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Heterotic/F-theory duality and
Narasimhan-Seshadri equivalence

HERBERT CLEMENS AND STUART RABY

Finding the F-theory dual of a Heterotic model with Wilson-line
symmetry breaking presents the challenge of achieving the dual Zo-
action on the F-theory model in such a way that the Zs-quotient is
Calabi-Yau with an Enriques GUT surface over which SU (5) 4,4
symmetry is maintained. We propose a new way to approach this
problem by taking advantage of a little-noticed choice in the appli-
cation of Narasimhan-Seshadri equivalence between real Eg-bundles
with Yang-Mills connection and their associated complex holomor-
phic Egc—bundles, namely the one given by the real outer automor-
phism of Eéc by complex conjugation. The triviality of the restric-
tion on the compact real form Eg allows one to introduce it into the
Zs-action, thereby restoring Eg- and hence SU (5) -symmetry
on which the Wilson line can be wrapped.
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1. Introduction

Duality between Heterotic models and F-theory models in String Theory
begins with the compact real form FEg of the simple complex algebraic group
EE. On the Heterotic side one begins with a Calabi-Yau threefold V3 ellip-
tically fibered over a smooth del Pezzo surface Bs. V3 comes equipped with
two bundles

Fa@Fb

each endowed with a Yang-Mills connection with structure group the com-
pact real group Eg. The connection determines and is determined by its
restriction to each elliptic fiber Ey, for by € Bs.

F-theory begins with an elliptically fibered Calabi-Yau fourfold Wy ellip-
tically fibered over a Fano threefold B3 with origins in the idealized Calabi-
Yau fourfold with equation

(1.1) y? =23 + ap2®

where z and ag are sections of the anti-canonical bundle of B3. The excep-
tional fibers of a crepant resolution of Wy over points of Squt := {z =0} C
B3 correspond to the positive simple roots of Eg intersecting as dictated by
the Fg-Dynkin diagram, i.e. they map precisely to the exceptional fibers of
the crepant resolution of the Eg rational double point surface singularity

(1.2) {y» =2 +2"} CC°

As we will see in the following, this resolution is constructed entirely within
the product of the Lie algebra of the complex algebraic group Eéc and its set
of Borel subalgebras, the latter being a smooth complex projective manifold
[11].

1.1. Duality in the presence of an order-2 element in 7y (V3V)
It is often convenient that the Heterotic model, that we will henceforth

denote as V3" have an unbranched (Calabi-Yau) double cover V3, or, said
otherwise, that a Heterotic model V3 admit a freely acting involution with
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Calabi-Yau quotient. In particular, after Eg-symmetry is broken to SU (5)-
symmetry on V3/Bs, the last step in symmetry-breaking to what physicists
call the Standard Model” MSSM is accomplished by wrapping what is re-
ferred to in string theory literature as a ‘Wilson line’ on the Zs-quotient
Va//By. The Zy must also act trivially on the Yang-Mills connections on
F, @ Fy so that the Heterotic quotient V3'/By is equipped with two Fg-
bundles

(1.3) F)oF/,

each with an inherited Yang-Mills connection. Said otherwise, the quotient
preserves the Fg-symmetry of the initial bundles, as well as its breaking to
SU (5)-symmetry on which the Wilson line is wrapped.

On the F-theory side, the Zs-action may have orbifold singularities but
must be free on the smooth surface Squt C Bs. Again the Zs-action must
preserve the initial Fg-symmetry, as well as the breaking to SU (5)E|

However, in order that the F-theory quotient be Calabi-Yau, any Zo-
action on the F-theory side will have to incorporate the involution

dx dzx
PR *_) —_—
) Yy

on the relative one-form on the fibers of the elliptically fibered F-theory
model Wy/Bs. As is easily seen in , a consequence is that each Fg-
root, as represented by an exceptional curve over a point of SqguT, is sent to
its negative. On the other hand, one must start with Eg-symmetry on the
F-theory quotient quotient as well.

Our conclusion will be that, in fact, whatever the Zgy-action on Wy/B3
turns out to be, it will have to somehow incorporate the symmetry

—I1 : by = bSues)

on the complexified Cartan subalgebra of SU (5), the involution that sends
each root to minus itself, an involution that is not an element of the Weyl
group W (SU (5)) but one that does preserve the symmetry with respect to
the compact real group SU (5).

IThe implications of this last issue seem not to have been fully appreciated in
the literature. Another issue connected with Wilson line breaking in F-theory is
the existence of vector-like exotics. We will deal with that issue separately in a
forthcoming paper.
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1.2. The example of SU (2)

To illustrate how this can work, we illustrate in the simplest case. We con-
sider the Ay rational double point surface singularity

Y’ = zz.

This is a quotient singularity via the map from the (u,v)-plane given by

Y =uv
r = u?
z =02,

Assigning u and v weight 1/2 the versal deformation space is the weighted
homogeneous space

(1.4) y? =12+ az

of weight two where the Casimir polynomial algebra on the complexified
Cartan th(Q) has generator

b5y
. pC __sU@
2 Dsve) = (s (@)

The base extension

‘( *yf\/@ y+z\@>‘:0

has equivariant crepant resolution parametrized by f)gU(Q) and with excep-
tional fiber parametrized by either the ratio of the rows or the ratio of
the columns of the above 2 x 2 matrix. Interchanging rows and columns by
transposition is accomplished by replacing y with —y, that is, by acting on
the singularity by the automorphism

(ﬂ?,y,Z) = (.CU, —y,Z) :

Via the faithful spin representation given by the quaternions, we may con-
sider SU (2) as a real matrix group with complexification SL (2;C). What
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will be relevant for us in this paper is the following commutative diagram

SU (2)
v p
SL(2;C) — SL(2;C)

where ¢ is complex conjugation. The equivariant crepant resolution of
involves a choice of Weyl chamber identifying the exceptional curve of the
resolution with the positive root. The ‘flop’ y — —y interchanges the two
possible choices of positive simple root corresponding to the two possible
equivariant crepant resolutions. The necessity of introducing the base exten-
sion in order to equivariantly resolve the family and the ‘flop’ y — —y
interchanging the two possible equivariant crepant resolutions lies at the
heart of the problem of finding a canonical crepant resolution of the Tate
form defining an F-theory model Wy.

The action of ¢ on the th(z) is therefore h — —h. Notice that this action
should not be thought of as the action of W (SU (2)) since the action of ¢
is trivial on the compact real group SU (2). Rather it should be thought of
as the transformation that interchanges each root ¢ with its negative —p.
In fact for n > 2, + does not act on roots as an element of the Weyl group,
the difference of the actions being given by the non-trivial symmetry of the
Dynkin diagram.

1.3. Heterotic Eg versus F-theory Eg

The fact that the Heterotic model relies on the properties of the real group
FEg while the F-theory model relies on properties of the complex algebraic
group Egc is a central theme of this paper. More specifically, as explained
below, the passage from the real to the complex group in constructing
Heterotic/ F-theory duality rests on the choice between the two possible
complexifications of the same real bundle via Narasimhan-Seshadri equiva-
lence. The Zs-action must reverse that choice if symmetry of the real group
and the Calabi-Yau property are to be simultaneously preserved on the quo-
tient.

1.4. Narasimhan-Seshadri equivalence
Let Ggr denote a compact simple real Lie group and let G¢ denote the

simple complex algebraic group for which Ggr is the compact real form.
Narasimhan-Seshadri equivalence on a compact Riemann surface C' equates
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homomorphisms

T (C) — GR

and semi-stable G¢ vector bundles on C. The relevant remark is that, since
Gr has a faithful real linear representation, therefore G¢ can be defined by
extension of scalars, that is, replacing real matrix entries with complex ones.
Therefore complex conjugation induces a real involution

L:G@%GC

that leaves Gr pointwise fixed. ¢ is of course not complex analytic. Thus the
Narasimhan-Seshadri equivalence implicitly makes a choice of one of the two
possible complex structures on the flat Ge-bundle. The purpose of this paper
is to point out a situation in which G¢ = EY and the choice matters. This
happens when introducing Zs-actions on F-theory/Heterotic dual manifolds
with the property that the respective quotient manifolds continue to be dual.

1.5. Outline of the paper

In F-theory the exceptional components of the fibers of a crepant resolution
Wu/Bs of Wy/Bs are identified with a system of positive simple roots of
SU (5). What is often less attended to in the presence of a Zs-action is the
trajectory of those roots as initial Fg-symmetry is broken. In particular, on
the Heterotic side the initial symmetry on V3’ /By is Eg-symmetry. Therefore
a Heterotic dual W' /By should also manifest initial Fs-symmetry.

Section [2|is devoted to establishing the fact that, in order that W)’ /BY
be Calabi-Yau, the Zs-action must incorporate the standard involution

(15) (JJ,:I/) = (.7), _y)

on the Weierstrass form of the elliptic fibers of Wy/Bs. In addition it is
shown how this last is compatible with the fact that the Zs-action on the
Heterotic side that, as it must, incorporates the trivial involution

(z,y) — (2,y)

on the Weierstrass form of the elliptic fibers of the Heterotic model V3/Bs.
This Section also reviews the construction of the semi-stable limit in F-
theory and the critical role that Narasimhan-Seshadri equivalence plays
there.
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Section is devoted to showing that the one (real) involution on EY that
leaves Eg pointwise fixed, namely complex conjugation, exactly reverses the
sign of each Eg-root. That is, complex conjugation acts as minus the identity
(—Ig) on the Cartan subalgebra of EY.

Section [f employs the Tate form for Wy /B3 to imbed it in a family of
rational double-point surface singularities that are in turn mapped into the
semi-universal deformation of the Fg-rational double-point surface singular-
ity

y? =% 4 2.

Section [5] examines Brieskorn-Grothendieck equivariant crepant resolu-
tion of the semi-universal deformation of the Eg-rational double-point sur-
face singularity. We show that the involution is derived from the central
involution —Ig on the complex Cartan subalgebra h%s so that, by Section
it can be built into the Zs-action without breaking Eg-symmetry.

Section [f] tracks the SU (5)-roots, as manifest in the exceptional com-
ponents of a general fiber of a crepant resolution W4/B3 of Wy/B3 over
ScuT, back to their origins as Fg-roots exploiting the commutativity of the
three-dimensional commutative diagram obtained by mapping the top row
of

SL(5C) — E§

T T
SU (5) — Eg
\ 2

SL(5C) — E§

to the bottom row by the complex conjugate involution ¢. It is exactly
the commutativity of this diagram that allows us to claim that initial Fg-
symmetry and subsequent SU (5)-symmetry are preserved on the F-theory
quotient W,'/By.

Finally in Section [7] we state a conjecture that, if true, would derive from
the Brieskorn-Grothendieck equivariant crepant resolution and the choice of
positive Weyl chamber the construction of a ‘canonical’ crepant resolution
of W4/Bg.
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2. F-theory/Heterotic Duality
2.1. Smooth elliptically-fibered Heterotic theory

The starting point in the construction of smooth Heterotic theory is an
elliptically-fibered Calabi-Yau threefold V3/By over a smooth del Pezzo sur-
face Bs such that V3/Bs comes equipped with two two bundles

F,® F,

with structure group the compact real group Eg . Each bundle is endowed
with a Yang-Mills connection, a connection determining and determined by
its restriction to each elliptic fiber Ej,. Each restriction is flat and therefore
given by a homomorphism

(21) T (EbQ) — Eg‘

Since m (Ep,) is abelian, the image of the homomorphism can be conju-
gated into a maximal torus of Fg. So any semi-stable Fg-bundle with flat
connection on Ej, reduces to a unique homomorphism

(2.2) {m (Bp) =t = (S1)° C (c*)g}b .

The exact sequence
* % * *
0 — ﬂ-BZTBQ — CZ—'V3 — TV:;/BQ — 0

yields the equality

det Ty, = w5, (det T,) @ Ky, /p,-

Since V3 is Calabi-Yau, det Ty, is the trivial line bundle. Thus the Zy-action
is either trivial on both of the right-hand factors or non-trivial on both.
Castelnuovo’s Rationality Criterion implies that there are no freely acting
involutions on the del Pezzo surface Bs. Linearizing the action of By around
fixpoints yields the conclusion that either 8 acts with finite fixpoint set and
the action on relative one-forms in Ky, /g, is

Y Y

dx dx
H _
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or has a fixed curve along which the action on relative one-forms in Ky, p,
is

dx —dx

— > —.

Yy Yy

We will next see that the existence of an F-theory dual implies that the
action of fo has only finite fixpoint set.

2.2. F-theory model

The starting point in the construction of F-theory is an elliptically fibered
Calabi-Yau fourfold Wy/B3 over a smooth Fano threefold Bs, itself fibered
over the Heterotic By with rational fibers. The F-theory model must be
endowed with equivariant involutions

Ba

W4 — W4
4 {
By 2 By
4 4

B2 — BQ.

Duality then requires that 83 acts freely on the smooth anti-canonical divisor
Scutr C Bs. Therefore Sgur is a K3-surface and the quotient under the free
Zo-action is an Enriques surface. Since Sgur is ample, the involution 3 can
have only finite fixpoint set, a fact that in turn implies that the Heterotic
B2 can have only finite fixpoint set. As we have seen above, this implies that
the involution Bg on the Heterotic V3 will have to act as

d d
(2.3) N
Yy Yy
on relative one-forms in Ky, /p, .
The short exact sequence
(2.4) 0—7p,Tp, = Ty, — T;T/4/Bs —0

of cotangent spaces to a crepant resolution W, /Bs of W4/ B3 yields an equa-
tion

(2.5) det Tj;, = g, (det T,) ® Ky, /,



1208 H. Clemens and S. Raby

where det Tgs has a meromorphic section wgyt with no zeros and simple
pole along the K3-surface Squt C Bs. Again the Zs-action is either trivial
on both of the right-hand factors or non-trivial on both. The residue of wguT
is a nowhere vanishing holomorphic two-form on Sgyr. Since f3 must act
freely one concludes that

(2.6) B35 (weut) = —waur.
So, in order that quotient W,/ be Calabi-Yau, (2.5 implies that the involu-
tion B4 must act as
d d
(2.7) 2,2
Y Y

on relative one-forms in KW4 /By’ that is, the involution 54 will have to act
as

on the Weierstrass form on the fibers of Wy/Bs.

2.3. Preserving duality of the Zs-quotients from Heterotic to
F-theory

The duality is realized by the canonical replacement of the restriction of the
two bundles

Fa > Fb
to each elliptic fiber Ej, of V3/Bs by a union of elliptically fibered rational
surfaces
(2.9) (AP, (b2) UdPy (b2)) = Plar g (b2) U PRy i (b2)
such that
dP, (bg) NdP, (bg) = Ebz-

(2.9) is then a normal-crossing K 3-surface elliptically fibered over the union
of two P1’s meeting at a point. Taken together these normal-crossing K 3-
surfaces are the fibers of a fibration sequence

W4,0 — B3,a U B37b — By

with total space a normal-crossing Calabi-Yau fourfold.
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The above canonical replacement is permitted by three facts:

1) The Yang-Mills connections determine and are determined by their
restrictions to flat connections on each elliptic fiber Ey,.

2) The Narasimhan-Seshadri theorem allows replacement of the flat Eg-
bundles

Fo (b2) ® Fp (b2)
on Ej, with flat holomorphic ES-bundles

EE (b)) @ FF (b2)

where Eéc is the algebraic group whose compact real form is Eg. (This is the
point at which one of the two complexifications of the Eg-bundles is chosen.
As we shall show below, the the Zs-action must incorporate a reversal of
that choice in order that the F-theory quotient retain Eg-symmetry.)

3) In Section 4.5 of [6] Friedman-Morgan-Witten give us a classifying
space for imbeddings of Ej, into a rational elliptic surface dPy (b2), each
such corresponding canonically by a theorem of E. Looijenga [7] to an iso-
morphism class of flat Eéc—bundles F over Ey,.

Namely one considers the family of ‘d Py-hypersurfaces’

(2.10) y2 = 4> — (ggt4 — Bystd— ... — 5434) T

— (ggt6 — a282t4 - .. = (1636)

in P:{),L?,S parametrized by homogeneous forms «; and 3; of weight j in a
weighted projective space P§ , 5 334456 Pixing the values of a; and §; we
think of the solution set of as a rational hypersurface in P§,1,2,3 with
distinguished pencil

(2.11) vs + 6t = 0.

The given elliptic curve Ej, sits in each dPy (b2) in (2.10) as the solution set
to the equation

s=0.

The associated sum of eight flat line bundles on Ej, is given by the morphism
HE (dPy (b2) ; Z) — Pic® (Ep,)

where HZ (dPy (b2);7Z) is the space of algebraic cycles on dPy (bg) whose
intersection number with Ejp, is zero. The intersection pairing on
HE (dPy (b2);7Z) is that of the Eg-Dynkin diagram.
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Now ([2.10)) should be thought of as defining a fiber of a bundle or ‘stack’
over the moduli stack 91, ; of elliptic curves given by their Weierstrass form.
My 1 has a covering involution

(212) ((x7y)7[87t]) = ((CC, _y)v[_‘S?t])
that lifts to dPy-hypersurface involution

([Saﬂ ) (1’, y) ) [517 062,,32, CV3,/83, Qy, 647 as, aﬁ])
(2.13) l

([=s,t], (z, —y), [=P1, a2, B2, —3, — B3, a4, Ba, —ax5, Cg])

since the parity of the coefficients o; and 3; in the weighted projective space
P§’2,2’3,374,475?6 is matched by their degree. On the other hand induced on
Wyo/B3 and induced on V3/ B3 taken together will imply that at s =0
a ‘logarithmic transform’ (2.12)) must be incorporated into the quotienting
action along the elliptic fiber Ej,. Only in this way can the two components
of the quotient of

dP, (bg) Udpb, (bg)

by the action of the involution retain the structure of dPy’s without multiple
fibers.

The final step in passing from the Heterotic model to the F-theory
model W,/Bsy is then obtained by smoothing each normal-crossing K3-
surface dP, (b2) UdP, (b2) to obtain a smooth K 3-surface fibered over the
smoothing of Py 4 (b2) U P} 4 (b2) to the fiber of B3/By over by. Thus
one obtains a fibration sequence

W4*>B3*>BQ

that consists over generic bo € Bs of a smooth K 3-surface elliptically fibered
over the P!-fiber of Bs/Bs.

2.4. Compatibility of Zs-actions

The involution $4/83 on Wy /B3 with Calabi-Yau quotient W,/ By must spe-
cialize to an involution f4,/330 on the semi-stable limit Wy o/ (B3, U B3p).
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Key to understanding the Zs-action on Wy is attending to the Zo-
actions on the normal crossing K 3-surfaces

(dPa (b2) U de (bQ)) — P[a/7a//] (bQ) U ]P)[b'J)”] (b2)

over the set Orb of fixpoints by of the involution (2. Since the action of
the involution B on Vs is free, it must restrict to translation by a non-zero
half-period on the elliptic fiber Ej, over the fixed bs.

Over each point of Orb, the involution 34,0 /B30 induces compatible in-
volutions on each of the two components dPy, and dPyj of the fiber. The
K3-surface over a point by € Orb induces an involution on each of the two
dPy-surfaces into which it splits in the semi-stable limit. The involution
must specialize to translation by a given half-period  on the fiber Ej,, the
intersection of the two dPg’s.

Lemma 1. i) On the F-theory fiber of the semi-stable limit over a fixpoint
of B2, the involution

([57 t] ) (.27, y)) = ([_37 t] ’ (.Z‘, _y))
mn acts on each of the two dPy’s. Therefore a section of the canonical

bundle of the normal-crossing K3-surface away from its singular locus is
given by setting t = 1 and writing the holomorphic two form

ds N —.
Yy

Therefore this form is locally invariant under the action of B4 on Wy since
both factors ds and 9 are anti-invariant.

ii) On a small analytic neighborhood of Ey,, the involution is given on
each dPy by the so-called ‘logarithmic transformation’

(2.14) (s, 1], (@,9)) = ([=s, 1], ((2,9) +0)) .

Howewver the canonical bundle near the crossing locus of the two dPy’s on
the F-theory side is represented by two-form

d
dlogs/\—m
(Y
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on each local componenﬂ whose residue is the holomorphic one-form on the
Heterotic side. is invariant under the action of ﬁ~4 on Wyo and so the its
residual one-form

dx

Yy
is invariant under the induced action of B3 as required on the Heterotic side.

Proof. Since flat bundles on elliptic curves are invariant under translation,
one sees by that there are only two possibilities:

1) The Eg-bundles are pasted to themselves according to the identity
isomorphism induced by translation by the half-period 9.

2) The pasting of each Eg-bundle incorporates the automorphism corre-
sponding to the involution

(Is,t], (2, 9)) = ([=s,1]; (2, —y))

given in on each of the two dPy’s.

Possibility 1) is impossible since it would imply that the fiber of the
fibration Bs/Bs over the fixpoint would be pointwise invariant under the
Zo-action. That would in turn imply that the Zs-action on the smooth anti-
canonical divisor Sqgur € B3 would also have fixpoints. This last eliminates
the possibility of an F-theory quotient.

Possibility 2) however implies that Zgs-action on Bs has finite fixpoint set
thereby allowing a free action on Sgyt. The Zs-action on the two dPy-fibers
over by € Orb is then given on by translation by the distinguished
half-period of the common fiber {s, = s, = 0} composed with (2.13)). For
any half-period § of Ej,, there is defined a so-called ‘logarithmic transform’
on the dPy-fiber, that is, an involution that produces in the quotient a fiber
of multiplicity two over { 52 = 0}. Setting t = 1, the involution takes
the two-form

d
ds/\—gc

Yy
to minus itself. On the other hand, the involution leaves this same
two-form invariant.
However if one removes the multiple fiber Ey, /{(z,y) = (z,y) + 0} from
the quotient of and removes the fiber Ej, from the quotient m,

2When smooth surfaces specialize to normal crossing surfaces, a holomorphic sec-
tion of their canonical bundle specializes to a meromorphic section with logarithmic
pole with cancelling residues on each of the two local components.
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the remaining open surfaces are isomorphic. Then % corresponds
to a flat Fg-bundle on Ey,/{(z,y) = (z,y) + 0}) that pulls back to a flat
Eg-bundle on Ej, that is invariant under translation by 0. Along s = 0 the
meromorphic two-form

d
(2.15) dlns A 22

Y

is invariant under ([2.14]) so that it must be the one that extends the the
invariant two-form (12.13)). Therefore its residue, dz/y is also invariant under
the V3-involution Bg. Said otherwise the quotient of the Zs-action yields the
order-2 logarthmic transform of each of the two components

(dPy /Py s2,121) U (dPy /Py 12 12))

yielding the Zs-action of
dx dz
J— '_)

Y )

on V3/Bs. This action is necessary so that the Heterotic quotient be a Calabi-
Yau threefold. Simultaneously the action is consistent with the Zo-action of

(2.16) o, 9%
y y

on Wy/Bs that is necessary so that the F-theory quotient be a Calabi-Yau
fourfold. ]

Lemma [1]is somewhat remarkable in its implications for the F-theory dual.
Since the involution 2 on Bs has only finite fixpoint set, it acts with eigen-
value (+1) on the canonical bundle of By . So Lemma [I| says that for an
F-theory dual with orbifold Zs fundamental grou 54 must act on the
Wieierstrass form of fibers of the F-theory dual by

(x’y) = (xv _y) .

Only in that way does the Zs-quotient become a Calabi-Yau fourfold.

3This will be useful for Wilson-line symmetry breaking.
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3. Retaining Fg-symmetry
As we have just shown, thanks to the nature of the logarithmic transform
above the fixpoints of fs, the quotient
Wao

)

Ba,0

by the involution 3470 (induced on Wy o by the involution 54 on Wy) retains
the structure of the union of two dPy’s (without multiple fibers). There-
fore quotienting the Heterotic model V3/By by S /B2 does not break Fg-
Symimetry.

However seems to imply that the involution e /B3 does break Eg-
symmetry on any crepant resolution Wi /Bs of W, /Bs. For example, in the
idealized ‘limit’ example where the fibers of W, /Bs over points of SquT have

Eg-singular fibers

y? = 2° + ap2’

the involution sends each FEg-root as represented by the exceptional
fibers of the crepant resolution to its negative. So the question becomes
“How can one endow the F-theory model with an involution that leaves Ejg
untouched but interchanges the Fg-roots with their negatives?”

We propose that the answer lies with the interchange, over each point
by € By, of the two complex structures

(Fa © Fy)l,,

on the elliptic curve Ej, associated to the same flat real Fg-bundles
(Fo © Fy)ly, -

In support of this proposal we cite the following Lemma.

Lemma 2. For each root p of the compact real form Gr of a simple alge-
braic group Gc, the involution v exchanges the root space [, C gc with the
root space [_, C gc and so acts as minus the identity on [l,,[_,] .

Proof. For any pair of a root and its negative, consider the associated im-
mersions

SU (2) — GR

(3.1) ! L
SL(Q;(C) — Gc,



Heterotic/ F-theory duality 1215

It will suffice to show the assertion for the realization of the compact real
form SU (2) as the unit quaternions, its Lie algebra as the real vector space
corresponding to the imaginary quaternions and the Lie algebra sl (2;C) of
the complex algebraic group SL (2;C).

(For physicists only) That is, it will suffice to show the assertion for the
roots of the compact real form SU(2) with real Lie algebra the trace-zero
hermitian 2 x 2 matrices with basis

oo me (30 )men (O F ) (01,

considered as the real subspace of the complex Lie algebra sl (2, C) of trace-
zero 2 X 2 matrices with basis given by adding respective imaginary parts

i 0 0 -1 0 1

0 —i /J’\1 0 "\ i 0 )°
With respect to the Cartan subalgebra generated by T3 the root spaces are
given by the eigenvectors

T\+i-T5
with real eigenvalues. These are exchanged by the action of Hermitian con-
jugation.
(For mathematicians only) That is, it will suffice to show the assertion

for the roots of the compact real form SU(2) with real Lie algebra the trace-
zero skew-hermitian 2 x 2 matrices with basis

(5 )= () w= ()

considered as the real subspace of the complex Lie algebra sl (2, C) of trace-
zero 2 X 2 matrices with basis given by adding respective imaginary parts

(o)) (50

With respect to the Cartan subalgebra generated by ( 0 —i > the root

spaces are given by the eigenvectors

0 1 0 -1 L
(_1 0>i<_1 0 )Jiz~k.
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These are then exchanged by the action of complex conjugation, and the
roots are purely imaginary and so go to minus themselves under complex
conjugation. O

Said otherwise, we retain Fg-symmetry under the Zs-action on the F- theory
side by incorporating the involution ¢ into the Zs-action. In this way, we can
admit the action that forces the reversal of choice of Weyl chamber
without breaking the symmetry with respect to the real group Fs or with
respect to the real group SU (5)gauge.

Our claim is therefore that, in order to construct the F-theory dual of
a Heterotic theory in which FEg-symmetry is preserved under a Zs-action,
the quotient F-theory model can only be endowed with initial Fg-symmetry
if the Zs-action incorporates the reversal of the choice of Weyl chamber.
The reason is that the choice of Weyl chamber is used to identify a sys-
tem of positive simple roots with exceptional components of the crepant
resolution Wy /Bs of the F-theory model Wy/Bs. Otherwise at the outset
the Zo-action will simultaneously break Fg-symmetry on the F'-theory dual
while maintaining Eg-symmetry on the Heterotic model.

4. Breaking FEg-symmetry to SU (5) in F-theory

Tracking the symmetry-breaking in F-theory and the Heterotic dual begins
by breaking symmetry of Eg to that of the first factor of a maximal subgroup

) SU (5)yauge  SU (5)

.
995 , P,
ZLs

The inclusion (4.1]) of rank-8 real compact semi-simple Lie groups yields an
identification of maximal abelian subalgebras

(4.2) bsuG),..,. X Dsue),.,,. = DE

an inclusion of Weyl groups

(4.3) W (SU (5)gauge) % W (SU (5) 11gqs) <> W ().
and a morphism

(4.4) be, — UEU(5)QME X UEU(5)H1.QQS

of roots and of the respective rings of Casimir polynomials.
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The associated symmetry-breaking is effected in terms of the ‘Tate form’

3 5,3

(4.5) wy? = 2° 4 aszyw + agzr’w + az2iyw? + arw? + agzdw

of the defining equation for the F-theory model W,/Bs. (4.5)) defines Wy as
a hypersurface in a P?-bundle

(4.6) P:=P(0Op, ® Op, (2N) ® Op, (3N))

with homogeneous fiber coordinates [w, z,y] over the base Bs. Bs is a Fano
manifold that we will assume to have very ample anti-canonical linear system
whose generic divisor we denote by N and the the Calabi-Yau hypersurface
W, C P is completely determined by the choice of

Y 0 (g1
z, 00, 42,03, G4, as, ; =:te H (KBg,) .

By (12.6) we will require that

zofl3=—z
so that by (2.8)

aj o ﬁg = —aj
for all j and

to /83 = —t.
Thus

RN

(4.7) Z,ao,GQ,a3,a4,a5a%:¢t€H0 (KB:)[ ]’

the (—1)-eigenspace with respect to the involution 83 on Bgﬁ We also ini-

tially assume that the as, as, a4, as are chosen generically in H° (K];Sl)[_l] .

4For purposes of avoiding vector-like exotics in the F-theory quotient, we will

always assume that
5
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In particular the map
17[)3 — (a’27a37a4ya5) : B3 - ]P?)

is a finite morphism with the defining equation for Sgu given by a (smooth)
generic hyperplane section

5
z = E K,jaj.
j=2

4.1. Tracking roots via rational double point surface singularities

Our device for tracking the behavior of roots begins by rewriting the equa-
tion of the GUT-surface Squt as

5
(4.8) z = aop- Z KjCj
j=2

where ¢; = a;/ag. Letting

B := Bs — {ag = 0}

(49) Wi = W4 X B,y Bé

we divide (4.5)) by a$ and rescale by

L=
ag
fo
z
an =z
to obtain
(4.10) wy? = 2% + csryw + cuzzPw + e322yw? + eo2dzw? 4+ 2w

with all entries invariant under the involution f3 restricted to Bj. In partic-
ular y now goes to y under the Zs-action, reflecting the fact that the Weyl
chamber is no longer reversed when tracking the roots and SU (5)-symmetry
is preserved! It is only when wrapping a Wilson line on the non-contractible
loop on the Zs-quotient that symmetry is broken to that of the Standard
Model [MSSM].

However to make this last equation compatible with the crepant res-
olution of W} /Bj, as in [4] where one has to interpret the ¢; as Casimir
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polynomials giving the mapping

bSU(5)Hi gs 4
(c2,c3,c4,05) : bDsUG) .. W (SU (5)) =C,

in order to equivariantly resolve the family (4.10|), one has to interpret the
¢; as Casimir polynomials giving the mapping

hsu(s)
— —_sewe 4
seoe— W(SU (5))
Then in order to preserve SU (5)-symmetry on the quotient of the Zs-action
B3, we must
1) replace each function ¢; on hgy(s) with the composed function
gauge

(c2,¢3,¢4,¢5) : Bsu(s)

cjo(—1s)

where — I takes each root to minus itself,
and
2) send y to —y reflecting the action of —Ig on hg,.
This will be explained in more detail in what follows.
By setting w = 1, we will make

(4.11) y? = 23 4 cswy + cyza® + 32y + e + 20

a weighted homogeneous deformation of weight 30 of the Eg rational double
point singularity
g =ad 4 2P
and simultaneously make (4.11]) invariant with respect to the involution
induced by
C 3 C 3
bsus) xC bsus) xC

gauge gauge

(h’ (.’E,y, Z)) — (_h’ (IE,—y,Z))

(that takes ¢; to (—=1)’ ¢;).

(4.12)

4.2. Deformation of the FEg rational double point surface
singularity

To understand the implications of this last assertion, we begin by choosing a
nilpotent subregular element X € e¢g whose commutator contains f)%s =h BS
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and write elements of the the Lie subalgebra ker (ad (X)) as

((u7 U) ) h7h/) € (CQ X hSU('{))gaugE X hSU(5)Higgs>
and restrict to the subspace
(u,0), 1) € (C* < bpgs), ., % {0}

To fit the product decomposition we must choose

gauge

X=X, +X;¥iggs

gauge

where X (0,0 € 51(5:C) ¢ Is subregular and X7, o € s[(5;C) ;¢ 18 reg-
ular and remark that their sum must be chosen to act faithfully on the four
non-principal summands of the adjoint action of sl (5; C) x sl (5;C)
on eg.

The Jacobson-Morozov theorem [2] states that any nilpotent element
of s(5;C), in particular our subregular Xjg, . in the commutant of our

auge
fixed th(E,)mqe C sl (5; C), completes to an sl (2; C)-triple (XST, YST HS" =

(X, YST]).\V\ia 1) that triple imbeds as a subalgebra of ¢§.
We consider the following table of homogeneous forms

gauge Higgs

’ Entry ‘ Weight=degree ‘

x = fi0 (u,v) 10
y = fi5 (u,v) 15
Z = f6 (u7 U) 6

¢j (h) '

on C? x th(EJ)gawe with the property that the fi (u,v) are the generators
of the invariant polynomials of the finite subgroup of SU (2) lying in Eg via

(4.1) and the ¢; are the Casimirs that define the mapping

hC
2 C 3 SU(5) gauge
C* > b5y, C* X st

((u,v),h) = ((z,y,2),(c2,c3,c4,05))

(4.13) —

As we will explain in more detail in the next Section, this gives (4.11)) the
structure of a deformation

v / r)SU(S)WWE
Tate W (SU (5)) .
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of weighted homogeneous polynomials of weight 30 of the Fg rational double
point surface singularity has image given by the equation (4.11f). Then the
involution

((ua U) ’ h) — ((_u’ _v) ’ _h)

is equivariant with the involution induced by (4.12)).
Under the inclusion
(4.14) sl (5;C) x sl (5;C) e

gauge Higgs

that identifies maximal tori and hence Cartan subalgebras, we therefore have
the induced map
(4.15)

C C C
DSUG) yauge DSUG) 1igqs h%s

W(SUG),...)  W(EUG) ) | WEs)

<(62,03, €45 C5) gauge » (€2, €35 €4, €5) prig0s ) = (@30, b24, b1s, br2, 20, €14, 8, €2)

C
where the coordinates of the 8-dimensional vector space I/I? E]_;f are indexed

and weighted by the standard basis of Casimir polynomial algebra of Eg.
Now the semi-universal deformation space of the rational double point
surface singularity

(4.16) {’=2"+2"}CC
is given by
(4.17) yQ =23 + 2P + asp + (b242 + b18Z2 + 51223)

+ (207 + craxz + cgz2® + crw2?)

where, in the first instance, the eight parameters aj,b;,c; are considered
as free parameters of an eight-dimensional complex vector space [3l [10].
C

The semi-universal family (4.17) forms a hypersurface in C3 x W(EEsg)

parametrized by the map

hC
2 % h%s — Vg C C3 x W(Eﬁg)

(4.18)
((w,v),h) = ((x,y, 2) , (c2, c8, €14, €20, b12, b18, b2a, azp)) -

where one considers (¢, cg, c14, €20, b12, b18, baa, azp) as the standard genera-
tors of the Casimir polynomial algebra of Fg. Again assigning
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| Entry [ Weight |

= fio 10
y = fi5 15
z=f¢
aj,bj,cj

(4.17) becomes a weighted homogeneous polynomial of weight 30 on
(4.19) C? X he.

We denote this semi-universal deformation as

C
bE,

(4.20) Vi, / W (B

The fact that (4.11) is a weighted homogeneous deformation of weight 30 of
the Fg rational double point singularity implies by semi-universality that it
is induced by pullback

C
X 4C —
VTa,te hsu(s)gay " bSU(S)gauge VE‘g
W(SUG)gauge)
T
i )
b(C - hEs
SU(s) W(Es)

gauge

via (4.15)) from (4.17)).

We next examine the semi-universal deformation (4.20) in some detail.

5. Equivariant crepant resolution for the Eg rational double
point

We again begin with the Eg-singularity (4.16|) whose minimal resolution has
the property that the intersection matrix of its exceptional curves can be
equated with the Eg-Dynkin diagram. (4.16) is a quotient singularity via
the forms

x = fio (u,v)
(5.1) y = fi5 (u,v)
z = fg(u,v)

where f; (u,v) is a homogeneous form of degree j in the complex (u,v)-
plane. The exceptional curves themselves are matched with simple roots
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corresponding to a choice of positive Weyl chamber. The involution ¢ inter-
changes that choice of positive Weyl chamber with its negative.

Letting ¢ denote a primitive fifth root of unity, the forms are a
minimal set of generators of the sub-ring of the polynomial ring C [u,v]
made up of the polynomials that are invariant under the action of the the
binary icosahedral group, that is, the finite subgroup B C SU (2) of order
120 generated by

In fact
c: - C?
(u,v) = (ZL',Z) = (flOafG)
has general fiber of cardinality 120 on which B acts transitively. By degree,

f15 does not lie in the polynomial ring C [ f19, f¢] however satisfies the second-
degree integral equation

(5.2) wy? = 2% 4 ap2°
and the degree of the mapping

c: = C3

(5.3) (u,v) = (2,9,2) = (f10, f15, f6)

is 240. This is equivalent to the fact that

(5.4) fis (—u, —v) = —fi5 (u,v) .

Thus the symmetry (u,v)— (—u,—v) commutes with the symmetry
(x,y,2) = (x,—y, 2).
The breaking of Fg-symmetry is tracked by an unfolding of (4.16|) in the

semi-universal deformation space

(5.5) y? = 2% + 2° + ago + (boaz + bigz® + b122?)

+ (c20 + cramz + csr2® + Cgng)

where, in the first instance, the eight parameters a;,b;, c; are considered as
free parameters of an eight-dimensional complex vector space that we will
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denote as
b,
W (Es)

Since the roots of the various subgroups of Eg to which the Eg-symmetry
is broken are represented by the exceptional curves of the crepant resolu-
tion of a rational double-point singularity over a point of Ug in , we
will not be able to ‘follow the roots’ without understanding the Brieskorn-
Grothendieck equivariant crepant resolution of semi-universal deformation
of the Eg-rational double-point singularity as given in [3] and [10].

Unfortunately the equivariant Brieskorn-Grothendieck resolution cannot
be a resolution over Ug. Rather one considers Ug as the quotient

Us :=

b e
(c2, cs, €14, €20, b12, b1, baa, az0) : hpg — WEséc) = Us
by considering the eight parameters aj,b;,c; in (4.18)) as a standard basis
of the Eéc Casimir polynomials, then assigning weights

’ Entry ‘ Weight ‘

= f10 10
Yy = f15 15
z=z=fg 6
aj,bj,cj ]

so that (5.5)) becomes a weighted homogeneous polynomial of weight 30 on
(5.6) C? X he.

From (4.18)) we then have

(C2><[)E8<c — Vg XUs []Eg

il !
C?xUg — VsCC3xUg

Somewhat miraculously, the equivariant crepant resolution Vg over ES
is canonically given by subvarieties of the incidence variety

Ig, = {(z,B) 2 € B} C E§ x {B < ES : BaBorel subgroup} .

To understand this, we begin with the regular elements of E(SC, that is those
lying in only a finite number of Borel subgroups. Each component of the
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commutant of a regular element is a maximal torus. Choosing a maximal
torus ‘Z(é: for ES, the product

hESC X A(u,v)
imbeds in the Lie algebra eg as the Lie algebra of the commutant sub-
group C' (x4, ) of a so-called subregular element xg, € ‘Ig , that is, one whose
commutant in EY contains T§ as a codimension-two subgroup. The Lie
C-H + A(,,) should be considered as the Lie algebra of

C (rsr)
TS

and, as such, one of the su (2) ® C Lie algebras in (3.1, the complexification
of the real subalgebra generated by the two real matrices in . Since ¢
acts as multiplication by (—1) on roots, it also takes a Borel subalgebra
containing hpe to its opposite Borel subalgebra. So if we let u be the coor-
dinate for [, and let v be the coordinate for [_, then via ¢ induces the
involution

(h; u,v) = (—=h; —u, —v)
on hEgC X A(um).

For the maximal torus T% = exp (hg) of EY we next identify neighbor-
hoods of the identity under the exponential map

f)Eg X A(u,v) — eg C (acs,,) — Eg:
(5.7) i I == b
bee —  bg/W (Ey) L = Tg/W(Ey)

where the complex analytic map
Eg — T3 /W (Es)

assigns to the conjugacy class of x € Egc the well-defined element x, €
T$/W (Es) of its Jordan decomposition z = w41, into commuting semi-
simple and unipotent factors.

In a small neighborhood of the identity the set of subregular elements in
Qg corresponds exactly under to the set of the singular points of the
versal deformation and the Brieskorn-Grothendieck equivariant crepant
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resolution

1}8 — Vs
(5.8) b +

bpe — Us

has exception fibers over sub-regular element x4, given by subspaces
{7sr} X B T

consisting of those Borels B that contain z,. (See [3] and [10].)

Lemma 3. The action of the complex conjugate involution v reverses a
choice of positive Weyl chamber of Eg with its negative and therefore reverse
the choice of Weyl chamber with respect to which the Brieskorn-Grothendieck
equivariant crepant resolution is defined. This reversal induces the involution

(@ on on the semi-universal deformation of the Eg rational double
point surface singularity.

Proof. The Brieskorn-Grothendieck equivariant crepant resolution is built
entirely inside the product of

1) the commutator of a sub-regular element of the complex algebraic
group Eéc

and

2) the set of Borel subgroups of ES.

Since all of the Eg-Casimirs are of even degree, (u,v) — (—u, —v) com-
mutes with the symmetry (z,y, z) — (z, -y, z) in ([4.18). But this last sym-
metry only commutes with the Brieskorn-Grothendieck equivariant crepant
resolution if it is induced by a symmetry of . Now the functions in Table
are functions in the variables (h;u,v) where the complex eight-tuple h is
the parameter for a neighborhood of the origin in the Lie algebra of Eéc. The
only function of odd weight is

y = fi5 (h;u,v).
Therefore the involution
(h;u,v) = (=h; —u, —v)

induced by ¢ commutes with the projection to Ug and sends (z,y,z) —
(x,—y, 2). O
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So the Brieskorn-Grothendieck equivariant crepant resolution is actually a
pair of crepant resolutions Vg and Vg of the pullback

V8 Xu, bgg

of the family to a family over the Cartan subalgebra hpc. The two
correspond to whether the resolution was grounded in a given choice of
positive Weyl chamber or its negative. The two resolutions are related by a
real analytic isomorphism over Vs xp, hge induced by ¢ € Gal (C/R). That
is, we have the commutative diagram

Vs - Vs

\ \J

vy TPIRGTE

This diagram is then incorporated into a commutative diagram

Vs X<Vs><U8f)Eg> Vs — Vs
(5.9) + + h
&C
g ~ U=

for which the left-hand vertical map is smooth on each factor of the fibered
product and the top horizontal map factors through crepant resolutions
Vs — (Vg Xy b Eg?) and Vg — (Vg Xy b E;C) respectively.

These two resolutions have the the following four properties:

1) Each is determined by a choice of positive Weyl chamber in hg.

2) The mappings

(5.10) Vs, Vs /bS — (Vs %o, bS) /bS

are isomorphisms except over the singular locus of Vg X, b(g.

3) Over a singular point (z = 0,2 = 0,y = 0; h) the fiber is the Dynkin
curve for the minimal resolution of the rational double-point singularity
corresponding to h € hS.

4) Since all weights in Table (5] except that of y are even and ¢ acts as
minus the identity on the vector space hgc x A, ), we conclude that ¢ acts
fiberwise on the semi-universal family (5.5)) as

(5'11) (u7v7x7yvz) = (_u7 —-U,x,—Y, Z)-

We therefore are able to conclude the following.
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Theorem 4. Via the Brieskorn-Grothendieck equivariant crepant resolu-
tion of the Eg rational double-point , the action of the generator v €
Gal (C/R) corresponds to the action

(5.12) (z,y) = (z,-y)

on the Weierstrass form on the fibers of the semi-universal deformation of
the Eg rational double point.

6. Tracking the equivariant resolution under
symmetry-breaking

6.1. Immersing W, /B3 into the versal deformation of the Eg
rational double point surface singularity

Next notice that the above mapping

C
bSU(S)gauge

(6.1) (czs 3, car05) : By = € = et

is such that, by (4.11)) coupled with (4.8]), it defines a commutative diagram

Wzi — VTate

(6.2) + 1
B, — C.

We next return to the isomorphism

bsues),,.,. X bsvue),,,,. = DE

gauge

given in (4.2) inducing the epimorphism (4.2]). We pull back the family

DSU(5) gauge

Vrate/ w(sU(5)

j given by (4.11)) under the map

gauge

y bgU(S)mgyS . bee
"W (S Ghg) W )

bsu )

where it becomes a weighted homogeneous family of rational double points
of weight 30. Therefore by the semi-universality of the family (4.17) we have
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the induced commutative diagram

C
VTate X th(5)gauge hSU(S)gaugc — VES
W (SU(5) gauge)
(6.3) 1 K
hC N b%s
SU(5) gauge W(Es)
and so by §8 of [10] equivariant crepant resolutions
{VTate7 VTate} x th(5)ga7Lge bgU(5)gauge _> VE87 VES
(6.9 R .
C C
bsues),.... = bg,
Now referring to the composition
Wi — VTate — VEB
™
(6.5) ¢ L o
!/ _ 5)gauge _ Eg
By = C= W(SU5),4u0.) —-C= W(Es)

of (6.2)) and (6.3)), (6.4)) lets us track roots over the central column of (6.5)). It

remains to track those roots as given by (6.4) to the exceptional curves of a
crepant resolution Wy /Bs of W,/ Bs, at least over a general point p € Sgur.

Before proceeding to accomplish this last task, notice that ¢ = —Ig acts
as

((a30, b2a, b1s, b12, 20, 14, 8, C2) , (2, Y, 2))
— (((130, b247 b187 b127 €20, C14, C8, CQ) ) (337 —-Y, Z))

on the right-hand vertical map in , as
((c2,e3,¢4,¢5) 5 (2,9, 2)) = ((c2, —c3, ¢4, —¢s5) , (T, —Y, 2))
on the central vertical map in , and as
(b3, (z,y,2)) = (B3 (b3) , (x, —y, —2))

on the left-hand vertical map in (6.5)) E|

5The lack of a sign change of y between the central vertical map of (6.5) and
the left-hand vertical map under the action of —Ig reflects the fact that the action
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Theorem 5. allows us to track a crepant resolution of Wj/Bj back
to the crepant resolution of the Eg rational double point singularity over a
general point p € Squr N Bj.

Proof. For general p € Squt, we define a holomorphic disk D, C B3 meeting
ScuT transversely at p and form

Dp X By W4,

a smooth open elliptic surface whose resolution has an I5-fiber over p by the
Kodaira classification. Now D), determines a normal vector v, to Squt C B3
at p that by the map from the left-hand column to the central column of
lifts to a non-zero nilpotent subregular element X7, .. = v in the nilpotent
cone of the complex Lie algebra ggU( 5) and so into the nilpotent cone of the

complex Lie algebra g& E,- We complete Xg;

gauge = Vp tO an

slg triple C 5[%1 - g%s

via the Jacobson-Morosov theorem. Now the I5-fiber over p in the crepant
resolution Wy /BY of W;/Bj implies that the decomposition of 9%U(5) as

an 5[g—module induced by the triple must have a simple summand decom-
position that coincides with a simple decomposition associated with the I5-

fiber of VTate/th , respectively vTate/bgU(s) and so of VES/f)ES

respectively VES/T)E , over a lifting of the image of p in ( ok Thus the fiber

over p of the crepant resolution W} /By of W, /Bj is induced by the fiber of
the equivariant crepant resolution VES / h over a lifting of the image of p

h(C
in WES)‘ |

y — —y of the involution 3 on B} will incorporate the reversal of positive roots
with their negatives induced by the complex conjugate involution Ig That ‘flop’
interchanges the equwarant crepant resolutions VES /b% B, and VES / h . It is only in
this way that ) becomes invariant under the action of (s.
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7. Crepant resolution conjecture

The diagram (6.5)) and (5.8)) induce a commutative diagram

ﬂ ~
! C _
Wi B bsyes),,. > Ve, — Vg
{ { 1
b%

Bl % C N C N 8
37 9S05) g auge hSU(S)gauge bE, W(Es)

W(SUG)gauge)

Conjecture 6. The closure of the graph of the rational map U in the above
diagram is a crepant resolution of Wy x gy [](S:U@ .

gauge

If true, this conjecture would allow is to track a crepant resolution of
W, /Bj back to the crepant resolution of the Eg rational double point singu-
larity over every p € Squr N Bj, for example over the points of the matter
and Higgs curves.

8. Conclusion

In this paper we have confronted a problem proposed but not fully resolved
in [I], [5] and [8]. Our solution rests on the introduction of the complex
conjugation operator into the Zo-action on Wy /B3 to produce a Calabi-Yau
quotient on which we still retain SU (5) gauge-Symmetry. This last assertion
is proved by tracing the exceptional fibers of a crepant resolution Wy /B3 of
W, /B3 back to the Eg-roots from which they evolved using the Brieskorn-
Grothendieck equivariant resolution of the semi-universal deformation of the
FEjs rational double-point surface singularity.

One is still left with the task of explicitly constructing the Bj, the reso-
lution Wy /Bs, and checking that the Zs-quotients have the phenomenologi-
cally correct invariant. Our strategy will be to first construct B3 canonically
from the geometry of A4-roots space in such a way that it is both symmetric
with respect to the action of complex conjugation and also has the desired
numerical invariants. That done, the construction of W /B3 and verification
that it too has the correct numerical invariants will be relatively straightfor-
ward. The authors carried this program out in two related papers, “F-theory
over a Fano threefold built from A4-roots” [arXiv:hep-th/1912.06902] and
“Heterotic-F-theory duality with Wilson line symmetry-breaking” [arXiv:
hep-th/1908.01913].
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