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kernels and a non-polynomial
g-Askey scheme

JONATAN LENELLS AND JULIEN ROUSSILLON

We study the recently introduced family of confluent Virasoro fu-
sion kernels Ci (b, 0, 05, v). We study their eigenfunction properties
and show that they can be viewed as non-polynomial generaliza-
tions of both the continuous dual ¢g-Hahn and the big g¢-Jacobi
polynomials. More precisely, we prove that: (i) Cx is a joint eigen-
function of four different difference operators for any positive in-
teger k, (ii) Cj degenerates to the continuous dual g-Hahn poly-
nomials when v is suitably discretized, and (iii) C; degenerates to
the big g-Jacobi polynomials when o is suitably discretized. These
observations lead us to propose the existence of a non-polynomial
generalization of the ¢-Askey scheme. The top member of this non-
polynomial scheme is the Virasoro fusion kernel (or, equivalently,
Ruijsenaars’ hypergeometric function), and its first confluence is
given by the Cy.
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1. Introduction

The Askey—Wilson polynomials are a four-parameter family of g-hyper-
geometric series [I]. They satisfy one three-term recurrence relation and
one difference equation of Askey—Wilson type. Moreover, they form the top
element of a five-level hierarchy of g-orthogonal polynomials called the g-
Askey scheme [0, [7]. Each element of this scheme is a family of orthogonal
polynomials satisfying one three-term recurrence relation and one difference
equation. The families at a given level of the scheme arise as limits of the
families at the level above. In particular, the two families at the second
level of the ¢-Askey scheme are the continuous dual ¢-Hahn and the big
g-Jacobi polynomials, and both of them arise as limits of the Askey—Wilson
polynomials [7, 9], see Figure [1| (left).

In this article, we propose a non-polynomial version of the ¢-Askey
scheme motivated by two-dimensional conformal field theory, see Figure
(right). The top element of the proposed scheme is the Virasoro fusion kernel.
The second level is made up of a family of confluent Virasoro fusion kernels
which was recently introduced in [I0]. The members of the non-polynomial
scheme are associated with a quantum deformation parameter ¢ which is
related to the central charge ¢ of the Virasoro algebra by

(1.1) q:e%”bz, c=1+6Q> Q=b+b L

Moreover, each member is a joint eigenfunction of four difference operators.
The proposed scheme is a generalization of the ¢-Askey scheme in the sense
that its members reduce to members of the g-Askey scheme in appropriate
limits when certain variables are discretized, see Figure |2} In this paper, we
consider in detail the first two levels of the non-polynomial scheme and their
relation to the first two levels of the ¢-Askey scheme; results on lower levels
will be presented elsewhere.

In the first part of the paper (Sections , we study the Virasoro

. 0 6, 0s . .
fusion kernel F' [91 et; o | 38 well as the confluent Virasoro fusion kernels
oo YO b

Ci(b, 0,04, v) which were introduced in [10] as confluent limits of F. The Vi-
rasoro fusion kernel F' plays a fundamental role in the conformal bootstrap
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Figure 1. First two levels of the g-Askey scheme (left) and of the non-
polynomial scheme (right).

approach to two-dimensional conformal field theories [12] 14]. It was first
constructed in [12, 13| and later revisited in [23] where it was interpreted
as b-6j symbols associated to the quantum group Uy(sl2(R)), with b charac-
terizing the central charge of the Virasoro algebra according to . The
function F' satisfies two different pairs of difference equations, the first pair
involving operators acting on os and the second pair operators acting on
o¢. On the other hand, the kernels Cj, form a family of functions indexed by
the integer £ > 1. They are obtained from F' by letting the variables 67, 0,
and oy tend to infinity in a prescribed way, see Section [3| and this confluent
limit can be viewed as the first degeneration limit in the non-polynomial
scheme. We show in Theorem [3.2] and Theorem [3.4] that, just like F', each
of the kernels Ci is a joint eigenfunction of two different pairs of difference
operators, with the operators in the first pair acting on v and the operators
in the second pair acting on os. These difference equations are obtained by
studying the confluent limits of the difference equations satisfied by F'.

In the second part of the paper (Sections , we study the relation
between the non-polynomial scheme and the ¢-Askey scheme. In the con-
fluent limit, the parameter oy is left unchanged while oy is sent to infinity.
As a result, the two pairs of difference equations satisfied by C;, are of dif-
ferent nature: the first pair is of the form satisfied by the continuous dual
g-Hahn polynomials, while the second pair is of the form satisfied by the big
g-Jacobi polynomials. This suggests that there is a relationship between the
Cr and these polynomials. This relationship is made precise in Theorem
and Theorem which together with Theorem form the main results
of the second part of the paper. Theorem shows that F' reduces (up
to normalization) to the Askey—Wilson polynomials when the variable o
is suitably discretized. Similarly, Theorem and Theorem show that
Ci(b,0,0,,v) reduces (again up to normalization) to the continuous dual
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g-Hahn polynomials when v is suitably discretized and to the big ¢-Jacobi
polynomials when oy is suitably discretized. Depending on whether k is an
odd or an even integer, the resulting polynomials are associated with the
quantum deformation parameter g or its inverse ¢~ '.

The main results in Sections 46| are summarized in Figure 2] In Figure[2]
the limits from elements of the non-polynomial scheme to elements of the
g-Askey scheme are indicated by dashed arrows; we refer to these limits as
polynomial limits, since the limiting functions are polynomials. The limits
within the two schemes are indicated by solid arrows. It is important to
note that the diagram in Figure [2| commutes: The confluent limit which
was considered (with an entirely different goal in mind) in [10] to define the
confluent Virasoro fusion kernels Cr descends to the degeneration limits of
the g-Askey scheme in the polynomial limit.

) Eq. (3.8) [ confluent Virasoro }

[Vlrasoro fusion kernel J Fusion kernels

3 Theorem 541 - -~ ’
Theorem el .
E2] ! Continuous dual 7
} Eq. (B8) g-Hahn polynomials | -° Theorem
Askey—Wilson 7 ’
polynomials 7
¥
Eq. (B.15) big-q Jacobi
polynomials

Figure 2. Illustration of the relationship between the non-polynomial scheme
introduced in this paper and the g-Askey scheme. The diagram summarizes
the main results of Sections [46] The solid and dashed arrow correspond to
confluent and polynomial limits, respectively.

In the context of the g-Askey scheme, it is usually assumed that 0 <
g <1, or at least that |¢| < 1 [6]. However, in the non-polynomial setting
it is natural to assume that ¢ lies on the unit circle; according to ,
this corresponds to b > 0 and a central charge ¢ satisfying ¢ > 1. Thus, even
though we expect many of our results to analytically extend to other values
of ¢, we will focus on the case when ¢ lies on the unit circle. It is interesting
to note that although the orthogonal polynomials in the g-Askey scheme are
typically not defined (at least not in the standard way) when ¢ is a root
of unity, no such restriction is necessary for the non-polynomial scheme.
Consequently, we only need to impose the assumption that ¢ is not a root
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of unity in the second part of the paper where the polynomial limits are
considered.

Sometimes the family of continuous g-Hahn polynomials are included
in the second level of the ¢g-Askey scheme, along with the continuous dual
g-Hahn and the big g-Jacobi polynomials. However, since the continuous
g-Hahn polynomials are related to the Askey—Wilson polynomials by simple
phase shifts (see [6l Eq. (14.1.17)]), they can be obtained from the Virasoro
fusion kernel in the same way as the Askey—Wilson polynomials. We will
therefore not discuss them further in this paper.

1.1. Relation to earlier work

Our construction of a non-polynomial scheme with the Virasoro fusion ker-
nel as its top member has been inspired by results presented in [I8] and
[15]. First, it was shown in [I8] that the Ruijsenaars hypergeometric func-
tion R(a4,a—,c;v,0) (also referred to as the R-function) reduces to the
Askey—Wilson polynomials in a certain limit when either v or ¢ is suitably
discretized. The key to the proof of this fact in [I8] is that, in this limit, one
of the four difference equations satisfied by the R-function reduces to the
three-term recurrence relation satisfied by the Askey—Wilson polynomials.
Second, it was recently understood in [I5] that, up to normalization, the Vi-
rasoro fusion kernel F'is equal to the R-function when the parameters of the
two functions are appropriately identified. By combining these two results,
it follows that the Virasoro fusion kernel also reduces to the Askey—Wilson
polynomials in an appropriate limit. This observation is made precise in
Theorem [4.2] which therefore can be viewed as a reformulation of the result
from [I§] expressed in the language of the Virasoro fusion kernel using the
identification put forth in [I5]. However, in Section {4 we give a direct and
self-contained proof of Theorem based on the idea of [18], because this
is easier than to explain how the assertion follows from [I8] and [15].

To the best of our knowledge, no attempt has previously been made to
derive an Askey type scheme with the R-function or the Virasoro fusion
kernel as its top member. A non-polynomial generalization of the ¢-Askey
scheme whose top member is the Askey—Wilson function was constructed in
[8]. It is however not clear if there is any relation between the non-polynomial
scheme presented here and the scheme of [8]. The Askey—Wilson function
is a non-polynomial generalization of the Askey—Wilson polynomials [8]; it
is a joint eigenfunction of two difference operators of Askey—Wilson type
[2, 4] and it was shown in [2] that it is proportional to a trigonometric
Barnes integral, whose building block is the ¢-Gamma function I'; [19]. In
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particular, the function I'y, and consequently the Askey—Wilson function, are
well defined only for |¢| < 1. On the other hand, the R-function, which was
introduced in [I7] and studied in greater detail in [I8], 20, 21], is proportional
to a hyperbolic Barnes integral [2], whose building block consists of the
hyperbolic gamma function G(ay,a—,z) [19], and it is defined for more
general values of ¢ = e¢™+/% in the complex plane. The R-function can
be expressed as a sum of two terms, where each term is proportional to a
product of two Askey—Wilson functions |2, Theorem 6.5].

1.2. Organization of the paper

We recall the definition and eigenfunction properties of the Virasoro fusion
kernel F' in Section 2l Eigenfunction properties of the confluent Virasoro
fusion kernels Cj are derived in Section |3} In Section {4 we consider the
reduction of F' to the Askey—Wilson polynomials. In Section [5] we show
that a renormalized version of C; reduces to the continuous dual ¢-Hahn
polynomials when v is suitably discretized. In Section [6], we prove that a
renormalized version of Cp reduces to the big g-Jacobi polynomials when
05 is suitably discretized. Section [7] contains some conclusions and perspec-
tives. In Appendix[A] the definition of ¢-hypergeometric series is recalled. In
Appendix [B], we review the properties of the first two levels of the ¢-Askey
scheme that are needed for the proofs in Sections [4H0]

2. The Virasoro fusion kernel

The Virasoro fusion kernel, denoted by F', is defined by

(2.1)
F [91 0. as} — gy (€61 + 01 + €'a1) gy (e — 0o + €'0)
O 00’ O Lo 9 (€00 + 0t + €'a5) gy (€01 — oo + € 05)

y H gb(% + 2608)
=11 gb(—g + 2e0y)
x/d:c sp (z+ €b1) sp (x + €l + 00 + 6;)
F e:ﬂsb(x+§+0w+eas)sb(x+§+9t+eat>

)

where sp(z) and gp(z) are the special functions defined by

L[ dy sin 2yz z Q
2.2 = — - = I —
(2:2) s(2) = exp {1/0 Y (2 sinh b~ 1y sinh by y)]’ [m 2} < 2’
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and
(2.3)
) > dt | +12(‘2”t+ _ﬁ> iz
= —_ — b P
V) =P J 0 | dsinhotsinhb—1¢ 47 \° ¢ o] [
Q
I ——
mz > 5

In order to specify the contour of integration F in (2.1]), we need to first
recall some properties of g,(z) and sp(z). These functions are related to the
functions G and E in [I8, Eq. (A.3)] and [I8, Eq. (A.43)] by

1

(2.4) sp(2) = G(b, 075 2), g(2) = W%

thus it follows from [I8] that

e s, and g satisfy the relation s(2) = g(2)/gp(—2) and

e the function g,(z) has no zeros, but it has poles located at
(2.5) zk,l:—g—ikb—ilb’l, k,1=0,1,2,....

Consequently, the function sp(z) is a meromorphic function of z € C with
2er0s {Zm,1}01_ and poles {py,}o7,_ located at

Zm,l = Q + imb +ilb~ L, m,l=0,1,2,..., (zeros),
(2:6) 2
. i0
Pmi=—% — imb — ilb~ m,1=0,1,2,..., (poles).

The multiplicity of the zero z,,; in is given by the number of dis-
tinct pairs (my,l;) € Z>o X Z>o such that 2z, ;, = zm . The pole p,,; has
the same multiplicity as the zero z,,;. In particular, if b? is an irrational
real number, then all the zeros and poles in are distinct and simple.
We deduce that the integrand in has eight semi-infinite sequences of
poles in the complex z-plane. Assuming that b > 0, there are four downward
sequences starting at x = +60; — g and ¢ = £60y — O — 0 — %, and four
upward sequences starting at * = —0,, + 05 and x = —0; + o¢. The contour
F in is any curve from —oo to +oo which separates the four upward
from the four downward sequences of poles. We can ensure the existence of

such a contour by imposing the following restrictions on the parameters.
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Assumption 2.1 (Restrictions on the parameters). Throughout the
paper, we assume that

(2.7) b>0, ((90, 0y, 01, 900) S R*.

Let us temporarily also assume that o, 0; € R. Then Assumption
implies that F can be chosen to be any curve from —oo to +o0o lying in the
open strip Imx € (—Q/2,0). Moreover, with this choice of F, the integrand
in has exponential decay as Rez — £00, so the integral in is well-
defined. The decay of the integrand follows from the following asymptotic
formula which is a consequence of [I8, Theorem A.1] and (2.4): For each
e >0,

(2.8)

. 2 .
Tlnsy(z) = —% - %(bz—i-b_Q)—i—O(e_%‘Rez‘), Rez — +o0,
uniformly for (b,Im z) in compact subsets of (0,00) x R. Note that Assump-
tion [2.1] is made primarily for simplicity; we expect all our results to admit
analytic continuations to more general values of the parameters. In the fol-
lowing subsection we use that F' can be defined for complex values of o5 and
o; by analytic continuation.

2.1. First pair of difference equations

Define a translation operator e*®9- which formally acts on a meromorphic
function f(os) by et®%: f(o,) = f(0os % ib). Define the difference operator

Hp acting on the variable og by

0, 0 0, 0 ]
(29) HF |:9; 92, b7 0'.<:| == H;'_ [9; 0;7 b) Us:| elbags

+ H;;: |:91 Qt,b7 7O'Si| e—ibaﬂs + H?;‘ |:91 ¢9t,b7 O_Si| ,

900 90’ ecc 00’
where
(2.10)
+ [6: 6, 4721 (14-2b% —2ibo )T'(b2 —2ibo s )T’ (—2ibo s )T (14-b% —2ibo ;)
Hp oo 07| = bQ bQ
oo V0 He,s/:il F(T—ib(os—l—eﬁl +e’9(x>)>T‘(T—ib(as—l—eﬁg—l—e’ﬁt))
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and

O 00’

44 Z [[._; cosh (mb(efe — @ — 01 — k‘os)) cosh (1b(efy — 2 — 0, — ko))
sinh (27rb(k0g )) sinh (27bkoy) '

(2.11) HY {el by, US] — —2cosh (2mb(6; + 0, + L))

k=%+1

It was shown in [15, Proposition 4.3] that the Virasoro fusion kernel F is a
joint eigenfunction of two copies of Hp:

(2.12a) Hp [gl g’,b 05} F [31 Z‘;Zj] = 2cosh (27boy) F [gl zf;ij ,
0, Gt' 1 0, 9t_as . 1 0, Bt'o—s
(212)  Hp )" g0 P9 057 ] = 2cosh (2mb7ay) P 7]

2.2. Second pair of difference equations

Define the dual difference operator Hr acting on the variable o} by

r7 o 0: + [ 6o 6 ib0o,
(2.13) HF[G G,bat} i [9 G’ba,}

+ (60 O —ibd, 0 6o 0:,
+HF|:900t,b i|€2 t+HF|:0 flb»Ut,

where

(2.14)
H+ [00 0, . b 01} _ 472 F(l—b2+2iba't)F(1+2ibat)I‘(2ibat—22b2)F(2ibat—b2) .
0o 01 M. ., 0( "000) )T (152 +ib(0r+€01+¢6,))

It was shown in [I5, Proposition 4.4] that F' also satisfies the dual pair of
difference equations

g

(2.15a)  Hp [90 O, at} F [91 0.

s 0, 0, Os
0. 0. ]:2cosh(27rbas)F[ ; ],

900 007 O¢ 900 007 ¢

I 0o 0, 0, 0, 0s| —1 0, 0, 0s
(2.15b)  Hp [0 S ,m} F [9 " } = 2cosh (27670, F [em OD,JJ .
3. Difference equations for the confluent Virasoro
fusion kernels

In the previous section, we recalled the definition of the Virasoro fusion
kernel and its eigenfunction properties. In this section, we describe the limit
of the Virasoro fusion kernel leading to the family of confluent Virasoro
fusion kernels Cj, and we show that the kernel Cy, satisfies two different pairs
of difference equations for each k.
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3.1. Confluent Virasoro fusion kernels

The confluent Virasoro fusion kernels {C}7°, were introduced in [I0] as
confluent limits of the Virasoro fusion kernel. Let 8 = (6, 6;,0.) € R3 be a
vector of parameters and let A(z) be the function defined by

2
% + 2?
The kernel Cy, is defined for any integer k > 1 by [10, Eq. (5.5)]

(3.1) Ar) =

(32)  Ci(b,0,v,00) = P® (0,1,0,) / do IV (2,0, v, 0,).
C

where the prefactor P*) is given b

i N AWG) AW -A(r,)+ L 22
(33) P(k) (0’ v, Us) _ (62171—(L5J_5)b) (00)+A(0:)—A(0s)
gv (€05 — 0x) gy (€05 — Oy — 04) gy (€05 + 0o — 64)

X .
e==+1 9b (_§ + 2605) gp (l/ — %‘ + 6(9()) b (_Qt + 6(1/ + %))

)

and the integrand I*) is given by

sb(x—l—e—*—@t—i-z/)

(3.4) IW (2,0,v,0,) = eV ime(F 5 H04v)

sb(x+ Q)
Sp x—i—e@o—i-y——)
X )
611131, e+ L% 0, +eoy)

The integration contour C in is defined as follows. As a function of
x € C, the numerator in the integrand has three decreasing semi-infinite se-
quences of poles, while the denominator has three increasing semi-infinite
sequences of zeros. The contour C in is any curve from —oo and +oo
which separates the increasing from the decreasing sequences. In addition
to the restrictions that b > 0 and (g, 6y, 01, 0s) € R* imposed by Assump-
tion we temporarily also assume that (6., v,0s) € R3. In this case, the

!Complex powers are defined on the universal cover of C \ {0}, i.e.,

(GQiW(\_%j—%)b)a — e2i‘n’o¢(\_§ —%)ba.
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contour of integration C can be any curve from —oo to +oco lying within the

strip Imz € (—Q/2,0). Moreover, with this choice of C, the integral in (3.2))
converges. Indeed, it follows from the asymptotic formula (2.8) for s; that
the integrand I*) obeys the estimate

(3.5) 1) (x,0,v,05) = O(e_”Qm”'), Rex — doo0,

uniformly for (b,Im x, 0, 0,0+, v,0s) in compact subsets of Rsg x R x C5.
As in the case of F', the functions Cj are defined for more general values of
the variables by analytic continuation.

The kernels Cj, are confluent limits of the Virasoro fusion kernel .
Indeed, define the function M by

(3.6) M [90 9t-"t} _ i A0 =AB)-AG) {60 et_at} |

900 01’05 900 01’0'3

where F' is defined by (2.1). Moreover, define the normalization factor
Li(A,v,04) for A >0 and k > 1 by

(3.7) Li(A,v,04) = e~ (=8(532) - A0 +A(5—v))

% (eQiﬂ(k—l)Z.bA) (A(90)+A(9t)*A(as)+§72y2) |

Then, for any integer k > 1,

(3.8)
0 . A Cor (b,0,v,05), — 41,
lim (Lk(eA, v,05) M [ef_s* (Aia*; A VD _ ok ( V,05) €=t
A—+oco T2 T2 O Cok—1 (5,0, v, 0’3), N

The relation between F' and Cp was not stated in this form in [I0], but
equation is convenient for our present purposes and can be deduced
from [10, Section 6.1].

In the remainder of this section, we show that the four difference equa-
tions in and satisfied by the Virasoro fusion kernel survive in
the confluent limit ; this leads to four difference equations satisfied by
Cy for each k. Since we seek to use , we rewrite the difference equa-
tions (2.12) and (2.15)) for F in terms of M using (3.6)). Define the difference
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operators H;; and H M by

Hys {90 0y Ut} _ ewa(at+L2b)HE7|- {90 0. Ut} R

[ O 01’
n 627rb(—a,,+%)H;5 [gi ZZ“” 7@} o~ ib0s,
(3.92) + HY [gw ", Ut} ,
(B.9b)  H [p fsve] = Hp ] e

It follows from ([2.12)) and (2.15)) that M satisfies the pair of difference equa-
tions

0o 0, Oy 0, Ot 0o 0, O
(3.10a)  Hy [QOC o, at} M [900 eﬁaj = 2cosh (2mboy) M [ew 91;05],

(3.10b)  Hy [31 z;;l% os} M [990 Z‘l;zt} = 2 cosh (2mboy) M [go Z‘I;Zt} ,

as well as the pair of difference equations obtained by replacing b — b~! in
(13.10)).

3.2. First pair of difference equations

The first pair of difference equations for Cy is found by applying the limit

(3.8) to the difference equation (3.10al). Equation (3.10a)) can be written as

(3.11)

<Lk(eA, v,05)Hyp [g:o ztl; b, at} Li(eA, v, Js)_l) Li(eA,v,06) M [g:o Zi,?}
90 06, Ot
O 017 05| °

= 2cosh (2nbos) Li(eA,v,05) M [

Introduce the difference operator He, by

(3.12) He, (b,v) = H('::(V)eiba,, N Ha(u)e*ibau L),
where
(3.13)
H} (v) = Ar2e—4mbl F5 | (ib+2v) |
C TeaT(Fri(ot s )T (i (0 -5 )
He, (v) = Ar2e—4mb(L5 13 ) (@b—2v)

Heear T (% +ib (b0~ % +0) )T (% +ib (et + % +v))
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and

HR (v) = Lo (=D mb(0o+0,+2v) cosh(mb(L + 0 + % — v))
x cosh(mb(% — %* +6; —v))
(3.14) + 4eDMT ROH0=2) cogh (b(L + 6, + & + 1))
X cosh(wb(% - %* + 6 +v))
-2 cosh(27rb(% + 00+ 6y)).

The next lemma shows that He, is the limit as A — 400 of the operator in
round brackets on the left-hand side of (3.11]) evaluated with

eA — 0, e\ + 0, eA
9 s 91: O = — — .

(3.15) Ooe = . 5

Lemma 3.1. For each integer k > 1,

0o 0, _
(3.16)  lim (Lk(eA,y, os)Hr [eA_g* €A+9*;b,%—u] Li(eA,v,05) 1>

A—+oc0 2
B He,, (b, l/), €= +1,
B He,, [ (byv), e=—1.

Proof. Let us consider the case e = +1. Using ([3.9a)), we can write

(3.17)
6o 0, _
Lk(AvVst)HM [A;e M;b’%_”} Lk(Avl/vO-S) !

6o 0,
= H?? [A—e* 240,50 %_”}
2 2

Li(A 6 0, . .

+ TrbAL (X(V’ VaiUbs)a )H; {é aro. b, %—1/:| ewb(zb—?u)e—zbau
K\, ¥ — 10, 05 2 2

Lk(A’ v, 0'5)

—mbA
+ Lr(A, v+ b, 05)

0o 0, o )
H; [i ate. ;b *%ﬂ/} emb(ib+ V)ezbau’
g 2

2

where the coefficients H;,f and Ly, are given in (2.10) and (3.7)), respectively,
and Hy is defined in ([2.11)). It is straightforward to verify that (3.17) can be
brought to the following form:

0 (7
Lk(A7 v, JS)HM |:A7(;* A+t9* ; b, %_V} Lk(Aa v, Js)_l
2 2

6 0 1
(3.18) — HY [L o b g_y} + X (M) HE (v) e
+X_1(A,v) He, (v) e,
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where Hcik (v) are given in (3.13]) and the coefficients X;(A,v), j = £1, are
defined by

(3.19) X,;(A,v) = (jibA)~2(0=2v)
5 D(b(b+ij (A=20))D (b +i (A—20)b+ 1T (26 +ij (A—20)b+ DT (jib(A—2v))
[ PO (o5 M) D (57 i3 (5 e+ A—v))

It remains to compute the limit A — +oo of (3.18]). First, the asymptotic
formula

(3.20) I'(z +a) ~ V2m ey o2 z— 00, z4+a € C\ R, |a] < |2
shows that

(3.21) AEIEOOXil(A v)=1.

Second, the first term on the right-hand side of (3.18)) takes the form

HY [ s 30 = = 2cosh(2mb(2 + 60 + 0,)
+ J41(A, ) cosh(ﬂb(—— —0p— 5 +v))
(3.22) x cosh(mb(— 2 + % — 6, + y))
+J_1(Av) cosh(Trb(—— —0o+% —v))

X cosh(ﬂb(% + 7 +0:+v)),

where the coefficients J;j(A,v), j = £1, are defined by
(3.23)

7. (A l/) Y cosh(ﬂb(———O +9“ —]A—l—jl/))COSh(Wb(——— t—e“ ]A—F]I/)).

2

smh(7rb(A 2v)) sinh(7b(ib+jA—25v))

The limit of J; as A — +o00 is easily computed by expressing the hyperbolic
functions in terms of exponentials:

(3.24) lim Jj(A,v) = 4e/mOot0:F20) g — 4,
A=+
It follows from and (| - ) that
) 0,
(3.25) AETOO HY, [A TS gfu} = HY (v).

Using (3.21) and (3.25)), we can compute the limit of (3.18]) as A — 4oc.
Comparing the result with (3.12), we obtain (3.16)) for e = +1. The case

€ = —1 is treated in a similar way. O
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We can now state the first pair of difference equations for Cy.

Theorem 3.2 (First pair of difference equations for Cy). For each
integer k > 1, the confluent fusion kernel Cy (b,0,v,05) defined in (3.2) sat-
isfies the following pair of difference equations:

(3.26a) He, (b,v) Ci (b,0,v,05) = 2cosh (2wbos) Ci (b,0,v,05),
(3.26b) (b‘4”2Hck b1, u)b4”2> Cy. (b,6,v,04)
= 2cosh (2nb~ o) Ci (b,0,v,0),

where He, is given in (3.12)).

Proof. We only have to prove (3.26a)), because the confluent fusion kernel
satisfies

(327) G (b—lje?y, o)) = b—Z(A(GoH‘A(Ot)—A(o‘s)+97*—2y2)ck (b,0,v,04).

We will present two different proofs of . The first proof has the advan-
tage of being constructive and is based on Lemma this is the approach
we first used to arrive at . The second proof is more direct and avoids
the use of Lemma [3.1] and of confluent limits, but it assumes that the struc-
ture of is already known.

First proof of . With the help of and , we can easily
compute the limit A — 400 of equation for any integer k£ > 1 and
e = £1. This gives .

Second proof of . Let us rewrite the integral representation
for Cy, as follows:

(3.28) Co (b,0,v,04) /C dz Xp(z,0)Yi(2, 03) Z(),

where the dependence of the functions Xy, Y:, Z on 6 is omitted for sim-
plicity. Performing the change of variables x — x — v in (3.2]), we find that
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X, Yy, Z), are given by

Xk($7 V) _ b—2u2e—4i7r1/2(|_§j—%)

xe(

—Dkimv(3E —z+ %40, +v) sy (2412 —p) !
I +1 gb(”*%+€90)gb(6(%+u)79t) ’

Vi(z,05) = b2 e —2iwA<as>(L§ |-2)
% H gv(€0s—0.)gs(€0s—00— gt)gb((fa' +60—6;)
Qb 2605—— sb(:c-i,- _L_9t+€08) »

El-1) (A(90)+A(9t)+§>

(3.29) x sp(x —0p — 5 )sp(w + 0 — %)sb(x + %5 —6).
As a consequence of the relations
ib —ibz ib
5 V2
(3.30) 9 (2 + Eb) _ b T T , sz + fb) = 2cosh7bz,
w(z—%) T(3—ibz) sp(2 = %)

the following identity follows from long but straightforward computations

(3.31) He, (;:():f];gx’ v) _ 2 cosh (mb(2x — 6, — 26;)) + Yr(z,v),

where

74@_6(71)knb<9t+u+§+%> cosh (7b(z + 2 + & — 9,))
sinh (wb(x + ib — v))

X H cosh (7b(z + £ + efly — &)).
e==1

(3.32) ty(z,v) =

Using (3.31]), we obtain

He, (b,v) Cr (b,0,v,0) —/ dx 2 cosh (7b(2x — 0, — 20,)) Xy (z,v)Yi(x, 05) Zi ()
C

(3.33) —l—/cdx Yi(x,v) Xi(x,v)Yi(x, 05) Zi(x).
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Moreover, the identity satisfied by s, in (3.30) implies that the building
blocks Xy, Yy, Zi of the integral possess the following properties:

X, — b k41
(3.34a) "M = 25D T Ginh (b2 — 1)),
k>, V
Yi(x —ib
(3.34b) ’W = 2cosh (27bo) — 2 cosh (7b(2z — 6, — 26y)),
yUs
Zk(l' — Zb) . e(’l)k+l%b(9*+29t+i®
(334C) Zk(x) " 8cosh (ﬂ'b(azfz?bfﬁgf%*)) cosh (Wb(x*%+0u*%)) cosh (‘n'b(zf%+97*70t) :

Performing the change of variables x — x — b in the second integral in (3.33])

and using (3.34b]), we obtain
He, (b,v)Cy (v,05) :/ dx 2 cosh (mb(2x — 0, — 20,)) Xy (z,v)Yi(x, 05) Zi(x)
C

- / dx 2 cosh (mb(2z — 0, — 26))
C

x g — ib,v) Xy (x — ib, v) Yy (, 05) Zy (v — ib)
(3.35) + 2 cosh (27bos)

X / dz Y (x — ib,v) Xy (x — ib,v)Yi(x, 05) Zi(x — ib).
C

On the other hand, the identities (3.34a)) and (3.34c|) imply that

(3.36) Yp(z —ib, V) Xp(z — ib, v) Zk(x — ib) = X (z,v) Zi(x).

Equation (3.36)) ensures that the first two lines in (3.35) cancel and thus
(13.26a)) follows from ([3.35|). O

3.3. Second pair of difference equations

To derive the second pair of difference equations satisfied by Ci, we rewrite

(3.10b)) as
(3.37)
(e_WbALk(A, v, O's)f{M |:gl g;, b, Gs:| Lk(A, v, 0'3)_1> Lk(Aa v, US)M [30 ztl’ Z:]

O 017 0s

= 2™ cosh (2mboy ) Ly (A, v, o) M [90 b Ut] .
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It is easy to observe that

(3.38) Jim 2e~™ cosh (2mbor) |, —ea ,, = {ZQ::V’ E;i
Introduce the dual difference operator ﬁck by

(3.39) He, (b,0s) = HJ (05)e™ + HF (—0g)e " + HY (o),
where

(3.40)

A (00) = 2me (o 8) (1152 4 15]-3)
« I'(1+2ibo s )T(1—b2+2iba, )T (—2b(b—ic, )T (—b(b—2ic,))
I, — {T (352 —ib(e10.—02)) 1., sy D (255 —ib(erfoFeat—0.)) }

and

(3.41) HQ (o) = —eV b @bH0-4200) 4y (50 60,) + Vi(—0s, 6),
with

(3.42) Vi(os,0;) = 260D (05 cosh(nb(2L + 6, — o))

[I._.; cosh (7rb (—% — 0+ 05+ 690))
sinh(7b(205 — ib)) sinh(27bo)

The next lemma shows that He, is the limit as A — +oo of the operator in
round brackets on the left-hand side of (3.37)) with the parameters chosen
as in (3.15)).

Lemma 3.3. For each integer k > 1,

_ Aty g
(3.43)  lim (e_“bALk(A,y, os)Hr [SAQO* b, as] Li(A, v, O'S)_1>
A—+o0 L5 0
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Proof. The proofs for ¢ = +1 and € = —1 involve similar computations, so
we only give the proof for e = +1. Using (3.9b]) and (3.7)), we can write

A+64

~ et
e_ﬂ—bALk(A7 v, JS)HM |:A_29* 0 ; 0, 05:| Lk(A,I/, US)_I

(3.44) = e ™M (A, 05) HY o (as)+e_”be(A,—as)Hé;k( o)
bA AL 0,
e | 5 e

where Hj is given in (2.11)) and

27re7rb( ?b)(sz) b(b—2io.)
ib(A —05)) T (T + ib(A + 05)) '

(3.45) XA, os) =

INE

The asymptotics (3.20)) of the gamma function implies that

1 A, +o,) = ™.
LA

Moreover, using that

A+9
e ™M HY, [ . b, os] = —2¢7 ™ cosh(mb(ib + 6, + 20; + A))

A29* 0’
(346) + 2 —mbA ﬂ'b( )COSh (ﬂ.b(zb +A— Us)‘/2k(037 Qt)

+ 26—7rbA —7b(os+ ) cosh (Wb(Zb + A -+ O'S)VQk( Og, 915)7

where V}, is given in (3.42)), it is easy to verify that

- A+6* 0, ~
(3.47) Jim e SAHY, [ o gt as} = Hp, (o).
Recalling the definition (3.39) of He, , this proves (3.43) for e = +1. l

The following theorem follows from Lemma and (3.37)) in the same
way that Theorem followed from Lemma and (3.11)).
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Theorem 3.4 (Second pair of difference equations for Cy). For each
integer k > 1, the confluent fusion kernel Cy, (b,v,05) defined in (3.28)) sat-
isfies the following pair of difference equations:

(3.484) He, (b,0s) Ci (b,0,v,05) = D27 (6,0, v,0,),

(3.48b) (b%((’s)ﬁck U as>bm<f’s>) Cy. (b,6,v,0,)

— 6(*1)k+12ﬂ'b—1uck (b, 97 I/, O_S) ,

where He, is given in (3.39).

Remark 3.5. As in the case of Theorem 3.4, it is possible to give a direct
proof of Theorem [3.4] which avoids the use of confluent limits.

Remark 3.6. The two difference operators (3.12)) and possess dif-
ferent analytic properties: the coefficients in (3.12]) are holomorphic, while
the coefficients in are meromorphic. It is therefore nontrivial that the
confluent fusion kernels are eigenfunctions of both of them.

4. From the Virasoro fusion kernel to the Askey—Wilson
polynomials

4.1. A renormalized version of F
It was shown in [I5, Theorem 1] that a renormalized version of the Virasoro
fusion kernel is equal to Ruijsenaars’ hypergeometric function. In what fol-

lows, we rewrite the result of [I5] in a form suitable for our present needs.
Introduce the normalization factor N by

b (-20t - %) b (20't - %)

41) N=K , ,
b (—205 + %) b (20'5 + §>
« H H gy (=0 + €100 + €205) gp (—01 + €10 + €205)
st 9600+ €10 + €200) gy (0: + €161 + e20%)
where
(4.2)

KZSb(g—l-Q@t)Sb(§+90+91+9m+9t>sb<§+90+91—Hoo—i-@t).
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It was shown in [I5, Theorem 1] that the renormalized Virasoro fusion kernel
Flen defined by

0, 6, 0

9, 6, 0.
(4.3) Fron [em QO,UJ — NF [ }

600 907 Ot

is equal to Ruijsenaars’ hypergeometric function under a certain parameter
correspondence. One advantage of renormalizing F' is that Fley is symmetric
under the exchange (og,6y) <+ (0¢,01). Therefore, the four difference equa-
tions satisfied by Fie, can be written in a more symmetric form as follows.
Define the difference operator Hye, by

(44) Hren |:91 et- b, Us:| — C |:91 9\5. b, Us:| e_ibads

900 90’ Goc 90’
61 6:, b0, 0 [61 6.,
+C [9; 9;,b, fas] e, HF |:9; Gg’b’ O'S:| ,
where HY is defined by (2.11)) and
(4.5) | |
C 0, et'b .1 = 4H€:ilCosh(ﬂ'b(—%—ﬁt—i—as—i—eeg))Cosh(ﬂ'b(—%—ﬁl—i—as—i—eeoo))
G sinh(27bo ) sinh(wb(—20;+1b)) :

It follows from ([2.12)), (2.15]), and (4.3)) that the renormalized Virasoro fusion

kernel Fie, satisfies the following four difference equations [I5]:

(4.68) Hyen [ 30| Fron |57 537 ] = 2 cosh (2mbo) Fren 5" 0137
(4.6b) Hyen [ Z;;b”,as] Fren [goo " ;Zj — 2cosh (26 ' 0;) Fren [;; Z‘O;Zj :
(160) Hren [3* it 0] Frw [ 5 77] = 2 cosh (2mbo) Frn 1 7]
(4.6) Hyen [ 530" 00 Fron [5* 50| = 2cosh (2mb™10) Fran [ 377]

4.2. From F,e, to A,

Let A, be the Askey—Wilson polynomials defined in . In this subsection,
we show that Fien reduces to the polynomials A, in a certain limit. As a
consequence, the Virasoro fusion kernel can be viewed as a non-polynomial
generalization of the Askey—Wilson polynomials with quantum deformation
parameter g related to the central charge c of the Virasoro algebra according

to (|1.1). In addition to Assumption we need the following assumption.
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Assumption 4.1 (Restriction on the parameters). Assume thatb > 0
is such that b* is irrational, and that, for e, € = +1,

(4.7)
0s,0¢,01,00 # 0, 900—6t+eas+e’at7é0, 000+9t+690+6/(917é0.

Assumption implies that the four increasing and the four decreasing
sequences of poles of the integrand in are vertical and do not overlap.
The assumption that b? is irrational implies that all the poles of the integrand
are simple. It is necessary to assume that b? is irrational because otherwise
q= 2™ i a root of unity and then the Askey—Wilson polynomials are not
well-defined in general, see Remark

As described in the introduction, the next theorem follows by combining

one of the results in [I8] with the observation of [15] that Fien = R.

Theorem 4.2 (Virasoro fusion kernel — Askey—Wilson polynomi-
als). Suppose that Assumptions andm are satisfied. Define a§") eC
forn >0, by

(4.8) o =X 1 gy + 0, + ibn.

S
Under the parameter correspondence

_ _e2ﬂb(%+01+9t)’ 8= _2mb( G +00—0s)

.oy = _2mb( 3 —0:+6:)

9

(4.9) 5 = —e2mb(F+00+0) g = e’
the renormalized fusion kernel defined in (4.3|) satisfies, for each integer
n >0,

. 0, 0, o .
(4.10) lim Fen [ 0050 | = An(e®™5 0, 8,7, 8,0),
Os—0s

where A, are the Askey—Wilson polynomials defined in .

Proof. 1t is easier to give a direct proof than to explain how the assertion
follows from [I8] and [15]. In fact, there are two different ways to prove ([4.10)).
The first approach consists of taking the limit o3 — a§” in the integral
representation for F for each n; the second approach only computes this
limit for n = 0 and then instead uses the limit of one of the four difference
equations to extend the result to other values of n. We choose to use
the second approach.
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We first prove for n = 0. The definition of A,, as a hypergeometric
series involves a g-Pochhammer symbol of the form (¢~"; ¢); in the numera-
tor, see and . If n = 0, only the first term of this g-hypergeometric
series is nonzero, because (1;¢q) = 0 for each k > 1. Since (x;¢q)p = 1 for all
x and ¢ by definition, we conclude that Ay = 1. Thus, to prove for
n = 0, we need to show that the left-hand side of equals 1 when n = 0.

By (2.1) and (4.3)), we have
(4.11) Fren [gl gf;ﬂ - Pl(as)/da: Li(z, ),
oo 0 t E

where

p(eror — 0y — O
=K s - ’
H ( (c10n T 01 — b ) 11131, €105 + €26 90)
sp(x 4+ €b1) sp (x + €0y + 0o + 6)

gzﬂSb(x+§+eoo+eas)Sb(x+§+0t+eot)

[l(wa JS) -

The function P;(os) has a simple zero at ago) = § + 6y + 0; originating

from the factor s, (05 — 6y — 6;). Let us consider the integrand I;. In the
limit oy — aéo), the pole of sp(x + iQ + 0o +0s) Flocated at x = —0 — 0
moves downwards, crosses the contour of integration F, and collides with
the pole of sy(x + 0y + 00 + 0;) located at = = xy := —9Q 9y — 0 — 0.
Hence, before taking the limit o, — ag ), we choose to deform the contour
of integration F into a contour F’ which passes below z; this gives

(4.12)

Fren [0 0:77] = ~2imPi(0) Bes (5 (2.0,)) + Pr(o) / do I (2, 04).

o T=Ty¢

Using the relation

(4.13) Res_ s(2) = 2i

2—7 ™

a straightforward computation yields

(4.14)

2in Res Iy ( )= s (—200— 2 ) sy (—00—01 —0oc =0, — *2 ) 5, (=00 +01 —00c —0, — 2 )
Zﬂ-x:xf 1L, 0s) = $p(—00—000—01) s (—00—0oc+01)sp(—00—01—0 5 ) s (—0o—0,+05) °

The right-hand side of 1D has a simple pole at o5 = o{” due to the factor
sp(—0 — 0y + 05)~ 1. Moreover, in the limit oy — 050), the second term in
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(4.12]) vanishes thanks to the zero of P;(os). Thus,

0, 01,' Os

(4.15) lim  Fien [Ow .

Os—0s

]:—22'77 lim Pi(os)ResIi(z,05).

o, —>o-£0> T=xy

A straightforward computation shows that the right-hand side equals 1; this

proves (4.10) for n = 0.
For each integer n > 0, let P,, denote the left-hand side of (4.10)), i.e.,

_ . 61 Gt . Ts

The same kind of contour deformation argument used to establish the case
n = 0 shows that the limit in exists for all n. The function P,, depends
on o; as well as the four parameters 6y, 61, 04, 05. To show that P, equals
the Askey—Wilson polynomial A,, on the right-hand side of forn > 1,
we consider the limit of the difference equation . Using the parameter
correspondence , it is straightforward to verify that

(4.17) lim Hyen [g oo, os] =Rs, n>0,
Usﬁa‘gn) ~ bo

where Ry, is the recurrence operator defined in (B.4). Hence, taking the
limit of the first difference equation (4.6a}) for Fie, as o5 — a§"), we see that
P, satisfies

(4.18) RAPy=(z+2YP,, n>0,

where z = *™7. Thus the P, satisfy the same recurrence relation
as the Askey-Wilson polynomials evaluated at z = €277, Since we have
already shown that Py = Ag = 1, equation (4.18) with n = 0 implies that
P, = Ap (note that there is no term with P_; in for n = 0 because the
coefficient a,, defined in vanishes for n = 0). Assuming that P, = A,
for all n < N, equation with n = N shows that Pyy1 = An+1; thus

P, = A, for all n >0 by induction, where A, is evaluated at z = e2mbor
This completes the proof of (4.10]). O

Remark 4.3. The result of Theorem [{.4 can be generalized as follows.
Instead of considering the limit of Fren as os approaches one of the points
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aé”) defined in , we can consider the limit

(4.19) o5 — glmm) .— ggn) 4+

S

for any integers n,m > 0. In this limit, the Virasoro fusion kernel reduces to
a product of two Askey—Wilson polynomials of the form A, X A.,. The first
polynomial A, is expressed in terms of the quantum deformation parameter
q= 62”1’2, while the second polynomial A,, is expressed in terms of ¢ =
X" In the case m =0 treated in Theorem @ the second polynomial

reduces to Ag = 1.

Remark 4.4 (Limits of the other three difference equations). We

saw in the proof of Theorem that the first difference equation (4.6a)) for

Fren reduces to the recurrence relation (B.3|) for the Askey—Wilson polyno-

mials as o5 — agn). A similar argument using that, under the parameter

correspondence (4.9),

ib
(4.20) L A T Y VS

where A 4, is the operator defined in , shows that the third difference
equation reduces to the difference equation for the Askey—Wilson
polynomials as o5 — Jgn). On the other hand, the fourth difference equation
1s trivially satisfied in the limit o5 — Ugn). Indeed, let P, be the limit
of Fren as in . Recalling that A, is a polynomial of order n in z + 271,
we deduce from that P, is an nth order polynomial in cosh(2mboy).
In _particular, e 9% P, = P, so that the operator on the left-hand side of
becomes a multiplication operator in the limit o5 — aé” . The identity

0o 0. _1 0o 0., 1 0 |00 0., _1
C[Ow 6, ’”‘]Jrc[eoo 0,0 o T HE g 9307 o

= 2cosh (2rb 1o (™)

then shows that 1s trivially satisfied in the limit o5 — aﬁ”). Finally, the
limit of the second difference equation (4.6b)) is of a different nature: since
it involves the shifts oy — o4+ ib~! induced by the operators eFib00, g

proper description of its limit involves the more general family of functions
A, x Ay, mentioned in Remark[{.3
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5. From Cj; to the continuous dual g-Hahn polynomials

In this section, we show that (up to normalization) the confluent fusion
kernel Cy, (b, 0,v,0) degenerates, for each k > 1, to the continuous dual ¢-
Hahn polynomials H, when v is suitably discretized.

5.1. A renormalized version of C

Define the renormalized version C;*" of the confluent fusion kernel C;, by

(5.1) Cr (b, 0, v,05) = N1 (v, 05)Na(8) Cr, (0,6, v,05),
where

(5.2)

Ny (v, 05) = ™D H0otbr=iQ) (b e%(LéJ—é))

o (200 =) a1 (e (% — ) — o) g (6 + ¢ (% +)
gy (0« + €0s) gp (—0; — 05 + €6p) gp (—0: + 05 + €bp)

2
—A(00)—A(0)+A(0,)— 24202

X
e==+1

and

(5.3) No(0) = e(_l)w”(%_%_%) (9“97*‘%)

Lo}

Sp (lz 726t>

Sp <_§_00_9*+9t>

Using the representation (3.2) and the identity sy(z) = gp(x)/gp(—2), we
find that C;*" is given by the following expression:

(54)  C(b.0,v,00) = Py (6,v,0.) / dz 1™ (2,0, 1,0,),
C

where I*) is given in (3.4) and
(55) Py (0, v, Us) _ Ng(a) eiwu(—l)k(_ég—i-@f,—z/—iQ)

Sb(Us — 9*)81,(—(75 — (9*)
(00 =G ) (5 O] (S 0= v)

It is easy to see that C;*" = (2 for each integer k > 1 and that

(5.6) Ci" (b,0,v,05) =Ci" (b71,0,v,04), k>1.
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5.2. From C;/" to Hy,
Define {v,}>2, C C by
(5.7) Up =0, — & — % _inp,

The main result of this section (Theorem states that the continuous
dual g-Hahn polynomials H,, defined in (B.8|) emerge from C;*" when v is
discretized according to (5.7)). We will need the following two lemmas for
the proof.

Lemma 5.1. For any integer m > 0, the following identities hold:

(5.8a) ‘(W(rl)mb) _ e wbma (_e—mbze—%rbx; e—zme) ’
SplT m
m o
(5.8b) 5b(f”(*)b> T (_e*iﬂb’zef%Tz;efZinbﬂ) |
SplT m

where (a;q)m denotes the q-Pochhammer symbol defined in .

Proof. The identity (5.8a]) follows by applying the difference equation for s
in (3.30)) recursively. The identity (5.8b)) is obtained by sending b — b~! in
(5.8a]) and using the symmetry sp-1(z) = sp(x). O

Lemma 5.2. Let X, denote the sum

(5.9)

1—m  gl-m  l-m
§n : —mp—m_ —mn [ mam m(n—1) O ( "’ q’)’z ’ ?7271 ;Q)m
Zn,k = « /8 q (O& B q > gi-m gi-m gm )
m=0 ( q 7 By ay 7Q)m

where 0,1 = 1 if k =1 and 61 = 0 if k # 1. Then, for any integer n > 1,

(5.10) Yok = ) .
q b z? ’Z
3¢2 T q; q) ; k=2.
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Proof. Let n > 1 be an integer. Using the general identity (see [1I, Eq.
17.2.9))

(5.11) (ql_m;q>m= (_(a%

a a)mq
with, in turn, a = ¢, a = vz, and a = vz~ !, we find
(ql‘m ¢t ql_m-q> @9 (05D (27 h59),,,
I O G CRU L e

Similarly, applying (5.11) with a = ¢, a = 8, and a = ay, we find

3m(m—1)

1 _ "B (=)™
<f11;m ’ q;,ym : qla;m : q) - (q; Q)m(,B’Y; q)m(a% Q)m
Thus
I S - —1.
(512) ( " ’ vz ’ 7271 7q)m — amﬁmqﬂ"L(TH»l) (q nv ’YZ?’)/Z 7Q)m )

1-m 1-m 1—m K
(qq 7qﬁ,y 7qa.y ,q)m (q’Br%a/Vaq)m

It follows that

5= 2": (q_”ﬁz,vz‘l;Q)mamﬁmqmn
= (e85, 0% ), ’
S 2": (¢ vzv275q),, "

(407,07 @)m

m=

Since one of the entries of the Pochhammer symbols in the numerators is

q~ ", we can replace the upper limit of summation with infinity without

changing the values of the sums. Hence (5.10) follows from the definition
(B2 of 36o. 0

In addition to Assumption we make the following assumption.

Assumption 5.3 (Restriction on the parameters). Assume thatb > 0
is such that b* is irrational, and that

(5.13) 0,00 # 0, % —v+0,to, #0, 0, — 0, + 6y £ 0.
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Assumption [5.3]implies that the three increasing and the three decreas-
ing sequences of poles of the integrand in are vertical and do not
overlap. It also implies that all the poles of the integrand are simple. The
assumption that b? is irrational ensures that ¢ = 2™ is not a root of unity;
this is needed in order for the continuous dual ¢-Hahn polynomials to be
well defined, see Remark [B.1]

We now present the main result of this section.

Theorem 5.4 (confluent Virasoro fusion kernels — continuous dual
¢-Hahn polynomials). Suppose that Assumptions and are sat-
isfied. Let n >0 be an integer. For each integer k > 1, the renormalized
confluent fusion kernel C;™™ defined in reduces to the continuous dual
q-Hahn polynomial H, defined in i the limit v — vy, as follows:

(5.14)  lim CI*"(b,0,v,0,) =

VU,

Hy(e2™o a7t 71 47t g7,k odd,
Hn(eZTrba-S; a? /3777 q)? k eUen?

where v, € C is defined in and

ib ib
o = _6—27Tb(90—9t+§)’ /B — _627Tb(90+9t—5)’

(5.15)

B i L,
e 27rb(0*+2)’ _ e—217rb )

= q

Proof. Since C;" = Cifl, it is enough to prove the result for k = 1 and k = 2.

Thus let k£ € {1,2}. Let m,l > 0 be integers and define z,,; € C by

(5.16) Tl :—g—%—kag—imb—%—y.

The integrand I*) defined in (3.4)) contains the factor

sp(z+ % — 0, +v)
Sb(l'+§) '

(5.17)

The function sp(z + %* — 0¢ + v) has a simple pole located at x = x,,; for
any integers m,l > 0. In the limit v — v,, the pole x, o moves upwards,
crosses the contour C, and collides with the pole of s,(z + %) located at
x = 0. Therefore, before taking the limit v — v, we deform C into a contour
C’ which passes just below ;0. As C is deformed into C', the integral in
picks up residue contributions from all the poles = x,,, ; which satisfy
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Im x,,; > Imzy, 0, i.e., from all the poles x,,; such that (m, ) satisfies mb +
% < nb. We find

(5.18) /da: 1) (2,0,v,05) = —2iT Z Res (I(k) (z,0,v, as)>
C

T=Tm,1
m,1>0

mb+é§nb

—i—/ da 1) (z,0,v,04) .

Using Lemma and the residue of the function s in (4.13)), a straightfor-
ward computation shows that residue of I*) at the simple pole z = T, 18
given by

: i (p2 Li+1)
—2im Res I (2,0,v,05) =2 (b2m(m+1)+50 4 2mi+m1)

T=Tm, 1l
o 0 TG (S +Oetu+ 12) (2ibmet ML i 6, —20,+20)
sy (—ibm—13L—60,—0. +0t—i—)sb( —ibm— L 4-60—0.+6,— %)
X sb(—ibm—%—e*—i—os)s( —tbm—2—0, —O’S)Sb( —ibm— ” 9*—5—9, l/)
1
(519) X 2iml 2im 5
(6 b2 e b )l(€227rmb e—2imdb )m

Because of the factor sb( ibm — % %* +0; —v)~! in (5.19), we deduce

from the properties of s that the function Resm:xm)ll(k) (z,0,v,05)
has a simple pole at v = v, if the pair (m,[) satisfies m € [0,n] and [ = 0,
but is regular at v = v, for all other choices of m > 0 and [ > 0. On the other
hand, because of the factor sb(%* — 6; + v)~! appearing in (5.5)), Px(6, v, 05)
has a simple zero at v = v,,. Hence the product

P(0,v, as)Resz:gcm)lI(k) (x,0,0,v,04)
is nonzero in the limit v — v, only if m € [0,n] and [ = 0. We deduce that
(5.20) hm Ci" (b,0,v,05) = Ci™ (b,0, vy, 05)

- _ (k)
= 21771111}111/1” Pr(0,v,05 Z:OmR:neon (,b,0,v,0) .
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More explicitly, for k£ = 1,2, we find that

Clzen(b 0 vy, Us) _ e7rbn(9*+6’t—90)e—27rbn5k,1(9*+9t—90)
Sb(90 — (9* + Qt — %) Sb(§ — 2015)

sp(—ibn + 0y — O, + 0; — L) sy (ibn + L — 26,)
" e 2mbmdy i (ibn—26,) eiwbm(%—&-%&—i—b(n—&-%))

X

X P (2inbm. o—2imb?)
 so(=ibm — 0o — 0 + 6, — By sy(—ibm + 0y — 0, + 0, — L)
sp(—00 — 0u + 6, — '9) sp(f0 — 0u + 6, — Q)
sp(—0x — o) sp(os — 0y) sy(ibn + 2)

5.21 - - —.
(5.21) sp(—ibm — 0. — 05) sp(—ibm — 0. + 05) sy(—ibm + ibn + %)

Using (5.8)), a long but straightforward computation gives

C]zen(b 0,v, Us) _ eiTrn2eTrbn(49,,—i(n+1)Q)e—?wbndkwl(—%—‘r@*—l—@t)
y Uy Un,

(627rb(ibn—90+9* —Gt); 6—2i7rb2)n
X " .
(eQTrb(QGt—zb); e—227rb2)n
.22 n
(5 ) § : 2wbm(ib(n+1)—260;) ,—2wbmdy,1 (ibn—26,)
X e e
m=0
" (e—2i1rb2e2i1rb2(m—n)7_efrb(2(9*—as)+ib(2m—1))7_ewb(2(9*+vs)+ib(2m—1));€—2iwb2)7n

(EZiwbzm 7627rb(ibm—60+9* —6) ’621rb(ibm+90 +605x—6¢) ;ef2l7rb2 ) m

Recalling the parameter correspondence (5.15)) and letting z = e?™7* equa-
tion ([5.22)) can be rewritten as

(5.23)
P 2 n(n—1) ( - ) Q)n _ —26k 1
Clzen(l% 0, vn, Us) =™ a"fq (;BB’ Dn (an/27 n/2) " Yin ks

where 3, j, denotes the sum in (5.9)). Utilizing (5.11)) with a = 73, we can
write ([5.23)) as

(5.24) Cr (b, 0, vy, 05) = %(an/%%ﬂ)‘%kvlzn .

Y (aB; q)n ’
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Hence the proof of equation (5.14}) reduces to proving the following identity:

(5.25)
a” (7B§Q)n (an/2,yfn/2)—25k,12 _ Hn(z;a_laﬁ_la7_1>q_1)> k=1,
/Yn(aﬁ’q)n ’ Hn(z;a75777q)7 k:2

Let us first prove (5.25)) for £ = 1. Recalling the definition (B.8) of H,
and applying the identity (see [11, Eq. 17.2.7])

(5.26) (a;¢ " n = (a7 Q)n(—a)"q

multiple times, we find

Ho(zia ', 87 gl = (q”,alz, a—1,-1

-1, —1
3¢2 Oéﬁ)il, (Oé’)/)il q ;49 )

:i (¢"07 'z 02 iq D
(af)= Y (an) L a7 )m

_ i (¢ " az,02 5 g)m g

(aB,av,¢;q)m B~y ™™

- -1
- qg "z oz n
—3¢2< 0B, oy ‘%5761 )

In view of Lemmal5.2] it follows that (5.25) can be rewritten as follows when
k=1

mn

(5.27)

(VB @)n "z ) g " az oz
(aﬁ;q)n3¢2< By, oy 'q,@ﬁQ>—3¢2( B, oy

Applying the identity (see [11, Eq. 17.9.10])
" b,c| deq" e/c;q)n e, d/b
3¢2<qde » Q) (e/c;q) ¢2<q /

"oe ) (e:q)n ° d,ycqt="/e
to the left-hand side of (5.27) with

4 B’yq"> :

QQQ)a

b=nvz, c=7y"', d=ay, e=py,

and to the right-hand side of ((5.27)) with

b=az, c=azt, d=ay, e=ap,
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we deduce that the two sides of (5.27)) are indeed equal. This proves ([5.25)
for k = 1.

For k = 2, Lemma and the definition (B.8)) of H,, imply that ([5.25))
can be written as
q; Q> .

This equation is obtained by setting b = az, ¢ = az™!, d = ay, and e = af3
in the general identity (see [11, Eq. 17.9.8])

1

a™(vB;q)n (q_" vz 'yz_1’ > (q_" az, a2
5.8y L5 Dn 7% q) = A%
(5:28) Y (af; Q)n3¢2 By, ary ¢4 392 af, oy

(5.29)
(de/(be);@)n (be\" (a7, d/b,d/c
(e;9)n < >3¢2< d, de/(be)

N\ q " b,c|
q,q>—3¢2< d.e q,q>-

This proves ([5.25)) also for k£ = 2 and completes the proof of the theorem. [

d

5.3. Limits of the difference equations for C;, as v — v,

In this subsection, we explain how the recurrence relation and the differ-
ence equation for the continuous dual ¢-Hahn polynomials emerge from the
difference equations for Cy in the limit v — .

We first formulate the difference equations in terms of C;*". Using the re-
lation between C;°" and Cy, the four difference equations for Cj, derived
in Theorem and Theorem can be expressed as difference equations
for C;*". Define the renormalized difference operators

(5.30a) Heen(b,v) = Ni(v,05)He, (b, v)N1(v,04) ",
(5.30b) Heen (b, 05) = N1 (v, 05)He, (b, 05) N1 (v, 05) 7,

where the difference operators H¢, and ﬁfck are respectively defined in (3.12])
and (3.39)), and N; is given in (.2)). Using the identity (3.30|) satisfied by

the function gp, it can be verified that N; satisfies the difference equations

(5.31)

Ny(v,04) Ny(v,05) (—1)*27b(ib+0o—0;)
= U(,6,), e = TETRTU (—v, —04),
Ny(v +ib,0s) U, ) Ni(v —ib, o) ‘ v )
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where
(532> U(I/, 0*> _ _627rb(21/+ib)(2|_§J —1)67rb(—l)’“(—2ib—90+9t—21/)

P +ib@o+%-v) T(%E-i(%+0+v))
S T )

Using the identities (5.31]), we find that Heren (b, v) is given explicitly by
(5.33) Hepen (b, v) = Heoen (V)€™ + Hgon(v)e ™% + HE, (v),
where HQ (v) is given in (3.14) and

(5.34)  Hgon(v) = —4eT0(D" (G0=0:F20)
x cosh (mb (2 + 0y F & £ v)) cosh (7b (L — 0, £ & £ v)).

The difference operator ﬁc;;n (b,05) is computed in a similar way. The
normalization factor N7 also satisfies the identities

Ni(v,o05) Ni(v,05)
(5.35) Ni(v,05 +1ib) Vies), Ni(v,05 —ib) Vi=os),
where
b (2|t |1 I (6 —2ibor, )T (—2ibor, )T (152 +ib(o.-0.) )
V(ss) =e S I'(2ibo, —2b2)T'(2ibor, —b2)T' (22 —ib(0.+0) )
(5.36)

—Hb €0p+0,+o, ))
X .
H bQ +ib(efy+6,—0.))

Using (5.35)), it is straightforward to verify that ﬁc;;en (b,05) takes the form
(5.37) Hepen (b, 05) = —Vi(—0, —0y)e™% — Vi(0s, —0p)e ™% + HQ (o),

where f[gk (0s) is given in (3.41)) and Vj is defined in |D

The next lemma summarizes the difference equations satisfied by C;*".

Lemma 5.5 (Difference equations for C;*"). Let Here and I:Icicn be

the difference operators defined in and | -, respectively. For each
integer k > 1, the renormalized conﬂuent fusion kernel C;*" satisfies the pair
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of difference equations

(5.38a) Heren(b,v) CF" (b,0,v,05) = 2cosh (27bos) Ci™ (b,0,v,04),
(5.38b)  Hepen (b, 05) Ci™ (b, 0, v, 04) = TV 2mbreren (4 9 1 5,

as well as the pair of difference equations obtained by replacing b — b™1 in

(.39).

Proof. The lemma follows immediately from (5.30) together with Theo-
rems 3.2 and 3.4 O

The next proposition describes how the recurrence relation and the dif-
ference equation for the continuous dual g-Hahn polynomials appear in the
limit v — vy,

Proposition 5.6. Let k> 1 and n > 0 be integers. In the limit v — vy,

the difference equations (5.38a) and for Ci™ reduce to the three-
term recurrence relation and the difference equation (B.12|) for the
continuous dual g-Hahn polynomials, respectively. More precisely,

(5.39) Ru. (a(fl)""ﬂg(*l)k?,y(*l)k;q(*l)k’) N (9, vy, o)
= 2cosh (2mbos) Ci°" (b, 0, vy, 05) ,

and

(540) AHn <a(71)k’ B(fl)k’ry(fl)k; q(fl)k’ 6(71)k2ﬂ'b05) Ci;en (b, 0’ Un, O_S)
- <q<—1>k+1n - 1) Ci™ (b, 0, v, 05)
where the parameters are related according to (5.15)), Ry, is the recurrence

operator defined in (B.10|), and Ap,_ is the difference operator defined in
(B13).

Proof. We first prove that the difference equation ([5.38a) reduces to the
three-term recurrence relation (5.39)) in the limit v — v,. It follows from the
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definition (5.7)) of v, that

(5.41) lim e*0 vCi" (b,0,v,05) = Tp71C" (b,0, vy, 05) ,

V—VUp

where Ty,4+1 acts on C;" as Ty,+1C;" (b, 0, vy, 05) = C;™ (b, 0, vp41, 05). More-
over, it can be verified that

V—Up
<a (=D* g=1* L (=1*, (‘”k)Tn+lc,gen(b,9,yn,as),
(5.43) lim Hi. ()€ C: (b,0, v, 0,)

V—Up k

b (@, B0, 0 ) T, (8,6,1,04)

(542)  lim He(v)e "> Ci™ (b,0,v,04)
(

and

(5.44) lim HS (v) = a+a~' — b} (ox—l)k, BEDF (D, q<—1>k)

V—rVp,
b (a(—nk,ﬁ(—l)kﬁ(—l)k; q(—nk) 7
where b and b, are the coefficients defined in (B.11]). Hence,

(5.45)  Hezen (b, 1)CE™ (b, 0, v, 05)
= RHn (a(il)k75(71)k77(71)k7 ( ) ) Cren (b7 07 V’na US) 9

so ((5.39) follows from (j5.38a)).

We now prove that in the limit v — vy, the difference equation ({5.38Db)
reduces to ([5.40). Observe that the function Hgk (0s) in (3.41)) is an even

function of 6,, i.e.,

HQ (05) = —eTV @020 v (60, 60) + Vi(—0s, 0r)

5.46 .
(549 = —e(TVImH0.7200) 1V (0, —04) + Vie(—0s, —0r).
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Using ((5.15)), (5.37) and (5.46)), we can rewrite the limit of (5.38b)) as v — v,

as follows:

Vk(O’S, 79t) Clrcen (b’ 0,vn,05 — Zb)

+ Vi(—os, —0;) Ci° (b, 0, vy, 05 + ib)

k ib | 0.
_ <Vk(0'57 —0;) + Vie(—0s, —0;) — e 27rb( 5+5 et))
X C]l;en (ba 07 Vn, Us)
(*1)’“2wb(%+"—*—9t+ibn>

(5.47) =e 2 Ci™ (b,0,vp,05) .

We notice that
(—1)k2wb<%+%—at>

x h <a(_1)k, BEDF A=DE (D" 6(—1)’“27rbas> ’

(5.48) Vi(os,—0,) =

where h(a, 5,7;q, z) is defined in . Moreover, writing z = €2 and
recalling that ¢ = e=2™"  we observe that the translation o5 — o, =+ ib corre-
sponds to the multiplication z — ¢T'z. Using these observations, a straight-
forward computation shows that implies (5.40)). O

5.4. An alternative proof of Theorem 5.4

The proof of Theorem [5.4] presented in Section [5.2] is based on a direct
evaluation of the limit ¥ — v, in the integral representation for C;°".
This approach has the advantage that it is direct, but it employs several
identities for g-functions and some rather involved algebra. An alternative
approach is based on the recurrence relation (5.39)). This approach, which
is similar to the approach adopted in the proof of Theorem is in fact
the approach we originally used to arrive at Theorem In this alternative
approach, the proof of Theorem involves two steps. First, the residue
computation that led to is carried out in the special (and relatively
simple) case of n = 0; this yields

(5.49) Con (0,0, v0,05) =1, k> 1,

and shows that (5.14) holds for n = 0. Second, the functions

k

Czen (b, 97 Un, Us) and Hn(QQﬂbas; a(fl)k,ﬁ(fl)k,fy(fl) ,q(fl)’f)
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obey the same recurrence relation (cf. and (5.39))). Since ([5.14) holds
for n = 0, equation (5.39) with n = 0 implies that

(550) Cren (b, 0’ v, Us) _ Hl(627rbas; a(—l)k’B(_l)k”y(_l)k’q(_l)k)’

thus holds for n = 1. More generally, assuming that holds for
all n < N, equation shows that holds also for n = N + 1. By
induction, holds for all n > 0. This completes the alternative proof of
Theorem [5.4

6. From C; to the big g-Jacobi polynomials

In this section, we show that (up to normalization) the confluent Virasoro
fusion kernel Cy, (b, 0, v,05) degenerates, for each k > 1, to the big g-Jacobi
polynomials J,, when oy is suitably discretized.

6.1. Another renormalized version of C

Define the renormalized version CA,?“ of the confluent fusion kernel C, by
(6.1) Cr%(b,0,v,05) = N3(v,05)N4(8) Cr(b,0,v,0,),
where
(6.2)
Ny(v,05) = TV (—1)* (B0 —6:—v—iQ) ( pe2im (% J—f))

(260'5 22Q> g (6 + € (% —v)) g (e (% +v) —6)

X
6111 gy (€os — 0.) gp (—00 + €0s + 05) gp (—00 + €0 — 05)

A(00)—A(0)+A(os)— +2V2

and

(6.3) Ni(6) = sy (—200 + L) s (~00 — 0.+ 0, + )

D (= R) (5404 5).

It follows from 1) and 1) that the function é,‘;en admits the integral

representation

(6.4) Cren(b, 0,v,05) = pk) (0,v,0) / dx IR (z,0,v,04),
C
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where I®) is given in (3.4) and
(65) P (0,1,0,) = Ny(@)em (D (00 -v-1@)
X 8p (90 + %* — 1/) sp(0p — 0r — 05)sp(0p — O + 05).

In particular, CA}C'en is invariant under each of the shifts k - k + 2 and b —
b=l
6.2. From é,’;en to J,

Define {aﬁ”) <9 CChby
(6.6) ") = % + 0 — 0y +inb.

The main result of this section (Theorem states that the big g-Jacobi
polynomials J,, defined in (B.15) emerge from C; when o, is discretized
according to . The proof will require Lemma and the following
lemma.

Lemma 6.1. Let ¥, ;, denote the sum

—m+n+1 quufn qlwa .

m (q 5 ) >Q)m
(67) nk — q %,B"}/il 6k2 _ _ @ x ’
Z (T 5 ™ @) m

where 02 = 1 if k =2 and o2 = 0 if k # 2. Then, for any integer n > 1,

J'n, 71; 717 -1 71; -1 ) k= 17
In(z;a, B, 73 9), k=2

Proof. Let n > 1 be an integer. Using the identity (5.11)) with, in turn, a =
¢ ", a=afg"t!, and a = z, we find

<q—m+n+1’qmn’q1m;q> _ (0" q), (@B 5q), (%q)m |
Ckﬂ x (_q—n> (—aﬂq”“) (—.’L')mq m(gt*)

Similarly, applying (5.11)) with a = agq, a = ¢, and a = ¢, we find
3m(m—1)
1 _ (o) (g)" (=9 >
<q* g q) m (@3 @)y (VG O (@5 Dy

aafy?q
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Thus

(™ S S a)m ymgn (g aBg™ a5 q),

(L5 2 ™), AT (04,99,¢0),,

It follows that

S (¢ aBq" x5q),

T = (0479, 4.9),
¢ " afg"t >
— 392 ) :J X0, Dy, )
¢ < g, 4 q w(zsa, B,7:q)

which proves for k = 2. Similarly, it follows that

n

> (¢ aBg" w59),, Y™
(2q,vq:439),,  pma™

Enlz

)

m=0

Applying the identity (5.26]) six times, this can be rewritten as

5= i (¢, (2Bg" ) 2 q
! (e~ (v~ a ha Dm

)

m=0
_ ¢, (g™ h Tt 1)
wor (T T |17
= Jo(z a7 By g
which proves also for k = 1. O

The following theorem is the main result of this section.

Theorem 6.2 (confluent Virasoro fusion kernels — big ¢-Jacobi
polynomials). Suppose that Assumptions cmd are satisfied. Letn >
0 be an integer. For each integer k > 1, the renormalized confluent fusion

kernel CA};"“ defined in (6.1)) reduces to the big q-Jacobi polynomial J,, defined
in (B.15)) in the limit o3 — o as follows:

~

Tn(@ a7t 87y g7Y), K odd
(69) lim C]I;;en(b,g,l/,(fs):{ (iL‘ e’ 75 Y g )a oaa,

In(z; 04 B,7;9), k even,

g.—oi™

where

__ _Ambo ___—4mbo _ 27b(0p+0.—0
(6.10) =i, f= eIy = 20,
’ T = _e7rb(—ib-|-2€o+9*)6—27rb1/7 q= e—2i7rb2.
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Proof. Since CA};en = CAIETQ, it is enough to prove the result for k = 1 and k = 2.
Thus let k € {1,2}. Let m,l > 0 be integers and define z,,; € C by

(6.11) Ty = —"2 +00+% —v—imb— i

The integrand I%) defined in (3.4)) contains the factor

sb(m—eo—i-y—%*)

(6.12) : :
sy(z+ L +v—% 6,40

The function sy (a: — 6y — %* + u) has a simple pole located at x,,; for any in-
tegers m, ! > 0. In the limit o5, — aé”), the pole of s (a: + % - %* — 0 +v+
as)_l located at x = %" + 0; — v — 05 moves downwards, crosses the contour
C, and collides with the pole of s (;U — 0y — %* + 1/) located at x, 0. There-

fore, before taking the limit oy — aﬁ”), we deform the contour C into a
contour C" which passes just below z, 0. As C is deformed into C’, the in-
tegral in picks up residue contributions from all the poles z,,; which
satisfy Im , ; > Im x, 0, i.e., from all the poles z,,; such that (m,[) satisfies
mb + % < nb. The integral in 1} becomes

(6.13) / de 1™ (2,0,v,0,) = —2in Z Res (I(k) (x,0,v, 05))
C mis0 ot

mb—i—%gnb
+ / I® (2.0.0,0,).

Utilizing Lemma it can be verified that the residues of I¥) at the simple
poles z,,; are given by

(6.14)
—2im Res (I(k) (z,0,v, 05))

T=Tm,1
(- 40m) (42 +9) (D80 (5 04 42) (im0 19)
1
20wl _ 2im . » s
(6 b2 e b2 ) I (e2z7rmb ;€—2zb ﬂ—)m
sp (=2 —ibm~+200— ‘2 ) s, (— 2L —ibm~+00+0. —0,— %)

i 2= [P i —0._ i - :

b =i m~+60o-+ > u)sb( - ibm~+600—0, as)sb( - ibm—+6, 01—1—05)

=€

X

Because of the factor sb(—% —ibm + 0y — 0; + 05) 7, we deduce from the
properties (2.6 of s, that the function Res;—,,, , (I(k) (z,0,v, as)) has a
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simple pole at o5 = a§") if the pair (m,[) satisfies m € [0,n] and [ = 0, but
is regular at o5 = O'Sn) for all other choices of m > 0 and [ > 0. Qn the other
hand, because of the factor s,(6y — 6; + o5) appearing in (6.5), P*) (8, v, 0)
has a simple zero at o5 = agn). Hence the product

PO (0.1.0,) Res (I¥ (2,0,v.0,))

T=Tm, 1

is nonzero in the limit o, — o™ only if m € [0,n] and [ = 0. We deduce
that

(6.15)  lim C(b,0,v,0,) = (i (b,e,u,agn))

go—oi™
n
=—2n lim P® (0,v,05) Z Res (I(k) (z,0,v, o*s)> )
o.—o'™ T=Tm 0
s s m=0
Employing (6.5) and (6.14]), we obtain
(6.16)
n
G (10,0 = 3 e (5 40 10)i00.)
yUyVyUg
m=0

(20T 2 s (—ibim + ibn + 2 )

s (—ibm 4200 — §) s (—ibn +20) — 20, — %)
X

Sp (290 — g) Sp (—ibm —ibn + 260y — 26, — g)
8b<_ibm+€0+9*_9t_§) sy (6 + % —v)
8b<90+9*—9t—§) sp(—ibm + 0o+ % —v)

X

Lemma allows us to express (6.16]) in terms of ¢g-Pochammer symbols as
follows:

(6.17)
n
sren (b, 0,v, Ugm) _ Z o 2mbm (812 (% +0u v +5 ) —iQ)
m=0
(621b2(7n—n71)7;672zb27r)7n(e‘zbw(bi(m,+n)—29(]+28¢);e—2ib27r)7n(7eb1r(b1'(27n—1)726()—€*+2u);672zb27'r)Tn
X

B 2, _2ib2 i 2 G 2 b im — — _2ib2
(e“b mw . e—2ib w)m(621b7r(b7n+219[));e 2ib w)m(ezzm(mm 00— 0x+0y)e—2ib w)m
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Recalling the parameter correspondence (6.10]), we arrive at
(6.18) Ci™ (b, 0,v,0M) = Sy i,

where X, is the sum defined in . The theorem now follows from
Lemma [6.11 0

6.3. Limits of the difference equations for Cp as o5 — agn)

In this subsection, we explain how the recurrence and the difference equation
for the big ¢-Jacobi polynomials emerge from the difference equations for C,
in the limit o3 — 03" .

We first formulate the difference equations in terms of é,rce“. Using the re-
lation between CA};e“ and Cg, the four difference equations for Cy, derived
in Theorem and Theorem can be expressed as difference equations
for (?}gen. Define the renormalized difference operators

(6.19a) Hé?n (b,v) = N3(v,05)He, (b, v)N3(v,0,) "1,
(6.19b) ﬁéze,,(b, 0s) = N3(v,04)He, (b, 05)N3(v,06) 71,

where the difference operators He¢, and ﬁck are respectively defined by
and , and the normalization factor N3 is given by . Using the
identity satisfied by the function gy, it can be verified that N3 satisfies
the following difference equations:

N3(V70-S) _
620 Mgy SO
' Ns(v,05) :6(—1)"‘+127rb(—ib+00—9,,)S(_e —v)
N3(v —ib, o) vy
where
(6.21) S(0,,v) = _647rb(2u+ib)(LgJ—%)eﬂb(fl)k(f2ib+9079t72u)
o L —ib(otv—5))0 (52 —ib(%5 —b:4v))

(00 )T b5 10,00))

Using (6.20), we find that the difference operator in the left-hand side of
(6-194) is given by

(6.22) Hé;rce"(b’ l/) = H(}tcn (b’ ll)eiba” + Hgk (I/) 4 Hé_licn(b’ l/)e—ib&,’

k
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where HQ (v) is defined by (3.14) and
H:At (b, 1/) — _4e:|:7rb(—1)k(90—6t:t2u)
(6.23) x cosh (mb (2 — 0 F & £ v)) cosh (7b (£ + 0, £ & £ v)).

Moreover, it can be showed in a similar way that N3 satisfies the difference
equations

N3<V7 Us) N3(V7 Us)
6.24 ——— = R(os), ——————— = R(—o0,),
(6:24) Nowost )~ 0 N - )
where
C dmbont (| E|—1) T(0*—2ibo)T(~2ibo) T (555 +ib(0-+0.))
R(O’s) =€ ( +5 )(L2J 2) T(2ibo, —b62)['(2ibo, —2b2) F(%-}-ib(e*—crs))
(6.25) 1 .2

+ib(Bo+eby 0 ))
o H .
bQ +ib(Bo+eb:—0.) )

Using (6.24)), we find that the difference operator in the left-hand side of

(6.19bf) takes the form

(626)  Hgga(byr) = B ()™ + 18 (o) + (b=

where ﬁ[gk is defined by (3.41)) and

~ k ib h(ﬂ'b(ﬂ—e*%—O’s))
6.27) HY (b,o,) = —2e™C D (eerg) 2
(6:27) (0,05 ¢ sinh (27bo) sinh (7b(ib + 20)

Cre
X H cosh (7Tb (% — 0Oy +os+ 69,5)) .
e=*+1

Lemma 6.3 (Difference equatlons for Cren) Let Heen and HC ren DE

the difference operators defined in . For each integer 3 > 1, the renor-
malized confluent fusion kernel C;°" satzsﬁes the pair of dzﬁerence equations

(6.284a) H:en (b, v) C:*"(b, 0, v,0,) = 2 cosh (2mbas) Ci(b, 8, v, 05),

(6.28b)  Hpen(b,05) G (1,0, 1, 05) = e 27 Cien(h, 6,0, 0,),

as well as the pair of difference equations obtained by replacing b — b~' in
(16.28)).
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Proof. The lemma follows immediately from (6.19)) together with Theorem
.21 and Theorem [3.4l O

The next proposition describes how the recurrence relation and the dif-
ference equation for the big g-Jacobi polynomials emerge from (6.28)) in the

limit oy — agn).

Proposition 6.4. Let k> 1 and n > 0 be integers. In the limit o5 — aé”),
the difference equations (6.28al) and for Ci™ reduce to the three-

term recurrence relation and the difference equation (B.19)) for the

big g-Jacobi polynomials, respectively. More precisely,

(6.29) RJn (a(fl)kjﬂ(fl)k’,y(fnk; q(il)k) ézen (b, 0,v, Ugn))
=z(=D" CA,rfn (b, 0,v, aé”)),

and

(6.30) AJH(Oé(_l)k,ﬂ(_l)k,’y(_l)k;q(_l)k,x(_l)k) (f,’;en(b,H,l/, Ugn))

DI (] gD (1 - gD gD g

X xQ(fl)kCA,f;en (b, 0,v, agn)) ,

where the parameters are related according to , Ry is the recurrence
operator defined in , and Ay, is the difference operator defined in
(1B.20)).

Proof. We first prove that in the limit o5 — ng) the difference equation
reduces to the three-term recurrence relation . It follows from
the definition of a§") that

(6.31) lim  eECren(b,0,v,0,) = Tha1Ci" (b,0,v,0M),

ool
where 1,41 acts on CA,f;en as Tnilézen (b, 0,v, a§">) = CA};en(b, 0,v, aé”i”).
Moreover, it can be verified that the following identities hold:

(6.32) lim Hi (b, :I:Js)eiiba"s CA,rfn (b, 0,v, 05)

ren
o—ot™ Ci

= (- 2000 E (<D G (DY, (DY)

Tn:tléll;en (b7 07 v, Ugn)>7
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(6.33) 0 (Ugn)) — _p(—1)Fmb(ib—200-0.)
x (1= (@, BV 405 g1

— C; (a(il)k ’ /B(il)k ’ fy(il)k; q(il)k)> )

where ¢ are defined in (B.18)). Finally, it follows from (6.32) and (6.33)),
together with

(634) e(—l)k+l27rb1/ _ —e(_1)k7rb(ib—290—9*)x(—1)k

that the limit o3 — aﬁ”) of the difference equation (6.28b|) reduces to
(6.35) f{ézen (b, ggn))ézen (b, 0,v, agn))
— _e(—l)’“(ib—%o—@*)RJn (a(—l)k’ 5(—1)’“’7(—1)’“; q(—l)k)
X C}ﬁen (b, 0,v, Ugn))
_ 76(—1)’“(1'17—200—6'*):C(—l)ké’zen(b’ 0,v, O_gn)) )

This shows that reduces to as g — Ugn).

We now show that the difference equation reduces to the differ-
ence equation (6.30)) satisfied by the big g-Jacobi polynomials in the limit
o5 — ot Observe that the potential Hgk (v) and the coefficients HE_ (b, v),

Cre]l
which are defined in (3.14]) and (6.23) respectively, are related as follows:

(6.36)  Hg, (v) = —2cosh (21b(0; — 6 + §)) — HE, (b,v) — Hj,, (b,v).

Therefore, the limit o5 — o™ of the difference equation (6.28a}) can be writ-

ten as

(6.37) HZ_ (b,v)Ci"(b,0,v+ib,ol™) + H (b,v)Ci™ (b,0,v — ib,0 (")

— (HE.(00) + H, (6.)) €™ (b,0,v,0(")
= <2 cosh (27rb (Gt — 0+ %)) + 2 cosh (27rb0§”))>

x Cren(b,0,v,0(M).
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We observe that the following identities hold:

—1)k+127b (B0, — L
(6.38) HZE_ (b,v)= _Y ( 2)

Cx
w 2=V gk (a(—l)’“’/g(—l)""7(—1)’“’(](—1)’“,35(—1)")’
where d* are defined in (B.21]). Moreover, under the parameter correspon-
dence (6.10) we have
2cosh (2b(60; — 0 + 2)) + 2 cosh (27rb0§n))
_e(—l)’“+127rb (90—9t—%) 22(—1)k+
= q(—l)’““n(l — q(—l)’“n)
x (1 _oFDF 5(—1)kq<—1>k(n+1>) 22D

(6.39)

Finally, according to (6.10)), a shift v — v + ib implies a multiplication z —

¢z, Thus, using (6.38) and (6.39), is straightforward to see that ([6.37))
reduces to ((6.30]). O

Remark 6.5 (An alternative proof of Theorem [6.2)). The proof of
Theorem [6.9 presented in Section [6.9 is based on a direct evaluation of the
limit o5 — aﬁ”) in the integral representation for (?,rfn(b,O, v,05). An
alternative approach is based on the recurrence relation . This approach
is the one we originally used to arrive at Theorem [6.9. In this alternative
approach, the proof of Theorem tnvolves two steps. First, the residue
computation that led to is carried out in the special case of n =0;
this yields

(6.40) Clb,0,v,0) =1,  k>1,
and shows that holds for n = 1. Second, since the functions

satisfy the same three-term recurrence relation (see (6.29) and (B.16])), an
inductive argument shows that holds also forn > 1.

7. Conclusions and perspectives

We have studied the family of confluent Virasoro fusion kernels Ci (b, 8, o5, v)
defined in (3.2)). We have shown in Theorems and that Cy is a joint
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eigenfunction of four difference operators for each k. Furthermore, we have
proved in Theorems and Theorem that Ci(b,0,0s,v) reduces (up
to normalization) to the continuous dual g-Hahn polynomials when v is
suitably discretized and to the big ¢g-Jacobi polynomials when o is suitably
discretized. We have also shown that the Virasoro fusion kernel F' reduces
(up to normalization) to the Askey—Wilson polynomials when o is suitably
discretized (Theorem . As described in the introduction, these results
have led us to propose the existence of a non-polynomial version of the g¢-
Askey scheme with the Virasoro fusion kernel as its top member. Our results
have been summarized in Figure

Let us point out that the confluent Virasoro fusion kernels Cy(b, 0, o5, )
are not independent for different values of k. In fact, the kernels C; can
be viewed as infinite dimensional generalizations of the connection matrices
which relate the solutions of the confluent hypergeometric equation at the
singular points z = 0 and z = oo in different Stokes sectors [10]. However, the
confluent hypergeometric equation possesses two independent Stokes matri-
ces, and any two consecutive connection matrices are related by a Stokes
matrix. We conjecture that two consecutive confluent Virasoro fusion ker-
nels are related by the following integral transform:

(7.1) Ck+1(b,0,USaVn+1) :/ 0. 00 vn

Kz Sulo "0 "u| 0,0, 05,00),

. VUn41

0 v ] is the Stokes kernel which was introduced

where the kernel S,, [Q*et
in [10, Eq.(5.9)].

Finally, it would be interesting to understand the difference operators
introduced in this article from the viewpoint of integrable systems. It was
shown in [I5] that under a certain parameter correspondence the differ-
ence operator Hye, defined in corresponds to the quantum relativistic
hyperbolic Calogero-Moser Hamiltonian tied to the root system BC]. Rela-
tivistic Toda system were found in [I6] and various Toda limits of relativistic
Calogero-Moser systems were studied in [3]. In particular, a Toda limit of
a one-parameter specialization of Ruijsenaars’ hypergeometric function was
considered in [22], and similar functions were obtained in [5] from a quan-
tum group perspective. Both of these works seem to involve one-parameter
specializations of the family of confluent Virasoro fusion kernels studied in
this article. It would be interesting to understand this better.
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Appendix A. g-hypergeometric series

The g-Pochammer symbols (a; q),, and (a1, az, ..., am; q)n are defined by

n—1 m
(A1) (a;q)n = H(l —ag®) and (a1,a9, ..., Qm;qQ)n = H(aj;q)n.
k=0 j=1

The g-hypergeometric series s41¢s is a g-deformation of the hypergeometric
series. It is defined by

ai,...Gsq1 — (a1, ., G415 Q)k
A2 ; = .
O S S (et

The series terminates if one of the a; in the numerator is equal to ¢~ for
some integer n > 1. Otherwise, the series converges for |z| < 1.

Appendix B. The first two levels of the g-Askey scheme
B.1. Askey—W.ilson polynomials

The Askey—Wilson polynomials A,, are the most general polynomials of the
g-Askey scheme. They are defined by
q; Q>

The normalization used in (B.1]) for the Askey—Wilson polynomials is related
to the standard normalization of |7, Eq. (3.1.1)] by

. B q—",aﬁ'yéq”_l,az, az 1
(B.l) An(z,a,ﬂ,’y,&q) —4¢3 ( aﬁ,a'y,a(;

(B2)  po(H5550.8,7,0.0) = a7 (f,07,a0:0)n An(z50,8,7,6,q).

The right-hand side of is symmetric in its four parameters a, 3,7, 4,
whereas A, (z; «, 3,7, 9, q) is only symmetric in 3,7, d. Since p,,(z; o, 5,7, 9, q)
is a polynomial of order n in z, A, is a polynomial of order n in z 4+ 2~ 1.
The polynomials A, satisfy the three-term recurrence relation

(B3)  (Ra,An)(z50,8,7,6,q) = (z+ 2" ) Au(z0,8,7,4,9),
where the operator R4 is given by

(B.4) Ra, =a Thiy1+(a+at —af —a;)+a, Th 1,
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with Ty11pn(2) = prri(x) and

+_ (1—apg") (1 —ayg") (1 - adg") (1 — aByéq" ")

a

®5) o(l=afo (1 —afhsg)
oo 0= a) (L= pram ) (1= 53¢ ) (1= 90g™ )
" (1 — afyig*2) (1 — afydg* 1) .

They also satisfy the difference equation

(B.6)  (Aa,An)(z0,8,7.6,9) = (a7 + apvéq" ") An(z; v, 8,7, 6,9),

where the ¢-difference operator A 4 is defined by

(Ba, f)(2) = (1+222) f(2)

B.7 e e e O )

(a—2)(B-2)(y—2)(6—2) .
S SR () - £,
We next describe the second level in the g-Askey which consists of the
continuous dual ¢g-Hahn and the big ¢-Jacobi polynomials. These families of
polynomials arise as a limit of the Askey—Wilson polynomials.

B.2. Continuous dual g-Hahn polynomials

The continuous dual g-Hahn polynomials, denoted by H,(z;«, 3,7, q), are
obtained from the Askey—Wilson polynomials by setting § = 0 in (B.1)):

Q§Q>~

(B.9)  (Rm, (o, B,v:)Hy) (230, 8,7,9) = (2 + 27 1) Hu(2:0, 8,7, q),

g " oz, az !

af, ay

(B.8) Hyp(z;0,8,7,q) = An(z; 0, 3,7,0,q) = 3¢2 (

The polynomials H,, satisfy the three-term recurrence relation

where the operator Ry, is defined by

(B10)  Ra,(a,8,7:9) = b (a, 8,7 )T
+ (Oé + a_l - b:’z_(aaﬁf}/?q) - br;(avﬁ7’y; Q))
+ b;(O&,B,’}/, Q)Tn—l
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with

bl (o, B,7v3q) = a1 (1 — aBg™) (1 — avg™),
b, (o, B,73q) = (1 — g") (1 = Byg"™ ).

They also satisfy the difference equation

(B.11)

(B.12)  (Am, (o, B,7¢,2)Hy) (250, 8,7,¢) = (7" — 1) Hn(z; v, 8,7, q),
where the g-difference operator Ay = Ay («, f,7;q, z) is defined by

(Am, f) (z) = h(a, B,v:4,2) f(qz) + h(e, B,v; 0,27 ") f(q ' 2)

(B.13) — (h(e, B, 73 ¢, 2) + b, B,viq, 27 Y) f(2),
with
(B.14) h(a, B,7;q,2) = (1 —az)(1-B2)(1—2)

(1—22)(1—q2?)
B.3. Big g-Jacobi polynomials

The big g-Jacobi polynomials J,(x; a, 8,7; q) arise from the Askey—Wilson
polynomials in a more subtle way:

. T . aq vq AB
1 : q) = lim A, | .\ =2 2 22
(B.15) In(x5 004 8,75 q) lim n<x>\, NN ,q>
—n’a n—i—l’l,
=3¢>2<q ha Q;Q)-

aq,vq
The polynomials J,, satisfy the three-term recurrence relation

(B.16) Ry, (a, B,7:q)In(w; 0, B,7:q) = wdn(w; 00, 8,73 9),
where the operator R, is defined by

(B.17) Ry, (o, B8,7:q) = et Tny1 + (L —cf — ) + ¢, T,
with

N (1 _ aqn+1) (1 _ Oé,Banrl) (1 _ ,an+1)

(B.18) ‘ (1 — OCBqQ”‘H) (1 — aﬁq2n+2> )

w1 (1—=q") (1 —apy~'q") (1 — Bg")
(1 —aBe®) (1 — aBg*"+1)

¢, = —Qavq
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They also satisfy the difference equation

(B19) (A, (o, B,viq,2)Jn) (20, 5,73 q)
=q¢ "(1—¢")(1 - aBg" )2 Ty (250, B,7: q),

where the g-difference operator Ay, = Ay («, 8,7;¢,x) is defined by

(B.20) (Ay, f)(z) =d¥(a,B,7,q¢.2)f(qz) — (dF(a, 8,7, q,x)
+d (o, 8,7, ¢,2)f(2) +d" (o, 8,7, ¢, 2) f(q ),

with

d+(aaﬁ777Q7x) = 04(](55 - 1)(/6:1: - 7)7

(B.21) d~ (o, 8,7, ¢, 2) = (x — aq)(z — 7q).

Remark B.1. In the definitions of the polynomials A,, H,, and J,, we
assume that q is mot a root of unity, because otherwise the polynomials are
in general not well-defined. Indeed, the q-hypergeometric series on the right-
hand sides of , , and involve the ratio (¢~";q)x/(¢; @)k of
q-Pochhammer symbols, and this ratio is indeterminate for all sufficiently
large k if q is a root of unity.
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