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%Calabi—Yau 4-folds and four-dimensional
F-theory on Calabi—Yau 4-folds
with U(1) factors

YUSUKE KIMURA

In this study, four-dimensional N = 1 F-theory models with mul-
tiple U(1) gauge group factors are constructed. A class of rational
elliptic 4-folds, which we call as “%CalabifYau 4-folds,” is intro-
duced, and we construct the elliptically fibered 4-folds by utiliz-
ing them. This yields a novel approach for building families of
elliptically fibered Calabi—Yau 4-folds with positive Mordell-Weil
ranks. The introduced %CalabifYau 4-folds possess the character-
istic property wherein the sum of the ranks of the singularity type
and the Mordell-Weil group is always equal to six. This interesting
property enables us to construct the elliptically fibered Calabi—Yau
4-folds of various positive Mordell-Weil ranks. From one to six U(1)
factors form in four-dimensional F-theory on the resulting Calabi—
Yau 4-folds. We also propose the geometric condition on the base
3-fold of the built Calabi—Yau 4-folds that allows four-dimensional
F-theory models that have heterotic duals to be distinguished from
those that do not.

1. Introduction

The aim of this study is to discuss the construction of four-dimensional (4D)
N =1 F-theory models with multiple U(1) factors. To achieve the construc-
tion of such models, we introduced a certain family of rational elliptic 4-folds,
which are referred to as “%Calabi—Yau 4-folds” in this study. The double cov-
ers of such rational elliptic 4-folds yields the elliptically fibered Calabi—Yau
4-folds. This construction approach yields families of Calabi—Yau 4-folds of
various Mordell-Weil ranks. The F-theory compactifications on the resulting
elliptically fibered Calabi—Yau 4-folds provide 4D N = 1 models with U(1)",
n=1,...,6 gauge groups.

The U(1) gauge symmetry relates to the realization of the grand unified
theory (GUT) because the presence of the U(1) gauge symmetry aids in
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explaining a few characteristic properties of the GUT such as the suppression
of proton decay and mass hierarchy of quarks and leptons. We analyze the
U(1) gauge group in the 4D N =1 F-theory.

F-theory [IH3] is a formulation that extends type IIB superstrings to
a nonperturbative regime. F-theory is compactified on spaces that admit a
torus fibration. In the framework of F-theory, the axiodilaton in type IIB
superstrings is identified with the modular parameters of elliptic curves as
fibers of the torus fibration, thus enabling the axiodilaton to admit SLy(Z)
monodromy.

The local model constructions [4H7] of F-theory model buildings have
been mainly emphasized in recent studies. However, the global aspects of
the geometry of the compactification space in F-theory should be studied
to discuss issues pertaining to the early universe including inflation, and
gravity. In this work, we analyze the structures of the compactification ge-
ometries from a global perspective.

The U(1) gauge group arises in F-theory on an elliptic fibration when
the elliptic fibration has a positive Mordell-Weil rank [3]. Recent progress
on F-theory models on elliptically fibered spaces admitting a global section
can be found, for example, in [8-42]. Recent studies of F-theory models
possessing a U(1) gauge group were discussed, e.g., in [8, 1T}, 12} 4] [16, 21,
94] [29, 135, 36, 41, 43-51].

The issue of flux [52H56] arises in 4D F-theory models H The superpo-
tential generated by the flux can modify the gauge groups and the matter
spectra in 4D F-theory compactification, as discussed in [44]. We do not
discuss the structure of the flux in this work. Furthermore, additional U(1)
factors, which do not result from the rational sections in the 4D F-theory
turning on fluxes, may arise, as reported in [40]. In this study, we focus
on forming U(1) gauge groups in the 4D F-theory that originate from the
Mordell-Weil group of the elliptic fibration.

As mentioned previously, we introduced a class of rational elliptic 4-
folds, which are referred to as “%CalabifYau 4-folds” in this study. These
are obtained as a blow-up of six points on P? x P2. These rational 4-folds
naturally admit elliptic fibration, which is described in section [3| These

IF-theory models with four-form flux are recently discussed, e.g., in [57H70].
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rational elliptic 4-folds can be considered as a higher-dimensional general-
ization of rational elliptic surfaces ﬂ and %CalabifYau 3-folds as introduced
in [41]. As the double covers of such rational elliptic 4-folds provides ellipti-
cally fibered Calabi—Yau 4-folds, as discussed in section [d.I] we refer to them
as %CalabifYau 4-folds in this study. A similar convention of the term was
used in [41] to refer to a certain class of rational elliptic 3-folds. Calabi-Yau
4-folds possess a characteristic property wherein the ranks of the Mordell-
Weil group and the singularity type always add up to six. This property
is analogous to those of rational elliptic surfaces and %CalabifYau 3-folds
[41], wherein the sums of the ranks add up to eight and seven, respectively.
We build families of the elliptic Calabi—Yau 4-folds of various Mordell-Weil
ranks by exploiting this property of %CalabifYau 4-folds; this is explained
in section [4.1]

The F-theory on the constructed Calabi—Yau 4-folds yields 4D N =1
models, with one to six U(1) factors.

The base 3-folds of the elliptically fibered Calabi—Yau 4-folds obtained in
this work are isomorphic to the Fano 3-folds of degree two ﬂ We hypothesize
that when the base Fano 3-fold admits a conic fibration EL the total elliptic
Calabi—Yau 4-fold has a K3 fibration, which is compatible with the elliptic
fibration E| based on natural reasoning. This is discussed in section |5} (When
an elliptically fibered Calabi—Yau 4-fold has a compatible K3 fibration, the
F-theory on the space has a dual heterotic string theory ﬂ) In section

2These surfaces are also referred to as %K3 surfaces. In this study, we refer to
the elliptic surfaces obtained by blowing up the nine base points of a cubic pencil
on the projective plane P? as rational elliptic surfaces.

3The degree of two means that (—K)3 = 2 where K denotes the canonical divisor
class of the Fano 3-fold.

4[TTHT7] discussed F-theory models on elliptic fibrations the base spaces of which
admit a P! fibration.

When an elliptically fibered Calabi-Yau 4-fold has a K3 fibration that is com-
patible with the elliptic fibration, the base 3-fold should admit a P! fibration over a
surface. However, the condition that the base 3-fold of a Calabi—Yau elliptic fibra-
tion is a conic fibration does not immediately imply that the total elliptic fibration
has a K3 fibration that is compatible with the elliptic fibration. Our hypothesis
here is limited to the situation in which the base 3-fold of an elliptic Calabi—Yau
4-fold is isomorphic to a Fano 3-fold of degree two.

5The heterotic/F-theory duality [TH3], [71], [78] states that F-theory compactified
on an elliptic K3 fibered Calabi-Yau (n + 1)-fold over the base B,,_; and heterotic
string on an elliptically fibered Calabi—Yau n-fold over the same base B,_; are
physically equivalent. F-theory/heterotic duality is strictly formulated when the
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we also consider the effect of the condition that F-theory models possess
heterotic duals on the non-Abelian gauge groups forming in the theory,
by considering that the elliptic fibrations of the Calabi—Yau 4-folds also
admit a compatible K3 fibration. Among the F-theory models constructed
in this study, those possessing heterotic duals can receive constraints on
the non-Abelian gauge groups arising on the 7-branes. Investigating the
physical characteristics of the F-theory models possessing heterotic duals can
be useful in understanding the structure of the string landscape. Analyzing
the structure of the string landscape relates to the swampland conditions.
Reviews of recent studies on the swampland criteria are given in [83] [84].
[85H8T] discussed the swampland.

The main results deduced in this study are summarized in section
The %Calabi—Yau 4-folds are introduced in section The properties of these
elliptic 4-folds related to the construction of F-theory models are also dis-
cussed. In section elliptically fibered Calabi—Yau 4-folds with positive
Mordell-Weil ranks are constructed by taking double covers of these 4-folds.
The F-theory on the resulting Calabi—Yau 4-folds yields 4D N =1 mod-
els with multiple U(1) factors, as described in section In section |5} the
condition that elliptic fibrations of the Calabi—Yau 4-folds constructed in
section admit a compatible K3 fibration is discussed in relation to the
4D F-theory /heterotic duality.

2. Summary

We summarize the results of this study in this section. As noted in the intro-
duction, the main objective of this study is to systematically construct 4D
N =1 F-theory models with multiple U(1) factors. In addition, as described
in section [p| the geometric structure of the base 3-fold of the Calabi—Yau
4-folds constructed in this study can contain information that can be used
to distinguish among the 4D F-theory models that possess heterotic duals
and the models that do not possess heterotic duals.

In section [3] we introduce the rational elliptic 4-folds that we refer to
as %Calabi—Yau 4-folds. These 4-folds are obtained by blowing up six points
on the product of the projective planes P? x P2, and the resulting 4-folds

stable degeneration limit [71] [79] of a K3 fibration is considered for the F-theory.
There have been recent studies on stable degenerations of F-theory/heterotic dual-
ity, such as [22], [76], [BOHS2].
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have an elliptic fibration. The double covers of these elliptic 4-folds yield
elliptically fibered Calabi—Yau 4-folds, as discussed in section [4.1

One of the most useful facts for this construction of Calabi—Yau 4-folds
is that the %CalabifYau 4-folds X should satisfy the following equation:

(2.1) rk MW (X) +rk ADE(X) = 6.

MW (X) denotes the Mordell-Weil group of the Calabi-Yau 4-fold X, and
ADE(X) is used to denote the singularity type of the %CalabifYau 4-fold X .
This equation implies that once the rank of the singularity type of a %Calabif
Yau 4-fold has been determined, its Mordell-Weil rank can be automatically
obtained. Generally, although it is considerably difficult to determine the
Mordell-Weil rank of elliptically fibered manifolds by using the defining
equation, owing to the equation , determining the Mordell-Weil rank
of %CalabifYau 4-folds is relatively easy. From the equation , it can
be deduced that the Mordell-Weil rank of %CalabifYau 4-fold ranges from
zero to six. In this study, the members of the %CalabifYau 4-folds with
Mordell-Weil ranks from one to six were considered.

Calabi—Yau 4-folds constructed as double covers of the %CalabifYau
4-fold (the equation of which is given as (4.1))) have Mordell-Weil rank
greater than or equal to the original %CalabifYau 4-folds, as discussed in
section (The Mordell-Weil ranks of the original %CalabifYau 4-fold and
the resulting Calabi-Yau 4-fold as a double cover are expected to be equal
for the generic values of the parameters of the double cover.) Therefore,
Calabi-Yau 4-folds of Mordell-Weil ranks (at least) one to six are obtained
via the double covers of %CalabifYau 4-folds of Mordell-Weil ranks ranging
from one to six. One to six U(1) factors form in 4D N = 1 F-theory on the
resulting Calabi—Yau 4-folds, depending on the Mordell-Weil rank of the
constructed Calabi-Yau 4-folds.

The ADE singularity types of the original %Calabi—Yau 4-fold and the el-
liptically fibered Calabi—Yau 4-fold obtained as the double covers are identi-
cal, as demonstrated in section[f.1] Therefore, the non-Abelian gauge groups
forming in F-theory on Calabi-Yau 4-folds as a double cover of %CalabifYau
4-fold can be deduced by determining the singularity type of the original
%CalabifYau 4-fold. As discussed in section 3| the six points in P? x P?
that are to be blown up to yield a %CalabifYau 4-fold are given as the in-
tersection of four bidegree (1,1) hypersurfaces in P2 x P2. The singularity
type of %CalabifYau 4-fold can, in principle, be determined by these (1,1)
hypersurfaces.
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As discussed in section the base 3-fold of the elliptically fibered
Calabi—Yau 4-folds constructed in this study is isomorphic to the Fano 3-fold
of degree two. As described in section [5] we hypothesize that when this base
3-fold admits a conic fibration, the Calabi—Yau 4-fold has a K3 fibration.
This hypothesis is natural, as explained in section 5] From the viewpoint of
string theory, this yields a conjectural geometric condition determining when
the 4D N = 1 F-theory models obtained in this study possess heterotic duals.
Furthermore, requiring the base space to have a conic fibration appears to
impose constraints on the possible non-Abelian gauge groups forming on the
7-branes. This can imply that the 4D F-theory models that have heterotic
duals receive constraints on the possible non-Abelian gauge groups, whereas
those that do not have heterotic duals do not receive such constraints. If
our geometric hypothesis is accurate, it appears to suggest that, at least
for the 4D F-theory models on the constructed Calabi—Yau 4-folds in this
study, the condition of the 4D F-theory models possessing heterotic duals
translates to a geometric condition on the base 3-fold. This can be a useful
clue to investigate the structure of the 4D N = 1 F-theory landscape.

3. ;Calabi-Yau 4-folds

In this section, we introduce a class of rational elliptic 4-folds that we refer to
as %CalabifYau 4-folds. These 4-folds are used to build families of elliptically
fibered Calabi—Yau 4-folds with various Mordell-Weil ranks, as mentioned
in section %CalabifYau 4-folds are obtained by blowing up six points
on the product of projective planes P? x P2,

We consider four bidegree (1,1) hypersurfaces, Q1,Q2,Qs, and @4, in
P2 x P2, When one denotes the divisor class of a bidegree (1,1) hypersur-
face by hi + hg, then, as (hy + h2)* = 6 h2h3, the four (1,1) hypersurfaces
Q1,Q2, Q3,4 intersect at six points. These intersection points are the six
points to be blown up to yield %CalabifYau 4-fold. The resulting 4-folds
are rational by construction. Furthermore, they possess an elliptic fibration.
This can be seen when the projection onto P? is considered by taking the
ratio

(3.1) (@Q1:Q2: Q3 : Qul.

The fiber of this projection over the point [a : b : ¢ : d] in the base P?3 is given
as the complete intersection in P? x P2:
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(3.2) le — CLQQ =0
Q2 —0Q3 =0
dQ3 —cQy =0

The complete intersection (3.2]) is the intersection of three bidegree (1,1)
hypersurfaces in P? x P2, which is an elliptic curve; therefore, projection
(3.1)) yields an elliptic fibration over the base P3.

The %CalabifYau 4-folds have a characteristic property that is very anal-
ogous to those of rational elliptic surfaces and %CalabifYau 3-folds intro-
duced in [41]. The sum of the ADE singularity rank and the Mordell-Weil
rank of any %CalabifYau 4-fold X is always six, independent of the com-
plex structure. The equation in section |2| expresses this property of the
%CalabifYau 4-folds.

Equation can be proved by applying an argument similar to that
given in [4I]. The outline of the proof is to note that the Picard number
of any %CalabifYau 4-fold is 8 because the six-point blow-up of P? x P?
increases the Picard number of P? x P2 E] by 6; the Picard number gives
the rank of the group generated by the divisors (modulo “algebraic equiva-
lence”). This group is generated by a zero-section and the smooth fiber class,
and P! components in the singular fibers not meeting the zero-section, and
the group of the global sections. From this reasoning, the following equa-
tion ] holds:

(3.3) p(X)=2+rkMW(X) +rk ADE(X).

Here, p(X) denotes the Picard number of the $Calabi-Yau 4-fold, which is
8; thus, we obtain equation (2.1J).

When the four bidegree (1,1) hypersurfaces @1, @2, @3, Q4 are chosen
generically, the configuration of the six intersection points is generic, and
the resulting %Calabi—Yau 4-fold does not have an ADFE singularity. The
Mordell-Weil rank of the %Calabi—Yau 4-fold is six owing to equation l}
for this generic situation.

"The product P? x P? has the Picard number 2.

8For elliptic surfaces possessing a global section an equation similar to the equa-
tion , which is known as the Shioda—Tate formula [88HI0] holds.

9The divisors in an elliptic fibration were discussed in [91} 92].
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When specific choices of the four bidegree (1,1) hypersurfaces Q1, Q2,
Q3,4 are considered, the resulting %CalabifYau 4-folds have ADFE sin-
gularity types and the Mordell-Weil rank decreases and becomes less than
Six.

The Mordell-Weil rank of %CalabifYau 4-folds ranges from zero to six.
When %CalabifYau 4-folds develop singularity types of rank six such as Fg,
AsAq, and A3, they have the Mordell-Weil rank of zero.

As shown in section taking double covers of the %CalabifYau 4-folds
yields elliptically fibered Calabi—Yau 4-folds, and the Mordell-Weil rank of
the resulting Calabi—Yau 4-fold is greater than or equal to the Mordell-
Weil rank of the original %CalabifYau 4-fold. As a result, double covers of
%CalabifYau 4-folds having Mordell-Weil ranks from one to six give Calabi-
Yau 4-folds of positive Mordell-Weil ranks.

4. Calabi—Yau 4-folds and 4D N = 1 F-theory models with
U(1) factors

4.1. Construction of elliptic Calabi—Yau 4-folds of positive
Mordell-Weil ranks

We construct elliptically fibered Calabi—Yau 4-folds of positive Mordell—-
Weil ranks by taking double covers of the %CalabifYau 4-folds introduced
in section 3] As we see later in section F-theory on the obtained Calabi-
Yau 4-folds yields 4D models with multiple U(1) factors.

We consider the double cover of of the %CalabifYau 4-folds of the fol-
lowing form:

(4.1) 7 = F5(Q1,Q2, Q3, Qu).

In equation , we used Fg to denote a degree-six polynomial in the bide-
gree (1,1) polynomials @1, Q2, @3, Q4 as variables E The double cover
ramified along the 3-fold Fg(Q1,Q2,R@3,Q4) = 0 yields an elliptic Calabi—
Yau 4-fold.

As the base of the original %CalabifYau 4-fold was isomorphic to P3, by
construction, the base 3-fold of the resulting elliptically fibered Calabi—Yau
4-fold (4.1)) is a double cover of P? ramified along a degree-six surface. This

10Fs is a bidegree (6,6) polynomial in the coordinate variables of the product
P2 x P2. The degree of the polynomial is selected to ensure that the double cover
(4.1) satisfies the Calabi-Yau condition K = 0.
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is known to be isomorphic to a Fano 3-fold of degree two by a well-known
mathematical result. We denote the Fano 3-fold of degree two by V5 in this
study.

As we discuss in section [f], we conjecture that when the base Fano 3-fold
of degree two admits a conic fibration, the Calabi—Yau 4-fold has a K3
fibration that is compatible with the elliptic fibration. This relates to 4D
F-theory/heterotic duality.

As taking a double cover of the %CalabifYau 4-folds can be viewed
as a base change, a global section of the original %CalabifYau 4-fold X
lifts to a global section of the Calabi—Yau 4-fold Y ; this situation is
very analogous to those described in [29] B38| 41]. From this observation we
learn that the Mordell-Weil group MW (Y") of the Calabi—Yau 4-fold Y (4.1)
contains the Mordell-Weil group MW (X) of the original 2Calabi-Yau 4-fold
X as a subgroup.

In particular, this indicates that the Mordell-Weil rank of the original
%CalabifYau 4-fold X is smaller than or equal to the Mordell-Weil rank of
the Calabi—Yau 4-fold Y . Therefore, we have

(4.2) rk MW(X) < rk MW(Y).

We showed in section |3 that the Mordell-Weil ranks of the %CalabifYau
4-folds range from zero to six owing to equation . When the %Calabif
Yau 4-folds of Mordell-Weil ranks one to six are chosen and their double
covers are taken, owing to inequality , Calabi—Yau 4-folds of pos-
itive Mordell-Weil ranks are obtained.

Furthermore, it is expected that the equality holds in for generic
values of the parameters of taking the double cover . Utilizing an argu-
ment similar to that given in [29] 41] leads to this expectation by considering
a limit at which a Calabi—Yau 4-fold splits into a pair of %Calabi—Yau
4-folds E and a global section of the Calabi—Yau 4-fold also splits to yield

1A deformation of the Calabi-Yau 4-fold (4.1)), similar to the processes discussed
in [411 093], can be considered as

(4.3) 72 = F5(Q1,Q2, Qs, Q4) + AG3(Q1,Q2, Qs,Q4),

where A\ denotes the parameter of a deformation. We have used G5 to denote the
degree-three polynomial in the (1,1) polynomials @Q1,Q2, @3, @4, given by Gs =

(a1 Q1+ a2 Q2 + a3 Q3)(as Q1 + a5 Q2 + as Q4)(ar Q2 + ag Q3 + ag Q4). (Here, a;,
i=1,...,9 are constant.) Setting A = 0 gives the Calabi—Yau double cover (4.1)).
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global sections of the two %CalabifYau 4-folds into which the Calabi—Yau
4-fold is split.

The original %CalabifYau 4-fold and the Calabi-Yau 4-fold obtained
as its double cover (4.1) have identical singularity types. We expand the
discriminant of %CalabifYau 4-fold into irreducible factors as:

(4.4) AX) =TT

We have used A(X) to denote the discriminant of the original 1Calabi-Yau
4-fold X. The operation of taking double cover corresponds to a base
change, and the polynomial p; is replaced with p; under this operation. p; is
obtained by plugging polynomials that correspond to the base change into
the coordinate variables of P? of the polynomial p;. Similar to the situation
as discussed in [41], because the base of the Calabi—Yau 4-folds and the
%CalabifYau 4-folds are 3-folds, unlike the case where the base is P! [29)
38, 93], the polynomial p; obtained via the base change remains irreducible,
and

(4.5) ay) =T

yields irreducible decomposition of the discriminant of the Calabi—Yau 4-fold
Y ([(£.1). A(Y) is used to denote the discriminant of the Calabi-Yau 4-fold Y/
obtained as the double cover of X. Thus, from an argument similar to
that given in [41], it is evident that the singularity type of the Calabi—Yau
4-fold 1} is identical to that of the original %CalabifYau 4-fold.

4.2. 4D F-theory models with U(1) factors

We constructed elliptically fibered Calabi—Yau 4-folds of positive Mordell-
Weil ranks in section When the %CalabifYau 4-fold has Mordell-Weil
rank n, the resulting Calabi—Yau 4-fold obtained by taking double cover
has the Mordell-Weil rank of > n,n =1, --- , 6, owing to the inequality
. As stated previously, it is expected that their Mordell-Weil ranks are
actually equal for the generic parameters of the double cover . U™
forms in F-theory on the Calabi-Yau 4-fold obtained as double cover
of %CalabifYau 4-fold with the Mordell-Weil rank n, n =1,...,6.

When the limit at which A goes to 0o is considered, the Calabi-Yau 4-fold (4.3) is
split into a pair of %CalabifYau 4-folds as 7 = £G3(Q1,Q2, @3, Q4).
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When a %CalabifYau 4-fold has Mordell-Weil rank strictly less than six,
it must also have an ADF singularity to satisfy the relation . Calabi-
Yau 4-fold as the double cover of this %CalabifYau 4-fold has an iden-
tical ADE singularity type, and a non-Abelian gauge group arises on the
7-branes in F-theory on the resulting Calabi—Yau 4-fold in this situation.

When the four bidegree (1,1) hypersurfaces @1, Q2, @3, Q4 are chosen to
be generic, the %CalabifYau 4-fold obtained by blowing up the base points of
these four hypersurfaces in P? x P? does not have an ADE singularity as we
noted previously; therefore, it has Mordell-Weil rank six owing to equation
. An elliptically fibered Calabi—Yau 4-fold obtained as double cover (4.1|)
of this %Calabi—Yau 4-fold has Mordell-Weil rank of (at least) six, and the
resulting Calabi—Yau 4-fold does not have an ADFE singularity. F-theory on
this Calabi-Yau 4-fold yields a 4D N = 1 model with U(1)% gauge group,
and this model does not have a non-Abelian gauge group factor.

5. K3 fibration that is compatible with elliptic fibration, and
relation with heterotic duals

We learned in section [£.1] that the elliptically fibered Calabi-Yau 4-folds
constructed in section [£.1] have base 3-fold isomorphic to a Fano 3-fold of
degree two, V5. We conjecture that when this base Fano 3-fold of degree two
V5 admits a conic fibration, the Calabi—Yau 4-fold admits a K3 fibration that
is compatible with the elliptic fibration. This is very natural to expect, and
this expectation is based on the following observation: when the base 3-fold
of a Calabi-Yau 4-fold has a conic fibration, the base 3-fold is a P! fibration
over the base surface. The total Calabi—Yau 4-fold, then, is a fibration over
the base surface, and the fiber of this fibration is an elliptic fibration over
PL. Elliptic fibration over P! (with the condition that the total space of this
fibration satisfies the Calabi-Yau condition) yields a K3 surface. Thus, it
is natural to expect that when the base degree-two Fano 3-fold is a conic
fibration over a surface, the total Calabi—Yau 4-fold is quite likely to be a
K3 fibration over the base surface, and this K3 fibration is compatible with
the elliptic fibration. Figure [1| shows images of these.

Among the 4D N =1 F-theory models constructed in this study, those
having heterotic duals can have some additional constraints on the possible
non-Abelian gauge groups that can form on the 7-branes.
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E——Y Pl ——V, E ——K3

Vv, B, P!

Figure 1: Elliptically fibered Calabi—Yau 4-fold Y with the base Fano 3-
fold of degree two Vo, and Fano 3-fold of degree two V5 as a conic fibration
with the base surface By when the Fano 3-fold of degree two admits a conic
fibration. Elliptic fibration over base P! yields a K3 surface when the total
space of the fibration is required to satisfy the Calabi—Yau condition.

Non-Abelian gauge groups arising on the 7-branes in F-theory are de-
termined by the types of the singular fibers E and by whether they are
split/non-split /semisplit [98], and these are determined by the Weierstrass
coefficients of the elliptic fibration of the compactification space. It is natu-
ral to expect that requiring the base 3-fold to have an additional structure
such as a conic fibration imposes some constraints on the Weierstrass coeffi-
cients of the elliptic fibration of the Calabi—Yau 4-fold; therefore, requiring
the base 3-fold to have an additional structure such that the total elliptic
fibration also admits a compatible K3 fibration is likely to restrict the types
of singular fibers. Thus, from the physical viewpoint, it is likely to restrict
the possible non-Abelian gauge groups forming on the 7-branes.

It would be interesting to consider the physical constraints on the possi-
ble non-Abelian gauge groups on the 7-branes when a condition is imposed
on the elliptically fibered Calabi—Yau 4-folds to also admit a K3 fibration
that is compatible with elliptic fibration, and studying this physical effect is
a likely direction for future work. This can help in analyzing the structure of
the 4D N = 1 F-theory landscape. One can compare the non-Abelian gauge
groups forming in 4D F-theory models that have heterotic duals with those
that do not have heterotic duals.

The rank of the Mordell-Weil group corresponds to the number of ways
one can embed the base space into the total elliptic fibration [3]. As requiring

2The types of the singular fibers of the elliptic surfaces were classified by Kodaira
in [94) [95]. Techniques to determine the singular fiber types of elliptic surfaces can
be found in [96] 97].
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the base 3-fold to have an additional structure such that the elliptic fibration
also has a K3 fibration, and we conjectured that a conic fibration yields an
example of this additional structure when the base 3-fold is isomorphic to
the Fano 3-fold of degree two, does not appear to affect the way the base
3-fold is embedded into the total elliptic fibration, we expect that whether
the constructed elliptically fibered Calabi—Yau 4-folds admit a compatible
K3 fibration does not place a strong effect on the number of U(1) factors
forming in F-theory compactifications. Thus, it is expected, at least for the
4D F-theory models on the constructed Calabi—Yau 4-folds in this study, that
whether a 4D F-theory model has heterotic dual does not have a significant
effect on the number of U(1) factors forming in theory. We only discussed
forming U(1) factors in 4D F-theory that originate from the Mordell-Weil
group in this study, as we noted in the introduction.

6. Conclusions and open problems

Here, we constructed elliptically fibered Calabi-Yau 4-folds of positive
Mordell-Weil ranks. F-theory on the resulting Calabi—Yau spaces yields 4D
N =1 models with one to six U(1) factors El

Investigating explicit constructions of %CalabifYau 4-folds with ADE
singularity types is a likely direction of future study. Taking double covers
of such elliptic 4-folds yields examples of elliptic Calabi—Yau 4-folds with
ADEFE singularity types identical to the original %CalabifYau 4-folds. F-
theory on the resulting Calabi—Yau spaces yields explicit examples of 4D
N =1 theories with multiple U(1) factors and non-Abelian gauge groups.

The %CalabifYau 4-folds built in section |3| do not have F7 and Eg singu-
larities owing to equation because E7 and Ejg singularities have ranks
greater than six. Therefore, in this study, our construction of Calabi—Yau
4-folds by taking the double cover does not, at least directly, provide
Calabi—Yau 4-folds with E7 or Eg singularity. Determining whether ellipti-
cally fibered Calabi—Yau 4-folds over the base Fano 3-fold of degree two, V5,
with E7 and Fgs singularities exist is an open problem.

When a Calabi-Yau 4-fold admits a K3 fibration (that is compatible with
the elliptic fibration), considering the heterotic dual can aid in analyzing this
problem.

134D N =1 F-theory models without a U(1) gauge group can be found, for
example, in [99] 100].
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Deducing the Weierstrass equations of the Calabi—Yau 4-folds
constructed in this work from the equations of four bidegree (1,1) hyper-
surfaces in P? x P? can also be a likely target for future studies. Because the
equations of four bidegree (1,1) hypersurfaces determine the defining equa-
tion of %CalabifYau 4-fold, the Weierstrass equation of Calabi—Yau 4-fold
as double cover of the %CalabifYau 4-fold can in principle be obtained
from the equations of four bidegree (1,1) hypersurfaces, Q1, @2, @3, Q4. The
Weierstrass equations of the Calabi—Yau 4-folds help to obtain the Yukawa
couplings of the matter fields arising in 4D F-theory.

Acknowledgments

We would like to thank Shun’ya Mizoguchi and Shigeru Mukai for discus-
sions.

References

[1] C. Vafa, Evidence for F-theory, Nucl. Phys. B 469 (1996) 403.

[2] D. R. Morrison and C. Vafa, Compactifications of F-theory on Calabi-
Yau threefolds. 1, Nucl. Phys. B 473 (1996) 74.

[3] D. R. Morrison and C. Vafa, Compactifications of F-theory on Calabi-
Yau threefolds. 2, Nucl. Phys. B 476 (1996) 437.

. Donagi an . Wijnholt, Model Bwilding with F-Theory, v.
4 R. D i and M. Wijnholt, Model Build h F-Th Ad
Theor. Math. Phys. 15 (2011) no. 5, 1237-1317.

[5] C. Beasley, J. J. Heckman and C. Vafa, GUTs and Exceptional Branes
in F-theory -1, JHEP 01 (2009) 058.

[6] C. Beasley, J. J. Heckman and C. Vafa, GUTs and Exceptional Branes
in F-theory -1I: Ezperimental Predictions, JHEP 01 (2009) 059.

[7] R. Donagi and M. Wijnholt, Breaking GUT Groups in F-Theory, Adv.
Theor. Math. Phys. 15 (2011) 1523-1603.

[8] D. R. Morrison and D. S. Park, F-Theory and the Mordell-Weil Group
of Elliptically-Fibered Calabi-Yau Threefolds, JHEP 10 (2012) 128.

[9] C. Mayrhofer, E. Palti and T. Weigand, U(1) symmetries in F-theory
GUTs with multiple sections, JHEP 03 (2013) 098.

[10] V. Braun, T. W. Grimm and J. Keitel, New Global F-theory GUTs
with U(1) symmetries, JHEP 09 (2013) 154.



%CalabifYau 4-folds and 4d F-theory 2133

[11] J. Borchmann, C. Mayrhofer, E. Palti and T. Weigand, Elliptic fi-
brations for SU(5) x U(1) x U(1) F-theory vacua, Phys. Rev. D88
(2013) 0. 4, 046005.

[12] M. Cveti¢, D. Klevers and H. Piragua, F-Theory Compactifications
with Multiple U(1)-Factors: Constructing Elliptic Fibrations with Ra-
tional Sections, JHEP 06 (2013) 067.

[13] V. Braun, T. W. Grimm and J. Keitel, Geometric Engineering in Toric
F-Theory and GUTs with U(1) Gauge Factors, JHEP 12 (2013) 069.

[14] M. Cveti¢, A. Grassi, D. Klevers and H. Piragua, Chiral Four-
Dimensional F-Theory Compactifications With SU(5) and Multiple
U(1)-Factors, JHEP 04 (2014) 010.

[15] M. Cveti¢, D. Klevers and H. Piragua, F-Theory Compactifications
with Multiple U(1)-Factors: Addendum, JHEP 12 (2013) 056.

[16] M. Cveti¢, D. Klevers, H. Piragua and P. Song, Elliptic fibrations with
rank three Mordell-Weil group: F-theory with U(1) z U(1) z U(1) gauge
symmetry, JHEP 1403 (2014) 021.

[17] S. Mizoguchi, F-theory Family Unification, JHEP 07 (2014) 018.

[18] I. Antoniadis and G. K. Leontaris, F-GUT's with Mordell-Weil U(1)’s,
Phys. Lett. B735 (2014) 226-230.

[19] M. Esole, M. J. Kang and S.-T. Yau, A New Model for Elliptic F'i-
brations with a Rank One Mordell-Weil Group: 1. Singular Fibers and
Semi-Stable Degenerations, arXiv:1410.0003.

[20] C. Lawrie, S. Schéfer-Nameki and J.-M. Wong, F-theory and All
Things Rational: Surveying U(1) Symmetries with Rational Sections,
JHEP 09 (2015) 144.

[21] M. Cveti¢, D. Klevers, H. Piragua and W. Taylor, General U(1)x U(1)
F-theory compactifications and beyond: geometry of unHiggsings and
novel matter structure, JHEP 1511 (2015) 204.

[22] M. Cveti¢, A. Grassi, D. Klevers, M. Poretschkin and P. Song, Origin
of Abelian Gauge Symmetries in Heterotic/F-theory Duality, JHEP
1604 (2016) 041.

[23] D. R. Morrison and D. S. Park, Tall sections from non-minimal trans-
formations, JHEP 10 (2016) 033.



2134 Yusuke Kimura

[24] D. R. Morrison, D. S. Park and W. Taylor, Non-Higgsable abelian
gauge symmetry and F-theory on fiber products of rational elliptic sur-
faces, Adv. Theor. Math. Phys. 22 (2018) 177-245.

[25] M. Bies, C. Mayrhofer and T. Weigand, Gauge Backgrounds and Zero-
Mode Counting in F-Theory, JHEP 11 (2017) 081.

[26] M. Cveti¢ and L. Lin, The Global Gauge Group Structure of F-theory
Compactification with U(1)s, JHEP 01 (2018) 157.

[27] M. Bies, C. Mayrhofer and T. Weigand, Algebraic Cycles and Local
Anomalies in F-Theory, JHEP 11 (2017) 100.

[28] Y. Kimura and S. Mizoguchi, Enhancements in F-theory models on
moduli spaces of K3 surfaces with ADE rank 17, PTEP 2018 no. 4
(2018) 043B05.

[29] Y. Kimura, F-theory models on K3 surfaces with various Mordell-Weil
ranks -constructions that use quadratic base change of rational elliptic
surfaces, JHEP 05 (2018) 048.

[30] S.-J. Lee, D. Regalado and T. Weigand, 6d SCFTs and U(1) Flavour
Symmetries, JHEP 11 (2018) 147.

[31] T. Weigand, TASI Lectures on F-theory, PoS TASI2017 (2018) 016.

[32] S. Mizoguchi and T. Tani, Non-Cartan Mordell-Weil lattices of ratio-
nal elliptic surfaces and heterotic/F-theory compactifications, JHEP
03 (2019) 121.

[33] M. Cveti¢ and L. Lin, TASI Lectures on Abelian and Discrete Symme-
tries in F-theory, PoS TASI2017 (2018) 020.

[34] Y. Kimura, Nongeometric heterotic strings and dual F-theory with en-
hanced gauge groups, JHEP 02 (2019) 036.

[35] F. M. Cianci, D. K. Mayorga Pena and R. Valandro, High U(1) charges
in type IIB models and their F-theory lift, JHEP 04 (2019) 012.

[36) W. Taylor and A. P. Turner, Generic matter representations in 6D
supergravity theories, JHEP 05 (2019) 081.

[37] Y. Kimura, Unbroken E; x E7 nongeometric heterotic strings, stable
degenerations and enhanced gauge groups in F-theory duals, Adv.
Theor. Math. Phys. 25 (2021) no. 5, 1267-1323.



38]
39]
[40]
1]

[42]

[43]
[44]

[45]

[46]

[47]
[48]
[49]
[50]
[51]

[52]

%CalabifYau 4-folds and 4d F-theory 2135

Y. Kimura, F-theory models with 3 to 8 U(1) factors on K3 surfaces,
Int. J. Mod. Phys. A36, no.17, 2150125 (2021).

M. Esole and P. Jefferson, The Geometry of SO(3), SO(5), and SO(6)
models, arXiv:1905.12620.

S.-J. Lee and T. Weigand, Swampland Bounds on the Abelian Gauge
Sector, Phys. Rev. D100 (2019) no. 2 026015.

Y. Kimura, % Calabi- Yau 3-folds, Calabi- Yau 3-folds as double covers,
and F-theory with U(1)s, JHEP 02 (2020) 076.

C. F. Cota, A. Klemm, and T. Schimannek, Topological strings on
genus one fibered Calabi-Yau 3-folds and string dualities, JHEP 11
(2019) 170.

J. Borchmann, C. Mayrhofer, E. Palti and T. Weigand, SU(5) Tops
with Multiple U(1)s in F-theory, Nucl. Phys. B882 (2014) 1-69.

D. R. Morrison and W. Taylor, Sections, multisections, and U(1) fields
in F-theory, J. Singularities 15 (2016) 126-149.

G. Martini and W. Taylor, 6D F-theory models and elliptically fibered
Calabi-Yau threefolds over semi-toric base surfaces, JHEP 06 (2015)
061.

D. Klevers, D. K. Mayorga Pena, P. K. Oehlmann, H. Piragua and
J. Reuter, F-Theory on all Toric Hypersurface Fibrations and its Higgs
Branches, JHEP 01 (2015) 142.

V. Braun, T. W. Grimm and J. Keitel, Complete Intersection Fibers
in F-Theory, JHEP 03 (2015) 125.

T. W. Grimm, A. Kapfer and D. Klevers, The Arithmetic of Elliptic
Fibrations in Gauge Theories on a Circle, JHEP 06 (2016) 112.

W. Taylor and A. P. Turner, An infinite swampland of U(1) charge
spectra in 6D supergravity theories, JHEP 06 (2018) 010.

M. Cveti¢, L. Lin, M. Liu and P.-K. Oehlmann, An F-theory Realiza-
tion of the Chiral MSSM with Zs-Parity, JHEP 09 (2018) 089.

Y. Kimura, F-theory models with U(1) X Zga, Z4 and transitions in dis-
crete gauge groups, JHEP 03 (2020) 153.

K. Becker and M. Becker, M theory on eight manifolds, Nucl. Phys.
B477 (1996) 155-167.



2136 Yusuke Kimura

[53] S. Sethi, C. Vafa and E. Witten, Constraints on low dimensional string
compactifications, Nucl. Phys. B 480 (1996) 213-224.

[54] E. Witten, On fluz quantization in M theory and the effective action,
J. Geom. Phys. 22 (1997) 1-13.

[55] S. Gukov, C. Vafa and E. Witten, CFT’s from Calabi-Yau four folds,
Nucl. Phys. B584 (2000) 69-108.

[56] K. Dasgupta, G. Rajesh and S. Sethi, M theory, orientifolds and G-
fluz, THEP 08 (1999) 023.

[57] J. Marsano, N. Saulina and S. Schéfer-Nameki, A Note on G-Fluzes
for F-theory Model Building, JHEP 11 (2010) 088.

[58] A. Collinucci and R. Savelli, On Flux Quantization in F-Theory, JHEP
02 (2012) 015.

[59] J. Marsano, N. Saulina and S. Schéfer-Nameki, G-fluz, M5 instantons,
and U(1) symmetries in F-theory, Phys. Rev. D87 (2013) 066007.

[60] A. P. Braun, A. Collinucci and R. Valandro, G-fluz in F-theory and
algebraic cycles, Nucl. Phys. B 856 (2012) 129.

[61] J. Marsano and S. Schéfer-Nameki, Yukawas, G-fluz, and Spectral Cov-
ers from Resolved Calabi-Yau’s, JHEP 11 (2011) 098.

[62] S. Krause, C. Mayrhofer and T. Weigand, G4 fluz, chiral matter and
singularity resolution in F-theory compactifications, Nucl. Phys. B 858
(2012) 1-47.

[63] T. W. Grimm and H. Hayashi, F-theory fluzes, Chirality and Chern-
Simons theories, JHEP 03 (2012) 027.

[64] S. Krause, C. Mayrhofer and T. Weigand, Gauge Fluzes in F-theory
and Type IIB Orientifolds, JHEP 08 (2012) 119.

[65] K. Intriligator, H. Jockers, P. Mayr, D. R. Morrison and M. R. Plesser,
Conifold Transitions in M-theory on Calabi- Yau Fourfolds with Back-
ground Fluzes, Adv. Theor. Math. Phys. 17 (2013) 601.

[66] M. Kuntzler and S. Schéfer-Nameki, G-flux and Spectral Divisors,
JHEP 11 (2012) 025.

[67] M. Cveti¢, T. W. Grimm and D. Klevers, Anomaly Cancellation And
Abelian Gauge Symmetries In F-theory, JHEP 02 (2013) 101.



[68]
[69]

[70]

[78]
[79]

[30]

[81]

[82]

%CalabifYau 4-folds and 4d F-theory 2137

A. P. Braun, A. Collinucci and R. Valandro, Hypercharge flux in F-
theory and the stable Sen limit, JHEP 07 (2014) 121.

S. Schéfer-Nameki and T. Weigand, F-theory and 2d (0,2) Theories,
JHEP 05 (2016) 059.

S.-J. Lee, W. Lerche and T. Weigand, Modular Fluzes, Elliptic Genera,
and Weak Gravity Conjectures in Four Dimensions, JHEP 08 (2019)
104.

R. Friedman, J. Morgan and E. Witten, Vector bundles and F theory,
Commun. Math. Phys. 187 (1997) 679-743.

M. Bershadsky, A. Johansen, T. Pantev, and V. Sadov, On four-
dimensional compactifications of F theory, Nucl. Phys. B505 (1997)
165-201.

G. Curio and R. Y. Donagi, Moduli in N=1 heterotic / F theory duality,
Nucl. Phys. B518 (1998) 603—631.

B. Andreas, N=1 heterotic / F theory duality, Fortsch. Phys. 47 (1999)
o87-642.

T. W. Grimm and W. Taylor, Structure in 6D and 4D N=1 supergrav-
ity theories from F-theory, JHEP 10 (2012) 105.

L. B. Anderson and W. Taylor, Geometric constraints in dual F-theory
and heterotic string compactifications, JHEP 08 (2014) 025.

J. Halverson and W. Taylor, P'-bundle bases and the prevalence of
non-Higgsable structure in 4D F-theory models, JHEP 09 (2015) 086.

A. Sen, F theory and orientifolds, Nucl. Phys. B475 (1996) 562-578.

P. S. Aspinwall and D. R. Morrison, Point - like instantons on K3
orbifolds, Nucl. Phys. B503 (1997) 533-564.

A. P. Braun, Y. Kimura, and T. Watari, The Noether-Lefschetz prob-
lem and gauge-group-resolved landscapes: F-theory on K3 x K3 as a
test case, JHEP 04 (2014) 050.

N. Cabo Bizet, A. Klemm and D. Vieira Lopes, Landscaping with fluxes
and the E8 Yukawa Point in F-theory, arXiv:1404.7645.

S. Mizoguchi and T. Tani, Looijenga’s weighted projective space, Tate’s
algorithm and Mordell-Weil Lattice in F-theory and heterotic string
theory, JHEP 11 (2016) 053.



2138 Yusuke Kimura

[83] T. D. Brennan, F. Carta and C. Vafa, The String Landscape, the
Swampland, and the Missing Corner, PoS TASI 2017 (2017) 015.

[84] E. Palti, The Swampland: Introduction and Review, Fortsch. Phys. 67
(2019) no. 6, 1900037.

[85] C. Vafa, The String landscape and the swampland, arXiv:hep-th/
0509212.

[86] N. Arkani-Hamed, L. Motl, A. Nicolis and C. Vafa, The String land-
scape, black holes and gravity as the weakest force, JHEP 06 (2007)
060.

[87] H. Ooguri and C. Vafa, On the Geometry of the String Landscape and
the Swampland, Nucl. Phys. B766 (2007) 21-33.

[88] T. Shioda, On elliptic modular surfaces, J. Math. Soc. Japan 24
(1972), 20-59.

[89] J. Tate, Algebraic cycles and poles of zeta functions, in Arithmetical
Algebraic Geometry (Proc. Conf. Purdue Univ., 1963), Harper & Row
(1965), 93-110.

[90] J. Tate, On the conjectures of Birch and Swinnerton-Dyer and a ge-
ometric analog, Séminaire Bourbaki 9 (1964-1966), Exposé no. 306,
415-440.

[91] R. Wazir, Arithmetic on elliptic threefolds, Compos. Math. 140 (2004)
567-580.

[92] V. Braun and D. R. Morrison, F-theory on Genus-One Fibrations,
JHEP 08 (2014) 132.

[93] Y. Kimura, Structure of stable degeneration of K3 surfaces into pairs
of rational elliptic surfaces, JHEP 03 (2018) 045.

[94] K. Kodaira, On compact analytic surfaces II, Ann. of Math. 77 (1963),
563—-626.

[95] K. Kodaira, On compact analytic surfaces III, Ann. of Math. 78
(1963), 1-40.

[96] A. Néron, Modéles minimauz des variétés abéliennes sur les corps lo-
cauz et globauxr, Publications mathématiques de I'THES 21 (1964),
5-125.



%CalabifYau 4-folds and 4d F-theory 2139

[97] J. Tate, Algorithm for determining the type of a singular fiber in an
elliptic pencil, in Modular Functions of One Variable IV, Springer,
Berlin (1975), 33-52.

[98] M. Bershadsky, K. A. Intriligator, S. Kachru, D. R. Morrison, V. Sadov
and C. Vafa, Geometric singularities and enhanced gauge symmetries,
Nucl. Phys. B 481 (1996) 215.

[99] Y. Kimura, Gauge groups and matter spectra in F-theory compactifi-
cations on genus-one fibered Calabi-Yau 4-folds without section - hy-
persurface and double cover constructions, Adv. Theor. Math. Phys.
22 (2018) no. 6, 1489-1533.

[100] Y. Kimura, Discrete Gauge Groups in F-theory Models on Genus-One
Fibered Calabi-Yau 4-folds without Section, JHEP 04 (2017) 168.

KEK THEORY CENTER, INSTITUTE OF PARTICLE AND NUCLEAR STUDIES, KEK
1-1 OHO, TSuKUBA, IBARAKI 305-0801, JAPAN
E-mail address: kimurayu@post.kek. jp






	Introduction
	Summary
	12Calabi–Yau 4-folds
	Calabi–Yau 4-folds and 4D N=1 F-theory models with U(1) factors 
	K3 fibration that is compatible with elliptic fibration, and relation with heterotic duals
	Conclusions and open problems
	References

