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Two-dimensional perturbative scalar QFT
and Atiyah-Segal gluing

SANTOSH KANDEL, PAVEL MNEV, AND KONSTANTIN WERNLI

We study the perturbative quantization of 2-dimensional massive
scalar field theory with polynomial (or power series) potential on
manifolds with boundary. We prove that it fits into the functorial
quantum field theory framework of Atiyah-Segal. In particular, we
prove that the perturbative partition function defined in terms of
integrals over configuration spaces of points on the surface satisfies
an Atiyah-Segal type gluing formula. Tadpoles (short loops) behave
nontrivially under gluing and play a crucial role in the result.
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1. Introduction

In recent years, Functorial Quantum Field Theories (FQFTSs), as proposed
by Atiyah and Segal [2],[53], have been the subject of intense mathematical
investigation, see e.g. [9], [49], [55] and references therein. The rough idea is
that a quantum field theory corresponds to a functor

Z: Cob — Hilb

from a cobordism category, possibly equipped with extra structure, to the
category of Hilbert spaces. Examples of such functors from topological cobor-
dism categories (called TQFTSs, short for Topological Quantum Field The-
ories) abound, see e.g. [50], [58], [16]. On the other hand, there are very
few examples known for geometric cobordism categories. The first exam-
ples (in dimension greater than one) are: 2-dimensional Yang-Mills theory
(Migdal-Witten, [42], [61]) and 2-dimensional free fermion conformal field
theory (Segal [53] and Tener [57]) — for the cobordism category endowed
with area form or conformal structure, respectively. An example of an in-
vertible FQFT for the Spin Riemannian cobordism category is constructed
by Dai and Freed [12]. In [32] it was shown that free massive scalar field
theory provides an example of such a FQFT in even dimensions, for the
Riemannian cobordism category.

In this paper we give a new example of an interacting FQFT on the
Riemannian cobordism category arising from the perturbative path integral.
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1.1. Main results

We are considering the perturbative quantization of the scalar field theory
defined classically by the action functional

B 1 m? ,
Sg(¢)—/22dgb/\*d¢+/z2¢ dVolg+/Ep(gb) dVols:

with ¥ an oriented surface endowed with Riemannian metric, ¢ € C°(X)
the field, m > 0 a parameter (“mass”) and p(¢) = 3_;~5 P ¢* a polynomial
(or possibly power series) interaction potential.

The first main result of this paper is that there is an Atiyah-Segal gluing
formula for the perturbative partition function (Definition . The result
is set up as follows. First, we define a vector space

Hy = {\I/(n) = Z/Cg(Y) dxy - - dxy Yp(T1, .. zn)n(21) - n(xn)}

n>0

associated to a 1-dimensional Riemannian manifold Y = S* U --- U S (Def-
inition [3.3)). Vectors in Hy are functionals on C*°(Y) 3  and are parame-
terized by the “n-particle wave functions” 1), — formal power series in /!/2
with coefficients given by smooth symmetric functions on the open configu-
ration space of n points on Y with certain types of singularities on diagonals
allowed (in particular, logarithmic singularities on codimension 1 diagonals),
see Definition 3.2
The perturbative partition function of a surface ¥ is then given a5E|

(1.1) I

Zs(n) = e~ Jos dVolox "DZ(")det_%(A + m?) ; W € Hpx,

where:

e h is a formal parameter of quantization.
e Dy is the Dirichlet-to-Neumann operator.

e det(A + m?) is the zeta-regularized determinant over functions on ¥
with Dirichlet boundary conditions.

IFor the sake of preliminary exposition, we are being slightly imprecise writing
that Zx, is an element of the space of boundary states — see Section for details

(in particular, Remarks and .
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e The sum runs over graphs I' with N bulk vertices and n boundary
vertices (which are univalent), with no boundary-boundary edgesﬂ
Here F is the total number of edges and | Aut(I')| is the order of the
automorphism group of the graph.

e The Feynman evaluation of a graph F1(n) is calculated as follows.

— Boundary vertices of I' are placed at points x; € 9% and are deco-
rated with n(x;);

— bulk vertices are placed at points y; € ¥ and are decorated by —p,
(the coefficient of the interaction polynomial, with v the valence of
the vertex);

— edges between distinct vertices are decorated by the Green’s func-
tion for A 4+ m? (or its normal derivative for bulk-boundary edges),

— an edge connecting a vertex to itself is decorated by the zeta-
regularized evaluation of the Green’s function on the diagonal, see
Definition 5.8

Then Fr(n) is calculated as the product of all decorations integrated
over positions of all points x;, y;.

Figure 1. A typical Feynman graph on a hemisphere. Straight lines are dec-
orated with the Green’s function (for Dirichlet boundary conditions) while
wavy lines are decorated with its normal derivative.

Finally, if ¥ is a closed surface with a decomposition ¥ = ¥ Uy g,
where Y is the boundary of ¥;, and g, we define a pairing

(1.2) (Vs vme: Hy ® Hy — R[[AY?)

2In fact, the exponential prefactor in (1.1)) can be seen as the contribution of
boundary-boundary edges — see Remark



Two-dimensional perturbative perturbative scalar QFT 1851

as follows:
(1.3)
(UL (), Wi(n)) = det ™3 (D, + Ds,)-
Z dxl‘-~dl"m+nwyl;;,(.’131...,xm)ll}f(l‘m_;'_l,...,xm+n).
mEE)JT,,L+,,L C'ron+n(Y)
]I K@iz
(4,7)Em

Here 1™ are the wavefunctions for the states W/ and K is the Green’s
function for the operator Dy;, + Ds;,,. The sum runs over perfect matchings
m of m + n elements.

The Atiyah-Segal gluing formula can then be formulated as follows.

Theorem 1.1. Let X = X, Uy Xgr. Then
Zs = (Zs,, Zs) v v 5n

where ZEL, EZR are given by specialized to X1, X g with the exponential
prefactor omitted.

The proof is based, roughly, on the idea that the value of a Feynman
graph I' on ¥ can be presented in terms of values of its subgraphs I'z, '
located on ¥ and X g, glued using the interface Green’s functions K, see

Figure

Figure 2. When gluing contributions from two Feynman graphs, their
boundary vertices are connected by the Green’s function of the Dirichlet-to-
Neumann operator (zig-zag line).
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This result has a generalization for ¥ a non-closed surface, see Theo-
rem [6.11

The second result is that the construction above can be upgraded to
a functor from the symmetric monoidal semi-category (i.e. without identity
morphisms) of Riemannian cobordisms to Hilbert spaces. The main problem
obstructing functoriality of the previous result is the fact that the pairing
depends not just on the gluing interface Y but also on the adjacent
surfaces.

We define the adjusted partition function

72 ('r’) = e% Jos, dVolox m3<(n) I (77)

where s = (A +m?)Y/ 2| 5, 18 the square root of the Helmholtz operator on
the boundary. We also define a new adjusted (functorial) pairing (, )2, on
Hy, given by a similar formula to where the operator Dy, + Dy, is
replaced by 2s¢. Furthermore, we replace Hy with its L? completion.

Theorem 1.2. The assignment of the Hilbert space Hy to each closed Rie-
mannian 1-manifold Y (endowed with a two-sided collar) and of the adjusted

partition function Zx, to each Riemannian 2-cobordism constitutes a functor
Riem? — Hilb.

1.2. Tadpoles

In various treatments of scalar theory, tadpole diagrams were set to zero
(this corresponds to a particular renormalization scheme — in flat space,
this is tantamount to normal ordering, see e.g. [22], [54]). However, in our
framework this prescription contradicts locality in Atiyah-Segal sense, see
Section One good solution is to prescribe to the tadpole diagrams the
zeta-regularized diagonal value of the Green’s function. We prove that as-
signing to a surface its zeta-regularized tadpole is compatible with locality,
see Proposition However there are other consistent prescriptions (for
instance, the tadpole regularized via point-splitting and subtracting the sin-
gular term, see Section . This turns out to be related to Wilson’s idea
of RG flow in the space of interaction potentials, see Section [5.5

In the free theory, the zeta-regularized tapdole can be interpreted in
terms of the trace of the (classical) stress-energy tensor. Generally, the trace
of the quantum stress-energy tensor <tr Tq(ac)> (the reaction of the partition
function to an infinitesimal Weyl transform of the metric) differs from the
expectation value of the classical stress-energy tensor by a “trace anomaly”
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— an effect well-known in conformal field theory. In Appendix [B| we obtain
an expression for the trace anomaly in the interacting massive scalar theory

(Proposition [B.4):

= 47;<Kéx) —m? — ;;p(¢)>

with K (z) the scalar curvature of ¥ at the point x. Brackets (- - -) stand for
the expectation value defined using the perturbative path integral, as a sum
of connected graphs with a single marked vertex (except in ( tr T, (z)) where
brackets are a part of notation). We also comment on how to compare the

m — 0 limits of trace anomaly and partition function with conformal field
theory, see Remark [B.3]

(trTy()) = (o Ta())

1.3. Plan of the paper

Let us briefly outline the plan of the paper.

e In Section [2] we recall some facts on classical field theory and free
massive scalar field theory.

e In Section [3] we define the perturbative quantization of scalar field
theory on manifolds with boundaryﬂ We use heuristics of path inte-
grals to motivate our construction and then give rigorous definitions
and proofs.

e In Section [d] we show how to heuristically derive gluing formulae for
regularized determinants and Green’s functions from formal Fubini
theorems for path integrals. These gluing formulae have been proven
in other contexts in the literature, and we briefly review these mathe-
matical results.

e In Section [5| we study the regularization of tadpole diagrams and how
it interacts with gluing.

e In Section @ we state and prove Theorem above (in the general
form).

30ur approach is slightly different from the one in [9]: we use the second-order
formalism whereas [9] works in the first order. Also, a technical point: we use a
different extension of boundary fields into the bulk, for the splitting of fields as
boundary fields plus fluctuations, — we use the extension as a solution of equations
of motion whereas [9] uses a “discontinuous extention.” We plan to discuss the
relation between the two approaches in a future publication.
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e In Section [7], we promote our results to the functorial framework and
state and prove Theorem [I.2] above.

e In Appendix [A] we present a collection of explicit examples of zeta-
regularized determinants and tadpole functions (and gluing thereof)
and Dirichlet-to-Neumann operators. We prove that the Dirichlet-to-
Neumann operator differs from the square root of the Helmholtz oper-
ator on the boundary by a pseudodifferential operator of order < —2
(a sharp bound) — Proposition

e In Appendix [B] we discuss the relation of the tadpole and the stress-
energy tensor, and obtain the trace anomaly.

1.4. Related work

The cutting and gluing of perturbative partition functions in the context of
first-order gauge theories is discussed in [9]. An example of a computation in
the context of Chern-Simons theory was done in [60], [IT]. An approach to
perturbative Chern-Simons invariants of 3-manifolds via cutting and gluing
in the context of algebraic topology was discussed in [35]. Another approach
to gluing of functional integrals - with a view towards supersymmetry -
is considered in [I3],[14]. Gluing in the context of the perturbative path
integral approach to quantum mechanics was considered in [30].

1.5. Acknowledgements

We would like to thank Alberto S. Cattaneo, Liviu Nicolaescu, Nicolai
Reshetikhin, Stephan Stolz and Donald Youmans for helpful remarks and
discussions.

2. Preliminaries
2.1. Classical field theory

A classical (Lagrangian) field theory on a compact oriented d-dimensional
Riemannian manifold 32, possibly with nonempty boundary, consists of:

(i) The space of fields Fx;, which is the space sections of a vector bundleﬁ
over .

40r, more generally, a sheaf. However, the case relevant for this paper is the one
of the trivial R-bundle.
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(ii) A Lagrangian Ly, which is a function on Fy, with values in the space of
d-forms on ¥, i.e. Ly : Fy, — Q4X), ¢ — Lx(¢) such that it is local in
the sense that it depends only on the fields and finitely many derivatives
thereof.

Using the Lagrangian, we define the action functional Sy, : Fs; — R, Sx(¢) =
Js £2(9).

The variation 6.5y, of the action functional Sy; has the so-called Euler-
Lagrange term and a boundary term. The Euler-Lagrange term gives rise
to the equation of motion and its solutions are called the classical solutions.
Let ELy C Fx denote the space of the classical solutions. The boundary
term induces a one-form on ELsy.

Let Y denote a (d — 1)-dimensional manifold Y together with a one-
sided d-dimensional collar around Y. Associated to Y we have a space ®y
which consists of the solutions to the equation of motion on Y, and a one-
form ay on ®y that arises from the boundary contribution of the variation
0Sy on Fy. We can identify @y, at least when Ly, is nice, with the Cauchy
data space Cy which is the information on the fields and their derivatives
along Y so that the equation of motion has a unique solution. Let wy = day,
then, wy defines a presymplectic structure on Cy and it is symplecticﬂ in
nice situations. For instance, for the free scalar field theory (Cy,wy) is a
symplectic vector space.

Now assume that 90X =Y, then we have a surjective submersion 7y :
Fs — Cy. Let Ly, = mx(ELy). Then, Ly, is an isotropic submanifold of Cy
and it will be a Lagrangian submanifold when Ly is nice. We assume that
Ly is Langangian for this discussion.

Hence, a classical field theory assigns to a compact oriented Riemannian
(d — 1)-dimensional manifold Y (more precisely, Y has a one-sided collar) a
symplectic manifold (Cy,wy ). Moreover, if 93 = Y, then Ly is a Lagrangian
submanifold of Cy. More generally if 9% = 9% LI 9X°%, then Ly, is a La-
grangian submanifold of Cysin X Cyyone and it can be regarded as a relation
which if often called a canonical relation [59]. Here 93 is used to empha-
size that the intrinsic orientation on OX™ is the opposite of the induced
orientation from ¥ (whereas the bar in Cysin denotes the change of sign of
the symplectic form). Furthermore, if ¥ = 3 Uy X9, then Ly = Ly, o Ly,

5Cly is typically infinite-dimensional in the setting of field theory, and nonde-
generacy of symplectic structure is understood in the weak sense, i.e. the map
TM — T*M induced by w is injective, but not necessarily surjective.
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where the o means the composition of relations. We refer to [59] for a dis-
cussion of the symplectic category and [7] for a more elaborate discussion
and axiomatization of classical field theory in a more general setting.

2.2. Free massive scalar theory
Here, we illustrate the discussion above using the free massive scalar field
theory. Let ¥ be a compact oriented Riemannian manifold of dimension d
with 0¥ =Y. Let m be a positive real number. For the massive free scalar

field theory on I, the space of fields is Fy, = C*°(X) and the Lagrangian is
given by

L(¢) = %(dqb A sdg +m2p A x¢) and S(¢) = é A dp A xdp +m2p A xé.

Moreover,

5S = / 8¢ A (d x dp +m? * ¢) +/ 8¢ A xdp
X )
and the equation of motion is
(AE + m2)<;5 =0

which is also known as Helmholtz equation. Here, and throughout the pa-
per, Ay is the Laplace-de Rham operator A = dd* 4+ d*d (where d* is the
codifferential) restricted to O—formsﬁ The Cauchy data space Cy is given by

0
C*®(Y)@d C>®(Y), and 7y : Fx, — Cy is given by ¢ — g@‘,(gﬁ), Ly a—¢ ,
v
where v is the outward pointing unit normal vector field along Y. Further-

more, ay = fY xd¢p dVoly and the symplectic form wy is given by wy =
day = fY dox0¢dVoly. Here § is understood as de Rham differential on
C*(Y), this means that when evaluated on two vectors (¢1, x1) and (¢2, x2)
the result is

wy (61, X1)(62, X2)) = /Y (X162 — 61 x2) dVoly.

Ly is the graph of the Dirichlet-to-Neumann operator Dy on Y, which is
defined as follows:

Tn particular, it has nonnegative spectrum, so coincides with minus the usual
Laplace operator on flat space.
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Definition 2.1. Let n € C°(Y) and ¢, € C(X) be the solution of the
Helmholtz equation on ¥ with o3 (¢y) =1n given by Lemma . Then we
define Dy.: C*(Y) — C>®(Y) by

Ds =i (5.

It is known that Ds is symmetric from which it follows that Ly is La-
grangian. Furthermore, if ¥ = ¥; Uy 39, one can verify that Ly, = Ly, o Ly,
18, 32].

Remark 2.2. When X = X1 Uy X9, the Dirichlet-to-Neumann operator
Dy, 5, along Y is defined as the sum of normal derivatives, with respect

to the induced orientations on Y, of solutions of Helmholtz equation on 3
and Xo:

(2.1) Dghgz = Dgl + Dgz.
2.3. Green’s functions

Let ¥ be a closed oriented Riemannian manifold and P be an elliptic differ-
ential operator on ¥ such that P is invertible, then P has a unique Green’s
function G(z,y), see for example [56], Chapter 7:

The PDE

P,G(z,y) = 0:(y)

has unique distributional solution G(z,y) and it is the integral kernel of
P~!. Moreover,

G(z,y) € C* (X x ¥\ diag) .
More generally, if ¥ is a compact oriented manifold with boundary, then

one can define Green’s function by imposing boundary conditions. For exam-
ple, for the Dirichlet boundary condition, we have the following definition.

Definition 2.3. Let ¥ be a compact manifold with 0¥ # & and P be an
elliptic operator on X. Then the boundary value problem

PyG(z,y) = 02(y)

with G(z,y) =0 on 90X has a unique distributional solution G(z,y). We
call such a G(z,y) Green’s function with Dirichlet boundary condition and
denote it by GE(x,y).



1858 S. Kandel, P. Mnev, and K. Wernli

Remark 2.4. Green’s functions for other boundary conditions are defined
similarly and Green’s functions may not be unique for a general boundary
condition.

In this paper, we are mostly interested in the Green’s function of Ay +
m? where Ay, is the nonnegative Laplacian on ¥. One well-known technique
to construct Green’s functions of an elliptic operator P on a manifold with
boundary is the method of images (see for example, [22]) which we describe
below.

Let X be a smooth compact oriented Riemannian manifold with bound-
ary and 0¥ = 91X LU 022 We want to construct a Green’s function that sat-
isfies the Dirichlet boundary condition on 01 and the Neumann boundary
condition on 92%. The idea here is to use the “doubling twice trick” (we
took this name from [9]): we first glue a copy of ¥ along 0;% and denote
the resulting manifold by ¥’. Note that there is a canonical isomorphism S
which is the reflection about 01 %. Next, we glue Y with itself to get a closed
Riemannian manifold ¥”. Let Sy denote the reflection along the boundary
of ¥'. Since ¥ is a closed manifold we have the Green’s function G” for ¥”.
We use G” to define Green’s function on ¥ with the desired properties. For
this purpose, we define

G(xvy) = G//(x7y) + G//(CE, SQ(y)) - G”(SU, Sly) - G”(l', Sy 0 Sl(y))
Let us verify that G(z,y) is indeed a desired Green’s function.

Lemma 2.5. G(z,y) is a Green’s function for P that satisfies Dirichlet
boundary condition on 013 and the Neumann boundary condition on 023.

Proof. Let x € ¥. Then P,G(z,y) = 6,(y) as 6,(S(y)) =0 for y € ¥. By
construction G(z,y) satisfies the Dirichlet boundary condition on 9;% and
the Neumann boundary condition on dxX. O

Example 2.6. Consider ¥ to be the first quadrant in the R? and P = A.
We want a Green’s function that satisfies the Dirichlet boundary condition
ony = 0 and the Neumann boundary condition on x = 0. In this case X" is
the whole R*. We know that —3=log((d(z,y), (v, B)) is the Green’s function
on R2. Thus, in this case,

G((2:), (2, 8)) = —5 - Tog((d((z, ), (o, ) — 5~ log((d(z, ), (~t, )

S~ log((d(z, ), (0, —B)) + 5 log((dl, ), (~a —5)

+27r
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One can easily check G has the desired properties.

From now onward a Green’s function always refers to a Green’s function
associated to A 4+ m?2. The following fact about Green’s functions on a com-
pact oriented Riemannian manifold ¥ is well known, see for example [56],
Chapter 7; the item follows from the expansion of the Green’s function
near the diagonal (see for example [39]).

Lemma 2.7. (i) The Green’s function GR(z,y), satisfying Dirichlet
boundary condition, is symmetric and it defines a positive bounded op-
erator on L*(X).

(ii) In the case dim X = 2, in a neighborhood of the diagonal A(X) in ¥ X
Y, away from the boundary, we have

1
where H is in CL.

We can use Green’s function on a manifold with boundary to construct
solutions to boundary value problems [I17]:

Lemma 2.8. Let n € C(9X). Define gb? on X by

D T
o3 =~ [ TR ) 4

then qﬁ? is the unique solution of the Dirichlet boundary value problem for
As +m? on ¥ with boundary value 1. Moreover, ¢r is smooth on 3.

We will sometimes drop the subscript X if it is clear from the context.
We will also drop D from Gg because, in this paper, we consider the Green’s
function either on a closed manifold ¥ or with respect to the Dirichlet bound-
ary condition when 9% is non-empty.

3. Perturbative quantization

In this section we consider the perturbative quantization of scalar field the-
ory with a potential p € R[[¢]] - i.e. the evaluation of the partition function
by formally applying the method of steepest descent. As usual, terms in the
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resulting power series are labeled by Feynman graphs that are evaluated ac-
cording to Feynman rules. The result is a functional on the boundary fields
(more precisely, on the leaf space of a polarization on Cy).

3.1. Formal Gaussian integrals and moments

The path integrals appearing in this paper are all integrals over vector
spaces, and can be reduced to expressions of the form

/ e~ @A g(x1) - §(2,) Do,
PeC>(3,0%)

where ¥ is a Riemannian manifold, C*°(X,9%) denotes smooth functions
which vanish on the boundary, A: C*°(%,90%) — C*°(X,9Y) is a linear op-
erator, (¢,1) = fz ¢ dVoly, and A is a formal parameter. One way to de-
fine these integrals is just to simply postulate the rules for finite-dimensional
Gaussian moments in infinite dimensions. We will very briefly review this
idea, as it is essential to the paper. Details can be found in many places,
for instance [47],[49],[43]. For n = 0, we want to define the “formal Gaussian
integral”

(3.1) / e @A Dy m T
pEC>(5,0%) (det A)=

Heuristically this defines a certain normalization of the path integral measure
(absorbing an infinite power of 2wh). However, since A is an operator on an
infinite-dimensional space, we need to be careful about the determinant. In
this paper, following [26], we will use the zeta-regularization.

The values of Gaussian moments can be elegantly given using the notion of
perfect matchings:

Definition 3.1. If S is a set, a perfect matching on S is a collection m
of disjoint two-element subsets of S such that |Jm = S. The set of perfect
matchings on {1,...,n} is denoted M,,.

For instance, m = {{1, 3}, {2,4}} is a perfect matching on S = {1,2, 3, 4}.
Again, simply extending the finite-dimensional result to infinite dimensions
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yields the following definition:

(3.2) / e 3 @A) G(21) - §(2,) Db
pEC™=(3,0%)

" _
::m Z H A 1($,‘,.%’j)

mEM,, {ij}em

where A1 is the integral kernel of the inverse of A. This definition works
fine as long as x; # x; for all ¢ # j, but if two x;’s coincide, we run into
trouble because A~ is typically singular on the diagonal. In this section, we
will resolve this issue by normal ordering, which has the effect of neglecting
any terms containing A~!(x;, ;). However, for the purpose of gluing, we
will need to resort to another mechanism explained in Section

A standard combinatorial argument, for which we again refer to the litera-
ture (e.g. the references above), then shows that one can conveniently label
all terms in integrals such as

/ ¢~ 2 (6:40)~ k(@)
C==(3,0%)

where p is a polynomial, by graphs. These graphs are called Feynman graphs
and the rules to evaluate them are called Feynman rules. Below, we will
define the path integrals in question through these graphs and rules.

3.2. The path integral on a manifold with boundary

3.2.1. The general picture. Let 3 be a compact oriented Riemannian
manifold with X = Y. We may have Y = &. Recall from Section [2] that we
then have a presymplectic manifold (Cy,wy ). Let us assume it is symplectic.
For the quantization we need some extra data, namely a polarization Py of
Cy. We assume that Py is such that the space of leaves By of the associated
foliation is a smooth manifold. Let qy : Cy — By be the quotient map. If
75 (qy (7)) N ELy is a finite set, then the formal expression

_S()

(3.3) Zs() = gy @ " D9

can be defined using the formal version of the method of steepest descent.
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3.2.2. Free scalar theory. Let us again consider our main example, the
free massive scalar field theory defined by the action

S(¢):1/Ed¢A*d¢+m2¢A*¢

2

We recall that

Cy = C®(Y) & C®(Y) 3 (

() = (300 (G ))
wy = /Y b,

In a symplectic vector space, a nice class of polarizations is given by La-
grangian subspaces. In particular, the splitting Cy = C®(Y) @& C>®(Y) is
Lagrangian, so that there are two obvious polarizations on Cy. We will
choose the polarization for which gy is the projection on the first compo-
nent. Thus, for n € C*(Y’), we have

s gy (1) = {¢ € C%(2), 13 (¢) = 0}

and
dy' (7' (n) N ELy = {¢y}

where ¢, is the unique solution of the Dirichlet problem for Ay, + m? with
boundary value 1. The assignment s:  — ¢, defines a section of the short
exact sequence of vector spaces

C®(8,Y) — (%) L5 coo(y)
~_

S

Hence, we can write ¢ = gg—i- ¢, where (;AS vanishes on Y. Moreover, S(¢) =
S(¢) + S(¢y). We can then rewrit the formal expression (3.3) as follows:

/ o D¢ = e—s(}f")/ — 5@ " Do
75 (ay (m) wgl(q;l(O))

The latter expression is, formally, a Gaussian integral over the vector space
C3°(X) functions which vanish on the boundary of . Thus it makes sense

" Assuming translation invariance of the functional measure D¢.
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to define it, analogously to the finite-dimensional case, as

__S(e)

(3.4) Zs(n) = / e~ h D¢ := (det(Ay +m?)) ze
T (ay ' (m))
where, S(¢,) is given by

1
(3.5) S(oy) = 2/ nDsn dVolys
ox

and the Dirichlet boundary condition is used for the zeta-regularized deter-
minant. In this paper, unless stated otherwise, the zeta-regularized determi-
nant will be taken with respect to the Dirichlet boundary condition when
the boundary is present.

Later on, we will be interested in a decomposition of the boundary
into two components, 0% = 9r,% LI OrX (these components are allowed to
be empty or disconnected). Then n = nr + nr, where n; is supported on
0;%. Since the Dirichlet-to-Neumann operator is symmetric, we can rewrite

S(¢n) = S(Pn,) + S(dys) + /az nr.Dsnr dVolps, ,

and the latter term can be expanded®| as

0 0Gx(z,y) ,
nrDsmr dVolgs, = — / = nL(@)nr(y)dydy
/azL B =7 rconexosa 0@ uly) T ORY)

=:Sr.r(NL,NMR)

Thus, the partition function can be expanded as

Zs (ML, MR) Z/ e % Do
ms (ay' (1)
vy 1 _S(¢ng)  S(énp) _ Sp,r(L.mR)
(3.6) = (det(Ayx +m*)) 2e” "R e h e R

3.2.3. Interacting theory. From now on, unless stated otherwise, ¥ is
assumed to be a two-dimensional Riemannian manifold.

8To condense the notation, we let [, f(y)dy := [, f(y) dVoly (y).
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Let

:Z%¢k

k>0

be a formal power series. We are interested in the interacting massive scalar
field theory where the Lagrangian has the form

L(6) = 5(d6 A wdg -+ m*) A #6) + #p(9)

so that the action functional is S = Sy + Sint with

1

So = 2/Edq§ A xdd +m2p A x¢ and S = /2 *p().

We will consider this theory as a perturbation of the free theory, in order to
define the perturbative partition function

75 (ayt ()

Let n € C*°(Y'). The assignment 7 — ¢,,, where ¢,, is the unique solution
to the Dirichlet boundary value problem with boundary value 7, defines
a section of gy o mx : Fy — By. Hence, we can write ¢ = qb + ¢, where qb
vanishes on Y. Moreover, So(¢) = So(¢) 4+ So(¢y). Now, we can write

BT Zs(ph)—e 5" / ¢~ @S d9) D)
(@' ()

The integral on the right hand side is again a formal path integral, and
as such we would like to define as a formal perturbed Gaussian integral as
explained above.

There is a subtlety here: one would prefer the partition function to be
a formal power series in &, i.e. it should not contain negative powers of hﬂ
In the closed case, it is enough to assume pg = p; = 0 to achieve this. In
the presence of boundary however, it is necessary to express the partition

9For instance, because a product of two formal Laurent series with infinitely
many negative powers is generally ill-defined.
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function instead in terms of the rescaled boundary field
ﬁ — 77/71/277 o n= h1/2ﬁ.
In terms of 7, (3.7)) reads

(3.8) Zs.(7, h) = 6—50(¢ﬁ)/ o~ 7 (S0($)+Sint (6+V ) Dé.
s (ay'(0)

For the rest of the paper, we will work with the rescaled boundary field 7,
and we will treat it as an element of C°°(9%). Unless otherwise stated, we
will assume pg = p;1 =p2 =0

3.2.4. The space of boundary states - a perturbative model. Heuris-
tically, the space of boundary states should be the space of square inte-
grable functions on the space of leaves of the polarization: Hy = L?(By) =
L?(C>=(Y)). Of course, in the field theory setting, one has to be very careful
about the measure used to define these L? spaces, and in many cases it is
convenient to drop the measure theory altogether and work with a different
model for the space of states. Here we will present (Definitions a
natural model in the context of perturbative quantization, in which a glu-
ing formula can be formulated. In Section [7], we will revisit it from a more
measure-theoretic perspective, and will introduce another pairing of states
leading to a functorial interpretation of the gluing formula.
Let Cy(Y') denote the open configuration space of n points in Y:

Co(Y) ={(W1,-- - un) € Y"|yi # 5,Vi # j}.

To introduce the model for the space of states, we will need the follow-
ing auxiliary definition (which is motivated by the properties of Feynman
graphs, see Proposition below).

Definition 3.2. We say that a smooth function f(yi,...,yn) on the open
configuration space Cy(Y') has admissible singularities on diagonals if:

10This condition guarantees that there are finitely many Feynman diagrams con-
tributing to each order in 7. We can also relax this assumption and allow nonzero
Do, P1, P2, see the discussion in Section [3.4.1
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(a) f has (at most) logarithmic singularity when two points collide:

f = O(log d(yi,y;))

as yi — Yj.
(b) Assume that a set of k > 3 points y;,, ...,y coalesce, so that pairwise
distances satisfy € < d(yi, ,vyi,) < Ce (with C a constant). Then
1
o(k)
f 2
as € — 0.

(¢) Behavior near a general diagonal: assume that several disjoint subsets
S1,...,8 C{1,...,n} of points coalesce at p different points on'Y", with
each coalescing cloud of points at pairwise distances of order €. Then

f= O(f[gw(e))
j=1

as € = 0, where

loge, k=2
=) L g3

We will denote the space of smooth functions on CJ(Y) with admissible

singularities on diagonals allowed as C25, (Ch(Y)).

We remark that all functions in C53 (C5(Y')) are integrable. However,
they are generally not in LP for p > 2 due to the singularities arising at a
collapse of > 3 points.

The perturbative model for the space of boundary states is constructed
in two steps: first we introduce the “pre-space of states” and then (Defi-
nition we will introduce the space of states proper as its appropriate

completion.

Definition 3.3. Let Y be a closed 1-dimensional manifold. For n € N,n >
1, we define H}(,n) to be the space of functionals W: C*°(Y) — R of the form

B9) W@ = [ D i) ) dn

where 1 is the “wave function” of the state W and it is a smooth, symmetric
function on Cy(Y') with admissible singularities (in the sense of Definition
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allowed on diagonals. We say that 1 represents U. We are allowing the
wave function 1 to take values in formal power series R[[h'/?]]. Moreover,
we define HO) = R[[h'/?]]. Finally, we define the pre-space of state as

pre_@H

n>0

In particular, the vector space associated to the empty manifold Y = &
is just R[[!/2]].

Remark 3.4. Notice thal™?]
1 PCGsx(y,y) . .
So(dZ) = — [/ dydy —2=\D 7 ) !

. 1 %G
(3.10)  =-—lim 2/ dy dyf
€0 (y,y") €L X 0%, d(y,y’)>e (

1 N
—— | dy n(y)2>
TE oy

Since the second normal derivative of the Green’s function behaves as

~—

5 (¥,
)

O (m), it 1s worse than a logarithmic singularity allowed for a 2-point

collapse and thus e=%(9%) ¢ HPC.

In fact this singularity is strong enough to be non-integrable on the di-
agonal of the configuration space and the integral needs to be understood in
the reqularized sense, as in the second line above.

Remark 3.5. IfY has several components Y =Y, U...UY,, then the as-
sociated pre-space of states factorizes as a (projective) tensor product

(3.11) HYy*=Hy*®---@ Hy .

1 This model for the pre-space of states is twice larger than what we need, in the
following sense. The space Hy © is 7 x Z-bigraded by the i-degree and polynomial
degree in 7, dy and ds respectively. The perturbative state induced from a Surface on
the boundary always has only monomials satisfying the “Selection rule” d; — ¢ € Z.

120ne way to prove Eq. is as follows. In Solow] = 3 fz d(bn * dos + m2¢n
b5 = 3 [ d(¢5 * dpiy) use the expansion ¢ (z) = — [o, d%i(x’y) (y')dy" for the
second factor and use Stokes’ theorem for the Complement 0% a small half-disk of
radius € around 3’. The second term in the second line in arises (asymptoti-
cally) as the contribution of the boundary of that half—disk.
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3.2.5. The gluing pairing. In this subsection we define the pairing that
will be used to formulate the gluing theorem. The notation is as follows. We
consider a cobordism (X, 01X, OrY). We then consider a decomposition of
along a hypersurface (curve) Y: ¥ = X Uy Xg, such that 0¥, =92 UY
and 9Xr = OgX U Y. The heuristic idea to define the pairing is as follows:
if W1 is a functional of boundary fields of the left cobordism 7., 7y, and ¥y
is a functional of the boundary fields 7y, 7z on the right cobordism, then
we want to define

<‘I/1>\I’2>(77L777R):/ U1 (7L, 1y ) Va2 (7y, Mr) Dily,

n

where D7y is the “Lebesgue measure” on C*°(Y). To get to a mathemati-
cal definition, we notice that partition functions always include a factor of
e~%(@ay) | Thus, it makes sense to extract that factor and thus arrive at
a formal Gaussian measure on C*°(Y), for which we can use the ideas of

Section [3.1k

/ U (i iy ) Wa iy ) iy
n

= / U1 (771, 7y ) D2 iy, fjg)e 0@ ) =500 Dy,
7

With this idea in mind, we now degine a map describing the formal integral
over C*°(Y') with respect to e~ 50(@ay)=50(@a ) Dy,

Definition 3.6. Let ¥ = X Uy Xr and Dy, x,, the Dirichlet-to-Neumann
operator along Y defined in Remark [2.4 Let K be the integral kernel of
the inverse of Dy, .. We define the map (-)s, vs,: HX(,n) — C, called the
expectation value map, by

(312) (g, yyp=———— 3 /C B 1 5)

det(Dyx, x,)? e, JCa(Y)

H K(yvuyvg) dyl dyn

{v1,v2}€m

The extension of this map to Hy'* is also denoted by (-)s;, v,

Since K (y,y") = O(logd(y,y')) at y — v and ) has admissible singular-
ities on diagonals, the integral is convergent.
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Remark 3.7. This map is of course nothing but a formal integration over
the field 7 € C*°(Y). It has an interesting interpretation as the expectation
value of the observable ¥: C>(Y') — C with respect to the theory on'Y with
space of fields C*(Y') and (non-local) action functional

SY = / ﬁDzLyngﬁ dVOly.
Y
This explains the notation.

Since sets of odd cardinality do not have any perfect matchings, the map
(-) vanishes on H™ | for n odd.

For W€ H™ W ¢ H™ two states with wave functions ¢ € C%_(C2(Y)),
Y e C%(Co,(Y)), we can form a new state ¥ © ¥’ € H("+™) whose wave
function is the symmetrized tensor product ¥ © ¢’ € C53, (Cr 1, (Y)) given
by

(3'13) (w © wl)(yh v 7yn+m)

1

= m Z ¢(yg(1), s 7y0(n)) ¢/(ya(n+1)a s 7yo(n+m))

with o running over permutations of n + m elements.
The pairing is then simply the composition of the expectation value map
with the multiplication ©:

Definition 3.8. Let X3 = Y Uy Xig. Then, we define a pairing
(s, visn: HE x HP® — R[[hY?)]

by
(3.14) (v, ‘1’/>2L,y,zR = (¥ o \P’>2L’Y’ER

and extending bilinearly.

Definition 3.9. We define the space of states Hy associated to a Rie-
mannian 1-manifold Y as the completion (order-by-order in h) of Hy™ with
respect to the pairing (-,-)s, v, 5,-

Remark 3.10. IfY =X, Uy YXg withoX; =Y; 1Y, i € {L, R}, then 0¥ =
Yr UYR. By using the isomorphisms Hgy, = Hy, ® Hy and Hpy = Hy, ®
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Hy,, the pairing extends to a map
(,)svyn: Hox, ® Hox,, — Hpy.
3.3. Feynman graphs

In this subsection we introduce the Feynman graphs relevant for this paper.

Definition 3.11. A Feynman graph U is given by the following data:

1) Three disjoint finite sets (Vi, Vi, VR), called the set of bulk and left
resp. Tight boundary vertices. Their union, V =V, UV U Vg is called
the set of vertices. Vg = Vi, U Vg is called the set of boundary vertices.

2) A finite set H with an incidence map i: H — V
3) An involution 7: H — H without fized points (representing the edges)

such that for all v € Vi, U Vg, we have |i~1(v)| =1 (boundary vertices are
univalent).

The edge set E(I') of the graph is by definition the set of orbits of
7. We denote by FE;(I') the edges that contain ¢ boundary vertices. Thus
E(') = Eo(T") U Eq1(I") U Eo(I"). We give them different graphical represen-
tations (see Table . Some examples of graphs are shown in Figure

edge ‘ set ‘ name
Ey bulk edge
ANANNAN L bulk-boundary edge

~0000000 E5 | boundary-boundary edge

Table 1. Edges in Feynman diagrams.

L R L R
: o
%
QO
@..000000000000 @ “o
Figure 3. Some examples of Feynman graphs.

We shall also require the notion of automorphism of a graph.
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Definition 3.12. An automorphism ¢ of a graph I' is given by a pair of
bijections:

Vip): V-V
and
H(p): H—>H
which commute with the incidence map ¢ and the involution T, i.e.

H ‘v

JH ) lV(w)
H—'5vVv
V' is required to respect the decomposition V.=V, UV L Vg.
The automorphism also induces maps on the sets of edges, denoted by
Ei(p) or E(p).
Below we will rely on the following simple observation:
Proposition 3.13. Suppose all bulk vertices are at least trivalent. Then
(T) = |ET)| = |[Vo(I)| — 3|Va(T')| > 0, with equality if and only if there are

no bulk vertices.

Proof. The assumption implies that the number of half-edges in the graph
is at least 3|V(I")| + |Va(I")|. This implies

3 1
[B()| = SIW(D)] - 51Va(D)] >0,
which in turn implies the statement. O
3.4. Feynman rules and the perturbative path integral

Associated to a graph I' is a certain configuration space Cr:

Definition 3.14. Given a Feynman graph I', we define the associated con-
figuration space of T in a cobordism (3,0.%,0rY) as

Cp(X)=Cr:={f:V = X, f injective, (V1) C 0%, f(Vr) C OrX}
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If I" has k; resp k, left resp. right boundary vertices and [ bulk vertices,
picking an enumeration of V, V7, Vg identifies Cp as the open subset of ¥ x
Or3F x OpXkr given by removing all diagonals. We now define the weight
F(T') as a functional of the boundary fields by associating a certain function
(depending on the boundary fields) on CP to the graph and integrating
it over Cp against the measure dVolge(s) induced by the embedding into
! x ¥R x Op¥Fr. Namely, F(I') can be defined as follows:

Definition 3.15. Let I' be a Feynman graph with n boundary vertices
U1,...,vn and no short loops. Let m;: CR(X) — Y denote the projection to
the i-th boundary point. Then F(T') is the map F(T'): C*>°(X) — R defined

by

(3.15) O = [ werii- midVolegs
Cr (%)
where
(3'16> wr = H (_pval(v)) H GZ(«Ta:xB)'
veV,(T) {a,B8}€E,
H (_ 3G2(l’myz‘)> H (_ 32G2(yi,yj))
(oo g CES ov(y:) (. }eEs Ov(y;)ov(y;)

is the product of propagators and their normal derivatives according to the
combinatorics of the gmphE

Remark 3.16. The configuration space C} has a natural map p to CIQ(Z) =
Cy, (0L8) x Cy, (OrX) given by forgetting the bulk points. The fiber of this
map over a pair fi, f of configurations is the open configuration space of
S\ (fi(VL) U f2(VR)). Thus, we can define {r := p.wr, where p, denotes
integration (pushforward) along the fibers of p. ¥r is a function on C2(X)
whose regqularity we will study below. We can then rewrite as

(3.17) FD)[n) = / Yraii ... w7 dVolgsyn .
CR(%)
We will call yp the wave function associated to I'. FEven though r does

not need to be symmetric under permutation of the boundary points, only its
symmetric part will contribute to the integral (3.17)).

3In the case if I' contains boundary-boundary edges connecting a boundary
component to itself, the integral (3.15) needs to be regularized as in Remark
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We will now show that the coefficients of Feynman graphs have the nice
regularity properties that we want.

Proposition 3.17. Let I' be a graph without short loops and without
boundary-boundary edges connecting Or, to 01, or g to Or. Then the corre-

sponding wave function Yr is a smooth function on the open configuration
space with admissible singularities on diagonals, as in Definition [3.3:

Yr € Cogn(CR(X))

Proof. Given a graph I', we are interested in the integral

f(y177yn):/ d2$1"'d2.’13]\/' H Go(xa,xg)-
EN

(3.18) 1 (.B)EE, )
I ¢'G@ew) [ Wiy
(ai)eEy (i,§)€E
as a function of n pairwise distinct boundary points yi,...,y, € Y. Note

that ¢p = f - (—1)#Et#ke [I,ev;, (—=Pvai(w)) — & constant multiple of f. Here
we denoted N = |V3| the number of bulk vertices, n = |VL| + |Vg| the num-
ber of boundary vertices; we denoted G* the Green’s function (k = 0), its
first (k = 1) or second (k = 2) normal derivative at the boundary appearing

in (3.16). Note that we have the following asymptotics:

1
Go(xa, xg) ~ ——logd(za,p),

Ta—Tg 2T

(3.19) ) 1 2 !
@ aay) = Oz —). Clwy) = 0.
(I Yy ) To—Yi <d($ou yz)) (y yj) Yi—rY; <d(yl’y])2>

In fact, the arguments of G? never approach each other in , since in
I' we didn’t allow boundary-boundary edges connecting a boundary compo-
nent to itself.

First note that, for y,...,y, fixed pairwise distinct boundary points,
is a convergent integral: if p > 2 bulk points 4, ..., Za, coalesce at
pairwise distances € < d(zq,,%q,) < Ce, the integrand behaves as O(log® €)
(with a the number of edges in the collapsing subgraph), which gives an
integrable singularity. If p > 1 bulk points collapse at a boundary point y;,
the integrand behaves as

O(log“e)

eb
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where b =1 if in I' the vertex y; is connected to one of the collapsing bulk
points and b = 0 otherwise. This again gives an integrable singularityE

Smoothness on the open configuration space of the boundary follows
from standard arguments.

Next, we turn to the analysis of the singularities. Consider the asymp-
totic regime for when y; approaches y;. In the limit y; — y;, the
integral converges unless there is a bulk vertex z, connected to both ;
and y;. If there is such a vertex z,, the integral is divergent as y; — y;.
Consider the integral over a half-disk DJ of radius § > d(y;,y;) centered
at y;, where D;r is contained in a geodesic normal chart. The integral in
Zo over the complement ¥\ Dgr does not create a singularity. The integral
/ Dt m can be modeled by the corresponding integral for the flat
case, since the leading singularities are the same in both cases and the metric
in geodesic normal coordinates satisfies g;; = 6;; + O(6%). Thus, one obtains
the estimatd™]

d’z )
3.20 / . = Oflog -+
(3.20) pf ATa, Yi)d(Ta,y;)  vi—us ( & d(yiayj)>

Thus, the worst possible singularity of at a codimension one di-
agonal of the configuration space is the logarithmic one.

Consider a subset of boundary points y;,, ..., ¥:,, with & > 3 coalescing
at pairwise distances € < d(y;,,y;.) < Ce. In this asymptotic regime, the
strongest singularity in arises from the situation when a single bulk
vertex x, connected to each of the coalescing y’s by an edge, is colliding
onto them. By a similar argument to the above, this situation is modeled by
an integral over a (flat) half-plane

A2z, 1
21 = -
(3:21) /H+ AT, Yiy) - d(Tay Ys,,) €0 O(ek*2>

4 Note that here it is essential that the boundary vertices are univalent - otherwise
we could have gotten b > 1 which would lead to a non-integrable singularity.

15Indeed, denote that the integral in the Lh.s. of by J. It is a function of §
and the distance d(y;,y;). Set y; =0 for convenience. Making a rescaling z, —
Azq,y; — Ay; under the integral, we see that J(AJ, Ad(yi,y;)) = J(3,d(yi,y;))-
Therefore, J = J (W). Next, the integrand behaves in J behaves as ~ T%, with

Y3

r = d(zq,y;), when r > d(y;, y;). Therefore, in the asymptotic regime § > d(y;, y;),
T 1) rdr
we have J ~ [ df de(yi,yj) tdr ~ mlog 7(1(1}?,1}]‘).
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This estimate follows from a scaling argument: denoting the lLh.s. by
I(yi,, - i), wehave I(Ay;,, ..., Ay, ) = A>*I(y;,,...,y; ) forany A > 0,
as follows from a scaling substitution in the integral y; +— Ay; , x4 — Az,.

Finally, if we have a simultaneous collapse of several subsets of bound-
ary points (at different points on the boundary), the respective Worst case-
scenario asymptotics is given by a product of model integrals (3.20) -
corresponding to the collapsing subsets.

It should be noted that naively extending the definition of the Feyn-
man rules to diagrams with self-loops would yield ill-defined results, as the
Green’s function is singular on the diagonal. One way to overcome this di-
vergence problem is to not apply the formal integral to the exponential of
the action, but to apply normal ordering before applying the formal inte-
gral. Put simply, this has the effect of removing short loopﬂ This leads to
the following deﬁnitionﬂ

Definition 3.18. We define the normal ordered perturbative partition
function (3.7) by

1 WO F @)L, ig]
3.22 Z2(fip, fir) = ; ’
(3.22) (7L, 7R) det(Ay, + m?): ZF: | Aut(T)]

where the sum is over all Feynman graphs without self-loops, ¢(I') = |E(T")| —
IVo(D)| — |3Va(T)| € 3Z>¢ and F(T) is the Feynman weight of the Feynman
graph T'.

Remark 3.19. Since boundary vertices are univalent, the contributions of
the Eo edges can be factored out. They yield precisely the exponential of
—So(¢5). Hence, we can write

e—S0(®p+07) W F(T) iy, 7ir]
det(Ay, +m?2)> | Aut(T)]

Zs° (ML, MR) =
(T: E2()=0}
= Z8e° (G, r) 22" (L, TTR)

16We refer to the literature, e.g. [22] for an explanation of why this is the case.

1TThis definition is just a neat way to rewrite the result of a formal computation
of the path integral using the methods sketched in Section for a deeper
discussion, we refer again to the literature, e.g. [47],[49],[43].
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Here dee is the partition function of the free theory and dert’no(ﬁL, NR)
is given by the sum of all diagrams containing no boundary edges. By con-
struction, there are only finitely many diagrams at each order in h contribut-
ing to Z2SYMC. Thus, Z2™"° € HEY. Expanding So(da, +i,) = So(bq,) +
So(Piie) + Sr,r(ML,MR), we see that the first two terms generate Feynman
diagrams connecting the left resp. right boundary to themselves, while the
third term generates diagrams connecting the two, see Figure [{] below. This
observation will be important in the proof of the gluing formula.

(a) Graphs contributing to the exponen-

tial prefactor e~z Jy nPzndVely  Cyyled (b) Graphs contributing to the ex-
red edges are decorated with normal ponential factor containing the “off-
derivatives of Green’s functions at both diagonal Y7-Yr” block of the Dirichlet-
boundary points. to-Neumann operator.

Figure 4. Expansion of different “blocks” of Dirichlet-to-Neumann operator

We further define the adjusted partition function as

Z30(7ji,, i) = %@ )50 @) Z80 (7 i)
_ e snman 3 W F(T) iz, 7ig]
det(Ay, +m?)z | Aut(I')|
€ Hy,» ® Hy, >

(3.23)
{T': E»(T")=0}

Remark 3.20. Note that is not an element of the space of states
(due to bad singularity in the exponential prefactors, cf. Remark, whereas
is in the space of statesE

18Note however that (3.23)) in general is not in the pre-space of states (which was
was defined via direct sum, not a direct product) due to infinitely many diagrams
of type 4b| contributing in the order O(h°). In the completion, (3.23)) is a legitimate

element.
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3.4.1. Digression: Allowing coefficients pg, p1, p2. The assumption
that pg = p1 = p2 = 0is important to have finitely many diagrams contribut-
ing in every order in & (excluding the boundary-boundary edges). In fact, we
can reduce the general case to the case where these coefficients are absent
by resumming the corresponding diagrams. Consider again the path integral

2R = /1( 7 () e Dy
s Ay (N

for non-rescaled boundary field, with pg, p1, p2 possibly non-zero.

e The linear term p1¢ in p(¢) shifts the critical point of %qubQ + p(o)
away from zero to some value ¢ € p1R|[[p1]]. Let

P+ ) =)= 3 Dy

n>0n#1

Note that p(v) is a power series in the shifted field ¢ with vanishing
linear term. Thus we obtain

Zg’p(ﬂa h) = Zmi)("? — Ger, h)

This corresponds to resumming the tree diagrams generated by the
term p1¢ in the action. In fact, one can showIE that

T rooted tree

where the root of the tree is labeled by = € ¥, see Figure

e The constant term pp in the new potential p(¢)) can be carried out
of the path integral. This corresponds to resumming the disconnected
vertices generated by pg. Thus, we obtain

ZMP(1) = for, B) = € RN ZP=2 () gy,

9This follows from writing the critical point equation m?¢ + p’(¢) = 0 in the
form ¢ = -2, — L D on>2 ﬁqﬁ"‘l =: Z(¢). Its solution can be then written
as the limit of iterations ¢¢, = limy_,oo 2V (0) which can in turn be presented as
a sum over rooted trees. Here we note that for ¢ a constant function, one has
E() (@) = [Py Gz, y)(=p1) + [ Py Gl2,y) 3,50 5liyi ()"~ (which is also a

constant function).
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Figure 5. Resumming trees into p.

e Finally, the quadratic term can be accounted for as a shift of mass,
m? = m? + po. Indeed, resumming diagrams containing a binary ver-
tex (see Figure [6) we obtain a new propagator G' = >, < (—p2)*GF!
which coincides with the Neumann series for A + py, where A = A +

m2:

(A+pD) = A (1= (—p2A 1)) =AY (mpa)bAr,
k>0

Figure 6. Resumming binary vertices

Thus, the path integral for the interaction potential p reduces, by these ma-
nipulations (shift of the integration variable by a constant ¢ — 1, carrying
a constant out and absorbing a quadratic term into the free part), to a path

integral with interaction potential p>3 = Zn23 Bryp™ and mass m:

270, ) = e B 2072 () — e, )

Mathematically, the r.h.s. here should be regarded as the definition of the
left hand side.
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4. Heuristic analysis of path integrals and gluing formulae

In this section, we discuss the heuristic analysis of path integrals associated
to the free massive scalar field theory on compact oriented Riemannian man-
ifolds and explain how they lead to the gluing formula for zeta regularized
determinants and Green’s functions. Furthermore, we give a rigorous proof
of the gluing formula (see Proposition below) for the Green’s functions.

In this section ¥ is a compact oriented Riemannian manifold, not nec-
essarily of dimension two.

4.1. BFK gluing formula for the zeta-regularized determinants
First, we consider the partition function of the free massive scalar field the-
ory and explain how it leads to the Burghelea-Friedlander-Kappeler (BFK)

gluing formula for the zeta-regularized determinants [5, [37].
We are interested in the path integrals of the formﬂ

(4.1) Zs = / e %) D¢
Fx
When ¥ is closed, we can rewrite
1
$0(6) = 5 | 9+ m)oavol(s)

b

This means that the integral in (4.1)) is a Gaussian integral. Hence, we have
Zs, = det(Ax + mZ)ié.

More generally, if 0¥ =Y and Y # @, the partition function is defined by

(3.4), which is:
Zs(n) = (det(Ag +m?)) 2500,
Let X be a closed oriented Riemannian manifold obtained by gluing two

compact oriented Riemannian manifolds glued along a common boundary
component Y: Y =3 Uy Xg, 0¥ =Y and 90X g =Y. Recall that for n €

20For the purpose of this section we can set i = 1.
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C>(Y), we have for i € {L, R},
Zs,(n) = (det(Ay,, +m?))~ze 5@

where S; are defined as in (3.5)). Let us assume that there is a formal Fubini’s
theorem (also known as locality of path integrals):

(4.2) f]:z e 5@ Dy = fn (frl(n) e~ (Sw(¢r)+Sr(¢r)) D<I>> Dn.

Then, this suggests the following gluing relation for the zeta-regularized
determinants:

(4.3) det(Ay; +m?) = det(Ay, +m?) det(Ay, + m?) det(Dy, 5,)

In summary, the locality of path integrals suggests a gluing formula for
the zeta-regularized determinants. In fact, is a theorem first proved
by BFK in [5] when ¥ is two-dimensional. It was later generalized to the
case of arbitrary even dimension by Lee [37] under the assumption that the
Riemannian metric is a product metric near the boundary.

Remark 4.1. The gluing relation admits a generalization to the case
when Y is not necessarily a dividing hypersurface: for Y C X any compact
hypersurface, one has det(Ayx, 4+ m?) = det(Ax\y + m?) det(Dsx). Here ©\Y
is understood as ¥ with two additional boundary components, Y and Y ; Dy,
is the sum of Dirichlet-to-Neumann operators atY and atY .

4.2. Path integral representation of Green’s function and a
gluing relation

In this subsection, we again consider the free massive scalar theory. Let 3 be
a compact oriented Riemannian manifold with 0¥ =Y and f € C*(X). Let
us define an observable Oy, which is by definition a function on the space of
fields, by

04(6) = /2 JédVols
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The expectation of value of Oy defines a function on the space of boundary
fields:

(Oy) () = / 90, Dg
m—1(n

_ / eSO=51) (0,(3) + 04(6,)) Do
()

— det (Ay +m2) 2560 (6,)

where O t is the observable on the space of fields which vanish on the bound-
ary and it is defined by

05() = /E fdVols.

Given f,g € C*°(X) and a boundary field 7, one can show that:

1

(O7Oy) (n) = det (Az + m2) 26— 5(¢n)
) (Of(¢n)09(¢n) +/

f(2)Gx(x, x')g($’)d2xd2x’)
PO

In particular,

N =

(070y) (0) = det (Ay, + m2)_ (2)Gx(x, 2" )g(a) d*xd*s’

PP

and taking f =9, and g =, we get the path integral represention of
Green’s function.

4.2.1. Gluing relation for Green’s functions. The path integral rep-
resentation of the Green’s function and the formal Fubini type argument
suggest that the Green’s function with respect to the Dirichlet boundary
condition satisfy a gluing relation and it can be proven rigorously (cf. Propo-
sition . Let 3 be a compact oriented Riemannian manifold obtained by
gluing two compact oriented Riemannian manifolds glued along a common
boundary component Y: ¥ = X7 Uy Xg, 0¥ =Y, UY and 0¥ = Y U Yx.
Let i € {L, R}. Let Gy, be Green’s functions on ¥; and Gy, be the Green’s
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function on X. For f,g € C*(X) and n; € C*°(Y;), by definition we have
(070,) (nz.nr) = / L S90,0,D0
-1 ne,Mr

Let us assume that there is a formal Fubini’s theorem:
/ e 5900, D
77_1(7711 777R)

_ / ( / ~(S@) 5620, 0, D¢> D,
n \Y7 *(nnw,nr)

where ® = (¢, ¢Rr), @i € C(X;) and n € C=(Y).

Next, we want to analyze in various situations. We first fix some
notations. Given 7; € C*°(Y;), we use ¢, ,,) to denote the unique solu-
tion to Dirichlet boundary value problem on ¥ associated to Ay, + m? w1th
boundary values 1, and ng. Similarly, given n € C*°(Y), we will use gb

(4.4)

(ne.m)
and qﬁ for the solutions to Dirichlet boundary value problems on X,

and E R respectlvely
Case (i): Assume both f and g are supported in ¥z. Then,

1

(O5Og) (L, ng) = det(Ax, +m?) "= det(Ay, +m?) "=
/ (S5 )+S(852) ) { / f@i)n dVoly, / g¢nLndVOlzL
n XL

s [ e Gs, ) d%cﬁx'} Dy
ZL XZL
= det(Ay;, + m?)~: det(Ay, + m?)~z det D;izRe’S(@"L"’R))

{ [ f@e@)Gs, (o) ace'+
Y XYL

oo, U ot 106 S5 o ) et
)

= det(Ay + m2)-ée-5<¢<~m>>{ / f(2)g(a))Gy, (x,2") d*xd®a'+
3

LXXL

Lo (L, 2t g 2O iyt ) o'},

where K is the integral kernel of the inverse of the Dirichlet-to-Neumann
operator Dy, 51,,. We have used the gluing formula for the Dirichlet-to-
Neumann operators [31] which amounts gluing of solutions of Helmholtz
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equations and the BFK gluing formula for the zeta-regularized determinants
above.

Case (ii): Suppose f is supported in ¥, and ¢ is supported in Xg. Then
as above,

(07O0g) (nL,MR)

= / ( / e~ S@)=S@n) [ 4 dVoly, / gor dVols, D(I)) Dn
n \Y7 ' (nnL.nr) XL PN

_ aGEL(:L"y) Dalz aGZR(y/7$/) / " Rrd2e
| </Yy auly) I 50 K(y’y)dydy)d !

If we take f =9, and g = d, in the relations above, they suggest a
gluing relation for the Green’s function. This gluing relation can be proven
mathematically which is the content of the following proposition.

Proposition 4.2. The Green’s functions satisfy the following gluing rela-
tion:

(i) Fori € {L,R} and x,2’ € ¥;:

. (v
G ,’—G_,’:/ T K (y, ) e dydy
E(x .T) El(x .’13) vy 8V(y) (y y) ay(y,) yay

(ii) For x € X1, and 2’ € X :

9Gy, (z,9) Gy, (v, 2')
G:U,;v’:/ ELiK,’Rialal’
a( ) yxy  Ov(y) ©.y) ov(y') v

Proof. This proposition follows from the proof of Theorem 2.1 [6] and the
Green’s identity. Let us consider the case when x,y € X, the other cases
follow similarly. In Theorem 2.1 [6], it is shown that K (y,y") = Gx(y,y’) on
Y. By the Green’s identity, we have

(9G
(4.5) Gy(z,2") — Gy, (z,2) / Gx(z,y) ELEy) )dy'
and
0 x
(4.6) —/YGazlj((y)’sz(y,y’) dy = Gx(z,y).

Now the proposition, when x,2’ € X, follows from combining (4.5) and
(4.6). The other cases follow similarly. O
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Remark 4.3. The gluing relation for the Green’s function can be pictorially
represented as in Figure[7. We represent the kernel of the inverse Dirichlet-
to-Neumann operator by a zig-zag:

Gy X Gs, 2L
/\ . /‘\
Y
’ GZ NV\%\AM

Figure 7. Gluing relation for the Green’s function. Thick lines mean one
should associate the function corresponding to X.

Y

Remark 4.4. The gluing formula implies similar formulae for the normal
derivatives of the Green’s function. These look schematically like the ones in

Figure[§
Y

8LEL 8LZL 8LEL

X

XL 2R 2R o’ooo © XR
= +

®.0000%
Y

oYL Y oLy Y

Figure 8. Gluing relation for normal derivatives of Green’s functions. Thick
lines mean one should associate the function corresponding to 3.

The goal of this paper is to show that the gluing formulae for deter-
minants and Green’s functions imply a gluing formula - a formal Fubini’s
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theorem - for the perturbative partition functions. However, as it turns out,
the gluing formula for the Green’s function is not compatible with normal
ordering, i.e. considering only Feynman diagrams without tadpoles (short
loops) as in Section |3 We discuss this issue in the next section.

5. Regularization of tadpoles

In principle, the formal application of Wick’s theorem results in graphs with
short loops. Under the usual Feynman rules, those would be assigned G(z, x)
- the (undefined) value of the Green’s function on the diagonal. Normal or-
dering is tantamount to defining G(x,z) = 0, and with this assignment one
obtains a well-defined perturbative partition function, as was shown in Sec-
tion [3| Below, we will explain why this definition is not quite satisfactory.
We will then show how to overcome those problems by introducing more
sophisticated regularizations 7(x) for G(z,x). Finally, we discuss the rela-
tion between this approach and the ultra-violet cutoffs oftentimes used in
quantum field theory.

5.1. Why introduce tadpoles?

First, the normal-ordered partition function does not satisfy the gluing for-
mula:

Zs, # (Zs, (1), Zon (7)) 21 vi50m

Indeed, from Equation (3.12]) we see that the right hand side contains terms
of the form in Figure 9]

dGy, (x,y) NGy (y,x)
—= " K(y, —=i " dydy’,
/YXY o) (v,v) auly) YW

which do not appear from the gluing formula in Remark [4.3| for the Green’s

2

g

Y

Figure 9. Diagrams which violate normal ordering when gluing
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function if there are no tadpole diagrams. One can see in examples that they
do not vanish.

Second, defining G(z,x) = 0 is inconsistent with zeta-regularization of the
determinant already at the level of the free theory, in the following sense.
Namely, we can consider a quadratic perturbation

S:1/d¢/\*d¢+m2¢/\*q§+a¢/\*¢.
2 Jx

If we include « in the free action, the corresponding partition function is
Z = det(Ag +m? +a) "z,

On the other hand, treating « as a perturbation, by the convention that
G(z,z) = 0 we obtain

7 = det(Ag +m?) 3.

We are thus led to look for another assignment 7(z) = G(x,z) which will
resolve these issues. This motivates the definitions in the subsection below.

5.2. Tadpole functions

Given 1 € LP(X) for arbitrarily large p, we can define the corresponding
Feynman rules F7(I') where we evaluate short loops using 7. Since short
loops are often called tadpoles, we will refer to T as a tadpole function.

Lemma 5.1. Let T be a Feynman diagram, possibly with short loops. Then
FT(T) € G (CR(9%)).

Proof. By inspection of the proof of Proposition we see that it adapts
to this case. 0

We can now define the partition function with tadpole 7.

Definition 5.2. We define the partition function with respect to 7:

- ) . om
5.1 73 (L. § B
(5-1) 501, ir) = det(Ag +m2)s \Aut @)

Suppose we have two manifolds ¥, ¥z with a common boundary com-
ponent Y and tadpole functions 7; on 3; for i € {L, R}. We can then define



Two-dimensional perturbative perturbative scalar QFT 1887

a function 77, * 7 on X1 Uy X g by setting for z € ¥;
(5.2)
aGZi (I‘, y) 8G Y, :L')

n9Gs, (Y
(TL * TR)(x) = Tz(m) + /(y’y/)eyxy T@K(% Y )W

Lemma 5.3. The following holds:

dydy’ .

TL*TRELP(ELUyER)
for any p > 0.

Proof. The second term on the r.h.s. in (5.2) is smooth away from Y and
behaves as O(logd(x,Y’)) near Y (as can be shown by considering a model
integral on a half-space), which implies the statement, cf. Lemma below.

O

Definition 5.4. We call an assignment of tadpole functions s, to surfaces
> a local assignment if it satisfies the gluing formula

(5.3) TS, UyYr — TL * TR

Pictorially, this gluing formula can be represented as in Figure [I0]

Figure 10. Gluing relation for local tadpole functions

This definition assures compatibility with the gluing formula. Another
property we can ask for is the consistency with zeta-regularization:

Definition 5.5 (Compatibility with zeta-regularization). Let 75 be
a tadpole function.

i) We say that s, is weakly compatible with zeta-reqularization if

d
/ETZ dVoly, = 2 log det(Ayx + m?).
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ii) Let F: C*(X\ 0%X) DU — R be given by
F(a) = logdet(Ay +m? + a).

Then F is Fréchet differentiable in a neighbourhood of 0 € U. We say
that 1, is strongly compatible with zeta-regqularization if

DF(0)a = /ETE(x)a(x)de,

i.e. Ts; is the distribution representing DF(0).

In the next two subsections, we will show that there exists a local as-
signment which is consistent with the zeta-regularization.

5.3. Zeta-regularized tadpole

Let ¥ be a closed and oriented two dimensional Riemannian manifold. Let
Oa(z,2',t) be the integral kernel of e7** i.e. the heat kernel. Let 04 (x,t)
denote 04 (x, z,t). Then, we define the local zeta function associated to A as
follows:

Definition 5.6. The local zeta function associated to A is denoted by (a(s, x)
and defined as

1

(5.4) Ca(s,x) = () /000 t57 105 (2, ) dt.

The relation between the zeta function of A and local zeta function of
A is given by

n(s) = [ Ga(sva) P

We can use the small time asymptotics of the heat kernel to investigate
the local zeta function. We first recall that [15] 211 [41]

efd(:v,z’)z/4t

_ e—mzt
) 47t

Op(x, 2’ t (ao(z,2") + ay(z,2")t + O(tz))

for t — 0. In particular, when ¢t — 0,
—m?2t

47t

(5.5) Oa(z,t) = —— (1 + as(z)t + O(t2))
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where a;(x) = a1(z,x). It is known that [41] that

m(z) = (R(x)
6
where R is the scalar curvature of 3. We can use these properties of the
heat kernel together with its large time behavior to show that (a(s,x) is
holomorphic for Re(s) > 1, it has meromorphic extension to C and (a (s, x)
is holomorphic at s = 0. This is the content of the following lemma.

Lemma 5.7. For each x € ¥, Ca(s,x) is holomorphic for Re(s) > 1 and
Ca(s,x) has meromorphic extension to C and it is holomorphic at s = 0.
Moreover,

d

I 5 2 1 2
< - —m?(l Sy 1
P SZOCA(s,x) 47Tm (logm ) 47Ta1(:1:) ogm
oo ,—m?3t _
+/ e (OAE(wt,t) g(w, 1)) dt,
0

1 d
where g(x,t) = —+aq(x). Furthermore, the assignment x— —|  Ca(s,x)
i 47t dsls=0
s smooth.

Proof. For large Re(s), a simple computation shows

(5.6) Cal(s,x) = % (s 1;m25_2 4a7:7(52)s
T /ooo £ e (05, (2, 1) — g, 1)) dt

This representation of (4(s,z) proves the first part of the lemma. Now, the
expression for the derivative at s = 0 follows from using the fact that I" has a
pole of order one at s = 0 while differentiating (4(s, z). Finally, smoothness
of coefficients of the local heat kernel expansion in the interior of 3 implies

d
the assignment x — d—) Ca(s, x) is smooth. O
S 1s=0

From the proof of Lemma we see that (a(s,z) has a simple pole at
s = 1. However, we can consider the finite part of the local zeta function
s = 1. This motivates the following definition.
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Definition 5.8. We define the tadpole function via zeta regularization by

(S - 1)<A(87 .’L‘)

s=1

(57) T;:eg(m) = f-p's:1CA(5;$) = %

Note that 7. °(x) is the constant term in the Laurent series expansion of
Ca(s,x) at s = 1.

One can think of 75, () as a regularizatiorﬂ of the value of the Green’s
function (4(1,z) = Gx(x,z) on the diagonal.

In fact, we can write 7, °(z) more explicitly as shown in the following
lemma.

Lemma 5.9. The following holds:

1 o 2 1
reg - _ ] 2 m2t =
75, o(x) = 1 ogm —i—/o e <9Az(x,t) 1 t) dt.

Furthermor e,
reg d d
( ) dm2 ds

Proof. Using the proof of Lemma [5.7] we observe that

Ca(s, ).

s=0

_ L g [T e b
A(l+e,2) = - logm —i—/o e <0A2(x,t) 47rt> dt + O(e)

as € — 0. Now, the first part of the lemma follows from the definition of the
finite part. The second part of the lemma follows from differentiating in m?

¢(s,z) in Lemma O

.. ) d
the explicit representation of 1
Sls=

Remark 5.10. The zeta-regularized tadpole function T;:eg s an invariant

for the action of the group of isometries of the Riemannian metric on .
In particular, if the group of isometries acts transitively on X then T;:eg ]

constant.

More generally, we can define the local zeta function on a compact man-
ifold with boundary. Let 04 (x, 2, t) be the integral kernel of A with respect

2Tn fact, it would be more appropriate to call it renormalization: we first regu-
larize by shifting s away from 1 and then we subtract the singular part Cs%nslt
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to the Dirichlet boundary condition. Then, it is well known [41] for small ¢
that

efd(x,ac’)2/4t

47t

—m?2t

On(w,2,t) = e <ao($a33/)+bo(£v,m’)\/f+a1(x,x’)t+O(t3/2)) )

Here by appears as a contribution from the boundary and it is supported at
the boundaryP_?L Hence,

—m?2t

A7t

(5.8) O (w,t) = (1 + bo(2)VE + ar (z)t + O(t3/2))

as t — 0 where by(x) = bo(z, x) and ai(z) = a1(x, ).

The local zeta function and the tadpole function 7y, *(z) via zeta regu-
larization are defined as above. The discussion above regarding the mero-
morphic extension of (4 (s, ) does not change. In particular, (a (s, x) is holo-
morphic at s = 0. Furthermore:

Lemma 5.11. Let X be a two dimensional compact Riemannian manifold
with smooth boundary. Then, the following holds:

(1)

d

dsls=0

mbo(z) ai(z)log m?
2\/m 47

> e—mzt (QA(xvt) - g(x7t))
-/ : dt

1
Ca(s,x) = Emz(long —-1)—

where §(x,t) = ﬁ (1+bo(z)Vt+ ai(z)t).
(i)

d d
reg _
o (7) = dm?2ds

Ca(s,x)

s=0

22For any fixed z,z’ away the boundary, by will not appear in the asymptotic
expansion. However, upon restricting to the diagonal and integrating, one will have
a contribution coming from by. See e.g. [41], for a detailed statement see [24, The-
orem 3.12].
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Proof. One can show that

1< 1 Hs—U%@ﬂ@+aﬂ@>

~an (s — 1)ym2s—2 T(s) m2s1 m2s

(5.9) Cals,x)

1 0 2

b [T Oan(et) ~ g t)
I'(s) Jo

Differentiating at s = 0 and using I'(—1/2) = —2/7, we get the first part of

the lemma. From this expression, it also follows that

1 1 & 2 1
Ca(l4e,2) = — — —logm? +/ e Mt (GAE(x,t) - ) dt + O(e)
0 47t

as € — 0. This shows that

re 1 e 1
oo (z) = —Elogm2 +/0 e Mt <9Az(as,t) - 47rt> dt.

The second part of the lemma follows from a simple computation. O

The behavior of 7, ® in the interior of ¥ is similar to the case when there
is no boundary. However, it is not clear how it behaves near the boundary.
We will show that the behavior of 7 © is comparable to that of the function
x + log(d(z,0%)) up to a bounded function. We begin the analysis with the
following lemma.

Lemma 5.12. The function x — log d(z,0%) is in LP(X) for any p > 1.

Proof. Let f(x) =logd(x,0%). Assume that the Riemannian metric is a
product metric near the boundary. Then, the volume form on a collar neigh-
borhood the boundary can be written as dt A dVolpy, and consequently it is
possible to find C' > 0 and a > 0 such that

l/UWSC/]byPﬁ
b 0

For the general case, let T,.(0X) = {z € ¥ : d(z,0%) < r} be the tube around
0% constructed using the normal vector field [23], Chapter 3]. Then, for
small » > 0, the volume form on 7T, can be written, using Fermi coordinates,
in the form h(t)dt A dVolpy [23l Theorem 9.22], where h(t) =1+ O(t). In
these coordinates, we have d(z,d%) = t, which implies © — logd(z,0Y%) is
integrable in this coordinate neighborhood by the result for the product
metric. [l
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Next, we compare the behavior of 7 ° to that of the function k(z) =
fp.._:&(s,z) where

1
§(s,x)zr(15) /0 (2, 1) db

=(z,t) = ﬁ (1 ~ exp <—d(x’fz)2>> .

and

First, we show:

1
Lemma 5.13. The function k — o log(d(-,0%)) is bounded in 3.
s

Proof. Let u = d(z,0%)2. Then, it follows that

£(s,7) = _41;;(13) <r(1 s /0 et _ 1 dt) .

Hence,

E(l4e,x)= —M;‘;@ (F(—s) — /Ou(e—t — 1)t~ 0+e) dt)

Now, the lemma follows from the definition of x using the fact that u® =
1 +elogu+ O(e?) as € — 0. O

Following a strategy similar to the study of the heat kernel expansion
on a manifold with boundary [4I], we can check that 75 ® — & is bounded.

Now, combining the discussion above, we have the following result.
Proposition 5.14. The zeta-reqularized tadpole behaves near 0% as
THe = L logd(-,0%) + f
> 27 ’
with f a bounded function.
As a consequence of this proposition and Lemma [5.12] we have:
Corollary 5.15. 77 is in LP for allp > 1.

Also, the consistency of T;:eg with the zeta-regularization is immediate.
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Corollary 5.16. The zeta-regularized tadpole is consistent with the zeta-
reqularization: we have

d
+ & dVoly, = log det(A 2).
/ETE oly, . ogdet(Ay + m*?)

Furthermore, we also have compatibilty with the zeta-regularization in
the strong sense.

g

Lemma 5.17. 73 ° is compatible with zeta-regularization in the strong sense.

Proof. As usual, we write A = Ay + m?. We consider the function F(a) =
log det(A + «), which is defined for « € U C C°(X\ 9X), where U is a
neighborhood of 0. Then we have to show that

DF(O)a:/ETéeg(a:)a(x)de

where D is the Fréchet derivative. Applying again the Mellin transform, we
have that

d
F(ea) = _dSL_O/ECA—i—ea(&l")
al [

— 0 4 ca (, t)dEd?
B /E o /0 Aol Ddtdz

The heat operator for A + ea can be represented by perturbation theory as

T ds

eft(A+€O£) — Z Eka(t)
k=0

where Wy = e~*4. The relevant object for us is the trace of the first order
perturbation Wi (t) which can be computed as

b WA (8) = —t /Z Pz a(z) 04z, 1),

We therefore conclude that

d

F(ea) = F(0) + €1

L R, )
s:O/EF(s)/O ta(x)fa(z, t)dtd*z + O(e7)
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Now, exploiting sI'(s) = I'(s + 1) we realize that the term of order ¢ is

DF(0)a = /E %

s [T )
s:OF(S + 1) /0 t HA(w,t)dt a(gj)d T

Proposition 5.18. The assignment X +— 7'7,269 s a local assignment.

For the proof we investigate another tadpole function, given by the so-
called point splitting.

5.4. Point-splitting tadpole

Let 3 be a compact oriented Riemannian manifold possibly with bound-
ary. Let us consider the operator A = Ay, +m?. We will always impose the
Dirichlet boundary condition if ¥ has boundary and we assume boundary
to be closed. We recall that the Green’s function on ¥ associated to A can
be written as

1
GE(‘T’ l’/) = _27 log(d(x, I‘/)) + H(xv CC/)
T
near the diagonal of ¥ x ¥, where H is in C! in a neighborhood of the
diagonal in ¥\ 0¥ x ¥\ 9%. The singular support of the distribution Gy, is
the diagonal.

Definition 5.19. We define T;plit(x) i=limg ., [Gx(z,2)+ 5= log(d(z, )] .

We can think of T;pht as a way to regularize Gy, on the diagonal via

“point-splitting”. In the following lemma, we state some properties of T;plit.

Lemma 5.20. The point-splitting tadpole T;plit is C1 on ¥\ 0% and T;pht €

LP(X) for any p > 1. Moreover,

logm? log2—~  m? 1
— 0 t)—— ) dt
T o +/0 ¢ as(@,1) 47t

where v is the Euler’s constant.

7_;:plit (x) _




1896 S. Kandel, P. Mnev, and K. Wernli

Proof. The fact that the point-splitting tadpole T;pht is C! on ¥\ 9% follows
from the definition. To show T;pht € LP(Y), it suffices to show the function
f on ¥ defined by z — 5-log(d(z,0%)) is in LP(X) as f — 7Pl i locally
bounded in a collar neighborhood of the boundary. We have already shown

in Lemma that f € LP(X). This completes the proof of T;plit € LP(%).

Another proof of this assertion can be given by comparing T;pht with T;:eg

using Corollary which uses only the second part of this lemma, and

applying Corollary
For the last part, let us recall that

Gz(a:,x'):/ e Op, (z, 2, 1) db
0

and

i Ny > L —tm?—d(z,x")? /4t
27TK0(md(x,a: ) = /0 126 dt

where Ky(z) is the modified Bessel’s function. The z — 0 asymptotics of
Ky(z) implies

1 1 d(z,x' log2 —
fKo(md(x,x’)) = _ Og(m (z,2')) + og y

2 "2
o o o + O(m?d(x,z')?)

as d(x,2’) — 0. We can rewrite this as:

log(d(x,2%) _ —iKo(md(x’xl)) B :

logm . log2 — v
2 27

2 N2
i o T O(m“d(x,z")*)

as d(x,2’) — 0. Using this, we see that

lim <Gg(l’, x') + % log(d(w, w')))

T’ —x

1 2 log2-— o0 2 1
__osm | o8 7Jr/ emtm <9A2(:c,t)—) dt.
0

47 2 4t
O

i —log?2
Corollary 5.21. For z € ¥\ 0%, we have 75, °(z) — T;pht(x) = %.
s

We note that the point-splitting tadpole function is invariant under the
action of the group of the isometries of the Riemannian metric. From this
it follows that:
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Proposition 5.22. Let ¥ be a closed oriented Riemannian manifold such
that the group of isometries act transitively on X, then T;pht is constant on
Y. In particular, if ¥ is a closed Riemannian surface with constant scalar

lit .
curvature, then T;pl 15 constant.

Finally, we can give two examples of local assignments.
Proposition 5.23. The assignment 3 — T;pht is a local assignment of tad-
pole functions. In particular, Tgeg (x) is also a local assignment of tadpole
functions.
Proof. We can show T;plit is a local assignment by a direct application of the
gluing formula for Gy, and we can complete the proof using Corollary
O

We end this subsection with the following remark concerning the ap-
pearance of tadpole functions in other context in the literature.

Remark 5.24. The zeta-regularized tadpole and the point-splitting tadpole
appear in the study of conformally covariant elliptic operators such as Yam-
abe operator and Paneitz operator on a closed Riemannian manifold ¥ [1)].
In this context, these functions are known as the mass function of the opera-
tors and they are used in the study of mass theorems, reqularized traces, and
conformal variation of reqularized traces, we refer to [1l, (39, 45, [16, (51, [52]
for details.

5.5. Some comments on the relation to RG flow in 2D scalar
field theory

In this paper we regularize 2d partition functions by choosing a tadpole
function. In the above we constructed two particular examples of tadpole
functions, the “zeta-regularized” and the “point-splitting” one. The purpose
of this subsection is to relate these to the setup of renormalization group
and RG flow.

5.5.1. Renormalized action (action with counterterms). Consider
the 2D scalar field theory with action

1 m? ,
5(¢)_/ S0 N xdd+ =~ dvol +p(¢) dvol
b

SfTee
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with p(¢) =", 2+¢™ a polynomial interaction (or more generally a formal
power series).
Say, we are interested in the normalized path integral

[ Do e~ 15(®)

(5-10) Znorm = [ D e~ nSrrec(®)

and we define it by a perturbative expansion with Green’s function regular-
ized via proper time cut-off:

o0

Gp(z,2) = / dt e ™t On (2, 2, 1)
1/A2

with 6 the heat kernel for the Laplacian, z, 2’ € ¥ and A a very large cut-off
having the dimension of mass. We note that, for z’ # z, limp o, Gp(x,2") =
G(z, ") exists, whereas on the diagonal we have the asymptotic behavior

log A
(5.11) Ga(z, z) A:;oo o

+ 7(z)
~
finite

Lemma 5.25. The finite part 7(x) appearing in the r.h.s. of differs

from the zeta-regularized tadpole by a universal constant:

(5.12) F(z) = 7°5(z) — -
47
with v the Euler constant.

Proof. Indeed, we find

(o]
G, 7) = / dt e ™0 (2, 1)
1/A2

o0 2 1 o0 2 1
= dte ™t (0 t) — — dte ™t _—
/1/A2 € ( A(l’, ) 47’[’t> +/1/A2 € 47Tt

log A log m? > 2 1
0og _’7+ ogm +/ dtefmt <0A($7t)_ >
0

A—oco 27 47

m2
+o (%)
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Here Fy(u) = fuoo dt eT_t is the exponential integral and we used its asymp-
totic behavior Ej(u) ~ —logu — v+ O(u) at uw — 0. Comparing this for-
mula for 7 with the result for 778 (Lemma [5.9), we obtain (5.12). O

For the normalized path integral to be finite, we must assume
that the coefficients of p(¢) = pa(¢) in the numerator depend on A in such
a way that the limit limp_,oo Zporm exists. For that to happen, pa(¢) must
have the following form:

k
(5.13) pale)=>_ % > (—1)F(2k - 1! ( 272 > : <27;10gA> g2k

n>0 k=0
5] k
1 A ¢n—2k
= — | ——1logA ) - ———
Sod g (Caremt) oy
n>0 k=0
— here we are essentially subtracting from ppaive(¢) = %(Z)” the “countert-

erms” compensating for the tadpole divergencies encountered when comput-

ing the path integral ([5.10)) using pnajve-
Note that (5.13)) satisfies the differential equation

o ho 02
(5.14) log A pa(d) =~ 67521%(@

- one can see at as a heat equation with “time” coordinate log A and “space”
coordinate ¢, and is the general solution with initial condition given
by pnaive(¢) at “time” log A = OE

Some examples of solutions:

%2 — % log A | shift of mass (gets additively renormalized),

A~ im0% a0 potential of Liouville theory,
Aize® cos(ag) | potential of sine-Gordon theory.
In the last two examples the potential is multiplicatively renormalized
(attains an anomalous dimension)@

230ne can call ((5.14) the RG flow equation “at the ultraviolet end”: it tells how
the local counterterms change when the cut-off is changed infinitesimally.
24Cf. the fact that in free massless scalar field theory — a prototypical CFT

~:e% . is a vertex operator of holomorphic/antiholomorphic dimension h = h =

—Siﬂaz (in our normalization convention), and thus total scaling dimension A + h =
" o2 and spin h — h = 0.

T 4m
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5.5.2. Tadpoles vs. RG flow (“petal diagram resummation”). Let
Z™P be the partition function on a surface ¥ (possibly with boundary) for
the massive scalar field with interaction potential

(5.15) p(6) = Y Tho",

n

defined using the tadpole function 7 = 7(x).
We denote Fun(X) the space of smooth functions in the interior of X
which behave as O(|log d(z, 9%)|"V) near the boundary, for some power N.
We will consider the setup where the coefficients p,, of the interaction
potential themselves are allowed to be functions on Y valued in power series
in A, ie., p=p(¢,z,h) € Fun(X)[[o, h]]ﬁ We have the following.

Proposition 5.26 (Petal diagram resummation).

(i) We have the equality of partition functions
(5.16) AR A

Here the right hand side is defined with zero tadpole and

5]

A k n—2k
(5.17) B¢, h) =) palz, h o < Tg( )> '(n¢— 2k)!
n>0 0 '

(ii) Denote the r.h.s. of by R-(p). We have R+, +r,(p) =Rr, (R, (p))@
(15i) If g = Ry —7y(p), then Z™P = 77219,
(iv) The transformed potential satisfies the “local RG flow equation”:

0 h 02

(5.18) ERT(I)) 308

R-(p)

which holds pointwise on X.

25The reason for introducing this extended setup is that the transformation
below generally (for a non-constant tadpole function 7) transforms a potential with
constant coefficients to one with non-constant coefficients.

26Thus, R defines an action of the additive group Fun(X) on interaction potentials
p € Fun(X)[[¢, ii]] — the “local RG flow.” Note that, for a constant function T,
R, transforms potentials with constant coefficients p € R[[¢, k]| to potentials with
constant coefficients.
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(v) For a potential p(¢p) = Zj cje®? given by a sum of ezponents, with
aj,cj independent on ¢ (but possibly depending on x,h), the corre-
sponding transformed potential 18:

ht

R:(p) = cjeTQ?eaj‘z’
J
Proof. For , one shows ([5.16|) as a resummation of perturbation theory:

summation of the “petal diagrams” for the theory with potential p yields
the vertices of the theory with potential

(5]
(5.19) p=>) Engnoo ( ok > (2k — 1)1 (hr)F

n!
n>0 k=0

where the combinatorial coefficient (2k — 1)!! counts the number of

n
2k
ways to attach k edges to a vertex with n incident half-edges. Expression

(5.19) simplifies to (5.17)).

e

Figure 11. Petal diagram resummation

Item is straightforward: denoting the n-th coefficient p,, in p(¢) (nor-

malized as in (5.15))) by [p],, we have from (5.17)) that
nr\F
Rewll Y (") o

k>0
and therefore

1 /(hn kg hTo 2
Re (R, n= E —( —= _— .
[ 1( (pD] klc>0kﬂ < 9 > oo ( 9 ) Prn+2k,+2k-

l
_ chjm>mwﬂm%@u

I=ky +k:
1t+k2 10
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Item is a generalization of ({i) (since the case ¢ =0 is (i) and it
follows from () and (i):

Z727q — ZovRTQ(q) — ZO;R'TQ(RH*TQ (p)) — Z[):Rﬁ (p) — ZTl’p
() () @)

The equation follows immediately from ({5.17)) by applying the rele-
vant derivatives to the r.h.s.
Item is the observation that when applied to an exponential p(¢) =

e = ano %Tgb”, the transformation 1) yields

2

5 1 h’i’ n ¢n 2k - 1 hT 2 k(a¢>n72k _ hr 2 ag
2 ( > (n — 2k)! szl( )(n—?k’)!_62 ‘

n>0 k= 0 n>0 k=0
Then ([v)) follows by Fun(X)[[R]]-linearity of the transformation Ry O

Proposition [5.26] implies the following.

Corollary 5.27. One has the equality
(5.20) Z7EP = g

Here the l.h.s. is the partition function for an interaction potential p(¢), cal-
culated using the zeta-reqularized tadpole T8 (x). The r.h.s. is the partition
function with the tadpole Tp(x) := Ga(z,x) (with Ga defined via proper time
cut-off, as in ) and with the “renormalized” interaction potential (or
“potential with counterterms”) given by

pA = RTreg_TA (p) ~ R7M+l(p)

A—oo 27 | 4m

Here in the last point we used the result .

The r.h.s. of is almost the same as the computation of the per-
turbative path integral for the theory using the cut-off-regularized Green’s
function , with the action including counterterms, which are fine-tuned
—see ((5.20)) — so that the path integral is finite. “Almost” — because in
only the Green’s functions in the tadpoles are regularized while the Green’s
functions between distinct vertices are the exact ones. However, the dis-
tinction between these two regularizations for Feynman diagrams becomes
negligible as A — oo.
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Another way to present the result ([5.20)) is:

(5.21) ZTP o ZTaes

A—oo

where 7 is as in (5.11)) — the cut-off-renormalized tadpole (i.e., with cut-off
regularization imposed and with the singular term subtracted), with p’ =
R (p) a finite transformation of the potential (arising from the difference

T

in zeta vs cut-off renormalization schemes). Here pp = R_10ea (p'). Note that
this is the same as formula from Sectionif we idéﬂntify P’ = Pnaive-
Thus, in the asymptotic equality we either subtract a singular part
from the tadpole (in the Lh.s.), or we add counterterms to the action (in the
r.hs.).

Cutting into tiny squares (a heuristic picture).ﬂ Consider a cel-
lular subdivision X, of the surface ¥ into small squares sg;, of linear size
of order € = %, with € — 0. One can consider two different pictures (local
assignments of tadpoles):

I Set the tadpole functions to zero for each small square, 75, = 0. By the
gluing formula for tadpoles, this leads to a glued tadpole 75 ~ —13% +
(finite part) on the surface; 75 is a version of cut-off regularized tadpole

G, ), see (B.11).

IT Set the tadpole functions for the small squares and for ¥ to their
zeta-regularized values. Then on a small square, we have 74, ~ lg%f +
(finite part) (this is the e — 0 asymptotics of an explicit answer for a

flat square) and 7y, is finite (e-independent).

In the first picture, we need to define the partition function using the renor-
malized potential pa, in order to have a finite result; in the second picture,
we are taking the non-renormalized potential p and have a finite result.

6. Formal Fubini Theorem and Atiyah-Segal gluing

In this section, we finally prove the gluing formula for the perturbative par-
tition function. It comes in different flavors, according our choice of tadpole
function. If 7 is a local assignment of tadpole functions, we write Z3, := Z3°.

2TWe call it a heuristic picture because it relies on cutting with corners which is
yet to be fully understood.



1904 S. Kandel, P. Mnev, and K. Wernli

Yr

Figure 12. A cobordism X from Y7, to Yr with a decomposition ¥ = X, Uy
YR-

6.1. The gluing formula
Let ¥ be a two-dimensional compact Riemannian cobordism with boundary
00X =Y UYR. Let Y be a collection of circles in ¥ such that ¥ = ¥ Uy X,
with Yy C ¥ and Y C ¥ k. The main goal of this section is to prove the

following theorem.

Theorem 6.1. Let X = X1 Uy X g as above and 1p,, Tr be tadpole functions
on X1, Yg respectively. Therf)

b = p— —
(6.1) eSO e S0 (Z3E 7T )5, v, = 23T

The following is an immediate corollary.

28The slightly unwieldy notation is due to the fact that when gluing only over a
part of the boundary, there are in general three different “blocks” of the Dirichlet-
to-Neumann operator that play different roles in the gluing: The block supported
on the gluing interface is formally absorbed in the Gaussian measure, and therefore
deleted from the partition function, the off-diagonal block participates in the gluing
as in Figure[8] and the block supported on the remaining boundary component does
not interact with gluing gets corrected into the Dirichlet-to-Neumann operator of
the glued bulk (as in the second part of Figure .
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Corollary 6.2. If 7 is an assignment of local tadpole functions, we have
_S0(65L) —So(6ZR) o
(62) e So(93] )6 S (¢nn)<Z§:L’ Z£R>EL,Y,ER = Zg

In particular, this holds for the perturbative partition function defined using
the zeta-reqularized tadpole.

To prove this theorem we introduce some auxiliary structures on Feyn-
man diagrams.

6.2. More on Feynman diagrams
This strategy of the proof was inspired by Johnson-Freyd’s paper [30)].

Definition 6.3 (Decorated Feynman graphs).

i) A decoration of a Feynman graph is a pair of functionﬂ
f=(decy: V(I') = {L,R},decg: E(T') — {u,c}).

i1) A decoration is admissible if f(Vx) C {X}, X = L, R, and all edges be-
tween a verter decorated L and a vertex decorated R are decorated by
c.

i11) A decorated Feynman graph is a pair (T, f) of a Feynman graph T' and
a decoration f of I.

The automorphism group Aut(I') acts on the set of decorations. Two
decorations of I' that are related by an automorphism of I' are called iso-
morphic. The set of isomorphism classes of decorations is denoted dec(I").

Definition 6.4. An automorphism of a decorated Feynman graph is an au-
tomorphism ¢ € Aut(T") that fizes the decoration: decy (Vi(¢)(v)) = decy (v),
decg(E(p)(e)) = decg(e), i.e. the decorated automorphism group is the sta-
bilizer of the decoration under the action of Aut(I') on the set of decorations.
We denote the set of automorphisms of a decorated graph by Autdec(I‘).

Notice that all edge types - Ey, E1, F5 - can be cut. We introduce a set
of Feynman rules for decorated graphs.

294" is for “uncut”, “c” is for “cut”.
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Definition 6.5. Let (I, f) be a decorated Feynman graph and let ¥ =
Y Uy Xg. Also, let 71, Tr be tadpole functions on Xr,Xgr. Then we de-
fine the weight FgeC’TL’TR of the decorated Feynman graph as follows: For a
bulk vertex labeled X € {L, R}, we integrate over ¥ x. Edges decorated by u
between different X wvertices are assigned Gy, or its appropriate derivatives,
or the tadpole function Tx. Edges labeled by ¢ are assigned the second term
in the gluing formula for the appropriate derivative of the Green’s function.
Tadpoles labeled by c are assigned the second term in gluing formula for
tadpoles.

Lemma 6.6. For all graphs I', we have

F£L*7—R (F) Z Fgec’TL’TR (I‘f)

02 AW 2= A

fedec(T

Proof. Decompose Fx(I') using fz = sz + fER and the gluing formula for
the propagator Gy = G, + G. between L and L (resp. R and R) vertices
and Gy, = G, between L and R vertices. Every term in the resulting sum is
labeled by a decoration f of I'. Isomorphic decorations will evaluate to the
same weight. Thus, we obtain

FTL*TRF .
FEUE) S ey AW ]

A e [Aui(D)
By the orbit-stabilizer theorem, we obtain
| Aut(T) - f] _ 1
[Aut(T)] | Aut?ee(Df)|
and the claim follows. O

We define a gluing operation * on Feynman graphs: Denote Feynman
graphs with no R — R edges by Grr and Feynman graphs with no L — L
edges by Grr. For 'y, € Grg,['g € Gry, we define

Iy «Tg = > %o, T, TR),
o perfect matching of Vg (I'r)UVL (T'r)

where T'%¢(q, I'r,T'r) is the decorated graph obtained by decorating ver-
tices in I'x with X, edges in I'x by w (for “uncut”) and connecting the
boundary vertices specified by o to an edge, decorated ¢ (for “cut”), be-
tween the bulk vertices attached to these boundary vertices. In the language
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of Definition we set Vi, (T'9¢) = Vi,(I'1),Vr(D'%C) = Vg(T'g), Vy(D9c) =
Vp(T') U Vi(T'R). The set of half-edges is the union of all half-edges incident
to these vertices. The map 7 specifying the edges is extended by the perfect
matching o. These new edges are decorated c, all other edges are decorated
u, the vertices carry the obvious decorations. See Figure

I'r Iy Iy

R R

e ¢
L L
* = o e ¢ +2
C

® ¢

R R
Figure 13. The gluing operation on graphs. The first term corresponds to

the perfect matching which matches vertices on either side, the second term
to the two matchings identifying the vertices on different sides.

g

Remark 6.7. We can glue graphs with different amounts of boundary ver-
tices. For instance, the graph Uy in Figure could be glued to the empty
graph on the right hand side, and these terms are important for the gluing
formula for the Green’s (or tadpole) function.

The gluing operation lands in formal linear combinations of decorated
graphs.
I «Dg = > mp T,
Ideccsupp(Ip*'r)

. . . Iy _ r _
For instance, in the example of F1gure we have mp, p, =1 and mp) p, =
2. Then:

Lemma 6.8. Let T'%° be a decorated Feynman graph. Then there is a
unique 'y, € Grg,Tr € Gry, such that T'%¢ ¢ supp(I'y *« T'g).

Proof. Delete every c-decorated edge e = {v1,v2} in I and replace it with
vertices v}, vh and edges e; = v1,v], e2 = {ve, vh}. This results in two discon-
nected graphs I';, and I'p containing vertices decorated L and R respectively
(they are disconnected since edges between L and R vertices are decorated
¢). The newly added vertices are declared right resp. left boundary vertices if
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connected to a vertex decorated L resp. R. Forgetting the decorations, this
is the unique combination of graphs that will contain I'%¢ in its support
after gluing. O

Notice that the pairing (Fy- (T'z), Fe (T R)>2 v mmakes sense also if the
L 3 LY, 2R

graphs I'y, and I'g have L — L (resp. R — R edges).
Lemma 6.9. Using notation as above, for I'p € Grg and I'gr € Grp we

have

FRee™ ™ (T, + Tp)
det(DELaER)é

(6.4) (FZL (1), FEE(TR))y, vy, =

Here we extend Fgec linearly to formal linear combinations of decorated
graphs.

Proof. The only nontrivial point here is that the integral kernel we used
to define the pairing is the same kernel as the one appearing in the gluing
formula for the Green’s function. Apart from this fact the proof is a matter
of plugging in the definitions. U

Finally we require the following combinatorial lemma.

Lemma 6.10. Using notation as above

(6.5) e Te _ > L
’ |Aut(Tz)|  |Aut(Tr)| | Aut®ec(Tdec)|’

Tdecesuppl'p #' g

Proof. This is essentially a consequence of the orbit-stabilizer theorem. No-
tice we can rewrite (6.5)) as

paee 1 | Aut(T)|| Aut(g)|
bl | Autdec(Ddec)|

(6.6)

which is already suggestive of the group action we want to consider. Namely,
the group Autl'; x AutT'p acts on the set m of perfect matchings of
Vr(Tr) UVL(TR). Two perfect matchings related by this group action will
define the same decorated graph, so that for any T |(Aut 'y, x
AutT'g) - o| for any ¢ € m that defines I'%“. The main realization is that
the stabilizer group of ¢ is isomorphic to the automorphism group of the
decorated graph I'?‘: The condition that a pair (¢r,¢R) stabilizes o is
equivalent to asking that ¢ Ll pgr preserves incidence of cut edges. Equa-
tion is then just the orbit-stabilizer theorem. ([



Two-dimensional perturbative perturbative scalar QFT 1909

6.3. Proof of the gluing formula

We now have all the necessary ingredients to prove Theorem 6.1 (we suppress
dependence on arguments after the first line).

Proof of Theorem [6.1. Recall that we denote by Gry, (resp. Grg) the set of
all Feynman graphs containing no edges between left (resp. right) boundary
vertices. Then, as noted in Remark we have

(I) _se(¢7.) FR(T)
Z |Aut ] =2 ¢ " JAut(D)]

I'eGrr

In particular, for a surface X with 9% = 91> U 9g>s, we have

CGen 1 FL(T)
(6.7) e~ i) 7T — . DR
¥ det(As, +m2): rgm [ Aut(I')]

The proof of the gluing formula is now a simple consequence of our previ-
ous work. Consider again a cobordism (X, 01,3, 0g¥) with a decomposition
Y =¥ Uy X, where (X1,0.%,Y), (2R, Y, 0rXR) are two cobordisms with
common boundary component Y. Then, we have

—

eSO S (73 (i), 2, i) =

Y, Y, XR
1
(Ea. (6.7)) =

det(Sp, +m?2)z det(Sg + m2)2

Z < FTZ(FL) Fg};(FR) >
FLeGrgr | AUt(FL)| ’ ’ Aut(FR)‘ XY YR
T'reGry

1

Eq 64 = 1 1 1
( ) det(ZL+m2)5det(ER+m2)5det(D2L72R)§

3 Fee™ ™ (D % T'g)
[ Aut(I'z)[ - [ Aut(I'g)|

FLGGI‘R
T'reGry
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(Eas. (@3).(65)) =

FgGCJL TR (Fdec)
Z Z | Autdec(rdec) |

t(Ax +m2 )2 I €Grg Ddecel  + g
I'reGry
1 Fdec,'rL TR (Pdec)
(Lemma - Z b =
det(Ax +m2) Taee Aut eC(Fdec)|
FTL*TR 1’1
E ZTL*TR.
o 63) = det Ag+m2 Z | Aut(I >

7. Functoriality

Returning to the discussion of the introduction, it is a natural question
whether the assignment Y — Hy, Y — Zy has an interpretation as a func-
tor. It turns out that the answer to this question is positive, provided source
and target category are adequately defined, and one introduces the correct
mathematical setup. The main problem is that in the treatment of Section [3]
the pairing on the space of boundary states depends on the bulk. We’ll
briefly describe the idea how to remedy this. Remember that heuristically
we want the pairing to be integration against the “Lebesgue measure” on
the space of boundary fields:

(W1, Wy) = / 1 (71L, 1y ) W2y, R)-
Ny
Of course this formal Lebesgue measure does not depend on the bulk, but it
is not mathematically well-defined, so another idea is needed. From the point
of view of perturbation theory, it was natural to use the factor e~ (@) to
define a formal measure with respect to which we were defining the pair-
ing, but this factor depends on the bulk, since So(¢s, ) = 3 [;- 7Dx7jdVoly-.
The trick to obtain a functor is to realize that dependence on the bulk
is “small” in the sense that Dy, = /Ay +m2 + S, where S is a compact
operatoﬂgg that contains all the bulk dependence. We can thus use the op-
erator /Ay + m?2 to define an actual Gaussian measure on a completion of
C>(Y). This Gaussian measure will then be corrected to the one induced
by the Dirichlet-to-Neumann operator by a “small” contribution from the

30In fact, § = (Ay +m?2)~ 25 is a trace-class operator, see Proposition More-
over, if the metric ¥ in the neighborhood of Y is the product metric, then S is a
smoothing operator. We refer to Appendix for examples.



Two-dimensional perturbative perturbative scalar QFT 1911

bulk. Thus, we will multiply the partition function by a factor to obtain
its correct normalization. But on a heuristic level, nothing happens at all:
we are merely splitting the Gaussian factor in the partition function in a
different way. In this section we will spell out the details of this idea and
prove that this is enough to make the partition function functorial.

7.1. The source category

The source category is the semicategory (i.e. category without identity mor-
phisms) Riem? of 2-dimensional Riemannian cobordisms defined as follows:

e Objects are closed Riemannian 1-manifolds with two-sided collars Y x

(—e€,€) with an arbitrary metric restricting to the metric on Y on
Y x {0}.

e A morphism from Yy x (—€p,€1) to Yr X (—€g, €r) is a Riemannian
cobordism ¥ with 0xY = Yx such that 0% has a collar (tubular
neighborhood) in ¥ isometric to Yz x [0,e) and Ogr¥ has a collar
isometric to Yg X (—e€g,0].

Composition of morphisms is well-defined since the 2-sided collars ensure
that metrics can be glued smoothly.

We refer the reader to [27),55] for a detailed discussion of the Riemannian
cobordism category.

7.2. The space of boundary states revisited and the target
category

We turn to describing the space of states associated to a closed 1-manifold.
It is constructed as as in Section [3] but with Dirichlet-to-Neumann operator
replaced by the square root of the Helmholtz operator on the boundary.

In order to prove functoriality of the appropriately adjusted partition
function, we also introduce the measure-theoretic formulation of the space
of states and compare it with the conventional Fock space formulation.

7.2.1. Space of boundary states - perturbative picture. Consider
again the vector spaces Hl(,n of Definition functionals ¥ on C*°(Y) of
the form

v(n) = s yn)i(y1) - 1(Yn) dys - - dyn
ar(Y)
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where 1) € C_(C°(Y))[[h"/?]] is symmetric and has admissible singularities
(Definition i on diagonals, and set Hy'* = €D,,> Hl(/n). Then we define a
new pairing on HP', similar in form to the one of Definition but with
the Dirichlet-to-Neumann operator replaced by (twice) the square root of
the Helmholtz operator on Y. Notice that this pairing will be intrinsic to
the metric on Y, in particular, it can be defined without reference to any
bulk manifold. We define the space of states as the completion of HP™ with
respect to that pairing.

Definition 7.1. Let g be a Riemannian metric on Y and m > 0 and con-
sider the Helmholtz operator Ay + m? on Y. Denote s the square root of
this operator. We define the pairing

() Yase: HIY 5 HIW = R[AV?)
(7.1) (U, 0", = (U O W),

where @ is the symmetric tensor product defined in (3.13) and (-)9,.: H*) —
R[[A/?]] the 25¢-expectation value map

(7.2) (W), = dew%% Z/C VYL, - yn)

T @07 Wors w0.) dys - - dyn.

{v1,v2}€m
We extend the pairing bilinearly to HY™ = @,5 Hi(/").

The completion of Hy' with respect to the pairing (-, )2, coincides (as
a topological vector space) with Hy, see Definition since operators 2s¢
and Dy, v, are sufficiently close.

Notice that Hy has the decomposition

HYZ@F@

where ng ) is understood as Hl(/”) completed with respect to the restriction of
(-, Yo, degree-wise in h. However, this is not a decomposition into orthogonal
subspaces.

7.2.2. Space of boundary states - Fock space picture. We now want
to compare our model of the space of states to the more classical notion
of Fock space. This is a space naturally associated to a pseudodifferential
operator on C*°(Y") defined as follows.
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Definition 7.2. Denote Va,, the completion of C*°(Y') with respect to the

paim’nﬂ

1 _
(73) (0= [ Fa) = (@) gly)dod.
Y XY
The Fock space model of the space of boundary states associated with Y is
Fu(Y) = DSVa @ R[RV)
k=0

where SFV is the k-th symmetric power of the Hilbert space V' and @ denotes
the completed orthogonal sum of Hilbert spaces.

Remark 7.3. The pairing on C*(Y) is the covariance of a Gaus-
sian probabilit/yﬂeasure pase on D' (Y')—the space of distributions on'Y . This
means that @5 S Va,, is isomorphic to L*(D'(Y), u2s.) via a canonical
isomorphism [4, 125, [54)]. The isomorphism is constructed by considering
the Wiener chaos decomposition [29] of L?(D'(Y), u2,.) obtained from the
so-called normal odering procedure. From this, it follows that F1(Y) is iso-
morphic to L*(D'(Y), s, ) [AY?]].

Notice that in the decomposition of Hy = @ H (n), the individual com-

ponents H;") (“n-particle sectors”) are not orthogonal to each other. On the
other hand, in the Fock space we have S "V, L S, for 1 =% k. Neverthe-
less, the completion Hy of H}'® can also be decomposed into an orthogonal
direct sum. This can be done by using the normal ordering, which for ex-

ample, fo P € CX(C2(Y))S [[h'/?]] is defined by:
n _
=) = (5) [ 00020 ) dide
Y XY

+ (Z) / w(yla O 7yn)(2/‘i)_1(y17 y2)(2/€)_1(y3, y4) dylddey3dy4
v4

We then have the following.

31 Notice this is almost the same pairing as (f, g)2,. on Hg}) = C>°(Y)[[A'/?]] but
1
without the prefactor ——.
(det 25)2
32Here superscript S,, denotes functions invariant under the natural action of S,,
on Co(Y), i.e. symmetric functions.
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Proposition 7.4. Denote the pairing on the Fock space by (-,-)r. Then,
there is a canonical isomorphism

(HYv <'7'>2%) = <F+(Y) 1<'7'>F> :

" det(2)2

Proof. First, we observe that, if we ignore the determinant factor in the
pairing in Definition then there is an obvious isomorphism from Hy
onto L?(D'(SY), uas.)[[h/?]] that respects orthogonal decomposition, where
the orthogonal decomposition of Hy comes from the normal ordering as
discussed above and the one on L?(D'(SV), ua,.)[[7i'/?]] comes from Wiener
chaos decomposition. Now, the proposition follows from Remark ]

For us it will be convenient to use the following normalization of Gaussian
measures.

Definition 7.5. We define the “unnormalized” Gaussian measure corre-
sponding to a symmetric positive operator A to be

HA

[
HA = qet(A)/2

Here we assume det A exists in the zeta-reqularized sense.

Remark 7.6. Given a cobordism (3,01,%,0rY) let Y = 0¥ = 01, U OrX.
Then the associated space of boundary states Hy satisfies

Hy = HS(Hp, s, Ha,x),

where HS denotes Hilbert-Schmidt operators (this is a standard property of
the tensor product of Hilbert spaces). Given the three compact Riemannian
1-manifolds Y,Y, Yr, the pairing Hy ® Hy — R[[l/?]] extends to the com-
position map Hy, vy @ Hy vy, = Hy, Ly, -

We now define the target category as follows.

Definition 7.7. The category Hilb®™ is the category where

e objects are real Hilbert spaces tensored with R[[R'/?]],

e morphisms are R[[hY/?]|-linear Hilbert-Schmidt operators.
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7.3. Proof of functoriality

As was explained in the discussion above, we need to slightly adjust the
partition function to account for the pairing on the space of boundary states:

Definition 7.8. Let ¥ = (X,0.%,0rY) be a cobordism and T be a tadpole
function on Y. For a I-dimensional manifold Y, denote s := /Ay + m2.
The functorial partition function of ¥ is

(7.4) ZE[if) = e Jox e dVolox 73 7).
Proposition 7.9. We have ZZ € Hilb™ (Hy, 5, Hpy,x).
Proof. By Remark it is enough to show that Tg € Hyy. Notice that

— 1
Z7[i] = :
S = et an )

1 nSn ~
e~ 3 Jox 157 dVolox derw 7]

where S = Dy, — sz and dert’T is given by summing over all diagrams with no
boundary-boundary edges. Let I' be a Feynman diagram with n boundary
vertices and no boundary-boundary edges. By Proposition we have
FI) e Hgg. Denote (Hps)i/2 the order k/2 part in h of Hps. Then we
have that e~ 2 Jox 157 dVolox b1y ¢ (Hos) ey, because the operator § = 1S
is trace-class (see Proposition . Since at any order in & there are only
finitely many diagrams with no boundary-boundary edges, we conclude that
Z% € Hpy. O

The gluing formula can then be re-interpreted as the fact that, if 7 is a local
assignment of tadpole functions, then partition functions Z7 assemble into
a functor.

Theorem 7.10. Let 7 be a local assignment of tadpole functions. The
assignment

77 : Riem? — Hilpo™

given on objects by

Z7(Y x (—e€,€)) = Hy

and on morphisms by

s a functor.
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Proof. Let ¥ = X Uy ¥ be a Riemannian cobordism. Since Riem? is a
semicategory, we actually only have to check the composition rule

?(ZL Uy ER) = ?(ZL) O?(ZR).

We denote Yy, = 91X = 01X, Y = 0rXy = 0XR, Ygr = OrX = OrXgr. To
see this, recall that (this is Remark composition of morphisms Fy: H; —
Ho, Fy: Hy — Hj in the category Hilb™™ is given by extension of the pair-
ing on Hs. On the other hand, this pairing is given by integrating against
the Gaussian measure b, in the L? space corresponding to Ha:

Z7(SL) 0 Z7(SR) = / 2707 (Er) b
"(Y)
= e% Jy,, M1z<idVoly,, 6% vy, iz dVolyy, / ey iz dVoly Z§L Zng,LLIQ%
"(Y)
— 6% fYL ﬁ%ﬁ dVOlYL 6% fYR ﬁ%ﬁ dVOlYRe_SO(QS?j)e_SO((b?g)

(7.5) / 7L 7T e 3 JyiSitSmiavly g
DY) L R

Here Sy = Dy, — s for X € {L, R}. Since » 1Sy is a trace-class operator
by Proposition by known results on Gaussian measures (see e.g. [25]
Chapter 7] or []),we have ¢~z Jy ASc+Sw)ndVely v ,LL/DEL ., 85 measures
on D'(S 1)@However, integration against the latter Gaussian measure is just
the pairing defined in Definition So, expression can be rewritten
as

1 ~ o~ 2ry TRY e
e3 Jox 1= 50(03,) =505 (72 70 Vs, visn-

Hence the gluing formula implies the composition law for Z7. O

Remark 7.11. The Hilbert-Schmidt norm of a partition function of a Rie-
mannian cobordism X admits the following interpretation: its square is the
partition function of the closed “doubled surface” ¥ =¥ Ugs X (assuming

33With our convention for the Gaussian measure, this can be proven similarly
to Theorem 7.3 in [25] by showing the Fourier transforms of the two measures are
equal.
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the glued metric on S is smooth):
1Z7(®)llks = Z27(5)

Here we endow % with the tadpole function T = 7 * 7 — the gluing of T (some

a priory fized tadpole function) on ¥ and its reflection on the second copy,
3.

7.4. Another proof of functoriality

For the reader’s convenience, here we give another proof of Theorem
under an extra assumption on admissible cobordisms. It is a direct proof
using perturbation theory and not relying on infinite-dimensional measure
theory.

Assumption 7.12. For each boundary component Y of the cobordism 3,
the operator § = »x 'Ds, — 1 on'Y has the operator norm

(7.6) 6] <1
(i.e. eigenvalues of § are in the interval (—1,1)).

Remark 7.13. (a) Cobordisms satisfying Assumption form a subcat-
egory of Riem2 We denote this subcategory Riem‘|§||<1.

(b) Assumption is not vacuous. E.g., a cylinder of height H, cf. ,
satisfies it iff H > - where ¢ = arccoth 2 ~ 0.5493. Thus, short cylin-
ders fail the assumption.

Another example: a spherical sector satisfies the assumption if the cone
angle satisfies ¢ < ¢, with ¢ ~ 0.9023w. For ¢ < ¢ < m, the assumption
fails for mR in a certain interval (R is the sphere radius).

(c) As implied by (@ and (@, if we attach to the boundaries of any surface 3
sufficiently long cylinders, the resulting surface will satisfy Assumption

712

34The reason is that if & = % Uy~ ¥’ and Y is a boundary component of ¥ disjoint
from Y, then we have Dy > Dg > 0 (we mean the Y'Y block of both Dirichlet-
to-Neumann operators; an inequality of operators A > B means that A — B is
a positive operator). This inequality follows from the gluing formula for Green’s
functions (Proposition upon taking the second normal derivative. Therefore,
0y > 05 > —1. Thus, if [|ds|| < 1, then also ||0g|| < 1.



1918 S. Kandel, P. Mnev, and K. Wernli

Let ¥ = ¥ Uy X g be a Riemannian cobordism cut into two by Y. Let
S; = Dy, — 5, with i € {L, R}. We assume that X, X satisfy Assump-
tion [, 12

Lemma 7.14. (i) For V € Hy any state on Y one has the following
comparison of expectation values (m and

(7.7) (o3 [ AEASANO ) = (), vim

(ii) For Ui, Vs € Hy any pair of states on'Y', one has the following com-

parison of pairings and :

(7.8)  (Wye~zly @ dVoly gy, o5 [y 7Sn(m) dVolyy, *<‘I’1,\I’2>2L Y5k

Proof. For 1|} assume that ¥ is given by a wave function ¢ (y1, ..., ¥yn). The
Lh.s. of (7.7)) evaluates to

1 /
dyl o dyn 1/1(,@17 .. 7yn)
det(2)1/2 m;;?n (1)

DT (3 (= @S+ Sm) ) i)
{i,j}em k=0

(Y le tr (— (2597 (Sk + 5w))”)

p=1

The sum over k — the “dressed boundary propagator” — evaluates to (2 +
St + SR)_l = K, the Green’s function of Dy, ;... The sum over p evaluates
to

1 1
—itrlog(l + (230)71(Sp + Sg)) = ~5 log det(1 + (23¢) "1 (St + Sgr))
1 det(Ds, »,)

2 %% " det(25)

Here det(1 + ---) is understood as a Fredholm determinant. Therefore, the
Lh.s. of coincides with the r.h.s.

Here the convergence of the sum over k£ and the sum over p, relies
on two “smallness” properties of the operator 3% = (2s¢)71(SL + Sg) =
%(5 L+0 R)Z
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e the trace-class property trd'* < oo (we have it by Proposition |A.3)
which is needed for the individual terms in the sum over p to be well-
defined and

e the property ||0*t|| <1 (implied by Assumption for X1, %R)
needed for the convergence of the sums over k and p.

Part follows trivially from (i) by setting ¥ = W1 ® ¥s. O

Proof of Theorem[7.10 under Assumption[7.19 . Functoriality of Z restricted
to Rlem| I8]1<1 follows from the gluing formula have already proven (Theo-
rem [6.1) and from Lemma - 4. Indeed, for any > we have

Zig — e—%faz ﬁS(ﬁ) dVOlazZ;:

Therefore,
= = —L 7 fLSL(fL)dVoly, —% [  #irSk(iir)dVol
<Z2LaZER>2% =e€ ZfYL s L(nL) OYLE 2fanR R(nR) YR,
. <6_%fyﬁsL(ﬁ)dV01YZ\ e_%fy ﬁSR(ﬁ)dVOIYZ\ >2
el

ez lv, nLSL(nL)dVOIYLe 3 by TIRSR(WR)dVolvR<ZE 75 )
L R

Lemmam X1,Y, YR

Theorem

Here we are suppressing the tadpoles in the notations. Thus, Z satisfies the
gluing formula with respect to (-, -)2,,, which proves functoriality. O

Remark 7.15. The fact that in the perturbative approach we needed an
additional assumption (@ on cobordisms while this assumption was not
needed in the measure-theoretic approach of Section [7.3 can be modeled on
on the following toy example. Consider a 1-dimensional Gaussian integral

oo oo _ k
/ dz e~ (1HO)=*/2 — /daze_mzﬂe_cmz/2 = /dq: e_x2/2z (253 %k
k=0

o o k: ,
— Z (216613 /dm‘e‘r /2x2k

k=0

??‘

:rz

Wick’s lemma

_ 113 )

= van(l- C+2'22C =)
=V2r(l+ C)"

2’%'
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Here the l.h.s. defined measure-theoretically makes sense for any C > —1
whereas the sum after “ =" is only convergent for —1 < C < 1, i.e. an ad-
ditional restriction on C arises. The point here is that in the equality “ ="
we are interchanging an integral and a sum which is only valid under this
additional restriction on C.

Remark 7.16. One can remove the restrictive Assumption|7.13in the per-
turbative proof of functoriality by considering the following “mized” picture
for the pairing (-, -)2,.. One caﬂ split functions on'Y into the span of eigen-
functions of & wth eigenvalues > 1 and the span of eigenfunctions with eigen-
values in the interval (—1,1):

C(Y) = [C)]jisi1=1 @ [C™(Y)]jj5)1<1

Here the first term on the right is a finite-dimensional vector space. Then,
one can define the pairing (-,-)2,. as a combination of a finite-dimensional
measure-theoretic Gaussian integral over [C*(Y)]5>1 and a perturbatively
defined, via Wick contractions, Gaussian integral over [C*°(Y)]|5/<1 where
one does not have a convergence problem.

8. Discussion and outlook

In this paper we have defined the perturbative partition function of two-
dimensional scalar field theory as a formal power series, and shown that
it satisfies an Atiyah-Segal type gluing relation. In particular, this shows
that the perturbatively defined path integral in our model satisfies a crucial
property expected from the path integral — a Fubini-type theorem.

To obtain this result we used gluing formulae for the zeta-regularized
determinants and the Green’s function of the Helmholtz operator, together
with some combinatorics of Feynman diagrams. Naturally, one is led to the
expectation that similar techniques will allow to prove gluing formulae for
other theories.

As explained above, the gluing pairing can be thought of as a mathemat-
ical definition of a functional integral over boundary fields. One can think of
this functional integral as an expectation value with respect to a non-local
boundary theory. A similar perspective was advocated in [13],[14].

Similar results for first-order gauge theories in BV formalism have been
obtained by Cattaneo, Reshetikhin and the second author in [9]. We choose
a slightly different way to define the partition function on a manifold with

35This strategy is inspired by the proof of Theorem 7.3 in [25].
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boundary@ However, we expect the two approaches to be ultimately equiv-
alent. We plan to explore this relation in the future.

We have also proven that the perturbative quantization in our model
gives rise to a functor from the category of Riemannian 2-cobordisms to the
category of Hilbert spaces and Hilbert-Schmidt operators.

The cutting-gluing formula for partition functions underlying the func-
toriality result relies on the careful treatment of tadpole diagrams and their
interaction with locality.

The following questions naturally arise from our treatment of scalar
theory.

I. Compare with the treatment in the first order formalism. In particular:
is the non-local “gluing theory” on the boundary the effective theory
for some local gluing theory that arises in the first order formalism?

II. The adjusted partition function Z entering in the functorial formu-
lation modifies the standard partition function Z (corresponding to
quantization with Dirichlet polarization on the boundary) by a factor

dVolosna<(n) 1 begs an interpretation in terms of a new
“Helmholtz” polarization imposed on the boundary, where 9,,¢ — 3(¢)
is fixed on 0X. This new polarization can be seen as a complex po-
larization on the boundary phase space, whereas Dirichlet condition
gives a real polarization; the two are connected by a Segal-Bargmann
transform which can be represented by a partition function of a short
cylinder with Dirichlet polarization on one side and Helmholtz condi-
tion on the other side[]

ean Jos

ITI. Tt would be very interesting to extend our treatment of 2-dimensional
scalar theory to allow cutting and gluing with corners. Correspondingly,
we expect the functorial picture to generalize to a fully extended FQFT
out of an appropriate Riemannian cobordism 2-category. In topological
case, this formalism is known from Baez-Dolan-Lurie [3],[40]. A related
question is enrichment of the theory by defects supported on strata.

IV. A big open problem is the compatibility of renormalization with lo-
cality in more general setting and in higher-dimensional theories. In

36We use the (unique) harmonic extension of the boundary field, while [9] uses
a discontinuous extension of the boundary fields, i.e. it drops to zero immediately
outside the boundary.

37In the context of Chern-Simons theory, (generalized) Segal-Bargmann trans-
form via attaching a cylinder with appropriate boundary polarizations is studied
in the paper in preparation [10].
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particular, it would be natural to try to extend our treatment of scalar
theory to higher dimension (but restricting the potential p to be renor-
malizable, e.g. p(¢) = ¢* in dimension < 4 or p(¢) = ¢* in dimension
< 6) and studying renormalization and RG flow there.

V. This paper and [28],[9] suggest that there is certain algebraic structure
on Feynman graphs which is responsible for Atiyah-Segal type gluing
formulae for perurbative partition functions. One can consider graph-
valued partition function (in the spirit of LMO invariant or Kontsevich-
Kuperberg-Thurston-Lescop construction) and one expects this version
of partition function to be an idempotent (or, dually, a group-like ele-
ment) w.r.t. the gluing operation on graphs

Appendix A. Examples

In this section we provide some explicit examples of determinants, tadpole
functions, and gluing formulae. Even though the main focus of this paper is
two-dimensional scalar field theory, we consider also 1-dimensional examples,
where answers are simpler and more explicit. All the constructions in this
paper are valid, with minor adjustments, also for 1-dimensional scalar field
theory.

A.1. One-dimensional examples

A.1.1. Interval. Denote ADD = (—dd—; +m?) with Dirichlet boundary
conditions. The Green’s function of the operator Aanlj can be explicitly com-

puted and yields

1 sinhmasinhm(l — y)#(y — x) + sinhm(l — z) sinhmyf(z — y)
m sinh ml

G($7y> =

)

where 6 is the Heaviside function, which leads to the tadpole functionf|

sinh ma sinhm(l — x)

(@) = Glw,x) = m sinh ml

38 A similar problem is currently being investigated in [33].
39Here 6(0) = 1/2. Notice that the Green’s function is actually continuous across
the diagonal.
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The zeta-regularized determinant of A can be computed™) as

det A 2 sinh ml

Notice that in the limit as m — 0 we obtain 2] - for Dirichlet boundary
conditions, the operator Aé? E has no kernel and we obtain its nonzero de-
terminant. In particular, we see that the tadpole is consistent (in the weak
sense, Definition with zeta-regularization: We have

d DD 1 [lcoshml 1 !
Wlog det(An7) = — < — ) = /0 7(z)dz.

4m \ sinhml m

Now consider the gluing of the two intervals I;, = [0,11] and [}, = [I1,11 + 9]
over the the point Y = {l}. Then the Dirichlet-to-Neumann operator along
Y is given by

sinh m(l1 + l2)
sinh mly sinh mly

Dy, v, n+ m(cothmly + cothmia)n =m
Then we compute

1
det(ADD) det(ALP) det 5D, v,

2 2 1
( sinh ml1> ( sinh mlz) — (mcothmly 4+ cothmls)
m m 2

2
— smh m(ly + lp) = det ADD Dt

The factor % which appears here - in contrast to the gluing formula -
arises because we are gluing 1-dimensional determinants. It is a correctional
factor in the gluing formula for determinants that is present in odd dimen-
sionsE see [38]. Finally, let us consider the gluing of the tadpole function.
We will check that for x < Iy, 7, 41,(z) = 7, (z) * 7,(z) (the other cases are

40Gee e.g. [48, Example 3, p.220] for a derivation.

41This factor hints at the fact that in odd dimensions one should normalize the
“measure” of the path integral accordingly. The correct normalization of the path
integral on spacetimes with boundaries should be such that it is compatible with
gluing. A similar discussion for factors in gluing of partition functions in abelian
BF theory is given in [9].
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similar). Indeed, the left hand side is

sinh ma sinhm(l; + Iy — x)
msinhm(ly + l2)

Tl +ly (%‘) =

while the right hand side is

7, (z) + (f

y y:ll

2
G(z, y)> DI_lll,Y,Ilz

sinh ma sinh m(l; — x) sinh ma \ 2 sinh mly sinh mls
msinh mly sinhmly /] msinhm(l; + lg)
(Sinh mx) sinhm(l; — x) sinhm(ly + lz) + sinh ma sinh mly

m sinh mly sinh m(ly + l2)
= T+l (JJ)
A.1.2. Circle. Consider a circle of length I, and let A,,; = —d?/dx? +

m?2. The spectrum of this operator is Ay = (27k/1)? + m? k € Z. Then one
can compute the determinant as

l
(A.1) det A,,; = 4sinh? %

For z,y € R denote d(x,y) =1 {xl;y}, then the Green’s function can be ex-
pressed as

1 coshm(d(z,y) —1/2)
G(l‘, y) - 2'm sinh %l

and the tadpole function is

1 ml
z) = G(r,x) = — coth —
7(2) = Gla, 1) = 5 —coth "o
Again, one immediately verifies that the tadpole function is (weakly) con-
sistent with zeta-regularization, namely

1 2 l l
TdilogdetAml—Tdilogsmh—l m thm? /SlT(x)d:E

Next, we want to glue a circle out of two arcs I, Iy of length [q,ly along
the interface Y = {p, q} ( see Figure [Al). The corresponding Dirichlet-to-
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Figure Al. Gluing a circle from two intervals of length [, lo.

Neumann operator is the sum of the two operators:

1 1
Da(mme) = m cothmly +cothmly — (Sinhmll + sinhml2> (%)
by — < LT — ) cothmly + cothmly Tlq

sinh ml; sinh ml,

and straightforward computation shows that its determinant is

4m? m(ly + I2)
det Dy = inh? ——— </
eEN sinh ml; sinh mls St 2

Therefore, we obtain that the product of determinants is

1
det APD det AP det 5DN

m,l1 m7l1
2 sinh miy 2 sinh mls m2 <inh? m(ly + I2)
= in
m m sinh ml; sinh mls 2
I +1
— 4sinh? Tn(l;_Z) = det Am711+12

where again, the factor % in the Dirichlet-to-Neumann operator turns out

to be correcﬁ according to the gluing formula [3§].
Let us also check the gluing of tadpoles. Again, we will check the case where
x € I1. Then, the gluing formula for the tadpole reads

d
p-1 (—&GCn(x,p)
71, % 71 () = 71, (%) + (— 4G, (2, wOn (@, 1( G (g
127 (2) = 71, (2) + (-G (e.p) - §,Gn(@,q9) Dy £Gr,(2,9)

42The general formula says that the prefactor is el°82(Cay (O)+dimker Av) ©here
Ay is the Laplacian on the interface. If dimY =0 we have Ay =0, and hence
Cay = 0 and dimker Ay = dim C*°(Y) = |Y]. In this case |Y| = 2 - hence the pref-
actor 4.
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where matrix multiplication replaces integration. The inverse of the Dirichlet-
to-Neumann operator can be explicitly computed and yields

1 sinh ml; 4+sinh ml
Dl ECOTTUIJEZQZ)/Q Tsnh? (L 1) 73
= . ) .
N T gigs g cothm(ly +1)/2
A straightforward computation then shows

sinh ma sinh m(l; — x)

71, * T, (2) =

m sinh miy

1
—— [ 2cosh -2
4Sinhmll< coshm(ly = 2r)

l l
+ (coshmly — coshmly) sinh™2 m(12+2)>
1 m(ll -+ lg)
= — h _ =
5 cot 5 7(x)

A.2. Two-dimensional examples

Now let us turn to two-dimensional examples. The main tool that we will
use is the heat kernel of the Laplacian Ka(t,x,y) and the heat kernel for
the corresponding Helmholtz operator, Kaym,2 = e*m%KA(t,a:,y). We re-
call some formulae for heat kernels of standard metrics. On the real line, the
heat kernel is

1 —(@—y)?
KR t,x,y) = e 4 .

From this, one can infer the heat kernel on the circle of length L through
periodic summation:

(A.2) KX (t,z,y)

—(z—y—kL)?
E e 4t
47T

and the heat kernel on an interval of length L with Dirichlet boundary
conditions (through image charges):

—(z—y—2L)2 —(z+y—2kL)?
A.3 K t,x e 4t —e 4t
(A.3) P(t,x,y) Ner Z

In addition, we recall the fact that the heat kernel of the Laplacian of a
product metric is the product of the heat kernels of the Laplacians associated
to the two metrics.
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A.2.1. Torus. First, we consider a torus T' =Ty, 1, of circumferences Lq
and Lo. Then the heat kernel is given by

1 s —(z—a’'—kL )2 —(y—y'—1L )2
Kg(t’ (%x/),(y»y/)) :Tm Z (& 4t . e 4t .

k,l=—oc0
Its restriction to the diagonal reads

o
—(kL1)2  —(L9)?2

T =g7r = Tar at
HA(tv (x,y)) = QA(t) - m Z € €

k,l=—o0

which is conveniently expressed in terms of the Jacobi theta function

(A.4) Wz, 7) = Z exp(mik?T + 2mikz)

k=—o00

1 iL? iL3
T — T M1 2
OA(t: (2,y)) = 0A(t) = =0 (0 g t> 0 (0 gy t)

The heat kernel of A = A + m? is then given by

—m?23t LQ ,L-LQ
0Ty =590 1) (0, 22).
al) == <0 Amr t) (0’ Amt

Extracting the divergence at ¢t = 0, we write

as

a2
emt

47t

0% (t) = + e ™t h(t)

where h(t) = 1= (19 (0, Z%) 0 <0, %) = 1) falls off like e=/* as t — 0. The
local zeta function of A is the Mellin transform of this object:
cloe(s) = b /OO 1 e (14 h(t))dt
- T(s) Jo Art

For Res > 1, the first term is given by

1 /Ootsle—mzt_ I(s—1) 1
0 4

I'(s) mt 4nT(s)m2(s—1) - A(s — 1)ym2(—1)

The second integral can be explicitly given in terms ofa modified Bessel func-
tion of the second kind K,(x), thus the analytically continued zeta function
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is

1
Ca(s)loc = — Z by K s (2mby )
47(s — 1)m2( y+ 27rf‘ kl#o

where by, = \/k2L? + [2L3. The first term has a pole at s = 1, while the
second term is an entire function of s. The tadpole function is the finite part
of Ca(s)¢ at s = 1:

log m? 1

— Ko(2
47 + 2 Z of mbk’l)
k140

reg _ __

and the logarithm of the zeta-regularized determinant is

LWL LyL Ki(2mb
logdet A = CA( ) = 12 2(logm2—1)—|— milqL2 Z 1(2m k,l)_
27 b
k140 ;
One immediately verifies # logdet A = — fT 7% dVolp from the relation

%xsKs(x) = —2°Ks_1(x).

A.2.2. Cylinder. Let us consider a cylinder C' of circumference L and
height H. Then, the heat kernel is given by

KL (t (2,y), (2, y)) = KX (t,2,a ) KRP(t,y,9/)-

The restriction to the diagonal is given by, restricting to the diagonal in

A2).A3),

oo

1 (2kL)2 e —(1H)2 —(2y—20H)2
C _ (kD)2
(A5) 5 = = Y Y S

k=—o0 l=—00

Using the Jacobi theta function ({A.4]) we can express (A.5) as

0 o o 5) 0028 (2 5)

Recall that the theta function has the modular transform 9(z/7, —1/7) =

ad(z,7), where o = (—it)zexp(miz?/7). Setting 7 = imit 2 =2, we can
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rewrite ([A.6) as

(A7) 65t (2,y) = 2131{79 <0, 42?) <19 <0’ gé) Y (IZ WHZE))

Integrating over (z,y) € C' we obtain

1 4mit it
c o Cc _

which we rewrite using the modular transform as

(A.8)
LH iL? iH? Vot LH L
C _ = o= i I A B
o5 = 47rt19 (O’ 471'75) (19 <0’ it ) H ) Amt 4wt ()

where

LH iL? iH? L iL?
= — — — ] —1) = — ] -1
hlt) 4mt <19 (0’ 47Tt> v <0’ e > ) 4/t (19 (0’ 47rt> )

satisfies h(t) ~ e~C/t/t as t — 0. Now consider the operator A := A¢ + m?,
it heat kernel is given by 9/? = ¢ ™). The local zeta function of A is its
Mellin transform,

Cals, (2,9)) = F(l) /0 £ e dt.

To investigate its behavior at s = 0, 1, we define g(t) = e~™t /(4xt) and then
write

1 o0 -1 €_m2t ]. o0 -1 — Qt 1
= s dt t° O — — | dt.
(s, (x,9)) I'(s) /0 t e T ['(s) /0 ¢ A7 Ut

The second integral converges absolutely at s = 1. The first integral can be
explicitly computed (for Res > 1) and yields

1 /°° ts_le*m% I(s—1) 1 1
0

I'(s)

47t dt = 47T (s)m2(s—1) - (s—1) dam2(—1)

The zeta-regularized tadpole function is given by

T, y) = T (s — 1)Cals, (,9))

=1
s—1

log m? 1 el —mzt (a0 1
A. = — — t° T Of — — ) dt
(A.9) 47 + F(s)/o ¢ AT 4t
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which 6§ given by (A6). The zeta function of A is
1 X a1 —met
QA(S) = / e OAdE
I'(s) Jo
and using the decompositon (A.8) we write

LH 1 L T(s—1/2)
(s=1) 4rm26-1) 4w T'(s)m?s~!

| /°° o
+ — 57 e ™ R()dt
I Jo Q

Ca(s) =

Here, the last integral converges absolutely for any s € C. The logarithm of
the zeta-regularized determinant is given by
LH L e 2
logdet A = ¢4 (0) = =—m?2(logm? — 1) + L t~te™™ h(t)dt
4 2 0
Gluing two cylinders into a cylinder. Next, we will investigate gluing
of two cylinders into a longer cylinder. For this, consider the Dirichlet-to-
Neumann operator Dy, say, on the lower end of a cylinder of circumference
L and height H, with Helmholtz operator Ap (Circumference L and mass m
are fixed). It is easiest to determine the Dirichlet-to-Neumann operator by its
action on the basis of C°°(S) given by 1, (z) = exp(2minz/L). The unique
function ¢,,, (x,y) satisfying Ag¢,, =0, ¢y, (z,0) = n,(z) and ¢, (x, H) =
0 is
sinh(H — y)wy,
sinh Hw,, '

where wy, = \/m? + (2mn/L)2. Taking the y derivative at y = 0 we find

Py, (2,y) = 1 ()

Dy (ey,) = ¢y, wn coth Huwy,.

When gluing two cylinders, the relevant Dirichlet-to-Neumann operator is
Dy, + Dpy,, which has eigenvalues \,, = wy(coth Hjw,, + coth How,). To
compute its zeta-regularized determinant, recall that det (K 1Ky) =
dete K1 det(K7y) if Ky is the identity plus a trace class operator (and hence
has a well-defined Fredholm determinant). In this example, we let Ky: 1, —
%(coth Hyw,, + coth Howy, )Ny, which is identity plus trace class and K : n, —
2wn My The zeta determinant of K is the square root of the zeta-determinant
of the Helmholtz operatoﬂ on S' given in (A.1)): det K1 = 2sinhmL/2.

43Taking squares commutes with zeta-regularized products. On the other hand,
multiplying all terms by a constant a multiplies the zeta-regularized product a¢(®),
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Thus,

coth Hiw,, + coth How,,

L
det(Dy, + Dg,) = QSinhmT H 5

ne”Z

The gluing formula for zeta-regularized determinants thus implies the inter-
esting identity

logdet Ay, + 1, — logdet Ay, — logdet Ap,
L o 2
= =4 [ e iy, (8) — B, (8) — B, (8))
0

= logdet(Dy, + Da,)

.. mL coth Hyw,, + coth How,,
= log (2 sinh 2> + %bg < >
n

and one can check numerically that his formula holds.
We can extend this numerical check to tadpoles. The value of the glued
tadpole Tg, * T, at some point (z,y) € Cg, is

)+ [ 06, (@ 0) (D + D)

(2, 2")0,G((z,y), (z",0))dz'dz".

Here the tadpole function on the cylinder is given by (A.9)); 0, G is the normal
derivative of the Green’s function in the second argument. To compute the
second term, we expand the normal derivative in Fourier modes

00 —m?2t 0 2 o
aI/G ) ) ,,0 :/ dtei _4h£2n n ! t? )
((z,9), (2",0)) 13 <n;m€ Pn(z )) g(t,y)

where

_? yH iH? 2H, , (yH iH?
t = 4t '19 PR — J— 719 s .
9lty) = e <y (m’t7 it ) 2mi mit’ wt

The inverse of the Dirichlet-to-Neumann operator is given by

©n(z) = (wn(coth(Hywy,) + coth(Haw,))) ton ()

where ( is the zeta function of the sequence. One can check that in this case ((0) = 0,
using e.g. the results of [48].
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so that we obtain

efm2 (t+u)

TH, * TH, = TH1+/ dtdu
[0,00]2 Varudv4nt3 L2

) _4(ttw)n3n?

2 wy (coth(Hiwn) + coth(ngn))g(ta y)g(u,y).

n=—oo
Again one can check numerically that this equals 7z, + 5, (y).

A.2.3. Sphere. Consider a sphere of radius R.
Green’s function. The Green’s function for the Helmholtz operator on
a sphere is:
1 d
(A.10)  Ggz(z,y) = T2 F (al, as; 1; cos? M)
dcosm(3 — (mR)?)? 2R

with aq o the roots of the quadratic equation a? — a + (mR)? = 0 and d(x, y)
is the geodesic distance in the sphere metric; 9F) is the hypergeometric
function.

Note that the Green’s function on a hemisphere can be obtained from

by the image charge method:
Gu+(z,y) = Gg2(x,y) — Gs=(x, )
where g is the reflection of y through the equatorial plane.
Remark A.1. The asymptotics m — 0 of the Green’s function reads

1 1 d(z,y) 1 2 p2
2 Y —m 1 —— —
Ggs2(z,y) w0 Area(ST) mZ 2m <og sin + 2) +0(m*R*)

Gfin

The finite part G here is the propagator of the massless scalar theory on
S2. It satisfies

(A.11) AG™ = §(z,y) — ¢

with the constant ¢ = mﬁ

44The constant shift by —c is related to the zero-mode of A. More precisely, the
integral operator defined by Gfi™ inverts A only on the orthogonal complement of
constant functions and vanishes on constant functions.
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In fact, as one can show from examining the t — oo asymptotics of
the heat kernel, this behavior is universal: for any surface X, the asymp-
totics m — 0 of the Green’s function is G(x,y) ~ ﬁ + G (z,y) +

m—0 Area(X)-m

O(m?) with G (z,y) some function satisfying the with ¢ = m

Tadpole. Next, note that the zeta-regularized tadpole on the sphere
can be computed from y — x asymptotics of the Green’s function (A.10))
(by first calculating the point-splitting tadpole and then using Corollary

5.21)) and yields

sres log R? — @Z)(al) - ¢(O‘2)
N 4

(A.12)

where ¥(z) = d% logI'(z) is the digamma function.
Determinant. Helmholtz operator on the sphere of radius R has eigen-
values \; = Z(ZR%D + m? with multiplicities 20 + 1, for { = 0, 1,2, . ... The cor-

responding zeta-regularized determinant is:

det(A +m?) = (H <l(l;—21) +m2>2l+1)reg

1>0
(A.13) _ R72CA(O)<H(Z(Z+ 1) +m2R2)21+1>
1>0
_ R_2(§_m2R2)F(m2R2)

reg

Here we denoted A = R?(A + m?) the rescaled Helmholtz operator; we de-
noted its regularized determinant by F(m?R?). We are using the property
of zeta-regularized determinants det(cA) = ¢¢4(9) det(A). The value ¢ 7(0) =
% — m?R? is calculated straightforwardly.

In fact, we can determine the function F(z) in (A.13) explicitly from
knowing the zeta-regularized tadpole on the sphere (A.12]), by integrating

the tadpole against mass (cf. Corollary |5.16)). Indeed, setting R =1, we

45Indeed, for Re(s) >1 one has (4(s) = ﬁfooo dtts=Le=™*F*t £(1), where
f) =372, 20+ 1)e'+Dt Using Euler-Maclaurin formula, one obtains the
asymptotics f(t) ~ + + 1 + O(t) at ¢ — 0. Thus, the analytic continuation of (4 (s)
to s=0 is: (5(0) = lims_o ﬁ I dtts=le ™ Bt (f(1) — 1-3)+ % +
$(m?R*) ™ = £ — m?R>.
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obtain
logF(z) = / dm? 4n 7'(m2)|R:1

(A.14) s /OZ dm?2 (111(041) +¥(az) + rrlz?>

where a9 = % + % — m? are the roots of the equation o> —a +m? = 0.
The constant in (A.14]) is

1
C =logdet'A|,_, = 3 4¢'(-1)

— the logarithm of the determinant of the Laplacian on the unit sphere (with
zero-mode excluded), for which we quote the result from [34].
Function (A.14)) has the following asymptotics at z — 0 and at z — oc:

1
log F(2) ~ logz+ C+ 0O(z), logF(z) e —zlogz + 2z + 3 logz + o(1)

z—r

The integral (A.14) can be evaluated in terms of Barnes G-function
(a.k.a. “double Gamma function”), yielding

1 1 3
loglF(z) = C — 2z —log < COSW(Z - z) )
T

+ 2log (G(a1)G(a2))

[N

0172:%:‘:(%—2)
Putting together the result for the determinant, we have:

Lemma A.2. The zeta-regularized determinant of the Helmholtz operator
A +m? on the sphere of radius R is:
det(A + m?) = ¢4 DR omre),
—2m?2R?
e
r G(a1)?G(az)?

2
coS T (i — m2R2>

N=

041,2=%:|:(i—m2R2)

In particular, in the limit m — 0, the determinant behaves as

det(A+m?) ~ e“R7%%.m2R?
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Therefore, at zero mass, the determinant with excluded zero-mode on a
sphere of radius R is

det/A = CR™23%2 = ORs

A.3. Dirichlet-to-Neumann operators: explicit examples

A.3.1. Example: disk. For ¥ a disk of radius R with flat metric, the
Dirichlet-to-Neumann operator acts diagonally in the basis ¢, () = €™ in
the space of L? functions on the boundary circle (with @ the polar angle):

Dysy i ¢p(0) — A - ¢ (0)
with n € Z and with eigenvalues

_I(mR)  m Iy i (mR)+ I,_1(mR)
(A.15) An=my R T 2 : I.(mR)

where I, is the modified Bessel’s function. This follows from the fact that the
general solution of Helmholtz equation on the disk can be written, via sepa-
ration of variables in polar coordinates, as ¢(0,7) = > 7 cndp(0)I,(mr)
with ¢,, constant coefficients.

A.3.2. Example: hemisphere. Consider ¥ a hemisphere of radius R
with standard metric. The Dirichlet-to-Neumann operator again acts diag-
onally in the basis of functions ¢, () = ¢™?, with @ the polar angle param-
eterizing the equator (the boundary of the hemishpere):

Dy, 0 ¢n(0) = A - 00 (0)

with n € Z and eigenvalues

2T (g ()

TR T ()T ()

(A.16) An

with a2 the two roots of the quadratic equation a? — o + (mR)? = 0. One
proves this similarly to (A.15) — from the separation of variables for the
Helmholtz equation in spherical coordinates.
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We remark that the zeta-regularized determinant of Dy, for a hemisphere
can calculated explicitly, yielding

1 2\ 1/2
(A17)  detreg Dy = detyeg() - H — = 2cos7r(1 — (mR) )

2 sinh(rmR) "

where wy, = (%22 +m?)/2 are the eigenvalues of the operator s =
(A +m?)1/? ’ a5, Here to compute the second factor in the middle expression
(the Fredholm determinant of s~! Dy,), the crucial observation is that (A.16])

can be written in the form Ap = %f =, which allows one to compute the

finite product [T2__ )\% = 22N+1 ]}N“ 12y ((n+imR)(n —imR))~1/2 -
this is a certain combination of Gamma functions, and the limit N — oo can
be evaluated straightforwardly.

By the BFK gluing formula for determinants, the expression ap-
pears as a ratio of the determinant of the Helmholtz operator on a sphere 52
and the product of determinants of the Helmholtz operators on the upper

and lower hemispheres H*, H:

1(141) 2\ 2l1+1
detreg(A + m?) g (Hl>0 ( 2o Tt m ) )reg
detreg(A + m2)H+ : detreg(A + m2)H l+1) l 2
(Mo (52 +m2)')

(T ("2 +m2))

>0

1
detree(Dy+ + Dyg-) =2cosw| - — (mR 2
& 4

A.3.3. How far are the Dirichlet-to-Neumann operators from the
square root of Helmholtz operator on the boundary? The operator
2= (A +m?)Y/? on a circle is diagonalized the basis ¢, () with eigenvalues

n2 1/2
(A.18) W, = <R2 + m2>

Using the results (A.15] [A.16) and the case of the cylinder of height H
considered in Section we have the following n — oo asymptotics for
the ratio of the n-th eigenvalue of the Dirichlet-to-Neumann operator on a
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disk/hemisphere/cylindef™| to wy,:

)\gisk ) (mR)2

o —4
Wp n—0o0 2n3 + O(n )7
)\hemisphere (mR)Q
A.19 om _ -5
(A.19) o 1= +0(™),
cylinder

o —cothHw, ~ 1+0(n"™)

Wn, n—o0

Thus, 2 'Dy, = 1 + 6 is the identity plus a pseudodifferential operator § of
negative order IV, where:

surface ‘ disk hemisphere cylinder
N ‘ -3 —4 —00

The result for the hemisphere can be further generalized to a result for
the spherical sector with cone angle ¢. In this case, we haveiz]

(A 20) )\%pherical sector N L (mR)2 COS ¢ sin2 qb
) W, n—00 2n3
N (mR)?(1 + 3 cos 2¢) sin? ¢ L Ond)

8n

— the eigenvalues of s on the boundary circle.

)1/2

2
where w,, = (#ﬂw +m?
Thus:

(a) In the case ¢ # §, 6 has order —3, while at ¢ = 5 (the case of a hemi-
sphere) the coefficient of n~3 in (A.20)) vanishes and § degenerates to
order —4.

(b) If 3q, 39 are two complementary spherical sectors (which glue into a
full sphere), ({A.20]) implies that in the sum d0; + d2, the order —3 term
cancels out, leaving an order —4 pseudodifferential operator.

For a general surface, we have the following result:

46Tn the case of a cylinder, we mean the block of Dirichlet-to-Neumann operator
connecting one of the boundary circles to itself.

47Explicitly, the eigenvalues of the Dirichlet-to-Neumann operator are given by
R*I% log P, (cos ¢) with « either root of a? — o+ (mR)? = 0 and with P¥(z) the
Legendre function. The relevant asymptotics of the Legendre function was obtained
in [44].
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Proposition A.3. Let ¥ be a surface with smooth boundary, then S =
Dy, — 2 is a pseudodifferential operator of order at most —2. In particular,
§ = 1S = » ' Dy, — 1 is a pseudodifferential operator of order at most —3,
and a fortiori a trace-class operator.

Proof. We will adapt the proof of [56, Proposition C.1], where for m = 0, it
is shown that Dy, — /Apy = B, where B is an order at most 0 pseudodif-
ferential operator with principal symbol

1 (Aps€, 6))

O'(B())(.r,f) B (TI‘ Aag <£7§> .
Here Ay is the Weingarten map. Adapting slightly the proof in loc. cit. we
can see this is true also in the massive case. Since T;0 is one dimensional,
Apy is just multiplication by a real number and the expression on the right
hand side vanishes trivially. This shows that S is an operator of order at
most —1. In fact, the proof of [56, Proposition C.1] can be used to analyze
the full symbol pp,, (z, ) of Dy, (see also [36], Proposition 1.1]). In particular,
it can be shown that

pps (x,€) = [€] +m?/2]E| + O] 72).

Also, the full symbol p,.(z,&) of s has similar behavior:

Poe(,€) = €] + m?/2[¢] + O(I¢]72).

This shows that Dy, — s is an operator of order at most —2 which completes
the proof. O

Also, for any ¥ with a product metric near the boundary, ¢ is a smooth-
ing operator (i.e. one has N = —o0), see [38].

Explicit examples above, plus the expectation that the singular part of
the integral kernel of § must be universally expressed in terms of local metric
characteristics (curvature of ¥ and extrinsic curvature of the boundary at
the point), suggest the following.

Conjecture A.4.

(i) Let ¥ be a smooth surface with smooth boundary, endowed with a
Reimannian metric. If the boundary of ¥ is totally geodesic, then the

48Recall that a pseudodifferential operator on a circle of order N < —1 is auto-
matically trace-class.
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operator § = » 1Dy, — 1 is a PDO (pseudodifferential operator) of or-
der —4.

(ii) If a surface X is cut by a 1-manifold Y into two surfaces X1, ¥R, then
%(5L +0R) = iDgth — 1 is a PDO of order —4. Here we are not
assuming that'Y is geodesic.

Remark A.5. For comparison, we comment on the behavior of the operator
S = Dy, — 3 in the case m = 0 (on two-dimensional surfaces)@

(a) The operator Dy, is conformally invariant in the massless case, and like-
wise for the operators » and S. More explicitly, let f : ¥ — X' be a con-
formal diffeomorphism, f*gsy = Q- gx, with g, gs the two metrics and
Q the Weyl factor. Then, for Y a boundary component of ¥, we have

Dy = Q)i (fly)*Dsy, sy = (Qy)2 (fly)*s0r,
Ss = (Qly)7 (fly)*Sss

(b) S is a smoothing operator for any Eﬂ
(c) For ¥ homeomorphic to a disk (with any metric), S = Oﬂ

Appendix B. Trace of stress-energy tensor and tadpole.
Trace anomaly

In this appendix we start by giving an interpretation of the tadpole in terms
of the stress-energy tensor T in free massive scalar theory — as the vacuum
expectation value of the trace tr T. We then compare the trace of quantum
stress-energy tensor, defined in terms of the variation of the partition func-
tion w.r.t. a Weyl transformation of the metric, with the expectation value of
the trace of the classical stress-energy tensor (the variation of the classical
action w.r.t. a Weyl transformation) and calculate the difference between
the two (the “trace anomaly”), in free and then in interacting theory.

“9Tn the massless case, we prefer to talk about S rather than 6 = » Dy — 1 =
%718, since the latter is not everywhere defined, due to s being invertible only on
the orthogonal complement of constants on a given boundary component.

0By @, one can straighten the metric near the boundary into a cylindrical
one by a conformal mapping; and for a cylindrical metric near the boundary, S is
smoothing.

51Using @, by Riemann mapping theorem, this case reduces to the case of the
standard unit disk where the explicit computation is straightforward, e.g. as m — 0
limit of (A.15)), see also [56].
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In the massive free scalar theory, the classical stress-energy tensor, de-
fined as the variational derivative of the action w.r.t. the metric, is given
by

2 sy
~ detg dg71(x)

where g is the metric and g~! its inverse; (,) is the Hodge inner product.

Tcl(x)

2
= do©do — g (;<d¢, do) + ”;¢2>

In particular, its trace is tr 7y = —m?¢?. Thus, the normalized expectation
value is:
(B.1) (trTu(z)) = —hm*7(z)

So, in a free massive theory, the tadpolelﬂ is proportional to the expectation
value of the trace of the stress-energy tensor.
Consider the m — 0 asymptotics of (B.1|) averaged over the surface:

m—0

(B.2) /Edzzn (tr Ta(z)) = —hm2/2d2x m(x) ~ —h+0(m?)

The reason for that is that the averaged tadpole behaves as

d 1 —
B. 2r(z) = —1 A+m?) = — +1 A +m?
(B.3) /Ed 7(z) . og det(A +m*) - + log det(A + m*?)
deAc’m(AerQ)

1
~ = t + O(m?
3 + const + O(m?)

m—0

Here we denoted &\e/t(A +m?) the zeta-regularized determinant of A + m?
with the lowest eigenvalue A = m? excluded from the regularized product.
Thus, the asymptotics 1/m? of the averaged tadpole — and hence the con-

stant asymptotics in (B.2)) — are due to the lowest eigenvalue of A + m?.
One also has a local version of the result (B.3):

1

(@) m—0 Area(S) - m?2

+0(1).

It follows from (5.7) and the large-time asymptotics of the heat kernel

Oa(z,t) N ﬁ(z) (cf. Remark |A.1J).

52Throughout this section, a “tadpole” means a “zeta-regularized tadpole.”
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Next, recall that the quantum stress-energy tensor is defined as a vari-
ational derivative of the partition function of the theory w.r.t. the metric
(rather than the expectation value of the classical stress-energy tensor):

. 2 JdlogZx
Vdetg dg1(x)
Correspondingly, its trace measures the reaction of the partition function

to an infinitesimal Weyl rescaling of metric g — €? - g (with 0 € C*(X) a
Weyl scaling factor):

<Tq($)> =

2

(B.4) (trTy(z)) =h =

9
500

log Z%7¢"9
=0

:

Averaging over the surface, we get
(B.5) / d*z (trTy(z)) = QHi‘ log 2%7¢"9
» 4 do o=0 ¥

with o a constant (point-independent) Weyl scaling factor.

Remark B.1. Recall (see e.g. [18, Section 5.4.2]) that in conformal field
theory the classical stress-energy tensor is traceless, trTy = 0, whereas on
the quantum level one has the “trace anomaly” (or “Weyl anomaly”): the
trace of the stress-energy tensor has an expectation value proportional to the
central charge ¢ and the scalar curvature K 7|

>CFT ch

B.6 tr T,
(B.6) (trT, 247

This corresponds to the following behavior of the partition function of a CFT
under finite Weyl transformations of metric (see e.g. [23], [19]):

c 1
Zg}z;l‘.g — eier Is idonxdo+KodVols ZSET

In particular, free massless scalar field is a conformal theory with central
charge ¢ = 1 and, according to (B.0)), should satisfy

CFT
(B.7) (trTy), 247r

53In this section we use the notation K rather than R for the scalar curvature,
to avoid the mix up with the radius of the sphere.
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B.1. Trace of quantum vs. classical stress-energy tensor
on a sphere

Consider the example of 3 a sphere of radius R. The partition function of
1
the free massive scalar theory is Z = det(A 4+ m?)~2 with the determinant

given by (A.13).
Note that (A.13) implies that

1
(RQa - m262) log det(A +m?) = —3 + m?R?
m

Comparing with (B.5) (where a global Weyl rescaling is tantamount to
changing the radius of the sphere), with (B.1) and with Corollary

we obtain

/ d*z (trT,) = / d*z (trTy) + h (1 - m2R2>
S2 52 3

Or in the non-averaged form (here we can use that <tr Tq>, <tr TC1> must be
constant functions in the case of a sphere, due to isometries acting transi-
tively):

m2
(B.8) (trTy) = (trTa) +h (mlm N 47r>

We interpret the second term in the r.h.s. as the trace anomaly in the free
massive scalar theory.

B.2. Trace anomaly for a general surface (and in the interacting
theory)

The following result is a generalization of (B.8)) to an arbitrary closed surface.

Lemma B.2. For the free massive scalar theory on a closed surface 3, the
trace of the quantum stress-energy tensor at a point x is

Kém) - m2>

(B.9) (trTy(z)) = (trTa(z)) + hi <

with K (z) the scalar curvature. The first term on the r.h.s. is { tr Tg(z)) =
—hm?27(x) with 7(x) the zeta-regularized tadpole .

We interpret the second term on the r.h.s. of as the trace anomaly.
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Proof. For o € C*°(X), denote A, = e~ 7 A + m? the Helmholtz operator for
the Weyl-rescaled metric e”g. First note that tre A« =tre 4 4+
ettroAe ™t + O(e?) (cf. the proof of Lemma [5.17). Using this, we have

d

1 o d
| = att'—
ds s:OF(s)/O de

d 1 * 0
=——| [ datt"T ttro( -2 —m?)e
dsls=0T'(s) /0 ra< at " >e

d 1 >
ds sof(s)/o (s mt) troe

- 7% s=0 /E d2$ U(a")(SCA(Sa ‘T) o m2S<A(S +1, .’E))

_ /E &2z () (—Ca(0, ) + m2r(z))

d
— logdet Aey = —tAe,

tre
de le=0

e=0

Comparing with (B.4) and using the definition of the partition function in
free theory Z = det™ 2 A, we have

(B.10) (Ty(z)) = —hm?(z) + ha(0,2) = (Tu(z)) + ha(0, )

We find the value (4(0,z) from the small-t expansion of the heat kernel

63):

— 1 1 > s—1 ,—m? 1 1 K(x)
C(0’$)_‘1%<W/() dtt’ e t(t9A(lf,ﬂc)—47Tt—47r 6 >

—2(s—-1)
(B.11) L Lm L1 K(x)m_25>

dr s—1 41 6

- ()

Putting (B.10) and (B.11) together, we obtain the statement. O

Remark B.3 (On the massless limit and comparison to CFT). In
the limit m — 0, becomes
h h K(x)
tr T, =t —
(6 Ty()) Area(X) * T 6

which seems to contradict the known result from CFT. The expla-
nation is that the trace of the quantum stress-emergy tensor in the m — 0
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limit of the massive theory and in the massless theory differ by a shift due
to different normalizations of partition functions. A reasonable normaliza-
tion/reqularization of the partition function of the massless free scalar field
CFT is:

(NI

det(A + m?) 1/2 1 ~ _
ZCF = lim | — =t = Area(¥)2 i A +m?
(B.12) Zm=0 = [ m? Avea()) } rea(¥)> lim, det(A +m”)

1
2

= Area(E)é (det’A)

where det is the determinant with the lowest eigenvalue A = m? excluded
The extra factor Area(X)z here accounts, upon taking the variation w.r.t.
Weyl transformations, for the difference

h

CFT
) Area(X)

tr T, = li tr T,
(trTy ml£>n0< rTy) +
Therefore, and are in agreement and not in contradiction.

Lemma admits the following generalization to the non-free case.

Proposition B.4. Consider the massive scalar theory with interaction po-
tential p(¢) = > >0 B @™ on a closed surface X. The trace of the quantum

%4For example, for ¥ =T, = C/(Z ® 77Z) a torus with modular parameter 7,
the extra factor Area? in restores the invariance of the partition function
under the modular transformation 7 — —7~!. Indeed, by Kronecker’s limit for-
mula (see e.g. [20], [48]), det’ A = (Im7)?|n(7)[*, with n(7) the Dedekind’s eta func-
tion. This determinant is not invariant under 7 — —7—!. However, mdetlA =
(Im7)~*det’A is invariant, and thus the partition function with normalization
(B.12) is also modular invariant.

As a side note, in the operator formalism, the partition function for a torus
ZEFT = try, qPo~2rglom 51, with ¢ = €27, is in fact ill-defined for the massless
scalar CFT, due to a continuum of primary fields/states (vertex operators). How-
ever, it can be regularized by allowing the scalar field to take values in a target
circle of radius r (see e.g. [18]). For a large target radius, this regularized partition
function behaves as ZOCPFT(T) LT ZCFT where the coefficient on the right is the

partition function (B.12).
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stress energy, defined via , satisfies

(B.13) (trTy(z)) = <tr Tu(z) + hﬁ (Ké@ —m? — ;;p(qb)) >

at any point x € . Here tr T = —m?2¢> — 2p(¢) is the trace of the classical
stress-energy tensor. On the r.h.s., (---) means the normalized expectation
value (one-point correlation function) in the interacting theory.

Proof. Consider the expression

d co

B.14 —|  logz&Te I
( ) dele=0 08 <%
On one hand, by definition (B.4]), it is equal to

1
(B.15) — [ d*zo(z) {trTy(z))

2h Js;
On the other hand,

1 m—x(@)
B.1 log Zs, = — = | A +m? ———
(B.16) og Zy, 5 ogdet(A +m*) + Z TAut(D)] T

T’ connected

where the sum on the right is over connected Feynman graphs. Taking the
derivative of this expression w.r.t. a Weyl transform, we get the following
contributions to (B.14)):

(i) Derivative hits —3 log det(A +m?). This gives the contribution

/Edeo'(:L‘) (an(ﬁ)jL;;ﬁ <K§”L‘) m2>)

(i)/ (i "

as we obtained in Lemma [B-2

(ii) Derivative hits dVoly in Fr corresponding to one of the vertices of '
(recall that the Riemannian volume form contains y/det g which scales
with Weyl transformations). This gives the contributionlﬂ

d

% dVold ¢ = g(z)dVol,
€

e=0

»

55Here and below when we say “contribution ---” while discussing the element
= of Feynman diagrams, we mean “the contribution to (B.14)) where one instance

of = is replaced by %|6:059_’e g=...7
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(iii) Derivative hits one of the edges (Green’s functions) in Fr — but not
one of the short loops. This gives the contributionP|

d
B.17 —
( ) de le=0

G979 (21, 19) = / d?z G(z1,x)(—m2o(x))G(x, z2)
b
(iv) Derivative hits a short loop, giving the contributiorﬂ

d
B.1 —
( 8) dele=0

o !
#1000 = [y Gle) o) Gl )+ o)
——
(iv)’ ()"

Next, we note that

e Contributions of type (ii) above sum up to the expectation value

(B.19) w7 [ daota) (= plota)

e Contributions of types (iii), (iv)’” and (i)’ sum up to

m2
(B.20) h_1/2d2$0($)< - 7¢2(:E)>

56Indeed, using the formula for the derivative of the inverse of an operator M, in
a parameter, =M1 = —M1(LM.)M7 ", we have:

d

/dV()l“G(xl’$2)f($2)‘gﬁeeag
— - [ [ EraGlon ) (o (0)A)G . 2) (22)
—m / o / Py G, 2)0 ()G, 22) f(22) + / PsG (1, 29)0(22) f(2)

where the last term is due to the variation of dVol,, while the first is due to the
variation of the Green’s function itself. Here f(x3) is an arbitrary test function and
we used that A,G(z,79) = —m?G(z, 22) + d(x, 22).

5TThis is proven easiest by analyzing the point-split tadpole where the first
term G(x, ') reacts to the Weyl transform according to and the variation of
the singular subtraction 2— log d(z,z") yields the second term in B.18 . Then we
recall that 7 and 75P!i* differ by a universal constant, see Corollary | .21 thus, their

variational derivatives coincide.
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”

e Contributions (iv)

(B.21) /Zdea(z)< - ﬁ ) i’j< . >¢”_2(az)>

sum up to

Finally, we note that (B.19) and (B.20)) together yield 5+ [ d*z o(z) (Tu(z)),
while (B.21]) and (i)” above together yield

3 [ o (K e Zpe)

Thus, the sum of these two expressions is (B.15)), which finishes the proof.
4

In Lemma and in Proposition one can allow ¥ to be a surface
with boundary and x an interior point. Both results continue to hold in this
case, where now l.h.s. and r.h.s. are understood as functions of the boundary
field n (the proof is adapted straightforwardly).

Note that the second derivative of the interaction %p(gf)) that we see
in the trace anomaly in , we have encountered before in the context

of RG flow, see (5.14)), (5.18]).
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