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Spectrally determined singularities in a
potential with an inverse
square initial term

DEMETRIOS A. PLIAKIS

We study the inverse spectral problem for Bessel type operators
with potential v(z): H, = —02 4+ % + v(z). The potential is as-
sumed smooth in (0, R) and with an asymptotic expansion in pow-
ers and logarithms as & — 0%, v(x) = O(x®), o > —2. Specifically
we show that the coefficients of the asymptotic expansion of the
potential are spectrally determined. This is achieved by comput-
ing the expansion of the trace of the resolvent of this operator
which is spectrally determined and elaborating the relation of the
expansion of the resolvent with that of the potential, through the
singular asymptotics lemma.
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1. Introduction

Let R > 0, > —2 and v be a real valued function, smooth in C§°((0, R))
that has an asymptotic expansion together with all its derivatives as z — 0"
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of the form
o
v(z) ~ x° Z vt
n=0

where {k,} is an increasing sequence of positive real numbers. This function
appears in the singular Sturm-Liouville operator H = —92 + 5 +v(r) on
(0, R) with Dirichlet boundary conditions at 0, R. In this paper we examine
whether the spectrum of this Sturm-Liouville operator uniquely determines
the sequence of asymptotic coefficients {v,,} of the potential function.

We prove that this is indeed the case provided that vy # 0; this is achieved
by the explicit construction of the spectral invariants that in turn determine
the asymptotic coefficients of the potential function v from the spectrum.
The function

fua(n) =n*Tr(l+n*H)™!

is defined for small n > 0 and is of course spectrally determined. The n —
0 asymptotic expansion of f will provide the desired spectral invariants:
the singularity of the Sturm -Liouville operator H manifests itself in the
appearance of coefficients in the n — 07 asymptotic expansion of fr(n) that
depend polynomially on the coefficients {v,} of v. Precisely we have that
this asymptotic expansion is of the form

(1) fa) ~ > A ' (D BuP M ogn+ Y Cun'™)

n=0 n=-—1 n=0

where [, is real but not an odd integer. Evidently it contains apart from
pure odd powers also new terms, odd powers with logarithms as well as pure
powers other than the odd ones. The sequences of asymptotic coefficients
B, C,, of the asymptotic expansion of f are polynomials in the asymptotic
coefficients of the potential {v,}; it is exactly this fact that allows us to
determine recursively these {v,} from the "heat invariants” that are equiv-
alent to the n — 07 asymptotic coefficients of fz(n). The exact formulation
of this tehorem is the following:

Theorem. Let x be a smooth cutoff function, x = 1 in a neighborhood of the
origin, then the function fy m(n) has an asymptotic expansion of the form

o0 o [o¢] [o.¢]
For(m) ~ > Aspan™ 4+ " B + > Copr®™ + > Dopan®™ logn
k=0 n=0 k=0 k=0
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where z, € R\ Z, By, Cy, Dy, are homogeneous polynomials in the asympotic
coefficients {v,} of the potential of degree z if we define deg(vy) = ky,, + 2.

Inverse spectral results of the form we described above appeared first
in [4],[5],16], [10],[9]. Actually in [9] certain coefficients are calculated in the
course of calculations of operator determinats and in the rest the generic case
is studied exhaustively. The general case requires the treatment of certain
exceptional cases. This treatment is provided here and leads to the full result.

The conical singularities have been treated extensively in the literature
for diverse purposes giving rise to diverse results and calculations. We refer
to the first papers that dealt with asymptotics of either the heat [I2] or the
wave kernel [I3] on spaces with such singularities.

Possible applications of these results are indicated already in [6]. We
recall these briefly here. Potentials of this type arise in the wave equation
for a vibrating rod of variable cross section, when the cross-sectional area of
the rod vanishes quartically (as a function of the distance from the end of
the rod) at one point. In the same spirit we could determine the profile of a
surface of revolution with a conical singularity on the axis, asymptotically
to all orders, from the spectrum of Laplacian restricted to functions with
polar symmetry.

We indicate here briefly two applications in physics. Furthermore the
present study exhausts the determination of a confining potential which is
hydrogen atom-like at short distance [15], from the complete set of bound
state energies. This is indicated in [4] but only for the case of the s—wave.
Hence the present study fills in the higher angular momemtum instances for
potentials of asymptotic expansion of the form given above. We will present
here briefly the construction in [4]. Confinement is expressed by Dirichlet
boundary conditions on the surface of a sphere. The Hamiltonian with a
radial potential is

H = —-As+v(|z|)

where v € I'°((0, R)) with v(z) = O(z%),a > —2 as © — 0. The boundary
condition on the domain of H is ¢(R) = 0. The [—th spherical harmonic
Hamiltonian is unitarily equivalent to

Ho= -0} + —5— +v(r)

which is an an unbounded operator on L?((0, R);dr). The boundary con-
ditions inherited from the 3-dimensional problem are f(0) = f(R) =0. A
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physically meaningful question is whether the potential v could be deter-
mined from the mass spectrum of the bound states associated to a given
spherical harmonic because both the mass (the energy) and the angular
momentum (the order of the spherical harmonic) are measurable in the lab-
oratory.

The study we perform answers this affirmatively when the potential is
a real analytic function on (0, R) and that near 0 is written as a convergent
series of the following form

v(z) =272 g vy, ;2™ log’ z,
k,j

for {a} an increasing sequence of positive real numbers. If the function v is
not of this form then we can only obtain the full asymptotic expansion of the
potential at small distances. Moreover we can deduce several corollaries of
the preceding theorem that are interesting in physics. For instance availing
ourselves of the results of [8] on irregular singularities, we state the following:

Corollary. Let H = —02 + v(x) + P(x) be an oprator on R with Dirich-
let boundary conditions. Let v be a real valued analytic function, rapidly
decreasing at oo, while near 0 it is given by a convergent series of the form

v(z) =272 Z vk ;7 log’ x
k?j

for {ai} an increasing sequance of positive real numbers. The function P is
given and is of the form

N
P(x) = Z apzPr
n=0

for0< By < - - < BN and any > 0. Then the spectrum of H determines v.

The preceding result incorporates for instance the case of quantum par-
ticle systems trapped in magnetic fields. An immediate application of the
preceding corollary refers to the 2-dimensional magnetic trap [I], due to a
vanishing magnetic field at co. Precisely, let 0 < € < 1 and (r, ) be the co-
ordinates in R? and consider the quanutm motion in a magnetic field of
the type B = (2 — ¢)r~¢. The Hamilotnian for a particle subject to such a
magnetic field as well as to an unknown radial potential v(r) has the form

1
H=-0?+ ﬁﬁg + 72079 4 2679 + v(r)
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and restricting to angular momentum m we obtain an 1-dimensional opera-
tor of the above type provided that v(r) is of the required form. We notice
also the example from [I7] of a quantum particle moving in a magnetic field
with fixed angular momentum in the direction of the field. Similar conclu-
sions could be obtained in that case as well. The results in [2] allow us to
incorporate the case of a pair of opposite charges with fixed relative an-
gular momentum moving in a homogeneous magnetic field and interacting
through an unknown potential that we wish to determine spectrally when
the latter satisfies the preceding assumptions.

Actually we insert a cutoff function y, suppy C [0, R) in order to deal
the operator in the half line. The  — 0 asymptotic expansion of

fa(m) =n*tr(1+n*H)™!

- H is the operator in (0, 00)- coincides mod(n™) terms with that of fy.

The paper is organised as follows: we start with the neccessary facts con-
cerning the operator domain, the operator estimates and we construct the
resolvent of the unperturbed operator. Next we give the existence and the
precise form of the asymptotic expansion for the operator function we intro-
duced above. We conclude with the calculation of the asymptotic coefficients
that provide the recursive relations that determine the potential asymptotic
coefficients. The solution of these require certain elementary estimates that
are included.

Acknowledgements. I would like to thank my advisor Professor C. Callias
who suggested the problem as well as Professor E. Floratos who pointed out
the possible appliction to the case of magnetic fields.

2. Operator domain and operator estimates
2.1. Function spaces for singular heat expansions

We will consider operators of the form H = H, + v, for H,, = —9% + % and
v is a real valued potential function belongs to the space I'*°(0, R) of func-
tions that have an asymptotic expansion as x — 0% together with their
derivatives. This space is described as follows that are encountered in the
resolvent expansions that we are going to deal with.

The space I'*°(R.) consists of the C*°(R)— functions that have asymp-
totic expansions as x — 0T, together with all their derivatives, in com-
plex powers of z and integral powers of logz. Precisely, f € T*(R,) if
f € C®°(Ry) and there exists a S : C — Z, such that ) . _, S(2) < oo for
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each a € R, and

o)=Y D> [ 00z log z) + O(x* ™)

Rz<aZ135<S(z)

for some § = 0, > 0, some f, ; € C and all a € R. §'is called the asymptotic
character of the expansion. Define the following differential operators on
C*°(0,00), for given S : C — Z_ as described above

P.[5] = H (20, — 2)5),
Rz <Rz
P.[S] = P.[S)(20; — ) =[] (2, — )5
Rz <Rz

The following proposition is proved in [7]; though it is elementary it provides
criterion that shades light on these spaces

Proposition 1. f € I'™°(0,00) iff f € C°°(0,00) and there is an asymptotic
character such that P,[S]f(z) = O(z*¢) for all z € C and € > 0.

The space I'°((R4)?) consists of all the functions f € C*°((R)?) for which
there exist 57,59 such that

(0,)% (y8y)*2 P2 [S1] PL,[So] f (x, y) = O(aR=1 101y Reatos)

for all 21,29 € C, 51,82 € Zy, (z,y) in any compact neighborhood of (R3)
and some d; depending on z1, 2.

Evidently (S, S2) is analogously the asymptotic character of f € I‘OO(R%F).
If feT>(R;), we let Dy ;f(0) denote the coefficient of z*log? z in the
expansion of f as x — 0.

Now let o > —2, {k, } be an increasing sequence of positive real numbers
then we have that S(z) =1 for z = k,, + @ and S(z) = 0 otherwise. equiv-
alently, the potential function has the following asymptotic expansion as
z—0

oo
v(z) ~x® Z vt
n=0

Actually for 0 < < ¢ and a > —2 the obvious estimate 2% < ex™2 + B,
implies for ¢ € C§°(R4) and ¢ < 1 that

IVollr2 < cllHudllL2 + bl| || z2
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which in view of the Kato-Rellich theorem reduces the domain questions of
H to those for Hy.

Through the Hardy inequality we conclude that if k > —% then the operator
H, is positive and hence possesses at least one self adjoint extension, the
Friedrichs’ extension. Recall that if K > %, then Weyl’s criterion implies that
the operator H, is essentially self-adjoint and hence the Friedrichs’ is the
only extension. The domain of self adjointness consists of the functions

D(H) = {¢ € LA(R), 1026]|12 < o0, &38| = < 00}
—d .
C L*(Ry: =) N H(Ry).

The Sobolev embedding theorem implies that these are L?-functions with
absolutely continuous first derivative. Additionally, since ¢ € D(H) then
I 3&% || < oo which in turn expresses the Dirichlet boundary conditions, ¢(0) =

lim, 0 ¢(x) = 0.
2.2. The resolvent

Let H = —02 + v be a Shrodinger operator, with real valued potential func-
tion. Clearly, it is formally symmetric. If ¢, are the unique elements of
kerH that are integrable at 0,00 respectively then the resolvent of H is
given by

Pz, Ay, A) P2, N)(y, A)
Wa(o(A); (V) Wa(6(A); (V)
where W is the Wronskian of the solutions of (H — A\)¢ = 0. In the case of

the operator Hy o, = —02 + -z + % the solutions are expressed through the
confluent hypergeometric functions [19], [16]:

Ry(z,y) = O(x —y)

+0O(y —x)

Bz, \) = M, (227 —N), Y(x,\) = W, (227 -N)

where the indices are p = and v = /K + %. Their Wronskian [ is

oF

_2V=AT (20 + 2)
C T(w—p+1)

S

ISince our study is effected in the sector of [SA| < L(RA+€) then we assume
that v — v > —%
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The confluent hypergeometric functions coincide for a = 0 with the Bessel
functions:

Mo, (2V/=X) = 22D (v + ) VL, (5V=2),

Wo (V=) = \/zKy(‘;“\ﬁA)

the resolvent of H, , could be obtained from that of H, by Neumann series.
The latter will be used in the operator estimates that follow. Therefore we
form the Whittaker Green’s function:

B T(v—p+ 5TV — p+ 1) M, 2V = X)W (227 =N)
Ba(zy) = 6@ —y) 2Fr(2u+2lgr(u+u+ 1) -
Loy x)F(V — i+ )P = o+ 1) My (2yV=A)W_ i (207 =X)
Y 9/ —AT(2v + 20 (v + i+ 1)

2.3. Operator estimates

We denote by R = (A — H,;)~! the resolvent of H,. The positivity of H,
implies that
1. The operator norm is

IRRIz2 = O(IAI ™)

for [A| = oo uniformly in the cone [SA| > 1(RA + €):

Since RYL*(R) C D(H,) we choose then ¢ € L?(R): R\¢ = 1. It follows
that for k < —e:

IA = He)vll7e = (X = kP[0l[7: + (k= He)$ll7z + 2(R(k — A)(4, He))
> [(A = k)Pl )1z

and the estimate follows.

The resolvent R0 is represented by the kernel for o = F

Ro(,) = (a) (00w = ) Ko (L) + Oy = LK ()]

We have the following classical estimates for the classical trace norms
| Allk == tr(|A[*)*:
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2. Let ¢ € C°(R) then ||R¢|[1 = O(JA|7*/2) for X in the cone |IA| >
TR +e).

Proof: For A < —e and v in the above cone it holds that
IRl < I1(1+ (A = ») B2 || B¢
as well as that for 0% = —1) :

T

0 = - TP\ —).
1Rl = [ deso(o) (L))

Hence we have the required estimate for

| derot@ .10 < alleollol |1 oo

3. Let a ¢ R_,a+d <2 then

Ca atd
lz= 03RSl = O(IAI™+" 1)

Proof. This follows for d = 0 from the inequality given in the beginning while
for d = 2 it results from the fact that —92 < H, , 1 and therefore

1070] < [|H,y s RRON? < ([0l 72 + AP RIGIIZ:)-
Furthermore for d = 1 we have for ¢ = Rgcﬁ that

(x_a xw’ z mw) = (x—row, _8§¢) + 206(8x17/}, $2(a_%¢)
< 28| 2* |22 + 207|957
+ 2¢[lz= oD T. + 267|097

the latter choosing & = |A|*" 2 and € = |A|% gives the required estimate.

2.4. The Neumann series

Let a > —2, ko = 0 and {k,, }22; an increasing sequence of positive real num-
bers. The potential v has the asymptotic expansion at the origin of the form:

o
v(x) ~ z® Z vptr.
n=0
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In the sequel we will distinguish two cases:

e Case I. Let « = —1 and vy # 0.

In this case the distributional trace of the resolvent Ry (H ), f H(%/\) =
Tr(Rx(H)) is computed using Neumann series around Hy o = —02 +
1 N
—) = Tr(Ry(Hpo)(v — =) Ry(Hg.o
fH(\/_—)\)jgo (BA(Hp,0)( ) Bx(Hy,o)
+ Tr(Ra(Hea) (v = =)V Ry(H)

e Case II. Let a > —1 and vy # 0.
The Neumann series is based on the resolvent of the usual Bessel op-
erator H,. The case of —2 < o < —1 is treated within the frame of
case B.

The Neumann series around the Bessel operator, due to its behaviour
under scaling, is used in order to obtain the general form of the asymptotic
expansion.

3. The asymptotic expansion

In this paragraph we ’ll establish the existence and the precise form of the
asymptotic expansion of the distributional trace of the resolvent Ry(H) of
the operator H = —092 + 75 +v(z) by means of a Neumann series based on
the resolvent Ry(H, of H, = —82 + %%, for a cut off function x € C§°(R),
x = 1 in a neighbourhood of zero :

N(a 2)

Frr(——) = Tr(xRa(H) ZTr Jo) Ra(Hy)) + O(A“52)

VA

Denote by I;(
lowing

f) Tr(x(Rx(He)v) Ry(Hy)). Actually we have the fol-

Theorem. Let x be a smooth cutoff function, x = 1 in a neighborhood of the
origin, then the function fy m(n) has an asymptotic expansion of the form

frm(m Z Agp ™t + Z Bun™ + Z Copn™ + Z Do 1"+ logn
k=0 n=0 k=0 k=0
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where z, € R\ Z, By, Cy, Dy, are homogeneous polynomials in the asympotic
coefficients {v,} of the potential of degree z if we define deg(vy) = ky,, + 2.

The proof will be achieved in two steps: first we prove the existence by
appealing to the singular asymptotics lemma that we recall below and in the

second step we use a scaling argument in conjuction with the asymptotics

of the resolvent of the Bessel operator H, = —02 + % which as it is well

known it is represented by the kernel :

Ry(x,y) = (:Cy)%[@(q: — y)K,,(;)L,(%) +O(y — I)I"(g)KV(g)]'

Step 1. The trace
Ij = tr(xRa(Hy) (vRA(Hy))' ™)
is the 5 + 1-tuple integral

/dm/ dq:l"-/ dejx(z)Rx(z, 1) ... R\(z), )
0 0 0

which is the sum of integrals, each one for an ordering of the the variables

x,%1,...,xj hence for x > x1 > --- > x;:
> > i 2 2 2 x Lj\y2
/ dm/ dxy-- / dzjrx(z)ziv(z1) . . 25v(zi) (Ko (=)L, (=)
0 0 0 o o
= X X
K,()L(=
<JTran)
and we perform the coordinate change (blow up)
xr1 = .1‘751, N ,.%'j = .I‘j_ltj_l
and
I :x01,...,xj :a:Hj_l,Gk :tl...tk
that leads to a sum of integrals of the form:
%0 de do g
| et [ / Ui T ofa 21 Yo [T 1) (26
0 0 % o k=1

which is finally of the form suggested from the SAL
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where

L do do;
F(g,.’E) = .. /U 0. ( (f 0; ) jl/(é.;ela"' ,0]‘_1)@]‘(1';(91,"' 79j)‘
J

o 01
if we set
1. 6 | = 0;
B,,(g,ej) = (Ku(g)Iu(z]))Q’ R{/(f’ 01, aej—l) = H(KVII/)(?)
i=1

and
J
vj(z;01,---,0;) = H($91)2U(:E9i) = O(27(*12)

i=1
Now we see that v; € I'°°((R.)) with asymptotic character S + - - - + S since
~——
j—times
v € I'*(R4) has character S, v(z) = O(z“),a > —2. Furthemore the char-
acter of (Q, - PL)(§, 01, ,0;) is S(k) =1 for k€ j+1+2Z,. The esti-
mates for the Bessel functions as & — 0:

From these it follows that F(&,7) € I*°((R4)?) and also that
[PLE( )] < (2§)™*ha(¢)

where we have that

— , * d
P, = H (x0y — Z’)S(z), /1 hz—z < 0.

Rez'<Rez

Then we conclude that

o)~ agiBg)a "
O_]+1 i 2k+ZC 2k+1+ZD IOgO')
k=
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where the z, ¢ j + 14 2Z, and the ng),C,(gj),Di are polynomials in the
coefficients of the potential of the potential of degree k + j if we define
degv, = z + 2. These suffice for the B’s in the expansion.

Step 2. We have to establish the nature of the non classical terms logarith-
mic terms. This will be achieved by induction on the ordered couples (j, k)
where j is the order of the term in the Neumann series and k is order in the
asymptotic expansion of the potential. For k = « the assertion follows from
above: everything depends on vg; indeed j = 0 follows from [5]. Assume that
k > «. Then consider

Ij = Tr(x(Rx(Hy)v)' Rx(Hy)

Notice that up to O(A™>°) we could embody the cutoff function in the
potentials V. Accordingly let N € Z,ky > —2 and split the potential as
v =vyN + Ry, where vy(z) ~ x® 22{:0 vpzF. The following commutator
identities for k, > %" —1,r<nande=k, — k. >0 give that

e—1

aP Ry(H,) = o Ry(H, )z + 2ex™ Ry(H,) (2 %(x0, +
€

20, R\(H,) = Rx(H, )20, — 2R\(H,)*H,

)R)\(HH>7

and in turn allow us to vary the number of the Ry (H,) factors. This in view
of the fact that the asymptotic expansion of I, K, (z) as  — oo contains only
odd powers, in view of N\O\R)(Hp) = —200, R, leading to the polynomial
dependence of the coefficients of the logarithms and the even powers:

oo o o o
L)~ Agjen ™+ Bon 4+ Coun + > Dy " logn
k=0 n=0 k=0 k=0

where z, € R\ Z,z > —2 and the B,, C}, Dy are homogeneous polynomials
in the asympotic coefficients {v,, }5° , of v of degree z if we define deg(v,) =
z 4 2. Then summing up we obtain an expansion of the same form and we
appeal to the results in par. 5 of [4] in order to keep the odd terms in the
log’s.

In conclusion we supply the asymptotics of
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as £ — 0 uniformly in 0 < ¢t < 1. For this we calculate the Mellin transform
using the integral representation:

1 t o g2 dx

Gi(&) = Ku(2) (%) = ——Ju(tr)J,(x)—.

(O = KD = [ gt ()
The Hankel transforms [20] allows us to obtain further:

(20)" (xvV1+# = 2ut)  da
Oy ), wre [

From this we get that the Mellin transform is

N 2—S+2V—2F v— 3\(—2
i = D e
! v—1 v—1 2t s—v
< [

A Taylor expansion then leads to the series

275 IP(5 4+ DDy — 5)T(—%)
Vil (v + 3)

> DEI(t) (2t)F
X;%k' S+ I—k)(1+1)%*

Gils) = —(1+1)%

where

b oig, 1-m _1
Ii(t) = / n' e ()" 2dn.
0 L= afoen
This integral satisfies that I, = O(k 279 as k — 00, uniformly in ¢, where
0= 1 for1>e>0,v>1 5 and § = v for v < 2 Stlrhng s formula then sug-
gests that the summand behaves as O(k~2~17%) and hence it is uniformly
convergent for 0 < ¢ < 1. Finally we conclude that the asymptotic expansion
of g1(&) as & — 0 contains only odd powers of §. E|

4. The recursions for the coefficients of the expansion

We will consider the two cases indicated in section 2.4 as follows:

2In order to extend meromorphlcally it out of the strip —1+v < Rs < v we

differentiate with respect to { = T + t)2 The poles as t — 1 remain located there.
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4.1. Case 1

The first order term in the Neumann series is reduced mod(A~°), to

D) = (s (H ) (0 = ") (i )
= —Ortr(Ba(Hy ) (0 = 2)X)

. _ 1 .
Setting o = 7= We arrive through the formula

o2 -
Li(o) = 708011 (o)

at the integral

) o) =o [ 6.V
where
J_ sl
V) = el =D, Gl = e w ),

for M, ,, W, being the Whittaker functions y = 2, u = *5¥. This Green’s
function could be simplified in the form that we ’ll use in the sequel

G (y) = ga(fj’))

where

gu,u (y) = y2y+1Wu,V(y)Mu,V(y)

for the integrals

-~ ! 1 1-06
M . _ —y(1—6,) 1_ 2\v—3 I\u
ol = [ eI g G,
- - s1, 14+05 _
W) = [0 (0a(1 402" 3 (- 72) Ve
0

a%m:F@—u+%W@+u+%)

The study of the ¢ — 0 asymptotics of the above intgeral will provide the
inverse spectral result. Indeed the Singular Asymptotics lemma provides the
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asymptotic coefficients of the integral ¢ — 0. For brevity we introduce the
notation

. 2 ;= 2
Ciw(®) = 0Guw(lu=0, €10 () = TG ()lu=o-

Then we distinguish between the following cases:
A2veZ,  v=n+ % For ! =0,... we appeal to the logarithmic terms

o " 2
Doyy1111(0) = —@Dé’w@x |x=0[gw(§) - V(z)]

T Z(E)j[(Dgz,o(ijj,u(y))]v%jfl

and also to the even powers that are given

A
~ ’l} .
Di1011(0) = — Z(QT(;.,)[ugz,o(y]Cj,u(y))]vzlfjfl-
j=0

Actually for the inverse spectral result we’d like the explicit forms:
Dopy3111(0) = Byyo(V)varra — (L + 1) By (v)vovara
1
—(+D+ §)B§z+2(’/)vgv2l + Paiy2(v)
and also that

Doypi2j+2,001(0) = ng+2n+1(’/)”2n+2j+1

. 1
+(@+n+ §)C2lj+2n+1(’/)vov2n+2j + Q2nt2j+1(v)
where we have denoted the coefficients
By(n) == D} ,(y’Cju) = D—joCiws  CL(v) = uf o(4°Cj) = ur—j.0(Cjp)

and the P, @ are the polynomials suggested precedingly by the general form
of the asymptotic expansion. Notice that if [ = 0, ..., n then we ’ll see in the
sequel that:

BY(v)#0, CY1(v)#0

therefore coefficients v,k = 1,...,2n 4+ 1 are determined immediately. For
the remaining we appeal to the pair of equations; hence we have to establish,
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provided that vy # 0, that the determinant:

Ag(v) = B%n+2k+2(y)c21n+2k+1(y) - B§n+2k+2(V)an+2k+1(V)
does not vanish.

B. 2v € R\ Z,. The inverse spectral result requires again the logarith-
mic odd powers as above, which are provided from the first order terms

Doyy3111(0) = Dé?lg( Jvai+1 + Porya(V)

as well as the the pure powers o € R,a > —2,a#0,2,...:
- v s 92
Dao11(0) = ua,o[(Pag,u,l/(g) - V]lz=0-

In this formula P, =[], (z*2d,2~%) and hence we obtain the set of equa-
tions -

Da+2,0f1 (0) = Cg+2(’/)va+1 + Cé+2(V)UOUa+1 + Cg+2(u)vgva + Qa+2(v).
Notice that if o # 2v 4 25 + 1 then C© wi2 7 0 and hence v, is determined
by the first terms for o # 2v 4 k. These in particular contain the coefficients

fora=2v+2j+1,j=0,....

T 1 2
Dayya114,001(0) = Cgpy o3 (V) v0vavyarva + C3, o 3(V) V5020 42141

)
(v),
Dayioi13,011(0) = C, 4 o112 (Wv20202 + Cyy o2 (V)V0V20 42041
+ Qav2142(v)

+ Qov42143

where @) are the same polynomials that appear also above. Again we have
to stablish that determinant:

Ag(v) = 021u+2k+2(y)c21u+2k+1<y) - 0221/+2k+2(y)031/+2k+1(y)

of the coefficients of the preceding system of equations is nonvanishing.

The Mellin Transforms of Cj,. Finally all these asymptotic coeffi-
cients coincide with the coefficients of the Laurent expansion of the Mellin
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transform
R e dx
() = [ o))
0 X

as it is explained in the appendix on the Singular Asymptotics Lemma. In
the sequel we’ 1l employ the identification provided by the identities:

(3) Di0(¢j)(0) = Ress——kCj, k(i) = (k)
The function ¢;,(y) is written under the following change of variables

(1-01)02

01 =20, — 1, 0y = =
1 1 2 1_02

in the form:

d6,do \ yor 1=y,
¢ (y / / "2 (0102)" 7% (1 — 6162) (71)2 !
1—0,

1—92

1— 016, 21—6,
logd
x log/ ( 56, ) exp(— y1_92)

Further we perform the change of variables

(0,1) x (0,1) 3 (01,02) — (&,m) € (0,1) x (0,00),

1—-6;
— 0.0 —
£ = 0102, =14,
doydo,  dedn

1—60y  2r(&m)(1+n)

where r(&,n) = (1 — (ffig)z)%. In these coordinates the preceding integral is
written as:

. B oo n2u+16*?ﬂdn 1 dé‘ B I/*% i 5
) = [T [ st - or o ()

In the sequel we ’ll derive its asymptotics as y — 0. To that end, we perform
the change of variable £ = 5 to obtain finally by abusing notation for the
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function r(&, n) that

o e—%nQV—i—ldT/ oo fy_%df logj 5
cj,l/(y) = 2w+1"
0 1+mn o r(&mn) 1+

By a Taylor expansion of the function (£, n) we obtain the Mellin transform
of the function ¢;,(s):

o
w(s) = (=172 T (=s+ 2w +1) Y d/ ()T (s +n+1)T(n—s)
=0
where

20+ 1)B(l+v+3,v+3)

) = T+ 0P
4l w) = B+ v+ ) = b+ )]
B0 = B+ v+ 5) = 6+ )P =P+ v+ 5) = w0+ )

These combined with Stirilng’s formula suggests that the series converges
absolutely for 0 < s < 1 and represents a meromorphic function with poles
at the integral points. Using the Laurent expansion of the Gamma function
we obtain that for [ < k

2T (—s+ 20+ (s + 1+ 11— s) =
(D" +k+1)0(k+2v +1)
251D (k — 1)

s+k—(w(l+k+l)+¢(k‘—l+1)
—log2+¢Y2u+k+1)+O0(s+ k)]

x|

and for [ > k

2 I (—s + 2+ DI(s + 1+ 1)1 — s)
=2 P (k4 20+ DDl —k4+ )T+ k+ 1)+ O(s + k).
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Furthermore let N = [2v] then the Taylor expansions at —(2v + k), k € Z
give that for [ < N + k:

2 I (s + 20+ DI (s +1+1)-T(I — s)

Tk +4v+ D2+ k+1+1)
a sin2vnl'(2v + k — 1) +O(s +2v + k)

and for | < N + k we have

25 M (—s+ 20+ DI (s +1+1)-T(I — 5)
=2 @D 4 4y + DD+ 1= 2w+ B D2+ k + 1)
+O(s+2v+k)

The identities. At this point notice that since

Moo () = 2T(v + %)\/Ex—"e—m(x),
—vP(y 4+ L
Wo,(z) = Mﬂx_”exf(y(x)

then
CO,V(y) = yIV (y)Kl/ (y)

and this suggests further that

Cou(s) =

The general form of the asymptotic expansion suggests the absence of loga-
rithms in the odd powers that in turn implies the identities B%m+1_j(y) =0.
In parallel the exact form of é\o,,, suggests that for v =n + % then Bg(n +
%) =0 for K = —2(n + 1) whereas ng+2k+3(”) = 0. We ’ll employ later these
identities but prior to that we study the resulting coeflicients.

The asymptotic coefficients in the recurrence relation. We treat the
preceding cases separately.

A.v=n+ % The required coeflicients are given by

: (-D)'T@n+k+5+3) ;
Bi+j+1(1/) = 92n+k+j+1 [ iJrj,O(V) - iﬂ',l(y)]
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where for j =1,2

52k+1 0

B%k—i—l,l(”) =

52k+2 0

62k+2 1

755

Zd T(2k + 2 + 21)
T(2k +2 — 20)
z’“:dj ) (2K + 21 + 3)
ZO 2T (2K +1 - 21)
’“Z*:ld T'(2k + 3+ 21)
T(2k +3 —20)
’%d (2K + 21 + 4)
211 (v L2k + 3 —20)

as well as that for d;; the usual Kronecker symbol:

(-DFT(k+2n+j+2)

Cljc+]+1( ) - -

+(1-

where now for j = 0,1

k+1
72k+2 ol Z d

k:+1
’72k+2 1/ Z d21+1
’Y%+1 of Z d
’72k+1 1/ Z d21+1

Z dl+m

2k+j+2n+3
5j0)[’718+j+1,0(”)
+ W(k+j+2n+3)

hk—s—y—i-l 0( v) - 7i+j+1,l<y)

- 7k+j+1,1(’/)]
—log2) + rj4j41(V)]

m@/’(?l + 2k +3) +(2k — 21 + 3))
m(w@l + 2k +4) + (2K + 3 - 21))
M(m + 2k +2) + ¢(2k — 21 + 2))
mw@l + 2k +3) +9(2k + 2 — 21))

+ 10 +2m + 1)

We will use the above in order to get By, o5 (V), B3, opia(), OO opi1 (V)

02n+2k+1 ( ) .
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IL. 2v ¢ Z. Let N = [2v] then we get that:

T(k+4v+j+1)

C%V—i—k-i—j( )_ 24v+k+j+1
T . .
X [sin QT <_1)k (75\/+k+j,0(1/) - ijv+k+j,1(y)) + pN+k+j+1(V)]
where
[N+1»+J]
2V+k+2l+]+2)
7N+k+ﬂo Z d F2v+k+j5—2l)
[N+k+1]
21/+k+2[+]+3)
7N+k+g, Z d21+1 F'v+k+j—-20-1)
pN—HH—]—i—l Zdl+N+k+j+2( ) (l + N —2v+ 1)

=0
x D(I+2v + N + 2k + 25 + 1)
The preceding formulae will provide C3,, . o1, (), C3, 4 05 1(1), Caoia(V),
022n+2k+2(’/)-

Certain elementary estimates. An application of the steepest descent
provides the following elementary estimate for the I'-function, for 6 € (0, %),
r>1:

cs(x + 1)1:6_(1_%) < I(z) < Cs(z+1)%e" (1702

while the Euler-MacLaurin formula gives for the 1), /-functions and a >
O, k S Z+Z

7T21(a) <¢(k+a+1)—log(k+l)+ <7r11(a),

1
6(k+a)

k-1 1
@t D)k+a)  3(k+a?

7r12(a) <1,b/(k+a—|—1) — <7r22(a)

as well as that

1 4a + 3 1 20+ 3

5. m21(a) = ¥(a) + P 6@t 12’

7Tll(a) = 1/}(&) + E + m

1 3a+5 a—+6

m2(0) = V(@) = 5+ 5 e T s
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) 1 3a+5 +6
W22(a):¢(a)_ﬁ+6(;+1)3 _8&4-1)’

a
Actually we have the elementary inequality for ¢ > 0,

eat _

[a—

min(a,b) <

< mazx(a,b)

—_

bt —

n=s = 1 /OO tsefnt@
I'(s) Jo t

These imply that for g5 < 1:

l
M < do(,/) <
(l + 1)2l+zx+§ !

which is used after the

52(& V)
B(l;(l + 1)2[—0—1/—0—% ’

that allow us to obtain that for (5(m) = 2m + 6%+ 3, n1(6) = %,
n2(0) = %22__# the estimates

Ko (0, v)ems(m

) 1
S (L O em®emtstmm)),
)

5 0 )
(0) < ) < 0T
5, v)emés(m 1 _

HQ((S, y)e(log 4727772(6))7”

(1 + m)lj‘i’g

51(0) < Av) <
K1 (6’ y)e(2+10g 4-—m (5))771

(1 + m)zﬂrg

<rm(V), pm(v) <

At this point we remark that the preceding identities are expressed in this
notation in the form

1 1
ﬁgkﬂ,o(n + 5) = 5Sk+1,1(n + 5)»
T

(D (WRsrrj0) = Wenrjn (@) + pNskrjar(v) =0

sin 2vm

The determinants of the recurrence relation are given respectively by

1
Ap(v) = [B%n+2k+2(y)021n+2k+1(y) - B§n+2k+2(V)an+2k+1(V)](n +k+ 5)”(2),

Ag(v) = [C2lu+2k+2(V)C2lu+2k+1<V> - 0221/+2k+2(y)0g1/+2k+1(V)]vg'



758 Demetrios A. Pliakis

The identities in conjuction with the elementary inequality
e(l—2%) <logx <e(z®—1)
allows to exlcude the annihilation of the determinants.

4.2. Case II. The coefficients of the expansion

In the preceding section we assumed that vy # 0 when the ‘initial power’
a = —1. However we mentioned that when the initial power a > —1 then
we should use the Neumann series around the Bessel operator H,.. The pre-
ceding paragraph suggests that certain terms are excluded from the first
order perturbational terms and hence signify that the potential is decom-
posed as:

2

v(z) = vy + 2 u(z) + 9

where u € C§°(Ry) and as x — 0, for ug; = vg,4+2; then u(z) ~ P ug;jx?
. Expanding the trace we concentrate on the contribution of the first three
terms, abbreviating Ry = R)(H,) to obtain mod(A~>):

Tr(Ry - vRy - v) = 2ugTr(Ryxz? Ry - 0) + 2ugTr(Ryz* Ryz?” - u)
+ ulTr(Ryz* Ry - %) + 2Tr(R)y - 7Ry, - 2°"u)
+Tr(Ry - ORy - 9) + Tr(Ry - £ uR) - 2°"u).

However, there we should assume that wug = v, # 0; otherwise we have
through the commutator identity

$2jR)\ = R)\3?2j + QjR/\ng_3x2(j_1)R)\
which by iteration allows us to exhaust all the x— powers at the cost of
Ry-powers. At this point the scaling argument restricts the contribution to
a given order only to that from the first term. Therefore, the traces are
essentially comprised in the general form
I(0) :==Tr(Ry - 2* - R, - V)

where V stands for z2“u, 9. The identity

e’ ™, 1 () = 2/ (2)2
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suggests further that
0pr® (174 (2) + I3 (x)) = 2(2v + 1)a® T I} (x)

and an integration of the latter reduce the study to that of integrals of the
form for § = 7:
2

ro) =G [ S @

where
1
2v+1

1
3

F(6) =€ (¢ 2By >+Bl<2>>

having set that

Bj(§) := (K, 1,15)(§) - (F Kul15)(8),

The Singular asymptotics lemma suggests that if 2v4+a ¢ Z v, #0 is a
nonvanishing asymptotic coefficient of the “potential 7 V then

Doyta+42,01(0) = Coptar2(V)ugva + Poytat2(v)
while if 2v + o € Z then
Doyt a+211(0) = Boytat2(V)uove + Qautat2(v).

For these we need the Mellin tranfrom of (&) which are calculated in the
next paragraph since

Covrara(V) = Unyratao(F) = F(—2v — a — 2),

B2u+a+2(l/) = D21/+a+2,0f = Ress:—(2u+o¢+2) (ﬁ)

4.3. Bessel function formulae

We give in some detail the calculation of the Mellin transform of the func-
tions: By, By. The calculations of the Mellin transforms are executed using
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the integral representation for j = 0,1

) o0 pjt2 dx
Bj(g) :ngVIV-‘rj(f) = /0 WJV-H('I)JI/(%);
and the classical Weber-Schaftheitlin integraﬂ The convolution formula al-
lows thus to obtain for:

— i — 3))2 Moo
B = G e e, PP
2 —100
setting
_ DTy +v+)) _ D505 + v +))
Fi(w) = i“(—% oy D= 1“2(—%ju+j) ’
Fyw) o= L= + 1/)7 Fy(w) o= T(“H)T(5 +v)

L5352 +1+v) I(%+1+v)

Next we study the meromorphic properties of the fl&ction B; the resul-
tant formula implies in the domain D3 = {(u,v,w) € (Ry)?/w < 1,uv > w}
that:

= (C(j +v - 35)°

Bils) =~ oy O

dudvdw . _ U ENTT — sy st
Li(s) ::/ [ (L4 w?) )| [ T (14 0?) TV
D, UVW

2
s+1 2wv—1/2, W W™ \y—1/2
~wT (1 = w?) /(%)'(1—W) /

This is written further through a Taylor development as

e I($+3+1)
I — 2 2 I
i) ZZ; T+ 3O +v+2+10) )

3These are condensed in one formula:

de  T(5+3)0(=5+v+))

. T(Es+DI(E+1+v)

[

/000 :vj*SJV_H(x)Jl,(:E)



Spectrally determined singularities in a potential 761

if we introduce the integral

dUdU us2t 2\—v+2
A

. [ —s+2u+j—2l(1 +02)—y—j+§][u2uv—(2u+1) + 1]‘

This represents a holomorphic function in the left half plane s < 0 positive

on the negative real axis. Furthermore the substitution u? = 1—2 — 1,02 =

% — 1 leads to the familiar type of integralﬂ

d d _s_ 1,3 v—1 DT S
// Bl sttt (1 - b (1 - )i

,,71/+ % 521/4’% ]
(1 =& (1 —n&¥+>

The following facts allow us to conclude that there exists @ > —2 such that
one of the coefficients Ba,yqt2(v) or Copyaq2(v) is non zero. These are
indeed checked easily:

1+

1) Notice that |I1(s)| < [Io(s)|.
2) For s € C,Ms < 0,1 € N we observe that |1;;(s)| < Ljo(Rs); precisely

1 < Ijl(S) <1 + 1
(1+M)2l+2u+1 — Ijo(s) — (1+M)2l+1+s

3) Actually as | — oo then

L(E+3+10)

Ollz/
ITv+3-D0(v+2+5+1) ( )

The series converges absolutely for all s € C.

4) The function I(s) has poles at the negative of an odd integer.

In the terminology introduced already we have the following lemma that
has appeared in various forms in the literature, [4], [6],[7],[12],[3] as as well
as Melrose refers to it as the push forward lemma.

4If s = 4v + j or s = 6v + j — 1 this integral is computed explicitly. We omit the
result since this case falls out of our goals.
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Theorem. (The singular asymptotics lemma) Let f(y,z) € T°(R%).
Let (S,S’) be the asymptotic character of f. Suppose that f has compact
xr—support and

[PES) f (y, )| < (wy)™* he(y)
for some § = §, > 0 and h, satisfying fol hz(%)% < oo. Let

Fo = [ G

T T

Then F' € T'°(R; ) and S; + S5 is an asymptotic character of F'. The asymp-
totic coefficients of F' are given by

k-1 SO
DkJF(O) = z ﬁui,r—lez’rf(ya $)|y=0 + Z ?;UZW,]‘ ﬁrf(y’ x)’:E:U
r=j ’ r=j ’

j-1 .
(j—r—1)r!
_ Z # i,rDz,jfprf(y, x)|x:y:0
r=0 .

where uy,; is a linear functional on I'*°(R.y) defined as follows. Let S be an
asymptotic character of f. Let | > S(k) and D, = z0, — z. Let

re(f)(z) = f(z) - z Z D.;f(0)z* log” .
Rz<Rk,24k jEZ |

We define
wilh) = gy | oo DL

It can be readily checked that uy;(f) is independent of I and therefore of S,
for S large enough.

The computations are in fact facilitated through Mellin transforms because
of the formula, [7]:

uri (f) = fi(=k), Dyj = f-j—1(—k)

where fi(z9) is the coefficient of the (z — 20)/ in the Laurent expansion of
the meromorphic extension of the Mellin transform:

fe)= [ e
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(which is defined for Rez > 0 if f is of bounded support) around z = z.
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