam-
ily {E;}icr to the object (L,\, R, ¢, x,€, ) with £ :=C, X\:=1id, R;; :=
HOHl(Ei,Ej), (f) = id, Xijk *= O, € = idEi; Q45 = ()*

5. Regression

In this section we construct our regression functor %, 4,5, : LBG(M, Q) —
TBG(M, Q), depending on three parameters as explained below. We con-
sider a LBG object (£, \, R, ¢, x, €, a).

We first treat the line bundle £ with its superficial connection and
the fusion product A. The regression of (£, \) is discussed in [Wall6]. It
requires the choice of a base point zo € M. The regressed bundle gerbe
G := %,(L, ) has the subduction (the diffeological analogue of a surjective
submersion) evy : P,y M — M, where Py M = {v € PM | v(0) = zo}. The
2-fold fiber product is equipped with the smooth map U : PxOM[Q] — LM,
and the hermitian line bundle of G is U*£. The bundle gerbe product is the
restriction of the fusion product \ to Py, M,

In the presence of branes, we need to choose a brane index ig € I such
that z¢ € Q;,. Over xy we have the simple algebra Ag := A; |4, (Corol-
lary , which is isomorphic to a Matrix algebra C"0*™  where ng =

tk(R;i,) = |l€i, (z0)]|* by Remarkm Thus, there exists an irreducible
ng-dimensional left Ag-module Fy, which we fix, too. In the following we con-
sider Ag and Fy as bundles of algebras and left Ag-modules over the point
xg, respectively.

For i € I we consider the subspace P; := {v € P;; | v(0) = zo} C P, M,
over which we find the bundle R;; of eviA;-evjAp-bimodules (Proposi-
tion. Tensoring over Ag with the bundle evjFy of left evjAp-modules, we
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obtain a bundle E; := R;;; Qcvia, evpFo of left eviA;-modules over P;. We
forget the left eviA;-action and consider F; as a hermitian vector bundle.
For later purpose, we note the following result.

Lemma 5.1. We have tk(E;) = \/tk(R;;) for alli € I.

Proof. By Corollary Rizily establishes, for any v € P;; with v(1) =: z,
a Morita equivalence between A and A;|,. The module E;|, is the image of
Fp under the corresponding functor between representation categories. Irre-
ducibility is preserved under Morita equivalence; hence, E;|, is an irreducible
module of the algebra A;|,, which is a simple algebra (Corollary and
has dimension rk(R;;) (Remark [2.6 (a)). Matrix algebras have only one ir-
reducible module up to isomorphism, namely the standard one; thus it has
dimension 4/rk(R;;). O

As bundles over a point, Fy and Ay are equipped with trivial connec-
tions, for which the module action Fy ® Ag — Fy is connection-preserving.
Since the right module action R;,; ® evjAg — R;,; is connection-preserving
(Lemma , it follows that E; comes equipped with a connection, see Re-
mark [A.T8

The fusion representation ¢ induces a connection-preserving, unitary
bundle isomorphism

G UL @ praE; — priFE;.
over PF]; explicitly, it is induced by

Piyi®id

U*L ® praRi, @ eviFo priRii ® eviFo.

Since the fusion representation intertwines the algebra actions
(Lemma , this is well-defined under taking the quotient by the
eviAp-action. The compatibility between fusion representation and the
fusion product ensures that the bundle isomorphism (; satisfies
the condition for making & := (Fj;, (;) a G|g,-module. This completes the
definition of our regression functor on the level of objects.

Next, we consider an LBG morphism (¢,£) between LBG objects
(LN R, b, x,€,) and (LN R ¢/, X', €', a’). The regression of ¢ : L — L'
to a 1-morphism A : G — G’ in GrbY(M) is discussed in [Wall6]; it is a “re-
finement” consisting simply of the bundle morphism U*p : U*L — U*L’. The
bundle isomorphisms &;; : R;; — ijo induce in the obvious way isomorphisms
of the corresponding bundles of algebras and bimodules. In particular, we
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obtain an algebra isomorphism & : Ay — A{. Again, since the modules Fy
and J, are irreducible modules over isomorphic matrix algebras, they must
be isomorphic, and we can choose an intertwiner fo: Fy — F(. Then, the
bundle isomorphism

ivi @ evpfo @ Riyi @ evpFo — RW ® evJFo

induces a connection-preserving, unitary bundle isomorphism 1@ :E; — E,
since &;,; and fo intertwine the Ay and Aj, actions. The diagram

UL ® pry E; SN pri E;

(22) U*¢®PY§7Z’1;J( Jprf@:

UL’ @ pryE; —— pri E;

is commutative, because &;,; commutes with the fusion representation. This
means that 1; gives rise to a 2-isomorphism 1; : & = &! o A. Thus, forming
the collection ¢ = {1);};c1, the pair (A, 1) is a TBG 1-morphism. It depends
on the (non-canonical) choice of the intertwiner fy; however, we have the
following.

Lemma 5.2. The 2-isomorphism class of (A, 1)) is independent of the choice
of fo-

Proof. If fp and f{ are two choices, then, by Schur’s lemma and because both
respect hermitian metrics, they differ by a number z € U(1), say fj = fo - 2.
This number determines a 2-isomorphism ¢ : A = A, by inducing it via the
automorphism z - id of U*L’. Let wz and w' be the vector bundle morphisms
determined by fo and f{, respectively, so that w L/JZ z. Then, we have
Y; = (idgs o p) @ 1;; this shows that ¢ is the required 2-isomorphism. O

We have thus provided the data for our regression functor %, 4, #,. The
fact that it preserves the composition is easy to see by choosing, for the
composed morphism, the composition of the intertwiners fy of the separate
morphisms.

Remark 5.3. Up to canonical natural isomorphism, the regression functor is
independent of all choices. This can be seen either manually, or it can be
deduced from Theorem (I, which says that it is inverse to one fixed functor,
the transgression functor.



1160 S. Bunk and K. Waldorf

6. Equivalence of target space and loop space perspectives

In this section we prove our main results: Theorem [2 (b)|in Section and
Theorem [I] in Sections [6.2] and Throughout this section, we fix a target

space (M, Q), with @ = {Qi}ier.
6.1. Coincidence of the algebra bundles

We recall that TBG and LBG independently induce algebra bundles over
the branes (Remark and Section . We show that they coincide under
transgression and regression.

We start with a TBG object (G, €&). Let R;; be the transgressed vector
bundle over P;;, and let A; = c*R;; be the induced algebra bundle over
Q;. We let m: Y — M be the surjective submersion of the bundle gerbe G.
For a point y € Y with z := 7(y) € Q;, we denote by 7, the corresponding
trivialization of G|,, see Remark Applying that remark to s =c, as a
section of w: Y — M along {x} — M, we obtain a canonical vector bundle
isomorphism ¢y, : A(&jlz, Ty) — Eily. It is straightforward to see that

Yy End(E)|y = Aile 0 = (T, 0, 0 90 0y)

induces a smooth, connection-preserving vector bundle isomorphism 1 :
End(E;) — 7*A; over 7 1(Q;) that preserves the fiber-wise algebra struc-
tures. If ¢/ € Y is another point with 7(y’) = x, we choose ¢ € L|,, and
obtain a 2-isomorphism % : 7, = 7T, in such a way that the diagram

@,
A(Eile, Ty) —— Eilyy

(23) A(Wd)J }i(,@_)

AlEilas Ty) —5— Eily-

is commutative (see again Remark . By , the bundle morphism
(24) pri¢y "t o priy : pryEnd(E;) — priEnd(E;)

over Y2 is given at (y,3/) by ¢ — (£ ® —) o ¢ 0 ;(¢ ® —)~. One can check
that this is independent of ¢; in fact, under the isomorphism End(E;) =
E? ® Ej, it is precisely the descent isomorphism @ that defines the bundle
End(&;). This proves that ¢ descends to an isomorphism End(&;) = A; of
algebra bundles over Q;.
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Now, consider an LBG object (£, )\, R, ¢, x,€,a), and the correspond-
ing regression (G, ). We recall from Section [5| that E; = R; i ®evzua, €vFo,
which is a bundle of left eviA;-modules over P;. In particular, we have a
homomorphism of algebra bundles

eviA; — End(E;).

We remark that E; is the composition of two Morita equivalences: R;,; is a
Morita equivalence by Corollary [3.11] and, since it is an irreducible module,
Fo is a Morita equivalence between Ay and C. Hence, E; is a Morita equiv-
alence; in particular it is faithfully balanced, which implies that the above
map is an isomorphism. The bundle of algebras End(&;) of TBG is now
obtained via descent of End(FE;) along the path evaluation evy : P; — Q;.
Using that the bundle morphism (; is defined from the fusion representation
(see Section [5)) and that the fusion representation commutes with the action
of A; (Lemma one can show that the diagram

ev{./li

N

prsEnd(E;) priEnd(E;)

is commutative. Thus, we obtain an algebra bundle isomorphism A; =

6.2. Regression after Transgression

In this section we provide a mnatural isomorphism %, 5, 9,07 =
idrpg(am,q), contributing one half of the equivalence TBG(M,Q) =
LBG(M, Q). Thus, we construct for each TBG object (G,E) a 1-morphism
(A, ) (Ziy o5, © T)(G,E) = (G,€), and show that this is natural with
respect to TBG morphisms.

We consider a TBG object (G,E), form the transgressed LBG object
(L, A, R, 0, x,€,a), and consider the regressed bundle gerbe %5, (£, ). The
bundle gerbe G consists of a surjective submersion 7 : Y — M, a hermitian
line bundle P over Y2, and a bundle gerbe product p. A 1-isomorphism
A Ry (L,\) = G was constructed in [Wall6l, Lemma 6.1.1] over the fiber
product Z := P, M x); Y. We review and slightly reformulate its construc-
tion in the following. The 1-isomorphism A consists of a hermitian line
bundle K with connection over Z. Its construction involves the choice of a
point yo € Y with 7(yo) = zo. Let T : v*G — Z be a trivialization of G along
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v € Py, M, consisting of a hermitian line bundle 7" over Y, :=[0,1] %, Y
]

and a bundle isomorphism 7 over YAP
space

. We define the complex inner product

(25) Klyy(T) = Tlo,40) ® Tl{1 -

If ¢ : T = T is a 2-isomorphism in Grb¥([0, 1]), then it is given by a bundle
isomorphism 1 : T'— T” over Y, and hence induces an obvious isomorphism
K|y y(T) = K|y, (T"). We let K|, be the set of equivalence classes of pairs
(T,s ® o) with a trivialization 7 and s ® 0 € K| 4(T).

The disjoint union of all these fibers define the total space of K. It can
be equipped with a diffeology such that it becomes a hermitian line bundle.
Further, one can define a connection on K in a canonical way. It remains to
provide the bundle isomorphism over Z? which is part of the 1-isomorphism
A. Here,

H|(“/1,yl),(’Yz,y2) : L”YlU’Yz ® K‘wvyz - K‘%,yl ® Pyl,yz

is defined as follows. We choose a trivialization 7T : (v U~2)*G — Zy and
consider the induced trivializations 71 : G — Zp and T2 : 753G — Zp. Let 7
be the bundle isomorphism of the trivialization 7". We define for so € T (g ,)
and o € T‘?Lyz):

E’(’717y1)7(72,y2)((7-7 Z) ® (7-27 S0 (%9 O'))
=z (’Tl, S @ Ttr_l‘(Lyl)’(LyQ)(O')) S K|71,y1(7d1) X Py1,y2'

It is proved in [Wall6, Lemmata 6.1.1 & 6.1.3] that x defines a connection-
preserving unitary bundle isomorphism. This finishes the definition of the
1-isomorphism A : %5, (£,\) = G.

Next, we construct, for each brane index i € I, a 2-isomorphism ¢; :
& o Alg, = &/, where & is the regressed bundle gerbe module. The inverses
¢ := {¢; ' }ier will then complete A into a TBG morphism (A, ¢). We set
Zi = Z|q, and K; := K|z,. The 2-isomorphism ¢; consists of a bundle iso-
morphism ¢; : K; @ priE; — pryE! over Z;, where E! is the vector bundle
of the regressed module &/. Over a point (y,v) € Z; with 7(y) = (1) € @;
and v(0) = zo, this is an isomorphism

(26) Gilyy : Kilyy @ Eily = Rigily ®a, Fo-

Here, Ag = Riyilc,, is the fiber of the algebra bundle A;, = c*R;;, over
Qi, over the point zy. In order to define ¢;|, ., we make two observations.
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The first is the algebra isomorphism ¢y, : End(E;,)|,, — Ao constructed in
Section that allows us to choose Fy = Ej |y, in the definition of the
regression functor. The second observation is the following: the chosen lifts
yo of 2o = v(0) and y of (1) yield a vector space isomorphism

(27) Rigily(T) = Hom(A(Ei, lo, Tlo)s AlEily), Th))
/0 Y HOIH(T|(0 yo ® Elo‘yo7T| ® E | )
NEzo’y()@T‘Oyo ®T| ®E‘y

for any trivialization 7 : v*G — Iy, where ¢, , is obtained from the isomor-
phisms A(Ei, |z, Tlo) = T'fy ) @ Eigly, and A(Eilyqy, Th) =T ) © Eily
that result from the definition of A via descent. For another point ¢’ € Y
with 7(y) = v(1), the two isomorphisms dy, , and d,,, are related by the
descent isomorphism

(28)

" tr 1®<
T ’(Ly’)

ily = T ) @ Pjy @ Pyy @ Eily — T*|(1y) © Eily

that produces A(E&;|(1), T|1). Now we are ready to give the definition of the
isomorphism ;| of . We consider the linear map

|(0y0) ®T| ®E |y *)Elo|yg ®T| (0,30) ®T’(1y) ®E |y®Elo|yo

induced by the counit C - E* ® E of the vector space E = Ej |,,. The
vector space on the left-hand side is isomorphic to K|, ~(7T) ® Ejl,, and
the vector space on the right-hand side is isomorphic to R;yil+(T) @ Ej, |y,
via 4, ! , ®1id. Composed with the projection to the quotient R;yi|,(7T) ®

E;, ‘yo —> Rioily(T) @4, Eiglys, it becomes an isomorphism, and this is the de-
finition of ;| . It is straightforward to check that this definition is compat-
ible with a change of the trivialization, smooth, and connection-preserving.

Lemma 6.1. For all i € I, the bundle isomorphism ; induces a 2-
isomorphism ; : e., the diagram

r®id 1id®d(;
Loy, ® Kily, y, @ Eily, ————— Kily, 4, ® Py, 5, ® Eily, Kily, 7 ® Eily,

id®tpi|/ [%

L‘%U% &® Ez{|72 c Eﬂ%

is commutative for any point ((y1,71), (y2,72)) € ZZ.[Z].
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Proof. Choosing a trivialization 7 of G along v U y2, we obtain an isomor-
phism £y, = C. Substituting the definitions ¢; (via the fusion represen-
tation), of Kj;, and of and ¢; (on the left using dy, ,, and on the right using
dyo.y, ) and using , the diagram can be reduced to

T‘(O,yo) by T‘a,yl) b Pyl,yz ® Ei|y2

RLV W‘

Tlo,y0) @TI{1,49) @ Eilys  Tlowe) @ Tl{1,41) @ Eilys

ider!" e
T|(0,yo) ® T*|(1,y2) ® P;LZJZ ® Py, ,y, ® Ei‘yz

Consulting the definitions, we observe that this diagram is commutative. O

So far we have constructed a TBG 1-isomorphism (A, ) : (G, &) —
(G, E) for every TBG object (G, E). With the following lemma we show that
this assignment is natural with respect to TBG morphisms, and hence results
in a natural isomorphism.

Lemma 6.2. Let (A, %) : (G1,&1) — (G2,&2) be a TBG 1-morphism. For
a=1,2, let (G,E") be the TBG objects obtained by transgressing and then
regressing (Ga, Ea), and let (Aq, @q) be the corresponding 1-isomorphisms
constructed above. Further, let (A',1)') be obtained by transgressing and re-
gressing (A, ). Then, there exists a 2-isomorphism

(A" ")

(A17v1)l ¢/ J{(Amv&)
p

(G1,&1) W (G2, &2)

in the bicategory TBG(M, Q). In other words, the diagram

ol (A'9") ! ol
(G1,&1) — (G2, &3)

(Alywl)l l(/\mwz)

(G1,&1) —awn’ (G2, &2).

is commutative in h (TBG(M, Q)).

Proof. The 2-isomorphism ¢ itself is already part of the naturality of ordi-
nary bundle gerbe transgression and has been constructed in [Wall6, Lemma
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6.1.4]. It remains to show that it is compatible with the 2-isomorphisms of
the TBG morphisms. This is equivalent to the commutativity of the follow-
ing pentagon diagram:

Ezi0 A0 A

/ N

Ezi0 Ao Ay oA

wioi\ %

L 1 P, Li

We translate this further into a diagram of the bundle isomorphisms under-
lying these 2-isomorphisms. Let ) be the vector bundle of the 1-isomorphism
A : G1 — Gs, defined over the fibre product Y7 X s Y2 of the surjective sub-
mersions of the two bundle gerbes. Further, we recall that A’ : G| — G/ is the
1-isomorphism induced by the identity map on P, , M and the bundle isomor-
phism ¢ : £y — Lo : [T, 2] = [T o A7%, 2]. Thus, its hermitian line bundle
is Lo. In the following we work over a point (y1,v2,71,72) € Y1 Xar Yo X s
P, M 2] over which our diagram becomes the following diagram of linear
maps:

L2|“/1U72 &® K2|y2,“/2 ® E27i|y2

P®id id®epa2,;

K1|y1,“/1 ® le,yz ® E2,i|y2 L2|71U72 ® Eé,i"yz

id@l;x o

K1|y1,71 ®E1,i|y1 Ei,i|’u

P10
For further elaboration, we choose a trivialization 77 of Gy along v U 72, and
consider its two halves ¢]77 and ¢577, as well as the composite 73 := 77 o A1
and its two halves ¢]7> and ¢573. Then, using , we are able to express
the line bundles K; and K5 in terms of the line bundles 77 of 77 and the
line bundle @, and we can express using and the points y1, 2 the vector
bundle Eiﬂ- and Fy; in terms of Ey 4, o ;, T1, and (). The main point now is
to compute the 2-isomorphism ¢ : &1 ; = & ; 0 A’, defined as the regression
of the isomorphism (¢, £), which in turn is the transgression of (A4, ). For
the regression we only need

Eini * R igily (L1T1) = Rajigily, (1172),
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which is — under the above isomorphisms — determined by ; via

T Rideidey;
E177"0‘Zl,0 X T1|(07y1,0) ® T1|>(k17y1) ® El,i|y1 Vi @ideidey
E27i0 ‘:l*lz,o ® Q;,o,yz,o ® Tl‘(oayl,o) ® Tlr(kl,yl) ® le,yz ® E2,i‘yz'
For the subsequent regression of & ; we need to fix an intertwiner fy :
Er1iolyso = E2glys - see Section . Then — under our isomorphisms — the
bundle isomorphism ¢; : EY ;|,, — L2|~,uq, ® Ey |+, becomes a map
ELiO |Zl,0 ® T1|(0:?Jl,0) ®T |>(k17y1) ® El’i n ® El’io |yl’°

— L2|’Y1UW2 ® E2,i0 ’22,0 ® Q;,myz.o
® Tl‘(07y1,o) ® Tl’?l,yl) ® thyz ® E21i‘y2 ® Ea, ’yz,o

given by

WwRSR®IRVE U [T, 1] @Y Hw) @ s® 0 @ Y;(v) @ folvo).

20

In the following we will use a specific intertwiner fjy, obtained by choosing
an element xo € Q*|y, o,y., and setting fo := (xo ® id) © Vi, |y, ¢,ys.0-

Finally, we recall the definition of the 2-isomorphism ¢ from [Wall6),
Lemma 6.1.4]. Its bundle morphism

ng : ’52|71U’Yz & Qzl,o,yg)o @ T1|(0,y1,o) ® Tlr(kl,yl) ® thyz
- T1|(07y1«0) ® Tl‘(lvyl) ® levyZ

is determined so that it sends [72,1] @ xo ® s® 0 ® ¢ to s ® 0 ® ¢, where
Xo is the element fixed above. We can now prove the commutativity of the
pentagon diagram. The counter-clockwise composition acts as

WRSVI RV vy +— wo(folvy)) s@o@qa/,

where wy is determined so that wf:_l(w) = wp ® X0, and ¢ ® v’ := 1;(v). On

the other hand, the clock-wise composition yields
WRSRIRVRuy — W) SRR IRV,

and it is straightforward to deduce the coincidence w(vg) = wo(fo(vo)) from
the given definitions. Thus, the pentagon diagram is commutative. (I
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6.3. Transgression after Regression

In this section we provide a natural equivalence 7 o % 509, =
idypg(n,@), thus establishing the second half of the equivalence
TBG(M, Q) = LBG(M, Q). To that end, we construct for each LBG object
(L, N\ R, 0, x,€,a) a l-morphism

(8075) : (y O%io,zo,gjo)(La)HgL ¢7X7 ¢, Oé) — (La)\viRa ¢7X76705>7

and show that it is natural with respect to LBG morphisms.

We let (G,E) :=Ziyzo,5,(L, A\, R, 0, x,€,a) be the regressed TBG,
and denote its transgressed LBG by (L', N, R, ¢/, X', €,d/) := 7(G,E). In
[Wall6, Section 6.2] we have constructed an isomorphism ¢ : L’ — £ of
hermitian line bundles over LM. We recall this construction in a slightly
adapted version. We consider a loop 7 € LM of the form 7= (y; x o) U
(72 x Y0), where 79 € Py, M and (y1,72) € PME2. Up to thin homotopy, ev-
ery loop in M is of this form. Now let 7 : 7*G — Z; be a trivialization, in-
cluding a hermitian line bundle 7" with connection over Z := S! Xy PogM
and a connection preserving bundle isomorphism

evy

61 (1,80),t,82) * Llpuss @ T(1,,) = Tie,py)

over Z[l. We consider the obvious paths a; in Z connecting (0, id % ) with
(%,% *70). Then, there exists a unique element p € L[, = L]
such that

Y1xY0)U(y2%Y0)

6(p @ Pta,(q)) = pta,(q)

for all ¢ € T\ idxy,)- We define ([T, 2]) := p - z. Using the superficial connec-
tion on £ and its parallel transport along thin homotopies, this definition
can be extended to all loops 7 € LM. This results in a fusion-preserving
bundle morphism ¢ : £’ — £ that is independent of all involved choices, see
[Wall6, Lemma 6.2.1 & 6.2.2].

Next, we construct, for 4, j € I, a vector bundle isomorphism

gij : IR;J — :Rij

over P;;. First, we compute IR;J- over a path v € P;; connecting = € (); with
y € Qj. Let 9 € Q;, be the point and Fy be the A;,-module chosen for
regression, and recall that we constructed the bundle F; := R;; ®evza, Fo
over P;. We choose a path g € P;; with v9(0) = z9 and 7o(1) = z, and
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obtain a smooth map
(29) 5:[0,1] = Py, M : t = 7' x 7,

where 7! denotes the restriction of a path to [0, ¢], reparameterized to [0, 1]
(with sitting instants). In fact, s is a section along v into the surjective
submersion of v*G. By Remark[2.4]this induces a trivialization T : v*G — Ty,
together with an isomorphism

:R;j|’7(7-) = HOIH(A(EZ‘:E, T’O)? A(gj |y)7 7.|1)
(30) = Hom((s" Ey)lo, (8" Ej)|1) = Hom(Eilc, vy, Ejlyavyo)-

Using the definition of E; and E; via regression, as well as the lifted path
concatenation, we obtain another isomorphism

HOHI(E”CI*%, Ej |7*70) = Hom(gzioi‘cm*'yo ®Azo Fo, :Rioj "y*'yo ®flz0 3'0)
= Hom(Riyilv, ®a., Fo, Rijly ®a,1, Rigilvo ®a., Fo)
(31) = Hom(Ei|y,, Rijly ®a.1, Eilyo)-

Next, we consider the linear map
(32) Rijly = Hom(Eily,, Rijly @a,, Eilyo)

that sends a vector v € R;j|y to the homomorphism w — v ®4,|, w. Using
that A;|, is simple and that Ej;|,, is irreducible, it is straightforward to see
that is injective. Moreover, the dimensions on both sides coincide, so
that it is in fact an isomorphism,

Remarli 2.6 (b)| Lemma [5.7]
1
dim(Rij|y) = \/rk(Rir) - 1h(Ry;) = k(Ey) - 1k(E))
. B ..
= dlm(Hom(Ei’cm*%nEj’”/*vo)) ! dlm(Hom(EiHoa:Rij‘”/ ® Al Ei’%))-

Combining and with the inverse of , we obtain the isomorphism
Eijly + Rijly = Rijly-
Lemma 6.3. ;| is independent of the choice of the path .

Proof. If ~{ is another path connecting x¢ with = (0), then we have the
two sections s, s’ into the submersion of 4*G, inducing trivializations 7 and
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T, respectively. Any element p € £, determines (via a thin homotopy)
a section of £ along (s,s’), and hence a hence a 2-isomorphism ¢, : 7 = T,
see Remark Our aim is to show that the following diagram is commu-
tative, whose top row and bottom row are the isomorphisms fi;l, defined
using 7, and 7o, respectively.

32} (30}
Rijly Hom(Eil|y;, Rijly @), Eily) ——— Hom(Eilc,xy;, Ejlyay;) Ri; (T
((id®p,®id s, )o—o(pp®ids,) ") Cjo—o¢; ™t M’wz)

Rijly Hom(E;|,, Rijly DAl Eily,) Hom(Eile, xyos Ejlyeyo) R§j|7(7')~

The vertical maps in this diagram all depend on the choice of the point
p € L uy,: first, we have an isomorphism pj, : Riyily; — Rigils, of right Az -
modules, obtained by fusion with p. Second, we have linear isomorphisms
Gt Bile,xyy = Eile,xyo and ¢} 1 Ejlyuyy — Ejlyxy, obtained using the gerbe
module isomorphisms (; and (;, with the first argument fixed by the elements
N L (¢, xy0)U(conrs) A L (im0 )U(yys) determined by p under thin homotopies.
Now, all three subdiagrams are commutative: the one on the left commutes
obviously by inspection, the one in the middle commutes due to the fact that
¢; is defined (in the process of regression) by the fusion representation, and
the one on the right-hand side commutes by definition of the isomorphism

Ty, (see Section and Remark O

By the previous lemma, the isomorphisms |, assemble into a well-
defined map gij : R{LJ — R’LJ

Lemma 6.4. Foralli,j € I, the map &; is a connection-preserving bundle
morphism.

Proof. We first show the smoothness of ;. Let ¢: U — F;; be a plot and
let W C U be a contractible open subset such that we can find a local
trivialization ¢ : W x C¥ — W X p,; Rij. Due to the contractibility of W,
there exists a point wyg € W and a smooth map W — PW : w — 7, with
Yw(0) = wp and 7, (1) = w for all w € W. We let ¢g := evg o ¢ be the plot of
initial points, set = := c¢o(wp) and choose a path vy in M connecting xo with
x. For w € W, we have the path 75 := ¢ 0 v, € P;; connecting z with ¢p(w).
Finally (upon choosing a smoothing function which we suppress from the
notation), for every w € W and ¢ € [0, 1] we have a path ,,+ € PM defined

by Buw(s) := c(w)(ts); it connects By +(0) = co(w) with By +(1) = c(w)(t) =
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¢V (w,t). The concatenation of these paths defines a smooth map
(33) 0:[0,1] x W — Py M : (t,w) — Bt * (Vg *70)

such that evi oo = c¢". In other words, o is a lift of ¢V to the surjective
submersion of the regressed bundle gerbe G and hence defines a triviali-
zation T : (¢V)*G — Z,-p. We want to compute the corresponding vector
bundles V+ and W+ over W, as defined in Section For this pur-
pose, we consider the map o’ : W — P; defined by o’(w) := 75 % 79, so that
(00 jo)(w) = Ceo(w) * 0’ (w). We obtain an isomorphism of vector bundles
over W:

(34) Vr=(o0jo) Ei=(0050) Riyi ®a,, Fo
= (coco) Rii Qcza, 0 Riyi ®a,, Fo = 0" Riyi @a,, Fo

using, respectively, Remark the definition of E; under regression, Pro-
position and the definition A, () = Ris Analogously, we obtain

an isomorphism

Ceg(w) *

(35) WT = C*:Rij ®CSA7~, UI*:Rz'oz’ ®-Aa:0 f-f().
Combining these two isomorphisms, we have an isomorphism
Yij - Hom(Vy, Wr) — C*Rij Qcs A, End(V7),

of vector bundles over W, and by construction it restricts over each point
w € W to the isomorphism &;;l.(,). Using the given local trivialization ¢ of
R;j, we consider the trivialization 7/ : W x C¥ — Hom(V7, Wr) defined by
7 (w,v) = wigl(gb(w, v) ®id), and consider the associated local trivialization
¢’ of R;;, which reads as

(b/(wv 1)) = (w, [Z*wT7 T/(w7 U)])

Under the two local trivializations ¢ and ¢', the map &;; corresponds to the
identity, and hence it is smooth.

In order to show that ;; is connection-preserving, we compute the local
connection 1-form wy associated to the local trivialization ¢, and prove
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that wy = wg. According to the proof of Proposition (see ([16)), we have
v =t [ 0B € QIWgICY),

(0,1]

where B’ is the curving of G’. We observe from the constructions that the
bundle isomorphisms and , and hence the bundle isomorphism 1);;
are connection-preserving. The definition of 7/, together with the fact that
the identity section in End(V7) is parallel, show that w; = wy. It remains
to prove that the 1-form

(36) / o*B' € QY(W)
[0,1]

vanishes. This is complicated by the fact that the regressed curving B’ is
defined using a correspondence between 2-forms and smooth functions on a
space of bigons; see [SW11] for the general theory of this correspondence. In
our case, the 2-form B’ € Q?(P,, M) corresponds to a certain map G ¢ whose
definition we will recall below. In Appendix |B| we show that the 1-form
corresponds to the map

PW = U(1) : v = Gelox(X,)),

where the bigon X, is defined by ., := (id x 7).(31,1), where £1 1 : [0, 1]> —
[0,1]? is the so-called standard bigon. Using the definition of o from ,
the bigon o,(%,) is

(5,8) = Brea(s,) () * (V5(en(s)) * 70)5

where &1,&; are the two components of ¥ 1, i.e. 311 = (£1,§2). In the fol-
lowing we prove that G¢(04(X,)) =1 for all v € PW; this shows that
is zero. In order to do this, we recall the definition of Gz (3) given in [Wall6|
Section 5.2], which is essentially by parallel transport in £ along a path 5
in LM (see Figure 1 in Section 5.2 of [Wall6] for a picture of this path). We
write X 1= 7,_(x,) for simplicity; this is a path in LM given by

B7) Xy () = (By(ea(=).60(0) (1) * By(ea(0.) .00 * Vy(&a(0,0)) * 70)
U (e* By(e1.0).61:6) * Vy(ea(1,0)) * Y0) € LM

The end loops x,(0) and x~(1) are “flat”, i.e. in the image of the map
v+ v U, along which £ has the canonical flat section v. In particular,
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this defines elements vy, v1 € £ projecting to x-(0) and x~(1), respectively.
Then, G (0+(X,)) is defined by

(38) ply, (W) = vi - Ge(04(354))-

We consider for r € [0,1] maps &7, &5 : [0,1]2 — [0, 1] that constitute fixed-
ends homotopies between &1, £ and the map (s,t) — t. That is, we have
g% =& and g% = {2, and 5?(87 t) = 58(& t) =t, as well as 5{(37 0) = 55(’9) O) =
0 and &7(s,1) = &5(s,1) =1, for all s, € [0,1]. We consider the path X/,
defined as in but using ] and & instead of & and &. We regard
h:[0,12 = LM : (r,t) — X5 (t) as a homotopy between the paths x, and
x3 in LM. Calculating the latter paths explicitly, we notice that x‘% is a
path trough flat loops. The homotopy h fixes the end-loops. We claim that
the adjoint map h" : [0,1]* x ST — M has rank two; which can be checked
explicitly using . Since the connection on £ is superficial (see [Wall6),
Lemma 2.2.3]) and v is parallel, we have pty_ (10) = ptyo (vo) = v1. Compar-
ing with , we have the claim. (I

So far we have provided the data (¢, ) for a LBG morphism. It remains
to show that it respects the fusion representation and the lifted path con-
catenation, see Remarks and [3.12 (b)l This is done in the following two
lemmas.

Lemma 6.5. The bundle isomorphism &;; respects the fusion representa-
tions, i.e. the diagram

!
¢ij "v1 Y2

L/|‘F ® :R;‘j|“/2 E— :Rfij"Yl

(39) <P®§ijl inj

Llr @ Rijlyy ————— Rij|n

Fijlyive

is commutative for all y1,7v2 € Pij with v1(0) = v2(0) and v1(1) = v2(1), and
T := v U"~s.

Proof. We set = :=~(0) and y := ~1(1). Let 7 be a trivialization of 7*G,
and let p:= ¢(T) € L|;. We choose a path vy connecting zy with x and
consider the corresponding sections

80 [0,1] = PoyM :t =~ x g

along 7, into the surjective submersions of G, for a = 1, 2. We have to study
the induced trivializations 7, : 7;G — Zp: their line bundles are T, a’(t,ﬁ) =
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Ay, T2l) - Ay, Til)

N A—®p)'"®id N
L'(’Yz*“/o)U(Wz*’Yo) ® Ejlygung ——— L'(’Yz*“/o)U(Wl*’Yw ® Ejlyzuo

i@idJ JX@M

L'(’Y2*WO)U(72*’YO) ® E; "Yz*’Yo L|(v1*’m)u(w*%> ® E; "Yz*’Yo

A(p®—)®id
9] 9]

E,; E.
7270 ) 7170

Figure 1.

Lus, ) and their isomorphisms are o4l g, 8,) = Ag, g,,5.(1), for t € [0,1]
and paths 3, 81,82 € Py, M ending at ~!(1); see Remark Let 7 be
the restrictions of 7 to trivializations along v,. Then, there exist parallel
unit-length sections o, in A(7,,¢:7T). They induce unit-length sections into
A(T2lo, T1lo) and into A(T2|1, T1]1). Since s1(0) = s2(0), we have T1]o = T2|o
and can thus assume that the induced section into A(73lo, T1lo) is the
trivial one. The induced section into A(73|1, 71]1) defines a 2-isomorphism
o : A(&ly, T2)1) = A(&jly, Til1). From the fact that the sections oy, are pa-
rallel together with the definition of p, we conclude that ¢ is induced by

A(—®p)
(40) T1|(1,,8) = Lﬁmwg E [’Bﬁz*% = T2|(1,ﬂ)‘

We apply this to 8 = v2 * 79 and obtain the diagram shown in Figure [1] Its
outer vertical arrows are the maps of Remark that have been used in
order to define the isomorphisms of over 1 and 7o, respectively. The
diagram in Figure [1] is commutative: the subdiagrams on the sides give the
construction of Remark the subdiagram on the bottom is the relation
between (; and A from the definition of the 1-morphism £;, the subdiagram in
the middle is obviously commutative, and the one on top is . We embed
the diagram of Figure[l|twice as subdiagram B into a new diagram shown in
Figure[2] In that diagram, subdiagram A commutes by construction of o, and
C commutes by definition of €; under regression. All other subdiagrams are
obviously commutative. Since the equality Rj; |, (¢37) = R};|,, (¢7T) on top
of this diagram is realized by ¢{;|,,uy, ([T, 1] ® —), it is now straightforward
to conclude the commutativity of . O
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/ T * * T
Rij|"/2 (75) <;2 R;j|’v2(L2T) R;‘j|’¥1 (LlT) % j%j"n (,rl)

g3 HO/H1(A>(5z|x,’E|0)7A(5j|y771|1))
//ao
Hom(A(Eile, T2[0), A(Ejly, T2[1)) E9)
Sijlvz @9 Hom(Eilc,+v05 Ejlvixvo) Sijln
¢ (p®—)o—

Hom(Eilc, xvo5 Ejlyasvo) @ ©1)

ED Hom(Ei|yy, Rijlv @1, Eilyo)
(¢4 (P®—)®id)o—

Hom(Ei|v, Rijlve @41, Lilvo)

G2

Rijlya

¢ij(P®@—)

Figure 2.

Lemma 6.6. The bundle isomorphism &;; respects the lifted path concate-
nations, i.e., the diagram

’
Xijk
! / ’
:Rjk|W23 ® :Rij"‘/l2 ” fRik"‘/%*’Yu

fjk®§ijJ( J{sik

:Rjk|’723 @ :Rij|“/12 TM) :Rik|“/23*’vl2
is commutative for all composable paths 12 € Py and y23 € Pjy.

Proof. We choose a path 7 connecting xg with 712(0), induce the section
s of along 723 x 712, and obtain a trivialization 713 of (23 x 712)*G.
We have its restrictions to trivializations 715 and Ta3 over ~y1s and 73, re-
spectively; then we can use the definition of ngk under transgression, see
Section It is straightforward to see that Tio is induced by the section
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s12 := soty, and Ta3 is induced by the section so3 := so1o. While s1o is
again of the form , and thus can be used to define &;;, the section so3
is not of this form. Instead, we have s3(t) = (V53 *x 712) * v12. In order to
describe j, we use the trivialization 735 induced by the section shy defined
by shs(t) := 743 x (Y12 xY0). In order to compare T3 and T3, we consider
the section §: [0,1] — £ along (s23, s53), defined by

g(t) = d523 (t)U823 (t),523 (t)U8/23 (t) (V823 (t) ) N

Then, by Remark we obtain a 2-isomorphism 1 : Ta3 = T35 and a com-
mutative diagram

(41)

‘(R;‘k"‘/zs (75/3) = HOm(A(5j|y, 2/3|0)a A(gk|zv 7;’3|1)) - Hom(Ej|Cy*(')’23*’YlQ)7 Ek|723*(712*%))

|
m{ Hom(yo,41) Hom(¢; (3(0)&-),G (3(1)&-))

:R/jk"‘/zs (753) - Hom(A(5J|yv 753|0)? A(£k|27 7§3|1)) — HOIII(E] "‘/23*’7127 Ek|(723*’¥12)*"/o)'

Using a thin homotopy T'; between shy(t) := vbs * (712 % Y0) and sa3(t) =
(745 * v12) * Y0, the fact that ¢; is connection-preserving, and the fact that
the canonical elements vy, ;) are neutral under under ¢;, one can show that
¢;(5(0) ® =) = ptr, and (,(5(1) ® —) = ptr,, so that the morphism on the
right hand side of the previous diagram is just Hom(ptr,, ptr,). We now
replace F; by its explicit form as obtained from regression. In the first com-
ponent, ptr, then becomes

dcy*(712*70)7’712*'\/0 ®'Amo ldg:f) : :Ri‘)ﬂcy*(’ym*’)’ﬂ) ®AIU 3’0 - :Ri()jhw*’yo ®Amo 970’

which can be identified via| (LBG4)| With Xiqjjlyiaxo.c, (€5 () ® —) 1. In the
second component, ptr, becomes

d’st*(’le*’Yo),(723*712)*70 ®Az0 1dg:o : Riok|723*(712*'70) ®Aw0 3:0
— Ri0k|(723*«,12)*70 O Asg Jo-

In combination with the commutativity of diagram , this shows the
commutativity of a diagram, which we find as a subdiagram in the up-
per left corner of the diagram shown in Figure [3l The commutativity of
this diagram is what we want to show. The triangular subdiagrams com-
mute by definition of one of their arrows. The four-sided diagram at the
top is the definition of X;jk under regression. The four-sided diagram be-
low is just linear algebra, given that s(0) = s12(0), si2(1) = s23(0), and
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k"m( ) ®R1]‘712(7—12)

Hom(A(E;

Hom(x;,

HOIH(Ej ‘Cy*(712*70)7 Ekl’Yz.B*(’Yu*"{o))
®H0m(Ei|Cz*’YO7 E] "712*’70)

B2}~ @1

(32}

®@Hom(A (&, Tizlo), A(Ely, Tizl1)

Hom (Xijj5Xigix) @HOM (Xigii,Xigi5)

Hom(Ej ‘le*% ’ Rjk "st A1, Ej ‘712*“/0)

S. Bunk and K. Waldorf

Ty, 74, ®1d
- ]k|72; 7—23 ®iRZ]|’m 7—12 —>:R1k|72;*’712(7—)

—

lys T23l0); A(El2, T23]1)) *>Hom (Eilas Tlo)s A(Exl=, T1h))

Honl((f’a‘z:;(()) "Psa3(1) )®H0m(‘p512 (0) 7‘p512(1)) 30

Hom(s(0),@s(1))

HOI’H(E |712*’Yo7 Ek'(’Yza*’le)*"/o) 4)HOIH(E |c *Yo0 9 Ek|(723*'y )

*’Yo)
®HOIH(E |Cz*’707E |’Y12*’Yo)

Hom(id, Xk ) ®@Hom(xqii,id)

d)®id Hom(Ej|’Y12*’Yo7 :Rik"‘/zs*ﬁz ®Ai|z Ei‘%))
®Hom(Ei|“/07 E] ")’12*’)’0)

DJJ ’

(32} @)

Hom(id, X, ®id)@Hom(id, X4 ;)

Hom(Ej|“/12*Wov:Rjk|723 DA, Rij"hz QA Ei"m)
®Hom(Ei|'Yo7 :Rij|'712 ®‘Ai|,,,. Ei"YU)

Hom(id,id®x ;) ®id

—

®Hom(Ei|"{ov Rij|’m ®A1\;,, Ei|’YU)

Rjk ‘723 ® :RZJ |’Y12

Xigk Rik |’Y23*’Y12

Figure 3.
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s23(1) = s(1). The Pentagon diagram in the middle has four tensor factors,
split as Hom(—, —) ® Hom(—, —), which commute separately. Indeed, com-
mutativity in the first, third, and fourth factor is obvious, and in the second
factor it is precisely the Pentagon diagram of Finally, there is a
strangely shaped diagram at the lower right corner; this diagram commutes
again by pure linear algebra. O

So far we have completed the definition of a LBG morphism (¢, &) be-
tween the transgression of the regression of a LBG object and this LBG
object. It remains to prove that this construction depends naturally on the
given LBG object; this is the content of the following lemma.

Lemma 6.7. Let

(©,€) : (L1, M, R, 01, x1, €1, 1) = (L2, A2, Ra, P2, X2, €2, a2)

be a LBG morphism. We label the transgression of regressions of LBG objects
and morphisms with primes, and denote by

(901?51) : ( /1> /17 /17¢/17X,176/170/1) - (Ll,)\l,le,d)l,Xl,ﬁl,Oél)
(9027§2) : (Ll27 /27 /27¢/27X/276/27al2) — (L27A2732)¢2)X27627O‘2)

the LBG morphisms associated to the two LBG objects. Then, we have

(p2,&2) 0 (¢, &) = (#,€) 0 (¢1,61).

Proof. Commutativity of the line bundle isomorphisms, @90 ¢’ = ¢ o ¢,
has been shown in [Wall6l, Section 6.2]. For the vector bundle isomorphisms,
the relevant statement is the commutativity of the diagram

’

R &ij R!
1,ij|7 2,ij|'7

(42) fl,ijJ l&z,u

Rijijly —— Ra,ijlv,
&ij

for all paths v € Pj;. We pick an arbitrary v € Pj; and set x := (0) and
y :=(1). For the construction of & ;; and &»;; we need to choose a path
Yo € P;,; with 49(1) = 2, inducing sections s; and s into the surjective
submersions of v*Gy and y*Go, respectively, where Gy, Gs are the regressed
bundle gerbes, see . These sections, in turn, induce trivializations 77 and
T2 of v*Gy and v*Ga, respectively.
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&
17]‘ (771) . 217'7(7—2)
(30] (30]
Hom (s ,4;)
Hom (B ile, x70, E1,jlsr0) - Hom(Enile.xy0, E1jly270)
(31] (31]

Hom(&i,i®ev§ fo,6:5®Eii®evg fo)

Hom(£1 i|y,; Raijl QA Erily) Hom(Ea, |y, R2,ijly Q A, il Byily,)

(32 (32}
Riijly c Raijly-
Figure 4.

Let (A, 1) be the regression of (¢,§), i.e. A: Gy — Gy is a 1-isomorphism
induced from the line bundle morphism U*p, and ¢ = {1;};c; consists of
2-isomorphisms ¥; : &1; = &, 0. A induced from the vector bundle homo-
morphism v; := &ivi ®evyfo: By — Faj, see Sectlon l The transgression
of (A, ) is defined by

& - Ry (T1) = Raijly(T2) 1 o = i ooty

see Section Evaluating the construction of the isomorphisms ;1 and
¥; o in the present situation, using that the trivializations 77 and 7, are
induced from sections, we obtain commutative diagrams

Yi0 Vi1
A(rile, Talo) ——— A(&2,ile, T2/0) A(E1jlys Tilr) ——— A(&2ly, T2l1)
%J st and WSJ l"s
El,i‘cw*'yo E— E2,i‘cz*'yo El’j|’Y*’Yo S E— E27j|’¥*"/0
Vi bj

where vertical arrows are the bundle morphisms of Remark This shows
the commutativity of the first subdiagram of the diagram shown in Figure
The diagram in the middle is commutative because §;; is compatible with
the lifted path concatenation, and the diagram at the bottom is obviously
commutative. The outer shape of the diagram of Figure (4] is . ]
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Appendix A. Vector bundles and algebra bundles over
diffeological spaces

A.1. Diffeological vector bundles

In this section we provide the basics about vector bundles over diffeological
spaces. For the definition we follow [IZ13, Art. 8.9]. Let X be a diffeological
space.

Definition A.1. A complex vector bundle of rank k over X consists of the
following structure:

(a) a diffeological space F, the total space,
(b) a smooth map 7 : E — X, the projection,

(c) a complex vector space structure on each fiber E|, := 7=({z}), for
all z € X.

The following condition has to be satisfied: for each plot ¢ : U — X and each
point u € U there exists an open neighborhood u € W C U and a diffeomor-
phism

¢:WxCFWxxFE

that covers the identity map on W, and restricts to a linear map ¢|,, : C¥ —
B (w) over each point w € W.

A morphism between vector bundles E and E’ over X is a smooth map
¢ : E — E’ that commutes with the projections and restricts to a linear
map ¢|, : E|, — E|., over each fiber. Hermitian vector bundles and unitary
bundle morphisms are defined in the obvious analogous way.

As usual, vector bundles can be associated to principal bundles via rep-
resentations. For principal bundles over diffeological spaces we use the defi-
nition of [Wall2].

Lemma A.2. Suppose G is a Lie group and p : G — GL(CF) is a Lie group
homomorphism. Suppose further that P is a principal G-bundle over X . Let
E := P x¢ CF be equipped with the quotient diffeology, the projection induced
from P, and the fibrewise vector space structure of CF. Then, E is a vector
bundle over X.



1180 S. Bunk and K. Waldorf

Proof. Since the projection 7 : P — X of a principal G-bundle is a subduc-
tion, every plot ¢ : U — X and every point u € U admit an open neighbor-
hood u € W C U with a lift: a plot ¢ : W — P such that m o ¢ = ¢. Then we
define a local trivialization of E by

¢(w7 U) = (w7 [é(w),v])

This is obviously smooth and fiber-wise linear. An inverse is defined in
the following way. Suppose (w,[p,v]) € W xx E. Since P is a principal
G-bundle, there exists a unique gp,, € G such that p = é(w)gp.. We set
¢~ Hw, [p,v]) :== (w, p(gpw)(v)). It is easy to check that this is inverse to ¢.
In order to check the smoothness of ¢~ !, let d: W — W xx E be a plot,
i.e. d = (dq,dy) where di : W' — W is a smooth map and dy : W — F is a
plot of E, such that 7o dy = cod;. We have to show that ¢~ od: W' —
W x C* is smooth, which can be done locally. By definition of the quo-
tient diffeology of E, W’ can be covered by smaller open sets W’ such that
do|w = [p,v], where p : W"” — Pis a plot of P and v : W” — C¥ is smooth.
Now we have to check that

¢t odlwr W =W x CF 1w e (di(w), p(gp(u) i (w)) (V(w)))

is smooth. This follows from the definition of principal G-bundles, according
to which the map d : P xx P — G that induces g, , := 6(p, v) is smooth. [

Remark A.3.
(a) If the image of p in Lemma is contained in U(CF), then E is a

hermitian vector bundle.

(b) It is easy to check that all familiar operations with vector bundles can
be performed: pullback, tensor product, dual bundles, Hom-bundles
etc.

(c¢) If X is a smooth manifold, considered as a diffeological space, and E
is a vector bundle over X in the sense of Definition [A:T] then there
exists a unique smooth manifold structure on E that induces the given
diffeology and gives E the structure of a smooth vector bundle over
X. Indeed, this smooth manifold structure is defined via local trivial-
izations of F, whose transition functions are smooth.

We continue with connections on vector bundles over diffeological spaces,
for which no established definition exists. Since tangent vectors in diffeologi-
cal spaces are notoriously difficult to handle, we define connections via their
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parallel transport. First we recall the following prerequisite. By a path in X
we understand a smooth map v : [0,1] — X with sitting instants, and we
denote by PX C C*([0, 1], X) the space of paths, equipped with its natural
diffeology. A smooth map f between smooth manifolds is said to have rank
k if rk(df;) < k for all points x in its domain. A smooth map has rank k if
and only if the pullback of every (k + 1)-forms vanishes [SW11], Lemma 4.2].
That condition makes sense for smooth maps between diffeological spaces,
and we define the rank of maps between diffeological spaces in this way.

Definition A.4. Two paths v1,72 € PX in a diffeological space X are
called thin homotopic, if there exists a path h € PPX such that

(a) it is a homotopy: h(0) =1 and h(1) = 12

(b) it fixes end-points: h(s)(0) =71(0) = 12(0) and h(s)(1) =1 (1) =
v2(1) for all s € [0,1].

(c) it is thin: the map hY : [0,1]2> — X : (s,t) ~ h(s)(t) has rank one.

Now we are in position to define a connection on a vector bundle E over
a diffeological space X.

Definition A.5. A connection on E is a family of linear maps pt,, : E|7(0) —
E|, (1), for each path v in X, such that the following conditions are satisfied:

(a) pt, depends only on the thin homotopy class of the path ~.
(b) pty,sy, = iy, o pty, for all composable paths in X.
(c) for each local trivialization ¢ : W x C¥ — W x x E of E there exists

a 1-form w, € QY(W, gl(C*)) such that for every v € PW the diagram

exp(wg)(7)

ck c*
¢7(0)J, }57(1)
Ee(yo) e Eey1y)

is commutative, where exp(wy)(7) € GL(CF) is the path-ordered ex-
ponential of wy along .

Remark A.6. Under the assumption that conditions @ and @ hold, is
equivalent to the following condition.
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(¢”) for each local trivialization ¢ : W x C¥ — W x x E of E the map Do
PW — GL(C*), where ps(v) € GL(C*) is the linear isomorphism

—1
ptcow (z)"‘((l)

@l (0)
CF == B (y0)) — Ee(y1y) — C*,

is smooth.

The equivalence uses the theory of smooth functors [SW09]. Indeed, if wy
exists, then the map py is exp(wg) : PW — GL(CF), and hence smooth.
Conversely, if ps is smooth, then it follows from@ and @ that it defines a
smooth functor p, : P1 (W) — BGL(CF), corresponding to a 1-form wy such
that py, = exp(wy).

If £ is hermitian, then a connection is called unitary if pt, is unitary and
the 1-forms wy of all local trivializations ¢ take values in u(n). A connection
is called flat if pt, depends only on the homotopy class of ~.

Let E and E’ be vector bundles over X equipped with connections pt
and pt’, respectively. A bundle morphism ¢ : E — E’ is called connection-
preserving if it commutes with the parallel transport, i.e. the diagram

t
El. — 5 EJ,

Ele —— E'ly
pt,

is commutative for all paths v € PX, with z := (0) and y := ~v(1).

We shall verify that our notion of a connection is compatible with the
existing notion of a connection on a principal bundle (defined in [Wall2]
as a Lie algebra-valued 1-form) under the associated bundle construction of
Lemma

Lemma A.7. Suppose P is a principal G-bundle over X and w € Q' (P, g)
is a connection on P. We denote by 75 : Py) — Py 1) the parallel transport
along a path v € PX. Let p: G — GL(C¥) be a Lie group homomorphism.
Then, the formula

ply([p,v]) = [77(p), vl

defines a connection on the associated vector bundle P x ¢ CF.

Proof. We use [Wall2l, Prop. 3.2.10] for the properties of the parallel trans-
port 7¢. It is G-equivariant by item (b); hence pt, is well-defined. Further,
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pt, is linear by construction. It is compatible with path composition due to
item (a), and it only depends on the thin homotopy class due to item (b). It
remains to check the compatibility with a local trivialization ¢, obtained as
described in Lemma as ¢(w,v) = (w, [¢(w),v]). We set wy := ps(E*w).
Suppose v € PW. Set 4 := ¢ o ~y; this is a lift of coy € PX. By [Wall2, Def.
3.2.9] we have 7. (5(0)) = 7(1) - exp(w)(¥). The calculus for path ordered

coy
exponentials implies that

(A1) p(exp(w)(7)) = exp(p+(€'w))(7) = exp(ws)(7)-

Now, the commutativity of the diagram in Definition is straightforward
to check. 0

Remark A.8. If X is a smooth manifold, then a connection in the sense of
Definition furnishes a transport functor [SW09]. These are equivalent
to ordinary connections on ordinary vector bundles. Thus, our approach to
vector bundles and connections over diffeological spaces reduces consistently
to the classical theory over smooth manifolds.

Remark A.9. The treatment of curvature in terms of parallel transport
involves transport 2-functors, and drops a bit out of the context of this
article, see [SW09, Sec. 7.2] and [SW13| Sec. 3.4]. The content of [SW13|
Lemma 3.4.3] is that the curvature of a connection on a vector bundle F is
given locally by the endomorphism valued 2-form

1
Qp = dwg + §[w¢> N wg] € (W, gl(CF)),

where w,, € QL (W, gl(C*)) is the 1-form of a local trivialization. Globally, one
can consider its trace, which is a globally-defined 2-form tr(€y) = tr(dws).

A.2. Superficial connections on path spaces

Let M be a smooth manifold, and let PM denote the diffeological space of
paths in M with sitting instants. A path I' € PPM is called thin if T'V :
[0,1)2 — M has rank one, and it is called fived-ends, if the end-paths s
I'(s)(0) and s — I'(s)(1) are constant. A fixed-ends thin path I' makes the
paths I'(0),I'(1) € PM thin homotopic in the sense of Definition

Definition A.10. Two paths I'y,I's € PPM are called rank-two-
homotopic, if there exists h € PPPM satisfying the following conditions:
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(a) It is a homotopy, i.e. h(0) =T'; and h(1) =Ts.
(b) It fixes the paths of end-points: for all r, s € [0, 1] we have

(c) hY :]0,1]> — M has rank two.

For such a homotopy we write hg € PPM for the path ho(r) := h(r)(0)
connecting I'1 (0) with I'2(0), and hy € PPM for the path hq(r) := h(r)(1)
connecting I'1 (1) with T's(1). Note that ho and hy are fixed-ends paths by[(b)}

Definition A.11. Let E be a vector bundle over PM. A connection pt on
FE is called superficial, if the following two conditions are satisfied:

(i) Parallel transport along a fixed-ends thin path is independent of that
path. More precisely, if I'1,I'y € PPM are fixed-ends thin paths with
Fl(O) = PQ(O) and Fl(l) = Fg(l), then ptrl = ptr2.

(ii) If T,y € PPM are rank-two-homotopic via h € PPPM, then the
following diagram is commutative:

ptry
E|F1(U) BE— E|F1(1)

PthDJ thhl

Elra) < Elra)

Via Deﬁnition a superficial connection on E determines for each
pair (7v,7’) of thin homotopic paths a canonical map d,  : E|, = E|, by
putting d, . := ptr for some fixed-ends thin path I' connecting v with ~/.
We also note that Definition implies that ptr, = ptr, if the rank
two homotopy h fixes the end-points.

Remark A.12. Two paths I'1,I'y € PPM can be rank-two-homotopic in the
sense of Definition or thin homotopic as paths in X = PM in the sense
of Definition In general, both conditions are different and none implies
the other.
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A.3. Bundles of algebras and bimodules

By an algebra we will always mean a unital, associative algebra over C, and
all algebra homomorphisms and representations will be unital. We first fix
some terminology. Let X be a diffeological space.

(a) An algebra structure on a vector bundle E over X is a bundle morphism
pu: E® FE — E over X such that over each point x € X the map pl, :
E|; ® E|; — E|; equips E|, with the structure of an algebra, and the
section x — 1, of unit elements is smooth.

(b) An algebra structure on a vector bundle E is called local, if for each plot
c¢:U — X and each point € U there exist an algebra A.,, an open
neighborhood x € V' C U and a diffeomorphism ¢ : V x A., =V xx
E that induces the identity on V' and its restriction ¢|, : Acz — E| c(v)
to the fiber over each v € V is an algebra isomorphism.

(¢) A vector bundle E with local algebra structure is called algebra bundle
or bundle of algebras, if the algebras A., can be chosen independently
of the plot ¢ and the point x.

Analogous terminology will be used for various types of algebras, for in-
stance, involutive algebras and Frobenius algebras. We remark that the
necessity of carefully distinguishing between these types of bundles is not
caused by the fact that we work over diffeological spaces; the same types
exist over smooth manifolds and have to be distinguished.

The following results explain in a nice way the role of connections in
relation to algebra bundles.

Lemma A.13. Suppose a vector bundle E with algebra structure p ad-
mits a connection pt for which p is connection-preserving. Then, i is local.
Moreover, the restriction of E to each path-connected component of X is an
algebra bundle.

Proof. That p is connection-preserving means that the isomorphisms pt. :
E|; — E|, are algebra isomorphisms. Consider a local trivialization ¢ : V' x
CF -V xx FE of the vector bundle E, for a plot ¢: U — X and V CU
a contractible open set. For a fixed smooth contraction of V to a point
xo € V, we obtain a smooth map v :V — PV assigning to a point z € V
a path v, from zg to . We induce an algebra structure on C¥ such that
Bl : CF = E |c(w0) is an algebra isomorphism, and denote that algebra by
Aczy- In general, ¢, : Aeyy — E |c(x) is not an algebra homomorphism for
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x # xo. However, consider the new trivialization ¢/ : V x A.py =V xx E
defined by ¢'(z,v) := ¢(z, exp(wg)(72)v), where wy is a local connection 1-

form for ¢. We claim that ¢'|, : Aczy — E| c(z) i an algebra homomorphism
for all z € V. Indeed, we get from Definition [A.5 (c)]

¢,|z = ¢|m o eXp(Oqu)(%;) = pleory, © ¢|$m

and this is a composition of algebra homomorphisms. This shows that u is
local.

Now, fix an arbitrary plot ¢y : Uy — X, a point zg € Uy, an algebra
Acy .z, With a local algebra trivialization ¢y around xo. For any other plot
c:U — X, z €U and local algebra trivialization ¢ : V x A.p, =V xx E
defined in x € V' C U, choose a path v € PX connecting zo with x. Parallel
transport and the algebra isomorphisms ¢g|;, and ¢|, determine an algebra
isomorphism A, », = A .. Pre-composing with ¢ produces a new local tri-
vialization ¢’ defined over V with typical fiber A, 5. Thus, E is an algebra
bundle over the path-connected component of x. O

If X is not path-connected, then local algebra structures have non-
isomorphic typical fibers over the different connected components, in general.
However, since the underlying vector bundle has the same rank everywhere,
all these algebras have the same dimension. Since simple algebras of the
same dimension are necessarily isomorphic, we obtain the following.

Lemma A.14. If E carries a local algebra structure such that for allx € X
the algebra E|, is simple, then E is an algebra bundle. O

Next, we introduce terminology for bundles of bimodules. Let A and B
be vector bundles over X with algebra structures.

(a) An A-B-bimodule structure on a vector bundle M over X is a pair
(A, p) of vector bundle morphisms A\ : A@ M — M and p: M ® B —
M such that over each point = € X the linear maps A|; : A|, @ M|, —
M|, and p|, : M|, ® B|, — M|, define commuting left and right al-
gebra actions.

(b) An A-B-bimodule structure is called local, if for each plot ¢: U — X
and each x € U there exist an open neighborhood x € V' C U, algebras
Ay and By, an Ag-Byp-bimodule My and diffeomorphisms

da:VXxAy—=V xx A, o¢p:VxBy—=V xxB,
¢M:V><M()—>VXXM
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covering the identity on V, such that for each v € V the restric-
tions @aly @ Ao — Ale) and ¢ply : By — Bl are algebra isomor-
phisms, and the restriction ¢l : Mo — M|, is a bimodule inter-
twiner (along ¢4/, and ¢ply).

(c) We say that M is a bundle of A-B-bimodules, or A-B-bimodule bundle,
if A and B are bundles of algebras, with typical fibers Ay and By,
respectively, and My can be chosen independently of ¢ and x as an
Ao—Bo—bimodule.

Lemma A.15. Suppose A, B are vector bundles over X with connections
and connection-preserving algebra structures, and suppose M 1is a vector
bundle over X with connection and a connection-preserving A-B-bimodule
structure (A, p). Then, (X, p) is local. Moreover, the restriction of M to each
path-connected component is a bundle of A-B-bimodules.

Proof. The proof is analogous to Lemma and left out for brevity. [

Lemma A.16. Suppose A and B are bundles of simple algebras over X,
and M is a vector bundle with a local A-B-bimodule structure (X, p). Sup-
pose further that M is faithfully balanced, i.e., the induced maps X: A —
Endg(M) and p: B — Enda (M) are fiber-wise isomorphisms. Then, M

s a bundle of A-B-bimodules.

Proof. Faithfully balanced bimodules establish Morita equivalences. The
claim then follows from the statement that Morita equivalent simple al-
gebras are Morita equivalent in a unique way (up to isomorphism). Indeed,
every Morita equivalence has to be irreducible (as an A ® B°’-module), be-
cause if it was a direct sum of two bimodules, it would not be invertible.
However, if A and B are simple, then A ® B° is again simple, so it has a
unique irreducible module. ]

Finally, we discuss the composition of bimodule bundles, i.e. their tensor
product over an algebra bundle. This tends to be difficult and is treated in
[KLW]. Let A, B,C be vector bundles over X with algebra structures, let
M be a vector bundle with A-B-bimodule structure (Aps, par), and let N
be a vector bundle with B-C-bimodule structure (Ay, pn). Over each point
z € X we consider the subspace K, C M|, ® N|, generated by elements of
the form

pumlz(m@b) @n—m & An|.(b®n)
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for all m € M|z, n € N|; and b € B|,;. We consider the disjoint union of the
quotient spaces (M|, ® N|,)/K, for all z € X and denote it by M ®p N.
It will be equipped with the obvious left A-action Aj; and the right C-
action py, and be equipped with the unique diffeology making the projection
M®N — M ®p N a subduction. In general, M ®p N will not even be a
vector bundle. Under assumptions of locality and semisimplicity, however,
we have the following result [KLW), Thm. 4.2.6 & Cor. 3.1.12]:

Lemma A.17. If the algebra structures on A, B, C are local and semisimple,
and the bimodule structures on M and N are local, then M ®pg N 1is a vector
bundle, and (A, pn) is a local A-C-bimodule structure.

Remark A.18. Consider again bundles of algebras A, B, C and bundles M
of A-B-bimodules and N of B-C-bimodules. We assume that all bundles are
equipped with connections, in such a way that the algebra structures and the
bimodule structures are connection-preserving. Then, there is a naturally
defined connection on M ®pg N, for which the A-C-bimodule structure is
connection-preserving. In order to see this, we only have to observe that the
sub-vector bundle U is invariant under parallel transport.

Appendix B. Fiber integration for smooth 2-functors

In this section we provide a result for the theory of smooth functors of
[SWO09), SW11]. It is used in Lemma as one step to establish our main
theorem, but also might be interesting in other contexts. Let X be a smooth
manifold. We recall that there is a bijection

(B.2) Fun™(P1(X), BU(1)) = Q'(X),

where the left hand side consists of smooth functors defined on the smooth
path groupoid of X with values in the Lie groupoid BU(1) (it has a single
object and U(1) as the manifold of morphisms) [SW09, Prop. 4.7]. Analo-
gously, there is a bijection

(B.3) Fun®™(Po(X), BBU(1)) = Q*(X),

where the left hand side consists of smooth 2-functors defined on the smooth
path 2-groupoid of X with values in the Lie 2-groupoid BBU(1) (one object,
one 1-morphism, and U(1) as the manifold of 2-morphisms) [SW1I, Theorem
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2.21]. We define a ,,fiber integration map“ for smooth 2-functors, i.e. a map
(B.4) / . Fun™(Py([0,1] x X), BBU(1)) — Fun™(P1(X), BU1)),
[0,1]

and prove the following result.

Proposition B.1. The fiber integration map (B.4) corresponds under above
bijections to the ordinary fiber integration of differential forms, i.e. the dia-
gram

Jio

Fun®(P2([0,1] x X), BBU(1)) ——— Fun®(P1(X), BU(1))

(B.5) J

02%([0,1] x X) o QH(X)

18 commutative.

The fiber integration map (B.4)) is defined as follows. Suppose F' is a
smooth 2-functor on [0, 1] x X, and v € PX is a path in X. Then,

(B.6) (/{0 . F) (7) := F(2,)  with 5, = (id x 7)4(S1.1).

Here, Y5, is the standard bigon in [0,1]2, and id x v :[0,1]2 = [0,1] x X
pushes it to a bigon in [0, 1] x X. The standard bigon X, is the uniquely
defined bigon that fills the rectangle spanned by (0,0) and (s, t), see [SW11,
Sec. 2.2.1]. We note that Y., is a bigon between the path (v1,c,(1)) * (co,7)
and the path (c1,7) * (71, ¢4(0)), Where 71 is the standard path in [0, 1].

Lemma B.2. defines a smooth functor/ F:Pi(X)— BU(1).
[0,1]

Proof. We have to check that f[O,l] F respects the composition, that it only
depends on the thin homotopy class of v, and that it is smooth. The lat-
ter follows directly from the smoothness of F. If h:[0,1]> — X is a thin
homotopy between v and +/, then it induces a homotopy

0,1 = [0,1] x X : (r,8,t) = (id x h(r, —))(S1.1(s,1))
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between (id x 7).(X11) and (id x 7")«(21,1). This homotopy has rank two,
because h has rank one, and thus the product id x h has rank two. By inspec-
tion one checks that it restricts to a thin homotopy between the boundary
paths. This shows that ¥, and X,/ are rank-two-homotopic, which implies
F(X,) = F(Xy). Finally, if v and 7’ are composable paths in X, then

Yy = (By 0¢y) @ (cy 0 Xy),

where c, is the constant bigon for v, and e and o denote the vertical and
horizontal composition of 2-morphisms in Py(X), respectively. Since F' is a
2-functor and BBU(1)-valued, this gives F(X,.y) = F(3y) - F(X,). O

Now we prove the commutativity of the diagram . Consider a point
x € X and a tangent vector v € T, X represented by a curve v: R — X
with v(0) = z. Using the description of the bijections and , and
starting with a 2-functor F', following diagram clockwise yields

d
0 ( [ F) () = 51| P

where 7; is the standard path in R from 0 to t. Counter-clockwise, we have

1 2
d
— [ d
/0 " dsdt
where T, : R? — [0,1] x X represents the tangent vectors 8, € T;.[0, 1] and

v € T, X; for instance, we can put I';(s,t) := (r 4+ s,7(t)). In order to com-
pare these two expressions, we consider the map

_4
dt

F(FT(ZS,t))7
0,0

[, :R? = R?: (s,t) = (r+s,t).

Then, we have
(fr(zs,t) o C) b (C © Zr,t) = Zs+r,t
as bigons in R2. Further, T', = (id x ) o I, and thus
(T (Est)oc) e (id x y)(coXrt) = (id X ¥)(Zstrr)-

We apply F' and obtain

F(Tr(Es)) - F(Ad X 9)(3rt)) = F((id X 7)(Zs4rt))-
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Differentiating, we get

a
ds

F(FT(ES t)) = 3.

D)= 4| Fdx)(Ze) - F((id X 7)(Sr) !
s=0

s=r

This is the pullback of the Maurer-Cartan form on U(1) along r — F((id x
7)(Zr+)); hence we have

1
d
dr —
exp < /0 U
Taking the derivative with respect to ¢t and evaluating at ¢ = 0 gives
1 2
d
d
/0 " dsdt

It remains to observe that the bigons ¥, (,,y = (id X 7«(v))(21,1) and (id x
7)(21,+) are thin homotopic, which is straightforward to see.

0 F(Fr(Es,t))) _ F((id x 7)(S10)).

POy (Ser) = &

. G F(dxD(E1)).

0

Appendix C. Pullback of bundle gerbes along rank-one maps

We provide the following, general result about bundle gerbes and bundle
gerbe morphisms. We need it in the proof of Proposition

Theorem C.1. Let M be a smooth manifold, X be a compact smooth
manifold, and ¢ : X — M be a smooth map of rank at most one.

(a) If G is a bundle gerbe with connection over M, then its pullback along
¢ admits a parallel trivialization, i.e. a 1-isomorphism T : ¢*G — Iy
in GrbV(X).

(b) If A:G— G’ is a I-morphism in grbV(M), and T : ¢*G — Iy and
T : ¢*G" — Iy are parallel trivializations, then there exists a hermitian
vector bundle E with flat connection, and a 2-isomorphism in Gro¥(X):

¢*g (b* A ¢* g/

To T)Io

Before proving Theorem we shall point out the following corollary,
which appeared already as [Wall6, Prop. 3.3.1]. It follows from Theorem |C.1
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and the definition of surface holonomy as the exponential of the integral
over X of the 2-form p of any trivialization 7 : ¢*G — Z,.

Corollary C.2. If X is an oriented closed surface and G is a bundle gerbe
with connection over M, then the surface holonomy of G around ¢ is trivial.
O

In the remainder of this section we proof Theorem We work on the
level of cocycle data, with respect to an open cover {U, }qea of M. A bundle
gerbe G with connection is given by a triple (B, A,g), where gog, : Ua N
UsNUy, — U(1), Aup € Q1 (Us NUp), and B, € Q*(U,) satisfy the cocycle
conditions

Bﬁ — B, = dAaﬁ, Aﬁ7 — Aa'y + Aaﬁ = dlog(gaﬁ'y)a
and 9B~ 9aBs = Gavs Japy-

We can assume that each cocycle is normalized in the sense that Ay, =0
and gagy = 1 whenever |{a, 5,7}| < 3. With respect to cocycles (B, A, g)
and (B’, A’,¢’) for bundle gerbes G and G’, respectively, a 1-morphism A :
G — G is given by a pair (I, G), where G,5: Uy NUg — U(n) and I, €
QL (U,, u(n)) satisfy

B, = By + Ltr(dll,)
g+ Aap = Alg + Adg,iﬂ (T1,) + dlog(Gap)
Goz’y *Gapy = g:xﬁ'y ) Gﬂéﬂ ) GIBW’;

see, e.g. [Gaw05]. Here, n is the rank of the vector bundle of the 1-morphism,
and we regard U(1) C U(n) as the central subgroup, and similarly we view
R C u(n) as diagonal matrices.

We construct a refinement of the open cover {U,}qaca with properties
adapted to the map ¢ : X — M. Let K := ¢(X) C M be equipped with the
subspace topology, so that {U, N K }aea is an open cover of K. By [Sar65,
Theorem 2] and [Chu63, Proposition 1.3] the covering dimension of K is
dim(K) < 2. Thus, there exists a refinement {V,}qecp consisting of open
sets V, C K and a refinement map r : B — A with V, C Ur(a) N K, such
that all non-trivial 3-fold intersections are empty. Since V, is open in K,
there exists an open set V., € M such that V,, = V, N K. Now we collect all
open sets V,, and all sets U, \ K, which are open since K C M is closed, as
it is a compact subset of a Hausdorff space. This results in a new open cover
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{Wataec of M that is a refinement of the original one, and no point x € K
is contained in an intersection W, N Wg N W, with «, 3,y distinct.

Since we have a refinement, we can assume that our cocycles (B, A, g),
(B',A',¢") and (II,G) are defined with respect to {Wy}taec. Now we
prove @ Let {¢a}acc be a smooth partition of unity subordinated to
the open cover {Wy}aecc. We define

o= VpAag € U (W)
peC

and check that

Pa — P = Aaﬁ + Z wwdlog(gaﬂy)-
veC

We change our cocycle (B, A, g) by the 1-forms p,,, and obtain an equivalent
cocycle (B, A, g) with B, = B, + dp, and /Nlaﬂ = Aug — pa + pg. Then we
perform the pullback along ¢. The fact that ¢ is of rank one implies ¢* B, =
0. Since there are no non-trivial 3-fold intersections, we have ¢*g.g, = 1,
and the above calculation implies (b*flag = 0. Thus, the pullback results in
(0,0,1), which is a cocycle for Zy. Translating between cocycle data and
geometric objects, this implies the existence of the parallel trivialization 7.

It remains to prove @ Under the change of local data from (B, A, g)
to (B, A, g), and similarly for (B, A’,¢’), we obtain new local data (®,G)
for the 1-morphism. Pulling back along ¢, we obtain local data (¢*II, ¢*G)
for a 1-endomorphism of (0,0,1). Since ¢ is of rank one, we have d(¢*II) =
¢*(dII) = 0, and the absence of non-trivial 3-fold intersections implies the
usual cocycle condition for ¢*G. Thus, ((b*l:[, qb*é) is local data for a vector
bundle F with flat connection over X.
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