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Transforming Stackel Hamiltonians of
Benenti type to polynomial form

JEAN DE DIEU MANIRAGUHA, KRZYSZTOF MARCINIAK,
AND CELESTIN KURUJYIBWAMI

In this paper we discuss two canonical transformations that turn
Stackel separable Hamiltonians of Benenti type into polynomial
form: transformation to Viete coordinates and transformation to
Newton coordinates. Transformation to Newton coordinates has
been applied to these systems only very recently and in this paper
we present a new proof that this transformation indeed leads to
polynomial form of Stéckel Hamiltonians of Benenti type. Moreover
we present all geometric ingredients of these Hamiltonians in both
Viete and Newton coordinates.

1. Introduction

The aim of this paper is to investigate two canonical transformations of the
phase space to coordinates in which the so called Stackel separable systems
of Benenti type attain a polynomial form, as well as to present all geometric
objects, related with such systems (the pseudo-Riemannian metric tensor
and its Killing tensors as well as the conformal Killing tensor, present in the
Hamiltonians of the system) in these new coordinates.

Stéckel systems constitute an important family of quadratic in mo-
menta Hamiltonian systems that are separable, in the sense of Hamilton-
Jacobi theory, in orthogonal coordinates. These systems were introduced by
Paul Stéckel in [I0], where he presented the conditions for separability of
Hamilton-Jacobi equation of a natural Hamiltonian system (that is a sys-
tem of the form H = K + V where K is a quadratic in momenta form and
V' is a potential defined on the underlying configurational space of the sys-
tem) in orthogonal coordinates, see for example [I2] for a comprehensive
review of this subject. Stackel systems can most conveniently be obtained
from the separation relations [I1] that are linear in the Hamiltonians H;
and quadratic in momenta p;. Further specifications of ingredients in these
separation relations lead to so called Benenti systems (see the next section
for all the necessary definitions and details).
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The obtained Stéckel (or Benenti) Hamiltonians Hj, as well as their ge-
ometric components, are usually given by complicated rational functions,
if written in the canonical coordinates in which they were originally cre-
ated through separation relations. In literature, two maps turning Benenti
systems into polynomial form are known: the map to the so called Viete
coordinates [2] and the map to the so called Newton coordinates [7], the
second map discovered only recently.

In [7] the authors set and solved the problem of constructing an in-
tegrable polynomial hierarchy of Hamiltonian dynamical systems on C?V
using symmetric powers of plane algebraic curves of the form

n

(1) S NIH; = F(\ p)
j=1

where I is thus an arbitrary polynomial in A and p. More specifically, the au-
thors construct a canonical map that transforms these hierarchies of Hamil-
tonian dynamical systems to a polynomial form. In this paper we present
our own proof of the polynomiality of these systems. We do it in the spe-
cial, but important, case of systems - called Benenti systems - depending
quadratically on the momenta variables (so that F' = 2 f(A\)u? — ¢(\)), us-
ing geometric methods and the direct map between the Viete and Newton
coordinates. We also present the explicit form of all the geometric structures
that are present in the Benenti Hamiltonians in Newton coordinates. These
results are new.

2. Stackel systems

Consider a 2n-dimensional manifold M equipped with a Poisson bracket
7. Suppose also that (A, u) = (A1,..., A\n, 141, .., tn) are global Darboux
coordinates on M (i.e, {A\i, A\j} = {pi,p;} =0 for all 4,5 =1,...,n while
{Ai, 5} = 0i5). A set of algebraic equations of the form

(2) Soi()\iaﬂhle--aHn):Oa izl,...,n

is called separation relations if it is globally solvable (except possibly for
a union of lower dimensional submanifolds) with respect to the parameters
H;.
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Among all possible separations relations , a natural subclass consists
of the separation relations that are linear in the Hamiltonians Hy:

(3) > Siw(Ni i) He = i(Niy i), i=1,...,n.
k=1

Here S;; and 1); are arbitrary smooth functions of two arguments (\;, ;).
The relations are called the generalized Stdckel separation relations and
the related dynamical systems, obtained by solving with respect to Hg,
are called the generalized Stdckel systems. The matrix S = [Sik (i, pi)] is
called a generalized Stdckel matriz. Although the restriction to separation
relations linear in Hj, seems to be very strong, it appears that an overwhelm-
ing majority of all separable systems considered in the literature falls into
various subclasses of this class. The most important class of systems in
is the class of classical Stdckel systems, that is systems with the matrix S
being a Stackel matrix (so that S;x = Six(\;)) and with v; being quadratic
in momenta pu:

1
Sir(Niy i) = Sir(Ne),  i(Nis i) = §fz‘(/\z'),uz2 — i(N),

so that the separation relations attain the form
n
(4) 0i(N) + > SN He = S fi(N)pg, i=1,...,n.
k=1

The relations are called Stdckel separation relations. A particular Stéckel
system is thus defined by a choice of the Stéckel matrix S;;(\;) and by a
choice of 2n functions f; and ¢;. Solving the relations with respect to
Hj, we obtain n quadratic in momenta functions (Hamiltonians) on M

1
(5) Hrzi,uTAry—i—VT()\), r=1,...,n,

where A, are n X n matrices given by

A =diag (fi(A)(S7Y) o fa () (S7Y),,)s r=1,...,n.

As the Hamiltonians are defined through separation relations, they are
in involution with respect to the canonical Poisson bracket on M.
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There is a natural geometric interpretation of Stéckel systems given by
(5)). If we factorize A, as A, = K, G, where

G = A =diag (fi (A1) (S0 fa ) (S7Y) L)

St S-1
KT:diag<()T1 ()m>, r=1,...,n

and

(S (5 Y,

(so that K7 = I) then we can interpret the matrix G as a contravariant form
of a metric tensor on a manifold @ such that M = T*Q is the cotangent
bundle to Q. The corresponding covariant metric tensor will be denoted by ¢
so that gG = I. It can be shown that the matrices K, are then (1,1)-Killing
tensors of the metric G. For a fixed Stackel matrix S we have thus the whole
family of metrics G parametrized by n arbitrary functions f; of one variable
Ai. The tensors K, are then Killing tensors for any metric from this family.
Thus, the Stickel Hamiltonians H,. in are geodesic Hamiltonians of a
Liouville integrable system in the Riemannian space (M, g). Further, due
to the linearity of the separation relations (), the functions V,(X) on Q are
defined by the following separation relations

and are called in literature separable potentials on Q.
3. Stackel systems of Benenti type

From now on we restrict ourselves to the case the Stackel matrix S in is

of the very particular form S;; = A"/ or explicitly:
DD Vo S |

(6) S = : : Do
Al yn=2

n

thus being a Vandermonde matrix. The corresponding Stéckel systems are
thus defined by separation relations of the form

7 (A MNTTH; = —fih\)u? i=1,...
() (10()+]le J 2f( ):uz 1 9 7n7
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and are called in literature Benenti systems. Benenti systems have been
studied much in literature recently, see for example [I, 3] and references
therein.

The inverse of S as given by @ is given by the following lemma.

Lemma 1. IfS is the n x n Vandermonde matriz given by S;; = /\?_j then

1 9p;

1 B
57 =R, o,

where

pi=(=D'oi(N), A= LG =)

and where o, (N\) are elementary symmetric polynomials.

By definition

o= DY N, i=1...n,

so that
op=1, 01—5 Ni, 09 = E AiXj, o, on = [N
1<i<j<n

Lemma [1{ can be proved by a direct calculation. By this lemma, solving @
with respect to H, yields n functions (Hamiltonians) H, on M

(8) :_728/)7”]2 zA/J +Vr()\)

pTK,Gu+Ve(N), r=1,...,n

N | =

called Benenti Hamiltonians. Thus, for Benenti Hamiltonians the metric
tensor G is given by

G:diag(flA()l\l),...,f"A()\")>

while the Killing tensors K, are given by

_ : dpr Ipy B
(9) K, = d1ag<a>\1,...,a)\n> r=1,...,n.
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From now and in what follows, we further assume that all f; are equal, and
likewise all ¢;:

(10) Jir=f wi=¢

so that all the Hamiltonians are generated by the single separation curve:

() PN + S NTIH = L FO?
j=1

and are given explicitly by:

1 . apr f(Az)Mf

12 H, =~ A
(12) 22.05n A, )
1
Ei:u“ KTGM—i_‘/T()‘)a 7”—1, y 1

and thus the metric tensor GG is now given by

6 =g (L0, . L0,

Of particular interest is the case f(\;) = A/ with m € Z. In such a case the
metric tensor G will be denoted by G,,:

AT AT
Gm:diag<A1,...,A”>,m€Z.
1 n

Of course, if f is a Laurent polynomial

(13) fQA) = Z aa A,

a€A

where A C Z is a finite set, then

(14) G =) a.Ga.

a€A

It can be shown that the metric G, is flat for m € {0, ..., n} and of constant
curvature for m = n + 1 (the same is true for f being a polynomial in A\ of
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order m). Moreover
(15) G = L™ Go, Go = diag [ —, ..., —
m 0’ O - 1 g Al PR An )
where
L = diag(A1,...,\n)

is a (1, 1)-tensor called special conformal Killing tensor [§]. It can be shown [5]
that all K, can be calculated from the formula

r—1
(16) Ki=1I, K.=Y pL'7% r=2_._n
k=0

In order to illustrate the form of separable potentials V,.(A) in the Benenti
case, we further assume that ¢ is a Laurent sum of the form

(17) P =D cad,
acA

where A C Z is a finite set and ¢, are some real constants. The Benenti
separation relations become

(18) X+ NTVH; = if()\i)uf, i=1,....n

acA Jj=1
and due to their linearity we have

Ve = Z Cav;»(a)a

acA

where W(a) are so called basic separable potentials. By linearity of , the
potentials Vr(a) satisfy the relations

X4 V@A =0, i=1,...,n

r=1
and, again by Lemma|[l] they are given by

) _ §~ 9 A7

TN A
=1
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The basic separable potentials V}(a) can be explicitly constructed by the

following formula [5]:

(19) V@ = gy @ y@ — (@ | )T
where
-p1 1 0 O
(20) R= 0 0
: 0 0 1
—Pn 0 0 0

and V(©) = (0,...,0,—1)T. The first n basic potentials are trivial
Vk(a) :_5]6,71—()“ O[:O’...,'I’L—l.
The first nontrivial positive potential is

VO = (o1, on)”

and higher potentials are more complicated polynomials in ;. The first

negative potential is
T
VD <1 Pnl)
P pn

and the higher negative potentials are more complicated rational functions
of all p;. Note also that the recursion formulas ((19))-(20|) are not tensorial;
they look the same in any coordinate system.

4. Polynomial form of Benenti systems

As we saw in the previous section, even the relatively simple Benenti Hamil-
tonians are complicated rational functions when expressed in the separation
variables (A, pt). In this section we demonstrate two canonical maps that un-
der certain conditions transform Benenti Hamiltonians to a polynomial
form.
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4.1. Benenti systems in Viéte coordinates

Suppose that we change the position coordinates on the base manifold Q
through the map

(21) g =piN) i=1,...,n,

where, as in Lemma pi(A\) = (=1)%o;()\). This map induces the map (point
transformation) on 7*Q:

_I\T
(22) p= (") m
where Jy is the Jacobian of the map :

Ipi
(23) (JV)ij oM
J

Let us find an explicit form of . To do this we need the following lemma.

Lemma 2. Denote by k; the i-th column of an n X n nondegenerate matrix

A:
A= (klkal ... |kn)

and by r; the j-th row of its inverse

!
Ao | 7
T'n
Then, if ; €R fori=1,...,n
r1/a1
(arki|agks| ... |ank,) " = T2/ o
e

This elementary lemma follows from the fact that r;k; = d;;. An analo-
gous lemma is of course true if we consider rows of A instead of its columns.
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Combining lemmas [I] and [2] we obtain that

(24) (7= —x

and thus the map can be written as

The coordinates (g, p) defined by and are called Viéte coordinates.
To summarize, the map (A, u) — (¢, p) from separation coordinates to Viete
coordinates is given by

n )\n—i .
(26) ai = pi(N), piz—zzikuk, i=1,...,n.
k=1

Being a point transformation, the map is a canonical map which means
that Viete coordinates are Darboux (canonical) coordinates as well:

Let us now investigate the structure of Benenti Hamiltonians in Viete
coordinates (¢q,p). The Hamiltonians are of course written in tensor
form so that in Viete coordinates

e Hler) = g K @G@p i), r=1.n
where, by transformation laws for tensors,
(28) Ki(q) = WK, ()", Gla) = JvG (Jv)" .
The first formula in yields, after some calculation
Gi—jtr—1, t<jandr<j
(29) (Kr(@)5 =19 —Gi—jor—1, i>jandr>j
0 otherwise

Here and throughout the whole section we use the convention that ¢g = 1 and
qr = 0 for k < 0 and for k > n. Thus, all the K, (¢q) are linear in g-variables.
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Further, for the monomial case f()\;) = A* with m € {0,...,n+ 1} we can
obtain from the second formula in that

(30)

Qi+j+m—n—1, Z7j: 1)"'7n_m

G(q)

—Gitjtm-n—1, Lj=n—m+1,...,n m=20,...,n

0 otherwise

G%(q) = qi¢j — Gi+j, j=1,...,n, m=n-+1.

The formulas and can alternatively be obtained with the help
of the special conformal Killing tensor L by using the formulas and
, respectively, and the fact that the tensor L can be easily calculated
in Viete coordinates through tensor transformation law L(q) = Jy L (Jy/) ™.
We obtain

N sl il
L;’(Q) = _5]‘(11 + 5;

that is
—q1 1 0 0
: 0 0
(31) L(q) =
: 0 0 1
—qn O 0 0

Note therefore that L happens to have the same form in g-coordinates as
the recursion matrix . This seems to be a pure coincidence without any
deeper meaning; we stress again that R in is not a tensor. In any case,
due to the fact that all the entries in L are linear in ¢; we see that all
the entries in Gy, are linear in ¢; for m =0,...,n+ 1, quadratic in ¢; for
m =n + 1 and higher order polynomials for higher m. Moreover, by ,
all entries in K, (q) are linear in ¢;. Using all these facts and the formula
(14) we obtain the following important corollary:

Corollary 3. If f is a polynomial in , then the geodesic parts of Be-
nenti Hamiltonians have a polynomial form. Moreover, if the right hand
side of is a polynomial, then by the recursive relations @—(@ also
the potentials V, in the Benenti Hamiltonians (@ are in this case polyno-
mials in q;. Thus, in such a case, the whole Hamiltonians H,(q,p) (and not
Just their geodesic parts) are polynomials.
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Example 4. Consider the case n =2, f(\) =1 (i.e. a purely monomial
situation with m =0 in , so that G = Gy) and ()\) = A3. Then the
separation curve becomes

1
A3+AHy+HQ:§u2

and yields the Hamiltonians H; in the explicit form

1
Hi= ——— (12— u2) — (02 + My + N2
1 2()\1_>\2)(M1 1z) — (AT + A2 + A7)
1
Hy= —— (A2 — Mop®) + MAa(A + A
2 2()\1_>\2)( 1145 olt7) + A Aa(A1 + A2)

so both Hamiltonians are rational functions of separation coordinates (A, p).
The above Hamiltonians have exactly the form with the metric

1 1
G:GO :dla.g (A]_,A2> :

and with the Killing tensors @ given explicitly by:
K =1, K= —diag()2, \1).
The map to Viete coordinates has the explicit form:

g =—(M+X), ¢ =Xy,

1
p1= (Mg — Aop2), p2 = (1 — p2).
Ay — A

A 2 — A1

An elementary calculations shows that H; in these variables attain the form

1
Hi(q,p) = =q1p5 + p1p2 — 41 + @2

2
I _ 1 loo Lo
X%M—2m+mmm+2mm 5P242 — 4142

which is in agreement with and . Explicitly:

Gow=(\ 5 ) m@=r K= 5 ).

1 @ Q@ q

Thus, the Hamiltonians H, become polynomial in Viete coordinates (g, p).
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Example 5. Consider the case n = 3, f(A\) = A (so that m =1 in and
thus G = G1) and () = A, Then the separation curve becomes

1
N+ N2Hy + \Hy + H3 = §Au2.

Solving the corresponding separation coordinates yields the Benenti Hamil-
tonians with the metric G = LGy with

L= diag (/\1, )\2, )\3)

so that

G1 = LGy = diag<>q A2 A3)

AT Ay Ay
and with the Killing tensors @ given explicitly by

K =1, Kg:diag<)\2+)\3,)\1+)\3,/\1+)\2),
Kg = —diag ()\2)\3, )\1)\3,)\1)\2),

while the potentials V. = Vr(5) have the form

VI = A3 A3 4 A3 4+ A2 + A2h3 + ALAZ 4 M2 + A2As + AoAZ + A dods,
Vi = A0 4 A3s + AZA2 4 2020005 4+ A2A2 + A A3 + 20 A2

+ 200003 F A A3+ X33 4+ A2AZ 4 M3,
V™ = Mdods (A2 4 A3 4 A2+ Ao + Aids + dods) .

The map to Viete coordinates has now the form

a=—+X+X), @@= MA+MA3+ X3, ¢ =—-NA\3

and

yai H1

_I\T

p | =Y | me

b3 M3
with Jy and J‘;l given by 1’ and respectively. Explicitly

-1 -1 -1
Jy = A4+A3 A4+ A3 AL+ X

—A2A3 —A1A3 =12
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and
R
1
gl _ | M a1
v A, A B
A3 A2 1

Ag Ag E

An elementary calculation shows that H; in these variables attain the form

1 1
Hi(q,p) = =q1p5 + p1p2 — =@3P3 + @& — 2q192 + g3,

2 2
1 2 1 2 1 2 2 2
Hs(q,p) = §P1 - §Q2p2 - 5Q1Q3p3 + q1p1p2 — q3p2p3 + 4192 — Q193 — G2,
1 2 1 2 2
H3(q,p) = —543P2 — 59243P3 — 43P1P3 — 4143P2P3 + 4ids — 4203,

which is in agreement with and . Explicitly:

0O 0 1 0 1 0
Golg)=( 0 1 @ |, Ki(gg=1,Kalg)=| -2 &« 1 |,
I @1 @ —q 0 @
0 0 1
Ki(g)=| -5 0 a |,
0 - @

while the tensor L attains the form as in :

-¢1 1 0
Ligg=| —¢ 0 1
—q3 0 0

Note again that the Hamiltonians H, become polynomial in Viete coordi-
nates (q,p).

4.2. Benenti systems in Newton coordinates

The second method of turning Benenti Hamiltonian systems into a poly-
nomial form is by using Newton coordinates. A general method, involving
Newton coordinates, suitable for arbitrary algebraic separation curve of the
form (I)), has been discovered by V. M. Buchstaber and A. V. Mikhailov [7]
only quite recently. In this section we present our own proof the polynomi-
ality result for the important case of Benenti Hamiltonians , i.e. Hamil-
tonians generated from the Benenti separation curve , using a geometric
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approach. We also investigate in detail the structure of Benenti Hamiltonians
in Newton coordinates.

Consider the following map (consisting of a sequence of Newton polyno-
mials) on the base manifold Q:

J G
(32) o -Lyn
s=1
This map induces the map on T*Q:
(33) P=(N n

where P = (Py,...,P,)T and Jy is the Jacobian of the map ,

0Q; i—1
(']N)ij = 8)\j :)‘j :

Thus, Jy = V7, where V is the Vandermonde matrix, but different from S:

D VNN Vi
(34) V=1 &
1 A\ P

n

This also means that leads to P = V~lp.

Lemma 6. In the above notation

-1 __iapn—i—i-l
V)= —5 "o

The reader should compare this lemma with Lemma (I Thus, the map
induces the following map on T*Q

n

1 Opp—ita
A, 0y

i, 1=1,...,n

1155 :
= )\Z) -PZ = -

and we call the coordinates (Q, P) Newton coordinates on M. The reader
should compare this map with the map . Again, since the map (\, u) —
(Q,P) is a point transformation map on 7%Q, the Newton coordinates



726 J. de D. Maniraguha, K. Marciniak, and C. Kurujyibwami
(@, P) are Darboux (canonical) coordinates, that is
{Qi,Qj} ={P, P} =0, {Qi P} =0y

Let us now investigate the structure of Benenti Hamiltonians (12)) in (Q, P)-
coordinates. The Hamiltonians (12)) are written in tensor form and thus

(36)  H(QP) = PTQGQP+Q, r=1...n

In the monomial case, i.e., when f(\) = A™ we have

(BT HAQP)= 5P EAQIM@Co@P+Vi(Q), r=1,....n.

Let us now investigate the structure of and in particular , in Newton
coordinates. Due to tensor transformation laws, L(Q), K,(Q) and G(Q) are
given by

(38) LQ)=JINL(JN) ", E(Q) = JnK, (Jn)"
and by
(39) G(Q) = ING (Jn)" .

In order to express explicitly the right hand sides of and we need
to invert the map A — @) given by , which is in general not algebraically
invertible. Let us thus consider the map ¢ — () between the Viete coordi-
nates and the Newton coordinates. In the recent paper [4] it is proven
that this map is given by

1 (n+r—k)
4 r= " ’ = 1a B RAY)
(40) Qr=— ;Vk (9), r n

where Vk(a) (q) are the basic separable potentials as given by —. Below
we present a theorem in which we extend the understanding of the above
formula.
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Theorem 7. The map ¢ — Q as given by (@) has the following form:

(41) Qr(Q) = _q’l‘+7_7§r_1)(q17"'7q7‘—1)7 r= 17"'7”7

where T7£a) denotes a polynomial of order o and where 7'1(0) = 0. The map

q — Q s algebraically invertible, with the inverse map of the form

(42) Q) =—=Qr + 0" (Q1,...,Qr1), T=1,...,n,

(a) (0)

where ;- denotes a polynomial of order a with m;” = 0. Moreover, neither

T,Sa) nor 777(00‘) depend on n.

One proves this theorem by direct calculations, using the properties of
basic separable potentials Vk(a). This theorem can also be deduced from
the well-known Newton’s identities (Girard-Newton formulae) between ele-

n
mentary symmetric polynomials o, (A) and the r-th power sums > Al (see

for example [9], Exercise 8, Ch.1., Sec.2, on p. 28). This theorem means
that both the map ¢ — @ and its inverse ) — ¢ are polynomial maps and
moreover that the transformation between the first n variables, i.e. between
qi,---,qn and Q1, ..., Q,, does not change after increasing n to n + 1. Ex-
picitly, the first few expressions in both maps are

Q1= —q,
1,
Q2= —q2 + 20
1
Q3 =—q3 — gq:f + ¢q1,

1 1
Qs =—q+ Zﬁ — qiga + @31 + §q§
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for the map @@ — ¢ and
@ =—Qr,
n=-Qo+ 30}
g3 =—Q3 — é@? + Q201

1 1 1
s = —Q4 + ﬂ@% - 5@%@2 +Q3Q1 + 5@%

for the inverse map ¢ — ). These maps are simply Newton’s identities but
written in the variables ¢, and @, rather than, as it is usually done, in the
n

variables o, and >  A%L. It is now possible to calculate the tensor L in the

s=1
Newton coordinates (). After some calculations we obtain:

(43)
0 1 0 0
0 1 0
L(Q) = JNL(Jy) ' = : : : . )
(@) —n-1(Q) —qu-2(Q) ... —q(Q)

or, equivalently

L(Q); = _qnf]+1(Q)5:z + 5;—1’ 7’7,7 = ]-7 -y Ny

where the functions ¢;(Q) are given by (42). Thus, the entries of L(Q) are
polynomials, and the same is of course true for any positive power L™ (Q)

of L(Q).

Let us now calculate the Killing tensors K, in Newton coordinates ().
We will do it by transforming K,(q), as given by , to @ variables, by
the formula K, (Q) = JynK,(q) (JVN)fl, where Jy n is the Jacobian trans-
formation from Viete coordinates to Newton coordinates. First we find that

n
(Jvn)ij = qu(JVN)zes,j - Q1Gi-s +qi, ,j=1,...,n,
s=0

with (Jyn)ij = -1, (Jun)2; =a1, (Jyn)z; = —q% + g9 for any fixed j.
This also yields that

(Jvn)i) =—ai—j, 4j=1,...,n.
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Note that this last result also means that the map can now be extended
to the whole manifold M = T*Q by completing it with the map between
the canonical momenta:

T n
(44) P = [(JVN )ALjpj == ZQj—ipj, i=1,..,n.
j=1

After some calculations we obtain that

Gi—jtr—1(Q), i—j<O0andr<n-—i+1
45) (K@) =8 —aijr1(Q), i—j>0andr>n—i+1 ,

0 otherwise

cf. . Thus, since all ¢;(Q) by are polynomials then all the entries of
K, (Q) are polynomials in @; as well. Finally, let us consider G(Q), i.e. the
metric Go in Newton coordinates, by transforming Go(q), as given by (30)),
into @ variables, by the transformation formula Go(Q) = JynGo(q) (Jyn)" -

Lemma 8. The metric Gg in Newton coordinates (@ attains the form of
a lower-triangular Hankel matriz given by the recursive formulas

- £ 0@ @)y + Qa1 (@) - 6@, 1=
0, i<j

(46) Go(Q)ij =
fori,j=3,...,n,

with Go(Q)1,; = 1,Go(Q)2,; = —q1, and Go(Q)3,; = q% — qo for arbitrary
fized j.

As a consequence, the metric G,,(Q) also attains the form of a lower-
triangular Hankel matrix. This can be verified using induction with respect
to m in

Gm(Q)ij = L(Q):Gm-1(Q)s ;-

Taking into account the formulas , and Lemma we obtain a corol-
lary that is an analogue of Corollary [3]in case of Newton coordinates.

Corollary 9. If f in s a polynomial, then the geodesic parts of Be-
nenti Hamiltonians H,(Q, P) in @ have in Newton coordinates a
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polynomial form. Moreover, if the right hand side of s a pure polyno-
mial, then the potentials V;.(Q) in the Benenti Hamiltonians @ are in this
case also polynomials. Thus, in such a case, all the Hamiltonians H,(Q, P)
(and not just their geodesic parts) are polynomials.

Let us now present some examples.

Example 10. We proceed in the same setting as in Example [4] i.e. we
consider the case n =2, f(A) =1 (so that m = 0) and p(A\) = A3, but in
Newton coordinates. The map — reads now

1
Q1=—q, Q2= 5@% - qo,
P =—p1 —qip2, P = —p2

and it transforms the Hamiltonians from Example [26| to the form

L o
PR

1 92, 1o 1 o 1 4
HQ(Q,P):—ZP2Q1+§P2Q2+§P1 +§Q1—Q1Q27

1
Hy(Q,P) = §P22Q1+P1P2—Q2—

which is in agreement with and . Explicitly:

@ =(1 q ) m@-rm@=(o % o)

Moreover, L becomes

0 1
L@)‘(QQ—;Q% o )

Example 11. We now consider Example |5[in Newton coordinates i.e. the
case n =3, m =1 and ¢(\) = A\>. As n = 3 the map is now

1 1
(47) O =—-q, Q= 561% —q2, Q3= —gtﬁ’ + @12 — g3,

and its inverse (42) is

1 1
@ =-Q1 @@= 5@% —Q2, 3= —EQ? +Q1Q2 — Qs.
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The map between momenta is

Py -1 =g —q¢ D1
(48) P ) = 0 -1 -—-q P2 |,
P3 0 0 -1 D3
with the inverse
p1 -1 -1 —3Q1-Q, P
p2 | = 0 -1 -1 Py
D3 0 0 -1 Py

The map — transforms the Hamiltonians H,(g,p) in Example [5| to
the form

0 1 Q1

1
QP =gP| 1 @ 1@ | PV
Q1 Q1 +Q2 Q3+QiQ2+ Q%
1 _+ 1 0 Q2 — %Q%
mer=ir( o et ol
Q—3Q} Qs—1Q7 —5HQ1 - Q3 + Q501 + Q3
+157(Q)
1 0 s 0 1%??‘@2?14-@3
L I . )
Q1 — Q@1+ Q3 QT — Q07 +Q3Q1 2 _Q?Q%"!‘Qgég
(5)
+V37(Q),

where

V1(5)(Q) = *é@i’ - Q1Q2 — Q3,

Q) = 30— iQs — Q3+ 5,
1

Q) = 501+ 5Q10 — ;@& + 103~ 205
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which is again in agreement with and . Explicitly:

0 0 1
Go(Q) =10 1 Q1 , Ki(Q) =1,
1 Q1 3Q3+Q
-1 1 0
K> (Q) = 0 -1 L,
13— Q12+ Q3 Q2—3Q7 0
307 — Q) —Q1 1
K3(Q) = | #Q3—1Q2+Qs 0 0|,
0 Q3 —Q1Q2+ Q3 0
and
0 1 0
L(Q) = 0 0 1

1Q3—Q1Q2+ Q3 Q2 —3Q7 @
5. Conclusions

In this paper we have considered Benenti Hamiltonian systems generated
by a single separation curve , i.e. given by the separation relations
together with the assumption . In the case of these systems we have
presented a new geometric version of Buchstaber and Mikhailov results [7]:
we have shown the polynomiality of these Hamiltonian systems in Newton
coordinates and also presented explicit form of all the geometric objects,
associated with Benenti Hamiltonians, in these coordinates.This has been
done by constructing and analysing the map between the Viete and Newton
coordinates.

A natural questions that arises is whether it is possible to extend our
construction to the case that the Hamiltonians H; are not generated by
a single separation curve but by the more general separation relations
without the assumption , i.e. with different f; and ¢;, and perhaps for
even more general separation relations. This will be a subject of another
research paper.
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