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Introduction

The BV-BFV formalism is a combination of a Lagrangian approach to field
theories with on-shell symmetries — the BV formalism — and of its counter-
part for constrained Hamiltonian systems — the BFV formalism — named
after the work of Batalin, Fradkin and Vilkovisky [2–4].

The link between the two approaches was developed by Cattaneo, Mnev
and Reshetikhin in [7] as a first step towards quantisation of gauge theo-
ries on manifolds with boundary, with an axiomatisation of classical and
quantum field theory in mind. The main idea is to allow boundaries to spoil
gauge invariance of a given theory, described by its BV-cohomology, but to
control such failure by means of induced cohomological data associated to
the boundary. This interplay between bulk and boundary data allows for a
consistent quantisation scheme [8], compatible with gluing by construction,
whose output is the cohomology of a quantum operator that directly encodes
gauge invariance.

The program of approaching general relativity (GR) from this point of
view was initiated in [18], showing that when diffeomorphism symmetry is
involved, the induction procedure essential for the BV-BFV correspondence
to hold is far from being guaranteed. Indeed, while the standard formu-
lation of GR in the Einstein–Hilbert formulation satisfies all the axioms,
thus providing a well defined BV-BFV theory in all spacetime dimensions
d ̸= 2 [9], obstructions arise in general relativity in the (Einstein–Sciama–
Kibble–) Palatini–Cartan–Holst tetradic formulation1 [11], in all space-time
dimensions d ≥ 4. Similar obstructions have been found in one-dimensional
reparametrisation models [10], or are to be expected in certain supersym-
metric models [14].

In this paper we show that general relativity in spacetime dimension
d = 3, phrased in the triadic language [5, 6, 19, 20], admits an extension to
all higher codimension strata in the BV-BFV sense (Definition 3), in stark
contrast with the d ≥ 4 analogue, where the procedure fails at codimension 1
[11]. This means not only that we can control the failure of gauge invariance
of the theory upon introducing a boundary, but that the boundary gauge
invariance is controlled by corner cohomology, and so on. One says in this
case that 3d GR is a fully extended BV-BFV theory.

1The physics literature for this version of GR seems to disagree on standard
nomenclature. This is also why we refrain from naming a particular version of the
theory in the title of the current paper.
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We obtain explicit expressions for the BV-BFV data associated to higher
codimension strata, making 3d GR in triad variables the first example of a
fully extended theory that features a nontrivial reduction at every step (see
Section 3.2, Equation (10)). We stress that in the Einstein–Hilbert formu-
lation in dimension d > 2, the extension to corners and higher codimension
strata has not been accomplished.

Out of such data, one can directly read relevant information such as the
algebra of constraints together with a cohomological presentation of the re-
duced phase space (from the codimension-1 data), and the representations
carried by boundary insertions (in codimension-2). Moreover, following [16],
a fully extended BV-BFV theory induces a solution of Witten descent equa-
tions [21] - a step towards the understanding of observables in general rela-
tivity - and one can discuss the emergence of edge modes and holographic
counterparts (see, e.g. [13]), as well as asymptotic symmetries [17], using
this paper as a starting point. Investigations in this direction will be carried
out in a future paper.

Furthermore, we show that the fully extended BV-BFV description of
GR is strongly equivalent to that of nondegenerate BF theory, by extending
to higher codimensions the notion of strong equivalence of BV theories and
the explicit equivalence found in [12]. This means that, on every stratum,
the data of GR and that of BF theory differ by a change of coordinates at
every codimension.

Although it is well known that 3d general relativity is classically equiva-
lent to nondegenerate BF theory [20], in this paper we explicitly write down
the symmetries in terms of diffeomorphisms, and show that this descrip-
tion is strongly equivalent (Definition 8) to the one coming from standard
symmetries of BF theory, at all codimensions. This is the result of nontrivial
calculations, interesting also as they can be taken as a guideline or bootcamp
for the more involved case of 4d gravity.

One interpretation of this result suggests thinking of BF theory as a
(possibly degenerate) extension of GR (for d = 3), coinciding on an open
sector, i.e. when the nondegeneracy condition is imposed. From this point
of view, BV-BFV quantisation of BF theory (which has been carried out ex-
plicitly in [8]) may be taken as a slightly more general quantisation of GR in
three dimensions, compatible with cutting and gluing along submanifolds2.
The nondegeneracy condition can then be imposed directly at the quantum
level, without spoiling the quantisation procedure. Thus, the present paper

2The adaptation of a quantisation of BF theory to include corner data has been
proposed by [15].
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paves the way for a direct application of these extended quantisation tech-
niques to the example of GR, bringing a model for gravity a step closer
to functorial approaches to quantum field theory, by assigning compatible
structure to higher-codimension strata, all the way down to points.

In Section 3 we describe in detail the constructive steps one needs in
order to obtain the BV-BFV data at every codimension of a stratified man-
ifold {M (k)}k=0...3. We divide the proof of the main Theorem, stating that
GR in the BV formalism is fully extended, into three propositions, each of
which is aimed at recovering data one codimension further.

In Section 4 we present explicit symplectomorphisms between the spaces

of fields F
(k)
GR/BF∗

at every codimension, and we show how they commute
with the BV-BFV surjective submersion maps. This proves that the BV-
BFV induction commutes with equivalence at codimension-k.

The results in this paper show how diffeomorphisms can be seen as an
equivalent choice of a BV-extension of classical BF theory, and fully describe
the compatibility with higher-codimension strata, completely characterising
the symmetries of GR in three dimensions.

Acknowledgements
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1. Preliminaries

The strategy employed in this paper is to consider the BV-data associated
to a manifold M and, step by step, analyse what structure it induces if
we allow M to carry a stratification of increasing codimension. We follow
here the adaptation of the classical BV-BFV axioms introduced in [7], as
proposed by [16].

Definition 1. Let M be an m-dimensional smooth manifold. A n-
stratification of M is a filtration of smooth manifolds (possibly with bound-
ary) {M (k)}k=0...n of dimension dim(M (k)) = m− k, with M (0) =M , such
that there exists a smooth embedding ι(k+1) : M (k+1) →M (k) for every 0 ≤
k < n.

Remark 2. In the example of a manifold with corners, the stratum M (1)

can be identified with the union of the connected components of the boundary
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while the stratum M (2) can be identified with the union of the connected
components of the corner.

Definition 3 ([16]). A strict, n-extended, exact BV-BFV theory, short-
handed with n-extended theory, is the assignment, to the n-stratification
{M (k)}k=0...n, of the data

F↑n = (F (k), S(k), α(k), Q(k), π(k))k=0...n,

such that, for every 0 ≤ k ≤ n,

1) F (k) is the space of sections of a graded vector bundle E(k) −→M (k)

and α(k) ∈ Ω1
loc(F

(k)) is a degree-(k − 1) local form3, such that ϖ(k) =
δα(k) is weakly symplectic on F (k), and δ is the de Rham differential
on F (k),

2) π(k) : F (k) −→ F (k+1) is a surjective submersion4,

3) Q(k) is an evolutionary, cohomological, odd vector field of degree 1 on
F (k), i.e. [LQ(k) , d] = [Q(k), Q(k)] = 0, that is also projectable: Q(k+1) =

(π(k))∗Q
(k),

4) S(k) ∈ Ω0
loc(F

(k)) is a (real-valued) degree-k local functional,

such that, for 0 ≤ k ≤ n− 1,

ιQ(k)ϖ(k) = δS(k) + π(k)∗α(k+1)(1)

whereas for k = n, we require

(2) ιQ(n)ϖ(n) = δS(n).

When n = dim(M (0)) we say that the theory is fully extended. When n = 0,
the data defines a BV theory.

Remark 4. Notice that a direct consequence of (1) is

(3)
1

2
ιQ(k)ιQ(k)ϖ(k) = π(k)∗S(k+1),

as well as ιQ(n)ιQ(n)ϖ(n) = 0. This is proven in [7, Proposition 3.1].

3In this paper local forms are differential forms on F (k) which depend only on a
finite number of derivatives of fields, i.e. sections of E. See [16].

4For k = n the projection π(n) is the unique map from F (n) to the empty set.
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Remark 5. A direct interpretation of Equation (1) is that, on every stra-
tum, Q(k) is the Hamiltonian vector field of the action functional S(k) up to
boundary terms (1), and that the classical master equation is satisfied up to
boundary terms (3).

We will be concerned here with classical field theories that enjoy sym-
metries given by Lie algebra actions, and our starting point to build an
extended (exact) BV-BFV theory is a couple (Fcl, Scl). The space of clas-
sical fields Fcl is the space of sections5 of some sheaf or bundle E →M ,
while Scl is a local functional on Fcl, i.e. a function of the fields and a finite
number of jets, called action functional. The symmetry data is sometimes
encoded in an involutive distribution6 Dcl on Fcl.

The first step is to build a BV theory (or 0-extended BV-BFV) F =
(F , S,ϖ,Q), is to promote the space of classical field to a (−1)-symplectic
graded manifold (F , ϖ), and to construct a cohomological vector field Q on
F , the Hamiltonian vector field of S w.r.t. ϖ [3, 4]. It is then possible to
build an m-extended BV-BFV theory using a constructive approach.

Let {M (k)}k=0...n be an n-stratification of M and consider on it an n-
extended BV-BFV theory. According to Definition 3 on the n-th stratum we
have equation (2). If we allow an (n+ 1)-codimension stratum, Equation (2)
will likely be spoiled, or we simply extend the theory by zero. In the former
case, if we can find π(n) : F (n) −→ F (n+1), together with α(n+1) and S(n+1)

satisfying (1) (and (3)), and ϖ(n+1) = δα(n+1) non degenerate, we will have
extended the BV-BFV theory to codimension-(n+ 1).

In a practical scenario, this goes through by integrating by parts the
terms in δS(n), but the resulting data on the higher-codimension stratum
does not automatically satisfy the axioms in Definition 3. In particular, the
existence of F (n+1) as a smooth symplectic manifold (and hence of π(n)) is
not always guaranteed (see [10, 11]). When this happens the theory is then
only n-extendable. We summarise the previous discussion with the following
definition:

Definition 6. Let M be an m-dimensional smooth manifold and let F↑0 an
exact BV theory on it. We say that the BV-theory F↑0 is n-extendable if, for
every n-stratification such that M (0) =M , there exists an n-extended exact

5In the present paper we will consider principal connections as fields. However, we
can reduce to this setting by expanding around an arbitrary reference connection.

6In full generality the BV formalism only requires that Dcl be involutive on the
critical locus of Scl, i.e. the space of solutions of the associated variational problem.
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BV-BFV theory F↑n associated to it. If n = dim(M) we will say that F↑0 is
fully extendable.

Remark 7. Typically, (1-extended) BV-BFV theories are associated to a
manifold with boundary. In Definition 3 this amounts to taking into account
a filtration where M (0) =M is the manifold itself and M (1) = ∂M is the
boundary of the manifold. The generalization of this to higher codimensions
is to consider k-extended BV-BFV theories on manifolds with boundary,
corners, vertices, etc. and consider the filtration given by M (k).

We give here the notion of a strong7 equivalence of (extended) BV-BFV
theories. It implies the standard notion of equivalence of classical field theo-
ries, which requires the critical loci of two action functionals to be isomorphic
(modulo symmetries).8 In the case of BV theories the following definition
has been proposed in [12]:

Definition 8. A strong equivalence between two BV theories F
↑0
1 and F

↑0
2

is a degree-0 symplectomorphism

Φ : (F
(0)
1 , ϖ

(0)
1 ) → (F

(0)
2 , ϖ

(0)
2 )

preserving the BV action9: Φ∗S
(0)
2 = S

(0)
1 .

We can modify this definition to encompass n-extended BV-BFV theo-
ries.

Definition 9. A strong equivalence between two n-extended exact BV-BFV
theories F

↑n
1 and F

↑n
2 is a collection of symplectomorphisms

Φ(k) : (F
(k)
1 , ϖ

(k)
1 ) → (F

(k)
2 , ϖ

(k)
2 )

preserving the kth BFV action: Φ∗S
(k)
2 = S

(k)
1 and satisfying, for 0 ≤ k ≤

n− 1

π
(k)
2 ◦ Φ(k) = Φ(k+1) ◦ π

(k)
1 .

7The natural notion of equivalence, given the cohomological context in which
physical data is presented, would coincide with weak equivalences of BV-BFV com-
plexes that preserve the BV classes of the symplectic structure and the action
functional (see [16]). The definition we propose here is essentially that of an iso-
morphism of complexes, hence a stronger requirement.

8Notice that this notion is strictly weaker than the one discussed in footnote 7,
since it only requires the cohomology in degree zero to coincide.

9We always consider action functionals S(0) modulo constants.
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2. Three-dimensional general relativity and BF theory

The common framework shared by 3 dimensional general relativity and
BF theory is as follows. Let P →M be an SO(2, 1)-principal bundle on
a 3-dimensional, compact, orientable10 smooth manifold M . Let also V be
the associated vector bundle where each fibre is isomorphic to (V, η), a 3-
dimensional vector space with a pseudo-Riemannian inner product η on it,
with normal form η = diag(−1, 1, 1) in an η-orthonormal basis {vi}i of V .
We further identify so(2, 1) ∼= ∧2V using η and we define a map Tr: ∧3V → R

given by the volume form and such that Tr(vi, vj , vk) = ϵijk (we fix ϵ123 = 1).
To keep the notation light we will use the shorthand

∫
Tr[. . . ] ≡ Tr

∫
. . .

In the following subsections we specify the details proper to each theory.

2.1. Three-dimensional BF theory

The fields of the theory are B ∈ Ω1(M,V) and a principal connection A ∈
AP . We will think of A as a connection form around the trivial connection,
that is to say A ∈ Ω1(M,∧2V).

Definition 10. Classical BF theory is the pair (Fcl
BF , S

cl
BF ) where

Fcl
BF = Ω1(M,V)⊕ Ω1(M,∧2V)

is the space of fields, and the action functional reads

SclBF = Tr

∫

M

B ∧ FA,

with FA ∈ Ω2(M,∧2V) the curvature of the connection A. We can further

require B to be nondegenerate as a map B : TM → V
η
≃ ∧2V. Denoting by

Ω1
nd(M,∧2V) the space of nondegenerate B’s, we will call the resulting the-

ory nondegenerate BF theory, and denote it with the notation BF∗ where
relevant.

10Extensions to noncompact manifolds are possible, but outside the main objec-
tive of this paper. See [17] for an adaptation of the BV-BFV method to boundaries
at infinity. Orientability is not necessary, but we restrict to orientable manifolds for
simplicity.
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The symmetries of the theory comprise gauge trasformations, parame-
trized by11 χ ∈ Ω0(M, so(2, 1)) ≃ Ω0(M,∧2V)

δχB ≡ [χ,B] δχA ≡ dAχ,

together with what is sometimes referred to as shift symmetry, a traslation
of B parametrized by τ ∈ Ω0(M,V), δτB ≡ dAτ.

We recall the BV version of three-dimensional BF theory.

Definition 11. The BV-data for BF theory is given by

F
↑0
BF = (FBF , αBF , SBF , QBF ) ,

where the BV space of fields can be written as

FBF = T ∗[−1]
(
Ω1(M,V)⊕AP ⊕ Ω0[1](M,∧2V)⊕ Ω0[1](M,∧1V)

)
,

and, if we arrange the fields in the following convenient way

B = τ +B +A† + χ† ∈ Ω•(M,V)[1− •],

A = χ+A+B† + τ † ∈ Ω•(M,∧2V)[1− •],

the BV data reads12

αBF = Tr

∫

M

B ∧ δA ϖBF = δαBF

SBF = Tr

∫

M

B ∧

(
dA+

1

2
[A,A]

)

QBFB = dAB; QBFA = dA+
1

2
[A,A].

If B ∈ Ω1
nd(M,∧2V) we will denote the resulting BV theory by F

↑0
BF∗

.

BF theory is an example of an AKSZ theory [1]. As such, it can be fully
extended:

11We will denote here the action of a symmetry by the notation δχ with parameter
χ. This is a notation historically used to denote a χ-dependent vector field acting
on generators on the algebra of functions over F cl. It will be replaced by a more
standard notation when we pass to the BV formalism.

12We use here the convention that only the admissible terms (i.e. the ones that
are top forms) appear in the integrands.
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Theorem 12. [7] The BV theory F
↑0
BF = (FBF , SBF , αBF , QBF ) is fully

extendable. The BV-BFV data of the fully extended theory F
↑3
BF is given by

the following expressions (i = 0 . . . 3):

α
(i)
BF =Tr

∫

M (i)

B ∧ δA ϖ
(i)
BF = δα

(i)
BF

S
(i)
BF =Tr

∫

M (i)

B ∧

(
dA+

1

2
[A,A]

)

Q
(i)
BFB = dAB; Q

(i)
BFA = dA+

1

2
[A,A]

where we used once again the convention that only the admissible terms

appear in the integrands and π
(i)
BF is the restriction of the fields to M (i+1).

Note that in this notation BF theory is self-similar, i.e. the action S
(i)
BF ,

the symplectic two form ϖ
(i)
BF and the cohomological vector field Q

(i)
BF have

the same expression on the bulk (0-stratum) and all higher strata.

2.2. Three dimensional general relativity

The fields are a co-frame field e ∈ Ω1
nd(M,V), also called a triad (nd stands

for non degenerate), i.e. an isomorphism e : TM → V, and an SO(2, 1) prin-
cipal connection ω ∈ AP ≃ Ω1(M,∧2V) (again we work around the trivial
connection).

Definition 13. Classical three dimensional general relativity (GR) is the
pair (Fcl

GR, S
cl
GR) where

Fcl
GR = Ω1

nd(M,V)⊕ Ω1(M,∧2V)

is the space of fields and the action functional reads

SclGR = Tr

∫

M

e ∧ Fω.

In order to define a BV theory extending Definition 13, we have to in-
corporate the symmetries by extending the space of fields. The classical
functional SclGR is invariant under the action of internal gauge transforma-
tions SO(2, 1) and the action of spacetime diffeomorphisms. We parametrize
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their associated Lie-algebra actions with two ghost fields, c ∈ Ω0[1](M,∧2V)
and ξ ∈ Γ[1](TM) respectively:

δξe ≡ Lωξ e δξω ≡ ιξFω

δce ≡ [c, e] δcω ≡ dωc

where Lωξ := [ιξ, dω] is the graded commutator between the contraction with
respect to ξ (a degree-0 derivation), and dω is the covariant derivative
(a degree-1 derivation). With these quantities we can also define ι[ξ,ξ] :=
[Lωξ , ιξ]. Note that by [11, Lemma 18] ι[ξ,ξ] = [Lωξ , ιξ] = [Lξ, ιξ].

The BV structure associated to these symmetries has been studied in
generality in [11, Section 3].

Definition 14. The BV theory for general relativity in three dimensions is
given by the data F

↑0
GR = (FGR, SGR, αGR, QGR) where the BV space of fields

is

FGR = T ∗[−1]
(
Ω1
nd(M,V)⊕AP ⊕ Ω0[1](M,∧2V)⊕ Γ[1]TM

)

denoting the fields in the cotangent fibre by e† = Ω2[−1](M,∧2V), ω† ∈
Ω2[−1](M,V), c† = Ωtop[−2](M,V) and ξ† ∈ Ωtop[−2](M,T ∗M), and sym-
metry generators as ξ ∈ Γ[1]TM and c ∈ Ω0[1](M,∧2V), the BV one-form
and action functional are13

αGR = Tr

∫

M

e†δe+ ω†δω + c†δc+ ιδξξ
†,

SGR = Tr

∫

M

eFω + e†
(
Lωξ e− [c, e]

)
+ ω† (ιξFω − dωc)

+
1

2
c† (ιξιξFω − [c, c]) +

1

2
ι[ξ,ξ]ξ

†,(4)

and the vector field QGR, satisfying ιQGR
ϖGR = δSGR when M is closed and

without boundary, is given by:

Qe = Lωξ e− [c, e] Qω = ιξFω − dωc(5a)

Qc = 1
2 (ιξιξFω − [c, c]) Qξ =

1

2
[ξ, ξ](5b)

Qe† = Fω + Lωξ e
† − [c, e†] Qc† = −[e†, e]− dωω

† + [c†, c](5c)

13See Remark 15 for the meaning of the trace on the last term.
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Qω† = dωe− ιξ[e
†, e]− dω(ιξω

†)− [c, ω†] +
1

2
dω(ιξιξc

†)(5d)

Qξ†• = −e†•dωe− dωe
†e• − ω†

•Fω + ιξc
†
•Fω + ∂•ξ

aξ†a + ∂aξ
aξ†•,(5e)

where we dropped the GR-subscript and denoted the 1-form coefficient of
elements in Ωtop[−2](M,T ∗M) with a bullet.

Remark 15. The antighost field ξ† ∈ Ωtop[−2](M,T ∗M) is an element in
the fiber of T ∗[−1](Γ[1]TM). In order to treat it homogeneously with re-
spect to all other fields we can equivalently view it as ξ† = χ⊗ V ∈ Ω1(M)⊗
Ωtop(M,∧3V) multiplying it by a fixed normalised volume form V ∈
Ωtop(M,∧3V). Its trace will recover the original ξ†, and it will be partic-
ularly useful to simplify the expressions appearing in Proposition 21.

We can now state the main results in this paper. They refer to Defini-
tions 6 and 9 respectively. Sections 3 and 4 will be devoted to their proof.

Theorem 16. The BV theory F
↑0
GR = (FGR, SGR, αGR, QGR) is fully ex-

tendable.

Theorem 17. The fully extended BV-BFV theories F
↑3
GR and F

↑3
BF∗

are
strongly equivalent.

Remark 18. The space of BV fields for classical GR and the action of
symmetries presented in Definition 14 is essentially independent of space-
time dimensions (although the action functional is not). However, it was
shown in [11] that the 4-dimensional BV theory of general relativity (in
the tetrad formalism) cannot be extended without extra assumptions on the
fields. Theorem 16, compared with the no-go result in [11] marks a stark dif-
ference between 3 and 4 spacetime dimensions. GR in the Einstein–Hilbert
formalism, instead, is independent of spacetime dimensions and is always at
least 1-extendable (for d ̸= 2, and whenever the boundary is either space-like
or time-like) [9].

3. Fully extended BV-BFV structure of GR

In this section we will prove Theorem 16 by extending the BV theory of
definition 14 step by step, thus building the fully extended BV-BFV data
for GR at every codimension.

First, let us introduce some useful notation and explain the common
strategy employed at every step. Throughout the section, as we will only
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consider GR theory, we will drop the GR subscript everywhere, except in
stating the results.

3.1. Notation

Consider X ∈ Ω•(M,V) and Y ∈ Ω•(M,∧2V). Since the image of a nonde-
generate triad e is a basis of V at every point, we can express X and Y
as

X =

3∑

i=1

X⟨i⟩ei Y =

3∑

i,j=1,i ̸=j

Y ⟨ij⟩ei ∧ ej

where ei = e(∂i), and we denote by X⟨i⟩ the i-th component of X and by
Y ⟨ij⟩ the ij-th component of Y . We can then define the following projections,
i = 1, 2, 3:

pi : Ω
• (M,V) → Ω• (M,V)

X 7→ pi(X) = X⟨i⟩ei.

It is also useful to define a dual map acting on elements of Ω1(M,∧2V) :

p†i : Ω
•
(
M,∧2V

)
→ Ω•

(
M,∧2V

)
(6)

Y 7→ p†i (Y ) = Y ⟨hk⟩eh ∧ ek, h, k ̸= i.

Furthermore, given any element Z ∈ Ω•(M,∧3V) we can expand it with
respect to the basis spanned by the image of e: Z = Z⟨abc⟩ea ∧ eb ∧ ec. We
then define

(7) Z⟨a⟩ : = Z⟨abc⟩eb ∧ ec Z⟨a⟩ ∈ Ωk(M,∧2V).

Let M be a d-dimensional smooth manifold. Given a 1-stratification
{M (k)}k=0,1 of M , consider a tubular neighbourhood U ⊂M (0) of the em-
bedding ι(1) : M (1) →M (0) and a local chart on U with coordinates
: (x1, . . . , xd−1, xn) where xn is the coordinate along the normal direction
of the tubular neighbourhood and x1, . . . , xd−1 are coordinates of M (1).
Throughout the article we keep this notation, thus denoting with n the
coordinate normal to the first stratum. We can expand forms µ ∈ Ωk(M)
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with respect to this coordinate system and get

µ =: µ// + µndx
n,(8)

µ// =

d−1∑

ij=1
j=1...k

µi1...ikdx
1 ∧ · · · ∧ dxk

µn =

d−1∑

ij=1
j=1...k−1

µi1...ik−1ndx
1 ∧ · · · ∧ dxk−1,

A similar prescription for the tangent bundle yields:

(9)

3∑

µ=1

ξµ
∂

∂xµ
=

2∑

a=1

ξa
∂

∂xa
+ ξn

∂

∂xn
,

and the contraction ιξµ = ιξµ
// + µnξ

n + ιξµndx
n restricts14 to M (1) as

ιξµ|M (1) = ιξµ
// + µnξ

n. In particular, note that both µ// and µn restrict
to M (1). In case no confusion can arise we will simply denote µ// with µ.
Furthermore, we denote with µb the component of µ in direction of dxb

analogously to the notation µn in (8).

Remark 19. For higher codimension strata, (8) and (9) are modified ac-
cordingly. Though, for the sake of clarity, we use different letters: m (resp.
a) for the direction transversal to the second (resp. third) stratum.

Remark 20. The decomposition defined above clearly depends on the choice
of the coordinate system on the tubular neighborhood of the embedded stra-
tum. However, this choice becomes relevant only when one wants to explicitly
write a map between spaces of different codimension in a coordinate chart.
In such circumstance, as mentioned, this choice will depend on an embed-
ding M (k) →M (k+1) (Corollaries 23, 27 and 30). The BFV data we will
construct for each stratum in Propositions 21, 26 and 28, however, is coor-
dinate independent at every codimension.

14Here we obviously mean the pullback of forms along ι(1).
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3.2. Strategy

We outline here the strategy we employ to construct the maps π(k) of Def-
inition 3, as was introduced in [9]. We analyse here the extension from a
generic codimension-k stratum to a codimension-(k + 1) stratum.

The goal is to construct data corresponding to the codimension-(k + 1)
stratum (the (k + 1)-extended theory). We will assume here for simplicity
that M (k+1) = ∂M (k) is a boundary. The first step is to consider the varia-
tion of the action functional in the bulk and to construct appropriate data
to satisfy (1) and the axioms in Definition 3. The variation of δS(k) will
consist of two terms generated by integration by parts: the bulk term will
be interpreted as ιQ(k)ϖ(k) — defining the Euler–Lagrange equations for the
variational problem — while the remainder, a boundary term, is interpreted
as a one-form α̌(k+1) on some appropriate space (see below). Namely, we
have an equation formally equivalent to (1)

δS(k) = ιQ(k)ϖ(k) − π̌(k)∗α̌(k+1),

with the difference that the correction term π̌(k)∗α̌(k+1) lives on the inter-
mediate space F̌ (k+1), defined as the space of fields and transversal jets
restricted to the boundary, with π̌(k)∗ : F (k) → F̌ (k+1) being the restriction
of fields to M (k+1). We will call F̌ (k+1) space of pre-boundary fields.

We define ϖ̌(k+1) := δα̌(k+1), which is a closed form, but in general degen-
erate and hence not symplectic. However, one expects it to be pre-symplectic
i.e. such that the kernel of the associated map

ϖ̌(k+1)♯ : T F̌ (k+1) → T ∗F̌ (k+1)

X 7→ ϖ̌(k+1)♯(X) = ϖ̌(k+1)(X, ·)

is regular. This condition, which has to be explicitly checked, requires that
the kernel be a subbundle in T F̌ (k+1), and we can define the space of bound-
ary fields to be the pre-symplectic reduction15:

(10) F (k+1) := F̌ (k+1)/
ker(ϖ̌(k+1)♯)

The pre-symplectic reduction map π
(k+1)
red : F̌ (k+1) −→ F (k+1) can be com-

puted in a chart by explicitly flowing along the vertical vector fields (i.e. X ∈
T F̌ (k+1) such that ϖ̌(k+1)♯(X) = 0). The projection π(k) : F (k) → F (k+1) to

15Typically, the procedure we employ will provide a chart for the quotient, show-
ing that the pre-symplectic reduction is indeed smooth.
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the true space of boundary fields, is then obtained by composing π̌(k) with

the pre-symplectic reduction map16 π
(k+1)
red , i.e. π(k) := π

(k+1)
red ◦ π̌(k). To sum-

marise, we have

(11) F (k)

π(k)

��

π̌(k)

��

ϖ(k), (k − 1)-symplectic

F̌ (k+1)

π
(k)
red

��

ϖ̌(k+1), k-presymplectic

F (k+1) ϖ(k+1), k-symplectic

See the proof of Proposition 21 for more details.
To recover the rest of the BV-BFV data on the higher codimension

stratum, we first define a pre-boundary action functional Š(k+1) on F̌ (k+1)

via an analogue of Equation (3):

ιQ(k)ιQ(k)ϖ(k) = 2π̌(k)∗Š(k+1).

It then follows from the BV-BFV theorems [7, Section 3.1.3] that Š(k+1) is

basic with respect to π
(k+1)
red : F̌ (k+1) → F (k+1): namely, there exists S(k+1)

on F (k+1) such that π
(k+1)∗
red S(k+1) = Š(k+1), and consequently

ιQ(k)ιQ(k)ϖ(k) = 2π(k)∗S(k+1).

Moreover, [7, Section 3.1.3] establishes that on F (k+1) one has the evo-

lutionary, cohomological, projectable vector field Q(k+1) = π
(k)
∗ Q(k), which

will be Hamiltonian w.r.t. S(k+1) up to higher codimension terms.

3.3. 1-extended GR theory

If we allow M to bear a 1-stratification, and denote codimension-1 strata
by M (1), denoting by Ω1

nd(M
(1),V) the space of maps e : TM (1) −→ V such

that the image of e is a linearly independent system, we have the following.

Proposition 21. The BV theory F
↑0
GR = (FGR, SGR, ϖGR, QGR) is 1-

extendable to F
↑1
GR. The codimension-1 data are:

16The numbering convention we are using is such that the codimension index of
the various maps coincides with that of their domain.
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• The space of codimension-1 fields, given by the bundle

(12) F
(1)
GR −→ Ω1

nd(M
(1),V),

with local trivialisation on an open U (1) ⊂ Ω1
nd(M

(1),V)

F
(1)
GR ≃ U (1) × Ω1(M (1),∧2V)(13)

⊕ T ∗
(
Ω0[1](M (1),∧2V)⊕ X[1](M (1))⊕ C∞[1](M (1))

)
,

and fields denoted by ẽ ∈ U (1) and ω̃ ∈ Ω1(M (1),∧2V) in degree zero,
c̃ ∈ Ω0[1](M (1),∧2V), ξ̃ ∈ X[1](M (1)) and ξ̃n ∈ C∞[1](M (1)) in degree
one, ω̃† ∈ Ω3[−1](M (1),V) and ẽ† ∈ Ω2[−1](M (1),∧2V) in degree mi-
nus one, together with a fixed vector field ϵn ∈ Γ(V), completing the
image of elements ẽ ∈ U (1) to a basis of V;

• The codimension-1 one-form, symplectic form and action functional

α
(1)
GR = Tr

∫

M (1)

−ẽδω̃ + ω̃†δc̃− ẽ†ϵnδξ̃
n − (ι

δξ̃
ẽ)ẽ† + ι

ξ̃
ω̃†δω̃,(14a)

ϖ
(1)
GR = Tr

∫

M (1)

−δẽδω̃ + δω̃†δc̃− δẽ†ϵnδξ̃
n(14b)

+ ι
δξ̃
δ(ẽ•⊗ẽ

†) + δ(ι
ξ̃
ω̃†)δω̃,

S
(1)
GR = Tr

∫

M (1)

−ι
ξ̃
ẽFω̃ − ϵnξ̃

nFω̃ − c̃dω̃ ẽ+
1

2
[c̃, c̃]ω̃† +

1

2
ι
ξ̃
ι
ξ̃
Fω̃ω̃

†(14c)

+
1

2
ι
[ξ̃ ,ξ̃ ]

ẽẽ† + c̃dω̃(ιξ̃ ω̃
†) + Lω̃

ξ̃
(ϵnξ̃

n)ẽ† − [c̃, ϵnξ̃
n]ẽ†,

where ι
δξ̃
δ(ẽ•⊗ẽ

†) indicates that the contraction is considered with re-

spect to the one-form17 ẽ;

17In a local chart we can write ι
δξ̃
δ(ẽ•⊗ẽ

†) = δξaδ(eae
†).
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• The cohomological vector field Q
(1)
GR

Q
(1)
GRẽ = −Lω̃

ξ̃
ẽ+ dω̃(ϵnξ̃

n) + [c̃, ẽ]−X⟨a⟩
n ω̃†

a + Y ⟨a⟩
n ω̃†

a(15a)

Q
(1)
GRω̃ = −ι

ξ̃
Fω̃ + dω̃ c̃−X⟨a⟩

n ẽ†a + Y ⟨a⟩
n ẽ†a(15b)

Q
(1)
GRc̃ =

1

2
[c̃, c̃]−

1

2
ι
ξ̃
ι
ξ̃
Fω̃ − ι

ξ̃
X⟨a⟩
n ẽ†a + ι

ξ̃
Y ⟨a⟩
n ẽ†a(15c)

Q
(1)
GRω̃

† = −dω̃ ẽ+ [c̃, ω̃†] + dω̃ιξ̃ ω̃
† − [ϵnξ̃

n, ẽ†](15d)

Q
(1)
GRẽ

† = −Fω̃ + [c̃, ẽ†] + dω̃ιξ̃ ẽ
†(15e)

Q
(1)
GRξ̃ = −

1

2
[ξ̃ , ξ̃ ]−

(
X⟨a⟩
n + Y ⟨a⟩

n

) ∂

∂xa
(15f)

Q
(1)
GRξ̃

n = +X⟨n⟩
n − Y ⟨n⟩

n(15g)

where Xn = Lω̃
ξ̃
(ϵnξ̃

n) and Yn = [c̃, ϵnξ̃
n], and the superscript ⟨n⟩ de-

notes the component with respect to ϵn, following the notation of Sec-
tion 3.1;

• The projection to codimension-1 fields π
(0)
GR = πred

(1) ◦ π̌(0) is smooth,
where π̌(0) : F (0) → F̌ (1) is the restriction of the codimension-0 fields
to the 1-stratum M (1) and πred

(1) : F̌ (1) → F (1) is the pre-symplectic
reduction (10).

Remark 22. Before we produce the proof of Proposition 21, let us observe
that all the expressions in (15) (and more manifestly in (14)) are coordinate

independent. Indeed, expressions like ι
ξ̃
X

⟨a⟩
n ẽ†a or X⟨a⟩ ∂

∂xa are tensorial in a

local chart ofM (1), while the component ⟨n⟩ refers to the completion of a basis

{Im(ẽ), ϵn}. Furthermore, the projection π
(0)
GR as defined above is coordinate

independent (both restrictions and pre-symplectic reductions can be defined
without the use of a coordinate system). However, the explicit expression of

the BFV map π
(0)
GR presented later, in Corollary 23, depends on the choice

of an embedding M (1) in M (0) and a chart on a tubular neighbourhood (cf.
Remark 20).

Proof. From the variation of the action (4), following the strategy outlined
in Section 3.2, we get the pre-boundary one-form by isolating the boundary
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terms:

α̌(1) = Tr

∫

M (1)

− eδω + e†nξ
nδe+ e†δ(enξ

n) + e†ιδξe+ ιξω
†δω

+ ω†
nξ
nδω + ω†δc−

(
ιξc

†
nξ
n
)
δω − ξnιδξχV − ξnδξnχnV

where ξ† = χ⊗ V ≡ χV. Then, we derive the two form ϖ̌(1) = δα̌(1):

ϖ̌(1) = Tr

∫

M (1)

− δeδω + δe†nξ
nδe+ e†nδξ

nδe+ δe†δ(enξ
n) + δe†ιδξe+ e†ιδξδe

+ ιδξω
†δω + δ(ω†

nξ
n)δω + ιξδω

†δω + δω†δc− δ
(
ιξc

†
nξ
n
)
δω

− δξnιδξχV − ξnιδξδχV − δξnδξnχnV + ξnδξnδχnV.

We want to make sure that ϖ̌(1) is pre-symplectic: the kernel of such a
two-form is defined by the equations

(Xe) = ι(Xξ)ω
† − (Xξn)ω

†
n + ιξ(Xω†) + (Xω†

n
)ξn − (Xιξc

†
nξn

)(16a)

(Xω) = ι(Xξ)e
† + (Xξn)e

†
n + (Xe†n

)ξn(16b)

(Xξµ)eµ = −(Xen)ξ
n(16c)

(Xc) = ιξ(Xω)(16d)

(Xω†) = 0(16e)

en(Xe†) = −(Xe)e
†
n + (Xω)ω

†
n − (Xω)c

†
nbξ

b

+ (2(Xξn)χn + (Xχn
)ξn + (Xξa)χa)V(16f)

ea(Xe†) = −(Xe)e
†
a + (Xω)ω

†
a − (Xω)c

†
anξ

n(16g)

+ ((Xξn)χa + (Xχa
)ξn)V,

together with

(Xe†)ξ
n = 0(17a)

ιξ(Xω)ξ
n = 0(17b)

(Xe)ξ
n = 0(17c)

(Xω)ξ
n = 0(17d)

(Xξ)
ρξn = 0.(17e)
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We first solve (16c): expanding (Xen) in the basis {eµ}µ=1,2,n we get a vector
equation whose single components are

(Xξµ) = −(Xen)
⟨µ⟩ξn for µ = 1, 2, n.

It is then possible to solve equations (16) to yield

(Xω†) = 0(18a)

(Xξµ) = −(Xen)
⟨µ⟩ξn(18b)

(Xω) = −(Xen)
⟨b⟩ξne†b − (Xen)

⟨n⟩ξne†n + (Xe†n
)ξn(18c)

(Xe) = (Xen)
⟨b⟩ξnω†

b + (Xen)
⟨n⟩ξnω†

n + (Xω†
n
)ξn − ιξ(Xc†n

)ξn

+ (Xen)
⟨n⟩ιξc

†
nξ
n(18d)

(Xc) = ιξ(Xω)(18e)

p†a(Xe†) =
[(
(Xen)

⟨b⟩ξnω†
b + (Xen)

⟨n⟩ξnω†
n + (Xω†

n
)ξn − ιξ(Xc†n

)ξn
)
e†a

+ (Xen)
⟨n⟩ιξc

†
nξ
ne†a +

(
− (Xen)

⟨b⟩ξne†b − (Xen)
⟨n⟩ξne†n + (Xe†n

)ξn
)
ω†
a

−
(
− (Xen)

⟨b⟩ξne†b − (Xen)
⟨n⟩ξne†n + (Xe†n

)ξn
)
c†anξ

n
]⟨a⟩

− (Xen)
⟨n⟩ξnχaV

⟨a⟩ + (Xχ•
)ξnV⟨a⟩(18f)

p†n(Xe†) =
[(
(Xen)

⟨b⟩ξnω†
b + (Xen)

⟨n⟩ξnω†
n + (Xω†

n
)ξn − ιξ(Xc†n

)ξn
)
e†n

+ (Xen)
⟨n⟩ιξc

†
nξ
ne†n +

(
− (Xen)

⟨b⟩ξne†b − (Xen)
⟨n⟩ξne†n

+ (Xe†n
)ξn

)
ω†
n −

(
− (Xen)

⟨b⟩ξne†b − (Xen)
⟨n⟩ξne†n + (Xe†n

)ξn
)
c†nbξ

b

− 2(Xen)
⟨n⟩ξnχnV + (Xχn

)ξnV − (Xen)
⟨a⟩ξnχaV

]⟨n⟩
(18g)

and, since Equations (18) force the left hand sides to be proportional to
the odd field ξn, Equations (17) are automatically satisfied. This shows that
the kernel has constant rank — i.e. ϖ̌(1) is pre-symplectic — and we can
perform pre-symplectic reduction.

We now compute the BV-BFV data by presenting a chart for the pre-
symplectic reduction

F
(1)
GR := F̌

(1)
GR

/
ker(ϖ̌(1)♯).

We flow along vertical vector fields (i.e. vector fields in the kernel of ϖ̌(1)♯)
to obtain boundary coordinates. In other words, denoting by φY the flow of
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a vector field Y at time s = 1, we define the change of coordinates on a field
ψ to be given by

ψ̃ := (φEn
◦ φ

E
†
n
◦ φ

C
†
n
◦ φ

Ω
†
n
◦ φXn

◦ φXa
)(ψ),

where the vertical vector fields En,E
†
n,Cn,Ω

†
n,Xn and Xa read

En = (Xen)
δ

δen
−
(
(Xen)

⟨a⟩e†aξ
n + (Xen)

⟨n⟩e†nξ
n
) δ

δω

− ιξ

(
(Xen)

⟨a⟩e†aξ
n + (Xen)e

†
nξ
n
) δ

δc

+
(
−(Xen)

⟨a⟩ω†
aξ
n − (Xen)

⟨n⟩ω†
nξ
n + (Xen)

⟨n⟩ιξc
†
nξ
n
) δ

δe

− (Xen)
ρξn

δ

δξρ
−
[(
(Xen)

⟨b⟩ξnω†
b + (Xen)

⟨n⟩ξnω†
n

+ (Xen)
⟨n⟩ιξc

†
nξ
n
)
e†a +

(
(Xen)

⟨b⟩ξne†b + (Xen)
⟨n⟩ξne†n

)
ω†
a

+
(
(Xen)

⟨b⟩ξne†b + (Xen)
⟨n⟩ξne†n

)
c†anξ

n

− (Xen)
⟨n⟩ξnχaV

]⟨a⟩ δ

δp†ae†

+
[(
(Xen)

⟨b⟩ξnω†
b + (Xen)

⟨n⟩ξnω†
n + (Xen)

⟨n⟩ιξc
†
nξ
n
)
e†n

−
(
(Xen)

⟨b⟩ξne†b + (Xen)
⟨n⟩ξne†n

)
ω†
n

+
(
− (Xen)

⟨b⟩ξne†b + (Xen)
⟨n⟩ξne†n

)
c†nbξ

b

− 2(Xen)
⟨n⟩ξnχnV − (Xen)

⟨a⟩ξnχaV
]⟨n⟩ δ

δp†ne†
(19a)

E
†
n = (Xe†n

)
δ

δe†n
+ (Xe†n

)ξn
δ

δω
+ ιξ(Xe†n

)ξn
δ

δc

+
[
(Xe†n

)ξnω†
a

]⟨a⟩ δ

δp†ae†
+
[
(Xe†n

)ξnιξc
†
n + (Xe†n

)ξnω†
n

]⟨n⟩ δ

δp†ne†
(19b)

C
†
n = (Xc†n

)
δ

δc†n
− ιξ(Xc†n

)ξn
δ

δe
+
(
ιξ(Xc†n

)ξne†n

)⟨n⟩ δ

δp†ne†

+
(
ιξ(Xc†na

)ξne†
)⟨a⟩ δ

δp†ae†
(19c)

Ω
†
n = (Xω†

n
)
δ

δω†
n

+ (Xω†
n
)ξn

δ

δe
−
(
(Xω†

n
)ξne†n

)⟨n⟩ δ

δp†ne†

−
(
(Xω†

na
)ξne†

)⟨a⟩ δ

δp†ae†
(19d)
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Xn = (Xχn
)
δ

δχn
+ ((Xχn

)ξnV)⟨n⟩
δ

δp†ne†
(19e)

Xa = (Xχa
)
δ

δχa
+ (Xχa

)ξnV⟨a⟩ δ

δp†ae†
(19f)

Using Xa and Xn we can eliminate χa and χn. From the differential
equation χ̇ρ(s) = (Xχρ

) (ρ = a, n), we conclude that

χρ(s = 1) = 0 ⇐⇒ (Xχρ
) = −χρ(0),

with s parametrising the flow of the vector field. The equation induced by
the flow of Xn reads

(20)
d

ds
(p†ne

†) = (−χρ(0)ξ
n
V)⟨n⟩ ,

and similarly for Xa. It follows that, if we define p
†
ne†[1] := (p†ne†)(s = 1), we

have

p†ne
†[1] = p†ne

† − χnξ
n
V
⟨n⟩; p†ae†[1] = p†ae† − χaξ

n
V
⟨a⟩.(21)

The numbered square bracket [1] denotes the step-by-step reconstruction
of the change of variables: indeed, the variable p†ne† gets transformed first
by (the flow of) Xn, and then by Ω

†
n and E

†
n. Flowing along each of these

vertical vector fields defines a temporary change of coordinates, which will
be denoted by [k].

Indeed, using Ω
†
n we can dynamically set ω†

n(s = 1) = 0 by picking
(Xω†

n
) = −ω†

n(0). This choice induces differential equations for the newly
defined variables:

d

ds
(p†ne

†[1]) = (ω†
nξ
ne†n)

⟨a⟩

⇐⇒ (p†ne
†[1])(s) = p†ne

†[1](0) + (ω†
nξ
ne†n)

⟨n⟩s,(22)

d

ds
(p†ae

†[1]) = (ω†
nξ
ne†n)

⟨a⟩

⇐⇒ (p†ae
†[1])(s) = p†ae

†[1](0) + (ω†
nξ
ne†n)

⟨a⟩s,(23)

as well as

(24)
d

ds
e = −ω†

nξ
n ⇐⇒ e(s) = e(0)− ω†

nξ
n,
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and defining the new temporary variables by p†ne†[2] := p†ne†[1](s = 1) (and
similarly for p†ae†[2], we obtain:

e[1] := e(s = 1) = e− ω†
nξn;

(p†ne†)[2] = (p†ne†)[1] +
(
ω†
nξne

†
n

)⟨n⟩
;(25)

(p†ae†)[2] = (p†ae†)[1] +
(
ω†
naξne†

)⟨a⟩

Moving on to E
†
n with an analogous procedure, we solve the associated

differential equations to yield

ω[1] = ω − e†nξn; c[1] = c− ιξe
†
nξn;

(p†ae†)[3] = (p†ae†)[2]− (e†nξnω
†
a)⟨a⟩;(26)

(p†ne†)[3] = (p†ne†)[2]− (e†nιξc
†
nξn)⟨n⟩

while using C
†
n in the same fashion we can conclude:

(27) e[2] = e[1] + ιξc
†
nξ
n; (p†ae

†)[4] = (p†ae
†)[3]−

(
ιξc

†
naξ

ne†
)⟨a⟩

.

Notice that we did not consider the coefficient of δ
δe† in E

†
n, for have fixed

the values c†n = ω†
n = 0 at the internal parameter s = 1 along the flow of the

previously employed vector fields.
Now it is time to turn to En. Its simplified expression after flowing along
the other vector fields is

En = (Xen)
δ

δen
− (Xen)

⟨a⟩e†aξ
n δ

δω
− ιξ(Xen)

⟨a⟩e†aξ
n δ

δc

− (Xen)
⟨a⟩ω†

aξ
n δ

δe
− (Xen)

ρξn
δ

δξρ
(28)

We want to flow along its integrating diffeomorphism and set the field en to
a given value. In this case we cannot set en(s = 1) = 0 because this would
violate the nondegeneracy requirement for the triad field. We will fix en(1)
to a vector ϵn ∈ V linear combination of en and e: ϵn = knen + kaea with
kn ̸= 0 (thus linearly independent from (the vectors in the image of) e). The
differential equation ėn = (Xen) is solved as en(s) = en(0) + (Xen)s, so that,
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fixing en(s = 1) ≡ ϵn yields the flow:

(Xen) = (kn − 1)en(0) + kaea;(29)

en(s) = en(0) + ((kn − 1)en(0) + kaea)s,

In order to compute how the other coordinates change along the flow,
we have to consider the components of (Xen) in the (varying) basis vectors
{ea, en}. With a short computation we get

(Xen)
⟨a⟩(s) =

ka

1 + (kn − 1)s
and (Xen)

⟨n⟩(s) =
kn − 1

1 + (kn − 1)s
.

Hence we get the equation

(30) ξ̇n(s) = −
kn − 1

1 + (kn − 1)s
ξn(s)

and we easily find

ξn(s) =
1

1 + (kn − 1)s
ξn(0)

so that

ξn[1] =
1

kn
ξn.

Passing now to ξa we have to solve the following differential equation

ξ̇a(s) = −
ka

1 + (kn − 1)s
ξn(s).

Using (30) we get

ξ̇a(s) =
ka

kn − 1
ξ̇n(s)

which can be integrated to

ξa(s) = ξa(0) +
ka

kn − 1
(ξn(s)− ξn(0))

so that

ξa[1] = ξa −
ka

kn
ξn.

Since e† and ω† do not depend on s, also the equations of e, ω and c are
solved analogously and yield

e[3] = e[2]−
ka

kn
ω†
aξ
n; ω[2] = ω[1]−

ka

kn
e†aξ

n; c[2] = c[1]−
ka

kn
ιξe

†
aξ
n.
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Gathering what we have done so far, defining ϵn := knen + kaea (now a fixed
vector field), we have constructed a chart on the pre-symplectic reduction

F (1) := F̌ (1)/
ker(ϖ̌(1)♯)

so that the map π
(1)
red : F̌

(1) −→ F (1) reads:

(31) π
(1)
red :





ẽ := e− ω†
nξn + ιξc

†
nξn−

ka

knω
†
aξn

ω̃ := ω − e†nξn−
ka

kn e
†
aξn

c̃ := c− ιξe
†
nξn−

ka

kn ιξe
†
aξn

ξ̃n := 1
kn ξn

ξ̃a := ξa− ka

kn ξn

f̃a
†
:= p†ae† − χaξ

n
V
⟨a⟩ +

(
ω†
naξne†

)⟨a⟩
− (e†nξnω

†
a)⟨a⟩

−
(
ιξc

†
naξne†

)⟨a⟩

f̃n
†
:= p†ne† − χnξ

n
V
⟨n⟩ +

(
ω†
nξne

†
n

)⟨n⟩
− (e†nιξc

†
nξn)⟨n⟩

ω̃† := ω†

with ẽ ∈ U ⊂ Ω1
nd(M

(1),V), and the BV-BFV map18 π(0) : F (0) −→ F (1) is

π(0) := π
(1)
red ◦ π̌

(0).

This data defines a chart for the (locally trivialised) bundle

F
(1)
GR ≃ U (1) × Ω1(M (1),∧2V)

⊕ T ∗
(
Ω0[1](M (1),∧2V)⊕ X[1](M (1))⊕ C∞[1](M (1))

)

since, for all ẽ ∈ U we can fix a completion ϵn that does not depend on ẽ.
An easy computation shows that α̌(1) is not basic (in particular it is not

horizontal, i.e. ιEn
α̌(1) ̸= 0), but it descends to the quotient upon adding the

18Observe that, from now on, we will omit mentioning precomposition with π̌,
when no confusion can arise.



✐

✐

“2-Schiavina” — 2022/12/9 — 1:54 — page 620 — #26
✐

✐

✐

✐

✐

✐

620 G. Canepa and M. Schiavina

term δ(ee†nξn). In the local chart defined by (31), we define:19

α(1) := Tr

∫

M (1)

−ẽδω̃ + ω̃†δc̃− f̃n
†
ϵnδξ̃

n − ι
δξ̃
ẽf̃n

†
− ι

δξ̃
ẽf̃a

†
+ ι

ξ̃
ω̃†δω̃,

so that α̌(1) + δ(ee†nξn) = π
(1)∗
red α

(1) and, consequently,

ϖ(1) := Tr

∫

M (1)

− δẽδω̃ + δω̃†δc̃− δf̃n
†
ϵnδξ̃

n + ι
δξ̃
δ(ẽf̃n

†
)

+ ι
δξ̃
δ(ẽf̃a

†
) + δ(ι

ξ̃
ω̃†)δω̃.

Given any element k ∈ Ω2(∂M,∧2V) and a basis {vi}i=1,2,3 of the vector
space V we can build a diffeomorphism

ϕ : Ω2(∂M,∧2V) →

3∏

i=1

p†iΩ
2(∂M,∧2V)

k 7→
(
p†1k, p

†
2k, p

†
3k
)

where p†i is the projection defined by (6) with inverse given by

(
p†1k, p

†
2k, p

†
3k
)
7→ p†1k + p†2k + p†3k = k.

We now observe that the quantities f̃a
†
and f̃n

†
in (31) satisfy p†af̃a

†
= f̃a

†

and p†nf̃n
†
= f̃n

†
where p†a and p

†
n are with respect to the basis (ea, en). Hence

defining ẽ† := f̃a
†
+ f̃n

†
we obtain that the image of ẽ† under the diffeomor-

phism ϕ is the couple
(
f̃a

†
, f̃n

†
)
. Since the codimension-1 quantities depend

only on the ẽ† as defined above, we conclude that we can use it as a basis
independent field on M (1).

Hence the odimension-1 forms can be more conveniently rewritten as

α(1) := Tr

∫

M (1)

−ẽδω̃ + ω̃†δc̃− ẽ†ϵnδξ̃
n − ι

δξ̃
ẽẽ† + ι

ξ̃
ω̃†δω̃

ϖ(1) := Tr

∫

M (1)

−δẽδω̃ + δω̃†δc̃− δẽ†ϵnδξ̃
n + ι

δξ̃
δ(ẽẽ†) + δ(ι

ξ̃
ω̃†)δω̃.

19Since δϵn = 0 we obtain, in the space of preboundary fields, δknen + δkaea =
−knδen − kaδea.
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where ẽ ∈ U (1), ω̃ ∈ Ω1(M (1),∧2V), c̃ ∈ Ω0[1](M (1),∧2V), ξ̃ ∈ X[1](M (1)),
ξ̃n ∈ C∞[1](M (1)), ω̃† ∈ Ω3[−1](M (1),V) and ẽ† ∈ Ω2[−1](M (1),∧2V).

Observe that, due to the arbitrariness of ϵn, and since all expressions in-
volving ẽa are coordinate independent onM

(1), the above discussion ensures
the independence of α(1) from the choice of a specific set of coordinates.

Finally, we can compute Š(1) such that ιQ(0)ιQ(0)ϖ(0) = 2π̌(0)∗Š(1), using
Equation (5) for the bulk Q. A straightforward calculation yields:

Š(1) = Tr

∫

M (1)

− ιξeFω − enξ
nFω − cdωe+

1

2
[c, c]ω† + c[e†n, e]ξ

n + c[e†, en]ξ
n

+ cdω(ιξω
† + ω†

nξ
n)− cdω(ιξc

†
nξ
n) + ιξFωιξc

†
nξ
n −

1

2
ιξιξFωω

†

− ιξFωω
†
nξ
n − ιξFωιξω

† +
1

2
ι[ξ,ξ]ee

† + enξ
ndωιξe

† + ιξedω(e
†
nξ
n)

+ e†nξ
nιξdωe+ enξ

ndω(e
†
nξ
n)−

1

2
ι[ξ,ξ]χVξ

n − ιξdξ
nχnVξ

n.

Using the projection (32) we can find the codimension-1 action functional
to be

S(1) = Tr

∫

M (1)

− ι
ξ̃
ẽFω̃ − ϵnξ̃

nFω̃ − c̃dω̃ ẽ+
1

2
[c̃, c̃]ω̃† +

1

2
ι
ξ̃
ι
ξ̃
Fω̃ω̃

† +
1

2
ι
[ξ̃ ,ξ̃ ]

ẽẽ†

+ c̃dω̃(ιξ̃ ω̃
†) + Lω̃

ξ̃
(ϵnξ̃

n)ẽ† − [c̃, ϵnξ̃
n]ẽ†

satisfying Š(1) = π
(1)∗
red S

(1). As a direct consequence, then, we have

ιQ(0)ιQ(0)ϖ(0) = 2π(0)∗S(1).

Having found the codimension-1 action functional we can compute the
cohomological vector field Q(1) on the 1-stratum. Since the coordinates we
are using are not a Darboux chart, some complications in the computation
arise. Nonetheless, the non-degeneracy of ϖ(1) guarantees that starting from
the variation of the action and using the equation ιQ(1)ϖ(1) = δS(1), we can

compute the cohomological codimension-1 vector field Q(1). □

Corollary 23 (to the proof of Proposition 21). An explicit expression
of the projection to codimension-1 fields, given a coordinate system adapted
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to the embedding M (1) →M (0) is given by

(32) π
(0)
GR :





ẽ = e− ω†
nξn + ιξc

†
nξn−

ka

knω
†
aξn

ω̃ = ω − e†nξn−
ka

kn e
†
aξn

c̃ = c− ιξe
†
nξn−

ka

kn ιξe
†
aξn

ξ̃n := 1
kn ξn

ξ̃a := ξa− ka

kn ξn

ẽ† = e† − χaξ
n
V
⟨a⟩ +

(
ω†
naξne†

)⟨a⟩
− (e†nξnω

†
a)⟨a⟩

−
(
ιξc

†
naξne†

)⟨a⟩
− χnξ

n
V
⟨n⟩ +

(
ω†
nξne

†
n

)⟨n⟩

−(e†nιξc
†
nξn)⟨n⟩

ω̃† = ω†

ϵn = knen + kaea

;

where V ∈ Ω3(∂M,∧3V) is a fixed volume form, ka, kn ∈ C∞(M (1)) are
smooth functions, χ ∈ Ω(M) is the one form component of ξ† = χ⊗ V, and
we used the notation explained in (7), (8) and (9) for the restriction of
field and their normal components where the superscript ⟨n⟩ here denotes the
component with respect to en.

Remark 24. Observe that, strictly speaking, Equation (1) is satisfied by the
above data only if we modify SGR by the boundary term Tr

∫
M (0) d(ee

†
nξn),

so that the associated pre-boundary one-form α̌(1) is automatically basic.
Indeed, this is necessary only if we insist on the BV-BFV data to be exact,
i.e. such that the symplectic forms are exact at every codimension ϖ(k) =
δα(k) and that their symplectic potential α(k) is pulled back to the respective
term in (1). A picture suitable to situations like the present one, where pre-
symplectic reduction is possible, but nontrivial, at every codimension, is to
consider the symplectic forms instead of their potentials, and the equation

LQϖ
(k) = π(k)∗ϖ(k+1),

which follows from (1) by differentiating w.r.t. δ. However, modifying S(k)

by a term concentrated in codimension-(k + 1) does not change the BV-BFV
structure (cf. [16]).

Remark 25. The expression (14b) is not in the Darboux form. The change
of coordinates to a Darboux chart will turn out to coincide with the boundary
symplectomorphism between GR and BF theory (see Section 4.2). The same
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symplectomorphism will also turn the local trivialisation (13) into a global

one, showing that the bundle F
(1)
GR is indeed trivial (since F

(1)
BF is).

3.4. 2-extended GR theory

We are now ready to compute the structure induced on codimension-2 strata
when M carries a 2-stratification, for example in the presence of corners.
Building up from the codimension-1 BV-BFV structure found in Proposi-
tion 21, denoting again by Ω1

nd(M
(2),V) the space of maps e : TM (2) −→ V

whose image defines a linearly independent system, we have the following
result.

Proposition 26. The BV theory F
↑0
GR is 2-extendable to F

↑2
GR. The

codimension-2 data are:

• The space of codimension-2 fields, given by the bundle

(33) F
(2)
GR −→ Ω1

nd(M
(2),V),

with local trivialisation on a open subset U (2) ⊂ Ω1
nd(M

(2),V)

F
(2)
GR = U (2) × Ω1(M (2),∧2V)⊕ Ω0[1](M (2),∧2V)

⊕ X[1](M (2))⊕ C∞[1](M (2))⊕2,

and fields denoted by ˜̃e ∈ U (2), ˜̃ω ∈ Ω1(M (2),∧2V) in degree zero, ˜̃c ∈
Ω0[1](M (2),∧2V),

˜̃
ξ ∈ X[1](M (2)) and

˜̃
ξm,

˜̃
ξn ∈ C∞[1](M (2)) in degree

one, together with two linearly independent, fixed vector fields ϵm, ϵn ∈
Γ(V), completing the image of elements ˜̃e ∈ U (2) ⊂ Ω1

nd(M
(2),V) to a

basis of V;

• The codimension-2 one-form, symplectic form and action functional

α
(2)
GR = Tr

∫

M (2)

˜̃cδ˜̃e+ ι˜̃
ξ
˜̃eδ ˜̃ω + ϵm

˜̃
ξmδ ˜̃ω + ϵn

˜̃
ξnδ ˜̃ω,(34a)

ϖ
(2)
GR = Tr

∫

M (2)

δ˜̃eδ˜̃c+ ι
δ
˜̃
ξ
˜̃eδ ˜̃ω + ι˜̃

ξ
δ˜̃eδ ˜̃ω + ϵmδ

˜̃
ξmδ ˜̃ω + ϵnδ

˜̃
ξnδ ˜̃ω,(34b)

S
(2)
GR = Tr

∫

M (2)

−
1

2
[̃c̃, ˜̃c]̃ẽ− ι˜̃

ξ
˜̃ed˜̃ω˜̃c− ϵm

˜̃
ξmd˜̃ω

˜̃c− ϵn
˜̃
ξnd˜̃ω

˜̃c,(34c)
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• The cohomological vector field Q
(2)
GR

Q
(2)
GR

˜̃e = −d˜̃ω(ea
˜̃
ξa)− d˜̃ω(ϵm

˜̃
ξm)− d˜̃ω(ϵn

˜̃
ξn)− [̃c̃, ˜̃e](35a)

Q
(2)
GR

˜̃ω = −d˜̃ω
˜̃c(35b)

Q
(2)
GR

˜̃c = −
1

2
[̃c̃, ˜̃c](35c)

Q
(2)
GR

˜̃
ξ =

1

2
[ξ̃ , ξ̃ ] +X⟨a⟩

n − Y ⟨a⟩
n +X⟨a⟩

m − Y ⟨a⟩
m(35d)

Q
(2)
GR

˜̃
ξn = X⟨n⟩

n − Y ⟨n⟩
n +X⟨n⟩

m − Y ⟨n⟩
m(35e)

Q
(2)
GR

˜̃
ξm = X⟨m⟩

n − Y ⟨m⟩
n +X⟨m⟩

m − Y ⟨m⟩
m(35f)

where

Xn = L
˜̃ω
˜̃
ξ
(ϵn

˜̃
ξn), Xm = L

˜̃ω
˜̃
ξ
(ϵm

˜̃
ξm), Yn = [̃c̃, ϵn

˜̃
ξn], Ym = [̃c̃, ϵm

˜̃
ξm],

and the superscripts ⟨n⟩, ⟨m⟩ denote components with respect to ϵn, ϵm
as defined in Section 3.1;

• The projection to codimension-2 fields π
(1)
GR = πred

(2) ◦ π̌(1) is smooth,
where π̌(1) : F (1) → F̌ (2) is the restriction of the codimension-1 fields
to the 2-stratum M (2) and πred

(2) : F̌ (2) → F (2) is the pre-symplectic
reduction (10).

Proof. We proceed as before, following the strategy outlined in Section 3.2.
Let α̌(2) be such that ιQ(1)ϖ(1) = δS(1) + π̌(1)α̌(2):

α̌(2) = Tr

∫

M (2)

ι
ξ̃
ẽδω̃ + ẽmξ̃

mδω̃ + ϵnξ̃
nδω̃ + c̃δẽ− δω̃ι

ξ̃
ω̃†
mξ̃

m + ι
δξ̃
ẽẽ†mξ̃

m

− ẽmδξ̃
mẽ†mξ̃

m − c̃δ(ω̃†
mξ̃

m)− ϵnδξ̃
nẽ†mξ̃

m(36)

ϖ̌(2) = δα̌(2) = Tr

∫

M (2)

ι
δξ̃
ẽδω̃ + ι

ξ̃
δẽδω̃ + δẽmξ̃

mδω̃ − ẽmδξ̃
mδω̃ − ϵnδξ̃

nδω̃

+ δc̃δẽ− δω̃ι
δξ̃
ω̃†
mξ̃

m − δω̃ι
ξ̃
δω̃†

mξ̃
m + δω̃ι

ξ̃
ω̃†
mδξ̃

m

− δẽmδξ̃
mẽ†mξ̃

m + ẽmδξ̃
mδẽ†mξ̃

m + ẽmδξ̃
mẽ†mδξ̃

m

− ι
δξ̃
δẽẽ†mξ̃

m − ι
δξ̃
ẽδẽ†mξ̃

m − ι
δξ̃
ẽẽ†mδξ̃

m

− δc̃δ(ω̃†
mξ̃

m) + ϵnδξ̃
nδẽ†mξ̃

m + ϵnδξ̃
nẽ†mδξ̃

m
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The forms α̌(2), ϖ̌(2) are defined on F̌ (2), the space of restrictions of
codimension-1 fields (and their normal jets) to the codimension-2 stratum,
with π̌(1) : F (1) −→ F̌ (2).

We have to show that the pre-symplectic reduction of ϖ̌(2) is possible.
The equations that define the kernel of (ϖ̌(2))♯ are:

δc̃ : Xẽ + (Xω̃†
m
)ξ̃m − ω̃†

m(Xξ̃m
) = 0(37a)

δω̃ : ι(X
ξ̃
)ẽ+ ι

ξ̃
Xẽ +Xẽm ξ̃

m − ẽm(Xξ̃m
)− ϵn(Xξ̃n

)(37b)

+ ι(X
ξ̃
)ω̃

†
mξ̃

m + ι
ξ̃
(Xω̃†

m
)ξ̃m − ι

ξ̃
(ω̃†
m)Xξ̃m

= 0

δξ̃ : − ẽ•p
†
p(Xω̃)− (Xω̃)ω̃

†
m•ξ̃

m + ẽ•(Xẽ†m
)ξ̃m + ẽ•ẽ

†
m(Xξ̃m

) = 0(37c)

δξ̃n : − ϵnp
†
n(Xω̃) + ϵnẽ

†
m(Xξ̃m

) + ϵn(Xẽ†m
)ξ̃m = 0(37d)

δξ̃m : − ẽmp
†
m(Xω̃) + (Xω̃)ιξ̃ ω̃

†
m − ι(X

ξ̃
)ẽẽ

†
m − 2emẽ

†
m(Xξ̃m

)(37e)

− (Xẽm)ẽ
†
mξ̃

m + ẽm(Xẽ†m
)ξ̃m + (Xc̃)ω̃

†
m + ϵn(Xξ̃n

)ẽ†m = 0

δẽm : ξ̃m(Xω̃) + (X
ξ̃m

)ẽ†mξ̃
m = 0(37f)

δẽ : ι
ξ̃
(Xω̃) + (Xc̃) = 0(37g)

δω̃†
m : − ι

ξ̃
(Xω̃)ξ̃

m − (Xc̃)ξ̃
m = 0(37h)

δẽ†m : ι(X
ξ̃
)ẽξ̃

m − ẽm(Xξ̃m
)ξ̃m − ϵn(Xξ̃n

)ξ̃m = 0(37i)

From (37a) we get

Xẽ = −(Xω̃†
m
)ξ̃m + ω̃†

m(Xξ̃m
).

Inserting this result into (37b) we get

ι(X
ξ̃
)ẽ+Xẽm ξ̃

m − ẽm(Xξ̃m
)− ϵn(Xξ̃n

) + ι(X
ξ̃
)ω̃

†
mξ̃

m = 0

which is a vector equation. Using the basis {ẽ, ẽm, ϵn} we can write it
equivalently as

ẽaX
ξ̃a

+ (X⟨a⟩
em )ẽaξ̃

m + (X⟨m⟩
em )ẽmξ̃

m + (X⟨n⟩
em )ϵnξ̃

m − ẽm(Xξ̃m
)− ϵn(Xξ̃n

)

+ ω̃
†⟨a⟩
mb ẽaXξ̃b

ξ̃m + ω̃
†⟨m⟩
mb ẽmXξ̃b

ξ̃m + ω̃
†⟨n⟩
mb ϵnXξ̃b

ξ̃m = 0.

In matrix notation we get

(38)




1− ω̃
†⟨a⟩
mb ξ̃

m 0 0

−ω̃
†⟨m⟩
mb ξ̃m 1 0

−ω̃
†⟨n⟩
mb ξ̃

m 0 1







(X
ξ̃b
)

(X
ξ̃m

)

(X
ξ̃n
)


 =




(X
⟨a⟩
em )

(X
⟨m⟩
em )

(X
⟨n⟩
em )


 ξ̃m.
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We can write equation (38) as (1 + Y )x = b where Y is a nilpotent matrix
of index 2. Hence the equation can be inverted by x = (1− Y + Y 2)b and
we get:

(39)




(X
ξ̃a
)

(X
ξ̃m

)

(X
ξ̃n
)


 =




1 + ω̃
†⟨a⟩
ma ξ̃m 0 0

+ω̃
†⟨m⟩
ma ξ̃m 1 0

+ω̃
†⟨n⟩
ma ξ̃m 0 1







(X
⟨a⟩
em )

(X
⟨m⟩
em )

(X
⟨n⟩
em )


 ξ̃m.

Since (ξ̃m)2 = 0 we get

(X
ξ̃µ
) = (X⟨µ⟩

em )ξ̃m µ = a,m, n,

and, for the same reason, (37i) is satisfied. From (37d) we get

(40) p†n(Xω̃) = p†nẽ
†
m(X

⟨m⟩
em )ξ̃m + p†n(Xẽ†m

)ξ̃m.

Equation (37g) is easily solved as

(Xc̃) = −ι
ξ̃
(Xω̃)

which in turn solves also (37h). Using equation (37g) we can solve (37e):

p†m(Xω̃) = p†mẽ
†
m(X

⟨m⟩
em )ξ̃m + p†m(Xẽ†m

)ξ̃m.(41)

Turning to (37c) we get

p†a(Xω̃)(1 + ω̃†⟨a⟩
m ξ̃m) = p†a(Xẽ†m

)ξ̃m + p†aẽ
†
m(X

⟨m⟩
em )ξ̃m,

hence

(42) p†a(Xω̃) = p†a(Xẽ†m
)ξ̃m + p†aẽ

†
m(X

⟨m⟩
em )ξ̃m.

Collecting (40), (41) and (42), we get that (Xω̃) is proportional to ξ̃
m, hence

also (37f) is solved. This shows that it is possible to perform pre-symplectic
reduction.
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Collecting all remaining nontrivial equations together we obtain

(X
ξ̃µ
) = (X⟨µ⟩

em )ξ̃m µ = a,m, n

(Xω̃) = (Xẽ†m
)ξ̃m + ẽ†m(X

⟨m⟩
em )ξ̃m

(Xc̃) = ι
ξ̃
(Xẽ†m

)ξ̃m + ι
ξ̃
ẽ†m(X

⟨m⟩
em )ξ̃m

(Xẽ) = −(Xω̃†
m
)ξ̃m + ω̃†

m(X
⟨m⟩
em )ξ̃m.

The vertical vector fields are

Em = (Xem)
δ

δẽm
+ ẽ†m(X

⟨m⟩
em )ξ̃m

δ

δω̃
+ ι

ξ̃
ẽ†m(X

⟨m⟩
em )ξ̃m

δ

δc̃

+ ω̃†
m(X

⟨m⟩
em )ξ̃m

δ

δe
− (Xem)

µξ̃m
δ

δξ̃µ

E
†
m = (Xẽ†m

)
δ

δẽ†m
+ (Xẽ†m

)ξ̃m
δ

δω̃
+ ι

ξ̃
(Xẽ†m

)ξ̃m
δ

δc̃

Ω
†
n = (Xω̃†

m
)
δ

δω̃†
m

− (Xω̃†
m
)ξ̃m

δ

δẽ
.

With an analogous procedure to Proposition 21 we flow along these vertical
vector fields to obtain the new corner variables. Using Ω

†
m we have that

ω̃†
m(s = 1) = 0 ⇐⇒ (Xω̃†

m
) = −ω̃†

m which leads to

ẽ[1] = ẽ− ω̃†
mξ̃

m.

Analogously, with E
†
m we get

ω̃[1] = ω̃ − ẽ†mξ̃
m; c̃[1] = c̃− ι

ξ̃
ẽ†mξ̃m.

Now we have to consider

Em = (Xem)
δ

δẽm
− (Xem)

µξ̃m
δ

δξ̃µ
.

As before, this sets the vector ẽm to a constant ϵm = k̃nϵn + k̃mẽm + k̃aẽa
for k̃m, k̃a ∈ C∞(M (1)), k̃m ̸= 0 and transforms ξ̃m[1] = (1/k̃m)ξ̃m, ξ̃n[1] =
ξ̃n − (k̃n/k̃m)ξ̃m, ξ̃a[1] = ξ̃a − (k̃a/k̃m)ξ̃m while leaving all the other fields
unchanged. Once again, fixing a linearly independent vector ϵm can be done
in an open subset U (2) ⊂ Ω1

nd(M
(2),V) independently of ẽ. Summarizing, if
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we denote the space of codimension-2 fields by

F (2) := F̌ (2)/
ker(ϖ̌(2)♯)

we then obtain the following projection π
(2)
red : F̌ (2) → F (2):

(43) π
(2)
red :





˜̃e := ẽ− ω̃†
mξ̃m

˜̃ω := ω̃ − ẽ†mξ̃m

˜̃c := c̃− ι
ξ̃
ẽ†mξ̃m

˜̃
ξa := ξ̃a− k̃a

k̃m
ξ̃m

˜̃
ξn := ξ̃n− k̃n

k̃m
ξ̃m

˜̃
ξm := 1

k̃m
ξ̃m

together with ϵm = k̃nϵn + k̃mẽm + k̃aẽa, and once more we define the BV-

BFV map to be π(1) := π
(2)
red ◦ π̌

(1).

The one-form α̌(2) is not basic w.r.t. π
(2)
red, and it descends to the quotient

only upon adding the exact term δ(ι
ξ̃
ẽẽ†mξ̃m + ϵnξ̃

nẽ†mξ̃m). The codimension-
2 one-form is then given by

α(2) = Tr

∫

M (2)

˜̃cδ˜̃e+ ι˜̃
ξ
˜̃eδ ˜̃ω + ϵm

˜̃
ξmδ ˜̃ω + ϵn

˜̃
ξnδ ˜̃ω.

From the defining formula ιQ(1)ιQ(1)ϖ(1) = 2π̌(1)∗Š(2) and the expression

for Q(1) (15), we compute the pre-codimension-2 action functional Š(2).

Š(2) = Tr

∫

M (2)

ẽmξ̃
mdω̃c+ ϵnξ̃

ndω̃c+ ι
ξ̃
ẽdω̃ c̃−

1

2
[c̃, c̃]ẽ+ ι

ξ̃
ω̃†
mξ̃

mdω̃ c̃

+
1

2
[c̃, c̃]ω̃†

mξ̃
m + [c̃, ϵnξ̃

n]ẽ†mξ̃
m − ι

ξ̃
dω̃(ϵnξ̃

n)ẽ†mξ̃
m

− ι
ξ̃
dξ̃mẽmẽ

†
mξ̃

m − ι
ξ̃
dξ̃aẽaẽ

†
mξ̃

m.

It is easy to show that Š(2) is basic, and, defining

S(2) = Tr

∫

M (2)

−
1

2
[̃c̃, ˜̃c]̃ẽ+ ι˜̃

ξ
˜̃ed˜̃ω˜̃c+ ϵm

˜̃
ξmd˜̃ω

˜̃c+ ϵn
˜̃
ξnd˜̃ω

˜̃c
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we obtain that π
(2)∗
red S

(2) = Š(2) and

ιQ(1)ιQ(1)ϖ(1) = 2π(1)∗S(2).

□

Corollary 27 (to the proof of Proposition 26). The projection to
codimension-2 fields, given a coordinate system adapted to the embedding
M (2) →M (1) (see Remark 20):

(44) π
(1)
GR :





˜̃e := ẽ− ω̃†
mξ̃m

˜̃ω := ω̃ − ẽ†mξ̃m

˜̃c := c̃− ι
ξ̃
ẽ†mξ̃m

˜̃
ξa := ξ̃a− k̃a

k̃m
ξ̃m

˜̃
ξn := ξ̃n− k̃n

k̃m
ξ̃m

˜̃
ξm := 1

k̃m
ξ̃m

ϵm := k̃nϵn + k̃mẽm + k̃aẽa

;

where k̃a, k̃m, k̃n ∈ C∞(M (2)) and we used the notation explained in (8) and
(9) for the restriction of field and their tranversal components, adapted as
described in Remark 19.

3.5. 3-extended GR theory

Finally, we allow M to bear a 3-stratification, i.e. we consider {M (k)}k=0...3.
We iterate once again the BV-BFV procedure from the previously obtained,
codimension-2 data.

Proposition 28. The BV theory F
↑0
GR is 3-extendable to F

↑3
GR. The

codimension-3 data are:

• The space of fields

F
(3)
GR = Ω0[1](M (3),∧2V)⊕ C∞[1](M (3))⊕3

together with a basis of V denoted by {ϵm, ϵn, ϵa};
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• The codimension-3 one-form, symplectic form and action functional

α
(3)
GR = Tr

∫

M (3)

−ϵn
˜̃̃
ξnδ

˜̃̃
c− ϵm

˜̃̃
ξmδ

˜̃̃
c− ϵa

˜̃̃
ξaδ

˜̃̃
c,(45)

ϖ
(3)
GR = Tr

∫

M (3)

−ϵnδ
˜̃̃
ξnδ

˜̃̃
c− ϵmδ

˜̃̃
ξmδ

˜̃̃
c− ϵaδ

˜̃̃
ξaδ

˜̃̃
c,(46)

S
(3)
GR = Tr

∫

M (3)

1

2
[̃̃c̃,

˜̃̃
c]ϵa

˜̃̃
ξa +

1

2
[̃̃c̃,

˜̃̃
c]ϵm

˜̃̃
ξm +

1

2
[̃̃c̃,

˜̃̃
c]ϵn

˜̃̃
ξn;(47)

• The cohomological vector field Q
(3)
GR

Q
(3)
GR

˜̃̃
c =

1

2
[̃̃c̃,

˜̃̃
c](48a)

Q
(3)
GR

˜̃̃
ξµ = [̃̃c̃, ϵa

˜̃̃
ξa]⟨µ⟩ + [̃̃c̃, ϵm

˜̃̃
ξm]⟨µ⟩ + [̃̃c̃, ϵn

˜̃̃
ξn]⟨µ⟩;(48b)

• The projection to codimension-3 fields π
(2)
GR = π

(3)
red ◦ π̌

(2) is smooth,
where π̌(2) : F (2) → F̌ (3) is the restriction of the codimension-2 fields

to the 3-stratum M (3) and π
(3)
red : F̌ (3) → F (3) is the pre-symplectic re-

duction (10).

Remark 29. Since M (3) is a set of points, integration is here intended as
sum over such points, with the space of fields on a single point being given
by

∧2V [1]× R
3[1].

Proof. In order to keep the notation light and readable we drop the tildes.
Once again, from the defining equation ιQ(2)ϖ(2) = δS(2) + π̌(2)α̌(3) we get

α̌(3) = Tr

∫

M (3)

−ϵnξ
nδc− ϵmξ

mδc− eaξ
aδc

and

ϖ̌(3) = δα̌(3) = Tr

∫

M (3)

ϵnδξ
nδc+ ϵmδξ

mδc− δeaξ
aδc+ eaδξ

aδc,

with α̌(3) ∈ Ω1(F̌ (3)), the space of restrictions of fields in F (2) (and their
normal jets) to the stratum M (3), with π̌(2) : F (2) −→ F̌ (3). There is only
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one nontrivial equation defining the kernel of (ϖ̌(3))♯:

ϵnXξn + ϵmXξm + eaXξa −Xeaξ
a = 0.

This is solved as in the previous cases by

Xµ
ξ = (Xea)

⟨µ⟩ξa

and, since this equation defines a subbundle of T F̌ (3), it is possible to per-
form the pre-symplectic reduction. The kernel of ϖ̌(3) is spanned by

Ea =(Xea)
δ

δea
+ (Xea)

⟨µ⟩ξa
δ

δξ̃µ
,

and ance again, flowing along Ea, we are able to fix the vector ea to ϵa =
˜̃
knϵn +

˜̃
kmϵm +

˜̃
kaea for some

˜̃
kn,

˜̃
km,

˜̃
ka functions on a finite set of points

with
˜̃
ka ̸= 0 and consequently ξa[1] = (1/

˜̃
ka)ξa, ξn[1] = ξn − (

˜̃
kn/

˜̃
km)ξa,

ξm[1] = ξm − (
˜̃
km/

˜̃
ka)ξam This defines the pre-symplectic reduction π

(3)
red :

F̌ (3) −→ F (3), and the BV-BFV map π(2) := π
(3)
red ◦ π̌

(2). Then, the expres-
sion

α(3) = Tr

∫

M (3)

−ϵnξ
nδc− ϵmξ

mδc− ϵaξ
aδc

is such that π
(3)∗
red α

(3) = α̌(3). Lastly, we compute the vertex action. With
a calculation completely analogous to what was done in Propositions 21
and 26 we compute Š(3) such that ιQ(2)ιQ(2)ϖ(2) = 2π̌(2)∗Š(3):

Š(3) = Tr

∫

M (3)

1

2
[c, c]eaξ

a +
1

2
[c, c]ϵmξ

m +
1

2
[c, c]ϵnξ

n

Then, we get that the vertex action

S(3) = Tr

∫

M (3)

1

2
[c, c]ϵaξ

a +
1

2
[c, c]ϵmξ

m +
1

2
[c, c]ϵnξ

n

satisfies Š(3) = π
(3)∗
red S

(3), and consequently

ιQ(2)ιQ(2)ϖ(2) = 2π(2)∗S(3).

□
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Corollary 30 (to the proof of Proposition 28). The projection to
codimension-3 fields, given a coordinate system adapted to the embedding
M (3) →M (2) (see Remark 20):

(49) π
(2)
GR :





˜̃̃
c := ˜̃c
˜̃̃
ξa := 1

˜̃
ka

˜̃
ξa

˜̃̃
ξn :=

˜̃
ξn−

˜̃
kn

˜̃
ka

˜̃
ξa

˜̃̃
ξm :=

˜̃
ξm−

˜̃
km

˜̃
ka

˜̃
ξa

ϵa :=
˜̃
ka˜̃ea + ˜̃

kmϵm +
˜̃
knϵn

where
˜̃
ka,

˜̃
km,

˜̃
kn ∈ C∞(M (3)) and we used the notation explained in (8) and

(9) for the restriction of field and their normal components adapted as de-
scribed in Remark 19.

4. BV-BFV equivalence

The goal of this section is to prove Theorem 17, based on Definition 9. We
recall it here:

Theorem 31. The fully extended BV-BFV theories F
↑3
GR and F

↑3
BF∗

are
strongly equivalent.

Remark 32. Explicitly, we have to prove the existence of invertible sym-
plectomorphisms ψ(k) that make the following diagram commute.

(50)

F
(0)
GR F

(1)
GR F

(2)
GR F

(3)
GR

F
(0)
BF∗

F
(1)
BF∗

F
(2)
BF∗

F
(3)
BF∗

π
(0)
GR

ψ(0)

π
(1)
GR

ψ(1)

π
(2)
GR

ψ(2) ψ(3)

π
(0)
BF∗

π
(1)
BF∗

π
(2)
BF∗

Note that the vertical symplectomorphisms preserve the action functionals,

i.e. they satisfy (ψ(k))∗S
(k)
BF∗

= S
(k)
GR, and that the horizontal arrows on both
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lines have been already described in Section 2.1 and 3 respectively. The sym-
plectomorphisms ψ(k) are non-canonical, as they depend on the the choice
of a basis in V.

4.1. Equivalence on the bulk

A strong equivalence (see Definition 8) between the BV data associated to
BF theory and GR was proven in [12, Theorem 10], provided that on B is
imposed a non degeneracy condition. We denote by BF∗ nondegenerate BF
theory (see Definition 10). An explicit generating function for the canonical
transformation between the two (−1)-symplectic spaces of fields has been
given as well. We recall here the most important steps of the construction.

Using the notation introduced in Subsections 2.1 and 2.2 the generating
function20 reads

H = −B†

(
e− ιξω

† +
1

2
ι2ξc

†

)
(51)

− τ †
(
−ιξe+

1

2
ι2ξω

† −
1

3
ι3ξc

†

)
−Aω† + χc†.

Starting from this generating function, we recover an explicit expression

of the transformation ψ(0) : F
(0)
GR → F

(0)
BF∗

. It can be found using the standard
rules

(52) p = −(−1)|q|
δH

δq
; Q = (−1)|P | δH

δP

where P = (τ †, B†, A, χ), Q = (τ,B,A†, χ†), p = (ξ†, e†, ω, c) and q =
(ξ, e, ω†, c†).

Lemma 33. The symplectomorphism ψ(0) : F
(0)
GR → F

(0)
BF∗

is given by

20Some signs differ from the formula given in [12, Theorem 10] because we are
using a different convention for the signs in (4).
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(53) ψ(0) :





B = e− ιξω
† + 1

2 ι
2
ξc

†

B† = e† − ιξτ
†

A = ω − ιξe
† + 1

2 ι
2
ξτ

†

A† = ω†

χ = −c+ 1
2 ι

2
ξe

† − 1
6 ι

3
ξτ

†

χ† = −c†

τ = −ιξe+
1
2 ι

2
ξω

† − 1
3 ι

3
ξc

†

p†aτ † = ξ
†⟨a⟩
a − [e†ω†

a]⟨a⟩ + [e†ιξc
†
a]⟨a⟩

,

whereas its inverse is given by

(54) (ψ(0))−1 :





e = B + ιξA
† + 1

2 ι
2
ξχ

†

ξa = −τ ⟨a⟩ − τ ⟨b⟩τ ⟨c⟩A
†(a)
bc + τ ⟨b⟩τ ⟨c⟩τ ⟨d⟩A

†⟨e⟩
cd A

†⟨a⟩
eb

+1
2τ

⟨b⟩τ ⟨c⟩τ ⟨d⟩χ
†⟨a⟩
bcd

ω† = A†

c† = −χ†

ω = A+ ιξB
† + 1

2 ι
2
ξτ

†

c = −χ+ 1
2 ι

2
ξB

† + 1
3 ι

3
ξτ

†

ξ†a = B†(A†
a + ιξχ

†
a) + τ †(Ba −

1
2 ι

2
ξχ

†
a)

e† = B† + ιξτ
†

,

where the indices ⟨a⟩ denote components with respect to the basis {Ba} as
defined in (7).

Proof. We first apply (52) to the generating function (51) and get

B = e− ιξω
† +

1

2
ι2ξc

†(55a)

A† = ω†(55b)

τ = −ιξe+
1

2
ι2ξω

† −
1

3
ι3ξc

†(55c)

χ† = −c†(55d)

ξ†a = B†ω†
a −B†ιξc

†
a + τ †ea − τ †ιξω

†
a + τ †ι2ξc

†
a(55e)
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e† = B† + ιξτ
†(55f)

ω = ιξB
† +

1

2
ι2ξτ

† +A(55g)

c =
1

2
ι2ξB

† +
1

3
ι3ξτ

† − χ.(55h)

Equation (55f) yields B† = e† − ιξτ
† that in turn, inserted into (55e), gives

τ †ea = ξ†a − e†ω†
a + e†ιξc

†
a.

Since this is an equation between objects valued in ∧3V , we can extract an
ea factor and get

p†aτ
† = ξ†⟨a⟩a − [e†ω†

a]
⟨a⟩ + [e†ιξc

†
a]

⟨a⟩.

Having τ †, we can now invert all other equations. An easy but lengthy

computation shows that this symplectomorphism correctly satisfies ϖ
(0)
GR =

ψ(0)∗ϖ
(0)
BF∗

and it preserves the action functionals, as was shown in [12]. □

Remark 34. In order to build the inverse symplectomorphism (ψ(0))−1 we
must require that the image of B be a basis of V at every point. Thus the two
theories are strongly equivalent only if also B satisfies the non-degeneracy
condition in Definition 10. An extension of this equivalence to the degenerate
case is presented in [22], within the context of L∞ algebras.

4.2. Equivalence on boundaries, corners, vertices

Since the form ϖ
(1)
GR of Equation (14b) is not in Darboux form, it is not pos-

sible to find a generating function. We can nonetheless produce an explicit
symplectomorphism and its inverse:
(56)

ψ(1) :





B = ẽ− ι
ξ̃
ω̃†

B† = ẽ†

A = ω − ι
ξ̃
ẽ†

A† = ω̃†

χ = −c̃+ 1
2 ι

2
ξ̃
ẽ†

τ = −ι
ξ̃
ẽ− ϵnξ̃

n + 1
2 ι

2
ξ̃
ω̃†

(ψ(1))−1 :





ẽ = B + ι
ξ̃
A†

ξ̃a = −τ ⟨a⟩ − τ ⟨a⟩τ ⟨b⟩A
†⟨a⟩
ab

ξ̃n = −τ ⟨n⟩ − τ ⟨a⟩τ ⟨b⟩A
†⟨n⟩
ab

ω̃ = A+ ι
ξ̃
B†

c̃ = −χ+ 1
2 ιξ̃ ιξ̃B

†

ω̃† = A†

ẽ† = B†
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where superscripts ⟨n⟩ and ⟨a⟩ denote the components with respect to
{ϵn, Ba}. It is straightforward to check that ψ(1) ◦ (ψ(1))−1 = id, (ψ(1))−1 ◦

ψ(1) = id and ϖ
(1)
GR = ψ(1)∗ϖ

(1)
BF∗

. Analogously, on the corner (the
codimension-2 stratum) we have the explicit transformation

(57) ψ(2) :





B = ˜̃e
A = ˜̃ω
χ = −˜̃c
τ = −ι˜̃

ξ
˜̃e− ϵm

˜̃
ξm − ϵn

˜̃
ξn.

(ψ(2))−1 :





˜̃e = B
˜̃ω = A
˜̃c = −χ
˜̃
ξm = τ ⟨m⟩

˜̃
ξn = τ ⟨n⟩

˜̃
ξa = τ ⟨a⟩,

while, on the vertex, we have

(58) ψ(3) :




χ = −

˜̃̃
c

τ = −ϵa
˜̃̃
ξa − ϵm

˜̃̃
ξm − ϵn

˜̃̃
ξn

with inverses given by
˜̃
ξm = τ ⟨m⟩,

˜̃
ξn = τ ⟨n⟩ and

˜̃
ξa = τ ⟨a⟩, i.e. the compo-

nents of τ with respect to ϵm, ϵn and ϵa respectively. Finally, it is straight-

forward to check that (ψ(k))∗S
(k)
BF∗

= S
(k)
GR for k = 1, 2, 3.

4.3. Commutativity

In this section we prove the commutativity of the three square subdiagrams
of the diagram (50). This is sufficent to prove commutativity as a whole.
For the sake of clarity, we denote the BF variables on the 1-stratum (and
subsequent 2- and 3-strata) with a tilde, analogously to the GR notation. To
avoid confusion, we explicitly denote the restriction to the 1-stratum (resp.
2- and 3-stratum) with an apex ’, e.g. e′ ≡ e|M (1) and ẽ′ ≡ ẽ|M (2) .

Proposition 35. Diagram (50) is commutative.

Proof. The first square is
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F
(0)
GR F

(1)
GR

F
(0)
BF∗

F
(1)
BF∗

π
(0)
GR

ψ(0) ψ(1)

π
(0)
BF∗

The left-bottom composition π
(0)
BF∗

◦ ψ(0) reads

B̃ = (e− ιξω
† +

1

2
ι2ξc

†)′ = e′ − ιξ′ω
†′ − ω†′

n ξ
n′

+ ιξ′c
†′

n ξ
n′

B̃† = (e† − ιξτ
†)′ = e†

′

− τ †
′

n ξ
n′

Ã = (ω − ιξe
† +

1

2
ι2ξτ

†)′ = ω′ − ιξ′e
†′ − e†

′

n ξ
n′

+ ιξ′τ
†′

n ξ
n′

= ω′ − ιξ′B̃
† − e†

′

n ξ
n′

Ã† = ω†′

χ̃ = (−c+
1

2
ι2ξe

† −
1

6
ι3ξτ

†)′ = −c′ +
1

2
ι2ξ′e

†′ + ιξ′e
†′

n ξ
n′

−
1

2
ι2ξ′τ

†′

n ξ
n′

= −c′ +
1

2
ι2ξ′B̃

† + ιξ′e
†′

n ξ
n′

τ̃ = (−ιξe+
1

2
ι2ξω

† −
1

3
ι3ξc

†)′

= −ιξ′e
′ − e′nξ

n′

+
1

2
ι2ξ′ω

†′ + ιξ′ω
†′

n ξ
n′

−
1

2
ι2ξ′c

†′

n ξ
n′

where

τ̃ †n = (χaV
⟨a⟩
n − [e†nω

†
a − e†ω†

an]
⟨a⟩ + [e†ιξc

†
an]

⟨a⟩

+ χnV
⟨n⟩
n − [e†nω

†
n]

⟨n⟩ + [e†nιξc
†
n]

⟨n⟩)′.

The top-right composition ψ(1) ◦ π
(0)
GR reads:

B̃ = ẽ− ι
ξ̃
ω̃† = e′ − ω†′

n ξ
n′

+ ιξ′c
†′

n ξ
n′

− ιξ′ω
†′

B̃† = ẽ† = e† − χaξ
n
V
⟨a⟩ +

(
ω†
naξ

ne†
)⟨a⟩

− (e†nξ
nω†

a)
⟨a⟩ −

(
ιξc

†
naξ

ne†
)⟨a⟩

− χnξ
n
V
⟨n⟩ +

(
ω†
nξ
ne†n

)⟨n⟩
− (e†nιξc

†
nξ
n)⟨n⟩
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Ã = ω̃ − ι
ξ̃
ẽ† = ω − e†nξ

n − ιξ ẽ
†

Ã† = ω̃† = ω†′

χ̃ = −c̃+
1

2
ι2
ξ̃
ẽ† = c− ιξe

†
nξ
n +

1

2
ι2ξ ẽ

†

τ̃ = −ι
ξ̃
ẽ− ϵnξ̃

n +
1

2
ι2
ξ̃
ω̃†

= −ιξ′e
′ + ιξ′ω

†′

n ξ
n′

− ι2ξ′c
†′

n ξ
n′

− e′nξ
n′

+
1

2
ι2ξ′ω

†′ ,

where we used that e′nξ
n′

= ϵnξ̃
n. The rows of B̃, Ã† and τ̃ coincide in both

cases. The expressions of B̃† coincide as well, hence also the rows of Ã and
χ̃ give the same result. The second square is:

F
(1)
GR F

(2)
GR

F
(1)
BF∗

F
(2)
BF∗

π
(1)
GR

ψ(1) ψ(2)

π
(1)
BF∗

The left-bottom composition π
(1)
BF∗

◦ ψ(1) is

˜̃
B = (ẽ− ι

ξ̃
ω̃†)′ = ẽ′ − ω̃†′

mξ̃
m′

˜̃
A = (ω̃ − ι

ξ̃
ẽ†)′ = ω̃′ − ẽ†

′

mξ̃
m′

˜̃χ = (−c̃+
1

2
ι2
ξ̃
ẽ†)′ = −c̃′ + ι

ξ̃′
ẽ†

′

mξ̃
m′

˜̃τ = (−ι
ξ̃
ẽ− ϵnξ̃

n +
1

2
ι2
ξ̃
ω̃†)′ = −ι

ξ̃′
ẽ′ − ϵnξ̃

n′

− ẽ′mξ̃
m′

+ ι
ξ̃′
ω̃†′

mξ̃
m′

while for the top-right composition ψ(2) ◦ π
(1)
GR we have

˜̃
B = ˜̃e = ẽ′ − ω̃†′

mξ̃
m′

˜̃
A = ˜̃ω = ω̃′ − ẽ†

′

mξ̃
m′

˜̃χ = −˜̃c = −c̃′ + ι
ξ̃′
ẽ†

′

mξ̃
m′

˜̃τ = −ι˜̃
ξ
˜̃e− ϵm

˜̃
ξm − ϵn

˜̃
ξn = −ι

ξ̃′
(ẽ′ − ω̃†′

mξ̃
m′

)− ẽ′mξ̃
m′

− ϵnξ̃
n′

,
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(again we used ẽ′mξ̃
m′

= ϵm
˜̃
ξm) and the expressions are identical. The last

square subdiagram is

F
(2)
GR F

(3)
GR

F
(2)
BF∗

F
(3)
BF∗

π
(2)
GR

ψ(2) ψ(3)

π
(2)
BF∗

The two compositions are π
(2)
BF∗

◦ ψ(2):

˜̃̃
χ = −˜̃c′

˜̃̃
τ = (−ι˜̃

ξ
˜̃e− ϵm

˜̃
ξm − ϵn

˜̃
ξn)′ = − ˜̃e′a

˜̃
ξa′ − ϵm

˜̃
ξm′ − ϵn

˜̃
ξn′

and ψ(3) ◦ π
(2)
GR:

˜̃̃
χ = −

˜̃̃
c = −˜̃c′

˜̃̃
τ = −ϵa

˜̃̃
ξa − ϵm

˜̃̃
ξm − ϵn

˜̃̃
ξn = −˜̃e′a

˜̃
ξa′ − ϵm

˜̃
ξm′ − ϵn

˜̃
ξn′

using once again ˜̃e′aξ̃a
′

= ϵa
˜̃
ξa. □

5. Cosmological constant

In this section we consider BF theory and GR theory with the addition
of what is generally known as the cosmological term: a cubic term in B
(respectively e). Classically this amounts to considering the functionals

SclΛBF = Tr

∫

M

B ∧ FA +
1

6
ΛB ∧B ∧B,

SclΛGR = Tr

∫

M

e ∧ Fω +
1

6
Λe ∧ e ∧ e

where Λ ∈ R is a constant. The corresponding BV expression are ([12])

SΛBF = SBF +
1

6
Tr

∫

M

ΛB ∧ B ∧ B, SGR = SΛGR +
1

6
Tr

∫

M

Λe ∧ e ∧ e
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BF theory with this additional term is still fully extendable and self-similar,
so, using the notation of Theorem 12 we get

S
(k)
ΛBF = SBF +

1

6
Tr

∫

M (k)

ΛB ∧ B ∧ B.

Since the additional cosmological term does not contain any derivative,
also GR is fully extendable and the reductions are not modified. The actions
in higher codimensions are

S
(1)
ΛGR = S

(1)
GR −

1

2
Tr

∫

M (1)

Λϵnξ̃
nẽẽ

S
(2)
ΛGR = S

(2)
GR +Tr

∫

M (2)

Λϵn
˜̃
ξnϵm

˜̃
ξm˜̃e

S
(3)
ΛGR = S

(3)
GR − Tr

∫

M (3)

Λϵn
˜̃̃
ξnϵm

˜̃̃
ξmϵa

˜̃̃
ξa.

The two fully extended theories are still strongly equivalent and the map
realizing the equivalence (namely the ones appearing in the diagram (50))
remain unchanged. We have just to check that the actions are still preserved
by the corresponding symplectomorphisms. In the bulk this has been proved
in [12, section 2.3]. The same argument can be adapted to higher codimen-

sion actions. The equations (ψ(k))∗S
(k)
ΛBF∗

= S
(k)
ΛGR for k = 0, . . . 3 can also be

verified by direct computation.
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Centre de Physique Théorique, Campus de Luminy, Case 907

163 Avenue de Luminy, 13288 Marseille Cedex 9, France

E-mail address: giovanni.canepa.math@gmail.com

Institute for Theoretical Physics, ETH Zurich

Wolfgang Pauli strasse 27, 8093, Zürich, Switzerland
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