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General couplings of four dimensional

Maxwell-Klein-Gordon system:

global existence

Mulyanto, Fiki Taufik Akbar, and Bobby Eka Gunara∗

In this paper, we consider the multi component fields interac-
tions of the complex scalar fields and the electromagnetic fields
(Maxwell-Klein-Gordon system) on four dimensional Minkowski
spacetime with general gauge couplings and the scalar potential
turned on. Moreover, the complex scalar fields span an internal
manifold assumed to be Kähler. Then, by taking the Kähler po-
tential to be bounded by U(1)N symmetric Kähler potential, the
gauge couplings to be bounded functions, and the scalar potential
to be the form of either polynomial, sine-Gordon, or Toda poten-
tial, we prove the global existence of the system.

1. Introduction

The Maxwell-Klein-Gordon (MKG) system describes the multi-field interac-
tion between the complex scalar fields φa and the electromagnetic fields AΛ

µ

on 4-dimensional Minkowski spacetime with the standard coordinate xµ =
(t, xi) where µ = 0, 1, 2, 3 and i = 1, 2, 3, and metric ηµν = diag(−1, 1, 1, 1).
Let Λ,Σ,Γ = 1, 2, 3, ..., NV , denotes the number of gauge fields and the Ro-
man index a, b, c = 1, 2, 3, ..., NC , describes the number of complex scalar
fields. The complex scalar fields span an internal manifold assumed to be
Hermitian manifold endowed with metric gab̄.

The Lagrangian of this MKG system with general couplings can be writ-
ten down as

L = −
1

4
hΛΣ

(
φ, φ

)
FΛ
µνF

Σ|µν +
1

4
kΛΣ

(
φ, φ

)
FΛ
µνF̃

Σ|µν(1.1)

− gab
(
φ, φ

)
Dµφ

aDµφb − V
(
φ, φ̄

)
,

∗Corresponding author.

217



✐

✐

“4-Gunara” — 2022/10/12 — 18:15 — page 218 — #2
✐

✐

✐

✐

✐

✐

218 Mulyanto, F. T. Akbar, and B. E. Gunara

where FΛ
µν ≡ ∂µA

Λ
ν − ∂νA

Λ
µ is the gauge field strength, Dµφ

a ≡ ∂µφ
a −

iqΓA
Γ
µφ

a is the covariant derivative, qΓ is a constant function, and F̃Σ|µν

is the Hodge dual of the FΛ
µν . The real functions hΛΣ

(
φ, φ̄

)
and kΛΣ

(
φ, φ̄

)

denote the gauge couplings, and the real function V
(
φ, φ̄

)
is the scalar po-

tential of MKG system. Since the Lagrangian (1.1) is invariant under local
U(1)N symmetry where U(1)N =

⊗N
i=1 U(1), without loss of generality we

could take hΛΣ
(
φ, φ̄

)
= hΛΣ(|φ|

2), kΛΣ
(
φ, φ̄

)
= kΛΣ(|φ|

2), and V
(
φ, φ̄

)
=

V (|φ|2) where |φ|2 ≡ δab̄φ
aφ̄b̄. Moreover, to simplify the case, the scalar man-

ifold has to be Kähler manifold equipped with metric gab̄ = ∂a∂b̄K where
K ≡ K(φ, φ̄) is the Kähler potential admitting U(1)N isometry.

In recent years, the analysis of the global solution of the Maxwell Klein-
Gordon system has been considered in detail. These systems obey the local
gauge transformation. Then, we have the freedom to choose the gauge condi-
tion according to the method and problem considered. The well-known gauge
choices are the Coulomb gauge, ∂iAi = 0, and the Lorenz gauge, ∂µA

µ =
0. Considering the Coulomb gauge condition, Klainerman and Machedon
proved that the solution exists globally for the finite initial data [1]. As for
the global well-posedness of the MKG systems in the Lorentz gauge condi-
tion, we suggest an interested reader to consult [2].

Another gauge condition we can take into account is the temporal gauge
condition, A0 = 0 as in [3, 4]. In this choice, the local and global existence of
the Yang-Mills-Higgs equation is also obtained [5, 6]. In the previous stud-
ies, we consider the temporal gauge conditions to prove the local existence
of the bosonic part of N = 1 supersymmetric Yang-Mills-Higgs with general
couplings and the scalar potential turned on [7]. In particular, we take the
Kähler potential to be bounded above by the U(n) symmetric Kähler po-
tential, the first derivative of the scalar potential to be locally Lipshitz, and
the first derivative of gauge couplings to be at most linear growth functions.

It is of interest to complete the proof of our previous study by showing its
global existence. However, we are facing a problem to regularize such as the
three vertex terms of the gauge field AΛ

µ when the gauge couplings hΛΣ
(
φ, φ̄

)

and kΛΣ
(
φ, φ̄

)
are no longer constants and moreover, the internal manifold of

the σ-model is not flat. Therefore, to evade such a problem, in this paper we
only establish the proof of the global existence of the MKG system for multi-
field interactions with the addition of general gauge coupling in temporal
gauge and scalar potential turned on. In particular, we assume that the
gauge couplings hΛΣ

(
φ, φ̄

)
and kΛΣ

(
φ, φ̄

)
are bounded smooth functions,

the Kähler potential K has to be bounded by U(1)N symmetric Kähler
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potential which generalizes the case of [7], and the scalar potential has the
form of either polynomial, sine-Gordon, or Toda potential.

We organize the paper as follows. In Section 2, we derive the field equa-
tions of motions for both gauge and complex scalar fields. We also discuss
some assumptions regarding the gauge coupling functions. In Section 3, we
provide the discussion of properties of the scalar internal manifold which
is Kähler. In Section 4, we discuss some estimates for the gauge and com-
plex scalar fields which are the important ingredients for proving the global
existence. Finally, the final proof and the main theorem are presented in
Section 5.

2. The field equations of motions

Let us first consider the equations of motions of Lagrangian (1.1)
(2.1)

∂αFΣ
αγ = hΛΣ

{
iqΛgab

(
Dγφ

aφ
b̄
− φaDγφb

)
− ∂αhΛΓF

Γ
αγ + ∂αkΛΓF̃

Γ
αγ

}
,

(2.2)

DαDαφ
b̄ = gdb̄

(
1

4
FΛ
αβ∂dG

αβ
Λ − ∂dgac̄Dαφ

aDαφc − ∂αgdc̄Dαφc − ∂dV

)
,

with hΛΣ is the inverse of hΛΣ, and

(2.3) G
αβ
Λ = −hΛΣF

Σ|αβ + kΛΣF̃
Σ|αβ .

The gauge field strength also yields the Bianchi identity

(2.4) ∂γF
Σ
αµ + ∂αF

Σ
µγ + ∂µF

Σ
γα = 0 .

Taking the covariant divergence of (2.1) and use the Bianchi identity of the
gauge field strength, we have

□FΣ
µγ = −iqΛh

ΛΣ
{
∂µgab̄Dγφ

aφ̄b̄ + gab̄∂µ

(
Dγφ

aφ̄b̄
)}

(2.5)

+ hΛΣ (∂αhΛΓ) ∂αF
Γ
γµ − hΛΣ (∂α∂γhΛΓ)F

Γ
αµ

+ hΛΣ (∂α∂γkΛΓ) F̃
Γ
αµ .

In a similar way, we can obtain

□Dµφ
a = iqΓ∂

αFΓ
µαφ

a + iqΓF
Γ
µα∂

αφa + iqΓ∂
α
(
AΓ

α∂µφ
a
)

(2.6)

− iqΓ∂
α
(
AΓ

µ∂αφ
a
)
+ ∂µ∂

αDαφ
a ,
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where □ ≡ −∂2
t + ∂2

1 + ∂2
2 + ∂2

3 is the d’Alembert operator.
We translate the coordinate system to the lightcone coordinate system

centered at p. Then, we can write the equations (2.5) and (2.6) as the van-
ishing of a surface integral over the interior of the past light cone Kp from a
certain point p to the initial data surface. By using spherical means method,
we can write the equations of MKG theory with general coupling in the in-
tegral form of its field strength as

FΣ
µγ = Fµγ

Σ|lin +
1

4π

∫

Kp

rdrdΩ

(
−ihΛΣqΛ

{
∂µgab̄Dγφ

aφ̄b̄(2.7)

+ gab̄∂µ

(
Dγφ

aφ̄b̄
)}

+ hΛΣ (∂αhΛΓ) ∂αF
Γ
γµ

− hΛΣ (∂α∂γhΛΓ)F
Γ
αµ + hΛΣ (∂α∂γkΛΓ) F̃

Γ
αµ

) ∣∣∣∣
t=−r

,

Dµφ
a = Dµφ

a|lin +
1

4π

∫

Kp

rdrdΩ
(
iqΓ∂

αFΓ
µαφ

a + iqΓF
Γ
µα∂

αφa(2.8)

+iqΓ∂
α
(
AΓ

α∂µφ
a
)
− iqΓ∂

α
(
AΓ

µ∂αφ
a
)
+ ∂µ∂

αDαφ
a
)∣∣

t=−r
,

with

Fµγ
Σ|lin =

1

4π

∫

S2

dΩ

[
r0
∂
{
FΣ
µγ

}

∂t
+ r0

∂
{
FΣ
µγ

}

∂r
+ FΣ

µγ

]

t=t0,r=r0

,(2.9)

Dµφ
a|lin =

1

4π

∫

S2

dΩ

[
r0
∂ {Dµφ

a}

∂t
+ r0

∂ {Dµφ
a}

∂r
+Dµφ

a

]

t=t0,r=r0

.(2.10)

The energy-momentum tensor of this system is given by

Tµν =
hΛΣ

2

(
FΛ|µ
γ FΣ|νγ + FΛ|µ

γ F̃Σ|νγ
)
+ 2gab̄D

µφaDνφb(2.11)

− ηµνgab̄Dγφ
aDγφb − ηµνV .

It is common to split the field strength Fµν into electric and magnetic com-
ponent as

(2.12) EΣ|i = FΣ|0i, HΣ|i = F̃Σ|0i =
1

2
εijkFΣ

jk.
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Thus, we can write the energy function as

E0 =

∫

Bp

r2drdΩ

(
hΛΣ

2

(
EΛ

i E
Σ|i +HΛ

i H
Σ|i
)

(2.13)

+ gab̄D
0φaD0φb + gab̄Diφ

aDiφb + V

)∣∣∣∣
t=t0

,

where Bp represents a solid sphere in the lightcone coordinate that intersect
with Kp.

Throughout this paper, we set the Lagrangian (1.1) to be invariant with
respect to the local transformation U(1)N such that we have

hΛΣ
(
Uφ,Uφ

)
= hΛΣ

(
φ, φ̄

)
,

kΛΣ
(
Uφ,Uφ

)
= kΛΣ

(
φ, φ̄

)
,

V
(
Uφ,Uφ

)
= V

(
φ, φ̄

)
.

(2.14)

As the result of the gauge ambiguity, we have the freedom to choose the
appropriate gauge conditions. In particular, we choose the temporal gauge
condition

(2.15) AΣ
0 (x) = 0 ,

for all Σ which has been shown in [7] that the solutions of (2.1) and (2.2)
satisfy (2.15) for all time. We take

Assumption 1.

hΛΣ
(
φ, φ̄

)
= hΛΣ

(
|φ|2
)

,

kΛΣ
(
φ, φ̄

)
= kΛΣ

(
|φ|2
)

,
(2.16)

with |φ|2 ≡ δab̄φ
aφ̄b̄, and both hΛΣ

(
|φ|2
)
and kΛΣ

(
|φ|2
)
are bounded func-

tions for all Λ,Σ.

3. The internal manifold

This section is devoted to discuss some properties of the internal scalar
manifold which has to be Kähler mentioned in section 1. In particular, we
consider the case of the Kähler potential to be bounded above a U(1)N
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symmetric function. Our estimates derived in this section play an important
role in proving the global existence of this system.

First of all, let K be a Kähler potential satisfying the following condition

(3.1) K
(
φ, φ̄

)
≤ Φ (|φ|) ,

with

(3.2) |φ| =
(
δab̄φ

aφ̄b̄
) 1

2

.

Then, we have the following lemma

Lemma 1. Suppose M is a Kähler manifold satisfying (3.1). Let Φ satisfied
the inequality

(3.3)

∣∣∣∣
Q′

2 |φ|

∣∣∣∣ ≤
N∑

n=0

bn|φ|
n ,

where bn > 0 for all n, Q (|φ|) = 1
4|φ|

(
Φ′′ − Φ′

|φ|

)
, and Φ′ = ∂Φ

∂|φ| . Then, we

have

|K| ≤
N∑

n=0

8bn
(n+ 4) (n+ 5) (n+ 6)

|φ|n+6(3.4)

+

N∑

n=0

12bn
(n+ 2) (n+ 3) (n+ 4)

|φ|n+4 + 2C1|φ|
3 + C2

|φ|2

2
+ C3 ,

with Ci ≥ 0 for all i = 1, 2, 3.

Proof. If M̃ is a Kähler manifold generated by Φ, then we can write the
metric g̃ab̄ = ∂a∂b̄Φ as

(3.5) g̃ab̄ =
Φ′

2 |φ|
δab̄ +

1

4 |φ|

(
Φ′′ −

Φ′

|φ|

)
δcb̄δac̄φ

cφc̄

with Φ′ = ∂Φ
∂|φ| . The inverse and the first derivative of g̃ab̄ can be written

down

g̃ab̄ =
2 |φ|

Φ′
δab̄ −

2

Φ′ |φ|

(
Φ′′ − Φ′

|φ|

Φ′′ + Φ′

|φ|

)
φaφb̄ ,
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∂cg̃ab̄ = Q (δab̄δcd̄ + δcb̄δad̄) φ̄
d̄ +

Q′

2 |φ|

(
δcf̄δeb̄δad̄

)
φ̄d̄φeφ̄f̄ ,

respectively, where

Q (|φ|) =
1

4|φ|2

(
Φ′′ −

Φ′

|φ|

)
,

Q′

2 |φ|
=

1

8|φ|3

(
Φ′′′ −

3Φ′′

|φ|
+

3Φ′

|φ|2

)
.

Hence, using the assumption in (3.3) and the integral inequality properties

∣∣∣∣
∫

f (x) dx

∣∣∣∣ ≤
∫

|f (x)| dx ,

we obtain

|Q| ≤
N∑

n=1

bn

n+ 1
|φ|n+1 + C1 ,

which implies

|Φ| ≤
N∑

n=0

8bn
(n+ 4) (n+ 5) (n+ 6)

|φ|n+6

+

N∑

n=0

12bn
(n+ 2) (n+ 3) (n+ 4)

|φ|n+4 + 2C1|φ|
3 + C2

|φ|2

2
+ C3 ,

with Ci ≥ 0 for all i = 1, 2, 3. Thus, applying (3.1), we get (3.4). □

By substituting equation (3.5) into (2.13), we can express the energy of the
system in the form of

E0 =

∫

Bp

r2drdΩ

(
hΛΣ

2

(
EΛ

i E
Σ|i +HΛ

i H
Σ|i
)
+

Φ′

2 |φ|
δab̄Dµφ

aDµφb(3.6)

+
1

4 |φ|

(
Φ′′ −

Φ′

|φ|

)
δcb̄δac̄φ

cφc̄Dµφ
aDµφb + V

)

t=t0

.

Since the energy of the system must be positive, then we should take
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Assumption 2. The function Φ has to be bounded below by

(3.7) |Φ| ≥
c1

2
|φ|2 + c2 ,

where c1 ≥ 0 and c2 ≥ 0.

4. Estimates

In this section, we derive some estimates for the complex scalar fields and
the gauge fields which are the significant part of the global existence proof.

4.1. The flat energy estimate

We define a flat energy functional as

(4.1) J (t) ≡ ∥E∥L2 + ∥H∥L2 +
c1

2
∥Dφ∥L2 + ∥φ∥L2 + ∥V ∥L2 ,

where c1 ≥ 0 and

(4.2) ∥f∥Lp ≡



∫

S

|f |pdµ




1/p

,

is a standard Lp norm. The flat energy functional (4.1) plays an important
role for bounding some estimates in the MKG system.

Preposition 1. Let φa, EΛ
i , H

Λ
i be solutions of MKG system as in (2.1)

and (2.2) in temporal gauge (2.15) with

(4.3) J0 ≡ J (0) < ∞ .

Then, for all t ≥ 0 there exists a positive constant CN > 1 such that

(4.4) J (t) ≤ CNJ0 (1 + t) .

Proof. Clearly that E0 ≤ J 2
0 . So, the first, second, and last terms of (4.1)

are bounded by E
1/2
0 , that is,

(4.5) ∥E∥L2 + ∥H∥L2 + ∥V ∥L2 ≤ E
1/2
0 ≤ CJ0 ,
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where C≥1, and we have defined |E|≡
(
EΛ

i E
Σ|i
)1/2

and |H|≡
(
HΛ

i H
Σ|i
)1/2

.
Next, from (3.7), we obtain

(4.6)

∣∣∣∣
Φ′

2 |φ|

∣∣∣∣ ≥
c1

2
,

such that the estimate of the third term in (4.1) has the form

(4.7)
c1

2
∥Dφ∥L2 ≤ J0 ,

with |Dφ| ≡
(
δab̄Dµφ

aDµφb
)1/2

. To get the estimate of the fourth term in

(4.1), let us consider

∂

∂t

∫

Kp

r2drdΩ|φ|2 = 2 Re

∫

Kp

r2drdΩ |φD0φ|(4.8)

≤ 2 ∥φ∥L2 ∥D0φ∥L2 ≤ 2J0 ∥φ∥L2 .

Integrating the inequality, we obtain

(4.9) ∥φ∥L2 ≤ C̃J0 (1 + t) ,

with C̃ > 0 showing that (4.4) is fulfilled. □

4.2. Estimate for the gauge fields

Let us rewrite the integral equation (2.7) as

(4.10) FΣ
µγ = Fµγ

Σ|lin + IΣµγ + JΣ
µγ +KΣ

µγ + LΣ
µγ +MΣ

µγ ,

where

IΣµγ ≡ −
1

4π

∫

Kp

rdrdΩhΛΣ∂α∂γhΛΓF
Γ
αµ

∣∣
t=−r

,(4.11)

JΣ
µγ ≡

1

4π

∫

Kp

rdrdΩhΛΣ (∂αhΛΓ) ∂αF
Γ
γµ

∣∣
t=−r

,(4.12)

KΣ
µγ ≡ −

i

4π

∫

Kp

rdrdΩhΛΣqΛ∂µgab̄Dγφ
aφ̄b̄
∣∣∣
t=−r

,(4.13)
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LΣ
µγ ≡ −

i

4π

∫

Kp

rdrdΩhΛΣqΛgab̄∂µ

(
Dγφ

aφ̄b̄
)∣∣∣

t=−r
,(4.14)

MΣ
µγ ≡

1

4π

∫

Kp

rdrdΩhΛΣ (∂α∂γkΛΓ) F̃
Γ
αµ

∣∣∣
t=−r

.(4.15)

First, we consider the first term of the nonlinear part of the equation in
(4.10) which satisfies

(4.16)
∣∣IΣµγ

∣∣ ≤
∫

Kp

rdrdΩ
∣∣hΛΣ∂α∂γhΛΓF

Γ
αµ

∣∣
t=−r

.

Using the Holder inequality, we have the following estimate

∣∣IΣµγ
∣∣ ≤



∫

Kp

r2drdΩ

∣∣FΓ
αµ

∣∣2

r2




1/2

∫

Kp

r2drdΩ
∣∣hΛΣ∂α∂γhΛΓ

∣∣2



1/2

≤




r0∫

0

dr ∥F(−r)∥2L∞




1/2

∥∥hΛΣ∂α∂γhΛΓ
∥∥
L2

.

We have then

(4.17)
∥∥hΛΣ∂α∂γhΛΓ

∥∥
L2

≤ c
(
∥∂αΨ ∂γΨ∥L2 + ∥∂α∂γΨ∥L2

)
,

where c ≥ 0 and we have defined Ψ ≡ |φ|2 = δab̄φ
aφ̄b̄.

Consider the following estimate

∥φ∥L3 ≤ ∥φ∥
1/2
L2 ∥∇φ∥

1/2
L2

≤ cNJ
1/2
0 (1 + t)1/2 ∥∇φ∥

1/2
L2

≤ cNJ
1/2
0 (1 + t)1/2(∥Diφ∥L2 + ∥∇Ai∥L2∥φ∥L3)

1/2

≤ cNJ0 (1 + t) (1 + ∥φ∥L3)
1/2

≤ cNJ0 (1 + t) ,

with cN > 1. Using the results above, we can get the following estimate

∥∇φ∥L2 ≤ ∥Diφ∥L2 + ∥∇Ai∥L2∥φ∥L3

≤ J0 + J0∥φ∥L3

≤ CNJ 2
0 (1 + t) .
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Thus, the first term of (4.17) can be bound to the energy and its L∞ norm

∥∂αΨ ∂γΨ∥L2 ≤ ∥∂αΨ ∥L∞∥∂γΨ∥L2

≤ C̃N∥∂αΨ ∥L∞∥φ∥L∞∥∂γφ∥L2

≤ C̃NJ 2
0 (1 + t) ∥∂αΨ∥L∞ ∥φ∥L∞ ,

(4.18)

with C̃N > 1.
As for the second term ∥∂α∂γΨ∥L2 , we have

(4.19) ∥∂α∂γΨ∥L2 ≤ CNJ 2
0 (1 + t) ∥∂φ∥L∞ + ∥φ∥L∞∥∂α∂γφ∥L2 ,

where

(4.20) ∥∂α∂γφ∥L2 ≤ ∥DαDαφ∥L2 .

We can use the equation of motion in (2.2) so that

∥∥∥DαDαφb
∥∥∥
L2

≤
∥∥∥gcb̄FΛ

αβ∂cG
αβ
Λ

∥∥∥
L2

+
∥∥∥gdb̄∂dgac̄Dαφ

aDαφc
∥∥∥
L2

(4.21)

+
∥∥∥gdb̄∂αgdc̄Dαφc

∥∥∥
L2

+
∥∥∥gdb̄∂dV

∥∥∥
L2

.

In order to have an estimate of (4.21), we have to specify the form of the
scalar potential V

(
φ, φ̄

)
:

Assumption 3. The scalar potential V
(
φ, φ̄

)
has to be either of the fol-

lowing form

V (Ψ) =

Ñ∑

n=0

anΨ
n ,(4.22)

V (Ψ) = V0 (1− cosλΨ) ,(4.23)

V (Ψ) =

Ñ∑

n=0

ãne
−λ̃nΨ ,(4.24)

where an, ãn, V0, λ are real constants, while λ̃n > 0 for every n.

It is worth mentioning that there three known examples in the case of
(4.22), namely, for Ñ = 1 it corresponds to the mass term in the Klein-
Gordon equation, while for Ñ = 2 it describes the φ4-theory. Equations
(4.23) and (4.24) correspond to the sine-Gordon and the Toda field the-
ories, respectively.
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Making use of the Holder inequality, equation (3.5), and its derivative,
we have then

∥∥∥DαDαφb
∥∥∥
L2

≤ c̃1 J0 (1 + ∥∂φ∥L∞)(4.25)

×

(
∥φ∥L∞ + ∥φ∥3L∞ +

N∑

n=1

∥φ∥n+2
L∞ +

N∑

n=1

∥φ∥n+4
L∞

)

+ c̃2 J0∥φ∥L∞∥∂φ∥L∞ + c̃3 J0 I (∥φ∥) ,

with c̃i > 1 for all i = 1, 2, 3, and
(4.26)

I (∥φ∥) ≤

{
O (∥φ∥) , if V is of the form (4.22) ,

∥φ∥L∞∥∂φ∥L∞J0 , if V is either of the form (4.23) or (4.24) ,

where

(4.27) O (∥φ∥) ≤ ∥φ∥L∞∥∂φ∥L∞

(
1 + J0 (1 + t)

N−2∑

n=1

∥φ∥2n+1
L∞

)
.

Thus, we obtain the estimate for the first term of (4.10)

∣∣IΣµγ
∣∣ ≤ C1J

2
0 (1 + t)




r0∫

0

dr ∥F(−r)∥2L∞




1/2

{∥∂Ψ∥L∞∥φ∥L∞ + ∥∂φ∥L∞

+

(
∥φ∥L∞ + ∥φ∥3L∞ +

N∑

n=1

∥φ∥n+2
L∞ +

N∑

n=1

∥φ∥n+4
L∞

)
(∥∂φ∥L∞ + 1)

+ ∥φ∥2L∞ ∥∂φ∥L∞ + ∥φ∥L∞I (∥φ∥)
}

,

(4.28)

where C1 > 1 and

(4.29)
∥∥∥(4)F(t)

∥∥∥
L∞

≡
∣∣∣FΣ

αβF
Σ|αβ (t)

∣∣∣
1/2

L∞

.

For the second term of nonlinear part in (4.10), we have

(4.30)
∣∣JΣ

µγ

∣∣ ≤
∫

Kp

rdrdΩ
∣∣hΛΣ (∂αhΛΓ) ∂αF

Γ
γµ

∣∣
t=−r

.
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Making use of the Holder inequality again, we get

(4.31)
∣∣JΣ

µγ

∣∣ ≤




r0∫

0

dr ∥Dφ∥2L∞




1/2

∥φ∥L∞

∥∥∂αFΓ
γµ

∥∥
L2

,

where

(4.32) ∥Dφ∥L∞ ≡
∣∣∣δab̄Dαφ

aDαφb
∣∣∣
1/2

L∞

.

We can use the equation of motion in (2.1) to get estimate for
∥∥∂αFΓ

γµ

∥∥
L2
,

namely,

(4.33)
∥∥∂αFΓ

γµ

∥∥
L2

≤ CJ0 (∥∂Ψ∥L∞ + ∥φ∥L∞) ,

with C > 1. Thus, the estimate for the second term is given by

(4.34)
∣∣JΣ

µγ

∣∣ ≤ C2J0




r0∫

0

dr ∥Dφ∥2L∞




1/2 (
∥φ∥L∞∥∂Ψ∥L∞ + ∥φ∥2L∞

)
,

with C2 > 1.
Similarly, by employing some computation, we obtain the estimates for

the third and fourth term of (4.10)

(4.35)
∣∣KΣ

µγ

∣∣ ≤ C3J
2
0 (1 + t)




r0∫

0

dr ∥Dφ∥2L∞




1/2

∥∂kgab̄∥L∞∥φ∥L∞ ,
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∣∣LΣ
µγ

∣∣ ≤ C4J0 (1 + t)

( r0∫

0

dr ∥φ∥2L∞

)1/2{(
N∑

n=1

∥φ∥n+5
L∞ +

N∑

n=1

∥φ∥n+4
L∞

(4.36)

+

N∑

n=1

∥φ∥n+3
L∞ +

N∑

n=1

|φ|n+2 + ∥φ∥2L∞ + ∥φ∥L∞ + 1

)

× (1 + ∥∂φ∥L∞)

(
∥φ∥L∞ + ∥φ∥3L∞ +

N∑

n=1

∥φ∥n+2
L∞ +

N∑

n=1

∥φ∥n+4
L∞

)

+ ∥φ∥L∞∥∂φ∥L∞ + c4I (∥φ∥) + ∥φ∥L∞ + ∥A∥L∞

}

+ C4J0 (1 + t)

( r0∫

0

dr ∥Dφ∥2L∞

)1/2(
N∑

n=1

∥φ∥n+5
L∞ +

N∑

n=1

∥φ∥n+4
L∞

+

N∑

n=1

∥φ∥n+3
L∞ +

N∑

n=1

|φ|n+2 + ∥φ∥2L∞ + ∥φ∥L∞ + 1

)
,

respectively, with C3, C4 > 1. It is important to notice the estimate of the
fifth term MΣ

µγ gives the same result as the estimate of the first term IΣµγ .
Next, we need to estimate the linear term of (2.7). The linear term can

be estimated using the initial data

∣∣∣Fµγ
Σ|lin

∣∣∣ ≤
1

4π

∫

S2

dΩ

∣∣∣∣∣r0
∂
{
FΣ
µγ

}

∂t
+ r0

∂
{
FΣ
µγ

}

∂r
+ FΣ

µγ

∣∣∣∣∣
t=t0,r=r0

(4.37)

≤ C̃0 + C̃1r0 ,

with C̃0, C̃1 ≥ 0. Therefore, the estimate for the gauge field is given by

∣∣FΣ
µγ

∣∣ ≤ C̃0 + C̃1r0 + J 2
0 (1 + t)

{( r0∫

0

dr ∥F(−r)∥2L∞

)1/2

C̃1L (t)(4.38)

+

( r0∫

0

dr ∥Dφ∥2L∞

)1/2

C̃2M(t) +

( r0∫

0

dr ∥φ∥2L∞

)1/2

C̃3N(t)

}
,
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where C̃i > 1 for all i = 1, 2, 3, and

L(t) = ∥φ∥L∞

(
∥φ∥L∞ + ∥φ∥3L∞ +

N∑

n=1

∥φ∥n+2
L∞ +

N∑

n=1

∥φ∥n+4
L∞

)(4.39)

× (∥∂φ∥L∞ + 1) + ∥∂Ψ∥L∞∥φ∥L∞ + ∥∂φ∥L∞

+ ∥φ∥2L∞ ∥∂φ∥L∞ + ∥φ∥L∞I (∥φ∥) ,

M(t) = ∥φ∥L∞∥∂Ψ∥L∞ + ∥φ∥2L∞ +

N∑

n=1

(n+ 2)

n+ 1
bn ∥φ∥

n+3
L∞

(4.40)

+ C1 ∥φ∥
2
L∞ + ∥φ∥2L∞ + ∥φ∥L∞ +

N∑

n=1

∥φ∥n+5
L∞ +

N∑

n=1

∥φ∥n+4
L∞

+

N∑

n=1

∥φ∥n+3
L∞ +

N∑

n=1

|φ|n+2 + 1,

N(t) =

N∑

n=1

∥φ∥n+5
L∞ +

N∑

n=1

∥φ∥n+4
L∞ +

N∑

n=1

∥φ∥n+3
L∞

(4.41)

+

N∑

n=1

|φ|n+2 + ∥φ∥2L∞ + ∥φ∥L∞ + 1

(
∥φ∥L∞ + ∥φ∥3L∞ +

N∑

n=1

∥φ∥n+2
L∞ +

N∑

n=1

∥φ∥n+4
L∞

)
(∥∂φ∥L∞ + 1)

+ ∥φ∥L∞∥∂φ∥L∞ + c4I (∥φ∥) .

4.3. Estimate for the complex scalar fields

Let us rewrite the integral equation (2.8) as

(4.42) Dµφ
a = Dµφ

a|lin +Na
µ +Ra

µ ,

where Na
µ and Ra

µ are the nonlinear part of (2.8) whose forms are defined as

Na
µ ≡

i

4π

∫

Kp

rdrdΩ qΓ
(
∂αFΓ

µαφ
a + FΓ

µα∂
αφa(4.43)

+ ∂α
(
AΓ

α∂µφ
a
)
− ∂α

(
AΓ

µ∂αφ
a
)) ∣∣

t=−r
,
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(4.44) Ra
µ ≡

1

4π

∫

Kp

rdrdΩ ∂µ∂
αDαφ

a|t=−r ,

By applying Holder inequality, Sobolev estimates, and the result in
(4.33), the estimate of Na

µ has the form

∣∣Na
µ

∣∣ ≤ K1J0




r0∫

0

dr ∥φ∥2L∞




1/2

∥φ∥L∞ (1 + ∥∂φ∥L∞)(4.45)

+K2J
2
0 (1 + t)




r0∫

0

dr
∥∥∥(4)F (−r)

∥∥∥
2

L∞




1/2

+K3J0




r0∫

0

dr ∥A∥2L∞




1/2{(
∥φ∥L∞ + ∥φ∥3L∞

+

N∑

n=1

∥φ∥n+2
L∞ +

N∑

n=1

∥φ∥n+4
L∞

)
(1 + ∥φ∥L∞)

+ ∥φ∥L∞∥∂φ∥L∞ + c4I (∥φ∥)

}

+K3J0




r0∫

0

dr ∥∂φ∥2L∞




1/2

,

where Ki > 1 for all i = 1, 2, 3. As for Ra
µ , we first consider

(4.46)
∣∣Ra

µ

∣∣ ≤
∫

Kp

rdrdΩ
∣∣∣∂µ
(
DαDαφ

a
)
− iqΓ∂µ

(
AΓ|αDαφ

a
)∣∣∣

t=−r
.

To estimate this term, we must derive an estimate for the first derivative of
the equation (2.2), that is,

∂µ
(
DαDαφ

a
)
= gdb̄

(
1

4
∂µF

Λ
αβ∂dG

αβ
Λ +

1

4
FΛ
αβ∂µ∂dG

αβ
Λ(4.47)

− ∂µ∂dgac̄Dαφ
aDαφc − ∂dgac̄∂µDαφ

aDαφc

− ∂dgac̄Dαφ
a∂µDαφc − ∂µ∂

αgdc̄Dαφc

− ∂αgdc̄∂µDαφc − ∂µ∂dV

)

+ ∂µg
db̄gdb̄

(
DαDαφ

a
)
,



✐

✐

“4-Gunara” — 2022/10/12 — 18:15 — page 233 — #17
✐

✐

✐

✐

✐

✐

General couplings of Maxwell-Klein-Gordon system 233

which can be bound by an expression involving the energy and L∞ norm.
Hence, the estimate of Ra

µ is given by

∣∣Ra
µ

∣∣ ≤ B1J 0

( r0∫

0

dr ∥∂φ∥2L∞

)1/2{(
∥φ∥L∞ + ∥φ∥3L∞

(4.48)

+

N∑

n=1

∥φ∥n+2
L∞ +

N∑

n=1

∥φ∥n+4
L∞

)2

(1 + ∥∂φ∥L∞)

+ ∥φ∥L∞∥∂φ∥L∞ + c4I (∥φ∥)

}

+ B2J0

( r0∫

0

dr
∥∥∥(4)F (−r)

∥∥∥
2

L∞

)1/2(
∥∂φ∥2L∞ ∥φ ∥2L∞

+ ∥∂φ∥L∞ ∥φ ∥2L∞ + ∥φ∥L∞ + ∥∂φ∥L∞ + ∥φ ∥2L∞

)

+ B3J0

( r0∫

0

dr ∥Dφ(−r)∥2L∞

)1/2

×

{
∥∂φ∥L∞

(
N∑

n=1

∥φ∥n+2
L∞ +

N∑

n=1

∥φ∥n+1
L∞ + 1

)

+ ∥∂φ∥L∞

(
∥φ∥L∞ + ∥φ∥3L∞ +

N∑

n=1

∥φ∥n+2
L∞ +

N∑

n=1

∥φ∥n+4
L∞

)

× (1 + ∥φ∥L∞) +I (∥φ∥) + ∥φ∥L∞ + (1 + t) ∥A∥L∞

}

+ B4

( r0∫

0

dr ∥∂φ∥2L∞

)1/2

H (∥φ∥)

where Bî > 1 for all î = 1, ..., 4,

(4.49) H (∥φ∥) ≤





D (∥φ∥) ,

if V is of the form (4.22) ,

J0

(
∥∂Ψ∥2L∞ + 1

)
,

if V is either of the form (4.23) or (4.24) ,
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and

(4.50) D (∥φ∥L∞) ≤
N−1∑

n=0

∥φ∥2nL∞ + J0 (1 + t) ∥∂cΨ∥L∞

N−2∑

n=0

∥φ∥2nL∞ .

In the same way as the gauge field case, the linear term of (2.8) is bounded
by the initial data. So, the total estimate for the complex scalar field is given
by

|Dµφ
a| ≤ K1J0




r0∫

0

dr ∥Dφ(−r)∥2L∞




1/2

S (t)(4.51)

+K2J
2
0 (1 + t)




r0∫

0

dr
∥∥∥(4)F(−r)

∥∥∥
2

L∞




1/2

X (t)

+K3J0




r0∫

0

dr ∥φ∥2L∞




1/2

∥φ∥L∞ (1 + ∥∂φ∥L∞)

+K4J0




r0∫

0

dr ∥A∥2L∞




1/2

U (t)

+K5J 0




r0∫

0

dr ∥∂φ∥2L∞




1/2

W (t) + k0 + k1r0

where Kĩ > 1 for all ĩ = 1, ..., 5, and

S (t) = ∥∂φ∥L∞

(
N∑

n=1

∥φ∥n+2
L∞ +

N∑

n=1

∥φ∥n+1
L∞ + 1

)
(4.52)

+ I (∥φ∥) + ∥φ∥L∞ + (1 + t) ∥A∥L∞

+ ∥∂φ∥L∞

(
∥φ∥L∞ + ∥φ∥3L∞ +

N∑

n=1

∥φ∥n+2
L∞ +

N∑

n=1

∥φ∥n+4
L∞

)

× (1 + ∥φ∥L∞) ,

X (t) = 1 + ∥∂φ∥2L∞ ∥φ ∥2L∞ + ∥∂φ∥L∞ ∥φ ∥2L∞(4.53)

+ ∥φ∥L∞ + ∥∂φ∥L∞ + ∥φ ∥2L∞ ,
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U (t) =

(
∥φ∥L∞ + ∥φ∥3L∞ +

N∑

n=1

∥φ∥n+2
L∞ +

N∑

n=1

∥φ∥n+4
L∞

)
(1 + ∥φ∥L∞)(4.54)

+ ∥φ∥L∞∥∂φ∥L∞ + c4I (∥φ∥) ,

W (t) =

{(
∥φ∥L∞ + ∥φ∥3L∞ +

N∑

n=1

∥φ∥n+2
L∞ +

N∑

n=1

∥φ∥n+4
L∞

)
(4.55)

× (1 + ∥∂φ∥L∞) + ∥φ∥L∞∥∂φ∥L∞ + c4I (∥φ∥)

}

×

(
∥φ∥L∞ + ∥φ∥3L∞ +

N∑

n=1

∥φ∥n+2
L∞ +

N∑

n=1

∥φ∥n+4
L∞

)

+H (∥φ∥L∞) .

5. The global existence

In this section we put the final argument and prove the global existence of
the MKG system with general coupling.

Since the right hand side of 4.38) and (4.51) independent of the spatial
coordinates of p and reversing the steps which shifted the origin of coordi-
nates, we can write the result as

∥∥∥(4)F(t)
∥∥∥
L∞

≤ J 2
0 (1 + t)

{
C1L(t)

( t∫

0

ds ∥F(s)∥2L∞

)1/2

(5.1)

+ C2M(t)

( t∫

0

ds ∥Dφ(s)∥2L∞

)1/2

+ C3N(t)

( t∫

0

ds ∥φ(s)∥2L∞

)1/2}
+ c0 + c1t ,

∥Dφ∥L∞ ≤ K1J0

( r0∫

0

dr ∥Dφ(−r)∥2L∞

)1/2

S (t)(5.2)

+K2J
2
0 (1 + t)

( t∫

0

ds
∥∥∥(4)F(s)

∥∥∥
2

L∞

)1/2

X (t)+
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+K3J0

( t∫

0

ds ∥φ(s)∥2L∞

)1/2

∥φ∥L∞ (1 + ∥∂φ∥L∞)

+K4J0

( t∫

0

ds ∥A(s)∥2L∞

)1/2

U (t)

+K5J 0

( t∫

0

ds ∥∂φ(s)∥2L∞

)1/2

W (t) + k0 + k1t .

Furthermore, to prove the global existence of the MKG equation, we
must show that the norm ∥Dφ (t)∥L∞ dan

∥∥(4)F(t)
∥∥
L∞

is finite. Therefore,
we define a function as follows

(5.3) G (t) =
∥∥∥(4)F(t)

∥∥∥
L∞

+ ∥Dφ (t)∥L∞ .

Restating the equation in the form of Gronwall inequality, we obtain

G2 (t) ≤ N (t) +Q (t)

( t∫

0

ds
{
∥F(s)∥2L∞ + ∥Dφ(s)∥2L∞ + ∥φ(s)∥2L∞(5.4)

+ ∥∂φ(s)∥2L∞ + ∥A(s)∥2L∞

})
,

with

Q (t) = K1J0S (t) +K2J
2
0 (1 + t)X (t) +K3J0∥φ∥L∞ (1 + ∥∂φ∥L∞)

+K4J0U (t) +K5J 0W (t)

+ J 2
0 (1 + t) {C1L(t) + C2M(t) +C3N(t)} ,

N (t) = c0 + c1t+ k0 + k1t .

To get a bound of G2 (t), we only need to prove that G2 (t) continu-
ous. Continuity of G2 (t) is depend on continuity of

∥∥(4)F(t)
∥∥
L∞

, ∥φ(t)∥L∞ ,
∥∂φ(t)∥L∞ , ∥A(t)∥L∞ and ∥Dφ(t)∥L∞ . Using the triangle inequality and the
Sobolev estimate

(5.5) ∥f∥L∞ ≤ ∥f∥H2
,
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we can get the continuity of
∥∥(4)F(t)

∥∥
L∞

. Let ε > 0, then we get

∣∣∣
∥∥∥(4)F(t+ ε)

∥∥∥
L∞

−
∥∥∥(4)F(t)

∥∥∥
L∞

∣∣∣ ≤
∥∥∥(4)F(t+ ε)−(4)F (t)

∥∥∥
L∞

≤
∥∥∥(4)F(t+ ε)−(4)F(t)

∥∥∥
H2

,
(5.6)

hence, we have

(5.7)
∥∥∥(4)F(t+ ε)−(4)F(t)

∥∥∥
H2

→ 0 , ε → 0 .

The last step follows from continuity of (4)F(t) as a curve in H2. The same
reason clearly applies to ∥Dφ(t)∥L∞ .

So far we have proved that
∥∥(4)F(t)

∥∥
L∞

and ∥Dφ(t)∥L∞ cannot blow
up in a finite time. Another estimate we need to prove are ∥Ai (t)∥L∞ and
∥φ (t)∥L∞ . By considering the temporal gauge condition, we have

(5.8) Ai (t, x) = Ai (0, x) +

t∫

0

Ei (s) ds ,

then we get

(5.9) ∥Ai (t, x)∥L∞ = ∥Ai (0, x)∥L∞ +

t∫

0

∥Ei (s)∥L∞ ds ,

(5.10) ∥φ (t, x)∥L∞ = ∥φ (0, x)∥L∞ +

t∫

0

∥∂0φ (s)∥L∞ ds ,

which are the key points to complete the proof of the global existence of
Maxwell Klein-Gordon system.

To prove the global existence, we must show that the norm (H2 ×H1)
2

of (Ai, Ei, φ, ∂tφ) does not blow up for a finite time. Therefore, we define a
functions that are elements of (H2 ×H1)

2 as

E0=
1

2

∫

R3

dx
(
δΛΣ

{
EΛ

i E
Σ
i + ∂jA

Λ
i ∂jA

Σ
i +mAΛ

i A
Σ
i

}
(5.11)

+ |∂0φ|
2 + |∂iφ|

2 +m|φ|2
)
,
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E1=
1

2

∫

R3

dx
{
δΛΣ

(
∂jE

Λ
i ∂jE

Σ
i + ∂j∂kA

Λ
i ∂j∂kA

Σ
i

)
(5.12)

+ |∂i∂0φ|
2 + |∂j∂iφ|

2
}

,

where m > 0, is a positive constant. The function (E0 + E1)
1/2 meets the

norm (H2 ×H1)
2, so that to obtain the global existence of MKG equations

with general coupling is sufficient by showing that E0 and E1 are not blow-up
for a finite time.

The first derivative with respect to time of E0,
∣∣∣∣
dE0

dt

∣∣∣∣ ≤ C0
{
Y (t) (∥Dφ∥L∞ + 1 + ∥φ∥L∞)(5.13)

+
∥∥∥(4)F (t)

∥∥∥
L∞

∥∂φ∥L∞ (1 + ∥φ∥L∞)

+ (∥∂φ∥L∞ + ∥Dφ∥L∞)Z (t) + I (∥φ∥L∞) + 1
}
E0 ,

with

Y (t) = 8

N∑

n=1

bn ∥φ∥
n+6
L∞ +

N∑

n=1

bn ∥φ∥
n+5
L∞ + 12

N∑

n=1

bn ∥φ∥
n+3
L∞(5.14)

+ 6C1

(
∥φ∥2L∞ + ∥φ∥3L∞

)
+ (C2 + C3) ∥φ∥L∞ + C3

Z (t) = ∥φ∥L∞ + ∥φ∥3L∞ +

N∑

n=1

∥φ∥n+2
L∞ +

N∑

n=1

∥φ∥n+4
L∞(5.15)

where we used the Holder inequality. Integrating the inequality above, we
obtain

(5.16) E0 (t) ≤ E0 (0) exp




t∫

0

P (t) dt


 ,

with

P (t) = Y (t) (∥Dφ∥L∞ + 1 + ∥φ∥L∞)(5.17)

+
∥∥∥(4)F (t)

∥∥∥
L∞

∥∂φ∥L∞ (1 + ∥φ∥L∞)

+ (∥∂φ∥L∞ + ∥Dφ∥L∞)Z (t) + I (∥φ∥L∞) + 1 .

Since all of
∥∥(4)F(t)

∥∥
L∞

, ∥φ(t)∥L∞ , ∥∂φ(t)∥L∞ , ∥A(t)∥L∞ and ∥Dφ(t)∥L∞

does not blow-up for a finite time, therefore, E0 (t) is bounded for all time.
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Finally, computing the time derivative of E1, and after some calculations,
we have

(5.18)

∣∣∣∣
dE1

dt

∣∣∣∣ ≤ {X (t) +W (t) + P (t) + U (t)}E1 ,

with

X (t) = Y (t)
{(

∥Dφ∥L∞∥∂φ∥L∞ + ∥Dφ(t)∥L∞ + ∥φ∥L∞(5.19)

+ ∥∂φ∥L∞ + 1
)
E
1/2
0 + 1

}

+ E
1/2
0

∥∥∥(4)F (t)
∥∥∥
L∞

(
∥∂φ∥2L∞ ∥φ∥L∞ + ∥∂φ∥L∞

)
+ ∥φ∥L∞ ,

W (t) = ∥Dφ∥L∞Y (t)
(
∥∂φ∥L∞E

1/2
0 + ∥φ∥L∞(5.20)

+ ∥∂Ψ∥L∞E
1/2
0 ∥∂φ∥L∞

)

+
∥∥∥(4)F (t)

∥∥∥
L∞

∥φ∥L∞∥∂φ∥L∞

(
∥∂φ∥L∞E

1/2
0 + ∥φ∥L∞E

1/2
0

+ ∥∂Ψ∥L∞E
1/2
0 ∥∂φ∥L∞

)
+ ∥Dφ(t)∥L∞∥∂Ψ∥L∞Z̃E

1/2
0

+ ∥Dφ∥L∞ ∥φ∥L∞

{
Ẑ ∥∂φ∥L∞ E

1/2
0 +Z̃

}

+ ∥∂φ∥L∞Y (t)
(
∥φ∥L∞ + E

1/2
0 ∥φ∥2L∞

+ E
1/2
0 ∥∂φ∥L∞∥φ∥L∞ + ∥Dφ(t)∥L∞E

1/2
0

)

+
∥∥∥(4)F (t)

∥∥∥
L∞

∥∂φ∥2L∞ ∥φ∥3L∞

(
∥∂φ∥2L∞ + ∥φ∥L∞

)
E
1/2
0

+ ∥∂φ∥2L∞ ∥φ∥2L∞ ,

P (t) = ∥φ∥2L∞ ∥∂φ∥2L∞ + Z̃ ∥Dφ(t)∥L∞ ∥∂φ∥L∞ ∥φ∥L∞(5.21)

+
∥∥∥(4)F (t)

∥∥∥
L∞

∥∂φ∥L∞ ∥φ∥2L∞ +
∥∥∥(4)F (t)

∥∥∥
L∞

∥∂φ∥L∞

+ ∥φ∥L∞ T (t) + Y (t) (T (t) + ∥φ∥L∞ + ∥A∥L∞ + 1)

+ ∥φ∥L∞ S (t) + ∥φ∥L∞ Z (∥φ∥L∞)

+ Y (t)S (t) + E
1/2
0 Y (t) (∥∂φ∥L∞ + ∥φ∥L∞)

+ Y (t)Z (∥φ∥L∞) + ∥φ∥2L∞ ∥∂φ∥3L∞

∥∥∥(4)F (t)
∥∥∥
L∞

E
1/2
0

+ ∥Dφ∥L∞ ∥∂φ∥L∞ ∥φ∥L∞ E
1/2
0 Y (t)+
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+ Z̃ ∥∂φ∥L∞ ∥φ∥L∞ ∥Dφ(t)∥L∞

×
(
E
1/2
0 + E

1/2
0

(
∥φ∥L∞ ∥∂φ∥L∞ + ∥φ∥2L∞

))

+
∥∥∥(4)F (t)

∥∥∥
L∞

(
∥∂Ψ∥L∞ ∥∂φ∥2L∞ E

1/2
0 ∥φ∥L∞

+ ∥∂φ∥2L∞ ∥φ∥L∞ E
1/2
0

)

+
∥∥∥(4)F (t)

∥∥∥
L∞

(
∥∂Ψ∥L∞

(
∥∂φ∥L∞ E

1/2
0 + ∥φ∥L∞

)

+ ∥∂Ψ∥2L∞ ∥∂φ∥L∞ E
1/2
0

)
,

(5.22) U = S (t) + T (t) + Z (∥φ∥L∞) ,

where

(5.23) Z̃ =

N∑

n=1

(n+ 2)

n+ 1
bn ∥φ∥

n+2
L∞ + C1 ∥φ∥L∞ ,

(5.24) Ẑ =

N∑

n=0

n+ 2

n+ 1
bn∥φ∥

n+1 +

N∑

n=0

(n+ 3) bn∥φ∥
n+2 + C1,

S(t) = ∥∂φ∥L∞Z̃
(
∥φ∥L∞

∥∥∥(4)F (t)
∥∥∥
L∞

E
1/2
0 + χ (∥φ∥L∞)

)
(5.25)

+ E
1/2
0 ∥∂φ∥L∞Z̃2 (1 + ∥φ∥L∞) (∥Dφ(t)∥L∞ + ∥∂φ∥L∞)

+ E
1/2
0 Z (∥Dφ(t)∥L∞ + 1) (∥∂φ∥L∞ + ∥φ∥L∞)

+ E
1/2
0

∥∥∥(4)F (t)
∥∥∥
L∞

∥∂φ∥L∞

+ ∥Dφ(t)∥L∞ ∥φ∥2L∞ ∥∂φ∥L∞ E
1/2
0 (1 + ∥φ∥L∞)

+ Ẑ ∥∂φ∥L∞ (1 + ∥φ∥L∞)E0 ,

T (t) = E
1/2
0 (1 + ∥φ∥L∞) Z̃ +

∥∥∥(4)F (t)
∥∥∥
L∞

∥φ∥L∞(5.26)

+ Z (∥Dφ(t)∥L∞ + 1) ,
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with

(5.27) Z (∥φ∥) ≤





∥φ∥L∞

N∑
n=1

(n− 1) ∥Ψ∥n−2
L∞ E

1/2
0 +

N∑
n=1

n ∥Ψ∥n−1
L∞ ,

if V is of the form (4.22) ,(
1 + E

1/2
0 ∥φ∥L∞

)
,

if V is either of the form (4.23) or (4.24) ,

(5.28)

χ (∥φ∥) ≤




E
1/2
0

N∑
n=1

n ∥Ψ∥n−1
L∞ , if V is of the form (4.22) ,

E
1/2
0 , if V is either of the form (4.23) or (4.24) ,

Integrating the inequality, we get

(5.29) E1 (t) ≤ E1 (0) exp




t∫

0

{X (t) +W (t) + P (t) + U (t)+} dt


 .

The right hand side of (5.29) is a mixed expression of
∥∥(4)F(t)

∥∥
L∞

, ∥φ(t)∥L∞ ,
∥∂φ(t)∥L∞ , ∥A(t)∥L∞ , ∥Dφ(t)∥L∞ , and E0 (t) which is a bounded with re-
spect to time. Therefore, by applying the Gronwall inequality, we find that
E1 (t) also cannot blow up in a finite time.

Thus we have proven the global existence of MKG system with general
coupling in temporal gauge condition

Main Theorem. Let u0 =
(
AΣ

i (0), E
Σ
i (0), φ

a(0), ∂tφ
a(0)

)
be the initial data

on (H2 ×H1)
2 such that the initial flat energy function on (4.1) is finite. If

the internal scalar manifold satisfies Lemma 1 and Assumption 2, the gauge
couplings satisfy Assumption 1, and the scalar potential is of the form given
in Assumption 3, then there exist a unique global solution u (t) ∈ (H2 ×H1)

2

of MKG equation with general gauge couplings in temporal gauge which
solves the corresponding equations (2.1) and (2.2) for all t ∈ (0,∞).
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