
✐

✐

“4-Stoica” — 2023/3/5 — 21:15 — page 1203 — #1
✐

✐

✐

✐

✐

✐

ADV. THEOR. MATH. PHYS.
Volume 26, Number 5, 1203–1237, 2022

General relativity from p-adic strings

An Huang, Bogdan Stoica, and Shing-Tung Yau

For an arbitrary prime number p, we propose an action for bosonic
p-adic strings in curved target spacetime, and show that the vac-
uum Einstein equations of the target are a consequence of world-
sheet scaling symmetry of the quantum p-adic strings, similar to
the ordinary bosonic strings case. It turns out that spherical vec-
tors of unramified principal series representations of PGL(2,Qp)
are the plane wave modes of the bosonic fields on p-adic strings,
and that the regularized normalization of these modes on the p-
adic worldsheet presents peculiar features which reduce part of the
computations to familiar setups in quantum field theory, while also
exhibiting some new features that make loop diagrams much sim-
pler. Assuming a certain product relation, we also observe that the
adelic spectrum of the bosonic string corresponds to the nontrivial
zeros of the Riemann Zeta function.
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1. Introduction

The p-adic string amplitudes, first proposed by Freund and Olson [1], and
then subsequently investigated in [2, 3] and many other works, are a staple

1203
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subject in p-adic physics. The invariant nature of these amplitudes across
number fields when expressed in integral form, as well as the adelic relations
between four-point functions [2], and the more complicated relations recently
explored in [4], hint at deep connections between p-adic and Archimedean
physics. Relatedly, it was proven in [5] that on the B side of mirror symmetry,
important data about period integrals at the large complex structure limit
points can be described in terms of p-adic data and vice versa. Indeed, in
the context of the program proposed in [6], Archimedean string theory (and
Archimedean results) should generally be obtainable from p-adic strings.
One of the motivations of the present paper thus is to make progress toward
establishing a p-adic B model.

In the Archimedean world, it is known that the target space Einstein
equations follow from imposing that the string two-point function, computed
on the worldsheet, should not RG run at the one-loop (see e.g. [7]). This con-
dition in turn follows from imposing that the metric of the target manifold
should not RG flow.

In the present paper we are interested in studying a closely related ques-
tion, that fits the general program outlined in [6] of obtaining Archimedean
results from p-adic physics: whether the usual Archimedean target space Ein-
stein equations follow from the target manifold metric not running at one-
loop, if the worldsheet is given by a p-adic string, instead of an Archimedean
one. It turns out the answer is affirmative, and along the way we will en-
counter some nontrivial facts about the eigenfunctions of the Laplace opera-
tor on the Bruhat-Tits tree. Note that we are not asking whether the target
space Einstein equations follow from considering all primes, but rather from
considering any one fixed prime p. That one prime is sufficient is a feature
of this particular question. When considering more involved computations,
such as the string spectrum, analyzing more than one place will be required.

What do we mean by p-adic string? The old results [1–3] on amplitudes
do not require the existence of a worldsheet or of a sigma model, but, in
the present paper, a sigma model and worldsheet are precisely what we are
interested in. The sigma model action for p-adic strings has already been
proposed by Zabrodin in [8, 9],

(1.1) S ∼
∑

⟨ij⟩∈E(Tp)

ηab
(

Xa
i −Xa

j

)

(

Xb
i −Xb

j

)

.

Here ηab is the target space Minkowski metric, the worldsheet (at genus
zero) is just the Bruhat-Tits tree Tp, and ⟨ij⟩ is the edge between vertices
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i and j (whenever ⟨ij⟩ is used i and j are implied to be neighbors). Action
(1.1) is thus analogous to the Polyakov action.

The Zabrodin action is defined when the target space is flat. In order to
access the Ricci tensor of the target space, we need a suitable generalization
to curved target space. We propose that this generalization is given by

(1.2) S =
∑

⟨ij⟩∈E(Tp)

d2(Xi, Xj)

V a2⟨ij⟩
,

so that the Zabrodin action (1.1) can be naturally understood as the long
wavelength limit of Eq. (1.2). Note that the sum in action (1.2) is naively
divergent; much of this paper will be devoted to discussing its regularization.

We take Eq. (1.2) above as the definition of the p-adic string action.
In this expression d(Xi, Xj) is the target space distance between points Xi,
Xj , quantity a⟨ij⟩ is length of edge ⟨ij⟩ in the tree, and V is the degree of
any vertex (so that V = p+ 1 for the tree corresponding to SL2(Qp)). The
action is thus just a distance squared, and it is reminiscent of the Nambu-
Goto action.

The plan for the rest of the paper is as follows. In Section 2, we construct
the momentum eigenfunctions on the Bruhat-Tits tree, discuss their normal-
ization, and present a certain symmetry structure with which we equip the
tree. We also briefly comment on the connection between the adelic string
spectrum and the nontrivial zeros of the Riemann Zeta function. In Sec-
tion 3, we introduce the p-adic string action, and explain how it reduces
to a Polyakov-like form in the weak target space curvature limit. Finally,
in Section 4 we compute the tree level and one loop correction to the two-
point function. The momentum eigenfunction normalization is proven in
Appendix A, and the vanishing of contributions from the real line to the
tree level two-point function is shown in Appendix B.

2. Plane waves on the tree

The trees we are interested in are the Bruhat-Tits buildings for SL2 (K), with
K a finite extension of Qp. In the rest of the paper we will only be concerned
with the case K = Qp; our results can be straightforwardly generalized to
nontrivial finite extensions. For a more mathematical introduction to trees,
see e.g. [10, 11].

Combinatorially, the Bruhat-Tits tree Tp for SL2 (Qp) is an infinite tree of
uniform degree p+ 1, as in Figure 1. This space is congruent to PGL (2,Qp) /
PGL (2,Zp), just as in the Archimedean case the Poincaré disk is congruent
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O

∞

Figure 1: Bruhat-Tits tree for p = 5. We have fixed a center O and the point
at infinity ∞. These two points determine a half-geodesic, pictured here with
dashed line segments. The stabilizer of {O,∞} is B ∩ PGL (2,Zp).

to PGL (2,R) /PSO(2) (PGL (2,Zp) and PSO(2) are the maximal compact
subgroups in each case, respectively).

As a physical space, the Bruhat-Tits tree can play two roles: (1) non-
Archimedean string worldsheet, and (2) non-Archimedean analogue of AdS2.
In the present paper, we will only be concerned with the tree as string
worldsheet. Discussions of the tree as AdS2 can be found in [6, 12–14].
Note, however, that unlike in the Archimedean case, in the p-adic world
the distinction between string worldsheet and AdS2 is not as clear-cut.

Notation: The boundary ∂Tp of the tree can be identified with P1 (Qp).
We denote vertices in the bulk of the tree Tp by Latin indices i, j, . . . , and
vertices on the boundary ∂Tp by Greek indices α, β, . . . . If i and j are neigh-
boring vertices we write i ∼ j.

2.1. The tree as lattice equivalence classes

In this subsection we will prove some technical results that will be needed in
the rest of the paper. These technical results originate from the well-known
fact that the vertices in the Bruhat-Tits tree are lattice equivalence classes
for Q2

p [10, 15].
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Definition 1. A lattice L for Q2
p is

(2.1) L = Zpv1 + Zpv2,

for two independent vectors v1,2 ∈ Qp. We will also denote lattice L as
(v1, v2) .

Definition 2. Two lattices L1,2 are equivalent if L1 = αL2, for α ∈ Q×
p .

We denote the equivalence class of lattice L by [L].

Comment 1. Two lattice equivalence classes [L1,2] are neighbors in the
tree if

(2.2) L1 ⊃ L2 ⊃ pL1.

This definition is reflexive. Equivalently, the p+ 1 neighbors of the lattice
spanned by vectors (v1, v2) are lattices (v1, pv2) and (pv1, iv1 + v2), with i ∈
{0, . . . , p− 1}.

Comment 2. A matrix M ∈ PGL (2,Qp) acts on lattice L = (v1, v2) as

(2.3) (v1, v2) → (Mv1,Mv2) .

In order to describe waves propagating on the tree, we will need to fix a
center point O for the tree and a “point at infinity” ∞ on ∂Tp. We take the
lattice representations of O and ∞ to be

(2.4) LO =

(

1 0
0 1

)

, L∞ =

(

1 0
0 0

)

.

We will be interested in the stabilizer subgroup S of PGL (2,Qp) which fixes
O and ∞. This is characterized in Lemma 1 below.

Lemma 1. The stabilizer S of {O,∞} is

(2.5) S (O,∞) = B ∩ PGL (2,Zp) ,

with B the standard Borel subgroup of upper triangular matrices.

Proof. The stabilizer of O is PGL (2,Zp). The stabilizer of ∞ consists of
upper-triangular matrices. □

We will also need the following lemma.
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Lemma 2. Any lattice equivalence class [L] has a representative by an
upper-triangular matrix in the standard Borel.

Proof. Suppose a representative of [L] is

(2.6)

(

a b
c d

)

, a, b, c, d ∈ Qp.

If v(c) ≥ v(d),

(2.7)

(

a b
c d

)(

1 0
−cd−1 1

)

=

(

a− bcd−1 b
0 d

)

gives an upper-triangular representative. If v(c) < v(d), the representative
is instead given by

(2.8)

(

a b
c d

)(

−d
c

1
1 0

)

=

(

b− adc−1 a
0 c

)

.

□

2.2. Eigenfunctions of the Laplacian

Because propagation of strings on the worldsheet is intimately connected to
the Laplacian, we need to study the Laplacian equation on the Bruhat-Tits
tree Tp, for functions

(2.9) ϕ : V (Tp) → C.

Definition 3. The Hecke operator T on the tree acts at vertex i as

T ϕ(i) =
∑

j∼i

ϕ(j).(2.10)

Definition 4. The Laplacian operator is

(2.11) △ := T − p− 1,

acting at vertex i as

(2.12) △ϕ(i) = −(p+ 1)ϕ(i) +
∑

j∼i

ϕ(j).
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Comment 3. The convention of the Laplacian we use here is different from
the usual convention in spectral graph theory by a minus sign.

To describe strings on the worldsheet, we need an eigenbasis for the
momentum operator. Such a basis was constructed by Zabrodin [8, 9], as
an eigenbasis for the Laplacian operator. We reproduce this construction in
Lemma 3 below, but in order to do so we will need to recall some more
definitions, namely the path overlap function δ and the propagation bracket
⟨·, ·⟩.

Comment 4. In order to write down Laplacian eigenfunctions on the
Bruhat-Tits tree we also need to fix a “center vertex” (or base point) O,
akin to specifying the origin of the coordinate system in Archimedean AdS2.
Fixing this center is deeply connected to renormalization of the plane waves.

We will come back to the relation between specifying the center and
renormalization in Comment 9, after constructing the Laplacian eigenfunc-
tions. Fixing the center vertex O is also necessary in order to construct the
state space at O; we will come back to this point in Section 2.3.

Definition 5 (Path overlap function). If i, j are vertices in the tree
(or on the boundary), then i→ j represents the unique oriented path in the
tree from i to j, and ℓ (i, j) = ℓ (j, i) is the number of edges between i and j.
Furthermore,

(2.13) δ (i→ j, k → l)

is the signed length of the common part of paths i→ j and k → l.

Definition 6 (Propagation bracket). With base point O, we introduce

(2.14) ⟨i, j⟩ := δ (O → j, O → i) + δ (i→ j, O → i) .

Let’s now define the momentum operator Pα. This operator acts as trans-
lation by one in the direction toward a marked boundary vertex α.

Definition 7. The momentum operator Pα acts on functions ϕ : V (Tp) →
C as

(2.15) Pαϕ(i) = ϕ(j),

where j is the neighbor of i in the direction of increasing propagation bracket
⟨·, α⟩.



✐

✐

“4-Stoica” — 2023/3/5 — 21:15 — page 1210 — #8
✐

✐

✐

✐

✐

✐

1210 A. Huang, B. Stoica, and S.-T. Yau

The Hecke eigenfunction equation at vertex j is

(2.16) T ϕ(j) = λϕ(j).

Lemma 3 (Zabrodin). There are eigenfunctions ϕµ,α for the Hecke op-
erator with eigenvalues λµ, given as follows:

ϕµ,α(i) = pµ⟨i,α⟩,(2.17)

λµ = pµ + p1−µ,(2.18)

where µ ∈ C is an arbitrary parameter, and α ∈ ∂Tp is any boundary point.

It is easiest to verify Lemma 3 using the following Lemma 4.

Lemma 4. Let α be any boundary point. We have
(2.19)

⟨i, α⟩ =
{

−ℓ(i, O), if α,O, i are on the same geodesic, in this order

ℓ(O, i′)− ℓ(i′, i), if not.

Here i′ (not necessarily distinct from i) is the vertex at which the α→ O
and α→ i paths stop coinciding.

The proof of Lemma 4 is immediate. Then, to prove Lemma 3, there are
four cases to consider, as in Figure 2. In each case, using expression (2.19),
the eigenfunction equation can be checked explicitly.

∞ ∞ ∞ ∞ i

i i = O O O

O i i′

Figure 2: All possible configurations of points ∞, i, and O for the proof of
Lemma 3.

The Laplacian eigenfunctions (2.17) are momentum eigenfunctions, as
we now explain.
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Comment 5. The momentum operator eigenequation is

(2.20) Pαϕi = κϕi = ϕj ,

with j the neighbor of i in the direction of increasing propagation bracket
⟨·, α⟩, and κ ∈ C∗ (κ should be nonzero, as Pα is a discrete momentum). The
unique solution to this equation that is invariant under the local symmetry
group (2.5) is, up to a multiplicative constant,

(2.21) ϕµ,α(i) = pµ⟨i,α⟩,

with κ =: pµ. The Laplacian eigenfunctions (2.17) thus are momentum eigen-
functions.

Comment 6. The transformation µ→ 1− µ is a symmetry of the eigen-
values λµ. Furthermore, the eigenvalues are real iff

(2.22) ℜ (µ) =
1

2
or ℑ (µ) = kπ/ log p, k ∈ Z.

The different values of µ of the form µ = ℜ (µ) + ikπ/ log p, for fixed real
part ℜ (µ) and any even integer k, all correspond to the same eigenfunction
of the Laplacian. We will thus mod out by this artificial reparameterization
symmetry for even k when computing the two-point functions in Section 4.

Comment 7. In this paper we are mostly interested in analyzing one finite
place p. However, when putting all places together in an adelic structure, we
will demand the Archimedean string worldsheet mass squared m2

∞ to arise
from the eigenmodes at places p via the product formula

(2.23) (2π)2m2
(∞) =

∏

p

1

p−1 (1− pµ) (1− p1−µ)
.

Here the right-hand side comes from producting the negative of the Bruhat-
Tits tree Laplacian spectrum given by −p− 1 + λµ, with λµ in Eq. (2.18),
and we have divided by a factor of p on the denominator to account for
the nontrivial weights (dimensions) of the mass squared: i.e. on the p-adic
worldsheet, the spatial unit circle has p points, thus has p-adic length equal
to p−1, while the time unit circle has 1 point with p-adic length equal to 1.
(Also note that the product of p as defined by analytic continuation, equals
(2π)2 on the left-hand side, which is the product of two dimensionful unit
circles on the Archimedean side.)
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By analytic continuation, (see (8) and the explanation afterwards about
the regularization) the right-hand side of Eq. (2.23) equals

(2.24) ζ(∞) (µ) ζ(∞) (1− µ) ,

with ζ(∞) the Riemann Zeta function. Thus, in order for the Archimedean
mass m2

(∞) to equal zero, m2
(∞) = 0, we must sit at a nontrivial Riemann

zero. The trivial Riemann zeros do not appear, due to the regularization
in (8) below, or due to appendix (B). Conversely, if µ is a Riemann zero
on the critical line, Theorem (1) implies that it does give rise to a p-adic
string state with nonzero norm and positive real Laplacian eigenvalue (in our
conventions the Laplacian is negative semi-definite), and it does contribute
to the p-adic string path integral as shown in section (4.3). On the other
hand, for any nonzero µ that does not lie on the critical line, a similar
calculation as in appendix (B) indicates that it does not contribute to the p-
adic path integral. There are indications that the µ = 0 mode may be related
to the tachyon. We plan to investigate these issues in detail in a separate
paper.

Comment 8. The oscillation modes on the line ℑ (µ) = π/ log p will not
pair correctly in order to contribute to the p-adic string path integrals in Sec-
tion 4, except at the point ℜ (µ) = 0. However, at this point the mode pµ⟨i,∞⟩

takes alternating values in {±1}, and does not have a well-defined bound-
ary value as i→ ∞. All other modes have well-defined asymptotic boundary
conditions, and in fact the position of the boundary can be defined in terms
of this asymptotic behavior. For the ℑ (µ) = iπ/ log p mode there is no well-
defined boundary, thus we will exclude this mode from discussion in the rest
of the paper, i.e. exclude the case when k is odd in Comment 6.

Comment 9. Eigenfunctions (2.17) are plane waves. This follows from the
fact that the sign choices in Eqs. (2.19) correspond to the exponent incre-
menting as the wave propagates on the graph, starting from the boundary
point α. However, since the graph is infinite, the distance from any point in
the bulk to α is divergent. To remove this divergence, the steps in the expo-
nent are instead counted in reference to the base point O. Thus, choosing a
base point is related to renormalization.

We are thus led to the following result, that principal series representa-
tions of PGL (2,Qp) are plane waves on the Bruhat-Tits tree.
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Remark 1. Equation (2.17), when ℜ(µ) = 1/2, has an interpretation as a
p-adic automorphic form: it is the unique spherical vector (up to a nonzero
multiple) of the unitary principal series representation of PGL(2,Qp).

More generally, we expect certain p-adic automorphic forms to describe
fields on the p-adic string worldsheet.

If eigenfunctions (2.17) are Bruhat-Tits tree plane waves, they must
satisfy orthonormality conditions analogous to the Archimedean ones. This
is captured by Definition 9 and Theorem 1 below. However, before discussing
orthonormality, we need to introduce the regularization scheme that we will
employ. This regularization scheme is necessary because many of the sums
on the tree that we will encounter are naively divergent.

Definition 8. Our regularization prescription for the evaluation of a mero-
morphic function f at a point x is as follows: expand the function f in a
Laurent expansion at point x (which is allowed to be a pole), and pick out the
constant term. This regularization and its variants are used often in physics.

We will mostly be interested in applying this prescription to geometric
sums:

1) If s > 0, the sum

(2.25)

∞
∑

k=1

p−ks =
1

ps − 1

is finite, so the constant term is just the value of the sum.

2) If s < 0, writing

(2.26)

Λ
∑

k=1

p−ks =
1

ps − 1
− p−sΛ

ps − 1
,

for a large cutoff Λ, has a pole in psΛ in the second term as Λ → ∞,
which gets discarded.

3) If ℜ (s) = 0 and ℑ (s) ̸= 2ki/ log p, k ∈ Z, we can write s = ϵ+ iℑ (s)
and take the limit ϵ→ 0 in Eqs. (2.25) or (2.26), to obtain

(2.27)

∞
∑

k=1

p−ks =
1

ps − 1
.
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4) If s = 2ki/ log p, k ∈ Z, we can expand the right-hand side in Eq. (2.25)
as

(2.28)
1

ps − 1
=

1

s log(p)
− 1

2
+O (s) ,

which contains a log singularity in ps as s→ 2ki/ log p. The constant
term in this case is −1/2.

More details on this method of regularization can be found in [16].
For geometric sums, the regularization scheme above coincides with an-

alytic continuation, for which the geometric sum

(2.29)

∞
∑

k=1

p−ks =
1

ps − 1
, ℜ(s) > 0,

gets analytically extended to the entire complex plane, minus the poles at
s = 2ki/ log p, k ∈ Z. Furthermore, at these poles the geometric series is the
divergent sum 1 + 1 + 1 + . . . , and can also be thought of as being regular-
ized as ζ(0) = −1/2, with ζ the Riemann Zeta function. We are thus led to
the following form of our regularization.

Comment 10. The geometric series is regularized by the prescription in
Definition 8 (or by analytic continuation) as

(2.30)

∞
∑

j=1

p−js =

{

1
ps−1 , s ̸= 2πik

log p

−1
2 , s = 2πik

log p

,

with k ∈ Z.

Analytic continuation (2.30) is very much in the spirit of the analytic
continuation used in defining special functions, e.g. Gamma, Beta and Zeta
functions in the Archimedean case. The connection with special functions
is in fact stronger: in the p-adic case, the Gel’fand-Graev Gamma function
and the Beta function are defined precisely via analytic continuation (2.30)
(see e.g. [17]). Prescription (2.30) can be used as a regularization scheme in
other contexts also, however we will not detail this in the present paper.

We now introduce the inner product for functions defined at the vertices
of the tree. As mentioned above, this inner product is in all cases diver-
gent, and needs to be regularized using the prescription in Definition 8 and
Eq. (2.30).
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Definition 9. The inner product of functions ψ, ϕ : V (Tp) → C is

(2.31) ⟨ϕ|ψ⟩ :=
∑

i∈V (Tp)

ϕ∗iψi,

with the star denoting conjugation, defined to act on eigenfunctions as

(2.32) ϕ∗µ,α := ϕ1−µ,α.

On the critical line this definition of conjugation is the same as complex
conjugation. It is also related to time reversal symmetry for a certain notion
of time, as we will explain in Section 2.3.

Theorem 1. With regularization (2.30), the eigenvalues ϕµ,α satisfy the
normalization condition

(2.33) ⟨ϕµ,α|ϕν,β⟩ =
1

1− p
(δµ∗+ν + δµ∗+ν−1) δα,β +

pℓ(O,O′) − 1

p− 1
δµ∗+ν−1,

with O′ the vertex on the α↔ β geodesic closest to O (O′ = O if O is on
the α↔ β geodesic, or if α = β), where µ, ν are either real, or lie on the
critical line.

In expression (2.33) δ⋆ and δ⋆,⋆ are Kronecker delta functions. All possi-
ble relative positions of vertices α, β and O are shown in Figure 3, and the
proof of Theorem 1 is given in Appendix A. Note that α, β ∈ ∂Tp, so they
can be thought of as points of P1(Qp). The Kronecker delta function δα,β
in Eq. (2.33) is off by a normalization factor from the Dirac delta function
of P1(Qp), however this normalization factor will not be important in the
present paper.

Comment 11. We will study the effects of the first and second term in Eq.
(2.33) in the rest of the paper. Interpreting the half geodesic from α to O
as a time direction (which we will explain in Section 2.3 below), Eq. (2.33)
implies that there are p+ 1 independent movers on the worldsheet, each with
a different forward time direction, since one can pick p+ 1 boundary points
so that the third term in Eq. (2.33) does not contribute.

2.3. Worldsheet time direction and local symmetry
transformations

In the previous section the plane waves were defined with respect to arbitrary
reference vertices on the boundary. However, in the rest of the paper we will
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O,O′

α, β

O,O′

α

β

O

α

β

O′

Figure 3: The three possible relative positions of points α, β, O and O′. The
geodesic α↔ β (if it exists) is represented dashed, and the distance from O
to α↔ β by thickened segments. The last term in Eq. (2.33) only appears
in the third configuration. On this figure p = 2 and ℓ (O,O′) = 2.

fix one boundary vertex, denoted ∞, with respect to which all plane waves
are defined. Doing so discards the third term in the plane wave normalization
(2.33), and is related to introducing a kind of time direction on the tree,
as we will explain shortly. Furthermore, we have required the scalar field
configuration on the tree to respect the symmetry given by the stabilizer
S (O,∞) (see comment 5); this can be thought of as an analog of a local
(Lorentz-, or rotation-like) symmetry group on the discrete worldsheet.

To understand how the stabilizer S (O,∞) acts, note that by Lemma 2,
the matrix representatives of the lattice equivalence classes can be taken to
be upper triangular. The following Lemma relates the propagation bracket
to these representatives.



✐

✐

“4-Stoica” — 2023/3/5 — 21:15 — page 1217 — #15
✐

✐

✐

✐

✐

✐

General relativity from p-adic strings 1217

Lemma 5. With center vertex O, the propagation bracket (2.14) is related
to the matrix representatives

(2.34)

(

a b
0 d

)

of the lattice equivalence classes by

(2.35) ⟨i,∞⟩ = v(d)− v(a)− [v(dO)− v(aO)] .

If O has representative the identity matrix the square bracket vanishes.

Proof. Let i′ be the vertex at which the α→ O and α→ i paths stop coin-
ciding, as before. From Comment 1, the matrix representative for a vertex
i for which vertices ∞, O, i are on the same geodesic in this order (i = i′ in
this case) can be written as

(2.36)

(

pℓ(i
′,O)aO ⋆
0 dO

)

.

If instead vertices ∞, O, i are not on one geodesic in this order, the matrix
representative can be written as

(2.37)

(

pℓ(i,i
′)aO ⋆

0 pℓ(i
′,O)dO

)

.

□

Lemma 6. The bracket ⟨i,∞⟩ is invariant under the stabilizer S (O,∞).

Proof. Immediate from Eq. (2.35). □

The P∞ momentum eigenfunctions also respect the S (O,∞) symmetry.
We now explain the intuition behind interpreting the special half-geodesic

(O,∞) as a time direction for the scalar degrees of freedom, and the stabi-
lizer S (O,∞) as a rotation-like local symmetry group. In the Archimedean
case, there is a sharp distinction between the manifold M and the local sym-
metry group acting (on say the tangent space) at a point; this distinction
becomes considerably blurred in the case of the Bruhat-Tits tree.
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Consider the momentum operator Pα acting in all p+ 1 directions on an
eigenfunction pµ⟨i,∞⟩ at a vertex i. This produces an eigenvalue vector

(2.38)
(

pµ, p−µ, . . . , p−µ
)

,

so at each vertex i the direction pointing toward ∞ is distinguished. We
identify this direction as a time direction. Then the half-geodesic (∞, O) acts
as a time direction for center O. At each vertex i, the stabilizer subgroup
S (O,∞) acts by identifying (i.e. permuting) the p “spacelike” neighbors
of i, thus it acts similarly to a rotation. Note that the action of S (O,∞)
identifies all vertices j of a fixed bracket value ⟨j,∞⟩ which share a common
leg j′ on the (O,∞) geodesic.

The symmetries discussed above are tied to the notion of conjugation
we have introduced, and they have consequences for the operator-state cor-
respondence on the tree, as we now briefly explain.

Comment 12. Given a Laplacian eigenvalue Λµ, there are two momen-
tum eigenvectors, related by µ→ 1− µ. This is analogous to having mo-
mentum eigenvectors of different orientations and the same energy in the
Archimedean case. The µ and 1− µ eigenvalues thus correspond to incom-
ing and outgoing states, and conjugation is equivalent to switching the time
arrow on the tree.

Comment 13. Imagine that we didn’t choose an infinity to start with,
and therefore had the full PGL(2,Qp) symmetry. Then the only momentum
(or Laplacian) eigenfunction respecting that symmetry would be the constant
function on the graph.

Physics becomes nontrivial when the symmetry gets broken by a choice
of infinity, which as we have seen, gives rise to a time direction of the p-
adic string, as the path to infinity. Then, given any vertex on the graph,
a local state has to transform according to a representation of our leftover
symmetry, which plays the role of the local spatial rotation subgroup of the
Lorentz group. If one computes states for the trivial representation that is
also a momentum eigenstate, one then obtains Eq. (2.21).

3. Strings from a distance

In this section we switch gears to string theory. The worldsheet is the Bruhat-
Tits tree Tp, and the target space is locally Rd. Following the discussion
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above, we are interested in functions

(3.1) X : V (Tp) → Rd.

Note that since the action (1.2) is given by a distance, we could also consider
the maps X to be functions X : V (Tp) → Qd

p, since Qp is equipped with a
metric. However, we will not do so in the present paper.

Comment 14. The map (3.1) has a peculiar feature: the target space Rd

has uncountably many points, however the vertices of the worldsheet Tp are
countable. Thus, uncountably many points in the target space have empty
preimage in Tp. This is in the spirit of [6].

Comment 15. We will be comparing the target space position vectors Xi,
Xj, when i and j are neighbors on the worldsheet, so we need them to be
“close.” Thus, we will be in a situation where Xi and Xj are close in the
target space, and separated at order p on the worldsheet.

As explained in the introduction, we propose that the action takes the
form

(3.2) S =
1

V

∑

⟨ij⟩∈E(Tp)

d2
(

Xa
i , X

b
j

)

a2⟨ij⟩
,

with d the geodesic distance on the target manifold and V the degree of each
vertex in the Bruhat-Tits tree. The multiplicative factor of V is important
to ensure that the action is invariant under certain rescalings, as we will
explain in Section 4.1.

Comment 16. The action (3.2) is unitless (so one can multiply it with
Planck’s constant to restore proper units for action).

Comment 17. Action (3.2) depends on the distance squared. This square
is important to recover the Polyakov action from our action. However, it
may also be possible to write other actions that recover the same physics via
field redefinitions.

We now work in a normal coordinate patch in the target space with
center denoted by 0, and parameterize the target space path between points
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Xi and Xj as

(3.3) y(t) := Xi + (Xj −Xi)t, 0 ≤ t ≤ 1,

and furthermore define a vector W by

(3.4) Xj =: Xi +W.

In this normal coordinate patch we have the metric in terms of coordinates
Xi

(3.5) gab(Xi) = ηab −
1

3
RacbdX

c
iX

d
i +O

(

X3

ℓ3R

)

,

where Racbd is the curvature tensor at the center of the patch. Then the
action can be written as

(3.6) S[X] =
1

V

∑

⟨ij⟩∈E(Tp)

1

a2⟨ij⟩

(∫ 1

0

√

gabW aW bdt

)2

.

Plugging in (3.5), and using the antisymmetry of the curvature tensor,
action (3.6) becomes

S[X] =
1

V

∑

⟨ij⟩∈E(M)

1

a2⟨ij⟩

[

ηab
(

Xa
j −Xa

i

)

(

Xb
j −Xb

i

)

− 1

3
RacbdX

c
iX

d
i X

a
jX

b
j

]

(3.7)

+O
(

X3

ℓ3R

)

.

Here ℓR is the length scale over which the target space curvature varies.

Comment 18. The size of the region where this coordinate choice is valid
is controlled by the length scale X relative to the target space curvature length
scale ℓR. I.e. it is valid when the string is mapped to a region whose scale is
much less than the curvature length scale.

Comment 19. Analogously, in the usual Archimedean derivation of the
target space Einstein equations, the regime of validity of the computation is
controlled by

√
α′ and ℓR. In the p-adic case, length scale X being smaller

than the target space length scale implies a≪ ℓR. Thus, a can be thought of
as the p-adic analogue of

√
α′.
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Comment 20. In the argument above we are assuming the coordinate patch
contains the entirety of the worldsheet. We now justify this. First, the mode
coefficients cµ with large absolute value have an exponentially small contri-
bution to the path integral, and can be ignored.

4. The path integral

4.1. Scaling invariance

We are interested in considering a p-adic string version of the Archimedean
worldsheet scaling symmetry. Explicitly, when the target is flat, a way to
consider this scaling symmetry is to assign a uniform edge multiplicity (i.e.
to consider a number λ > 1 of parallel edges between any two neighbors in
the tree). The vertex valence and Laplacian then scale as

(4.1) V → λV, △ → λ△,

so that the action derived in the previous section,

(4.2) S[X] =
1

V

∑

⟨ij⟩∈E(M)

1

a2⟨ij⟩
ηab

(

Xa
j −Xa

i

)

(

Xb
j −Xb

i

)

,

remains invariant. The scaling of the Laplacian can be understood by writing
it in matrix form as

(4.3) −△ =











p+ 1 −1 −1
−1 p+ 1

. . .

−1 p+ 1











,

such that each entry corresponds to a number of neighbors (in the graph
with no multiplicity). The Archimedean analog of scaling the edge weight
contribution is scaling the worldsheet metric in the Polyakov action, and the
analog of scaling V is scaling the volume element.

In general, when the target is not necessarily flat, the scaling symmetry
is V → λV, d(Xi, Xj)

2 → λd(Xi, Xj)
2.

Comment 21. There exists a second scaling under which action (4.2) (or
(3.2)) is invariant:

(4.4) a⟨ij⟩ → λ′a⟨ij⟩, d(Xi, Xj) → λ′d(Xi, Xj).
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The interpretation of Eq. (4.4) is that scaling the worldsheet edge lengths by
λ′ (keeping multiplicity constant) must be accompanied by a scaling of the
target manifold distances in the same way, in order for the action to remain
invariant. We expect scalings (4.1) and (4.4) to be equivalent. Scaling (4.4)
also applies to the gravitational worldsheet actions discussed in [14].

We would like this scaling symmetry, which is a classical symmetry, to
remain a symmetry at the quantum level, to avoid RG running of the target
space metric. Said another way, generically there is no scale-invariant way
to regularize action (3.7), but we would like the theory to not depend on
any parameters that the regularization may introduce.

In particular, we want the target space metric gab to not RG run, so that
the ⟨XaXb⟩ two-point function must not receive quantum corrections.

4.2. The two-point function

From now on we will consider that all edge lengths a⟨ij⟩ are equal to a
common edge length a.

The partition function is (see e.g. [18] for an introduction to p-adic path
integrals)

(4.5) Z[R] =

∫

DXeiS[X,R].

The bare (meaning in the absence of interactions) two-point function is
computed as

⟨Xa
i X

b
j ⟩bare

=
1

Z[0]

∫

DX exp







i

V a2

∑

⟨kl⟩∈E(M)

[ηmn (X
m
k −Xm

l ) (Xn
k −Xn

l )]







Xa
i X

b
j

(4.6)

=
1

Z[0]

∫

DX exp







− i

V a2

∑

k∈V (M)

ηmnX
m
k △Xn

k







Xa
i X

b
j ,

(4.7)

where in the second equality we have rewritten the sum.
We thus expand X in eigenfunctions of the Laplacian that obey the

S (O,∞) = B ∩ PGL (2,Zp) symmetry (in particular, keeping the boundary
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reference vertex ∞ fixed), and from now on we suppress notation of the
boundary reference index. We have

(4.8) Xa
k =

∫

µ∈D
caµϕµ(k).

Here D is the domain over which eigenvalue parameter µ runs. We choose
D such that the eigenvalues of the Laplacian are real and non-positive (the
Laplacian is negative semi-definite in our conventions). Since we have re-
moved the ℑ (µ) = π/ log p line (as explained in Comment 8), D consists of
two regions,

D = {0 ≤ µ ≤ 1} ∪
{

ℜ(µ) = 1

2
,− π

log p
≤ ℑ(µ) ≤ π

log p

}

(4.9)

=: Dreal ∪Dcrit.(4.10)

Dreal is on the real line, and Dcrit is a period of the eigenvalue function on
the critical line.

Furthermore, as X is a real field, this implies that

c 1

2
+it = c 1

2
−it, t ∈ R,(4.11)

with the overline denoting complex conjugation.
We need to expand the term in the action containing the Laplacian.

Using Eq. (4.8), we have

(4.12)
∑

k∈V (M)

ηmnX
m
k △Xn

k =
∑

k∈V (M)

∫

µ,ν∈D
Λνc

m
µ c

m
ν ϕµ(k)ϕν(k)

with Λν := λν − p− 1 the Laplacian eigenvalues.
There are two possible contributions to the integral, according to

Eq. (4.9), however, it will turn out that only the critical line gives a nonva-
nishing contribution. Let’s now compute this contribution; the vanishing of
the Dreal contribution, using the regularization in Definition 8, is shown in
Appendix B.

We parameterize the critical line integrals as

(4.13) µ =
1

2
+ it′, ν =

1

2
+ it,
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so that

∑

k∈V (M)

ηmnX
m
k △Xn

k

∣

∣

∣

Dcrit

=
1

1− p

∫

µ,ν∈Dcrit

Λνc
m
µ c

m
ν δµ+ν−1(4.14)

=
1

1− p

∫

t,t′∈R
Λ 1

2
+itc

m
1

2
+it
cm1

2
+it′

δt+t′

=
1

1− p
δt

∫ π

log p

− π

log p

Λ 1

2
+it

∣

∣

∣
cm1

2
+it

∣

∣

∣

2
dt,

with | · | the Lorentzian norm on the worldsheet, δt a discretization parame-
ter, and we have restricted the critical line integral to a period of the mode
eigenfunction, since the other periods are redundant parameterizations.

Then the two-point function computation (4.7) becomes

⟨Xa
i X

b
j ⟩bare =

1

Z[0]

∫

Dc exp

{

− iδt

V a2
1

1− p

∫

t

Λ 1

2
+it

∣

∣

∣
cm1

2
+it

∣

∣

∣

2
}

×
∫

t1,t2

ca1
2
+it1

cb1
2
+it2

ϕ 1

2
+it1

(i)ϕ 1

2
+it2

(j).(4.15)

If a ̸= b then the ca1
2
+it

integral is again odd and vanishes.

Eq. (4.15) is the usual path-integral prescription for the free two-point
function, which can be evaluated using the standard argument. We denote
T := π/ log p, and discretize the integrals as t→ ιδt, with ι the discrete vari-
able and summation endpoint I := T/δt. Furthermore, we relabel subscripts
of the form 1/2 + it on c and ϕ by ι. We can then write

⟨Xa
i X

b
j ⟩bare =

1

Z[0]

∫

Dc exp

{

− iδt2

V a2
1

1− p

I
∑

ι=−I

Λι |cmι |2
}

×
I

∑

ι1,ι2=−I

caι1c
b
ι2
ϕι1(i)ϕι2(j)δt

2

=
ηab

Z[0]

I
∑

i1=−I





∏

ι

a

δt

√

πV (p− 1)

iΛι





V a2 (p− 1)

2iΛι1

ϕι1(i)ϕ−ι1(j).(4.16)

Note that in obtaining Eq. (4.16) combinations such as c2 multiplying the
exponential vanish by complex integration.
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The prefactor cancels against the normalization in Eq. (4.16) and we can
restore the t integral to obtain

(4.17) ⟨Xa
i X

b
j ⟩bare =

iV a2

2δt
(1− p) ηab

∫

t

1

Λ 1

2
+it

ϕ 1

2
+it(i)ϕ 1

2
−it(j).

In integrating over the Fourier configurations we used a Kronecker delta
instead of a Dirac delta function, at the expense of introducing a factor of
δt. Here 1/δt plays the role of the string tension, so the combination a2/δt
that appears in Eq. (4.17) is natural.

Expression (4.17) is i↔ j exchange symmetric, since Λ 1

2
+it = Λ 1

2
−it.

Eq. (4.17) can be thought of as the analogue of the momentum space rep-
resentation of a bare propagator.

4.3. One-loop correction to the two-point function

We are interested in computing the object

(4.18) ⟨Xa
i X

b
j ⟩1−loop =

1

Z[0]

∫

DX exp







− i

a2V

∑

k∈V (M)

Xm′

k △Xm′

k







×
∑

k1∈V (Tp)

∑

k2∼k1

(

− 1

6a2V
RmpnqX

m
k1
Xn

k1
Xp

k2
Xq

k2

)

Xa
i X

b
j ,

where k2 ∼ k1 means that the second sum should be over all the neighbors of
k1, and the extra factor of 2 in the denominator accounts for double-counting
the edges.

The first step is to evaluate the k2 sum, by expanding in Laplacian
eigenfunctions. We have

∑

k2∼k1

Xp
k2
Xq

k2
=

∫

λ,ρ∈D

∑

k2∼k1

cpλc
q
ρϕλ (k2)ϕρ (k2)(4.19)

=

∫

λ,ρ∈D

(

p1−λ−ρ + pλ+ρ
)

cpλc
q
ρϕλ (k1)ϕρ (k1) ,(4.20)
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where we have used explicit expression (2.17) for the eigenfunctions. Then,
expressing Eq. (4.18) in momentum space, we have

⟨Xa
i X

b
j ⟩1−loop =

1

Z[0]

∫

Dc exp







− i

a2V

∑

k′∈V (Tp)

∫

µ1,2

Λµ2
clµ1
clµ2
ϕµ1+µ2

(k′)







(4.21)

×
∑

k∈V (Tp)

∫

µ,...,ρ

−1

6a2V
Rmpnq

(

p1−λ−ρ + pλ+ρ
)

cmµ c
n
ν c

p
λc

q
ρϕµ+ν+λ+ρ (k)

×
∫

µ3,4

caµ3
cbµ4
ϕµ3

(i)ϕµ4
(j),

We now compute the k sum; using results in Appendix A, we have

(4.22)
∑

k∈V (Tp)

ϕσ (k) =
1

1− p
(δσ + δ1−σ) ,

so that

⟨Xa
i X

b
j ⟩1−loop

(4.23)

=
1

Z[0]

∫

Dc exp

{

i

a2V (p− 1)

∫

µ1,2

Λµ2
clµ1
clµ2

(δµ1+µ2
+ δ1−µ1−µ2

)

}

×
∫

µ,...,ρ

1

6 (p− 1) a2V
Rmpnq

(

p1−λ−ρ + pλ+ρ
)

cmµ c
n
ν c

p
λc

q
ρ

× (δµ+ν+λ+ρ + δ1−µ−ν−λ−ρ)

∫

µ3,4

caµ3
cbµ4
ϕµ3

(i)ϕµ4
(j).

Let’s now consider the Wick contractions. A priori, every parameter
µ, · · · ∈ D can either be on the critical line, or in the 0 ≤ µ ≤ 1 interval.
However, it turns out the Greek indices pair in the path integral such as
to give a possibly nonzero contribution only in the following combinations
(here the notation means each entry in a bracket on the left and right sides
is used precisely once, and the brackets are unordered):

1) {µ3, µ4} = {0, 0}, {µ, ν, ρ, λ} = {0, 0, 0, 0}.
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In this case the contribution is proportional to

∫

Dc exp

{

i

a2V (p− 1)
Λ0

(

cl0

)2
}

(4.24)

×Rmpnqc
m
0 c

n
0c

p
0c

q
0c

a
0c

b
0ϕ0(i)ϕ0(j),(4.25)

which vanishes by antisymmetry of the Riemann tensor.

2) {µ3, µ4} = {0, 0}, {µ, ν, ρ, λ} = {0, 0, 12 + it, 12 − it}.
In this case, remembering reality condition (4.11), the contribution

is proportional to

∫

Dc exp

{

i

a2V (p− 1)

(

Λ0

(

cl0

)2
+

∫

t

Λ 1

2
+it

∣

∣

∣
cl1

2
+it

∣

∣

∣

2
)}

×Rmpnqc
m
0 c

n
0c

p
1

2
+it
cq1

2
−it
ca0c

b
0ϕ0(i)ϕ0(j).(4.26)

3) {µ3, µ4} = {1
2 + it, 12 − it}, {µ, ν, ρ, λ} = {0, 0, 12 + it, 12 − it}.

In this case the contribution is proportional to

∫

Dc exp

{

i

a2V (p− 1)

(

Λ0

(

cl0

)2
+

∫

t

Λ 1

2
+it

∣

∣

∣
cl1

2
+it

∣

∣

∣

2
)}

×Rmpnqc
m
1

2
+it
cn1

2
−it
cp0c

q
0c

a
1

2
+it
cb1

2
−it
ϕ 1

2
+it(i)ϕ 1

2
−it(j).(4.27)

Rab

Xa
i Xb

j

Figure 4: One-loop correction to the two-point function.

Contributions 2, 3 can be summarized as follows. In order to have a
connected diagram with nonzero contribution, either a, b are paired with
m,n (and p, q with each other), or a, b are paired with p, q (and m, n with
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each other), i.e. contractions of the type

(4.28) Rmpnqc
mcncpcqcacb,

corresponding to the bubble diagram in Figure 4. The diagram thus is pro-
portional to the Ricci tensor Rab.

For the case when µ3 = µ4 = 0 (case 2 above), this contribution is naively
divergent, and must be regularized by the introduction of an IR regulator
M2 in the bare propagator. This is because we are integrating over the µ = 0
zero mode on the real line (note that µ = 0 is paired with the pole in the
Zeta function at µ = 1 by the functional equation).

The leading contribution comes from case 2, and is of order 1/M4, where
M2 is the IR regulator (the bare two-point function for the zero mode is just
1/M2). This divergence cannot be removed by our regularization scheme,
since it corresponds to a zero mode, so a small variation in µ at µ = 0 keeps
the action unchanged by our normalization computation.

In order for the one-loop correction to the two-point function to vanish
(and for the target space metric to not RG flow), we must thus have Rab = 0.
This gives the target space Einstein equations. Conversely, setting Rab = 0
also cancels the subleading divergences inM , as well as any finite corrections
to the two-point function.

Comment 22. In case 3 the contribution comes from pairing µ3,4 with
1/2± it, and the zero modes with each other, for an overall divergence of
1/M2. Removing this divergence leads to the same result, that the Ricci
curvature vanishes.

Comment 23. It would be interesting to explore if the machinery developed
in this paper for the computation of tree level and one-loop diagrams could
also be used to compute Archimedean diagrams. It seems that the structure
of the loop diagrams in the p-adic bosonic string is considerably simpler
than the Archimedean one, due to normalization (2.33). In particular, the
divergences appear to come from the IR zero mode, and the momentum loops
are all finite period integrals.
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Appendix A. Laplacian eigenfunction normalization

In this Appendix we compute the Laplacian eigenfunction normalization and
prove Theorem 1.

i′1

O

i′2

α, β i2

Case 1

β

i′1

i′1

α i1

O

i1

Case 2

O

O′

i′5

α

i5

i3
i′4

β

i4

i′2

i2

i1

Case 3

Figure A1: The configurations of vertices α, β, and O relevant for the proof
of Theorem 1.

Proof (Theorem 1). The normalization condition we want to check is

(A.1) ⟨ϕµ,α|ϕν,β⟩ =
1

1− p
(δµ∗+ν + δµ∗+ν−1) δα,β +

pℓ(O,O′) − 1

p− 1
δµ∗+ν−1.

Pick two eigenfunctions ϕµ,α, ϕν,β . The eigenfunction inner product is

(A.2) ⟨ϕµ,α|ϕν,β⟩ =
∑

i∈V (T )

pµ
∗⟨i,α⟩+ν⟨i,β⟩.
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There are three cases, as in Figure A1, and we use Lemma 4.
Case 1. In this case α = β. We have

(µ∗ + ν) ⟨i1, α⟩ = − (µ∗ + ν) ℓ (O, i1) ,(A.3)

(µ∗ + ν) ⟨i2, α⟩ = (µ∗ + ν)
[

ℓ
(

O, i′2
)

− ℓ
(

i2, i
′
2

)]

,(A.4)

so that

⟨ϕµ,α|ϕν,β⟩ =
∞
∑

ℓ(O,i1)=0

p(1−µ∗−ν)ℓ(O,i1) +





∞
∑

ℓ(O,i′2)=1

p(µ
∗+ν)ℓ(O,i′2)





×



1 +
p− 1

p

∞
∑

ℓ(i2,i′2)=1

p(1−µ∗−ν)ℓ(i2,i′2)



 .(A.5)

There are two geometric sums that we need to consider,

∞
∑

i=0

p(1−µ∗−ν)i = 1 +
1

pµ∗+ν−1 − 1
, ℜ (µ∗ + ν) > 1,(A.6)

∞
∑

i=1

p(µ
∗+ν)i = −1 +

1

1− pµ∗+ν
, ℜ (µ∗ + ν) < 0.(A.7)

Next, since µ, ν are either real, or lie on the critical line, we need only
consider the poles of the right hand side of the above two equations at
µ∗ + ν = 1 and µ∗ + ν = 0.

Note that the ranges over which these two series converge do not overlap.
However, as explained in Definition 10, we introduce analytically continued
values as

∞
∑

i=0

p(1−µ∗−ν)i = 1 +
1

pµ∗+ν−1 − 1
, µ∗ + ν ̸= 1,(A.8)

∞
∑

i=1

p(µ
∗+ν)i = −1 +

1

1− pµ∗+ν
, µ∗ + ν ̸= 0.(A.9)

Furthermore, we have

∞
∑

i=0

p(1−µ∗−ν)i = 1 +

∞
∑

i=1

1 =: ζ0, µ∗ + ν = 1,(A.10)

∞
∑

i=1

p(µ
∗+ν)i =

∞
∑

i=1

1 = ζ0, µ∗ + ν = 0,(A.11)
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where quantity ζ0 is formally divergent. This is just 1 + 1 + 1 + 1 + . . . , and
can be regularized by

(A.12)

∞
∑

i=1

1i = ζ (0) = −1/2,

however this regularization will not be needed for the first case. This is
because when putting everything together ζ0 cancels, as do the terms not
proportional to delta functions, and we obtain

(A.13) ⟨ϕµ,α|ϕν,β⟩ =
1

1− p
(δµ∗+ν + δµ∗+ν−1) ,

with δ⋆ the Kronecker delta function.
Case 2. We have

⟨i1, α⟩ = −ℓ (O, i1) ,(A.14)

⟨i1, β⟩ = ℓ
(

O, i′1
)

− ℓ
(

i1, i
′
1

)

,(A.15)

⟨i2, α⟩ = ⟨i2, β⟩ = −ℓ (O, i2) ,(A.16)

⟨i3, β⟩ = −ℓ (O, i3) ,(A.17)

⟨i3, β⟩ = ℓ
(

O, i′3
)

− ℓ
(

i3, i
′
3

)

.(A.18)

The normalization then is

⟨ϕµ,α|ϕν,β⟩ =





∞
∑

ℓ(O,i′1)=1

p(−µ∗+ν)ℓ(O,i′1)



(A.19)

×



1 +
p− 1

p

∞
∑

ℓ(i1,i′1)=1

p(1−µ∗−ν)ℓ(i1,i′1)





+



1 +
p− 1

p

∞
∑

ℓ(O,i2)=1

p(1−µ∗−ν)ℓ(O,i2)





+





∞
∑

ℓ(O,i′3)=1

p(µ
∗−ν)ℓ(O,i′3)





×



1 +
p− 1

p

∞
∑

ℓ(i3,i′3)=1

p(1−µ∗−ν)ℓ(i3,i′3)



 .
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We need to regularize these geometric sums; as above, we use

(A.20)

∞
∑

i=0

p−αi = 1− 1

1− p−α
, α ̸= 0.

There are now several subcases to consider:

• If µ∗ ̸= ν, µ∗ + ν ̸= 1, direct computation gives ⟨ϕµ,α|ϕν,β⟩ = 0.

• If µ∗ = ν, µ∗ + ν ̸= 1, we have

(A.21) ⟨ϕµ,α|ϕν,β⟩ =
(2ζ0 + 1)

(

p2ν − 1
)

p2ν − p
,

which vanishes with Zeta regularization (A.12).

• If µ∗ ̸= ν, µ∗ + ν = 1, by direct computation ⟨ϕµ,α|ϕν,β⟩ = 0.

• If µ∗ = ν = 1/2, then

(A.22) ⟨ϕµ,α|ϕν,β⟩ =
(2ζ0 + 1) [ζ0(p− 1) + p]

p
,

which again vanishes with Zeta regularization (A.12).

Putting everything together, the answer in case 2 is

(A.23) ⟨ϕµ,α|ϕν,β⟩ = 0

for all values of µ and ν.
Case 3. We use Eq. (A.20) for regularization. Assume there are N

vertices between O and O′ (distinct from O and O′), so that ℓ(O,O′) =
N + 1. The sums are

⟨ϕµ,α|ϕν,β⟩ =
∞
∑

ℓ(O,i1)=0

p(1−µ∗−ν)ℓ(O,i1)

(A.24)

+

N
∑

ℓ(O,i′2)=1

p(µ
∗+ν)ℓ(O,i′2)



1 +
p− 1

p

∞
∑

ℓ(i2,i′2)=1

p(1−µ∗−ν)ℓ(i2,i′2)




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+ p(µ
∗+ν)ℓ(O,O′)



1 +
p− 2

p

∞
∑

ℓ(O′,i3)=1

p(1−µ∗−ν)ℓ(O′,i3)





+ p(µ
∗+ν)ℓ(O,O′)

∞
∑

ℓ(O′,i′5)=1

(

p(µ
∗−ν)ℓ(O′,i′5) + p(ν−µ∗)ℓ(O′,i′5)

)

×



1 +
p− 1

p

∞
∑

ℓ(i5,i′5)=1

p(1−µ∗−ν)ℓ(i5,i′5)



 .

There are now several subcases to consider:

• If µ∗ + ν ̸= 1, µ∗ + ν ̸= 0, µ∗ ̸= ν, direct computation gives
⟨ϕµ,α|ϕν,β⟩ = 0.

• If µ∗ + ν = 1, µ∗ ̸= ν, we obtain

(A.25) ⟨ϕµ,α|ϕν,β⟩ =
pN+1 − 1

p− 1
.

• If µ∗ + ν = 1, µ∗ = ν = 1/2, we obtain, using Zeta function regular-
ization (A.12),

(A.26) ⟨ϕµ,α|ϕν,β⟩ =
pN+1 − 1

p− 1
.

• If µ∗ + ν = 0 (including µ∗ = ν = 0), we obtain ⟨ϕµ,α|ϕν,β⟩ = 0 by di-
rect computation.

• If µ∗ = ν, µ∗, ν ̸= 0, 1/2, then

(A.27) ⟨ϕµ,α|ϕν,β⟩ =
(

pµ
∗+ν − 1

)

p(N+1)(µ∗+ν)(2ζ0 + 1)

pµ∗+ν − p
,

which vanishes using Eq. (A.12).

Summary. Putting Cases 1, 2, and 3 together, we have obtained

(A.28) ⟨ϕµ,α|ϕν,β⟩ =
1

1− p
(δµ∗+ν + δµ∗+ν−1) δα,β +

pℓ(O,O′) − 1

p− 1
δµ∗+ν−1,

which recovers Eq. (A.1). □
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Appendix B. Vanishing of the real line contributions

In this appendix we show that the real line contributions to the two-point
function path integral vanish, if one uses the regularization in Definition 8.
We are interested in the quantity

⟨Xa
i X

b
j ⟩Dreal

=
1

Z[0]

∫

Dc exp







− i

V a2

∫

µ,ν∈D2

∑

k∈V (M)

Λνc
m
µ c

m
ν ϕµ(k)ϕν(k)







×
∫

µ1,2∈Dreal

caµ1
cbµ2
ϕµ1

(i)ϕµ2
(j).(B.1)

We compute the k sum first; using results from Appendix A, we have (note
we are using 0 ≤ µ, ν ≤ 1 to remove one of the delta functions)

⟨Xa
i X

b
j ⟩Dreal

=
1

Z[0]

∫

Dc exp

{

− iδt

V a2
1

1− p

∫

ν∈D2

Λνc
m
1−νc

m
ν

}

×
∫

µ1,2∈Dreal

caµ1
cbµ2
ϕµ1

(i)ϕµ2
(j).(B.2)

The only possible nonzero contributions thus are (indices a and b are not
summed)

⟨Xa
i X

b
j ⟩Dreal

=
δab

Z[0]

∫

Dc exp

{

− iδt

V a2
1

1− p

∫

µ∈D2

Λνc
m
ν c

m
1−ν

}

×
∫

ν∈Dreal

[

(

caµ
)2

+ caµc
a
1−µ +

(

ca1−µ

)2
]

ϕµ(i)ϕµ(j).(B.3)

Note that on the real line we are not identifying the complex conjugate of
cmµ with cm1−µ, so the expression above cannot be written in terms of absolute
values.

Consider now the integral of the middle term; it is of the type

(B.4) Imid :=

∫

cµ,c1−µ

eΛcµc1−µcµc1−µdcµdc1−µ.

We perform a variable change to

(B.5) s := cµ, t := cµc1−µ,
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so that the integral becomes

(B.6) Imid =

∫

s,t

eΛts−1tdsdt,

with the factor of s−1 coming from the Jacobian. The integrals over s and t
now decouple. With the regularization in Definition 8, dropping the diver-
gent terms, we have

(B.7)

∫ 0

−∞
eΛttdt = − 1

Λ2
,

∫ ∞

0
eΛttdt =

1

Λ2
,

so that Eq. (B.6) vanishes. Similarly, the other two terms in Expression (B.3)
are of the type

(B.8)

∫

eΛtt2dt,

so using Definition 8 one more time we have

(B.9)

∫ 0

−∞
eΛtt2dt =

2

Λ3
,

∫ ∞

0
eΛtt2dt = − 2

Λ3
,

so that Eq. (B.1) vanishes.
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