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Fully extended BV-BFV description of
General Relativity in three dimensions

G. CANEPA AND M. SCHIAVINA

We compute the extension of the BV theory for three-dimensional
general relativity to all higher-codimension strata - boundaries,
corners and vertices - in the BV-BFV framework. Moreover, we
show that such extension is strongly equivalent to (nondegenerate)
BF theory at all codimensions.
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Introduction

The BV-BFYV formalism is a combination of a Lagrangian approach to field
theories with on-shell symmetries — the BV formalism — and of its counter-
part for constrained Hamiltonian systems — the BFV formalism — named
after the work of Batalin, Fradkin and Vilkovisky [2-4].

The link between the two approaches was developed by Cattaneo, Mnev
and Reshetikhin in [7] as a first step towards quantisation of gauge theo-
ries on manifolds with boundary, with an axiomatisation of classical and
quantum field theory in mind. The main idea is to allow boundaries to spoil
gauge invariance of a given theory, described by its BV-cohomology, but to
control such failure by means of induced cohomological data associated to
the boundary. This interplay between bulk and boundary data allows for a
consistent quantisation scheme [8], compatible with gluing by construction,
whose output is the cohomology of a quantum operator that directly encodes
gauge invariance.

The program of approaching general relativity (GR) from this point of
view was initiated in [18], showing that when diffeomorphism symmetry is
involved, the induction procedure essential for the BV-BFV correspondence
to hold is far from being guaranteed. Indeed, while the standard formu-
lation of GR in the Einstein—Hilbert formulation satisfies all the axioms,
thus providing a well defined BV-BFV theory in all spacetime dimensions
d # 2 9], obstructions arise in general relativity in the (Einstein-Sciama—
Kibble-) Palatini-Cartan-Holst tetradic formulationﬂ [11], in all space-time
dimensions d > 4. Similar obstructions have been found in one-dimensional
reparametrisation models [10], or are to be expected in certain supersym-
metric models [14].

In this paper we show that general relativity in spacetime dimension
d = 3, phrased in the triadic language [5], 6, [19, 20], admits an extension to
all higher codimension strata in the BV-BFV sense (Definition , in stark
contrast with the d > 4 analogue, where the procedure fails at codimension 1
[11]. This means not only that we can control the failure of gauge invariance
of the theory upon introducing a boundary, but that the boundary gauge
invariance is controlled by corner cohomology, and so on. One says in this
case that 3d GR is a fully extended BV-BFV theory.

IThe physics literature for this version of GR seems to disagree on standard
nomenclature. This is also why we refrain from naming a particular version of the
theory in the title of the current paper.
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We obtain explicit expressions for the BV-BFV data associated to higher
codimension strata, making 3d GR in triad variables the first example of a
fully extended theory that features a nontrivial reduction at every step (see
Section Equation ) We stress that in the Einstein—Hilbert formu-
lation in dimension d > 2, the extension to corners and higher codimension
strata has not been accomplished.

Out of such data, one can directly read relevant information such as the
algebra of constraints together with a cohomological presentation of the re-
duced phase space (from the codimension-1 data), and the representations
carried by boundary insertions (in codimension-2). Moreover, following [16],
a fully extended BV-BFYV theory induces a solution of Witten descent equa-
tions [21] - a step towards the understanding of observables in general rela-
tivity - and one can discuss the emergence of edge modes and holographic
counterparts (see, e.g. [13]), as well as asymptotic symmetries [I7], using
this paper as a starting point. Investigations in this direction will be carried
out in a future paper.

Furthermore, we show that the fully extended BV-BFV description of
GR is strongly equivalent to that of nondegenerate BF theory, by extending
to higher codimensions the notion of strong equivalence of BV theories and
the explicit equivalence found in [I2]. This means that, on every stratum,
the data of GR and that of BF theory differ by a change of coordinates at
every codimension.

Although it is well known that 3d general relativity is classically equiva-
lent to nondegenerate BF theory [20], in this paper we explicitly write down
the symmetries in terms of diffeomorphisms, and show that this descrip-
tion is strongly equivalent (Definition [8) to the one coming from standard
symmetries of BF theory, at all codimensions. This is the result of nontrivial
calculations, interesting also as they can be taken as a guideline or bootcamp
for the more involved case of 4d gravity.

One interpretation of this result suggests thinking of BF theory as a
(possibly degenerate) extension of GR (for d = 3), coinciding on an open
sector, i.e. when the nondegeneracy condition is imposed. From this point
of view, BV-BFV quantisation of BF theory (which has been carried out ex-
plicitly in [§]) may be taken as a slightly more general quantisation of GR in
three dimensions, compatible with cutting and gluing along submanifoldsﬂ
The nondegeneracy condition can then be imposed directly at the quantum
level, without spoiling the quantisation procedure. Thus, the present paper

2The adaptation of a quantisation of BF theory to include corner data has been
proposed by [15].
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paves the way for a direct application of these extended quantisation tech-
niques to the example of GR, bringing a model for gravity a step closer
to functorial approaches to quantum field theory, by assigning compatible
structure to higher-codimension strata, all the way down to points.

In Section |3 we describe in detail the constructive steps one needs in
order to obtain the BV-BFV data at every codimension of a stratified man-
ifold {M(k)}k:[)mg. We divide the proof of the main Theorem, stating that
GR in the BV formalism is fully extended, into three propositions, each of
which is aimed at recovering data one codimension further.

In Section [4] we present explicit symplectomorphisms between the spaces
of fields ]—"ékl)% /BF. at every codimension, and we show how they commute
with the BV-BFV surjective submersion maps. This proves that the BV-
BFYV induction commutes with equivalence at codimension-k.

The results in this paper show how diffeomorphisms can be seen as an
equivalent choice of a BV-extension of classical BF theory, and fully describe
the compatibility with higher-codimension strata, completely characterising
the symmetries of GR in three dimensions.
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1. Preliminaries

The strategy employed in this paper is to consider the BV-data associated
to a manifold M and, step by step, analyse what structure it induces if
we allow M to carry a stratification of increasing codimension. We follow
here the adaptation of the classical BV-BFV axioms introduced in [7], as
proposed by [16].

Definition 1. Let M be an m-dimensional smooth manifold. A n-
stratification of M is a filtration of smooth manifolds (possibly with bound-
ary) {M®},_o. n of dimension dim(M®)) =m — k, with M) = M, such
that there exists a smooth embedding F+1) . MED 5 Mr(K) for every 0 <
k <n.

Remark 2. In the ezample of a manifold with corners, the stratum M™
can be identified with the union of the connected components of the boundary
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while the stratum M@ can be identified with the union of the connected
components of the corner.

Definition 3 ([16]). A strict, n-extended, exact BV-BFV theory, short-
handed with n-extended theory, is the assignment, to the n-stratification
{M(k)}kzgmn, of the data

Fr = (FW, 5., QW 7)o,
such that, for every 0 < k <n,

1) F&®) s the space of sections of a graded vector bundle E®) —s M ()
and a® € QL (F®) is a degree-(k — 1) local for such that w®) =
6a®) is weakly symplectic on F*), and § is the de Rham differential
on ]:(k),

2) k). FO) s FHD s o surjective submersio

3) Q™) is an evolutionary, cohomological, odd vector field of degree 1 on
F®) e [Low,d] = [Q®) QW] = 0, that is also projectable: QF+1) =
(m,), Q)

4) S®) € Q0 (F®)) is a (real-valued) degree-k local functional,

loc

such that, for 0 <k <n-—1,

(1) LQ(k)w(k) = §550) 4 (k) (k+1)
whereas for k = n, we require

(2) Lgmw™ =358,

When n = dim(M(O)) we say that the theory is fully extended. When n = 0,
the data defines a BV theory.

Remark 4. Notice that a direct consequence of 18

(3) %LQmLQ(mw(k) = r(R)xglk+1),

as well as 1o LQm)w(”) = 0. This is proven in [7, Proposition 3.1].

3In this paper local forms are differential forms on F*) which depend only on a
finite number of derivatives of fields, i.e. sections of E. See [16].
4For k = n the projection 7(") is the unique map from F(") to the empty set.
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Remark 5. A direct interpretation of Equation 1s that, on every stra-
tum, Q) is the Hamiltonian vector field of the action functional S®) up to
boundary terms (1)), and that the classical master equation is satisfied up to
boundary terms .

We will be concerned here with classical field theories that enjoy sym-
metries given by Lie algebra actions, and our starting point to build an
extended (exact) BV-BFV theory is a couple (F, S%). The space of clas-
sical fields F is the space of section of some sheaf or bundle £ — M,
while S is a local functional on F, i.e. a function of the fields and a finite
number of jets, called action functional. The symmetry data is sometimes
encoded in an involutive distribution D¢ on F<.

The first step is to build a BV theory (or 0-extended BV-BFV) § =
(F,S,w,Q), is to promote the space of classical field to a (—1)-symplectic
graded manifold (F,w), and to construct a cohomological vector field @) on
F, the Hamiltonian vector field of S w.r.t. w [3, [4]. It is then possible to
build an m-extended BV-BFV theory using a constructive approach.

Let {M (k)}kzomn be an n-stratification of M and consider on it an n-
extended BV-BFV theory. According to Definition [3]on the n-th stratum we
have equation . If we allow an (n + 1)-codimension stratum, Equation
will likely be spoiled, or we simply extend the theory by zero. In the former
case, if we can find (™ : F(n) — Ftl) together with a1 and S+1)
satisfying (and (@), and @™V = §a(™*Y non degenerate, we will have
extended the BV-BFV theory to codimension-(n + 1).

In a practical scenario, this goes through by integrating by parts the
terms in 65, but the resulting data on the higher-codimension stratum
does not automatically satisfy the axioms in Definition [3] In particular, the
existence of F("*1) as a smooth symplectic manifold (and hence of 7(™) is
not always guaranteed (see [10, [I1]). When this happens the theory is then
only n-extendable. We summarise the previous discussion with the following
definition:

Definition 6. Let M be an m-dimensional smooth manifold and let F'° an
exact BV theory on it. We say that the BV-theory §'° is n-extendable if, for
every n-stratification such that M) = M, there exists an n-extended exact

5Tn the present paper we will consider principal connections as fields. However, we
can reduce to this setting by expanding around an arbitrary reference connection.
6In full generality the BV formalism only requires that D be involutive on the
critical locus of S, i.e. the space of solutions of the associated variational problem.
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BV-BFYV theory §'™ associated to it. If n = dim(M) we will say that F'° is
fully extendable.

Remark 7. Typically, (1-extended) BV-BFV theories are associated to a
manifold with boundary. In Definition[3 this amounts to taking into account
a filtration where M(©) = M is the manifold itself and M) = dM is the
boundary of the manifold. The generalization of this to higher codimensions
is to consider k-extended BV-BFV theories on manifolds with boundary,
corners, vertices, etc. and consider the filtration given by M®*).

We give here the notion of a stmngﬂ equivalence of (extended) BV-BFV
theories. It implies the standard notion of equivalence of classical field theo-
ries, which requires the critical loci of two action functionals to be isomorphic
(modulo symmetries)ﬁ In the case of BV theories the following definition
has been proposed in [12]:

Definition 8. A strong equivalence between two BV theories 8{0 and Sgo
1 a degree-0 symplectomorphism

@ (A=) = (7 ")
preserving the BV actiorﬂ: @*Séo) = SEO).

We can modify this definition to encompass n-extended BV-BFV theo-
ries.

Definition 9. A strong equivalence between two n-extended exact BV-BFV
theories S{n and §y" is a collection of symplectomorphisms

k k k k
o® (AN, o) — (A, =)
preserving the k'™ BFV action: @*Sék) = S%k) and satisfying, for 0 < k <

n—1
Wék) o dk) — plktl) o Wik).

"The natural notion of equivalence, given the cohomological context in which
physical data is presented, would coincide with weak equivalences of BV-BFV com-
plexes that preserve the BV classes of the symplectic structure and the action
functional (see [I6]). The definition we propose here is essentially that of an iso-
morphism of complexes, hence a stronger requirement.

8Notice that this notion is strictly weaker than the one discussed in footnote [7]
since it only requires the cohomology in degree zero to coincide.

9We always consider action functionals S®©) modulo constants.
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2. Three-dimensional general relativity and BF theory

The common framework shared by 3 dimensional general relativity and
BF theory is as follows. Let P — M be an SO(2,1)-principal bundle on
a 3-dimensional, compact, orientable{l;U] smooth manifold M. Let also V be
the associated vector bundle where each fibre is isomorphic to (V,n), a 3-
dimensional vector space with a pseudo-Riemannian inner product n on it,
with normal form 7 = diag(—1,1,1) in an n-orthonormal basis {v;}; of V.
We further identify s0(2, 1) & A?V using 1 and we define a map Tr: A3V — R
given by the volume form and such that Tr(v;, v;, vi) = €5, (We fix €193 = 1).
To keep the notation light we will use the shorthand

/Tr[...]ETr/...

In the following subsections we specify the details proper to each theory.
2.1. Three-dimensional BF theory

The fields of the theory are B € Q'(M,V) and a principal connection A €
Ap. We will think of A as a connection form around the trivial connection,
that is to say A € QY (M, A?V).

Definition 10. Classical BF theory is the pair (F&p, S%r) where
Fip = QY M, V) & QH (M, A*V)

is the space of fields, and the action functional reads

SgF:ﬁ/BAFA,
M

with Fu € Q2(M,N*V) the curvature of the connection A. We can further
require B to be mondegenerate as a map B: TM — 'V L A2y, Denoting by
Q}ld(M, A?V) the space of nondegenerate B’s, we will call the resulting the-
ory nondegenerate BF' theory, and denote it with the notation BF, where
relevant.

10Extensions to noncompact manifolds are possible, but outside the main objec-
tive of this paper. See [I7] for an adaptation of the BV-BFV method to boundaries
at infinity. Orientability is not necessary, but we restrict to orientable manifolds for
simplicity.
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The symmetries of the theory comprise gauge trasformations, parame-
trized byl x € Q0(M, 50(2,1)) =~ QO(M, A?V)

B =[x, B] WA =dax,

together with what is sometimes referred to as shift symmetry, a traslation
of B parametrized by 7 € Q°(M, V), 6,B = dar.

We recall the BV version of three-dimensional BF' theory.
Definition 11. The BV-data for BF theory is given by

52)}7 = (FBr,aBr,SBr,@BF)

where the BV space of fields can be written as

Fpr =T*[-1] (QY(M, V) & Ap & Q°[1)(M, A*V) & QU[1](M, A'V)),
and, if we arrange the fields in the following convenient way

B=7+B+ A +xT € Q*(M,V)[1 -],
A=x+A+B +771 € Q* (M, A*V)[1 — o],

the BV data readd?]

(XBFZTI"/B/\(S.A wpr = 0QBE
M

Spr = Tr/B/\ (d.A—i— ;[A,A])
M
1
QprB = dabB; QprA=dA+S[A Al

If B € QL (M, A?V) we will denote the resulting BV theory by SE)F*.

BF theory is an example of an AKSZ theory [I]. As such, it can be fully
extended:

1We will denote here the action of a symmetry by the notation 0y with parameter
X- This is a notation historically used to denote a y-dependent vector field acting
on generators on the algebra of functions over F'. It will be replaced by a more
standard notation when we pass to the BV formalism.

12We use here the convention that only the admissible terms (i.e. the ones that
are top forms) appear in the integrands.
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Theorem 12. [7/ The BV theory S%OF = (FBr,Spr,apr,Qpr) is fully
extendable. The BV-BFV data of the fully extended theory SE’F is given by
the following expressions (i =0...3):

aBF —Tr/B/\cS.A w%)F 5(1%)1;

M (@)

S0y / BA (dA+;[A,A]>

M @)

i i 1
QurB=daB;  QupA=dA+ A Al

where we used once again the convention that only the admissible terms
appear in the integrands and ﬂ'g)F is the restriction of the fields to MU+1),

Note that in this notation BF' theory is self-similar, i.e. the actlon SJ(B%,

(@)

the symplectic two form @} and the cohomological vector field Q pp have
the same expression on the bulk (0-stratum) and all higher strata.

2.2. Three dimensional general relativity

The fields are a co-frame field e € Q! (M, V), also called a triad (nd stands
for non degenerate), i.e. an isomorphism e: T'M — V, and an SO(2, 1) prin-
cipal connection w € Ap ~ Q' (M, A?V) (again we work around the trivial
connection).

Definition 13. Classical three dimensional general relativity (GR) is the
pair (Fép, S&5) where

fGR - Q'Illd(M7 V) D Ql(Ma /\QV)

is the space of fields and the action functional reads

SGR— /GAFO_}.
M

In order to define a BV theory extending Definition we have to in-
corporate the symmetries by extending the space of fields. The classical
functional SgR is invariant under the action of internal gauge transforma-
tions SO(2,1) and the action of spacetime diffeomorphisms. We parametrize
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their associated Lie-algebra actions with two ghost fields, ¢ € Q°[1](M, A%V)
and £ € T'[1](T M) respectively:

dee = Lge dew = 1k,
dee = [c, €] Sew = dyc
where L¢ = [te, dy] is the graded commutator between the contraction with

respect to & (a degree-0 derivation), and d,, is the covariant derivative
(a degree-1 derivation). With these quantities we can also define (¢ ¢ :=
[L¢, te]. Note that by [LT, Lemma 18] ¢j¢ ¢y = [L¢, t¢] = [Le, te].

The BV structure associated to these symmetries has been studied in
generality in [I1], Section 3].

Definition 14. The BV theory for general relativity in three dimensions is
given by the data SE)R = (FeRr, SGRr, @GR, Qar) where the BV space of fields
18

For =T [-1] (Q4(M, V) & Ap & Q°[1)(M, A*V) @ T[1]T M)
denoting the fields in the cotangent fibre by el = Q2[—1](M,A%V), w' €
Q2[-1](M, V), cf = QP[-2](M,V) and & € QIP[-2)(M,T*M), and sym-
metry generators as £ € T[1JTM and ¢ € Q[1](M, A?V), the BV one-form
and action functional ard”]

aqr = Tr/eT(Se + widw + ¢foe + L5£§T,

M
Sar = Tr/er +ef ( fe—|c e}) + wf (teFyy — dyc)
M

1
cf (eteFio —[c,c]) + §L[§,§]5T,

(4) +s

and the vector field Qgr, satisfying LQ..war = 6Sagr when M is closed and
without boundary, is given by:

(ba) Qe = Lge — [c, €] Qw = 1eF, — dyc
b)) Qe=ileeRo—[nd) Q6= gl
(5¢) Qel = F, + LgeT —[c,el] Qct = —[el,e] — dow' + [¢', (]

13See Remark (15| for the meaning of the trace on the last term.
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1
(5d) Qu' = dye — elel, e] — dy (tew?) — [c,wl] + idw(/,ngcT)
(5e) Q&l = —eldue — dueles — WIF, + el Py + 866°¢] + 0u6°¢L,

where we dropped the GR-subscript and denoted the I1-form coefficient of
elements in Q©P[—2](M, T*M) with a bullet.

Remark 15. The antighost field £7 € QUP[—2](M,T*M) is an element in
the fiber of T*[—1|(T[1|]TM). In order to treat it homogeneously with re-
spect to all other fields we can equivalently view it as &F = x @V € QY (M) ®
Qlor(M, A3V)  multiplying it by a fized normalised volume form V €
QP(M, A3V). Its trace will recover the original €7, and it will be partic-
ularly useful to simplify the expressions appearing in Proposition |21).

We can now state the main results in this paper. They refer to Defini-
tions [6] and [9] respectively. Sections [3] and [4 will be devoted to their proof.

Theorem 16. The BV theory SEOR = (FGRr, SGRr, 0GR, Qcr) is fully ex-
tendable.

Theorem 17. The fully extended BV-BFYV theories SER and 3§F* are
strongly equivalent.

Remark 18. The space of BV fields for classical GR and the action of
symmetries presented in Definition is essentially independent of space-
time dimensions (although the action functional is not). However, it was
shown in [11] that the j-dimensional BV theory of general relativity (in
the tetrad formalism) cannot be extended without extra assumptions on the
fields. Theorem compared with the no-go result in [11] marks a stark dif-
ference between 8 and 4 spacetime dimensions. GR in the Finstein—Hilbert
formalism, instead, is independent of spacetime dimensions and is always at
least 1-extendable (for d # 2, and whenever the boundary is either space-like
or time-like) [9].

3. Fully extended BV-BFYV structure of GR

In this section we will prove Theorem by extending the BV theory of
definition [14] step by step, thus building the fully extended BV-BFV data
for GR at every codimension.

First, let us introduce some useful notation and explain the common
strategy employed at every step. Throughout the section, as we will only
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consider GR theory, we will drop the GR subscript everywhere, except in
stating the results.

3.1. Notation

Consider X € Q°(M,V) and Y € Q°(M, A?V). Since the image of a nonde-
generate triad e is a basis of V' at every point, we can express X and Y
as

3
X =) Xxlg Y= Y Yiene
i=1 ij=1,i%]

where e; = e(9;), and we denote by X the i-th component of X and by
Y {9) the ij-th component of Y. We can then define the following projections,
i=1,2,3:

pi: Q* (M, V) = Q* (M,V)
X = pi(X) = X,

It is also useful to define a dual map acting on elements of Q!(M, A?V) :

(6) pl Q0 (M, A2V) — Q° (M, A?V)
Y s pl(V) =Y e, Aer, bk #£i.
Furthermore, given any element Z € Q®*(M, A3V) we can expand it with

respect to the basis spanned by the image of e: Z = Z{®¢, A ey A e.. We
then define

(7) Z . =z ne,  Z49 e QF (M, A%Y).

Let M be a d-dimensional smooth manifold. Given a 1-stratification
{M(k)}k:m of M, consider a tubular neighbourhood U ¢ M© of the em-
bedding :W: M® — M© and a local chart on U with coordinates
(b, ..., 2% ™) where 2" is the coordinate along the normal direction
of the tubular neighbourhood and z!,...,z% ! are coordinates of M @,
Throughout the article we keep this notation, thus denoting with n the
coordinate normal to the first stratum. We can expand forms pu € QF(M)
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with respect to this coordinate system and get

(8) p=: 1 + pnda”,
d—1
F‘// = Z Nz‘l..‘ikd$1 A+ A dxk
’ijzl
j=1..k

d—1
1 k—1
Hn = Z Mil...ik,lndaf A---Ndx 5
i;=1
j=1..k—1

A similar prescription for the tangent bundle yields:

3 2
) B )
o — a n
9) > azlg 5oa tE 5

p=1

and the contraction tep = Lgu// + pun&"™ + teppda™ restrict to MW as
Lept|pron = Lg,u// + pn&™. In particular, note that both u/ and p, restrict
to MM, In case no confusion can arise we will simply denote p/ with p.
Furthermore, we denote with sy the component of u in direction of dx®
analogously to the notation p, in .

Remark 19. For higher codimension strata, and @D are modified ac-
cordingly. Though, for the sake of clarity, we use different letters: m (resp.
a) for the direction transversal to the second (resp. third) stratum.

Remark 20. The decomposition defined above clearly depends on the choice
of the coordinate system on the tubular neighborhood of the embedded stra-
tum. However, this choice becomes relevant only when one wants to explicitly
write a map between spaces of different codimension in a coordinate chart.
In such circumstance, as mentioned, this choice will depend on an embed-
ding M®*) — ME+D (Corollaries and @) The BFV data we will
construct for each stratum in Propositions and[28, however, is coor-
dinate independent at every codimension.

14Here we obviously mean the pullback of forms along +(1).
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3.2. Strategy

We outline here the strategy we employ to construct the maps (%) of Def-
inition |3 as was introduced in [9]. We analyse here the extension from a
generic codimension-k stratum to a codimension-(k 4 1) stratum.

The goal is to construct data corresponding to the codimension-(k + 1)
stratum (the (k + 1)-extended theory). We will assume here for simplicity
that M*+) = 9M*) is a boundary. The first step is to consider the varia-
tion of the action functional in the bulk and to construct appropriate data
to satisfy and the axioms in Definition [3| The variation of 6S*) will
consist of two terms generated by integration by parts: the bulk term will
be interpreted as LQ(k)w(k) — defining the Euler—Lagrange equations for the
variational problem — while the remainder, a boundary term, is interpreted
as a one-form &**t1) on some appropriate space (see below). Namely, we
have an equation formally equivalent to (/1)

55%) = 1w w® — 715+,

with the difference that the correction term #*)*&*+1 lives on the inter-
mediate space F+1) defined as the space of fields and transversal jets
restricted to the boundary, with #(®)*: Fk) 5 F*k+1) heing the restriction
of fields to M+ We will call F*+1) space of pre-boundary fields.

We define ¢ t1) .= §a*+1) which is a closed form, but in general degen-
erate and hence not symplectic. However, one expects it to be pre-symplectic
i.e. such that the kernel of the associated map

kD p 1) _y e (k1)
X @(k'f‘l)ﬁ(X) — Tvﬂ(k-‘rl) (X, )
is regular. This condition, which has to be explicitly checked, requires that

the kernel be a subbundle in TF**1  and we can define the space of bound-
ary fields to be the pre-symplectic reduction]’}

(10) FUD = PO fyar (k1)

The pre-symplectic reduction map W]E:: U, g+ 7+ can be com-
puted in a chart by explicitly flowing along the vertical vector fields (i.e. X €
TF¥+1D) such that wF+D4(X) = 0). The projection () : Fk) — Flk+1) 1o

5 Typically, the procedure we employ will provide a chart for the quotient, show-
ing that the pre-symplectic reduction is indeed smooth.
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the true space of boundary fields, is then obtamed by com osmg #(k) with
the pre-symplectic reduction ma 55;1)7 ie (k+1 #®) . To sum-
marise, we have

(11) F) w®) | (k — 1)-symplectic
x| FE+1) co D k-presymplectic
Jvrfiii
Flk+1) w1 k-symplectic

See the proof of Proposition 2] for more details.

To recover the rest of the BV-BFV data on the higher codimension
stratum, we first define a pre-boundary action functional S +1) on Fk+1)
via an analogue of Equation (3)):

LQ(k)LQ(k)w(k) = Qﬁ(k)*g(k+l).

It then follows from the BV-BFV theorems [7, Section 3.1.3] that S*+1) is
basic with respect to 7r(k+1) F+D) _ FE+D: pamely, there exists S+1)
on F*+1 such that w(kH) Sh+1) — §(k+1) “and consequently

(k) — o (k)« g(h+1).

LQ(k)LQ(k)w

Moreover, [7, Section 3.1.3] establishes that on F*+1) one has the evo-
lutionary, cohomological, projectable vector field Q*+1) = Wik)Q(k), which
will be Hamiltonian w.r.t. S*+1) up to higher codimension terms.

3.3. l-extended GR theory

If we allow M to bear a l-stratification, and denote codimension-1 strata
by M), denoting by Q}ld(M(l), V) the space of maps e: TM® — V such
that the image of e is a linearly independent system, we have the following.

Proposition 21 The BV theory SGR = (Fer,Scr,wGR,Qcr) is 1-
extendable to S . The codimension-1 data are:

16The numbering convention we are using is such that the codimension index of
the various maps coincides with that of their domain.
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e The space of codimension-1 fields, given by the bundle
(12) For — Qa(MD,V),
with, local trivialisation on an open UM C Q}ld(M(l), V)

(13)  FU ~u® x (MW, A2p)
®T" <Q°[1}(M(1), AV) @ X[1)(MWY) & coo[l](M(l))) ’

and fields denoted by e € UY and & € QILM(U,/@V) in degree zero,
ce QUMM A2V, € € X[1](MW) and £ € C®[1)(MD) in degree
one, @ € B[-1](MD V) and & € Q2[-1](MD, A2V) in degree mi-
nus one, together with a fixed vector field €, € I'(V), completing the
image of elements € € UV to a basis of V;

e The codimension-1 one-form, symplectic form and action functional

(142) o) = Tv / 0 + 5107 — e — (1550)e + 15103,

M@
(14b) w5 =Tr / —0e66 + o0t aE — sete,aem
M@

+ 1550 (Ceel) + 6(1z0") 0w,

_ ~ 1
(14¢)  SY9) =Tv / —1g8F — en€" Fs — Cge + [ AT+ St
M@

1 @D(_ ¢n ~ _ n
5'E. g]ee + edg (1zw DEE Lg(enf )&l — [¢, en&m)et

where L5£5(6.®~f) indicates that the contraction is considered with re-

spect to the one- fornﬂ e;

"Tn a local chart we can write Légé(g.@)é'r) = 6695 (eqel).
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e The cohomological vector field Q(G}})%

(15a) QUK = —L2e+ dy(en€”) + [ - X5 + Y, 5]
(15b) QGRW = —1gFg 4+ dge — xvet +ylaet

1 1
0 Ol Y e X i
(15d) Q(” ot = —dse+ 661 + d~L~wT — [end, 2]
(15e) QG = —F5 + [ el +ds L~“’f

)

(15f) QGR£ — —S16.8 - (x + ) 2
(15g) QURE" = +X< ) _ym

where X, = L2(e,€") and Yy, = [¢, n€"], and the superscript (™ de-
notes the component with respect to €y, following the notation of Sec-
tion[3.1);

e The projection to codimension-1 fields Wg)l)% = ﬂred(l) o 70 g smooth,
where 70 : FO — FO) 45 the restriction of the codimension-0 fields
to the 1-stratum MY and Wred(l) c FO 5 FO s the pre-symplectic

reduction .

Remark 22. Before we produce the proof of Proposition |21}, let us observe
that all the expressions in (and more manifestly in ) are coordinate

independent. Indeed, expressions like 1z X" ’eV:; or X<a>% are tensorial in a

local chart of MY, while the component (™ refers to the completion of a basis
{Im(e), €, }. Furthermore, the projection wg)]){ as defined above is coordinate
independent (both restrictions and pre-symplectic reductions can be defined
without the use of a coordinate system). However, the explicit expression of
the BE'V map ﬂg)l)% presented later, in Corollary depends on the choice
of an embedding MY in M© and a chart on a tubular neighbourhood (cf.

Remark @)

Proof. From the variation of the action , following the strategy outlined
in Section we get the pre-boundary one-form by isolating the boundary
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terms:

a® =Ty / — edw + 6;57156 + el5(ene™) + 6TL5§€ + %WT(SW
M®
+ wk”éw +wlde — (LgCLf”) dw — " sexV —£"0" xnV

where £ = x ® V = yV. Then, we derive the two form o = §a):

&M =Tr / — edw + el €"5e + ef 66" 5e + 5l 3 (en™) + delisee + elisede
M®
+ 15ew 0w + 8 (W E™)ow + 1edwidw + dwlde — & (LgCLf”) dw
— 08" 15exV — £ 15e0xV — 0670 xnV + £ Oxn V.

We want to make sure that @) is pre-symplectic: the kernel of such a
two-form is defined by the equations

(16a) (Xe) = tixgw! = (Xen)wh + 1e(Xt) + (X)€" = (X, en)
(16b) (Xw) = txge! + (Xen)el, + (X)€"
(16c)  (Xew)ey = —(Xe, )E"
(16d) (Xe) = te(Xw)
(16e) (X,1)=0
en(Xet) = —(Xe) Xo)wh — (Xo)cl, €

(16f) + + (X )E" + (Xea)xa) V
(16g)  ea(Xet) = —(Xe) ( W)l = (Xu)ehn€"
(Xen)xa + (Xy,)EM)V

,.\
©
~
><
\_/

_l’_

together with

(17a) (X)€" =0
(17b) te(X,)€" =0
(17c) (X)E" =0
(17d) (X,)E"=0
(17e) (Xe)Pe" =0
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We first solve (16¢|): expanding (X, ) in the basis {e, },=12, we get a vector
equation whose single components are

(Xen) = —(X,, ) Mem for p=1,2,n.

It is then possible to solve equations to yield

(18a) (Xu1) =
(18b)  (Xen) = (Xe”)
(18c) (Xo) = —(Xe,)eme) — (Xe, )M Emel, + (X)€"
(Xe) = (Xe )<b (Xen)(mﬁ"%t + (X )& — e (X)€"
(184) (X, >< LsCT &

Ph(Xer) = [((Xe)P€maf 4+ (X, P Emf + (X)€" = 16(X )€™l
+ (Xe,)Migcherel + (= (Xe,) V€] — (X, ) Memel, + (X)€"
— (= (Xe,)Peme] — (Xe,)Memel, + (X, )g")cimgn} “

(18)  — (Xe,) ™€V + (X, )6V

Ph(Xer) = [ (Xe)Pemaf 4+ (Xe,) e, + (X006 = 16(X )€™ e

ym) LgcT el + (—( e")<b>§n6£ — (X)) ™Menel

1€ — (= (Ko )Pne] — (X )WEne] + (X, )€l
(n)

(188) = 20X, )€V + (X, )EV = (Xe,) V]

and, since Equations force the left hand sides to be proportional to

the odd field £", Equations are automatically satisfied. This shows that

the kernel has constant rank — i.e. ©o® is pre-symplectic — and we can

perform pre-symplectic reduction.

We now compute the BV-BFV data by presenting a chart for the pre-
symplectic reduction

(1)
fgl)% = G’R/ker(w(l)ﬂ)-

We flow along vertical vector fields (i.e. vector fields in the kernel of (1)#)
to obtain boundary coordinates. In other words, denoting by ¢y the flow of
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a vector field Y at time s = 1, we define the change of coordinates on a field
1 to be given by

Y = (PE, © Pgr © Pei © P © Px, © Pr,) (),
where the vertical vector fields [, [EIL7 Cn, @IL, X, and X, read

0 o
- _ ()T en (Meten)
56” <(X€n) €a€ + (Xen) €n§ ) (5&)

e (Xe, ) el + (X )ehe™) 5

+ (-, ><“>wT£” — (X ) + (X, ) Mgl o
- ( PETL 5§p [(

+ (Xe L56T5n>6 +
+ (( ) lene] + (Xe,
(a)
(X, )™en }

E, = (Xen)

6n b>£an+(X )(n)gnw]‘

n

)Peme] + (Xe,)™Mene] )l
<n>£ne:[1) angn

0’7\_//—\

dpuel

[ (Ke)Pemaf + (Xe,) el + (X, ) Pigche™)el,

—~ e+

(e e
b (= (Xe)DE%] + (X Perel) el
(n) 4§
19 —2 "xnV = (Xe,) €MV
(19a) (Xe) ™€ xn ()fx}épileT
Ef = (X )iJr(X )§”6 + e (X1 )E"
n = (Kt 56% el, S E\Ael Se
@ 5 (n) ¢
(19b)  + [(XBL)§ wa} 5pTeT + [(Xel)f tecp + (X1 )€ Wn} Sphet
n = )Tt C de e "
" (5011 ! ’ 5pL€T
(a) (5
n et
(19¢) +( (X, )E"e ) Sphet
5 5 (n) ¢
- 2 n—— el
nf (sz)&urt + (X,1) 5o ((Xw;)f €n> 5pLeT
(CYR
a9a) - ((x)emel) " —

6pa€T
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5 P
19 K, = (Xy ) 4 (X, )emV)™ T
(19¢) ( x,z)5xn+(( W )EMY) Sphet

B P
19f Ly = (Xy )— + (X, eV @ =
(19f) ( xa)5Xa+< xa)§ St

Using X, and X, we can eliminate y, and x,. From the differential
equation x,(s) = (Xy,) (p = a,n), we conclude that

Xp(s=1) =0 <= (Xy,) = —x,(0),

with s parametrising the flow of the vector field. The equation induced by
the flow of X,, reads

Aoty nygy (n)
ds(pne)—( Xp(0)E" V)™,

(20)
and similarly for %,. It follows that, if we define phef[1] = (phel)(s = 1), we
have

(21)  phel[1] = plel —xng"V™; plef1] = plef — xagmvi).

The numbered square bracket [1] denotes the step-by-step reconstruction
of the change of variables: indeed, the variable plel gets transformed first
by (the flow of) X,, and then by 0}, and E}. Flowing along each of these
vertical vector fields defines a temporary change of coordinates, which will
be denoted by [k].

Indeed, using N}, we can dynamically set wl,(s =1)=0 by picking
(X,i) = —w;fl(O). This choice induces differential equations for the newly
defined variables:

L@l = (whenel)®
(22) — (hel1)(s) = phel[1](0) + (whemel) s,
£ plef1]) = (whenel)®
(23) = (he[1)(s) = phe' [1](0) + (whenel ) @s,
as well as
(24) L — e = e(s) = e(0) — wle”,

ds
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and defining the new temporary variables by phe' [2] := pLeT[l](s =1) (and
similarly for plef[2], we obtain:

ell] =e(s=1)=e— whe™;
(25) (phe)[2] = (pheh)[1] + (wzgnezym ;

(hehl2) = e + (whagnet)

Moving on to [EIL with an analogous procedure, we solve the associated
differential equations to yield

wll] =w— eLE”; c[l]=c— Lgeﬁgn;
(26) (pieh)[3] = (pheh)[2] — (ehgmwh)®
(phe")[3] = (pheh)[2] - (ehugchem)™

while using (EIL in the same fashion we can conclude:

(27)  el2) =e[l] +ueche™s  (plel)4] = (pheN)[3] - (%c;mgnefw ,

Notice that we d1d not consider the coefficient of 5 + in [EL, for have fixed
the values CL = wn = 0 at the internal parameter s = 1 along the flow of the
previously employed vector fields.

Now it is time to turn to E,. Its simplified expression after flowing along

the other vector fields is

) 1)
En = (Xe, )E*(Xen) a§ 7*%( ) Tfn
0

(28) _( e,z) Tgn ( en)pg“(gép

We want to flow along its integrating diffeomorphism and set the field e,, to
a given value. In this case we cannot set e, (s = 1) = 0 because this would
violate the nondegeneracy requirement for the triad field. We will fix e, (1)
to a vector €, € V linear combination of e, and e: ¢, = k"e, + k%, with
k™ # 0 (thus linearly independent from (the vectors in the image of) e). The
differential equation é,, = (X, ) is solved as ey (s) = €,(0) + (X, )s, so that,

n



618 G. Canepa and M. Schiavina

fixing e, (s = 1) = €, yields the flow:

(29) (Xe,) = (K" —1)en(0) + k%eq;
en(s) = en(0) 4+ ((K" — 1)en(0) + k%eq)s,
In order to compute how the other coordinates change along the flow,

we have to consider the components of (X, ) in the (varying) basis vectors
{€q,en}. With a short computation we get

k¢ K" —1
X, (@gy=— "  and X, Mgy = ¥ — =
(Xe. ) (8) = T =y 204 (Xe)™(8) = T —;
Hence we get the equation
‘n k" —1 n
(30) £"(s) = —mf (s)
and we easily find
1
n — n(Q
() = Tt O
so that )
"1 = kjfn-
Passing now to £* we have to solve the following differential equation
‘a ke n
£ (s) = —m‘f (s).
Using we get
‘0 k@ ‘o

which can be integrated to

a

£(s) = €°(0) + 1 —

(£"(s) = £"(0))
so that
a 1] — fa _ ﬁgn
&l e
Since ef and w! do not depend on s, also the equations of e, w and ¢ are
solved analogously and yield

k¢ k¢ k@
i€ w2l =wll] = ele” el2] = fl] — el

e[3] =e[2] — . ’
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Gathering what we have done so far, defining €,, := k"e,, + k%, (now a fixed
vector field), we have constructed a chart on the pre-symplectic reduction

FO = PO fren(0)

so that the map 7 531 FO — 7O reads:

€:= ann ‘|' L Cngn wafn
& =W — ené.n kn eaé-n
ci=c— Lgenfn Lgeafn
&= e
go = ga_%fn
(B ma:q @
fol = plet — ya&Vi@ 4+ (wjmfneT) — (eh&mwh)(@
(a)
— (LgCLa§n6T>
I o NG o
Fub = phel = xn€mVi 4 (whenel) ™ — (ehuechem)
of = wf

with & € U € QL,(M™,V), and the BV-BFV magd"™|7(©): FO — FO) i
70 = Wﬁic)l o 70,
This data defines a chart for the (locally trivialised) bundle

FL ~u® x Q' (MO A2p)
T (90[1](1\4(1), A2V) @ X[ (MDY @ e[ (MO ))
since, for all € € U we can fix a completion €, that does not depend on €.

An easy computation shows that &) is not basic (in particular it is not
horizontal, i.e. L[gnéz(l) # 0), but it descends to the quotient upon adding the

180bserve that, from now on, we will omit mentioning precomposition with 7,
when no confusion can arise.
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term 6(66};5"). In the local chart defined by (31), we deﬁne

a® = Ty / B0 + B6E — fu a8 — 15gefn — t5zefa + 150160,

M@

so that a(® + (5(6625”) = 775231*04(1) and, consequently,

oD Ty / G0 + 00 — 6 endE 4 1,0 )
MO
1550 fa") + 615160,

Given any element k € Q?(0M, A?V) and a basis {vi}i=1,2,3 of the vector
space V we can build a diffeomorphism

¢ Q2(OM, A2V) — HpTQZ OM, A2V)
=1

ko ( k, pbk, pgk)
where pZT- is the projection defined by @ with inverse given by
( k, pbk, pgk) — plk + phk + plk = k.

We now observe that the quantities faT and fnT in satisfy p:; faT = faT
and pIL fn = f Where pa and pn are with respect to the basis (e,, €,,). Hence
defining e' := fa + fnT We obtain that the image of € under the diffeomor-
phism ¢ is the couple ( fa s fn ) Since the codimension-1 quantities depend

only on the & as defined above, we conclude that we can use it as a basis
independent field on M),
Hence the odimension-1 forms can be more conveniently rewritten as

ol =Ty / —e6% + wioe — ele o6 — Lsgee! + 1t 0w

M
o= Tr / —0E0% + 0w 0¢ — 0T €,68™ + 15z0(EeT) + (15010,
M®

19Since de,, = 0 we obtain, in the space of preboundary fields, §k"e, + 0k%, =
—k™d0e,, — k%be,.
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‘where €€ UM, T e QMW A2Y), Te QMW A%V), € € X[1)(MD),
e C®N)(MM), &t € Q3 —1) (MM, V) and & € Q*[-1](MD), A2V).
Observe that, due to the arbitrariness of ¢, and since all expressions in-
volving €, are coordinate independent on M (1), the above discussion ensures
the independence of a1 from the choice of a specific set of coordinates.
Finally, we can compute S such that LQO LQ(o)w(O) = 27?(0)*5’(1), using
Equation for the bulk @. A straightforward calculation yields:

1
SM = Ty / — weF, — e " F, — cdye + i[c, Jwl + clel, e]€™ + clef, e, €™

1
+ edy(tew’ + whE™) — edy(1ech€) + e Fytech €™ — iLngFwa
1
— Lngw);f" — L,Ewang + ib[g,g]eeT + engndegeT + Lgedw(ek")

n n n 1 n n n
+ el edge + e, d,(ef £) — SUEXVE" — 1edE™xnVE",

Using the projection we can find the codimension-1 action functional
to be

~ ~ SR I 1 ~ 1
SO = Tr / —tgely — ené" Iy — cdge + i[c,auﬁ + ibngF@wT + §L[g7g]'é?a’r
M)

+ 2 (1g@Y) + LE (en€™)e — [¢, ené"Je!

satisfying S() = Wgel()i*S (1. As a direct consequence, then, we have

(0) — 9.(0)xg(1)

LQ(O) LQ(O) w

Having found the codimension-1 action functional we can compute the
cohomological vector field Q") on the 1-stratum. Since the coordinates we
are using are not a Darboux chart, some complications in the computation
arise. Nonetheless, the non-degeneracy of w(!) guarantees that starting from
the variation of the action and using the equation LQ(1)’W(1) =65, we can
compute the cohomological codimension-1 vector field QW. O

Corollary 23 (to the proof of Proposition . An explicit expression
of the projection to codimension-1 fields, given a coordinate system adapted
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to the embedding M) — M©) is given by

E=e—whem + Lge%f”—%wk”

w=w-— e%f”—,’j—:ek”

c=c— Lgegﬁn—%bgelﬁn

o e

f e pe

B2 T6r: 1ot = ol -y 4 (whagne) " — (eheradyo

— (LchaéneT)@ S TA (wq];fneizyw
~(ehigehem) ™
of = wt

en, = k"e,, + k%,

where V € Q3(OM,\3V) is a fized volume form, k* k™ € C®(MW) are
smooth functions, x € Q(M) is the one form component of £ = x ®V, and
we used the notation explained in , and @ for the restriction of
field and their normal components where the superscript ™ here denotes the
component with respect to e,,.

Remark 24. Observe that, strictly speaking, Equation is satisfied by the
above data only if we modify Sqar by the boundary term TrfM(O) d(eek"),
so that the associated pre-boundary one-form &) is automatically basic.
Indeed, this is necessary only if we insist on the BV-BFV data to be exact,
i.e. such that the symplectic forms are exact at every codimension w®) =
da'®) and that their symplectic potential a®) s pulled back to the respective
term in . A picture suitable to situations like the present one, where pre-
symplectic reduction is possible, but nontrivial, at every codimension, is to
consider the symplectic forms instead of their potentials, and the equation

Low® = p®*+1)

)

which follows from by differentiating w.r.t. 8. However, modifying S*
by a term concentrated in codimension-(k + 1) does not change the BV-BFV
structure (cf. [16]).

Remark 25. The expression (14b)) is not in the Darbouz form. The change
of coordinates to a Darboux chart will turn out to coincide with the boundary
symplectomorphism between GR and BF theory (see Section . The same
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symplectomorphism will also turn the local trivialisation into a global
one, showing that the bundle Fg}{ is indeed trivial (since }—Bf)«“ is).

3.4. 2-extended GR theory

We are now ready to compute the structure induced on codimension-2 strata
when M carries a 2-stratification, for example in the presence of corners.
Building up from the codimension-1 BV-BFV structure found in Proposi-
tion denoting again by QL (M) V) the space of maps e: TM®?) — V
whose image defines a linearly independent system, we have the following
result.

Proposition 26. The BV theory 3TGOR is 2-extendable to 3223. The
codimension-2 data are:

e The space of codimension-2 fields, given by the bundle
(33) Fék — Qa(M®. V),
with local trivialisation on a open subset U c QL (M2, V)

FE =u® x o (M@, A2V) & QO[1)(M®@), A2V)
& X1 (M) & C>1)(MP)??,

and fields denoted by ceU?, me Ql( ME ) A?V) in degree zero, ce

QO1(M®, A2)), € € X[1|(M®) and &7, én € CX[1(M®)) in degree
one, together with two linearly independent, fized vector fields ep,, €, €
L'(V), completing the image of elements e € U?) C Q}Ld(M(Q),V) to a
basis of V;

e The codimension-2 one-form, symplectic form and action functional

(34) ) —Tv / O+ 205 + 0% + en100,
M(2)

(34b) @l =Tr / 0EDC + 12606 + 10800 + emdE™ 00 + €0 06700,
M®

(34c)  SY)L =Tr ¢, de L~6d~c — em€Md=c — e,£Md=C,

l\.')\r—l
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(35a)
(35b)

(35¢)
(35d)

(35e)
(35¢f)

X, = ng(en@), Xon = L§<em57n>, Yy =[G enl™], Yo =[G, emE™],

G. Canepa and M. Schiavina

The cohomological vector field le)%

Qine = —da(eaﬁi) — d=(em€™) — dz(€aE™) — [¢, €]
o5 - i
-~ 1=
Qine = —5[075]
Q2E = TE8+ X0 — ¥ 4 X0 - v

n m m

0BG = X0 ¥ xp

n

n

where

and the superscripts ™ (™) denote components with respect to €, €m
as defined in Section |5. 1);

(1)

The projection to codimension-2 fields wqp = Tred® o 71 is smooth,
where #1) : FO) — FQ) s the restriction of the codimension-1 fields
to the 2-stratum M and meq® : F@ — FO s the pre-symplectic

reduction .

Proof. We proceed as before, following the strategy outlined in Section
Let (? be such that LQ<1)w(1) =65 4+ 7Mx3),

a® = Tr / 10D + En OB + €00 + COE — Sz & + LyzPeh, €™

M2
— En0EmeEl €™ — E5(@f, €M) — end€mEl £

&@ =5a® =Tr / L5000 + 176860 + §EmEM 6w — EmdE™ 0w — €,06" 8w

M@
+ 0COE — Btgglof, €™ — 0010w, E™ + dugh,0€™
— §e6E™et €M 4 &, 66mSet €M + &, 06™ el sE™
— Laééee £m — L5~65€Tm§m — L5~é’é1 55’"
— 68(@1,E™) + €,66"0et €M + e, 08met sE™



BV-BFV 3d general relativity 625

The forms &®,® are defined on F©?), the space of restrictions of
codimension-1 fields (and their normal jets) to the codimension-2 stratum,
with 7. 7O — F@),

We have to show that the pre-symplectic reduction of <o(?) is possible.
The equations that define the kernel of ((?))! are:

(37a)  0¢: Xo+ (Xg )gm—aﬁ( ) =0
(37b)  dw: ux )e—l-LX-i-Xgmfm em(Xzn) — en(Xz)

+yx f +L(X~ )fm (N )Xfmzo
(370) 6 —e.p,t<X~> (Xa)Thaf™ + (X JE" + 28, (Xz) = 0
(37d) 68" — enpl(Xa) + enehy (X)) + en(Xp )E™ =0
(37¢) 6™ : —Empl (Xz) + (X~) - L(Xg)éE'rm - Qemgm(Xgm)

b
— (Xz, )b E™ + & (X )E™ + (X)W, + en(Xz,)eh, =
(37f)  dep, : §m( Xz) + (Xgm)emgm =0
(37g) oe : Lg(Xg) + (Xg) =0
(37h) 05l — (X)€" — (X)E =0
(370) e, 1 1(x )Pl — En(Xg,)E" — en(Xz)EM =0
From (37al) we get
XE = _( )5 + (U (XgM)

Inserting this result into (37b)) we get

Lx€ + Xa, & = En(Xz,) — en(Xz) + 1x)@hE™ =0

which is a vector equation. Using the basis {€,€n,€,} we can write it
equivalently as

+w,, < >eaX~ &M+ @li?”evagbgm + w;fLZ)enngEm =0.

In matrix notation we get

1-3l@em o o (Xz) xe\
(33) G e 10 || (Ke) = | () e
Gitlem 0 1 (Xz) x5
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We can write equation as (1 +Y )z = b where Y is a nilpotent matrix
of index 2. Hence the equation can be inverted by x = (1 — Y + Y?2)b and
we get:

(Xz) 1+EhE 0 0 (x&h
(39) Xz) | =| +@ivem 1o || iy |ém
(Xz.) o Em 0 1 (x&

Since (Em)2 =0 we get
(Xg ) = (Xéﬁ>)gm n=a,m,n,

and, for the same reason, is satisfied. From we get
(40) Ph(Xa) = pheh, (XI)E™ + ph(Xz, )E™.
Equation is easily solved as
(Xz) = —1¢(Xa)

which in turn solves also . Using equation we can solve :
(41) Ph(Xa) = phel (XEM)E™ 4 ph, (X5, )E™.
Turning to we get

Ph(Xa) (1 +BHEYE™) = pi(Xz )& + ek, (Xem,
hence

(42) Pi(Xz) = pl (X5 )E™ + plet, (XImem.

€m

Collecting , and , we get that (X) is proportional to Em, hence
also (371]) is solved. This shows that it is possible to perform pre-symplectic
reduction.
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Collecting all remaining nontrivial equations together we obtain

)= (XIEm  p=amn
(Xz) = (Xg,)6™ + &, (X )™
) = (X )E™ + gl (Xgm
) = — (X )E™ + @, (Xfm)Em.

Em

The vertical vector fields are

0 ~ § ~ 5
— b (x (m)yem ot (x (m)yegm —_
[Em (Xem)(ng + em(Xem )€ 5& + [’gem(Xem )5 (ch
~ 5 -5
Gf (Xmem — — (X, HEm—
+wm( Em )5 56 ( m) g 65/»‘
) ~ ~ 5
t (X . )ém (X VEm o
£l (Xein)(sgin + (Xa1.)€ 5 + Lg(Xem)f 5

0 ~ 0
T — (X (X )em

With an analogous procedure to Proposition 21| we flow along these vertical

vector fields to obtain the new corner variables. Using @In we have that

Ih(s=1)=0 < (Xz1) = —&), which leads to

e[l =e—afem.
Analogously, with El, we get
O] =& -2, & 1) =T gehd™

Now we have to consider

o

6em

— _ pgm O
= () g = (X8
As before, this sets the vector €, to a constant €, = E“en + ETEm + 7{?‘15&
for k™, k* € CLOO(]\!(U), k™ # 0 and transforms {™[1] = (1/k™)&™, £"[1] =
& — (K" JK™)E™, 4] = €% — (k*/k™)E™ while leaving all the other fields
unchanged. Once again, fixing a linearly independent vector €, can be done
in an open subset () C Ql (M 2, V) independently of &. Summarizing, if
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we denote the space of codimension-2 fields by
F® = ﬁ(Q)/ker(fD(Q)ﬁ)

we then obtain the following projection 7T£e2()i : F@ o FO@.

(€= — Whem
B =0 — eEm
Z_ s, ot gm
c:=c¢C—tzené
@ . )~ &

43 X ZE R

(43) Tred éa;zg _7{%5
%._N_E’Vm
2'_5 PSS
(&= ﬁn{m

together with ¢, = E“en + Emgm + Eaga, and once more we define the BV-
BFV map to be 7)== ngc)l o7,

2) is not basic w.r.t. 71821, and it descends to the quotient
only upon adding the exact term § (Lg@’evjnfm + 6n§”€ln§m). The codimension-

2 one-form is then given by

The one-form ¢!

a®:ﬂ/€£+§ﬁ+%ﬁﬁ+%@ﬁ.
M(2)

From the defining formula LQ(1)LQ(1)W(1) = 27(1*38(2) and the expression
for Q) , we compute the pre-codimension-2 action functional S(2),

. ~ ~ 1 -
S@ — Ty / em&Mdge + e, dge + ngdag— 5[5,6]’54— Lga);fnfmda;g
M@
1 - -~ - -
+ 5[5773]@15"1 + (€, en€Meh, 6 — 1zdp(ent)el,E™

LB — 1T
It is easy to show that S is basic, and, defining

l~an o~ o~ ~ ~ o
5(2) =Ty / —5[5,ag+ L§€d55+ Emfmd55+ Enfndf)E
M®



BV-BFV 3d general relativity 629
we obtain that WESQ*S(Q) = S® and

LQ(l) LQ(1)YD(1) = 27['(1)*8(2) .
O

Corollary 27 (to the proof of Proposition . The projection to

codimension-2 fields, given a coordinate system adapted to the embedding
M® — MDD (see Remark @)

~

5 =0 — ehE™
c:=c¢— Lg’éllgm
(44) ng%: 5} = ga_g::gm ;
gn = gn—Lgm
2 km
cmo.— 1 rm
e
€m = k"€, + kEMe,, + k%,

where k*, k™, k" € C>®°(M®) and we used the notation explained in and

@ for the restriction of field and their tranversal components, adapted as
described in Remark[19.

3.5. 3-extended GR theory

Finally, we allow M to bear a 3-stratification, i.e. we consider {M(k)}k:[)mg.

We iterate once again the BV-BFV procedure from the previously obtained,
codimension-2 data.

Proposition 28. The BV theory STGOR is 3-extendable to Sg’R. The
codimension-3 data are:

e The space of fields
FE = QM) A2V) @ 1) (M P)F3

together with a basis of V denoted by {€m, €n,€a};
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e The codimension-3 one-form, symplectic form and action functional

(45) ag% =Tr / —eng"(%— em{%?— eagléa
M®)
(46) oS =T / —nJENSE — € BEMEE — €,0€30C,
M®
1= ~ 1=z= = 1z== =
(47) S8 — Ty / L a4 2 [ e + 2 6, en
M3

o The cohomological vector field Q(G?)J)Q

(18) Qi)e=Lea
(48h) QB & = [&, €af0] ) 1 G eqn€@)W) + 7, e ] 1),

e The projection to codimension-3 fields Wg}% = 7'('52()1 o #®®@ is smooth,

where #2 : FQ — FG) 45 the restriction of the codimension-2 fields
to the 3-stratum M®) and ﬂﬁi)l c FG) — FO) s the pre-symplectic re-

duction .

Remark 29. Since M) is a set of points, integration is here intended as
sum over such points, with the space of fields on a single point being given

by
A2V 1] x R3[1].

Proof. In order to keep the notation light and readable we drop the tildes.
Once again, from the defining equation LQ<2)w(2) =05 + 7@aB) we get
a®) =Tr / —€,E"0C — € EM0c — e,£%¢

M@
and
@ =B =Tr / €n0E™IC + €m0 — Seafdc + ea0E%e,
M®

with a(® € QY(F®)), the space of restrictions of fields in F*) (and their
normal jets) to the stratum M®), with #2): F?) — FG) There is only
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one nontrivial equation defining the kernel of (co())E:
enXen + €nXem + €0 Xeo — X, £ = 0.
This is solved as in the previous cases by
Xl = (X)W

and, since this equation defines a subbundle of TF®), it is possible to per-
form the pre-symplectic reduction. The kernel of (3 is spanned by

5 b
Ey =(Xe,)— + (X, )M e0—
( a)5€a+( .) 55@,

and ance again, flowing along [E,, we are able to fix the vector e, to €, =
7{:7‘6” %—le%em + ﬁea for some Eﬁ, ﬁ,ﬁ functions on a finite set of points
with k% # 0 and consequently ¢°[1] = (1/ka)¢e, €"[1] = €" — (k™ /km)€®,
g =¢m— (ﬁ” /ﬁ){“m This defines the pre-symplectic reduction TrIEZ’c)l :
FB) — FO) and the BV-BFV map 7 = 775221 0 7@, Then, the expres-
sion
a®) = Tr / —€,870C — €nEM0C — €,£%¢C
M®)
is such that ng()i*a(g) =a®. Lastly, we compute the vertex action. With

a calculation completely analogous to what was done in Propositions
and 26| we compute S®) such that LQ(2)LQ(2)’W(2) = 27 (2*50);

. 1 1 1
(3): - a - m - n
59 =1 [ Lescleat® + 3leschene™ + 3o clent

M®

Then, we get that the vertex action

9 =1 [ Jledad® + Jledene” + Jleda’

satisfies S = 7752()1*5' (), and consequently

LQ(?) LQ<2>w(2) = 27['(2)*5(3)
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Corollary 30 (to the proof of Proposition . The projection to
codimension-3 fields, given a coordinate system adapted to the embedding
M® — M®) (see Remark @):

ci=c
G 1d
~ ke
2 = 2 5z
(49) T Q€= -k
oo G
~_ k= —~
€q = k%, + k™€, + k"€,

where E‘;, I;T/”, kn e COO(M(3)) and we used the notation explained in and
@ for the restriction of field and their normal components adapted as de-
scribed in Remark [1d.

4. BV-BFYV equivalence

The goal of this section is to prove Theorem [17] based on Definition [9] We
recall it here:

Theorem 31. The fully extended BV-BFYV theories Sg’R and 3?& are
strongly equivalent.

Remark 32. FEzxplicitly, we have to prove the existence of invertible sym-
plectomorphisms ¥v\®) that make the following diagram commute.

0 TR 1 Ton 2 TGn 3
Py e 2ty e 5

‘(w(m lw(l) ‘(w@) lw(B)
(50) (0) (1) (2)

Figp, — o Fp, — o Fp, — - Fip,

Note that the vertical symplectomorphisms preserve the action functionals,
i.e. they satisfy (w(k))*Sg?;* = Sgcl)%, and that the horizontal arrows on both
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lines have been already described in Section[2.1] and[3 respectively. The sym-
plectomorphisms zp(k) are non-canonical, as they depend on the the choice
of a basis in V.

4.1. Equivalence on the bulk

A strong equivalence (see Definition |8) between the BV data associated to
BF theory and GR was proven in [12, Theorem 10], provided that on B is
imposed a non degeneracy condition. We denote by BF, nondegenerate BF
theory (see Definition . An explicit generating function for the canonical
transformation between the two (—1)-symplectic spaces of fields has been
given as well. We recall here the most important steps of the construction.

Using the notation introduced in Subsections[2.1] and [2.2] the generating
functionf reads

1
(51) H=-Bf (e — ewl + 2%5)
1 1
— 7t <—L56 + ingT — 3L§CT> — Aw' + xcl.
Starting from this generating function, we recover an explicit expression

of the transformation 1) : Fg) 1)% - F g)}*. It can be found using the standard
rules

10H
dq’

ip|OH

(52 p=—(-1)" 7

Q=(-1)

where P = (r1,BY, A, x), Q= (r,B, A" x!), p=(¢el,w,c) and ¢=
<§7€7wT7cT)'

Lemma 33. The symplectomorphism 1(?) fg)}% — fg)zﬁ* s given by

20Some signs differ from the formula given in [I2] Theorem 10] because we are
using a different convention for the signs in .
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B=¢e— el + %L?CT
Bt =l — LgTT
A=w-— LgeT + %L?TT
T
(53) OB A:fﬁlgT_lgT ,
X = —Cc+ glee GleT
==
T=—ue+ %Lgoﬂ — %Lz’c*
phrt = el — [etwl](@ 4+ et iech](@

whereas its inverse is given by

e=B+ LgAJr + %L?XT

g0 = —7la) — 7O AT o {70 7 (d) 4T g o)
4%T@T@T@X¥?

wh = AT

(54) @O Lt = ,

w=A+1B"+ %L?TT

c=—x+ 3Bl + 3¢t

&l = BYAL + 1exd) + 71(Ba — 3:2x0)

keJr =BT + LgTT

where the indices (a) denote components with respect to the basis {B,} as

defined in .

Proof. We first apply to the generating function and get

1
(55a) B=e— 1w + §L§CT
(55b) Al =of
1 1
(55¢) T = —1ee+ §L§LUT - gbg’cT
(55d) ==
(55e) ¢ = Blw] — Bligel +1eq — mTiew] + TTLECL
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(55f) el = BT 4 g7t
1
(55g) w =BT+ iLgTT +A
1 1
(55h) c= §LEBT + gbgTT - X-

Equation (55f) yields Bf = ef — LgTT that in turn, inserted into (b5e]), gives
mleq =& —elwl + eTLch.

Since this is an equation between objects valued in A3V, we can extract an
eq factor and get

phrt =&l — [efwl) @) + [eluec]) ).

Having 77, we can now invert all other equations. An easy but lengthy
computation shows that this symplectomorphism correctly satisfies wg)])% =
w(o)*wg});; and it preserves the action functionals, as was shown in [12]. O
Remark 34. In order to build the inverse symplectomorphism ((°)~1 we
must require that the image of B be a basis of V at every point. Thus the two
theories are strongly equivalent only if also B satisfies the non-degeneracy
condition in Definition[10. An extension of this equivalence to the degenerate
case is presented in [22], within the context of Lo, algebras.

4.2. Equivalence on boundaries, corners, vertices

Since the form wgg% of Equation ({14b]) is not in Darboux form, it is not pos-
sible to find a generating function. We can nonetheless produce an explicit
symplectomorphism and its inverse:

(56)
(o — ~AT
(B=¢— ot e=Btad
Bt &t g0 = —gla) — pla) ¢ >Aab
A - &= —7n) 7—<a>7—<b>A2§)">
¢(1) ‘ =W — Lge (1/}(1))—1 L o=A+ L~BT
) AN =&f R 51
x = —a+ et €=x+aggh
_ on . 1,2~% ot = At
T = —uge €né +2ng Iy
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where superscripts (n) and (a) denote the components with respect to
{€n, By}. Tt is straightforward to check that ™) o (™M)~1 =id, (™M)~ o
Y1) =4d and wgl)% = w(l)*wg}*. Analogously, on the corner (the
codimension-2 stratum) we have the explicit transformation

¢=B
B=¢ G=4
657) PP f; O_Jg ()~ %;1 _ f<m>
T=—16— emg”\:"b — 6n§1. gﬁ 7(n)

(58) Ak = =z

T= _eagl - emé;/n - En@

with inverses given by §7n = 7{m), §~” = 7" and §~a = 7@ ie. the compo-
nents of 7 with respect to €,,, €, and ¢, respectively. Finally, it is straight-

forward to check that (w(k))*Sg% = Sg% for k =1,2,3.

4.3. Commutativity

In this section we prove the commutativity of the three square subdiagrams
of the diagram . This is sufficent to prove commutativity as a whole.
For the sake of clarity, we denote the BF variables on the 1-stratum (and
subsequent 2- and 3-strata) with a tilde, analogously to the GR notation. To
avoid confusion, we explicitly denote the restriction to the 1-stratum (resp.
2- and 3-stratum) with an apex ’, e.g. ¢ = e|y;0) and € = €|y0».

Proposition 35. Diagram is commutative.

Proof. The first square is
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0 TR )
Ay 70y

l¢(0) ‘fp(l)

0 TBF.
Foh,

The left-bottom composition ﬂgl)w* o () reads

= 1 ’ ’ / ’ ’
B=(e—wh+ §L§CT)/ = —pw’ —wle” +upchen

Bl = (eJr — LETT), =l = le'gn'

1 ! 7 I !’ !’
A= (w—eel + §‘§TT)/ = — el — el ¢V +ioT] "

=uw' — LgéT —elem
Tt

1 1 1 / ro 1 -
X=(—c+ ibgeT - E%TT) -+ §L§/€T +1grel €V — 5027‘2 &n

- + §L§/§T + Lg@ﬂf"'
~_ (_ + 1 2 '}'_1 3 T)l
T = (—uee Flew! — gtec
R PN

_ ! / I

= —e —e " + ibg,w —I—ng o *Lgl {"
where
7= (Vi — lefwl — efwl, ) + [efiee,)

+ XV = [ehwi] ™ + [efeech] ™)',

The top-right composition ™) o Wg)})z reads:

B=¢— Lg&VJT = —wle” + Lg/c;fllf”/ — Lger,
~ (a) (a)
Bt =& = el —xueV 4 (whgmel) " — (ehemal)@ — (sechuee")
n)
— XnE"V + (w£§"62)< — (ehrechem)™
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AT =of = ot

X = —C+1L et —C—LgeT£”+1LQEj‘
X n 2°¢

- 15

T =€ en§" §L§~(HT

= —e€ +pw T{ —L cf § n{” *LE/wT

where we used that e/ £ = ¢ §” The rows of B A" and 7 coincide in L both
cases. The expressions of Bt coincide as well, hence also the rows of A and
X give the same result. The second square is:

(1) 7k 2)
‘FGR ‘FGR

lw(l) ‘(ﬁ,@)

(1)
1 TBF, 2
Fip, —— i,

The left-bottom composition ﬂg;,* oM i

é:@;%my:a_m?w
A=@— ety =o' e, &m

/"V/

~ 1
X=(—-c+ 5%@*) d+. ,emgm

- ~ 15 ~ ~
T = (—Lge — " + §L§wT)’ = —ngf — €€ — mfm + Sab e

while for the top-right composition ¥ o 71'(01)% we have

>0 o e
I
en
I
€2
o
5 <
3

F = 5 enf = enft = —ip (7 = G ) = G — e,
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(again we used agngm’ = emév”) and the expressions are identical. The last
square subdiagram is

(2 mn (3)
]:GR = GR

lﬂ,@) ‘/1/,(3)
2

(2) TBF. (3)
FBF. FBE.
The two compositions are 7\ o ¥(2):
p TBF. :
= =~
X=—C
~ - ~ ~ = - ~
T = (_ng_ €mE™ — engn)/ = - gaga/ - fmfm/ - Enfn/
and 13 o Wg])%:
= = =~
X = —C = —¢C
~ = = = v = == =
T = =€ — €™ — ;6" = _eaéa — emn&™ — €&
~ ~, =
using once again €,£% = €,£%. O

5. Cosmological constant

In this section we consider BF theory and GR theory with the addition
of what is generally known as the cosmological term: a cubic term in B
(respectively e). Classically this amounts to considering the functionals

1
Sf\lBF:Tr/B/\FA—i—GAB/\B/\B,
M
1
Sf\lGR:Tr/e/\Fw—i—GAe/\e/\e
M

where A € R is a constant. The corresponding BV expression are ([12])

1 1
SABF:SBF+6TY/AB/\B/\B, SGR:SAGR—{—6T1“/A6/\€/\6
M M



640 G. Canepa and M. Schiavina

BF theory with this additional term is still fully extendable and self-similar,
so, using the notation of Theorem (12| we get

1
S¢) = Spp + oI / ABABAB.
)

Since the additional cosmological term does not contain any derivative,
also GR is fully extendable and the reductions are not modified. The actions
in higher codimensions are

1 S
Sz(xlc)?R = 81)% — iTr / Ae,"ee

M
S/(\ZC):R = ggg + Tr / Aeng”emg;’%
M@
Sz(\ggR = Sg% —Tr / Aenfﬂ;‘emg’ﬁea@.
M®

The two fully extended theories are still strongly equivalent and the map
realizing the equivalence (namely the ones appearing in the diagram )
remain unchanged. We have just to check that the actions are still preserved
by the corresponding symplectomorphisms. In the bulk this has been proved
in [12, section 2.3]. The same argument can be adapted to higher codimen-

sion actions. The equations (w(k))*S/(\kg;F* = S/(\ICC);R for k =0,...3 can also be
verified by direct computation.
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