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Unbroken FE; X F; nongeometric heterotic

strings, stable degenerations and

enhanced gauge groups in F-theory duals

YUSUKE KIMURA

Eight-dimensional non-geometric heterotic strings with gauge al-
gebra ege; were constructed by Malmendier and Morrison as het-
erotic duals of F-theory on K3 surfaces with AV! @& Fg @ E; lat-
tice polarization. Clingher, Malmendier and Shaska extended these
constructions to eight-dimensional non-geometric heterotic strings
with gauge algebra e7er as heterotic duals of F-theory on Al @
E7 @ Er lattice polarized K3 surfaces. In this study, we analyze
the points in the moduli of non-geometric heterotic strings with
gauge algebra eyey, at which the non-Abelian gauge groups on the
F-theory side are maximally enhanced. The gauge groups on the
heterotic side do not allow for the perturbative interpretation at
these points. We show that these theories can be described as de-
formations of the stable degenerations, as a result of coincident
7-branes on the F-theory side. From the heterotic viewpoint, this
effect corresponds to the insertion of 5-branes. These effects can
be used to understand nonperturbative aspects of nongeometric
heterotic strings.

Additionally, we build a family of elliptic Calabi—Yau 3-folds by
fibering elliptic K3 surfaces, which belong to the F-theory side of
the moduli of non-geometric heterotic strings with gauge algebra
e7er, over PY. We find that highly enhanced gauge symmetries arise
on F-theory on the built elliptic Calabi—Yau 3-folds.
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1. Introduction

F-theory/heterotic duality [IH5] states that F-theory [IH3] compactification
on an elliptic K3 fibered Calabi-Yau (n + 1)-fold describes a theory phys-
ically equivalent to heterotic compactiﬁcationlﬂ on an elliptic Calabi—Yau
n-fold. Non-perturbative aspects of heterotic theory can be studied by uti-
lizing this duality. F-theory/heterotic duality is strictly formulated when the
stable degeneration limitﬂ [5, 17] is taken on the F-theory side in which K3
fibers split into pairs of half K3 surfaces.

Recently, eight-dimensional non-geometric heterotic strings with unbro-
ken ege7 algebra were constructed by Malmendier and Morrison [24] by uti-
lizing the F-theory/heterotic duality. The Narain space [25]

(1) Dy15/O(A>1®)

gives the moduli space of eight-dimensional heterotic strings, and the double
cover of this space,

(2) Da15/OF (A19),

is equivalent to the moduli space of F-theory on elliptic K3 surfaces with
a section. This is the statement of F-theory/heterotic duality. Malmendier
and Morrison considered F-theory compactifications on elliptic K3 surfaces
with H & Eg & Er lattice polarization, namely elliptically fibered K3 sur-
faces with a type II* fiber and a type I1I* fiber with a global section, and

'Recent progress of heterotic strings can be found, for example, in [6-16].
2Stable degenerations in F-theory/heterotic duality have been studied recently,

for example, in [I8H23].
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they constructed the moduli of heterotic strings with unbroken ege; algebra
as the heterotic duals of them on the 2-torus. The moduli space of the non-
geometric heterotic strings with unbroken ege7 algebra constructed in [24] is
given by

(3) D2’3/O+(L2’3).

Here L?? denotes the orthogonal complement of H ® Eg @ E; inside the
K3 lattice Ags, and the non-geometric heterotic strings constructed in [24]
possess OT(L?3)-symmetry. Here O*(L2’3)E| mixes the complex structure
moduli, the Kahler moduli and the moduli of Wilson line values. There-
fore, the resulting heterotic strings do not have a geometric interpretationlﬂ
for this reason, the resulting heterotic strings are called non-geometric het-
erotic strings. A single Wilson line expectation value is non-zero for the non-
geometric heterotic strings with unbroken ege7 gauge algebra as constructed
n [24]. The mathematical results of Kumar [28] and Clingher and Doran
[29, 130], which gave the Weierstrass equations of elliptic K3 surfaces with a
global section with EgFE7 singularity, the coefficients of which are expressed
as Siegel modular forms of even weight, were used in their construction.

Clingher, Malmendier, and Shaska [31] extended the construction of non-
geometric heterotic strings by Malmendier and Morrison to non-geometric
heterotic strings with unbroken eye7 algebra. F-theory compactifications on
elliptic K3 surfaces with H & Fy & FEy lattice polarization, namely K3 sur-
faces with a global section with two type I1I* fibers, were considered, and
eight-dimensional non-geometric heterotic strings on 72 were obtained as the
heterotic duals in their construction. The moduli of the resulting heterotic
strings is parametrized by the space

(4) Dy.4/OT(L**).

Here D5 4 is the symmetric space of O(2,4), namely, Dy 4 is defined as O(2) x
0(4)\O(2,4). The symmetric space Dg 4 is also referred to as the bounded
symmetric domain of type IV . Here L** denotes the orthogonal complement
of H & E7 & E7 in the K3 lattice A k3. The complex structure moduli, K&hler
moduli, and the moduli of Wilson line expectation values are mixed under
the symmetry O*(L?%), thus the heterotic strings constructed in [31] also do
not have a geometric interpretation. Two Wilson line expectation values are

3The authors of [26] discussed connections of K3 surfaces with lattice polariza-
tions, non-geometric heterotic strings, and Ot (A22?)-modular forms.
4The authors of [27] discussed non-geometric type II theories.
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non-trivial in non-geometric heterotic strings with unbroken e7e; algebra.
See also [32H40)] for recent progress on non-geometric heterotic strings.

In this note, we analyze theories that correspond to the points in the
moduli of eight-dimensional non-geometric heterotic strings on the 2-torus
T? constructed in [31], at which the ranks of the non-Abelian gauge groups
are enhanced to 18 on the F-theory side. These are the maximal enhance-
ments of the non-Abelian gauge groups on the F-theory side. We mainly
consider Fg x Eg heterotic strings, rather than SO(32) heterotic strings.
(However, we do consider some applications to SO(32) heterotic strings.) As
only up to an Eg x Eg x U(1)* gauge group can arise in eight-dimensional
Eg x Ejg heterotic strings compactified on the 2-torus [39], a consideration of
the ranks of the non-Abelian gauge groups reveals that the gauge groups of
the dual heterotic theories of these F-theory models do not allow for a pertur-
bative interpretation. These heterotic strings include the non-perturbative
effects of 5-branes. We find that these theories can be described as the defor-
mations of the heterotic strings from the stable degeneration limit, in which
the F-theory/heterotic duality strictly holds, and that these deformations
result from the coincident 7-branes on the F-theory side. In the heterotic
language, the effect of coincident 7-branes corresponds to the presence of
5-branes.

When the non-Abelian gauge groups on F-theory on an elliptic K3 sur-
face are enhanced to rank 18, K3 surfaces become extremal K3 surfaces. A
K3 surface is called attractive, when it has the Picard number p = 20, which
is the highest value for a complex K3 surface. A complex elliptic K3 sur-
face f: X — P! with a section is said to be extremal if the Picard number
of X is 20 and the Mordell-Weil group MW (X, f) is finite. Owing to the
classification result in [41], the complex structures of extremal K3 surfaces
on which non-Abelian gauge groups on F-theory compactifications are en-
hanced to rank 18 in the moduli can be determined, and this enables us to
deduce the Weierstrass equations of extremal K3 surfaces. By analyzing the
deduced Weierstrass equations, we study F-theory compactifications and the
non-geometric heterotic duals at these special points in the moduli.

We also discuss applications to SO(32) heterotic strings in this study.
We deduce the Weierstrass equations of elliptic K3 surfaces appearing as
the compactification spaces of the F-theory duals of some SO(32) heterotic
strings, which are obtained as the transformations of erye; non-geometric
heterotic strings.

In addition, we consider fibering elliptic K3 surfaces that belong to the
F-theory side of the moduli of eight-dimensional e7e; non-geometric het-
erotic strings, over P!, to build elliptically fibered Calabi-Yau 3-folds with



Unbroken E7 x E7 nongeometric heterotic strings 1271

a global section. We study F-theory compactifications on the resulting el-
liptic Calabi-Yau 3—foldsﬂ We find that highly enhanced gauge groups arise
in these compactifications. It is mainly local F-theory model buildings that
have been discussed in recent studies [61H64]. However, the global aspects of
the geometry need to be considered to discuss the issues of gravity. We in-
vestigate F-theory on elliptically fibered Calabi-Yau 3-folds from the global
perspective in this study.

A similar organization can be found in [39].

This note is structured as follows. In Section 2], we briefly review F-theory
compactifications, and we also review attractive K3 surfaces and extremal
K3 surfaces that are technically necessary to analyze special points in the
moduli of eight-dimensional non-geometric heterotic strings and F-theory
duals. We also review the construction of non-geometric heterotic strings
with unbroken e;e7 algebra in [31].

In Section [3] we discuss the special points in the eight-dimensional non-
geometric heterotic moduli with unbroken eye; at which the ranks of the
non-Abelian gauge symmetries on the F-theory side are enhanced to 18.
The gauge groups in the heterotic strings which correspond to these points
do not allow for the perturbative interpretations. We demonstrate that these
theories can be seen as deformations of the stable degenerations as a result of
the coincident 7-branes on the F-theory side. We also discuss applications to
SO(32) heterotic strings. We derive the Weierstrass equations of K3 elliptic
fibrations appearing as the compactification spaces of the F-theory duals of
some SO(32) heterotic strings. We determine the gauge groups that arise
on F-theory compactifications, including the global structures of the gauge
groups. Some of the cases of elliptically fibered K3 surfaces with extended
gauge groups in Section can also be found in [57].

We build elliptically fibered Calabi-Yau 3-folds in Section 4] by fiber-
ing examples of elliptic K3 surfaces, which belong to the F-theory side
of the moduli of eight-dimensional unbroken eye; non-geometric heterotic
strings, over P'. We analyze F-theory compactifications on the resulting el-
liptic Calabi—Yau 3-folds. First, we consider the higher-dimensional analog
of the construction of genus-one fibered K3 surfaces without a global sec-
tionlﬂ to build genus-one fibered Calabi—Yau 3-folds without a section. This

SRecent discussions of F-theory compactifications on elliptic Calabi-Yau 3-folds
can be found, e.g., in [39, 42H56]. The authors of [58H60] discussed F-theory on
Calabi—Yau 3-folds with terminal singularities.

6Recent studies of F-theory compactifications on genus-one fibered spaces lacking
a global section can be found in, for example, [58] 65H85].
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construction ensures that the resulting 3-folds in fact satisfy the Calabi—
Yau condition. Similar constructions of genus-one fibered Calabi—Yau 4-folds
without a section using double covers can be found in [76]. Taking the Jaco-
bian ﬁbrationE] of the resulting genus-one fibered Calabi—Yau 3-folds yields
elliptically fibered Calabi—Yau 3-folds with a global section. K3 fibers of
these elliptic Calabi-Yau 3-folds belong to the F-theory side of the moduli
of eight-dimensional non-geometric heterotic strings with unbroken e7e; al-
gebra. Therefore, the obtained elliptic Calabi—Yau 3-folds can be seen as the
fibering of such K3 surfaces over the base curve P!. We deduce the gauge
groups on F-theory compactifications on the elliptic Calabi—Yau 3-folds, and
we find that some specific models do not have a U(1) gauge field. We de-
termine the Mordell-Weil groups of some models, and we obtain the global
structures of the gauge groups of these models. We also deduce candidate
matter spectra on F-theory on the constructed elliptically fibered Calabi—
Yau 3-folds that satisfy the six-dimensional anomaly cancellation condition.
We determine these candidate matter spectra directly from the global defin-
ing equations of the elliptically fibered Calabi-Yau 3-folds. We state our
concluding remarks in Section

2. Review of non-geometric heterotic strings with unbroken
erer algebra, F-theory, and extremal K3 surfaces

2.1. Review of F-theory compactifications

We briefly review F-theory compactifications on elliptic K3 surfaces. A simi-
lar review can be found in [39]. F-theory is compactified on spaces that admit
a genus-one fibration. The complex structure of the genus-one fiber is iden-
tified with the axio-dilaton in F-theory compactification. This formulation
allows the axio-dilaton to have SL(2,Z) monodromy. Genus-one fibrations
do not necessarily admit a global section; there are situations in which they
have a global section, and those in which they do not. F-theory compacti-
fications on elliptic fibrations with a global section have been investigated
in recent studies, for example, in [21] 87HI12]. Although Calabi—Yau genus-
one fibration lacking a global section cannot be expressed in the Weierstrass
form, when the Jacobian fibration of it exists, the Jacobian fibration yields
an elliptic fibration with a global section. Calabi—Yau genus-one fibration
Y and the Jacobian fibration J(Y) have the identical types of the singular
fibers, and they have the same discriminant loci.

7[86] discussed the Jacobians of elliptic curves.
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Genus-one fibers degenerate over the codimension 1 locus in the base
space, and this locus is referred to as the discriminant locus. Such degenerate
fibers are called the singular fibers. When genus-one fiber degenerates, it
becomes either P! with a single singularity, or a sum of smooth P!’s meeting
in specific ways. The types of the singular fibers of genus-one fibered surfaces
were classified by Kodaira [I13, 114]. Methods to determine the singular
fibers of elliptic surfaces can be found in [115] [116].

In F-theory compactifications on genus-one fibrations, the non-Abelian
gauge groups that form on the 7-branes correspond to the singular fibers of
genus-one fibrations [3, [I17]. The correspondences of the singular fibers and
the singularity types of the compactification spaces are shown in Table [I| be-
low. The corresponding monodromies and j-invariants of the singular fibers
are also presented in the table.

Fiber type | J-invariant | Monodromy | Order of Monodromy | Singularity Type
15 regular ( > 2 Dy
1 m . .
I, 00 infinite A1
0 1
Ir Lom infinite D
00 — infini m
m 0 1 +4
1 1
17 0 6 none.
-1 0
0 -1
1rr 0 6 E,
11 s
III 1728 01 4 Ay
-1 0
IIr- 1728 0 -1 4 FE;
1 0
0 1
v 0 3 A
-1 -1 ?
-1 -1
A% 0 3 E
1 0 0

Table 1: Monodromies, j-invariants and the corresponding types of the sin-
gularities of singular fibers. “Regular” for j-invariant of I fiber means that
j-invariant can take any finite value in C for Ijj fiber.
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The types of singular fibers of elliptic surfaces can be determined from
the vanishing orders of the coefficients of the Weierstrass equations. The cor-
respondences of the fiber types and the vanishing orders of the Weierstrass
coefficients are shown in Table 2

Fiber Type | Ord(f) | Ord(g) | Ord(A)
Iy >0 >0 0
L(n>1)| o0 0 n
11 >1 1 2
117 1 > 2 3
v > 2 4
I > 9 3 6

>3

X (m>1)| 2 3 | m+6
A% >3 4 8
117 3 >5 9
1r* >4 ) 10

Table 2: List of the types of the singular fibers, and the correspond-
ing vanishing orders of the coefficients, f,g, of the Weierstrass equation
y? = 23 + fx + g, and the orders of the discriminant, A.

When an elliptic fibration has a global section, the set of sections form
a group, known as the Mordell-Weil group. The rank of the Mordell-Weil
group gives the number of the U(1) gauge fields in F-theory compactification
on the elliptic fibration [3].

The second integral cohomology group H?(S,Z) of K3 surface S includes
the information of the geometry of the K3 surface. This group has the lattice
structure, and it is called the K3 lattice, Ax3. The K3 lattice is unimodular,
even lattice of signature (3,19), and it is isometric to the direct sum of two
Es’s and three hyperbolic planes [11§]

(5) A3 = E2 @ H.
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The group of divisors (modulo algebraic equivalence) constitutes a sublat-
tice inside the K3 lattice, called the Néron-Severi lattice N.S(S). When a K3
surface has an elliptic fibration with a global section, an elliptic fiber and a
global section generate the hyperbolic plane H inside the Néron-Severi lat-
tice. K3 surface S admitting an elliptic fibration with a section is equivalent
to the condition that the Néron-Severi lattice NS(S) contains the hyper-
bolic plane H [I119]. When an elliptic K3 surface has the singular fibers,
the Néron-Severi lattice N.S(S) contains the ADFE lattices that correspond
to the types of the singular fibers. For example, that a K3 surface S is
H & E7 & Er-lattice polarized means that the Néron-Severi lattice N.S(S)
includes the lattice H ® E7 & Er where the hyperbolic plane H is generated
by the fiber class and the class of the section of the elliptic fibration. When an
elliptic K3 surface has an elliptic fibration with a section the singular fibers
of which include two type I1I* fibers (or worse), then its Néron-Severi lat-
tice contains the lattice H & E7 ® E7 where the fiber class and the class of
the section of the elliptic fibration generate H. One must require that the
image of the lattice H embedded inside the Néron-Severi lattice includes
a pseudo-ample class to ensure that it corresponds to an elliptic fibration
with a section as mentioned in [24]. K3 surfaces with H @& E; & E7 lattice
polarization are parametrized by the bounded symmetric domain of type
1V, Dy 4, modded out by the symmetry of the orthogonal complement of
the lattice H & E; & E7 inside the K3 lattice Ags:

(6) Do.4/OT(L*).

L?* denotes the orthogonal complement of H @ E; & E; inside the K3 lat-
tice Agx3. Because the K3 lattice Ag3 is isometric to Eg @ H?, L>* can also
be defined as the orthogonal complement of E7 @ Er in the lattice Eg & H?.

By utilizing the F-theory/heterotic duality, eight-dimensional non-
geometric heterotic strings with unbroken e7e7, the moduli space of which is
equivalent to @ were constructed in [31]. In this note, we study the points in
the moduli of such non-geometric heterotic strings at which the non-Abelian
gauge symmetries are enhanced to rank 18 on the F-theory side.

2.2. Construction of eye7 non-geometric heterotic strings by
Clingher, Malmendier, and Shaska

We briefly review the construction of eight-dimensional non-geometric het-
erotic strings with unbroken e7e7 by Clingher, Malmendier and Shaska [31].
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As stated previously, the moduli of elliptic K3 surfaces with a global
section with two F; singularities, namely the K3 surfaces with H & E7 & Fr
lattice polarization, are parameterized by the following space:

(7) Dy /O™ (L*Y).

The bounded symmetric domain of type IV, Da 4, is known to be isomorphic
to Hy [120]:

(8) Hj = Dy 4.

H> is defined as
(9)
H, = { (? ?) € My(C) | 4Tm zTm zy > |20 — 73] and Tmzy > 0}.
3 4

As mentioned in [31], Hy is a generalization of the Siegel upper-half space
Hy in the following sense:

(10) Hy = {w cHy | W= w}.

The modular group I' acting on Hy is defined as

a1 r={cecLy) | ¢ (_012 102> G = (_012 102> 3

15 denotes the 2 x 2 identity matrix. <é g) in the modular group I' acts

on w € Hy as

A B _ 1
(12) <C D>-w(Aw+B)(C’w+D) :
There is an involution, 7, that acts on Hs as

(13) T w=u

The group 'y is defined to be the semi-direct product of the modular group
INand < T >:

(14) Fr=Tx<T>.

There is an isomorphism I'r & O*(L?%), and this induces the isomorphism

(8) [120].
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Under the isomorphism 'y & Ot (L?%), the ring of O*(L?**)-modular
forms corresponds to the ring of I';7-modular forms of even characteristic
[121], generated by the five modular forms Jjy of weights 2k, k =2,--- ,6
[31]. See [31] for definitions of the modular forms Ji. In a special situa-
tion, the modular forms Jo, J3, J5, Jg restrict to Igusa’s generators [122],
Yy, Y6, X10, X12 (and Jy vanishes in this situation) [31].

The periods of H @ E; @ E7 lattice polarized K3 surfaces S in H%(S,Z)
determine points in Hs. The Weierstrass coefficients of such elliptically
fibered K3 surfaces were given in terms of I'y-modular forms of even char-
acteristic [31].

The Weierstrass equation of a K3 surface with H & E7 & E7; lattice po-
larization is given by [31]:

(15) Y=o+ (et +ctP +atHz +t" + gt + (de+ f)t° +cdt* +bt3.

Up to some scale factors, the coefficients are given in terms of the modular
forms JQ, Jg, J4, J5, J6 [31]:

(16) c=—Js5w), d=-1Js(w), e=—-3Jy(w)
f=Js(w), g=—2J3(w)
0= —3d = —%J4(w)27 b= —2d3 — %J4(w)3.

The elliptically fibered K3 surface determines a point in Ds 4, and this also
determines a point in Hy under the isomorphism , which we denote by
w.

Now, consider a manifold M and a line bundle A on M, and choose
sections a,b,c,d, e, f,g of the line bundles A®16, A®24 A®I0  A®8  A@4
A®12 and A®6 respectively. When the sections a,b,c,d, e, f,g are identi-
fied as , because 't is isomorphic to O (L?%), the compactification
on M (which is the 2-torus when we consider 8D heterotic strings) gives a
heterotic string theory with O (L?%)-symmetry. The moduli space of eight-
dimensional heterotic strings on the 2-torus 72 decomposes into the prod-
uct of the complex structure moduli, the Wilson line expectation values
and Kéhler moduli, in a suitable limit [123]. The complex structure mod-
uli, the Wilson line expectation values and Kéahler moduli are mixed under
the OT(L?*)-symmetry. This represents the construction of non-geometric
heterotic strings with ere; gauge algebra in [31].

The locus in the moduli in which the singularity ranks of elliptic K3
surfaces are enhanced satisfies 5-brane solutions on the heterotic side. The
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generic 5-brane solutions of non-geometric heterotic strings with eye; gauge
algebra are discussed in [31].

Elliptic K3 surfaces with the lattice polarization H & E7 ® E; were de-
scribed in [29] as the minimal resolution of the quartic hypersurfaces in P3
given by the following equations:

(17) Y2ZW —4X3Z 4+ 30X ZW? + BZW? + X Z2W

1
— 5(gw‘* +0Z2°W?) 4 eXW3 =0,
where [X : Y : Z : W] are homogeneous coordinates on P3. «, 3,7, 6, €, ¢ are

parameters, and (v, d) # (0,0), and (e, () # (0,0).
Making the following substitutions

(18) = tx
=Y
= 4¢3

= 4t

NS <

yields the Weierstrass equation with two type I11* fibers as follows [31] :
(19) y? = a3 + 43 (vt2 — 3at + ) x — 85 (6% + 28t + ¢).

Type I1I* fibers are at t = 0 and at t = oo.

K3 surface with the lattice polarization H @& E7 @ E7 given by al-
ways admits another fibration with a type II* fiber and a type I3 fiber, as
shown in [31], and the Weierstrass equation of this fibration is:

(20)
1
y? =3 — 3 [9at4 + 3(y¢ + de) 3 + (ye)? t2]:1:

- 2% (277 — 545t% + 27(aye + 6¢) t° + 9ve(de +v¢) t* + 2(ve)* 7).
The Weierstrass equation was used in [31] to construct eight-dimensional
non-geometric heterotic strings with unbroken eze7. (Compare the equation
with the equation ) Although the presence of two E7 singularities
in the Weierstrass equation is explicit in the equation , as stated in [31],
the Weierstrass equation does not necessarily extend over the entire
parameter space. For this reason, the Weierstrass equation was instead
used to construct non-geometric heterotic strings with unbroken e7e7 in [31].
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The K3 surface with the lattice polarization H ¢ E7 @ Er also ad-
mits another elliptic fibration further, the singular fibers of which include
a type I fiber (or worse) [31]. This alternate fibration relates to SO(32)
heterotic string. The Weierstrass equation of this fibration is obtained by
making the following substitutions into the equation [31]:

(21) X = t?

Y = V2i?y

W o= 227

Z = 22%(—et+Q).
The Weierstrass equation is [31] :
(22) y? = 2° + Az? + Bu,
where
(23) A = t3—-3at—28

B = (yt—6)(et—0).

The discriminant is given by
(24) A = B%(A? — 4B).

2.3. Extremal K3 surfaces

By the Shioda—Tate formula [124H1206], the following equality holds for an
elliptic surface S with a global section:

(25) tk L + kMW + 2 = p(S).

We have used rk L to denote the rank of the root lattice L generated by
the fiber components of the reducible singular fibers of an elliptic surface
S not meeting the zero section. The intersection matrix of root lattice L
corresponds to a sum of ADFE Dynkin diagrams. The Picard number p(S)
ranges from 2 to 20 for an elliptic K3 surface with a section. Thus, the rank
of the singularity of an elliptic K3 surface S with a section is bounded by:

(26) tk L = p(S) —2 —rkMW < 18 — rkMW.

Therefore, the rank of the singularity of an elliptic K3 surface S with a
section can be 18 at the highest, and this value is achieved precisely when



1280 Yusuke Kimura

the Picard number attains the highest value 20, and the Mordell-Weil rank
is 0. Physically, this means that the rank of the gauge group on F-theory
compactification on an elliptic K3 surface is at most 18, and when the non-
Abelian gauge group has the rank 18, it does not have a U(1) gauge field.
K3 surfaces with Picard number 20 are called attractive K3 surfacest|
The complex structure moduli of the attractive K3 surfaces is known to
be parametrized by three integers. The transcendental lattice T'(.S) of a K3
surface S is the orthogonal complement of the Néron—Severi lattice N.S(S)
inside the K3 lattice Axs, and the transcendental lattices T'(.S) of attractive
K3 surfaces are positive-definite, even 2 x 2 lattices. The complex structure
of an attractive K3 surface is determined by the transcendental lattice [128],
129]. The intersection form of the transcendental lattice of an attractive K3
surface can be transformed into the following form under the GL2(Z) action:

(5 2)

Here a, b, c are integers, a, b, c € Z, and satisfy the relations:
(28) a>c>b>0.

Thus, the triplet of integers, a,b,c, parameterizes the complex structure
moduli of the attractive K3 surfaces. We denote an attractive K3 surface,
whose transcendental lattice has the intersection form as S[gq p2¢) 1N
this note.

An elliptic attractive K3 surfaces with a section is said to be extremal
when it has Mordell-Weil rank 0. This condition is equivalent to an elliptic
K3 surface with a section having singularity rank 18. Thus, the non-Abelian
gauge group forming in F-theory compactification on an elliptic K3 surface
has rank 18 precisely when the K3 surface is extremal. In Section [3, we
study the points in the moduli of eight-dimensional non-geometric heterotic
strings with unbroken e7e; algebra at which the non-Abelian gauge groups
are enhanced to rank 18 on the F-theory side. Elliptic K3 surfaces on the
F-theory side become extremal at these points.

Elliptically fibered K3 surfaces generally admit distinct elliptic fibra-
tionsﬂ and distinct elliptic fibrations have different singularity types and
different Mordell-Weil groups. Physically, this means that the gauge groups

8We refer to complex K3 surfaces with the highest Picard number 20 as attractive
K3 surfaces, following the convention for the term used in [127].

9Genus-one fibered K3 surfaces in general admit both genus-one fibrations with-
out a section, as well as elliptic fibrations with a section. However, as shown in
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and U(1) gauge fields that arise in F-theory compactification on an elliptic
K3 surface with the fixed complex structure vary, because there still remains
freedom to choose a fibration structure among the distinct choices of elliptic
fibrations of that elliptic K3 surfacd']

The attractive K3 surface whose transcendental lattice has the intersec-
tion form

&

is particularly relevant to the contents of this study. The elliptic fibrations
of the attractive K3 surface S} o) were classified in [I31] and there are 13
types. We list these 13 types of elliptic fibration of the attractive K3 surface

Sz 0 2 in Appendix @

3. Special points in the moduli of eight-dimensional
non-geometric heterotic strings and F-theory duals with
enhanced gauge groups

3.1. Summary

There are finitely many points in the moduli of eight-dimensional non-
geometric heterotic strings with unbroken e7e; algebra, at which the non-
Abelian gauge groups on the F-theory side are enhanced to rank 18.

In Section we show that the heterotic strings at these special points
in the moduli can be described as deformations of the stable degenerations,
as a result of the coincident 7-branes on the F-theory side. This effect can be
seen as the insertion of 5-branes in the heterotic language. We also discuss
applications to SO(32) heterotic strings.

As stated in Section K3 surfaces become extremal on the F-theory
side at these points in the moduli. The complex structures of the extremal K3
surfaces were classified in [41], and using this result, the complex structures
of the extremal K3 surfaces at these points in the moduli can be determined.
This enables us to determine the Weierstrass equations of the extremal K3
surfaces that appear as compactification spaces on the F-theory side in the

[130], the attractive K3 surface with discriminant four, S ¢ 2], only admits elliptic

fibrations with a global section. The authors of [I05] discussed F-theory compacti-

fication on the surface S|z ¢ 9}, in relation to the appearances of the U(1) factor.
0This point is discussed in [19].
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moduli. By using this approach, we study the physics of the theories at the
enhanced special points in the moduli.

In eight-dimensional Eg x Eg heterotic strings on the 2-torus 72, only
the gauge groups up to Fg x Eg x U(1)* can arise in the perturbative de-
scription [39]. This implies that the heterotic dual of F-theory on an extremal
elliptic K3 surface with the non-Abelian gauge group of rank 18 does not
allow for the perturbative interpretation of the gauge group. This can reflect
some non-perturbative aspects of the non-geometric heterotic strings.

3.2. F-theory on extremal K3 surfaces and non-geometric
heterotic duals in the moduli

We discuss the points in the moduli of non-geometric heterotic strings with
unbroken eye; algebra, at which the non-Abelian gauge symmetries on the F-
theory side are enhanced to rank 18. K3 surfaces as compactification spaces
on the F-theory side become extremal at these points. There are finitely
many such points in the moduli, and the complex structures and the singu-
larity types of the extremal K3 surfaces that appear in the moduli can be
determined from Table 2 of [41]. Among these, those of the singularity types,
which include EgEy, are studied in [39]. We do not discuss these extremal
K3 surfaces in this note. Instead, we discuss the extremal K3 surfaces that
belong to the moduli, the singularity types of which include E% E

The singularity types of the extremal K3 surfaces in the moduli of K3
surfaces with H @ E7 @ E7 lattice polarization, which do not include Eg, are
as follows [41]:

(30) FE2A3A,, E2Dy,FE2A,, E2A3.

We study F-theory on the extremal K3 surfaces possessing the first two
singularity types in this note.

Because the perturbative eight-dimensional heterotic strings on T2 can
have up to Eg x Eg x U(1)* gauge group, the heterotic duals of F-theory on
these extremal K3 surfaces do not allow for the perturbative interpretation
of these gauge groups [39]. As we demonstrate in Sections |3.2.1| and [3.2.2}
these theories can be seen as deformations of the stable degenerations as a
result of the coincident 7-branes on the F-theory side. These theories satisfy
multiple 5-brane solutions on the heterotic side.

1 The singularity types of extremal K3 surfaces can also be enhanced to EgDy,
as discussed in [31].
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3.2.1. Extremal K3 surface with E.?A;:,Al singularity. The complex
structure of the extremal K3 surface with E2A3A; singularity is uniquely
determined, and its transcendental lattice has the following intersection form
[41]:

(31) (g g) .

Therefore, the attractive K3 surface Sy ¢ 2}|E| admits an extremal fibration
with the singularity type E2A34;, and F-theory on this extremal fibration
has non-geometric heterotic dual with unbroken e7e7. The Weierstrass form
of this extremal fibration can be found in [23] as

(32) y?=2— 1%(752 + 5%+ ?ts) 3532 + %t‘:’s‘:’ (%t2 + 352 + 1—78753),
the singular fibers of which consist of two type II1* fibers, a type I4 fiber,
and a type I fiber. The above Weierstrass equation was obtained in [23] as
the quadratic base change of an extremal rational elliptic surface. Geomet-
rically, the quadratic base change of a rational elliptic surface is to glue a
pair of identical rational elliptic surfaces. Extremal rational elliptic surfaces
are the rational elliptic surfaces with a global section, the singularity types
of which have rank 8. The types of singular fibers of the extremal ratio-
nal elliptic surfaces were classified in [133]. The fiber types of the extremal
rational elliptic surfaces are listed in Appendix

The complex structures of extremal rational elliptic surfaces are uniquely
specified by the fiber types, except those with two fibers of type I} (see [133]).
The complex structures of extremal rational elliptic surfaces with two fibers
of type I depend on the j-invariants of the fibers. The j-invariant j of an
extremal rational elliptic surface with two type Ij fibers is constant over
the base, and the fixed j specifies the complex structure [133]. In this study,
we denote, for example, the extremal rational elliptic surface with a type
I1I* fiber and a type I1I fiber as X(srz, r77-)- We simply use n to denote a
singular fiber of type I,, and m* to represent a fiber of type I},. The extremal
rational elliptic surface with a type II1* fiber, a type I5 fiber and a type Iy
fiber is denote as X[sr+, 2,1). Because the complex structure of an extremal
rational elliptic surface with two type I} fibers depends on the j-invariant of
the elliptic fibers, we use X[g-, 0*]( j) to denote this extremal rational elliptic
surface.

12The elliptic fibrations and the Weierstrass equations of the attractive K3 surface
Si4 0 2] were obtained in [T32].
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Now we demonstrate that F-theory on an extremal K3 surface can
be seen as a deformation of stable degeneration, owing to an effect of coin-
cident 7-branes. As deduced in [23], the K3 extremal fibration is ob-
tained as the quadratic base change of the extremal rational elliptic surface
X111+, 2,1 in which two type I fibers and two type I fibers collide. Whereas
the quadratic base change of a rational elliptic surface generally yields an
elliptic K3 surface, with twice as many singular fibers as the original ratio-
nal elliptic surface, at the special limits at which singular fibers collide, the
singularity type of the resulting K3 surface is enhanced. As discussed in [23],
two identical extremal rational elliptic surfaces X777+ 2 1) are glued together
to yield an elliptic K3 surface, which we denote as 51, the singular fibers of
which consist of two type III* fibers, two type I» fibers, and two type Iy
fibers. In the special limit at which 7-branes over which type I5 fiber lies co-
incide with those over which type I, fiber lies, and 7-brane over which type
I, fiber lies coincides with 7-brane over which type Iy fiber lies, two type
I, fibers are enhanced to type I4 fiber, and two type Iy fibers are enhanced
to type I fiber. Because a K3 surface with two type I11* fibers, a type Iy
fiber, and a type I fiber has the singularity type E2A3A;, the K3 surface S;
deforms and it becomes an extremal K3 surface in this limit. In short,
F-theory on the extremal K3 surface can be seen as deformation of the
stable degeneration because of the coincident 7-branes.

As the singularity rank of a rational elliptic surface is up to 8, the non-
Abelian gauge group that arises on F-theory on a generic K3 surface obtained
as the reverse of the stable degeneration has rank up to 16. Here, by generic
we mean a situation in which singular fibers of rational elliptic surfaces do
not collide when they are glued together to yield an elliptic K3 surface. When
the large radius limit is taken, the heterotic dual of this compactification
admits a geometric interpretation. In special situations in which singular
fibers collide, 7-branes become coincident and the singularity ranks of the
resulting K3 surfaces enhance to become greater than 16. The gauge groups
of the heterotic duals of F-theory compactifications on these K3 surfaces do
not allow for geometric interpretation.

When the BPS solitons constitute a faithful representation of the gauge
group G, the fundamental group of the gauge group G, m(G), is isomor-
phic to the torsion part of the Mordell-Weil group of the elliptic fibration
on which F-theory is compactified [134]. The Mordell-Weil group of the K3
extremal fibration is isomorphic to Zg [41), 132]. Thus, the global struc-
ture [134HI36] of the gauge group that arises in F-theory compactification
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on this extremal K3 surface is [23]
(33) E; x Er x SU(4) x SU(2)/Zs.

Comparing the Weierstrass equation with equation , we find
that the following substitutions:

5
4 - =
7
b= "1
9
TS T Tw
9
0=¢ = ~i

into equation yield the Weierstrass equation . Plugging the substi-
tutions into the equation of the alternate fibration , we obtain the
following equation:

56 6 26 84 2 3

+ =t 4ttt

1
35 2= 2% — 2 (10t* + 83 + 12 t7
(35) 7t =2t = g (W0 8+ )+ 1T+ oot 9" To7

with the discriminant
(36) A~ (4 2)2(27t + 4).

From equations and , we find that the fibration has a type II*
fiber at t = 0o, a type IZ fiber at ¢t = 0, a type I5 fiber at ¢ = —2, and a type
I, fiber at t = —4/27. Thus, the fibration has singularity type EgDgA1,
and because the singularity type has rank 18, we deduce that this fibration
is also extremal. Therefore, we find that the attractive K3 surface Sjy g o
also admits an extremal fibration (35) with singularity type EgDgA;. This
agrees with the results in [41] [132].

3.2.2. Extremal K3 surface with E$D4 singularity. The complex
structure of the extremal K3 surface with the singularity type E2Dj is
uniquely determined, and the intersection form of the transcendental lat-
tice is [41]:

(37) (3 g) .
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The Weierstrass equation of this extremal fibration of the attractive K3
surface Spg g 9] is given as follows:

(38) y? =2 43t — 5)? s,
with the discriminant
(39) A~ 1957 (t — )5,

[t : s] in the equation denotes the homogeneous coordinate of the base
PL. Two type I1I* are at [t:s] =[0: 1] and [1 : 0], and a type I fiber is at
[t:s]=1[1:1].

As shown in [23], the extremal K3 fibration can be seen as defor-
mation of the stable degeneration. Gluing two identical extremal rational
elliptic surfaces X7y 77+ yields an elliptic K3 surface, Sz, the singular
fibers of which have two type III* fibers and two type I1I fibers. This is
technically given by a generic quadratic base change of the extremal rational
elliptic surface X|777, 77+), and this is the reverse of the stable degeneration.
In a special limit at which two type I11 fibers collide, the elliptic K3 surface
Sy deforms to yield the extremal fibration of the attractive K3 surface
S202 [23]. 7-branes over which type 11 fiber lies coincide with those over
which type I11 fiber lies in this limit, at which colliding two type 111 fibers
are enhanced to a type I fiber. Therefore, F-theory on the extremal K3
surface can be seen as deformation of the stable degeneration as the
consequence of the coincident 7-branes.

The Mordell-Weil group of the extremal elliptic fibration is isomor-
phic to Zy [41],131]. Therefore, the gauge group on F-theory compactification
on the extremal fibration is [23]

(40) E7 X E7 X SO(S)/ZQ

Comparing the equation with the equation , we find that the
following substitutions

(41)

Il

m o L
|

= OwlN

8=
N

into yield the Weierstrass equation .
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By plugging the substitutions into the equation , we obtain the
following Weierstrass equation:

1 1
(42) y? =2’ — §t2(6t2 + 1)z + Et3(27t4 + 18t% 4 2),

with the discriminant
(43) A~ 122712 + 4).

We can confirm from the equations and that this alternate fibration
in fact has a type 11" fiber at t = 0o, a type I§ fiber at ¢ = 0, and two type I;
fibers at the roots of 27¢2 + 4 = 0. Thus, the singularity type of the alternate
fibration is Fg D¢, and we find that this fibration is also extremal. This gives
the Weierstrass equation of the fibration no. 2 in Table of the attractive
K3 surface S} g 9 in Appendix @

Double cover of P! x P! ramified along a bidegree (4,4) curve, given by
the following equation:

(44) 72 = (t —a1)3(t — ag) 2 4 (t — a3)®(t — )

yields a genus-one fibered K3 surface lacking a global section, but admitting
a bisection, and this K3 surface was considered in [75] in the context of
F-theory compactifications on genus-one fibrations without a global section.
x denotes the inhomogeneous coordinate of the first P!, and ¢ denotes the
inhomogeneous coordinate of the second P!, in the product P! x P!, respec-
tively. aq, as, ag are distinct points in P!, a’s are superfluous parameters,
and these can be mapped to:

(45) a1 =0, ap=1, ag =00

under some appropriate automorphism of the base P'. The K3 genus-one
fibration has two type I1I* fibers at t = a1, a3, and a type I} fiber at
t= a9 [75].

The Jacobian fibration of the K3 genus-one fibration gives the ex-
tremal K3 elliptic fibration , as demonstrated in [75]. Utilizing this fact,
in Section ] we build an elliptically fibered Calabi-Yau 3-fold, by fibering
the K3 genus-one fibration over the base P!, then taking the Jacobian
fibration of it. It turns out that the resulting Calabi—Yau 3-fold is a fibra-
tion of the extremal K3 surface over the base P!. We also build a family
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of elliptic Calabi—Yau 3-folds which includes this Calabi—Yau 3-fold. These
constructions will be discussed in detail in Section [4l

3.3. Applications to SO(32) heterotic strings

As reviewed in Section the K3 surface with H ® E; @ E; lattice
polarization admits another elliptic fibration, the singular fibers of which
include a type I3 fiber, given by the Weierstrass equation:

(46) y? =23 + (3 —3at —28)2® + (vt — ) (et — )z
with the discriminant
(47) A~ (vt = 8) (et — Q) [(£? — 3at — 28)% — 4(yt — 0) (et — ()]

Therefore, there is a birational map that transforms the elliptic fibration
with two type II1* fibers into an alternate fibration with a type
I§ fiber (or worse). Using this birational map, we send the extremal K3
elliptic fibrations with two Fr singularities studied in Section to another
fibration with a type I fiber (or worse). This relates to SO(32) heterotic
strings.

As we saw previously in Section the Weierstrass equation of the
extremal fibration of the attractive K3 surface Sy o 9y with singularity type

E2Dy is given by (38), with

(48)

= OwlN

e
Y=¢€

By plugging these values into the alternate fibration , we obtain

the Weierstrass equation as

(49) y? = a3 4 t(t? —2) 2 + 12,

with the discriminant

(50) A~ (P -2) - 48
= t5(t* —4).
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In the homogeneous form, the discriminant is
(51) A ~ 1851 (12 — 457).

From equations and , we deduce that the alternate fibration
has a type I3 fiber at [t : s] = [1: 0], atype I; fiber at [t : s] = [0 : 1], and two
type I fibers at [t:s] =[2:1],[—2: 1]. Thus, the alternate fibration
has singularity type D12 Dg, and we find that this fibration is also extremal.
We conclude that the alternate fibration yields fibration no. 8 in Table
in Appendix @ of the attractive K3 surface Spy g g-

The Mordell-Weil group of the fibration is isomorphic to Zy (see
[41] 131]); therefore, the gauge group on F-theory compactification on the

fibration is

(52) SO(24) x SO(12)/Zo.

The attractive K3 surface S ¢ 9 has another extremal fibration with the
singularity type D2 A% [131]. (This is fibration no.9 in Table|A1]in Appendix
[A]) As deduced in [23], the Weierstrass equation of this extremal fibration
is given as follows:

(53) y? = a3 — 3t2s* (t* + 51 — 1257 + (12 + %) 133 (21 — 5125 + 25,
with the discriminant
(54) A~ 19610 (1 — 5)% (t + 5)°.

Type I} fibers are at [t : s|] = [1:0],[0: 1], and type I2 fibers are at [t : s] =
1:1],[1:-1].

As shown in [23], extremal fibration can be seen as deformation
of the stable degeneration in which two extremal rational elliptic surfaces
X4+, 1,1] are glued together. Gluing of two extremal rational elliptic surfaces
X4+, 1,1] yields an elliptic K3 surface, which we denote by Ss, the singular
fibers of which are two type I} fibers and four type I; fibers. In a limit at
which two pairs of type I fibers collide, type I; fibers collide and they are
enhanced to a type I fiber. In this limit, K3 surface S3 deforms to yield
the attractive K3 surface with the extremal fibration [23]. Therefore,
extremal fibration can be seen as deformation of the stable degeneration,
as a result of coincident 7-branes over which type I; fibers lie.
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The Mordell-Weil group of the fibration is isomorphic to Zg X Zg
[41, [131]; therefore, the gauge group on F-theory compactification on the

fibration is [23]
(55) SO(16) x SO(16) x SU(2)*/Zy x Zs.
We saw previously in Section that the attractive K3 surface Sj ¢ 9

admits an extremal fibration with the singularity type E2A34;, and the
Weierstrass equation of this fibration is given by , with

5
7

P= i
9
TS T T
9

§=¢ = ——.
¢ 128

By plugging these into the equation , we obtain an alternate fibration
given by:

15 7 9 1
2 _ 3 3 Lo, Ty o9 da, Lo
(57) yo=a° + (t 32t+64):c +(64) (t 2) x,
with the discriminant
1
(58) A~ (t— 5)7(4t +1)2(t+1).

From the equations and , we find that the alternate fibration has a
type I3 fiber at t = oo, a type I fiber at t = %, a type Iy fiber at t = —i,
and a type I; fiber at ¢t = —1. Thus, the alternate fibration has the
singularity type D12 D5A1, and this is also extremal. This result agrees with
the elliptic fibrations with a section of the attractive K3 surface Sy g
obtained in [132].

The Mordell-Weil group of the alternate fibration is isomorphic to
Zo 41 [132]. Therefore, the gauge group on F-theory compactification on
the fibration is

(59) SO(24) x SO(10) x SU(2)/Zs.
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4. Jacobian Calabi—Yau 3-folds and F-theory
compactifications

In this section, we fiber elliptic K3 surfaces over P! to yield elliptically fibered
Calabi—Yau 3—foldsp—_3-] with a global section, and we study six-dimensional
F-theory compactifications with N = 1 supersymmetry on the constructed
Calabi—Yau 3-folds. K3 fibers in this construction include an elliptic K3
surface that belongs to the F-theory side of the moduli of eight-dimensional
non-geometric heterotic strings with unbroken ere~ algebra, discussed in Sec-
tion

To be clear, we first consider genus-one fibered K3 surfaces lacking a
global section, built as double covers of P! x P! ramified along a (4,4) curve.
The built genus-one fibered K3 surfaces do not have a global section, but
they have a bisection [75]. We consider higher-dimensional analogs of these
K3 surfaces to yield genus-one fibered Calabi—Yau 3-folds, built as double
covers of P! x P! x P! ramified along a tridegree (4,4,4) surface. As we show
in Section 4.1} the constructed Calabi-Yau 3-folds are genus-one fibered, but
they lack a global section. These Calabi—Yau 3-folds still have a bisection
[65]. The pullback of O(1) class in P! yields a bisection [78].

Taking the Jacobian fibrations of these Calabi—Yau genus-one fibrations
yields elliptically fibered Calabi—Yau 3-folds with a global section. The re-
sulting elliptic Calabi—Yau 3-folds are also K3 fibered, and when we tune
the coefficients of the defining equation, we obtain Calabi—-Yau 3-folds, K3
fibers of which are the attractive K3 surface Sjp g 9 that belongs to the F-
theory side of the moduli of non-geometric heterotic strings with unbroken
ever algebra.

We deduce the non-Abelian gauge groups on F-theory compactifications
on the Jacobian Calabi—Yau 3-folds. We also perform a consistency check
of the obtained gauge groups, by considering the symmetry that the elliptic
fibers possess. Highly enhanced gauge groups arise when we choose specific
coefficients of the defining equations of the Jacobian Calabi—Yau 3-folds. We
determine the Mordell-Weil groups of some specific Calabi—Yau 3-folds, and
we deduce the global structures of the gauge groups for F-theory on these
spaces. We obtain some models without a U(1) gauge field. Furthermore, we
deduce viable candidate matter spectra on F-theory on the constructed ellip-
tically fibered Calabi—Yau 3-folds that satisfy the six-dimensional anomaly
cancellation condition.

13n [I37HI39] the elliptic fibrations of 3-folds were discussed.
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4.1. Calabi—Yau 3-folds as double covers, Jacobian fibrations,
and the discriminant locus

Double covers of the product of projective lines, P* x P! x P!, ramified over
a (4,4,4) surface have the trivial canonical bundles, K = 0; therefore, they
describe Calabi-Yau 3-folds. Fiber of projection onto P! x P! is a double
cover of P! branched over four points, namely, it is an elliptic curve. Thus,
projection onto P! x P! gives a genus-one fibration. Fiber of projection onto
P! is a double cover of P! x P! ramified along a (4,4) curve, which yields
a genus-one fibered K3 surface. Therefore, projection onto P! yields a K3
fibration. These K3 surfaces do not have a section, but they have a bisection
[75].

In this note, we consider in particular the double covers of P! x P! x P!
given by the following equations:

(60) = fi()g1(w) 2" + fa(t)ga(w),

where x is the inhomogeneous coordinate on the first P!, and t and u are the
inhomogeneous coordinates on the second and the third P! in the product
P! x P! x P'. Here fi, fo are polynomials in the variable ¢ of degree four,
and g1, g2 are polynomials of degree four in the variable u. By splitting the
polynomials f1, fa, g1, g2 into linear factors, equation can be rewritten
as follows:

(61) 7% =y (t — i) - Ty (u— B) - 2 + T _5(t — o) - T5(u — ).
K3 fiber of this genus-one fibered Calabi—Yau 3-fold is given by
(62) =T (t— o) -2 + T (t — ay).

As shown in [75], K3 fiber is genus-one fibered, but it does not have a
global section. K3 fiber has a bisection [75].

Using an argument similar to that in [76], we can show that the Calabi-
Yau 3-fold indeed lacks a rational section. Suppose it admits a rational
section. Then, it restricts to a K3 fiber, and this gives a global section to
the K3 fiber, leading to a contradiction. By an argument similar to those in

[75, [76] [78], the genus-one fibered Calabi—Yau 3-fold has a bisectiorﬂ

4Thus, a discrete Zy symmetry [65] arises in six-dimensional F-theory compact-
ifications on the genus-one fibered Calabi—Yau 3-folds .
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We can consider a special situation in which
(63) a1l =qy =aQ3, a4=aqg, Q5=05=Q7.

This yields a genus-one fibered Calabi—Yau 3-fold
(64)
2= (t—a1)3(t — ay) - H?Zl(u - B5) - ot (t—a5)(t — aq) - TT_5(u — By),

and K3 fiber given by
(65) 72 = (t—a1)?(t — ) 2t + (£ — a5)(t — ou).

This is the genus-one fibered K3 surface lacking a section, which we
discussed in Section [3.2.99]

The Jacobian fibrations of the genus-one fibered Calabi—Yau 3-folds
yield elliptically fibered Calabi—Yau 3-folds with a section. The Jacobian
fibrations are given by [140]

1
(66) 2= ng — H?Zl(t — ) - H?Zl(u — Bj) - x.

Projection onto P! x P! gives an elliptic fibration, and projection onto P!
yields a K3 fibration. K3 fiber of the projection onto P! is given by

1
(67) — ng — I8 (t — ) - .
When parameters o are tuned as in , the Weierstrass equation of

the Jacobian fibration becomes

68) 2= %3 (= )t — o) (t — an)? T (u — )

and K3 fiber @ becomes
1
(69) %= 1333 —(t—a)?(t —a5)(t — as)* 2.

This is the Jacobian fibration of the K3 fiber , and this is the extremal
fibration of the attractive K3 surface Spp o Q}E which belongs to the

15 As we stated previously in Section o, o, a5 in equation are super-
fluous parameters, and they can be mapped to 0, 1, oo under certain automorphism
of the base P'.

16Using a coordinate transformation, equation can be replaced with

2 =23 44t — 1) (t — ag)*(t — a5)3 2.
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F-theory side of the moduli of the non-geometric heterotic strings with un-
broken eye7 algebra.

The obtained Jacobian Calabi—Yau 3-folds yield fibrations of K3
surfaces over P!, and this family includes fibrations of the extremal K3
surface S[g ¢ 9], which we discussed in Section over P!,

The discriminant of the Calabi—Yau Jacobian fibration is given by
the following equation:

(70) A~ T (¢ — ap)® - T (u — B))°

The discriminant locus of the Jacobian Calabi—Yau 3-fold is given by
the vanishing of the discriminant . Genus-one fibered Calabi—Yau 3-fold
and the Jacobian fibration have the identical discriminant loci, and
the identical configurations of the singular fibers.

From the equation , we find that the discriminant components of
the Jacobian Calabi—-Yau 3-fold are given as follows:

(71) Ai = {t=a} (i=1,---,8)
Bj = {’U,:Bj} (j:1,---,8).

In F-theory on the Jacobian Calabi—Yau 3-fold , 7-branes are wrapped
on these components. Components A; are isomorphic to {pt} x P!, and com-
ponents B; are isomorphic to P! x {pt}. Therefore, these are isomorphic to
P!. The types of the singular fibers and the non-Abelian gauge groups on
the 7-branes will be discusses in Section

4.2. Non-Abelian gauge groups

We determine the non-Abelian gauge groups on F-theory on the Jacobian
Calabi-Yau 3-folds constructed in Section[4.1] We also check the consistency
of the obtained gauge groups.

4.2.1. Singular fibers of the Jacobian Calabi—Yau 3-folds, and non-
Abelian gauge groups. From the Weierstrass equation of the Jaco-
bian Calabi—Yau 3-fold and the discriminant , we find that for a generic
situation in which the coefficients a’s and (£’s are mutually distinct, the
types of the singular fibers on the components A4;, i =1,---,8, and Bj,
j=1,---,8,are I1]. In this case, the gauge algebra that arises on F-theory
compactification on the Jacobian Calabi-Yau 3-fold is su(2)10.

As stated previously, we can send a1, ay, a5 to 0,1, 00, and this yields .



Unbroken E7 x E7 nongeometric heterotic strings 1295

When two of the coefficients, «; and oy, become coincident, a pair of
type I11 fibers on the components A; and A collides, and it is enhanced to
a type I fiber. Because the polynomial

(72) 3 — H?Zl(u - Bj)-x
splits into the linear factor and the quadratic factor as:

(73) x (2? = 5 (u — B))),

type I fiber is semi-split [I17]. The non-Abelian gauge group (as a local
factor) that arises on the 7-branes wrapped on the component A; is thus
enhanced to SO(7) in this situation |Z| .

When three of the coefficients, «;, ap and a7, become coincident, type
111 fibers on the components A;, Ag, A; collide, and they are enhanced to
a type II1I* fiber. Further enhancement breaks the Calabi—Yau condition,
as stated in [75], [76]. An argument similar to that stated previously equally
applies to 8’s and the components Bj. The results are presented in Table
below.

As discussed in Section K3 fiber becomes most enhanced when pa-
rameters « are tuned as:

(75) a1 = (g = (3, a4 = a8, a5 = g = Q.

In this case, the gauge algebra that arises on F-theory compactification on
the Jacobian Calabi—Yau 3-fold (68) is ¢2 @ s0(7) @ su(2)®. K3 fiber becomes
the attractive K3 surface S, ¢ g with the singularity type E2D, this
situation, and this attractive K3 surface was discussed in Section The
singularity type of the Jacobian Calabi—Yau 3-fold is most enhanced,

ITIn a special situation in which there are four pairs of identical 8’s, e.g. f1 = fs,
B2 = B, B3 = B7, Ba = Ps, the polynomial splits into three linear factors:

(74) @ (o =y (u— 6))) (w + Iy (u— 6)).)

In this special situation, type I fiber over the component A; becomes split, and the
gauge group that forms on the 7-branes wrapped on the component A; is enhanced

to SO(8).
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Component | Fiber type | non-Abel. Gauge Group
A8 117 SU(2)
Aq.. 8 I SO(7)
Aj.. 8 IIr E;
By,..g 117 SU(2)
Bi,.. 8 I SO(7)
By,. 8 IIr E;

Table 3: Fiber types and the gauge groups on the discriminant components.

when the following equalities hold among coefficients 3’s further:

(76) Pr=P02=03, Ba=7PH, P5s=Ps=Pr

In this case, the Weierstrass equation of the Jacobian Calabi—Yau 3-fold
becomes

(77)

1 .

%= 1303 — (=)t —a5)2(t —as)? (u—B1)3(u— B5)3(u — Ba)?z.
The types of the singular fibers over the components, A;, As, By, Bs, are
enhanced to type III1*, and the types of the singular fibers over the com-
ponents A4 and By are enhanced to type Ij. In this situation, the gauge
algebra on the F-theory compactification of the Jacobian Calabi—Yau 3-fold

is enhanced to: ¢2 @ s0(7)2.

We determine the Mordell-Weil groups of F-theory models on the Ja-
cobian Calabi-Yau 3-folds (68). We deduce that they do not have a U(1)
gauge field, and we also deduce the global structures of the gauge groups
formed in the models.

We saw previously that the Weierstrass equation of the Jacobian Calabi—
Yau 3-fold becomes :

(78) 2= im?’ (= )Pt - as)(t — aw)? T (u— B)
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when the K3 fibers are most enhanced, namely when K3 fibers become the
attractive K3 surface Sjg g o with the singularity type E$D4. The Mordell—-
Weil group of this extremal K3 surface is known [41], 131], and it is iso-
morphic to Zg. (See fibration no.4 in Table in Appendix ) Using an
argument similar to those given in 76} [78], we consider the specialization to
the K3 fiber to deduce that the Mordell-Weil group of the Jacobian Calabi—
Yau 3-fold is isomorphic to that of the K3 fiber. Therefore, we find
that the Mordell-Weil group of the Jacobian Calabi-Yau 3-fold J(Y) (78))
is isomorphic to Zs:

(79) MW (J(Y)) 2 Z.

Thus, the global structure of the gauge group forming on the 7-branes is
given as follows:

(80) E2 x SO(7) x SU(2)%/Zs.

The F-theory on the Jacobian Calabi-Yau 3-folds does not have a U(1)
gauge field.

4.2.2. Consistency check of the gauge groups. By an argument sim-
ilar to those given in [75] [76], smooth genus-one fibers of the Calabi—Yau
double covers are invariant under the following transformation:

27

(81) T —es -T.

We find from this that genus-one fibers of the Calabi—Yau double covers
possess complex multiplication of order 4; therefore, the generic genus-one
fiber of the Calabi—Yau double cover has j-invariant 1728. This requires
the singular fibers to have j-invariant 1728 [75] [76]. Because the types of the
singular fibers of Calabi—Yau genus-one fibration and those of the Jacobian
fibration are identical, this means that the singular fibers of the Jacobian
Calabi—Yau 3-fold also have j-invariant 1728.

According to Table[l]in Section the types of the singular fibers with
j-invariant 1728 are: 111, I11*, and Ij. (j-invariant of type I fiber can take
the value 1728.) Thus, the Jacobian Calabi-Yau 3-fold can have the
singular fibers, only of types 111, I} and I1I*. This agrees with the results
obtained in Section 2.1l The monodromies of orders 2 and 4 characterize
the non-Abelian gauge groups that form on F-theory compactifications of
the Jacobian Calabi—Yau 3-folds .



1298 Yusuke Kimura

4.3. Matter spectra

In this section, we deduce the candidate matter spectra on six-dimensional
F-theory on the Jacobian Calabi-Yau 3-folds constructed in Section As
we stated previously, 7-branes are wrapped on the discriminant components
given by

(82) t = o (i=1,...,8)
u = B; (G=1,...,8).

7-branes wrapping the components are isomorphic to P!. 7-branes intersect
at the points (t,u) = (a4, f5j), i,j = 1,...,8, in the base surface, and matter
arises at these points.

The base surface B of the Jacobian Calabi—Yau 3-folds constructed in
Sectionis isomorphic to P! x P!, B =2 P! x P!, thus the number of tensor
multiplets that arise in F-theory compactification on the Jacobian Calabi—
Yau 3-folds is [3]

(83) T = BMYB=P'xPH)-1=2-1
= 1

The six-dimensional anomaly cancellation condition [141H144] then requires
that

(84) H—V =273 —29 = 244.

In the equation , V and H represent the numbers of vector multiplets
and hypermultiplets, respectively, in the 6D model.

For simplicity, we only consider the case in which K3 fibers are most
enhanced, namely K3 fibers become the extremal K3 surface with the sin-
gularity type E$D4. This corresponds to the case where the coefficients «

satisfy the relations (63)
(85) ar=a=a3, =03, Q5=05=0q7.

As we saw in Section for this situation the Mordell-Weil rank of the
Jacobian Calabi—Yau 3-folds is 0, and the Mordell-Weil group is isomorphic
to ZQ.

We will derive candidate matter representations in 6D F-theory on the
Jacobian Calabi—Yau 3-folds for several situations where some pairs or
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triplets of s coincide in Sections - A situation where multi-
ple 5’s coincide corresponds to that multiple 7-branes wrapped on {u = 8}
coincide. In this situation, the singularity type of the Jacobian Calabi—Yau
3-fold becomes enhanced.

We make a remark here that, while we will derive candidate matter spec-
tra arising in 6D F-theory in Sections -[:3.6] they are only candidates
of the matter representations of the 6D theory arising from the intersection
of 7-branes on the Jacobian Calabi-Yau 3-folds. They do not necessarily
yield the actual matter representations, which can only be obtained by ana-
lyzing the resolution of the singularities. We do not determine whether the
derived candidate matter representations in this note yield the actual matter
representations.

We yield several possibilities for matter representations through the col-
lision of the singularities in Sections - They are all consistent
with the anomaly cancellation condition, and they all fall within the struc-
ture of matter representations arising from codimension two singularities in
F-theory discussed by the authors in [46].

The collision of singularities of the following types appear in Sections

- (D4,A1), (E7,A1>, (194,134)7 (E7,D4), and (E7,E7). Matter
transforming in the 56-dimensional quaternionic fundamental representa-
tion of Fy; is denoted as %56 in this note. Matter transforming in p & p in
the quaternionic representation, where p is an irreducible complex repre-
sentation, yields a hypermultiplet; matter transforming in an quaternionic
irreducible representation is referred to as a %—hypermultiplet [42]. % in %56
indicates to count 1/2 of the quaternionic dimension of the representation.
We find that a %—hypermultiplet %56 arises Ethrough incomplete resolution
[46] of the Eg at the collision of type (E7, A1) as we will discuss in Section
We expect that matter representation arising at the collision of sin-
gularities of type (D4, A1) includes 7 owing to an analysis in [145]. Because
7 ® 7 decomposes as [146] 27 © 21 @ 1, we expect that matter representa-
tion arising at the collision of singularities of type (D4, D4) includes some
combination of 27, 21 (and 1).

We yield the Weierstrass equations of the Jacobian Calabi—Yau 3-folds
in Sections - Utilizing these equations, one obtains descriptions
of the local geometries around the collisions of singularities. The associated
matter representations can be obtained via the local analysis of codimension

1BA pair of %—hypermultiplets associated with a quadratic parameter for an F7
singularity was discussed in [I45].
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two singularities as discussed in [46] through the simultaneous resolution of
singularities [147).

For example, the local geometry of the Jacobian Calabi—Yau 3-fold
around the codimension two singularity at the collision of singularities of

type (E7, A1) encountered in Sections - is locally given by the
Weierstrass equation of the following form:

(86) y? =23 — tBua.

A codimension one FEy singularity arises along the locus t = 0, and a codi-
mension two singularity appears at w =0 with singularity enhancement
FE; — Eg. Matter representation arising from the codimension two singular-

ity at the collision of singularities of type (E7, A1) can be obtained through a

singularity resolution, and a %—hypermultiplet arises through the incomplete

resolution of singularity as we will mention in Section [4.3.1

4.3.1. Case where a pair of 3 coincide. First, we consider the case
where a pair of 3 coincide:

(87) B1 = Ba.
Then the equation of the Jacobian Calabi—Yau 3-fold becomes
1
(88) 7° = 1333 —(t—a1)*(t—a5)?(t —au)® (u—B1)?  T_g(u—Bj) - @
and the discriminant is given as follows
(89) A~ (t — al)g(t — 045)9(t — 044)6 . (u — 51)6 . H§:3(u — ,Bj)g.

The gauge algebra forming in F-theory compactification is ¢2 @ s0(7)% @
su(2)° E Therefore, we have

(90) V =133x2+21 x2+6x 3 =2326.

9Because the Mordell-Weil group of the Calabi-Yau elliptic fibration is
isomorphic to Zs, the global structure of the gauge group forming in F-theory
compactification on the Calabi-Yau 3-fold is B2 x SO(7)? x SU(2)%/Zs. Using
an argument similar to that given here, the global structures of the gauge groups
formed in F-theory compactifications in Sections [4.3.2]- are found to be global
Zo-quotients.
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The anomaly cancellation condition requires that

(91) H =V 4244 = 326 + 244 = 570.
Matter arises at the 21 intersections

(92) (0, B5) (i=1,4,5, 7=1,3,4,5,6,7,8).

Parameters oy, a4, as can be sent to fixed values, e.g., 0, 1, co, under an auto-
morphism of the first P! in the base P! x P!. Therefore, these are superfluous
and are not actual parameters of the complex structure deformation. Among
parameters of the complex structure deformation B, 83, B4, 85, Bs, 57, B8,
three of these can be fixed to specific values under an automorphism of
the second P! in the base P! x P!. Thus, the number of the effective pa-
rameters of the complex structure deformation is four. The number of the
neutral hypermultiplets arising from the complex structure deformations is
therefore given by

(93) HY=1+4=5.

Here, H is used to denote the number of the neutral hypermultiplets. It
follows that the sum of the dimensions of the representations of matter
arising at the 21 intersections (o, f;), ¢ = 1,4,5, j =1,3,4,5,6,7,8, must
be

(94) 570 — 5 = 565

to cancel the anomaly.

E; angularity and D, singularity collide at two intersections (t,u) =
(a1, B1), (a5, B1), and Dy singularities collide at the intersection (¢,u) =
(o, f1). E7 singularity and A; singularity collide at the 12 intersections
(t,u) = (a4, B5), 1= 1,5, j =3,...,8. Dy singularity and A; singularity col-
lide at the six intersections (¢,u) = (au,f;), 7 =3,...,8. When the types
of colliding singularities are fixed, from a symmetry argument, the repre-
sentations of matter arising at the intersections at which the fixed types of
singularities collide should be identical.

If we assume that 56 © 7 @ 1 arises at the two intersections where E7
angularity and Dy singularity collide, 27 @1 @ 1 arises at the intersection
where D, singularities collide, %56 @ 2 arises at the 12 intersections where
E7 singularity and A; singularity collide and 7 & 1 arises at the six intersec-
tions where Dy singularity and A; singularity collide, then the net dimension
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of the matter representations arising at the intersections of the 7-branes is
(95) (B64+7+1)x24(274+1+1)+(2842) x 12+ (7T+1) x 6 = 565.

Therefore, these matter representations yield a candidate of consistent mat-
ter spectrum on F-theory compactification on the Calabi—Yau 3-fold
that satisfies the anomaly cancellation condition. Here %56 denotes the %—
hypermultiplet of 56 of Eﬂ Having %56 @ 1 instead of %56 @ 2 at the 12
intersections (t,u) = (o, B3;), i = 1,5, 7 =3,...,8,and 7@ 2 @ 1 instead of
7 @ 1 at the six intersections (t,u) = (ou, 8;), j = 3,. .., 8 also yields another
viable candidate of matter spectrum. Additionally, having matter represen-
tation 56 &7 ® 1 & 1, instead of 56 & 7 & 1, at the intersections where Er
angularity and Dy singularity collide, matter representation 21, instead of
27 &1 @1, at the intersection where two D, singularities collide, and mat-
ter representation 7 @ 2, instead of 7 ® 1, at the intersections where Dy
singularity and A; singularity collide also yields another viable candidate
matter spectrum.

It is known that there are codimension two singularities where the ap-
parent Kodaira singularity type does not need a complete resolution to yield
a smooth Calabi—Yau manifold [46]. This actually happens for the collision
of singularities of type (E7, A1) that we described here. We saw that a %—
hypermultiplet %56 yields a candidate matter arising at the collision of sin-
gularities of type (E7, A1). Analyzing the resolution of the singularity at the
collision, one learns that %—hypermultiplet %56 is an actual matter arising
at the collision of type (E7, A1), and the %—hypermultiplet arises when the
FEs at the collision is incompletely resolved owing to the mechanism similar

to that discussed in [46].

20The appearance of %—hypermultiplets of 56 of F7 in F-theory compactification
was discussed in [2] [3, T17]. The base of elliptically fibered Jacobian Calabi-Yau
3-folds , P! x P!, is isomorphic to Hirzebruch surface Fy. Weierstrass coefficient
f of the Weierstrass equation y2 = 22 + f x + g of Jacobian Calabi-Yau 3-fold
is given by

f=t—a)’(t—as)’(t — o) (u—p1)? - T5_y(u— B;).

Candidate %—hypermultiplets %56 localized at the twelve intersections have an in-
terpretation as localized at the intersections of E; loci t = ;5 and the zeroes of

I, (u— ;) [T,
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4.3.2. Case where three pairs of the parameters 3 coincide. Next,
we discuss the case where three pairs of the parameters 5 coincide:

(96) p1 = B2
B3 = B4
Bs = Be-

The equation of the Calabi—Yau 3-fold becomes

o7 2= %x?’ (= )3t — st — )’
(u—B1)?u—B3)(u—B5)* I5_r(u—Bj) - @

and the discriminant is given as follows

(98) A~ (t—a1)(t —a5)?(t — ay)®
(= B1)%(u— Bs)°(u— B5)° - I (u — B))°.

The gauge algebra forming in F-theory compactification is: ¢2 @ s0(7)% @
su(2)2. Thus, anomaly cancellation condition requires that H = 133 x
2421 x4+ 3 x 2+ 244 = 600. Using an argument similar to that given in
Section [£.3.7] it turns out that the actual number of the parameters of the
complex structure deformation is two, and we obtain the number of the
neutral hypermultiplets arising from the complex structure deformations as
H°® =142 =3. The net representation dimensions of matter arising from
the intersections of 7-branes must be 597(= 600 — 3) owing to the anomaly
cancellation condition.

E; angularity and D, singularity collide at six intersections (t,u) =
(a4, 85),i=1,5,j =1,3,5, and Dy singularities collide at the three intersec-
tions (t,u) = (au, f5), j = 1,3, 5. Ey singularity and A; singularity collide at
the four intersections (¢,u) = (o, §;), i = 1,5, j = 7,8. Dy singularity and
A; singularity collide at the two intersections (¢,u) = (au,f5), j =7,8.

We assume that 56 & 7 & 1 arises at the six intersections where F; angu-
larity and Dy singularity collide, 27 & 1 & 1 arises at the three intersection
where D, singularities collide, %56 arises at the four intersections where
E7 singularity and A; singularity collide and 7 arises at the two intersec-
tions where Dy singularity and A; singularity collide, then a computation
shows that this yields a consistent matter candidate on F-theory on the
Jacobian Calabi—Yau 3-fold . Having 56 @ 7, instead of 56 &7 ® 1, at
the six intersections where F; angularity and D, singularity collide, and
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7H2®d1, instead of 7, at the two intersections where Dy singularity and
Ay singularity collide, also yields another viable candidate matter spectrum.
Furthermore, having 56 & 7, instead of 56 © 7 @ 1, at the six intersections
where Fr angularity and D, singularity collide, %56 @ 1, instead of %56, at
the four intersections where E7 singularity and A; singularity collide and
7 ® 1, instead of 7, at the two intersections where D4 singularity and A;
singularity collide, yields another viable candidate matter spectrum. In ad-
dition to these, having 56 @7 ® 1 P® 1 @ 1, instead of 56 & 7 P 1, at the six
intersections where FE7 angularity and Dy singularity collide, 21, instead
of 27 ® 1 @ 1, at the three intersections where two D, singularities collide,
%56 ¢ 2, instead of %56, at the four intersections where E7 singularity and
Aj singularity collide and 7 @ 2, instead of 7, at the two intersections where
Dy singularity and A; singularity collide, yields another viable candidate
matter spectrum.

4.3.3. Case a triplet of parameters 3 coincide. We then consider the
case a triplet of parameters 3 coincide:

(99) B1 = B2 = Bs.

In this situation, the equation of the Calabi—Yau 3-fold becomes

(100) 72 = im?) —(t—a1)*(t —as)®(t —au)® (u—P1)* Ty (u—B;) -

and the discriminant is given as follows
(101) A~ (t— al)g(t — a5)9(t — a4)6 (u— Bl)g . H§:4(u - 53‘)3-

The gauge algebra forming in F-theory compactification is: e% @ so(7) B
su(2)5. 7-branes intersect in eighteen points at (¢,u) = (a4, 8;), i = 1,4,5,
Jj=1,4,5,6,7,8. Using an argument similar to that given in Section[£.3.1}, we
obtain that the net representation dimensions of matter arising from these
intersections must be 675 owing to the anomaly cancellation condition.

E7 angularities collide at the two intersections (¢,u) = (a4, 81), i = 1,5,
and Dy singularity and FE; singularity collide at the intersection (¢,u) =
(g, B1). E7 singularity and A; singularity collide at the ten intersections
(t,u) = (04, B5),1 = 1,5, =4,---,8. Dy singularity and A; singularity col-
lide at the five intersections (t,u) = (a4, 5;), j =4,---,8.

We assume that 133 arises at the two intersections where two Er; angu-
larities collide, 56 & 7 @ 1 arises at the intersection where Dy and E7 singu-
larities collide, %56 @ 2 arises at the ten intersections where F; singularity
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and A; singularity collide and 7 @ 2 arises at the five intersections where
D, singularity and A; singularity collide. Then, one can confirm that the
anomaly cancels and this yields a consistent matter candidate on F-theory
on the Jacobian Calabi—Yau 3-fold .

4.3.4. Case a triplet and a pair of parameters 3 coincide. We now
consider the case a triplet and a pair of parameters 8 coincide:

(102) p1=PB2=P3
B1 = Bs.

In this situation, the equation of the Jacobian Calabi—Yau 3-fold be-
comes:

(10) Y (T L
(u— 51)3(1‘ - ﬁ4)2 : H]7-:5(u - Bj) - x.

The discriminant is given as follows
(104)
A~ (t—ar)(t—o5)’(t—as)’ - (u—B1)"(u—B2)° T _5(u — B))°.

The gauge algebra forming in F-theory compactification is: e% ®s0(7) @
su(2)3. 7-branes intersect in fifteen points at (¢,u) = («y, 3j), i = 1,4,5, j =
1,4,5,6,7. We find that the net representation dimensions of matter arising
from these intersections must be 691 owing to the anomaly cancellation
condition.

E; angularities collide at the two intersections (t,u) = (a4, f1), i = 1,5,
and D, singularity and E7 singularity collide at the three intersection points
(t,u) = (a4, 1), (a4, Ba), i = 1,5. Dy singularities collide at the intersection
point (t,u) = (ay, B4). E7 singularity and A; singularity collide at the six
intersections (t,u) = (o, 8j), @ = 1,5, j = 5,6, 7. Dy singularity and A; sin-
gularity collide at the three intersections (¢,u) = (ou, fj), j = 5,6,7.

We assume that 133 arises at the two intersections where two F7 angu-
larities collide, 56 & 7 & 1 arises at the three intersection points where Dy
and FE7 singularities collide, 27 & 1 ¢ 1 arises at the intersection point where
two D, singularities collide, %56 @ 2 arises at the six intersections where E7
singularity and A; singularity collide and 7 ¢ 1 arises at the three intersec-
tions where Dy singularity and A; singularity collide. Then, the anomaly
cancels and this yields a consistent matter candidate on F-theory on the
Jacobian Calabi—Yau 3-fold . There are a few possibilities whether to
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include 1 for matter representations at the intersections where two E7 an-
gularities collide and at the intersections where E; angularity and Dy sin-
gularity collide, and whether to include 2 or 1 for matter representation at
the intersections where D4 and A; singularities collide, and whether matter
arising at the intersection where two D, singularities collide includes 27 or
21 for other viable candidate matter spectra.

4.3.5. Case a triplet and two pairs of parameters 3 coincide. We
consider the case a triplet and two pairs of parameters S coincide:

(105) p1=PB2=Ps
Ba = Ps
Bs = Be-

In this situation, the equation of the Jacobian Calabi—Yau 3-fold be-
comes:

(106) =t (- )t - as)( - aa)?
(= B1)’(u— Ba)*(u = Bs5)*(u — Br) - .

The discriminant is given as follows
(107)
A~ (t—a1)’(t = a5)(t — @)’ (u— 1) (u— B2)°(u— B5)°(u— Br)°.

The gauge algebra forming in F-theory compactification is: ¢2 @ s0(7)% @
su(2). 7-branes intersect in twelve points at (¢,u) = (o, 35), i = 1,4,5, j =
1,4,5,7. We find that the net representation dimensions of matter arising
from these intersections must be 707 owing to the anomaly cancellation
condition.

E7 angularities collide at the two intersections (t,u) = (a4, 81), i = 1,5,
and Fry singularity and D, singularity collide at the five intersection points
(t,u) = (04, 85),1=1,5,7 = 4,5, (a4, B1). Dy singularities collide at the two
intersection points (t,u) = (ou, B;), j = 4, 5. E7 singularity and A; singular-
ity collide at the two intersections (t,u) = (a4, 87), ¢ = 1,5. Dy singularity
and A; singularity collide at the intersection (¢,u) = (ay, 7).

We assume that 133 arises at the two intersections where two E; angu-
larities collide, 56 ¢ 7 arises at the five intersection points where E; and Dy
singularities collide, 27 @ 1 @ 1 arises at the two intersection points where
two D, singularities collide, %56 @ 2 arises at the two intersections where
E7 singularity and A; singularity collide, and 7 @ 1 arises at the intersection
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where Dy singularity and Ay singularity collide. Then, the anomaly cancels
and this yields a consistent matter candidate on F-theory on the Jacobian
Calabi—-Yau 3-fold . There are a few possibilities whether to include
1 for matter representations at the intersections where two E7; angularities
collide, at the intersections where E; angularity and D, singularity collide,
whether to include 1 or 2, or not to include these, for matter representation
at the intersections where E; and A; singularities collide and at the inter-
section where D4 and A; singularities collide, and whether matter arising
at the intersection where two D, singularities collide includes 27 or 21, for
other viable candidate matter spectra.

4.3.6. Case two triplets and a pair of parameters 3 coincide. We
finally discuss the case two triplets and a pair of parameters 3 coincide:

(108) p1= P2 =P3
Ba = B
Bs = Be = Br.

In this situation, the equation of the Jacobian Calabi—Yau 3-fold be-
comes:

(109)

2= ifﬂ?’ —(t— o)t —as)?(t — ag)® - (u—B1)>(u— B5)*(u— Ba)? - 2.

The discriminant is given as follows
(110) A~ (t — Oél)g(t — 055)9(15 - Oé4)6 . (u - 61)9(’& - 55)9(’& — 54)6.

The gauge algebra forming in F-theory compactification is: 2 @ s0(7)2. The
parameters of the complex structure deformation, 31, 84, 85, can be sent to
fixed values under an automorphism of P'. Therefore, the number of the
effective parameters of the complex structure deformation is zero, and the
complex structure is fixed for this situation.

7-branes intersect in nine points at (¢, u) = (a4, 55),7=1,4,5, j = 1,4, 5.
We find that the net representation dimensions of matter arising from these
intersections must be 817 owing to the anomaly cancellation condition.

E7 angularities collide at the four intersections (t,u) = (o, f5), i = 1,5,
j = 1,5, and E7 singularity and D, singularity collide at the four intersection
points (t,u) = (a4, f5), 7 = 1,5, (o, B4a), i = 1,5. Dy singularities collide at
the intersection point (¢,u) = (au, B4).

We assume that 133 arises at the four intersections where two E; an-
gularities collide, 56 & 7 @ 1 arises at the four intersection points where E~
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and Dy singularities collide, and 27 & 1 & 1 arises at the intersection point
where two D, singularities collide. Then, the anomaly cancels and this yields
a consistent matter candidate on F-theory on the Jacobian Calabi-Yau 3-
fold . Analogous to other cases that we discussed previously, there are a
few possibilities whether to include 1 for matter representation at the inter-
sections where two E7 angularities collide, and for matter representation at
the intersections where F; and D, singularities collide, and whether matter
arising at the intersection where two D, singularities collide includes 27 or
21, to yield other viable candidate matter spectra.

4.3.7. Summary and discussion of the obtained candidate matter
representations. We have deduced candidate matter spectra on F-theory
on the constructed elliptically fibered Calabi—Yau 3-folds. We have observed
that it is natural to expect that 133 (or 133 @ 1) arises at the collision
of two E7 singularities 1] to cancel the anomaly??} Under this assumption,
we observed that matter representation arising at the collision of E7 and
A; singularities should include the %—hypermultiplet %56 of E7. If matter
representation at this intersection includes 56, the net dimension of matter
representations exceeds the number required by the anomaly cancellation
condition by a large amount. We learned that %—hypermultiplet %56 is an
actual matter arising at the singularity at the collision of type (E7, A1),
and %56 arises when the Ejg at the collision is incompletely resolved. There
appear a few possibilities for matter representation at the collision of F; and
D, singularities, such as whether to include 1. We observed a few possibilities
for matter representation at the collision of two D, singularities, such as
27 ®1 ® 1 or 21. There are also a few possibilities for matter at the collision
of F7 and A; singularities, such as %56, %56 @1, or %56 @ 2, and similarly
for the collision of D4 and A; singularities.

5. Conclusions

In this study, we have investigated the points in the eight-dimensional moduli
of non-geometric heterotic strings with unbroken e7e; algebra, at which the
ranks of the non-Abelian gauge groups on the F-theory side are enhanced
to 18. The gauge groups at these points do not allow for the perturbative

21The authors of [148] discussed the collision of two E7 singularities in the context
of four-dimensional conformal matter in F-theory.

22A similar observation was made for the collision of two Eg singularities for
elliptically fibered Calabi—Yau 3-folds of “Fermat-types” in [39], where it was argued
that 78 @ 1 is expected to arise at this intersection.
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interpretation on the heterotic side. We demonstrated in this study that
these theories can be seen as deformations of the stable degenerations owing
to an effect of coincident 7-branes. This effect corresponds to the insertion
of 5-branes from the heterotic viewpoint. We also discussed the application
to SO(32) heterotic strings.

K3 surfaces on the F-theory side of the moduli become extremal, when
the non-Abelian gauge groups are enhanced to rank 18. We studied the
Weierstrass equations of the extremal K3 surfaces that appear on the F-
theory side of the eight-dimensional moduli of non-geometric heterotic strings
with unbroken e7e7. The points in the moduli at which the ranks of the non-
Abelian gauge groups are enhanced to 17 on the F-theory side also do not
allow for the perturbative interpretations of the gauge groups on the het-
erotic side. It can be interesting to study these points in the moduli, and
this can be a direction of future study.

We have also built elliptically fibered Calabi—Yau 3-folds, by fibering
an elliptic K3 surface, which belongs to the F-theory side of the eight-
dimensional moduli of non-geometric heterotic strings with unbroken e7e;
algebra, over P!. We analyzed six-dimensional F-theory compactifications
on the built elliptic Calabi—Yau 3-folds. When we tune the parameters for
the defining equations of these elliptic Calabi—Yau 3-folds, highly enhanced
gauge groups form on the 7-branes. Eight-dimensional F-theory compact-
ified on the extremal K3 fibers Sp o 9) of these specific tuned Calabi-Yau
spaces has non-geometric heterotic duals. Determining whether this duality
extends to six-dimensional theories, namely whether F-theory compactifi-
cations on the total Calabi—Yau 3-folds have dual non-geometric heterotic
strings, is a likely direction of future study.

We have also deduced viable candidate matter spectra on F-theory on
the constructed elliptically fibered Calabi—Yau 3-folds, for the case when
K3 fibers are most enhanced . There are certain ambiguities such as
whether matter arising at intersections of 7-branes includes 1, or 2, or does
not include these. There is also an ambiguity of whether matter arising at the
collision of D, singularities includes 27 or 21. Except for these ambiguities,
the possibility of candidate matter spectra appears unique. We have observed
that either 133 or 133 @ 1 arises where two FE7 singularities collide. We
have also observed that matter arising where E7 and A; singularities collide
should include the %—hypermultiplet, %56 of E7, to cancel the anomaly. We
found that the %-hypermultiplet %56 arises as an actual matter from the
collision of singularities of type (FE7, A1) through incomplete resolution of
the singularity in our construction of elliptically fibered Calabi—Yau 3-folds.
Confirming the actual matter spectra by analyzing the resolution of the
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singularities of the Jacobian Calabi—Yau 3-folds is also a likely direction of
future study.
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Appendix A. Elliptic fibrations of attractive K3 Sj3 ¢ 9

[131] classified the types of the elliptic fibrations of the attractive K3 surface
with the discriminant four, Spp ¢ 2, and computed the Mordell-Weil groups
of the fibrations. We present in Table the types of the elliptic fibrations
and the Mordell-Weil groups of the attractive K3 surface S|y ¢ 9 determined
in [131].

Elliptic fibrations of type of singularity | MW group
S12.02]
No.1 EZA? 0
No.2 EgDio 0
No.3 DlGA% Zs
No.4 E$D4 2
No.5 E7D1g Ay L
No.6 Air Ay Zs
No.7 Dis 0
No.8 D12 Ds =
No.9 DEA] L2 &2
No.10 A5 A3 Za
No.11 EsAn L& L
No.12 D§ L2 & 2o
No.13 A3 Zs

Table Al: List of the singularity types of the elliptic fibrations of K3 surface
S[2 0 2], and the Mordell-Weil groups of the fibrations.
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Appendix B. Types of the singular fibers of extremal
rational elliptic surfaces

The types of the singular fibers of the extremal rational elliptic surfaces [133]
are presented in Table The complex structures of the extremal rational
elliptic surfaces are uniquely specified by the types of the singular fibers,
except rational elliptic surfaces with two type I§ fibers, X{o- ¢-(j) [133].

Extremal rational Type of Type of
elliptic surface singular fiber singularity
X1, 117) II, IT* Ex
X111, 1117 III, IIT* Er A,
Xirv, 1v+ IV, IV* Eg Ay
Xo-, 0-1(J) I, I D?
Xirr, 1, I nn FEg
X, 2,1] I11* I, I E-A;
X(1v+, 31] IV* I3 I, EsAs
Xpa=, 1] Iy L I Dg

X+, 2,9 I3 1o I DgA?
X1, 4 It I, I DsAs

X9,1,1,1] Iy L Ag
Xs.2,11) Iy Iy Iy Iy Az Ay
Xio,3.2.1) Ig I3 Iy I A5 Ay Ay
Xi55,1,1] Is Is [ A?
X[4,4,22] Iy Iy I Iy A2A2
X[3,3,33] I3 I3 I3 I3 Al

Table B1: List of the types of the singular fibers of extremal rational elliptic
surfaces.



1312 Yusuke Kimura

References

[1] C. Vafa, “Evidence for F-theory”, Nucl. Phys. B 469 (1996) 403
arXiv:hep-th/9602022.

[2] D. R. Morrison and C. Vafa, “Compactifications of F-theory on Calabi-
Yau threefolds. 17, Nucl. Phys. B 473 (1996) 74 arXiv:hep-th/
9602114.

[3] D. R. Morrison and C. Vafa, “Compactifications of F-theory on Calabi-
Yau threefolds. 27, Nucl. Phys. B 476 (1996) 437 arXiv:hep-th/
9603161.

[4] A. Sen, “F theory and orientifolds”, Nucl. Phys. B475 (1996) 562-578
arXiv:hep-th/9605150.

[5] R. Friedman, J. Morgan and E. Witten, “Vector bundles and F the-
ory”, Commun. Math. Phys. 187 (1997) 679-743 arXiv:hep-th/
9701162.

[6] R. Blumenhagen, G. Honecker and T. Weigand, “Loop-corrected com-
pactifications of the heterotic string with line bundles”, JHEP 06
(2005) 020 arXiv:hep-th/0504232.

[7] R. Blumenhagen, G. Honecker and T. Weigand, “Supersymmetric
(non-)Abelian bundles in the Type I and SO(32) heterotic string”,
JHEP 08 (2005) 009 arXiv:hep-th/0507041.

[8] T. Kimura and S. Mizoguchi, “Chiral generations on intersecting
5-branes in heterotic string theory”, JHEP 04 (2010) 028 arXiv:
0912.1334 [hep-thl].

[9] L. B. Anderson, A. Constantin, J. Gray, A. Lukas and E. Palti, “A com-
prehensive scan for heterotic SU(5) GUT models”, JHEP 01 (2014)
047 arXiv:1307.4787 [hep-th].

[10] L. B. Anderson, J. Gray and E. Sharpe, “Algebroids, heterotic mod-
uli spaces and the Strominger system”, JHEP 07 (2014) 037 arXiv:
1402.1532 [hep-thl].

[11] X. de la Ossa and E. E. Svanes, “Holomorphic bundles and the moduli
space of N=1 supersymmetric heterotic compactifications”, JHEP 10
(2014) 123 arXiv:1402.1725 [hep-th].

[12] L. B. Anderson and W. Taylor, “Geometric constraints in dual F-
theory and heterotic string compactifications”, JHEP 08 (2014) 025
arXiv:1405.2074 [hep-th].



[13]

[14]

[15]

[22]

[23]

[24]

Unbroken E7 x E7 nongeometric heterotic strings 1313

X. de la Ossa, E. Hardy and E. E. Svanes, “The heterotic superpoten-
tial and moduli”, JHEP 01 (2016) 049 arXiv:1509.08724 [hep-th].

P. Candelas, X. de la Ossa and J. McOrist, “A metric for het-
erotic moduli”, Commun. Math. Phys. 356 (2017) 567612 arXiv:
1605.05256 [hep-th].

A. Ashmore, X. de la Ossa, R. Minasian, C. Strickland-Constable and
E. E. Svanes, “Finite deformations from a heterotic superpotential:
holomorphic Chern-Simons and an Lo, algebra”, JHEP 10 (2018) 179
arXiv:1806.08367 [hep-th].

P. Candelas, X. de la Ossa, J. McOrist and R. Sisca, “The universal ge-
ometry of heterotic vacua”, JHEP 02 (2019) 038 arXiv: 1810.00879
[hep-th].

P. S. Aspinwall and D. R. Morrison, “Point - like instantons on K3
orbifolds”, Nucl. Phys. B503 (1997) 533-564 arXiv:hep-th/9705104.

L. B. Anderson, J. J. Heckman and S. Katz, “T-Branes and geometry”,
JHEP 05 (2014) 080 arXiv:1310.1931 [hep-th].

A. P. Braun, Y. Kimura and T. Watari, “The Noether-Lefschetz prob-
lem and gauge-group-resolved landscapes: F-theory on K3 x K3 as a
test case”, JHEP 04 (2014) 050 arXiv:1401.5908 [hep-th].

N. Cabo Bizet, A. Klemm and D. Vieira Lopes, “ Landscaping with
fluxes and the E8 Yukawa Point in F-theory”, arXiv:1404.7645
[hep-th].

M. Cvetic¢, A. Grassi, D. Klevers, M. Poretschkin and P. Song, “Origin
of Abelian gauge symmetries in heterotic/F-theory duality,” JHEP
1604 (2016) 041 arXiv:1511.08208 [hep-th].

S. Mizoguchi and T. Tani, “Looijenga’s weighted projective space,
Tate’s algorithm and Mordell-Weil Lattice in F-theory and heterotic
string theory”, JHEP 11 (2016) 053 arXiv:1607.07280 [hep-th].

Y. Kimura, “Structure of stable degeneration of K3 surfaces into pairs
of rational elliptic surfaces”, JHEP 03 (2018) 045 arXiv:1710.04984
[hep-th].

A. Malmendier and D. R. Morrison, “K3 surfaces, modular forms,
and non-geometric heterotic compactifications”, Lett. Math. Phys. 105
(2015) no.8, 1085-1118 arXiv:1406.4873 [hep-th].



1314 Yusuke Kimura

[25] K. S. Narain, “New heterotic string theories in uncompactified dimen-
sions <10”, Phys. Lett. 169B (1986) 41-46.

[26] J. McOrist, D. R. Morrison and S. Sethi, “Geometries, non-geometries,
and fluxes”, Adv. Theor. Math. Phys. 14 (2010) no.5 1515-1583
arXiv:1004.5447 [hep-th].

[27] S. Hellerman, J. McGreevy and B. Williams, “Geometric construc-
tions of nongeometric string theories”, JHEP 01 (2004) 024 arXiv:
hep-th/0208174.

[28] A. Kumar, “K3 surfaces associated with curves of genus two”, Int.
Math. Res. Not. 2008 (2008).

[29] A. Clingher and C. F. Doran, “Note on a geometric isogeny of K3
surfaces”, Int. Math. Res. Not. 2011 (2011) 3657-3687.

[30] A. Clingher and C. F. Doran, “Lattice polarized K3 surfaces and Siegel
modular forms”, Adv. Math. 231 (2012) 172-212.

[31] A. Clingher, A. Malmendier and T. Shaska, “Six line configurations
and string dualities” arXiv:1806.07460 [math.AG].

[32] J. Gu and H. Jockers, “Nongeometric F-theory-heterotic duality”,
Phys. Rev. D91 (2015) 086007 arXiv:1412.5739 [hep-th].

[33] D. Liist, S. Massai and V. Vall Camell, “The monodromy of T-folds
and T-fects”, JHEP 09 (2016) 127 arXiv:1508.01193 [hep-th].

[34] A. Font, I. Garcia-Etxebarria, D. Lust, S. Massai and C. Mayrhofer,
“Heterotic T-fects, 6D SCFTs, and F-Theory”, JHEP 08 (2016) 175
arXiv:1603.09361 [hep-th].

[35] A. Malmendier and T. Shaska, “The Satake sextic in F-theory”, J.
Geom. Phys. 120 (2017) 290-305 arXiv:1609.04341 [math.AG].

[36] I. Garcia-Etxebarria, D. Lust, S. Massai and C. Mayrhofer, “Ubiquity
of non-geometry in heterotic compactifications”, JHEP 03 (2017) 046
arXiv:1611.10291 [hep-th].

[37] A. Font and C. Mayrhofer, “Non-geometric vacua of the Spin(32)/Zs
heterotic string and little string theories”, JHEP 11 (2017) 064
arXiv:1708.05428 [hep-th].

[38] A. Font, I. Garcia-Etxebarria, D. Liist, S. Massai and C. Mayrhofer,
“Non-geometric heterotic backgrounds and 6D SCFTs/LSTs”, PoS
CORFU2016 (2017) 123 arXiv:1712.07083 [hep-th].



Unbroken E7 x E7 nongeometric heterotic strings 1315

[39] Y. Kimura, “Nongeometric heterotic strings and dual F-theory with
enhanced gauge groups”, JHEP 02 (2019) 036 arXiv:1810.07657
[hep-th].

[40] E. Plauschinn, “Non-geometric backgrounds in string theory”,
Phys.Rept. 798 (2019) 1-122 arXiv:1811.11203 [hep-th].

[41] 1. Shimada and D.-Q. Zhang, “Classification of extremal elliptic K3
surfaces and fundamental groups of open K3 surfaces”, Nagoya Math.
J. 161 (2001), 23-54, arXiv:math/0007171.

[42] A. Grassi and D. R. Morrison, “Group representations and the Euler
characteristic of elliptically fibered Calabi-Yau threefolds”, Jour. Alg.
Geom. 12 (2003) 321-356 arXiv:math/0005196.

[43] V. Kumar and W. Taylor, “String universality in six dimensions”, Adv.
Theor. Math. Phys. 15 (2011) 325-353 arXiv:0906.0987 [hep-th].

[44] V. Kumar, D. R. Morrison and W. Taylor, “Mapping 6D N = 1
supergravities to F-theory”, JHEP 02 (2010) 099 arXiv:0911.3393
[hep-th].

[45] V. Kumar, D. R. Morrison and W. Taylor, “Global aspects of the space
of 6D N = 1 supergravities”, JHEP 11 (2010) 118 arXiv:1008.1062
[hep-th].

[46] D. R. Morrison and W. Taylor, “Matter and singularities”, JHEP 01
(2012) 022 arXiv:1106.3563 [hep-th].

[47] A. Grassi and D. R. Morrison, “Anomalies and the Euler characteris-
tic of elliptic Calabi-Yau threefolds”, Commun. Num. Theor. Phys. 6
(2012) 51-127 arXiv:1109.0042 [hep-th].

[48] F. Bonetti and T. W. Grimm, “Six-dimensional (1,0) effective action
of F-theory via M-theory on Calabi-Yau threefolds”, JHEP 05 (2012)
019 arXiv:1112.1082 [hep-th].

[49] D. R. Morrison and W. Taylor, “Classifying bases for 6D F-theory
models”, Central Eur. J. Phys. 10 (2012) 1072-1088 arXiv:1201.1943
[hep-th].

[50] D. R. Morrison and W. Taylor, “Toric bases for 6D F-theory models”,
Fortsch. Phys. 60 (2012) 1187-1216 arXiv:1204.0283 [hep-th].

[51] W. Taylor, “On the Hodge structure of elliptically fibered Calabi-Yau
threefolds”, JHEP 08 (2012) 032 arXiv:1205.0952 [hep-th].



1316

[52]

[53]

[61]
[62]

[63]

Yusuke Kimura

S. B. Johnson and W. Taylor, “Enhanced gauge symmetry in 6D
F-theory models and tuned elliptic Calabi-Yau threefolds”, Fortsch.
Phys. 64 (2016) 581-644 arXiv:1605.08052 [hep-th].

D. R. Morrison, D. S. Park and W. Taylor, “Non-Higgsable
abelian gauge symmetry and F-theory on fiber products of ratio-
nal elliptic surfaces”, Adv. Theor. Math. Phys. 22 (2018) 177245
arXiv:1610.06929 [hep-th].

S. Monnier, G. W. Moore and D. S. Park, “Quantization of anomaly
coefficients in 6D N = (1,0) supergravity”, JHEP 02 (2018) 020
arXiv:1711.04777 [hep-th].

Y .-C. Huang and W. Taylor, “Comparing elliptic and toric hypersur-
face Calabi-Yau threefolds at large Hodge numbers”, JHEP 02 (2019)
087 arXiv:1805.05907 [hep-th].

S.-J. Lee, W. Lerche and T. Weigand, “A stringy test of the scalar
weak gravity conjecture”, Nucl.Phys. B938 (2019) 321-350 arXiv:
1810.05169 [hep-th].

A. Clingher, T. Hill, and A. Malmendier, “The duality between F-
theory and the heterotic string in D = 8 with two Wilson lines,” Lett.
Math. Phys. 110, 3081-3104 (2020).

V. Braun and D. R. Morrison, “F-theory on genus-one fibrations”,
JHEP 08 (2014) 132 arXiv:1401.7844 [hep-th].

P. Arras, A. Grassi and T. Weigand, “Terminal singularities, Milnor
numbers, and matter in F-theory”, J. Geom. Phys. 123 (2018) 71-97
arXiv:1612.05646 [hep-th].

A. Grassi and T. Weigand, “On topological invariants of alge-
braic threefolds with (Q-factorial) singularities”, arXiv:1804.02424
[math.AG].

R. Donagi and M. Wijnholt, “Model building with F-theory,” Adwv.
Theor. Math. Phys. 15, 1237 (2011) arXiv:0802.2969 [hep-th].

C. Beasley, J. J. Heckman and C. Vafa, “GUTs and exceptional branes
in F-theory - I,” JHEP 0901, 058 (2009) arXiv:0802.3391 [hep-th].

C. Beasley, J. J. Heckman and C. Vafa, “GUTs and exceptional branes
in F-theory - II: Experimental Predictions,” JHEP 0901, 059 (2009)
arXiv:0806.0102 [hep-th].



[64]

[65]

Unbroken E7 x E7 nongeometric heterotic strings 1317

R. Donagi and M. Wijnholt, “Breaking GUT groups in F-theory,” Adv.
Theor. Math. Phys. 15, 1523 (2011) arXiv:0808.2223 [hep-th].

D. R. Morrison and W. Taylor, “Sections, multisections, and U(1)
fields in F-theory”, J. Singularities 15 (2016) 126-149 arXiv:1404.
1527 [hep-th].

L. B. Anderson, I. Garcia-Etxebarria, T. W. Grimm and J. Keitel,
“Physics of F-theory compactifications without section”, JHEP 12
(2014) 156 arXiv:1406.5180 [hep-th].

D. Klevers, D. K. Mayorga Pena, P. K. Oehlmann, H. Piragua and
J. Reuter, “F-Theory on all Toric Hypersurface Fibrations and its
Higgs Branches”, JHEP 01 (2015) 142 arXiv:1408.4808 [hep-th].

I. Garcia-Etxebarria, T. W. Grimm and J. Keitel, “Yukawas and
discrete symmetries in F-theory compactifications without section”,
JHEP 11 (2014) 125 arXiv:1408.6448 [hep-th].

C. Mayrhofer, E. Palti, O. Till and T. Weigand, “Discrete gauge sym-
metries by Higgsing in four-dimensional F-theory compactifications”,
JHEP 12 (2014) 068 arXiv:1408.6831 [hep-thl].

C. Mayrhofer, E. Palti, O. Till and T. Weigand, “On discrete sym-
metries and Torsion homology in F-theory”, JHEP 06 (2015) 029
arXiv:1410.7814 [hep-th].

V. Braun, T. W. Grimm and J. Keitel, “Complete intersection fibers
in F-theory”, JHEP 03 (2015) 125 arXiv:1411.2615 [hep-th].

M. Cveti¢, R. Donagi, D. Klevers, H. Piragua and M. Poretschkin,
“F-theory vacua with Zs gauge symmetry”, Nucl. Phys. B898 (2015)
736-750 arXiv:1502.06953 [hep-th].

L. Lin, C. Mayrhofer, O. Till and T. Weigand, “Fluxes in F-theory
compactifications on genus-one fibrations”, JHEP 01 (2016) 098
arXiv:1508.00162 [hep-th].

Y. Kimura, “Gauge groups and matter fields on some models of F-
theory without section”, JHEP 03 (2016) 042 arXiv:1511.06912
[hep-th].

Y. Kimura, “Gauge symmetries and matter fields in F-theory models
without section- compactifications on double cover and Fermat quartic
K3 constructions times K3”, Adv. Theor. Math. Phys. 21 (2017) no.8,
2087-2114 arXiv:1603.03212 [hep-th].



1318 Yusuke Kimura

[76] Y. Kimura, “Gauge groups and matter spectra in F-theory compacti-
fications on genus-one fibered Calabi-Yau 4-folds without section - hy-
persurface and double cover constructions”, Adv. Theor. Math. Phys.
22 (2018) no.6, 1489-1533 arXiv:1607.02978 [hep-th].

[77] M. Cveti¢, A. Grassi and M. Poretschkin, “Discrete symmetries in
heterotic/F-theory duality and mirror symmetry,”, JHEP 06 (2017)
156 arXiv:1607.03176 [hep-th].

[78] Y. Kimura, “Discrete gauge groups in F-theory models on genus-
one fibered Calabi-Yau 4-folds without section”, JHEP 04 (2017) 168
arXiv:1608.07219 [hep-th].

[79] Y. Kimura, “K3 surfaces without section as double covers of Halphen
surfaces, and F-theory compactifications”, PTEP 2018 (2018) 043B06
arXiv:1801.06525 [hep-th].

[80] L. B. Anderson, A. Grassi, J. Gray and P.-K. Oehlmann, “F-theory on
quotient threefolds with (2,0) discrete superconformal matter”, JHEP
06 (2018) 098 arXiv:1801.08658 [hep-thl].

[81] Y. Kimura, “SU(n) x Zy in F-theory on K3 surfaces without section
as double covers of Halphen surfaces,” Adv. Theor. Math. Phys. 24,
no.2, 459-490 (2020) arXiv:1806.01727 [hep-th].

[82] T. Weigand, “TASI lectures on F-theory”, PoS TASI2017 (2018) 016
arXiv:1806.01854 [hep-th].

[83] M. Cveti¢, L. Lin, M. Liu and P.-K. Oehlmann, “An F-theory re-
alization of the chiral MSSM with Zo-Parity”, JHEP 09 (2018) 089
arXiv:1807.01320 [hep-th].

[84] M. Cveti¢ and L. Lin, “TASI lectures on Abelian and discrete sym-
metries in F-theory”, PoS TASI2017 (2018) 020 arXiv:1809.00012
[hep-th].

[85] Y.-C. Huang and W. Taylor, “On the prevalence of elliptic and genus
one fibrations among toric hypersurface Calabi-Yau threefolds”, JHEP
03 (2019) 014 arXiv:1809.05160 [hep-thl].

[86] J. W. S. Cassels, Lectures on Elliptic Curves, London Math. Society
Student Texts 24, Cambridge University Press (1991).

[87] D. R. Morrison and D. S. Park, “F-theory and the Mordell-Weil group
of elliptically-fibered Calabi-Yau threefolds”, JHEP 10 (2012) 128
arXiv:1208.2695 [hep-th].



Unbroken E7 x E7 nongeometric heterotic strings 1319

[88] C. Mayrhofer, E. Palti and T. Weigand, “U(1) symmetries in F-theory
GUTs with multiple sections”, JHEP 03 (2013) 098 arXiv:1211.6742
[hep-th].

[89] V. Braun, T. W. Grimm and J. Keitel, “New Global F-theory
GUTs with U(1) symmetries”, JHEP 09 (2013) 154 arXiv:1302.1854
[hep-th].

[90] J. Borchmann, C. Mayrhofer, E. Palti and T. Weigand, “Elliptic fi-
brations for SU(5) x U(1) x U(1) F-theory vacua”’, Phys. Rev. D88
(2013) no.4 046005 arXiv:1303.5054 [hep-th].

[91] M. Cveti¢, D. Klevers and H. Piragua, “F-theory compactifications
with multiple U(1)-factors: Constructing elliptic fibrations with ratio-
nal sections”, JHEP 06 (2013) 067 arXiv:1303.6970 [hep-thl].

[92] V. Braun, T. W. Grimm and J. Keitel, “Geometric engineering in toric
F-theory and GUTs with U(1) gauge factors,” JHEP 12 (2013) 069
arXiv:1306.0577 [hep-th].

[93] M. Cveti¢, A. Grassi, D. Klevers and H. Piragua, “Chiral four-
dimensional F-theory compactifications With SU(5) and multiple
U(1)-factors”, JHEP 04 (2014) 010 arXiv:1306.3987 [hep-th].

[94] M. Cveti¢, D. Klevers and H. Piragua, “F-Theory compactifica-
tions with multiple U(1)-factors: Addendum”, JHEP 12 (2013) 056
arXiv:1307.6425 [hep-th].

[95] M. Cveti¢, D. Klevers, H. Piragua and P. Song, “Elliptic fibrations
with rank three Mordell-Weil group: F-theory with U(1) x U(1) x
U(1) gauge symmetry,” JHEP 1403 (2014) 021 arXiv:1310.0463
[hep-th].

[96] I. Antoniadis and G. K. Leontaris, “F-GUTs with Mordell-
Weil U(1)’s,” Phys. Lett. B735 (2014) 226-230 arXiv:1404.6720
[hep-th].

[97] M. Esole, M. J. Kang and S.-T. Yau, “A new model for elliptic fi-
brations with a rank one Mordell-Weil group: 1. Singular fibers and
semi-stable degenerations”, arXiv:1410.0003 [hep-th].

[98] C. Lawrie, S. Schéfer-Nameki and J.-M. Wong, “F-theory and all
things rational: Surveying U(1) symmetries with rational sections”,
JHEP 09 (2015) 144 arXiv:1504.05593 [hep-th].

[99] M. Cvetic, D. Klevers, H. Piragua and W. Taylor, “General U(1)xU(1)
F-theory compactifications and beyond: geometry of unHiggsings and



1320 Yusuke Kimura

novel matter structure,” JHEP 1511 (2015) 204 arXiv:1507.05954
[hep-th].

[100] D. R. Morrison and D. S. Park, “Tall sections from non-minimal trans-
formations”, JHEP 10 (2016) 033 arXiv:1606.07444 [hep-th].

[101] M. Bies, C. Mayrhofer and T. Weigand, “Gauge backgrounds and zero-
mode counting in F-theory”, JHEP 11 (2017) 081 arXiv:1706.04616
[hep-th].

[102] M. Cveti¢ and L. Lin, “The global gauge group structure of F-
theory compactification with U(1)s”, JHEP 01 (2018) 157 arXiv:
1706.08521 [hep-th].

[103] M. Bies, C. Mayrhofer and T. Weigand, “Algebraic cycles and lo-
cal anomalies in F-theory”, JHEP 11 (2017) 100 arXiv:1706.08528
[hep-th].

[104] M. Esole, M. J. Kang and S.-T. Yau, “Mordell-Weil torsion, anomalies,
and phase transitions”, arXiv:1712.02337 [hep-th].

. Kimura and S. Mizoguchi, “Enhancements in F-theory models on

105] Y. Ki d S. Mi hi, “Enh in F-th del
moduli spaces of K3 surfaces with ADFE rank 177, PTEP 2018 no. 4
(2018) 043B05 arXiv:1712.08539 [hep-th].

[106] M. Esole and M. J. Kang, “Flopping and slicing: SO(4) and Spin(4)-
models”, arXiv:1802.04802 [hep-th].

[107] Y. Kimura, “F-theory models on K3 surfaces with various Mordell-
Weil ranks -constructions that use quadratic base change of rational
elliptic surfaces”, JHEP 05 (2018) 048 arXiv:1802.05195 [hep-th].

[108] S.-J. Lee, D. Regalado and T. Weigand, “6d SCFTs and U(1) flavour
symmetries”, JHEP 11 (2018) 147 arXiv:1803.07998 [hep-th].

[109] M. Esole and M. J. Kang, “Characteristic numbers of elliptic fibrations
with non-trivial Mordell-Weil groups”, arXiv:1808.07054 [hep-th].

[110] S. Mizoguchi and T. Tani, “Non-Cartan Mordell-Weil lattices of ratio-
nal elliptic surfaces and heterotic/F-theory compactifications”, JHEP
03 (2019) 121 arXiv:1808.08001 [hep-th].

[111] F. M. Cianci, D. K. Mayorga Pena and R. Valandro, “High U(1)
charges in type IIB models and their F-theory lift”, JHEP 04 (2019)
012 arXiv:1811.11777 [hep-th].



Unbroken E7 x E7 nongeometric heterotic strings 1321

[112] W. Taylor and A. P. Turner, “Generic matter representations in
6D supergravity theories”, JHEP 05 (2019) 081 arXiv:1901.02012
[hep-th].

[113] K. Kodaira, “On compact analytic surfaces II”, Ann. of Math. 77
(1963), 563-626.

[114] K. Kodaira, “On compact analytic surfaces III”, Ann. of Math. T8
(1963), 1-40.

[115] A. Néron, “Modeles minimaux des variétés abéliennes sur les corps
locaux et globaux”, Publications mathématiques de I’IHES 21 (1964),
5-125.

[116] J. Tate, “Algorithm for determining the type of a singular fiber in an
elliptic pencil”, in Modular Functions of One Variable IV, Springer,
Berlin (1975), 33-52.

[117] M. Bershadsky, K. A. Intriligator, S. Kachru, D. R. Morrison, V. Sadov
and C. Vafa, “Geometric singularities and enhanced gauge symme-
tries”, Nucl. Phys. B 481 (1996) 215 arXiv:hep-th/9605200.

[118] J. Milnor, “On simply connected 4-manifolds”, Symposium Interna-
cional de Topologia Algebraica (International Symposium on Algebraic
Topology), Mexico City (1958) 122-128.

[119] S. Kondo, “Automorphisms of algebraic K3 susfaces which act trivially
on Picard groups”, J. Math. Soc. Japan 44 (1992) 75-98.

[120] K. Matsumoto, “Theta functions on the bounded symmetric domain of
type I 2 and the period map of a 4-parameter family of K3 surfaces”,
Math. Ann. 295 (1993) no.3, 383-409.

[121] E. B. Vinberg, “On automorphic forms on symmetric domains of type
IV? | Uspekhi Mat. Nauk 65 (2010) no.3, 193-194.

[122] J. Igusa, “On Siegel modular forms of genus two”, Amer. J. Math. 84
(1962) 175-200.

[123] K. S. Narain, M. H. Sarmadi and E. Witten, “A note on toroidal
compactification of heterotic string theory”, Nucl. Phys. B279 (1987)
369-379.

[124] T. Shioda, “On elliptic modular surfaces”, J. Math. Soc. Japan 24
(1972), 20-59.



1322 Yusuke Kimura

[125] J. Tate, “Algebraic cycles and poles of zeta functions”, in Arithmetical
Algebraic Geometry (Proc. Conf. Purdue Univ., 1963), Harper & Row
(1965), 93-110.

[126] J. Tate, “On the conjectures of Birch and Swinnerton-Dyer and a
geometric analog”, Séminaire Bourbaki9 (1964-1966), Exposé no. 306,
415-440.

[127] G. W. Moore, “Les Houches lectures on strings and arithmetic”,
arXiv:hep-th/0401049.

[128] I. I. Piatetski-Shapiro and I. R. Shafarevich, “A Torelli theorem for
algebraic surfaces of type K37, Izv. Akad. Nauk SSSR Ser. Mat. 35
(1971), 530-572.

[129] T. Shioda and H. Inose, “On Singular K3 surfaces”, in W. L. Jr. Baily
and T. Shioda (eds.), Complex analysis and algebraic geometry,
Iwanami Shoten, Tokyo (1977), 119-136.

[130] J.-H. Keum, “A note on elliptic K3 surfaces”, Trans. Amer. Math.
Soc. 352 (2000) 2077—-2086.

[131] K.-I. Nishiyama, “The Jacobian fibrations on some K3 surfaces and
their Mordell-Weil groups”, Japan. J. Math. 22 (1996), 293-347.

[132] M. J. Bertin and O. Lecacheux, “Elliptic fibrations on the modular
surface associated to I'1(8)”, in Arithmetic and geometry of K3 sur-
faces and Calabi- Yau threefolds, 153-199, Fields Institute Commun.
67, Springer (2013) arXiv:1105.6312 [math.AG].

[133] R. Miranda and U. Persson, “On extremal rational elliptic surfaces”,
Math. Z. 193 (1986) 537-558.

[134] P. S. Aspinwall and D. R. Morrison, “Nonsimply connected gauge
groups and rational points on elliptic curves”, JHEP 9807 (1998) 012
arXiv:hep-th/9805206.

[135] P. S. Aspinwall and M. Gross, “The SO(32) heterotic string on a K3
surface”, Phys. Lett. B387 (1996) 735-742 arXiv:hep-th/9605131.

[136] C. Mayrhofer, D. R. Morrison, O. Till and T. Weigand, “Mordell-Weil
torsion and the global structure of gauge groups in F-theory”, JHEP
10 (2014) 16 arXiv:1405.3656 [hep-th].

[137] N. Nakayama, “On Weierstrass models”, Algebraic Geometry and
Commutative Algebra in Honor of Masayoshi Nagata, (1988), 405-431.



Unbroken E7 x E7 nongeometric heterotic strings 1323

[138] I. Dolgachev and M. Gross, “Elliptic three-folds I: Ogg-Shafarevich
theory”, Journal of Algebraic Geometry 3, (1994), 39-80.

[139] M. Gross, “Elliptic three-folds II: Multiple fibres”, Trans. Amer. Math.
Soc. 349, (1997), 3409-3468.

[140] S. Mukai, An introduction to invariants and moduli, Cambridge Uni-
versity Press (2003).

[141] M. B. Green, J. H. Schwarz and P. West, “Anomaly free chiral theories
in six-dimensions”, Nucl. Phys. B254 (1985) 327-348.

[142] A. Sagnotti, “A note on the Green-Schwarz mechanism in open string
theories”, Phys. Lett. B294 (1992) 196203 arXiv:hep-th/9210127.

[143] J. Erler, “Anomaly cancellation in six-dimensions”, J. Math. Phys. 35
(1994) 1819-1833 arXiv:hep-th/9304104.

[144] J. H. Schwarz, “Anomaly - free supersymmetric models in six-
dimensions”, Phys. Lett. B371 (1996) 223-230 arXiv:hep-th/
9512053.

[145] S. H. Katz and C. Vafa, “Matter from geometry,” Nucl. Phys. B497,
146-154 (1997) arXiv:hep-th/9606086 [hep-th].

[146] R. Slansky, “Group theory for unified model building,” Physics Reports
79 (1981) 1-128.

[147] S. H. Katz and D. R. Morrison, “Gorenstein threefold singularities
with small resolutions via invariant theory for Weyl groups,” Jour.
Alg. Geom. 1 (1992) 449 arXiv:alg-geom/9202002.

[148] F. Apruzzi, J. J. Heckman, D. R. Morrison and L. Tizzano, “4D
Gauge Theories with Conformal Matter”, JHEP 09 (2018) 088
arXiv:1803.00582 [hep-th].

KEK THEORY CENTER

INSTITUTE OF PARTICLE AND NUCLEAR STUDIES, KEK
1-1 OHO, TSuKUBA, IBARAKI 305-0801, JAPAN

E-mail address: kimurayu@post.kek. jp






	Introduction
	Review of non-geometric heterotic strings with unbroken e7e7 algebra, F-theory, and extremal K3 surfaces
	Special points in the moduli of eight-dimensional non-geometric heterotic strings and F-theory duals with enhanced gauge groups
	Jacobian Calabi–Yau 3-folds and F-theory compactifications
	Conclusions
	Appendix Elliptic fibrations of attractive K3 S[2   0   2]
	Appendix Types of the singular fibers of extremal rational elliptic surfaces
	References

