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The quantum Rabi model (QRM) is widely recognized as a partic-
ularly important model in quantum optics and beyond. It is con-
sidered to be the simplest and most fundamental system describing
quantum light-matter interaction. The objective of the paper is to
give an analytical formula of the heat kernel of the Hamiltonian
explicitly by infinite series of iterated integrals. The derivation of
the formula is based on the direct evaluation of the Trotter-Kato
product formula without the use of Feynman-Kac path integrals.
More precisely, the infinite sum in the expression of the heat kernel
arises from the reduction of the Trotter-Kato product formula into
sums over the orbits of the action of the infinite symmetric group
G on the group Z3°, and the iterated integrals are then consid-
ered as the orbital integral for each orbit. Here, the groups Z35° and
S are the inductive limit of the families {Z3 },,>0 and {&,, }n>0,
respectively. In order to complete the reduction, an extensive study
of harmonic (Fourier) analysis on the inductive family of abelian
groups Z% (n > 0) together with a graph theoretical investigation
is crucial. To the best knowledge of the authors, this is the first
explicit computation for obtaining a closed formula of the heat
kernel for a non-trivial realistic interacting quantum system. The
heat kernel of this model is further given by a two-by-two matrix
valued function and is expressed as a direct sum of two respective
heat kernels representing the parity (Zs-symmetry) decomposition
of the Hamiltonian by parity.
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1. Introduction

The quantum Rabi model (QRM) is widely recognized as the simplest and
most fundamental model describing quantum light-matter interactions, that
is, the interaction between a two-level system and a bosonic field mode (see
e.g. [10] for a recent collection of introductory, survey and original articles
after Isidor Rabi’s seminal papers [52} 53] on the semi-classical (Rabi) model
in 1936 and 1937 and the full quantization [33] established in 1963 by Jaynes
and Cummings). Quantum interaction models, of which the QRM may be
considered as a distinguished representative, have been considered not only
by theorists but also by experimentalists (e.g. [67]) as indispensable models
for advancing research on quantum computing and its implementation (see
e.g [11), 21]). In spite of recent progress on theoretical/mathematical and
numerical studies (e.g. see [0l 10} [35] 65] and their references), knowledge
in several fundamental areas is still limited. For instance, explicit formulas
for time evolution of the corresponding systems remain largely unknown
(though certain partial results have been discussed, e.g. in [41] an approx-
imation for the Spin-Boson model and in [I], [I5] certain matrix element, a
correlation function, for the Kondo effect), and similarly, qualitative infor-
mation about the spectrum in several coupling regimes (stipulated by the
physical parameters defining the model) and eigenvalues distribution (e.g.
the unsolved conjecture for the QRM in [7]) remains sparse and mysterious
(see, e.g. [51]).
The Hamiltonian Hgi of the QRM is precisely given by

Hg :=wa'a+ Ao, + g(a + a')o,.

Here, af and a are the creation and annihilation operators of the single
bosonic mode ([a, a] = 1), 04, 0. are the Pauli matrices (sometimes written
as o1 and o3, but since there is no risk of confusion with the variable x
to appear below in the heat kernel, we use the usual notations), 2A is the
energy difference between the two levels, g denotes the coupling strength
between the two-level system and the bosonic mode with frequency w (sub-
sequently, we set w = 1 without loss of generality). The integrability of the
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QRM was established in [7] using the well-known Zg-symmetry of the Hamil-
tonian HR, usually called parity. The QRM actually appears ubiquitously
in various quantum systems including cavity and circuit quantum electro-
dynamics, quantum dots and artificial atoms with potential applications in
quantum information technologies (see [10, 21]). For instance, recent exper-
imental results [66] 67], aimed at measuring light shifts of superconducting
flux qubits deep-strongly coupled to LC oscillators, agree with theoretical
predictions based on the QRM and its asymmetric version. It is actually
shown in [67] that in the deep-strong regime (i.e. in the case (A,w) < g),
the energy eigenstates are well described by entangled states.

The purpose of the present paper is to obtain closed explicit expressions
for the heat kernel and the partition function of the QRM. Let us briefly
recall the definitions. The heat kernel Kg(z,y,t;g,A) of Hy is the integral
kernel corresponding to the operator e~*® (one-parameter semigroup), that
is, Kr(x,y,t; g, A) satisfies

—tHR¢ / KR r,Y,t 9, A)¢(y)dy

for a compactly supported smooth function ¢ : R — C2. More precisely,
Kg(x,y,t;g,A) is the (two-by-two matrix valued) function satisfying

%KR(Jf,y,t;g, A) = —Hg Kr(z,y,t; 9, A)
for all ¢t > 0 and limy_,0 Kr(z,y,t;9,A) = 6,(y)Ia for xz,y € R.

In statistical physics, the partition function of a system is of fundamental
importance as it describes the statistical properties of the system in ther-
modynamic equilibrium as a function of temperature and other parameters,
such as the volume enclosing a gas. The partition function Zg(53;g,A) of
the quantum system QRM is given by the trace of the Boltzmann factor
e PEW) E(u) being the energy of the state ju:

Zr(B; g, A) = Te[e ] =Y~ e FEW),

HE

where  denotes the set of all possible (eigen-)states of Hg.

In general, the computation of the heat kernel of an operator is con-
sidered to be a difficult problem and it often involves the use of mathe-
matically transcendental techniques such the Feynman path integrals or the
well-defined (rigorous) Feynman-Kac formulas (for the relation between the
path integral and the (Lie-) Trotter-Kato product formula, see e.g. [12] and
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[26]). For instance, the heat kernel was expressed by the Feynman-Kac path
integral in [22]. In contrast, the method presented in this paper for the ex-
plicit computation of the heat kernel of the QRM is based on detailed calcu-
lations using the Trotter-Kato product formula (or the exponential product
formula for the semigroup) directly for a pair of (in general) self-adjoint
unbounded operators [4, [34]. In particular, we do not employ path-integrals
or probabilistic methods, instead, we deal with the limit appearing in the
Trotter-Kato product formula by using harmonic (Fourier) analysis on the
inductive family of abelian finite groups {Z% },,>0. Each elements of Z%, for
n € N, may be interpreted as a path between two points alternating be-
tween two “states”. For illustrative purposes, in figure [I| we show two paths
corresponding to two elements of Z3 where the two states are denoted by
“+” and “”. In this way, in our computation, in place of all paths in the
path integral, we employ all paths in the inductive limit Z5° := hﬂZg as
n — oo (with a natural point measure). Our infinite, yet countable, number
of paths in ZS° may then be considered as sort of representatives of all paths
in the Feynman-Kac path integral. Symbolically, we may think there is some
equivalence ~ such that

{ paths }/ ~ <«— Z3°

is a bijection. A deeper understanding of this expected relation is an impor-

tant open question.
DUAN

+
73 =10 ::/—_—
o< XN XN
I 8 9

Figure 1. Two paths in Z3 for n = 9.

The resulting formulas for the heat kernel and partition function are
given as infinite series (actually, a uniformly convergent power series in the
parameter A) where each of the summands consist of a k-iterated integral
(k=0,1,2,...). Concretely, for the heat kernel of QRM, the main result of
this paper, given in Theorem [£.2] is the analytical formula of the form

[o.¢]
Kn(@,9,159,A) = Ko, 5, 1:.9) S (1A e 2 @) g, (0y 1),
A=0

Here, Ko(z,y,t;g) is explicitly given through Mehler’s kernel, that is, the
heat propagator of the quantum harmonic oscillator (see Theorem for
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the definition) and ®)(x,y,t;g) is a 2 X 2 matrix-valued function given by

A
492 cosh((t(lfl—b)\))(l‘*’(*l) +¢ (I—L )t
(I)/\(x7 Y, t7 g) = / o / (& sinh(?) 2 ) . )

0<py <--<pxa<1
y [(—1)Acosh (—=1)M 1 sinh

—sinh cosh (Ox(z,y, px, ) dpex.

We refer to §[4] for the definition of the functions &) (px, t) and 5 (z, y, pa, t)
which are explicitly represented by finite sums of hyperbolic functions. An
analogous expression is given in Corollary for the partition function of
QRM obtained from the heat kernel formula by taking trace. In the language
of Z3°-paths described above, the infinite sum (series) in the expression of
the heat kernel is considered to be taken over the orbits O, of the infinite
symmetric group G, defined by the inductive family of symmetric groups
{&,}n>0 and the summand given by iterated integral (over the Ath sim-
plex) can be regarded as the orbital integral for each orbit Oy in Z3° (cf.
Lemma. A short but detailed discussion is given in and we leave to
[55] the more detailed discussion along the induced representation viewpoint
of Tsilevich and Vershik [61].

It is relevant to mention that similar expressions have been found in
the study of evolution operators (propagators) or related quantities in other
physical models. For the Hamiltonian associated to the Kondo problem (the
model for a quantum impurity coupled to a large reservoir of non-interacting
electrons), a special matrix coefficient (a correlation function) of the heat
kernel was obtained in [I] (see Equation (1) therein) as a power series with
coefficients given by iterated integrals (see also [40] for an extensive dis-
cussion). This study is continued in [I5] to obtain numerical results on the
behavior of the correlation function for long times and its asymptotics for
the Kondo problem. An attempt to obtain the thermodynamic properties
of a Kondo impurity using the Monte Carlo method was first considered in
[58], but in contrast to the method developed in [15], it involves simulation
in the grand ensemble, a technically more difficult problem. For the Spin-
Boson model, which may be regarded as a generalization of the QRM, the
formal expression for P(t) := (0.(t)) where o,(t) is the Heisenberg repre-
sentation with respect to the full Hamiltonian at time ¢, a quantity related
to the qualitative behaviour of the system, is given in (4.17-19) of [41] as a
power series in a parameter with iterated integral coefficients. In both cases,
the formulas are obtained by the evaluation of Feynman-Kac path-integrals.
Some recent developments, mainly on the experimental implementation side
can be found in the review [42].
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On the topic of the QRM, in [68] the authors gave an approximated
(or incomplete) formula for the propagator using path-integral techniques.
For the Spin-Boson model, and the QRM as a special case, a Feynman-Kac
formula for the heat kernel (semi-group generator) was obtained in [22] 23]
via a Poisson point process and a Euclidean field. However, for the study
of longtime behavior of the system, the use of numerical computations or
approximations is inevitable (see for instance [13| [43]). In addition, we note
that the heat kernel of the QRM (Theorem might be computed from
the Feynman-Kac path integral expression of Theorem 3.2 in [22] using the
method computing P(t) developed in [41] (or, back to the definition of the
path integral and make it to be a Riemann sum as in this paper) but it seems
to require a similar volume of computation with a necessary mathematically
rigorous discussion.

At this point, it is significant to mention a mathematical model that
shares some features with the QRM and that actually, in a specific sense,
may be considered to be a generalization of the QRM. The non-commutative
harmonic oscillator (NCHO) is the model defined by a deformation of the
tensor product of the quantum harmonic oscillator (cf. [25]) and the two di-
mensional trivial representation of Lie algebra sla (see [50, [51]). The QRM is
obtained from the NCHO (with generalized parameters in the definition of
the Hamiltonian) through a confluence process (i.e. two regular singularities
merge to an irregular singularity) in the Heun ODE picture of respective
models [63] (for the first description of the Heun ODE picture of the NCHO
see [49]). Considering the NCHO as a sort of covering of the QRM (in the
sense of the confluence procedure), one might expect the explicit derivation
of the heat kernel to be simpler than in the case of the QRM, however,
the heat kernel for the NCHO is yet to be obtained. It is worth remark-
ing here that the spectrum of the NCHO is known to posses many rich
arithmetic structure (e.g. modular forms, particular congruences, automor-
phic integrals) via the special values (i.e. moments of partition function) of
its spectral zeta function [29, B0, B6-39, 145, [47]. We expect the spectrum
of QRM (via spectral zeta function [55, 59]) to have similar rich number
theoretic structure as well.

The paper is organized as follows. In §2] we make preliminary calcula-
tions based on the Trotter-Kato product formula by employing newly defined
two-by-two matrix-valued creation and annihilation operators b and b de-
pending on the parameter g. The resulting expression is a limit (N — oo)
that, at a glance, resembles a Riemann sum where each of the summands con-
tains a sum of exponential terms over subsets CZ@ of Zév for 2 </ < N and
i,7 € {0,1} (see Definition in §2.4). However, the presence of (infinitely
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many) changes of signature with non-trivial coefficients in the exponential
terms is an obstacle for the direct evaluation of this expression.

In order to overcome the aforementioned difficulties in the evaluation
of the limit, in §3] we make use of harmonic analysis on the finite %oups

Z’g (k € Z>p). Concretely, by noticing a natural bijection between C;.” and

: J

Zé‘2, we transform the sum over Ci(f into an equivalent sum over the
dual group of Zg_Q using the Fourier transform. To simplify the resulting
expressions, in addition to the standard theory of harmonic analysis, we
also develop certain graph theoretical and combinatorial techniques in
The transformed sum is then seen to consist of a radial function part (for
pE Zg_Q) that is controlled by fixing |p| = A, while the sum of remaining
part is evaluated as a multiple integral in We remark that transforming
the computation into the dual stage (i.e. the Fourier image) is not only indis-
pensable in order to evaluate the sum in practice, but it also reveals certain
structural information that appears in the final expression of the heat kernel
(cf. Lemma . Precisely, one of the advantages of employing harmonic
analysis on Z’g is that the product containing sign changes from the non-
commutative part appearing in the (finite approximate) expression of the
heat kernel can be transformed into a single trigonometric function of
a alternating sum of “g-numbers” [i], = 11%‘5 (similar to the evaluation of a
Gauss sum in number theory). The remaining advantage is that it gives a
systematic treatment of the object by separating the radial part and the oth-
ers in the dual group of Zg (see also Remark . It should be noticed that
the graph theoretical discussion in §3.2]enables us to obtain such separation.

The limit is evaluated in §4] thus completing the computation of the heat
kernel. The final result (Theorem shows that the heat kernel of the QRM
is expressed as an infinite sum of the terms given by k-iterated integrals
(k=0,1,2,...). It is important to notice that the point-wise convergence
of the iterated integral kernels to the heat kernel follows from the fact that
the corresponding sequence of the Trotter-Kato approximation operators
converges not only in the strong operator topology but in the operator norm
topology as well (see [4] and references therein). The explicit form of the
partition function (Corollary then follows directly from that of the heat
kernel. As mentioned above, the Hamiltonian for the QRM possesses a parity
(Zg-symmetry). From this fact, we see that the heat kernel for the model,
given by two-by-two matrix of operators, is expressed as the direct sum of
two heat kernels which represent the parity decomposition (Theorem [4.4)).
We then derive the explicit formula for the partition function for each parity

(Corollary [4.5)).
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To the best knowledge of the authors, this is the first non-trivial example
of explicit computation of the heat kernel of an interacting quantum sys-
tem. Although similar formulas have been derived before (e.g. for the spin
dynamics of the Kondo model or of the general Spin-Boson model), this
was done only for the reduced density matrix of the two-level system (the
spin) and not for the full system. Actually, as already mentioned, for the
heat kernel of the Kondo Hamiltonian, only a special matrix element was
obtained in [I} [I5] as a sum of iterated integrals (see also Appendices B, C,
D in [41]).

The method developed in this paper using the Trotter-Kato product for-
mula may be generalized to other similar quantum systems. For instance,
it may be extended in a straightforward way for the study of the heat ker-
nel of generalizations of the QRM like the asymmetric quantum Rabi model
(AQRM) or the Dicke model (see e.g [9]) and the two photons quantum Rabi
model (see, e.g. [56]). We also expect it may be used for more complicated
models like the Spin-Boson model. We note, in particular, that the method
does not use any Zs-symmetry of the QRM Hamiltonian (see Remark .
We believe that this method may play the role of a compass in the study of
other Hamiltonians and their heat kernels. Actually, the time evolution oper-
ator e~ Hr (¢t € R), obtained by analytic continuation of e~*® with respect
to t, is of great importance in physics. Here, according to Stone’s theorem,
the operator e "= (¢ € R) is unitary and describes a strongly continuous
one-parameter group of unitary transformations in the Hilbert space since
Hp is self-adjoint. For the details, we direct the reader to [55]. Moreover,
there have been active studies and significant efforts on the estimation of the
Trotter error in view of potential applications, e.g. to quantum simulation.
See the recent study [16] (and [I7] for an updated version) and the refer-
ences therein. Although the QRM Hamiltonian is simpler than the general
quantum systems considered in the aforementioned studies, we expect that
the method for computation developed in the present paper may contribute
to the estimation of the Trotter error. We will consider this point in another
occasion.

Furthermore, we remark that although the QRM is in the scientific spot-
light in theoretical and experimental physics, a full-fledged classification
and consequent theoretical prediction of coupling regimes remains unclear
(see, e.g. [57]). In particular, the current coupling regime classification was
initially based on the agreement between the QRM and its rotating-wave
approximation, for instance, in [46] using a trapped-ion system the authors
demonstrate the breakdown of the rotating-wave approximation of the QRM
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as the parameters move from one coupling regime to another. Further ap-
proximations that work over the different regions under certain conditions
have been proposed (see [44] for the approximation of the ground state for
AQRM in all coupling regimes). A coupling regime classification based on
the spectrum has been proposed in [57], which in addition to the parame-
ters of the system takes into account the energy the system can access. We
expect that precise numerical computations based by the explicit analytical
formulas of the heat kernel and partition function may also contribute to
investigations in this direction.

2. Preliminary calculations based on the Trotter-Kato
product formula

The Hamiltonian of the quantum Rabi model (QRM) is given by
Hg =a'a+ Ao, + gla+ al)oy,

where o,, 0, are the Pauli matrices

o1 1o
=01 o0 %7 o -1’

and af, a are the creation and annihilation operators of the quantum har-
monic oscillator satisfying the commutation relation [a, aT] = 1. In this paper
we tacitly assume i = w = 1 without loss of generality.

Since the third term g(a + a')o, of the Hamiltonian Hy does not com-
mute with afa and Ao, in order to reduce the number of non-commuting
relations, we make a change of operator in the following way. Set b = b(g) :=
a+ go, (and whence bl = al + go,). Thus we easily obtain the following
lemma.

Lemma 2.1. The Hamiltonian Hp is expressed as

Hg = (a' + gog)(a + goz) + Ao, — g2
=b'b— ¢®> + Ao.. O

Notice that while the operators b, bf satisfy the commutation relation
[b, bT] = I, the operator b does not commute with Ac,. In this sense, we
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regard
bip — ¢?

as a (two dimensional) non-commutative version of the quantum harmonic
oscillator. From the commutation relation [b,bf] = I, it is clear that the
operator bfb — g% is self-adjoint and bounded below. The operator Ao, is
also self-adjoint and bounded for trivial reasons. We remark that is it a well-
known fact (see for example [59]) that Hy is a self-adjoint bounded below
operator. Therefore, the operators bfb — g2 and Ao, satisfy the conditions
of the Trotter-Kato product formula (cf. [12], 34, [64]) and we have

e~ tHr _ eft(bfbfg%rAa'z) bbeg2)/Neft(Aaz)/N)N

= lim (e

)
N—oo

in the strong operator topology. Moreover, the sequence

{(eft(b‘rbi(}?)/Ne—t(Aoz)/N)N}Nzl 9

of Trotter-Kato’s approximation operators convergences in the operator norm
topology when N — co. In fact, we have

Y

He,t(bfb,g%r&,z) . (e—t(bfbfg2)/Neft(Aoz)/N)N|’0p _ O(Nfl)

where [[A[[op := sup,g % denotes the operator norm (see the review pa-

per [28] for the general theory leading to this fact). Moreover, pointwise
uniformly convergence of the iterated integral kernels to the heat kernel fol-
lows from the convergence in operator norm topology (4, 28], cf. [27]). In
we briefly discuss how the pointwise and uniform convergence can be verified
directly from the resulting series.
The objective of this section is to compute the integral kernel Dy (z,y,t)
of the N-th power operator
(e—t(bfb—gQ)e—t(AaZ) )N

)

d

explicitly. Concretely, in §2.1| we compute the integral kernel D(x,y,t) of
the operator
e—t(bTb—gz)e—t(AUZ)’

following the standard procedure for the quantum harmonic oscillator. The
Q

computation of the N-th power kernel is divided into a scalar part in §2.3]
and a non-commutative part in
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In this paper we consider the Hamiltonian Hg as an operator acting on
the Hilbert space H = L?(R) ® C2. For convenience of the reader we recall
that the creation and annihilation operators are realized by

ld) )

as operators acting on the Schwartz space S(R)(C L?(R) which has a basis
consisting of Hermite functions, cf. [2, 25]).

In order to improve clarity, we do not specify dependencies to the system
parameters g, A in the notation for the functions used in the intermediate
computations. In other words, it may be assumed that these functions tacitly
depend on the system parameters.

2.1. Quantum Rabi model and quantum harmonic oscillators

As a first step in the computation of the heat kernel of the QRM, in this
subsection we compute the integral kernel D(x,y,t) of the operator

—t(btb—g2?) —
e t(btb—g )6 t(Aoz).

First, we notice that by the elementary identity

—tA
€_t(AUZ) = |:€ 0 69A:| ;

t(Ao,)

the integral kernel for the operator e~ is given by

DQ(l‘aya t) = e_t(AUZ)é(x - y)7

where ¢ is the Dirac measure. Thus, the remainder of this subsection is
dedicated to computing the integral kernel of e b""=9"  As we have remarked
before, the commutation identity [b, b'] = I holds and thus the computation
of the integral kernel follows the general procedure for the quantum harmonic
oscillator.

In particular, if we find the ground state g for b, that is, a solution
of bihy = 0, then the spectrum of b'b is equal to Z>p with each eigenvalue
having multiplicity 2.
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The general solution of the differential equation system by = 0 with

= T(wl, 19) is given by
W (x) = cre 2V gy e 220z

o) = cre” 2V etV 20

for arbitrary constants ¢y, co € C. It is clear then that
_ e |1 _ e -1
3@ = e [ g = e [

are two linearly independent eigenfunctions of b'b corresponding to eigen-
value A = 0. We obtain directly

(8. 087),, = (97,0, = 2 v

where (-, )y is the inner-product induced in H = L?(R) ® C? by the usual
L?(R) inner-product.
For A = n the orthonormal eigenstates are given by

1 )
pW(z) = —— — (a:+\fg)(f ?2n)1/2,

d
(V7 nl 212’

where H,, is the n-th Hermite polynomial. Due to the normalization factor
e 9", we have

U a) = <= Ha(a — V)

W () = L e~ (@+v29)%/2 H
Uy (2) = ﬂHn(Hﬂg)(ﬁn! omyi/2 |1]°
@0 1 B e—(x=V29)*/2 [_1}
Yy () = \/iHn(x \@g) (v/wn!27)1/2

The heat kernel Dy (z,v,t) of bfb — g2 is given formally by the Schwartz

kernel
(z,y,1 ZM\ ) ha(y)e A9

where the sum is over the elgenvalues X of bb (counting multiplicities) and
¥a(z) is the eigenfunction corresponding to the eigenvalue A. It is left to
verify the convergence and that Dy (z,y,t) — 0(z — y)Iz as t — 0.
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Convergence follows component-wise by Mehler’s formula (Poisson ker-
nel expression, cf. [2, 12]) for Hermite polynomials

i Hy (z)Hn(y) = (1 TQ)71/26(21yr7(a:2+y2)7‘2)/(177"2)
2nn)! ’
n=0
valid for |r| < 1.
For the second property, recall that, as » — 1 the following completeness
identity holds

00 712+y2

H,(x)H,(y)e” 2
Z n( )\/;(QH)RI " =0(x —y), r—1
n=0 ’

in the sense of distributions.
Thus, applying the substitutions z — = + v/2g, y — y + v/2g we see that

O R P
n=0

and
> e v e = Y {_} ‘ﬂ r 1,
n=0

giving the desired expression when r = e,

We write

1(z,y,t ZZw o) o) (y)e 9,

j=1n=0

then, by Mehler’s formula we have

Y@ oM (y)ured”

n=0

_ut 3 Ho(x + V29) Ha(y + V29) 0 ~3(@ivigrewivagn [ 11
2/ — 2nn) 1 1

_owr o l-u@ty+2v2)? Ttu(z—y?\[ 11

To/ri—w) P\ 1+u 1 1w 4 11
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with u := e, and similarly, we obtain

Z¢ (@) TP (yyuu?”

B 2\/7r(1 —u2) op <_1 ;Z(ZE—I—y;zﬁg)z - ijz(x_‘lyP) {_i _ﬂ '

By factoring out common terms we obtain

w 1—u((z+y)?+8¢>) 1+u(z—y)?
o (- _
i—w) P\ 1+u 1 1—u 4

1 1—u 1—u
— -2 M —/2 M
X 5 <€‘XP< 1_|_u\f9(~"3+y)> 11 +exp <1+u\f9($+y)> 00),

1 -1 1 1
Mo | ] oMu=] ]

The matrix terms (including the scalar factor %) are equal to

[00§h _Sinh] (1_ufg(x+y)> = exp (—1\[9(90+y) )

Dy(x,y,t) =

where

—sinh  cosh 1+ 1+

and the final expression for the heat kernel of bfb — ¢2 is

w9 (l-u(@ty)+8¢Y)  1tu(w—y)
(1 — u?) PU T+ 4 l—u 4

1—
X exp <—1+Z\/§g(az + y)ax> .

Dl(xay?t) =

Summarizing the discussion above, we have the following explicit de-
scription for D(x,y,t).

Proposition 2.2. The integral kernel D(xz,y,t) for e~ tb1b=g%) —t(Ao) g

given by

D(z,y,t) =

u9 l-u(@+y)’+8¢°) 1+u(z—y)?
(1 — u?) PUT+u 4 l—u 4

X exp (—L\fg(:cﬂLy) > —HAo),

with u = e~ *.
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Proof. Since
Die.y.t) = [ Dile.st)Daeyt)d:

the desired expression follows from the definition of the Dirac distribution 4.
O

To simplify later computations we write

D(z,y,t)
1—-u 1—-u iAo
= Ko(x,y, u) exp <—292 T u) exp (—M\/ig(x + y)%) e~ 1B,
with
u=9° L+u? | 5 2uxy
21) K = - :
2 Koy 7r(1—u2)exp< o —a) " T T

2.2. The N-th power kernel Dy (x,y,t)

In the remainder of this section we compute explicitly the integral kernel
Dy(x,y,t) of the operator

(e—t(bTb—gz)e—t(Aaz)) N

given by the integral

(2.2)
/ / D(:E,vl,t)D(vl,vQ,t)---D(UN_l,y,t)va_lva_g---dvl.

Writing v9 =  and vy = y, we see that the integrand of (2.2)) is given
by the product of the scalar factor

—Ng? N 1 2 . .
U +u 9 9 2uvvi— 9l —u
S S (g (0 + 03 _9
(m(1 — u2))N/2 P (il ( 2(1 — u?) (v +vimy) + 1—wu? I 17w

and the matrix factor

— —Uu
(2.3) Hfil{ [cosh (\@gi i +vi)> |

1—u
_ sinh 2 i ; Ao, ,
sin <\fgl+u(v 1+v)>J]u }
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where f\;IAi denotes the (ordered) product AjAs--- Ay of the matrices
A;’s and we write J = o0, = [(1] (1)} for simplicity.

Let us introduce some general notation. We write Z& for {0,1}* with
k > 1, both as a set and as an abelian group (that is, for the group (Z/2Z)* =
)27 x ZJ27 x - - - x ZJ2Z( k-times)), for k = 0 we define Z3 = {0} both as
a set and (trivial) group. To simplify the notation, at times we consider an
element s € Z§ as a function s : {0,1,--- ,k} — {0,1} where s(4) is the i-th
component of s € Zk.

Since, for o € R, we have

1

cosh () I — sinh (o) J 5

1
(I—l—J)e*a—i-i(I—J)ea,

the multiplication of matrices in (2.3)) gives a linear combination of terms

N . 1—u
(2.4) Gn(u,s) 11_11 exp <(—1)S(l)\@gl n u(vi + ’Ui_l)> ,

where the choice of s € Z) depends on the expansion of (2.3 and Gy (u,s)
is a matrix-valued function given by

1 1-s(j) 71, A
Gn(u,s) := QWHi=1[I+ (—1) JJu==.

In addition, for s € ZY', by defining

(2.5)

u—-Ng2 0o oo
IN(Uo,UN,U,S) = <7T(1—U2>)N/2 /oo/oo

N
1+ u? 9 9 2uv;v; 1 ol —u
exp (Z <_2(1_u2)(vi +oiq) + T—z Ty

=1

N

1 .
X exp (\/59 - Z(—l)s(z) (vi + Uil)) dvy_1dvy_3 - -dvy,

1—i-ui:1

we see that Dy(x,y,t) is given by

(2.6) Dy(x,y,t) = Z Gn(u,8)In(z,y,u, s).

sezy
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2.3. Scalar part

The computation of Dy(z,y,t) is, by , is divided into a scalar part,
given by In(z,y,u, s) and a non-commutative part Gy(u,s). In this sub-
section we compute the integrals in the expression of In(vg,vn,u,s) via
multivariate Gaussian integration.

Notice that the variables vy and vy are not to be integrated in ([2.5)).
Therefore, In(vo,vn,u,s) can be rewritten as

u—Ng* U
RS 2N
(w(1 — u?)N/2 eXp( g 1+u>
1+ L—u s _1ys(V)
<o 2(1_u)<vo+vN>+xfg (-1 g + (<1 Moy)

[e'e) [e's) 2N12
X “ .. eXp
| ] uzz

N—2
VU1 + UN_1UN + E ViVi+1

i=1

L 2u
1 —u?

N-1

X exp (\fgl_u Z((—l)s(iﬂ)‘“ 15w )dUN 1dvy 2 -+ - dvy.

1+ =1

The quadratic form in variables v; (i = 1,2,..., N — 1) inside of the ex-
ponential in the integrand above is equal to

N-1 N-2

1 + ’LL Z U? — 2u E ViVi+1 = TVAN,1V,
i=1 =1

for a vector v =T (vy,v2,--- ,on_1) € RV~! and tridiagonal matrix Ay_1
given by
1+u —Uu 0 0 0
—u 1+ u? —u 0 0
0 —u 1+u 0 0
Ay = )
0 0 0 14+u —Uu
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Moreover, by defining

B(s) := (voe1 +vnen—_1) + fg

C

where e; is the i-th standard basis vector of RV—1 and

Cs) =" | (=10 + (~1)*@, (1)) 4 (1)),
(DD ()],

we write In(vo, VN, u,S) as

(2.7)
u= N9

u
_— 2N
(m(1 — u2)N/2 exp( g 1—|—u>

Xexp( (11+u)(v0+vN)+\fg

S L

Next, we obtain the expression for det(A y_1). For that, we need a lemma
on Chebyshev polynomials of the second kind U, (z), defined by the three-
term recurrence relation

(1 W0 + (1) )

VAN,lv + TB(S)V> duoy_1don_o - - - dvy.

Unt1(x) = 22Uy () — Up—1(2),
with initial values Up(z) = 1 and U;(z) = 2.

Lemma 2.3. Forn € Z>o, we have

1+ U2 n 1— u2(n+1)
Un <_ 2u ) =D u(1 —u?)’

Proof. Set z = — H‘“ . Then, the result clearly holds for Uy(z) and

1+ u? 1—ut
Ui(z) =2z =— " :_u(l—u2)'




Heat kernel for the quantum Rabi model 1365

The recurrence relation for U, (z)gives

Unt1(2) = 22Up(2) — Up—1(2)
_ n1+u2 1 — g2 t1) el 1 —u?n
o () - ()

1
— (_1\nt1 2 _22(n+1)y _ 201 _ .20
™ gy ()0 = w0 = =) )
_ (_1>n+1 1 — 22
N unt(1 — u?)’
as desired. 0

Lemma 2.4. For N > 2, the matriz Any_1 is positive definite and its de-
terminant is given by
2 4 2(N-1 1—u?N
—u

Furthermore, the inverse of An_1 is symmetric and given by

- (=) (1 - PN
(AN171>ij =u (1—uw2N)(1—u2) ’

fori <j.

Proof. The matrix A y_; is symmetric and since 1 4+ u? > 2u? for 0 < u < 1,
by the Gershgorin circle theorem (see [62]) all the eigenvalues of Ay_; are
positive. Therefore, A y_1 is positive definite (see also [3]). The determinant
expression is obtained by direct computation. From [19], it is known that
the inverse A _1 is given by

(Al )y = (—1yt LU T Uy (50

u UN_l(—l—ggz)

for i < j and where U, (z) is the Chebyshev polynomials of the second kind.
The desired expression then follows from Lemma [2.3 O
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Let us introduce notation to simplify the expression of I (z,y, u, s). For
scZY andi,j € {1,2,---, N}, define
(2.8) mi(s) = (=10 4 (1),
AD (1) 1= i (1 _ u2(ij>+1> 7
Q) () := (1 —u*) (1 - uz(N_j)> .
Theorem 2.5. For N € Z>1, we have

(2.9)

2Ng*(1 — u)>

IN(J?,Z/,U, S) = Ko(J?,y,UN) exp <_ 1+u

(L= S~ 19s0) (oA G) (N—j+1)
X exp \[g( 2Ny (—1)%V <:cAJ (u) +yA (u))
1

Jj=

X exp 201 + 151 _1u_ w?N) < Z 7i(s)* Q) (u) + 2 Zm(s)nj(s)g(i’j)(u)>

1<j

Proof. Since A y_1 is positive definite by Lemma [2.4] by multivariate Gaus-
sian integration (see e.g. [18]) in (2.7) we obtain

/_:../_ZexP<_

_ u2)N-1,N— 2
N \/(1 detQ()ANil) leXp (1 1 TB(S)(ANl)_lB(S)>

N1 —u?)N 1—u?, 1
= B An_ B
\/ oy e (B (A B )

Thus, we see that In(vg, vy, u,s) is equal to
u~Ng* T+u? 5
——exp| —=————5(v§ +v

(1 —u?N) p( 2(1—u2)(0 V)

2 (=1 + (- 1>S<N>UN))

+\[g
+u
X exp < 2Ng ) exp ( —u’ TB(s Nl 1B(S)> .

2TVAN_1V + TB(S)V) dUN_ldUN_Q tee d’Ul
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From the definitions, we see that TB(s)A " ;B(s) is given by

2u T T 1 2u
(1 — 2 (v0” 1 +vn eN—1)> Anoy 12 (voer +vven-1)
2u _ 1—u
+2 (1 —2 (nge1 + vNTeN_1)> AV (\/ﬁg C(s))

14+u
(1—u)?
+ (292(1+u) )TC( )AN 1C(s),

the second line is justified by the symmetry of the inverse of the matrix
A&l_l. By Lemma ﬂ we have

1—u? 2u T T 1 2u
4 (1_u2 (vo' e1 +vn'eno1) ) Ay, m(U031+UNeN—1)

2 _ ., 2(N-1) 2
U 1—-u N2 1 —u
= =) ( 2N (v +v%) + 2u 21_u2NU01}N>,

+u

adding the term —26?;)(1)(2] + v%;) we obtain

T+u2N 5, 2ulY
_m(vo—i-v]v)—i-mvov]v,

giving the expression Ko(z,y,u") of ([2.9) by setting vg = = and vy = y).
For the second term, we have that
“C<s>>

2(1 — u? 2u _
( 1 ) (1 S (U0T81 —i—vNTeN—l)) AV (

is equal to

V29(1 — u) voNzluJ 1 — w2N=2)((=1)s6+D 4 (—1)s0))
(1 —u2N)(1 + ) =

N-1
Fox 3w ><<—1>S<J'“>+<—1>S<f'>>>.
7=1

By rewriting the first sum by using the identity

uj(l N UQ(ij)> + ujfl(l N UQ(ijJrl)) _ (1 + u)uj’1(1 _ u2(ij)+1)7
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and adding the term (—1)3" (1 — u*V)vg, we obtain the expression

s(g ug 1 2(N—j)+1)’

an

and similarly for the second sum, giving the expression in the sum in the
second line of (2.9). Finally, the term

2 —w)?
S (2 ) (feeat, o).

is given by

2(1 _ )2 N-1 , , 4 .
2(1 fi)lzu : 2N < D (=DM ()T (1 — ) (1 = P Y)
i=1

+ 22 S(z+1 T (- 1)S(i)>((_1)S(a‘+l) + (_1)5(3'))

1<J

x w1 —u?)(1 — u2(Nj))>,

yielding the expression in the third line of (2.9). The proof is completed by
setting vg = x and vy = y. O

4. Non-commutative part

In this section we explicitly describe the matrix-valued function Gg(u,s)
for k > 1, then by using the resulting expression and the previous compu-
tation for Iy(x,y,u,s) we give a limit formula for the heat kernel of QRM
resembling a Riemannian sum.

To simplify the notation, we denote by M;;, for ¢, 5 = 0, 1, the matrices

(2.10) Mo := {_1 1] Mo, = [_1 _ﬂ

-1 1 1 1
Mo := [_1 1] , My = [ 1 J )

where we included the previously defined matrices Mg and M1 for refer-
ence.
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Proposition 2.6. Fors € Z5, we have

Gk (ua S) =

Hrljz_ll(]- + (_1)s(i)—s(i+l)u2A) ’LLA 0

where the matriz My(s) is given by

M) = [ T
e <[ 1 0] N [!s(i) —s(i+1)] —(s(i+1)— S(Z.))D |

X ] li=1 0 1 (s(i+1)—s(1)) —|s(@) —s(i+1)]

Before proving Proposition we observe that the matrix M(s) can
only be one of the matrices Moy, Mo1, Mg, and Mj; (see (2.10). In fact,
M, (s) only depends on the first and last entry of s € Z5.

Lemma 2.7. Lets c Z5. If s(1) = i and s(k) = j, then
My,(s) = Mij,
fori,7=0,1.

Proof. Let us consider only the case s(1) =0, since the case s(1) =1 is
proved in a similar fashion. Notice that if s(i + 1) = s(i), the matrix in-
side the product in the definition of Mj(s) corresponding to the index
i€{1,2,---,k—1} is the identity. Let us consider the vector s as a word
on the alphabet Zs = {0,1} in the standard way and § the word resulting
of removing contiguous occurrences of ones or zeros. Then, if s(1) = 0, and
s(k) = 0,58 =0(10)" with n € Z>o and here exponentiation means concate-
nation of words. From the definition of Mg(s) we see then that

1 =1 /fo =110 1]\" [ 1 -1
-1 1 1 0]|-1 0 -1 1]’
since the expression in the parenthesis is equal to the identity matrix. Simi-
larly, for s(1) = 0 and s(k) = 1, we have § = 0(10)"1 for n € Z>(. Therefore,

[ (Fars K ) B B

and the result follows.



1370 C. Reyes-Bustos and M. Wakayama

Proof of Proposition[2.6, The case k =1 is trivial. Furthermore we easily
see by direct computation that

o122 [ )
Gatw o) =" [T ][ 0
R R I

Now, we suppose the result holds for k € Z>y. Let s € Zé“ and consider

G _ 1 _>k+1 I 1 1,5(3‘)'] uA 0
kJrl(u?S) T 9k+1 i=1 [ + ( ) ] 0 qu )

by the hypothesis, this is just

Hfz_ll(]'+(_]‘)S(i)_8(i_1)u2A) UA 0
w(F—)Aok+1 M (s) 0 uA

s u® 0
< e [ 9,

with s’ € Z5.
Suppose that s(k + 1) = 0, we consider the product

w5 A4

we are going to verify the result for the possible combinations of s(1) and
s(k).
First, if s(1) = 0 and s(k) = 0, by Lemma the above product is

1 —1][«4 0 1 —1] 1+u*2[ 1 -1
-1 1|0 wB||-1 1] & |-1 1
1+ u?A A~ 10
T A M’“(S)[o 1]’
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which is the desired expression. In the case s(1) = 0 and s(k) = 1, we have

-1 1] [v® 0o 1 —1] 1-«*2[ 1 -1
1 1|0 w?||-1 1] W& |-1 1
1—u? A0 1

while in the case s(1) = 1 and s(k) = 0 we have

-1 1] [«& 0 1 -1 1+¢®*[-1 1
-1 1|0 w?B||-1 1| A -1 1

14 u?s A~ 1 0
- ’U,A Mk’(s) 0 1|

and finally, the in the case s(1) = 1 and s(k) = 1, we have

1 1] [«® o 1 -1 1-u®2[-1 1
1 1|0 w2 |-1 1| A -1 1

1—u?2 A~ 0 1
= uA Mk(s)|:_1 O]

The case of s(k + 1) = 1 is completely analogous. O
By ([2.6]), the heat kernel of the QRM is given by the limit expression

Kr(e.y,t:9.8) = lim > Gy(u¥,s)In(z,y,uv,s).
seZy

To deal with the sum over Zév in the expression above, we introduce a
partition of Zév .

Definition 2.1. Let N € Z>; and 4, j € Zo.

1) The subset CZ(JN ) ¢ 7Y is given by
eV = {s ez} |s(1) = i,s(N) = j}.
2) For 3 <k < N the subset AE?’N) C 7Y is given by

AE;’N) ={sezZd|s(1)=i,s(k—1)=1—js(n)=jfor k<n<N},
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3) We have
ASN) = £(0,0,0,0,---,0)}, <2N>:{o,1,1,1,-.-,1)},
(1N ={(1,1,1,,1,--- , 1)}, :{(1 0,0,0,---,0)},

and AE;?’N) = () for k = 1,2 if it is not one of the four sets above.

For N > 2, the sets AZ(?’N) C 7% form a partition of ZY', that is,

(2.11) = 1] A5,

1<k<N i,jEZ,

from where 1t is clear that for i, j € Zs, we have #A(k N ok=3 for >3

and #.A =1lifn=1,2.
We frequently use the constant elements

0, = (0,0,---,0), 1, =(1,1,---,1) ezt

for k € Z>1. For r € Z& and s € Z§ with k,£ € Z>1, we denote by r @s €
ZkM the element obtained by concatenatlon in the natural way.
We note that any element s € .A N for k > 3 can be expressed as

(2.12) S=5D0N_1+1

with 5 € C(()1 U Similar expressions hold for elements of A .A(k N a
AN

Additionally, by Lemma [2.7] the matrix My(s) only depends on the first
and last entry of s € Z§ and thus it is fixed over any subset C(k) € 7k for
i,7=0,1 (c.tf. Deﬁmtlon n In practice, it is convenient to work Wlth the

scalar part of the function Gy (u,s) above.

Definition 2.2. For k > 1, the function gg(u,s) is given by

k1 N
A 1 -1 s(i)—s(i+1),,2A
gk (u,s) = im0 (1) v,
uk—1)A9k

The result of Proposition is then written as

Gr(u,s) = gr(u,s)Mg(s) [UOA ugA} ;

where we note that the degree of gi(u,s) as a polynomial in u® is 2(k — 1).
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With the foregoing notation, the heat kernel Kgr(z,y,t) of the QRM,
given by
KR($a Y, t; g, A) = lim DN(:E7 Y, u%)
N—00
= lim Z GN(U%, S)IN(J?, Y, U%, S)7

N—o0
seZy

is, by (2.9) and (2.11)), equal to

(2.13) Kgr(z,y,t;9,4)
N 1
= KO CC y Y, U Z Z GN(UW’S)IN('I’yauﬁ’S),

% k=14,j—=0 se AL

with Iy (x,y,u, s) given by

V2g(1 —u) i(_l)s(j) (m(j) (u) + yA(ijJrl)(u))

exXp 17u2N
=1
201 —
X exp (_2Ngl j_lu u))
(1—U 20 (%) 2,]
xexp(2(1+u S o Zm 080 256 (40 ) ).

Note that for k& > 2, by (2.12), the expression inside the limit in (2.13])
is given by

3 (D REID VREID S

k>2 \s=SPO0N_r+1 s=SOO0N_r+1 S=SOIN_r41
secih—v secth—1 secik—v

+ Z GN(uN s)Iy(z, y,uv, s))

S=SOLN_k+1
seciy Y

and we remark that C = () with 7 # j.
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Next, we describe how the term I:N(x,y,uﬁ,s) factors in each of the
sums. For § € Z5~! with k > 1, write

jN(I‘, Y, u, S® 0N—k+1) - J(gk’N)( )R(k N) (.’IT, Y, u, g)v
jN(xayaua s 1N—k‘+1) = Jl(k,N)(:Lia 7u)R§k N)(mayaua g)a

with functions Jﬁ(ﬁ’N) (z,y,u) and RLk’N) (x,y,u,s) for pe€ {0,1} given in
Definition [2.3|below. Notice that in the first line s € Cz(f ~Y and in the second
line s € Ci(o_ for i =0, 1.

Definition 2.3. For k > 1, the function J;(Lk’N) (x,y,u) is given by

J(k.N) (V2g(1 —u) = AN=G+1)
N @, y,w) = exp | (1)L (37 (240 () +y ()
i=k
% 29 (1_u ZQZ@ 2]\/2:2 — Q(%J)
P (1+u)?(1 —ul)
i=k j=1+1
1+u

while Rl(f’N) (z,y,u,8) is given, for § € ngl, by

(k.N) . \[9 L= ) =) (A ) (N—j+1)
RN @y, u.8) = exp | L ST (10 (240 (w) + yA VT D (w))
]:1

k—2
g (1 — u) (,2)
X exp<2(1+u>2(1 ’LL2N [;nl Q ( )
k—2 k-2 o k—2 N—-1 N
+2) 03 ni®)n ()0 (w) +4(-1H DY ni(s)Q(”J)(u)] )
=1 j=1+1 =1 j=k

Suppose that s =s1 @ Ony_g41 With s; € nglffl) and v € {0,1}, then it
is easy to see that

1 24 1402 N—k a 0

i —unx unN 1 UN

GN(UN7S): A N gk—l(uN7sl)MN(S) _A
2unN 2unN 0 u w
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with similar expressions for other cases. Therefore, the sum inside the limit
(starting from k = 2) is given by

1 2A 1 N—k
— UuN Z + u N
2uwN k>2 QU

x [Jé’“mxy, ) (ZMUO > gk_1<ufv,s>Ré’“’N><x,y,ufv,s>>

k—1
sEC,E,l )

Next, we make some considerations to further simplify the expression of
the heat kernel. First, we notice that the matrix factor

is the identity matrix at the limit N — oo, so we omit it in the subse-
quent discussion. Similarly, without loss of generality, we drop the term
corresponding to k = 2, since it vanishes due to the presence of the factor
(1 —w?2/N). This is analogous to removing a finite number of terms from a
Riemann sum.

Summing up, the expression for the heat kernel Kg(z,y,t;g,A) is given
by the sum of

aa\ N—1
1/(1 N 1 —
KO(x7y7u) ]\;lm 5 <_}_UA) (J(gl7N)(x7y7uN) |:_1 1:|

Ve[ )
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and
24 N aa \ N—k
UN 14+un~
Ko(z,y,u) lim _
X !Jék7N) z,Y,u ﬁ (MOO gkfl(uﬁ,@R(()k’N)(x,y,u%,s)
secii—b

+M10 Z gk—l(u]bas)R(()k’N)(:my’u;’?S))

SGCYYU

+J1(k’N)($,y7uflv)<M01 > g1 (uv )R (2, y,u¥  5)

seciE

+M11 z gk—l(ui’7S)ng7N)(xayau;7>S)>])'

sGCYS*U

Notice that the limit in the expression above resembles a Riemann sum

of the type
o (£ (8) - [

for a Riemann integrable function f : [0,¢] — R. However, due to the pres-
ence of alternating sums depending of & in Rka’N) (z,y,u,8) and in gg_1 (uﬁ ,S)
it is not possible to interpret the limit directly as a Riemann sum.

3. Harmonic analysis on Z%§

Denote by C[ZE] the group algebra of the abelian group Z5. For f, h € C[ZX]
the elementary identity (Parseval’s identity)

(31) X Fs)his) = (Fxm)(O) = 5 (F-B)(0) = g 3 Fo)h(),

sEZY pEL

N

holds, where ]?(resp. h ) is the Fourier transform of f (resp. h) defined below
(see (3.2)).

In this section we use the identity to transform the sum appearing
into an expression that can be evaluated as a Riemann sum. First,
we compute the Fourier transform of gk(u%,s), then in we describe
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the Fourier transform of R,g,k’N) (z,y, u%,s). In we collect a number of
combinatorial results to_simplify the expression of the Fourier transform of
R%k’N) (z,y, u%,s). In we use identity to simplify the expression
(2.14) and in we transform finite sums into definite integrals using the
standard method with Riemann-Stieltjes integrations and estimate the order
of the residual terms.

We begin by setting the notation and recalling the basic properties of
the Fourier transform in Z5, we refer the reader to [14] for more details. For

p € Z& | define the character x,(s) € Z& by

Xo(8) = (=1,

where (-|-) is the standard inner product in Z§. It is known that all the

characters in the dual group Z§ are obtained in this way. Then, for f € C[Z5],
the Fourier transform f(p) is given by

(3.2) Fp)=F(f) =" f(s)xo(s),

s€Zk

for p € Z&. Since fe C|ZX], the Fourier inversion formula is given by

1 »
f=gef
Next, we equip the set Ci(,lfUH) with a abelian group structure such that

Cf,]ffz) ~ 7K. We naturally identify an element s € Cf,]ffz) via the projection

S € Z’; given by
(3.3) s = (v, 81,82, , S, W) —> 8 = (81,82, , Sk)-

Clearly, the sum (3.1)) may be regarded as a sum over nglfl,”) by lifting
an element s € Z5 to va+2) by using the inverse of the projection (3.3]).
In the case of the function gx(u,s) we define a special notation.

Definition 3.1. Let v,w € {0,1}. Then, for s € Z& with k > 1, define the
function g](gv’w) (u,s) by

g (0,8) 1= (1 (—1) 7S (14 (1) 5022
1

> (1 + (_1)s(i)+s(i+1)u2A).
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In addition, for p € Z3, define

95" (,8) = 1+ (=1)" 72,

For s € C,(,’Z,“), we have

(v,w)

4u(k+1)Agk+2 (U7 S) = gk (U, g)v

and we note that the degree of gliv’w)(u, §) as a polynomial in u® is 2(k + 1).

For fixed u, A € R, the function g,gv’w) (u,s) is an element of the group
algebra C[ZA&] of the abelian group Z&. Since the parameters g, A > 0 and
u € {0,1} are assumed to be fixed, in the remainder of this section as it is
obvious we omit the dependence of ¢g,A and u from certain functions.

Next, we give an explicit expression for the Fourier transform g,(f’w) (p)
for arbitrary character p € Z5.

Definition 3.2. Let p = (p1,p2,--- ,px) € Z5. The function |- |:Z§ — C
is given by

k
ol = llpll = pi.
i=1

Let j1 < j2 <--- <), the position of the ones in p, that is, p;, =1 for
all i € {1,2,---,|p|} and if p; =1 then i € {j1,j2, - ,j|,/}. The function
VK * Z’Q‘C — C is given by

ol

(34) QDk(P) = Z(_l)i_lﬂpH—l—i = ]\p| - j\p|—1 + e+ (_1)|p|_1j1a
=1

and ¢x(0) =0 where 0 is the identity element in Z&. For k =0, define
¢r(p) = |p| = 0 where p is the unique element of Z3.

Let p= (p17p2) e 7Pk) € ZIQC and 0 = (P17P2, e 7Pk—1) € Z§_1~ From
the definition we obtain

(3.5) er(p) = (=1)*pp—1(3) + prk.

Proposition 3.1. Forp € Z’g’, we have

—

gl(;hw) (u,p) _ (_1)v|p| <u2<pk(p)A + (_1)v+wu2(k+lfw(p))A>
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Proof. The identity is immediately verified for the cases k = 0,1. Next,

suppose that p = (p1,p2, -+, prs1) € Z5 and let & = (p1, pa, - .., i) € Z&.
Then we have

g p) = S0 gy (u,s)x(s Z ST g (ws)x,(s)
sezkt! 1=0 sczbt!
s(k—l—l):z'
1
1
— 52(—1)’)’““" (1 + (=)Wt QA Z gk (u,s)xs(s)
=0 sEZk
1 1 ) ) —
= 52D (L (21T g (w,0)
=0
1 1
— 5 (_1)pk+1-z (1 + (_1)w+zu2A) (_1)v\5|

% <u2<,0k(6)A 4 (_1)v+iu2(k+17<pk(6))A>’

the last equality holding by the induction hypothesis. The expression above
is equal to

1

S (-1

(1 + (_1)wu2A) (u2<pk(5)A + (_1)vu2(k+lf<pk(6))A)
(1) (1= (1) ) (w2 @8 — (—q)ry2hien@)a) ] :

the result then follows by considering the cases pxy1 € {0, 1} by the identity
(3.5). and the fact that |p| = |0| + pr+1- O

In the subsequent discussion of the heat kernel it is necessary to con-
sider a generalization of the function ¢. We motivate the definition via the
Fourier transform of oy, € C[ZE].

Proposition 3.2. Let oy : Z5 — 7 be the function of Definition |3.2, We
have

2k if p =0
Prp) = -2 ifp=0,01; (1 <i<k)
0 in any other case .
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Proof. The case k = 0 is trivial. For k > 1, let p = (p1, p2,- -+, pr) € Z& and
5= (p1,p2,+ » pr_1) € Z5~, then we have

Zi0) = Y n(s) (DD = 37 () (1) 1 3 (s) (1))

SEZE SEZb seZk
Skp= O skzl
= Y DT (1) 3T (k- gy (x))(-1)E)
rezs=t rezk=!
= (1+ (=)”*Hpr-1(5) 1)k Z )10,
reZ’C !

where the equality in the second line follows by (3.5)). Next, suppose that
pr = 0, then

_ k Z |5 k’2k_l lf 5 — Ok_l
= 0 f6A0

On the other hand, if pr = 1 we have

Pr(p) = 25r1(0) =k > (

sEZ’j’l
(e =1)2M — k2R i 6 =044
28%-1(0) if 6 # 0y
and the result follows by induction. ([
By virtue of the proposition above, for p = (p1, p2,- - , px) We can write
k
ko1 Koo
or(p) = 573 (Z(—l)zwpi> :
i=1

Definition 3.3. For k > 1 and ¢ € C, the function ¢y (p;t) : Z5 — C is de-
fined by

k
pr(pt) = %Z (1= ()= ) et
=1

In the following theorem we collect some properties and transformation

formulas for ¢y (p;t). For an integer i € Z>o and t € C, we write [i]; = %
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Notice that since
%iln ﬁpk(P, t) = @k(P),
—1

the identities of the following theorem also apply to ¢k (p).

Theorem 3.3. Let p= (p17p27 T qu) € Zg; /V) = (kaﬂk—lv T 701) S ZIQC
and v € {0,1}. Recall that for r € ZS, s € Zg, the vector r &s € ZSM de-
notes the concatenation of r and s. Then

1) gri1(p @ (v);t) = vlk + s + (=1)"¢x(p, 1),

2) ori1((v) ® pit) = rlp, )t + (%)

3) wi(p;t) = (—1)lPltkgy(p; 1) + (%””) [k + 1];,
4) SE ()Tl = (K], — 204 (p3 ).

Proof. The first claim is just the analog of (3.5, the second follows imme-

diately from the expression of ¢y in Definition (3.3)). For the third one, we
have

k |
Pr(pit) = [];]t - % (Z(_l) a pth)

i=1
k
1 . ’ 1
= [];]t -3 (Z(_l)zj:i pjtk+1—l> (—=1)lel — 5(_1)Ipl
i=2
—1)leltk —1)lel¢k k koo
= 8 ; (k-1 — ( 2 Z(—l)z-fzi pigitl
i=1
(ks (—1)lelek th1 |
B ke 4 — — = (=1
T 9 (K]t + 5 2( )
3 1— (=1l
= (=)Wl pr(pit™h) + [k + 1], (g)>
as desired. The last claim is obtained directly from the definition. U

In addition, it is not difficult to see from the formulas in Theorem
that if 0 < j1 < j2 < -+ <), < k are the position of the ones in p € 75, we
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have

ol

(3.6) er(pit) = Y (=1 ja—iles

i=1

so that i (p;t) is seen to be a t-analogue of the function ¢g(p) of Defini-
tion

To close the discussion of the function ¢,, let us describe with more
detail the relation between the two representations of the function ¢,,. The
main point is the underlying bijection

(3.7) S,gn) = {p ezt |p = n}
e LGz v dn) €ZE1 1 <jo <o <jn <k} = F®

given by the position of the ones in p € Z& for |p| = n € Zxq. For n > 1, we
define the function ¢(™ : C"** — C by

n

(3.8) ¢ (@, 1) =Y (~1)" i1l

=1

and for n =0 we set ¢(¥) = 0. Then, for p € SIE;H) corresponding to j =
(J1,72,+* +Jn) € jék), we have

(3.9) o(p;t) = " (4,1).

We remark that, as a function on the variables x1, xs, - - - , x,, the right hand
side of the equality does not depend on k. This is the key property that we
use in the sequel to evaluate the sums appearing in the heat kernel.

To get a better understanding of equation , we introduce the induc-
tive limit

5 = lim Z3,
n
where, for ¢ < j, the injective homomorphisms f;; : Zé — Z‘; are given by
fij(p) = (p1,p2,-+ i 0, -+ ,0) € Zy

for p = (p1, p2,- -+ , pi) € Z5. Clearly, the functions ¢y for k > 1 induce nat-
urally a function ¢ : Z5° x C — C.
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Lemma 3.4 (Universality). Let n € Z>o. There is a bijection

s iz e € L2 i < J2 <-or <n} =1 T,

Let p € 8™ corresponding to j € T, then we have
p(pit) = 6™ (5,t). O

The lemma above means, in practice, that while the function ¢ (or any of
the individual functions ¢y, for k > 0) is, in general, a complicated function,
when restricted to elements of fixed norm |p| = n, it has a simple represen-
tation given by (™, that is, it is essentially a g-polynomial in the variable
t.

Remark 3.1. The function ¢ (p;t) admits the following characterization.
Denote by F(x;t) the generating function for the elementary symmetric
functions (see e.g. [48])

E(x;t) = ﬁ(l + z;t).

=1

Let F(x;t) be a (formal) function defined in infinite vectors x =
(1,2, 23, - ) given by

then we have the equality

ka(p,t) = F((p17p27"' 7pk)070505"');t)'

Indeed, by successive application of the first transformation formula, we
obtain

k k
(3.10) or(pit) = lilpi [ (1 —205)
i=1 j=it+1

since 1 —2p; = (—1)%3.
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Remark 3.2. For k£ > 1, the function ¢k (p,t), with a small modification,
may be interpreted as a morphism of abelian groups. To see this, we notice

that by (3.10)) we have
(3.11) or(p+0;t) = wr(p;t) + @r(6;t)  (mod 2),

for p,0 € Z&. Next, by using equation as the definition of ¢y (p;t) we
can consider Zs|t], the vector space of polynomials of degree less than k over
the ring Zs, as the codomain of ¢ (p;t), that is, pi (-, t) : Z5 — Zs[t]g. Thus,
the identity exhibits g (p; t) as an isomorphism of abelian groups and
by linear extension, an isomorphism of vector spaces over Zso.

3.1. Fourier transform of R/(Lk’N)

In this section we describe the Fourier transform of the function Rflk’N). For
convenience, we recall the definition

Rl(f’N) (x,y,u,s)

_ V29(1 — 1) 1)5@) (zA0) AN=j+1)
—exp | L (@AD() +y (u))
j:l
2 k—2
g (1 — ) 20)(%,7)
i(s)7
xexp( T )<;77(8) (w)
k=2 k-2 k—2 N—1
+23 0> mils)ni()Q0) (w) + 4(-1)* Uz(S)Q(Z’j)(U)>>=
i=1 j=i+1 i=1 j=k

from where is it clear that RLk N ¢ C[Z571]. As in the case of the function
gk (u,s), the Fourier transform is computed in the abelian group C( U

7573, with v,w € {0,1}, and we denote by R(U W) ¢ C[Z573] the function re-

(k?N)(

sulting by applying the projection to R x,y,u,s). We note

that R(v w,k,N) (z,y,u,s) would be a more appropriate notation for
R,(f ) (x,y,u,s), but since k, N € Z>; remain fixed in the computations of
this section and there is no risk of confusion we have dropped the dependence

of k, N from the notation of R,(f’w)(u, S).
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We start Wi‘wme general considerations. First, suppose S is subset of
characters S C Zg_?’ and f € C[ZS_?’] is given by

fls):=exp | D ayx(s) | = DY Cels),

XES ¢ezE—?

for arbitrary a, € C with x € S, and where C, € C is the Fourier coefficient

corresponding to £ € Zg_?’. The Fourier transform ]?is then given by

Therefore, in order to get the expression for the Fourier transform of
f(s), it is enough to describe the Fourier coefficients C¢ € C in terms of
a, € C. Let us consider the case |S| = 1, that is, S = {x}. In this case

J(s) = cosh(ay) + sinh(ay)x(s),

—

since any character y € Zg_g is real.

To describe the general case, we introduce an arbitrary ordering in S =
{x1,X2, -+ »x¢} with £=S|. Then, for a € C* and an index vector r €
{0, 1} we define

=1

where a; (resp. r;) denotes the i-th component of a (resp. r).
The Fourier coefficients of f are given by

Cy, (=Cp) = Z ) (a),
re{0,1}*
Xp= f=1(Xi)ri

where a = {ay,as, - ,a,} € C is the vector of coefficients. In particular,

note that C # 0 if and only if x is generated by elements in the set S.
Next, we specialise these considerations for the case of the function

R,(f’w) (z,y,u,s) € (C[ZS_?’]. In this case, the set Sk_3 (corresponding to the
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set S in the discussion above) is given by

Sk3—{X—xp€Z§_3|p€Z§_3,0<]p|§2}.

In particular |Si_s| = W, and if x, € Sp_3, we have

pelei+ej|0<i<j<k-3}
where eg := 0 is the zero vector. For p = e; + e; we denote x, € S;_3 by
Xi,j- Similarly, we denote by a;; (resp. r;;) the entries of the coefficient

vector a (resp. the vector r € {0,1}¢) in lexicographical ordering.
Note that the trivial character is omitted from the set, since

RY (2, y,u,8) = exp | af) + > alx(s)
XESk-3

= exp(afexp | Y alxs) |

XESk—3
thus
W — 2k—3 (w) C(H)5
o (xvyaua p) eXp(a’O ) Z ¢ %X
cez

We note here that in the case k = 3, R,(f’w) (z,y,u,8) = RLU’w) (z,y,u,p) =
exp <a(()“)> for p € Z3.

The next lemma describes the coefficients a; ; for the case of the function
Rﬂ)’w) (z,y,u,s). The proof is by direct computation from the definitions and

we omit it.

Lemma 3.5. The trivial character coefficient a(()”) s given by
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For 1 <i<k-—3, the Fourier coefficient aé’fi) s given by

. 29(1 — u~ ; 21 41 2ig1
oty = YL (i (1 =) 4= (1 - o))
2 2 1 - ¥ it1 —1 2i+41
IRV M ChiLO NI S O RES SRS SRS
(1—u)(1+uw)
+ O(3)-

For 1 <1 < j, the Fourier coefficients a; ; are given by

1 2(1 =y~ )2 G it 2i41 241
am(uN)Zg(l_uz)“N V(l-u )1 -wtT ). O

3.2. Graph theoretical considerations

For the case of Fourier transform ng’N) of R,(Lk’N), we have seen in that
the elements x, € Sp_3 correspond to p =e; +e; with 0 <i<j <k —3.
In addition, note that for p € Z’QC*S, defining the set

k-3
VS = L e {0,135y, = TT o)™ T Gaa)™ ¢
i=1 1<

the Fourier coefficients C,, are given by

Cy, = Y, TW()

reVp(k—S)

where, for simplicity, and only in this subsection we dro(p the dependency of
p from the notation of ag“). The structure of the sets Vpkf?’) allows a graph-
theoretical (combinatoriél) description as we see below in Definition
Using this description, in this subsection we prove several properties of the
sets Vp(k_g) used in the Section below. In particular, by the reduction
procedure described in Proposition [3.8] we see that for our purposes it is
enough to consider the case of p = 0 (see Example |3.12| for case of VO(?’)).
Notice that, by the definition of Si_3, it is clear that for any p € Zg_‘g,

the set Vp(k_3) is not empty. In fact, we see in Lemma that the set

k—3)

Vp(k_g) has the same cardinality as VO(
Next, we give an alternative description of the elements of the set Vp(k_s)
as an undirected graph allowing loops.
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Definition 3.4. For r e {0, 1}/l = z3*~ 2+

undirected graph with the vertex set

, the graph G(r) is the

V(g(r)) = {17 ceey k — 3}7
and edges determined by

(i,i) € E(G(r)) ifrg; =1, for 0 <1
(i,7) € E(G(r)) ifr =1, for 0 <i<j,

where E(G(r)) is the edge set of G(r).
We denote by deg(G(r)) the (ordered) list of degree of the vertices of
Gg(r).

Note that different to usual convention, when the graph G(r) has a loop
(i,7) € E(G(r)) we consider the loop to contribute 1 to the degree of the
vertex 1.

Example 3.6. Let k=7. For r = (0,0,1,1,1,1,1,0,0,1) € Z° the graph
G(r) is shown in Figure [2l Actually, we easily verify that r € Vp(4) with

Figure 2. Graph G(r) associated to the vector r = (0,0,1,1,1,1,1,0,0,1)

p = (1,1,1,1). Notice also that deg(G(r)) = (3,1,3,3) = (1,1,1,1) (mod 2).

In fact, the last property of the example determines the set Vp(k*g)7 as

we can easily verify and state in the following lemma.
Lemma 3.7. For k > 3, we have

(3.12) V) = {r € {0,1}1%/ | deg(G(r)) =p (mod 2)}. O
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Proposition 3.8. Forpe Zg_?’, we have

Vv E=3)| = [V {E=3)| = gk=3)(k-1)/2

)

k—3)

and the bijection o, Vo(kfg) — Vp( s given explicitly by the map

rc Vo(k_?)) —r 4 (p D 0(k—3)(k—4)/2) (mod 2) < Vp(k_g).

Furthermore, the map o, induces the relation

k—3
T(U'p(r))(a) = H (tanh(ai)l_Qroyi)pi T(I') (a)

i=1

Proof. From , we see that ]VO(k_g)] is equal to the number of even
graphs with k — 3 vertices. By §1.4 of [20], the number of such graphs is
equal to 2(k—3)(k=4)/2

Next, let us consider the effect of the map o, : Vo(k_3) — {0, 1}!S%=l on
the associated graphs G(r), in particular on the degree of a given vertex
i€{1,2,3,---,k—3}. First, it is clear that any edge (i,7), with ¢ # 7, in
G(r) is invariant under o,, that is, if (i, 7) is an edge of G(r) then it is also
an edge of G(o,(r)). Now, suppose that p; =1 and the vertex i does not
have a loop in G(r) (i.e. ro; = 0), then the vertex i has a loop in G(o,(r)).
On the other hand, if the vertex i has a loop in G(r), then i does not have
a loop in G(o,(r)). Thus the degree of i in G(o,(r)) is £1 the degree of i in
G(r) (see Figure |3| for an example).

(a‘) r= (07131717170) (b) Up(r):(l,l,O,l,l,O)
Figure 3. Graphs corresponding to a vector r and its image under o, for

p=(1,0,1)

If p; = 0, there is no change in the degree of the vertex i. Consequently,
we have

deg(G(oy(r))) = deg(G(r)) + p=p (mod 2),
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and thus O’p(VO(k_g)) C Vp(k_?’). It is clear that the map o, is an involution,

whence the second claim is proved. The third claim follows directly by the
definition of T()(a). O

Example 3.9. Suppose k = 6, thus |S3| =6. Let r = (0,1,1,1,1,0) € VO(?’)
and p = (1,0,1). Then, letting C' = sinh(a4) sinh(as) cosh(ag), we have

7)) (a) = sinh(a;) sinh(ag) cosh(as)C
= (tanh(a;) coth(as)) cosh(a) sinh(ag) sinh(az)C
= (tanh(a;) coth(as)) T (a).

By the foregoing discussion, the Fourier coefficients are given by

(3.13) Co= Y T,

rEVO(k*S)

Next, we define several projections on set Vo(kfg).

Definition 3.5. Let k > 4, then

L(k—2)(k—3

o py: ZQZ( )(k—3)
nents,

— Z§_3 is the projection of the first £ — 3 compo-

° o Zg(k_m(k_g) — Zg(k_g)(k_M is the projection of the last (k — 3)(k —

4)/2 components.

Let k > 5, then:

L(k—2)(k-3 4 . . .
®q: Zg( )(k=3) — Zg 1 is the projection of the k —4 components

starting from k — 2,

0 g Zg(ka)(ka) N Z25(1974)(1675)

5)/2 components.

is the projection of the last (k — 4)(k —

Note that if the appropriate domain of the functions are considered, the
relations

q1 = P1° P2, q2 = p2°p2.

hold.



Heat kernel for the quantum Rabi model 1391

Example 3.10. Letk=7andr = (0,0,1,1,1,1,1,0,0,1) e r € V", then
pl(r) = (ana ]-7 ]-)7 pQ(I') = (1a ]-a ]-aoaoa ]-)’

and r = pi(r) @ pa(r). Also.
q(r)=(1,1,1), g2(r) = (0,0,1).

The next results describes the structure of the set Vo(k_g) used into

evaluate the sums over the Fourier transforms of the functions thk’ and

9k (u,s) (cf. Lemma (3.14]).

Lemma 3.11. Letr,s € Vo(kfg).

1) Ifr # s, then pa(r) # pa(s). In other words, py is a bijection of Vo(kfg)
ng73)(kf4)/2'

onto

2) Ifre Vo(k—3)7 then |p1(r)| =0 (mod 2). Moreover,
k— _
n(Vg" ™) ={peZE?lp|=0 (mod 2)}.

3) We have

Y = pa({o e VI pi(v) = 04s)),

4) Forv e ng_4)(k_5)/2,

Vo

k—3) .

p1({o € VO( @o)=v})={ce ng?’ i lo| =0 (mod 2)},

and
a({o e VI 1 (o) = v} = ZE

Moreover, the restriction of p1 and q1 to the above sets are bijections.

5) For v € ng_4)(k_5)/2, let r € Vo(k_3) such that ga(r) =v. Let rg €

VO(k_S) be the unique element such that p1(rg) = Ox—3 and ga(rg) = v.
Then,

q1(r) = qi(ro) + (ro2,70,3, - s Tok—3) (mod 2).
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Example 3.12. We illustrate the statements of Lemma [3.11] with an ex-
ample. For k£ = 6, the set Vo(k_g) is given by

V¥ = {(0,0,0,0,0,0),(0,0,0,1,1,1),(0,1,1,0,0, 1), (0,1,1,1,1,0),
(1,0,1,0,1,0),(1,0,1,1,0,1),(1,1,0,0,1,1),(1,1,0,1,0,0)}.

Then, we see directly that

pa(V{Y) = 73,

" (V) = {(0,0,0),(0,1,1),(1,0,1), (1,1,0)}.
Moreover,
po({v € Vg? : pi() = 03}) = {(0,0,0), (1,1, 1)} = Vg,
and if v = (0)
p({o e Vg : (o) = v}) = {(0,0,0),(0,1,1),(1,0,1),(1,1,0)},
and

Q1({U € VO(3) : qQ(G)) = V}) = {(070)7 (17 1)> (Oa 1)7 (170)} = Z%'

Finally, with the notation of (4) in the lemma, let r = (1,0,1,1,0,1) and
v = (1). Then ro = (0,0,0,1,1,1), ¢1(ro) = (1,1),(ro,2,70,3) = (0,1) and

() = (1L0) = (L1) + (0,1) (mod 2).
Proof of Lemma[3.11]. In this proof we use repeatedly the well-known (ele-

mentary) fact from graph theory that the number of vertices in an undirected
simple graph with odd degree is even.

Suppose v = (v1,va, -+ ,vp) € Zg, where £ — w and
r = (070, . ,0,@1,@2, . ’Uf) c ng—3)(k—2)/2.

The associated graph G(r) is a undirected simple graph on k — 3 vertices.
Then, there is a unique element r € Vo(k_g) such that py(T) = v, that is, the
one corresponding to the graph obtained by adding loops to the vertices of

G(r) with odd degree. The correspondence establishes an injection of Z§ into
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V(k 3), which is actually seen to be a bijection by comparing the cardinality
of the sets (cf. Proposition [3.8), proving (1). Moreover, this argument also
shows that for r € V( = we have Ip1(r)] =0 (mod 2).

Conversely, let v € Z5~3 with |v| = 0 (mod 2). Set

r=(vg,v9, k30,0, ,0) € ZF k=22

)

then the graph G(r) is a graph with exactly an even number of loops. More-
over, the graph G; with all vertices of even degree obtained by joining
pair of vertices with loops with exactly one edge corresponds to a vector
r; € Z(k HE=2)/2 quch that p1(r1) = v, proving (2).

Let v € Vo(kﬂ), and v = 0x_3 @ v, we are to prove that v € Vo(kf?’), in
other words, that

k—3
xo = [JGxoa)™ T 0xig)™,
i=1 i<j
equivalently,
k—3
O3 = Zﬁo,i e + Z v;j (€; + €j).
i=1 i<j

Notice that by the definitions, we have

vg,; = 0, 01,5 = V0,j-1, Un,m = Un—1,m—1,

where i€ {1,2,--- ,k—3}, j€{2,3,--- ,k—3}, and 2<n<m<k-—3.
Thus

k—3
va e+ Uijleite)) = Z Liler+e)+ Y vijleite)
i<j Jj= 2<i<j
k—4
= |p1(v)|e1 + Z V0,i€i+1 + Z v j(€ir1 + €ejt1)
i1 i<y

and this is equal to 0j_3 since v € Vo(k_4) (and |p1(v)| =0 (mod 2) by (2)).
The converse follows in the same way, proving (3).
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k—4)(k—5)/2

Next, let v € Z; . By (2), we have

m({o € Vo(k_g) cq(o)=v}) Cc{oeZi3 |o/=0 (mod2)}.
and by (1), we have
Hoe Vo™« (o) = v} =2,

thus it suffices to show that for & € Z5™ with [7] = 0 (mod 2), there is an el-
ementr € {p € Vo(kfs) : g2(p) = v} such that p; (r) = . Let & € ZE~3 with
|o| =0 (mod 2) and define v =5 @ 0,_4 ® v, then the associated graph
G(v), it is a graph on k — 3 vertices with an even number |7| of loops where
the vertex 1 has degree 1 (if it has a loop) or 0. We consider the two cases
separatedly.

Suppose that degree of the vertex 1 is 0. In this case, the subgraph G
of G(v) obtained by removing the vertex 1 is a graph on k — 4 vertices with
n =|o| =0 (mod 2) loops, let Gy be G; without the loops. Asin (1), we know
that Gy has an even number of vertices with odd degree. Let a (resp. b) be
the number of vertices with odd degree (resp. even degree) in Gy that have a
loop in Gy. Let my (resp. mg ) be the number of vertices of odd degree in G;
(resp. Go), then we have m; = mg —a+b. Sincea + b =n =0 (mod 2) and
mo =0 (mod 2), then a and b have the same parity and therefore m; =0
(mod 2). Let G be the graph obtained from G(v) by adding edges from 1 to
each of the (even number of) vertices with odd degree. Then, G is a graph
where all vertices have even degree. It corresponds to a vector r € Vo(k_g)
with pi(r) = & and g2(r) = v, as desired. The case where the vertex 1 has a
loop is dealt in a similar way. This proves the first part of (4). The second
part follows directly from (1).

Finally, let v € ngi4)(k75)/2. By (1) and (3) the existence of a unique
rg € Vo(kfg) with p1(rg) = Ox—3 and ga2(r¢) = v is guaranteed. First, we con-
sider the case v = O(j_4)(r—5)/2, where we have ro = O(;_3)x—2)/2- Let r €

Vb with ga(r) = O _a)(k_s5)/2- Since pi(r) = (ro1, 702, 7o k—3), We
are to prove (r12,71,3, -+ ,71,k—3) =q1(r) =(ro2,703, - ,70,k—3). The graph
G(r) is a graph with k& — 3 vertices of even degree, with an even number of
loops and edges only of the form (1, j) for ri j = 1. If ro j = 1 for j > 2 there
is a loop in the vertex j and there must be an edge (1, j) to make the degree
of j even, thus r; ; = rg; = 1. Similarly, if there is no loop in j, then there
is no edge (1,7) in the graph. This proves (5) for the case r = 0(;_4)(x—5)/2-
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Next, for general v € ng_4)(k_5)/2, let r € Vo(k_3) the unique vector with

p1(t) = pi(r) and g2(F) = O(x_g)(k—5)/2- By our argument above, we have
(F1,2,71,3, " ,T1,k—3) = (T0,2,70,3, "+ ,To,k—3). The graph G(rg) is a simple
graph with no loops and the graph G(r) is a graph where the edges that
are not loops are of the form (1,5) for j > 2 and where if such an edge
appears then there is loop in j. Both graphs have all vertices with even
degree. From this, it is easy to see that the graph G(s) corresponding to
s =rg+ T (mod 2) has all even vertices and therefore s € Vo(kf3 . Moreover,
pi(s) = pi(r) and g2(s) = ga(r), therefore, by (4), we have s = r, proving (5).
This completes the proof of Lemma O

3.3. Summation via Fourier transforms

With the preparations of the previous sections, we proceed to compute the
innermost sum appearing in . By -, we have

Z 9k— 1 u, S (kN)(x7y7u7S)

secth b

Sezk 3
= i Is O g(vw)“PRﬁw)(x Y, u, p)
pEZE?
1 —_—
B WGXP(“(()“)) g5 (wp) > e,

peZE® cezk—?

L S

Auk—2)A exp(a M) Z g( (u, p) Z T @) (2,
pEL;? reViF®

By Proposition the sum in the last line can be written as

Z ng) Z Topr ,u))

pEzZE—3 rEVO(k 3)
= Z 7(r) (a(u)) Z (_1)v\p\ <u2e0k—s(p)A + (_1)v+wu2(k—2—eok—3(p))ﬁ)
reVF® pezZE—3

e (1)\1 pi
h \ —Toi
X 1 (tan (a;,"") )

-
Il
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Setting Agr) =(-1)" tanh(az(“))1*T°i, we obtain

Z 7T (a)

rGVO(k%)
k-3 .
x 3 ( 200-5(MA 4 (— 1)v+wu2<k727%3<pm> 11 ( Al(r))””,
pELE™3 i=1
or equivalently
3 14 T(I‘) (u) (I‘) QA _1 v4+w (I‘) 2A
(3.14) > (@) ( frs (™) + (=1)"" g, 25(u™) ),
reVo(k*S)
where the functions f,gr) (1) and g,(:) (1) are given by
k
fk(;r)(T _ Z 2(p) H Al 1") Z Ahl=pi(p H(Agr))pi'
pETk pETk i=1

Next, we compute explicitly the functions f’gr)(T) and g(r)( ). For sim-
plicity, we consider the general case

k

fi(r) = Z 7ex(p) HA;';%’ Z Fr+1=¢x(p) HA

pELE =1 pELL i=1
where A; € C for i € {1,2,--- ,k}. Note also that g(7) = 781 f.(771).

Proposition 3.13. For k € Z>1, we have

k
Filr) + (<1)" P ge(r) = SO0+ 7= ) (14 (1))
=0
.71+1
% Z H H (1 + (_1)v+w+€7iAn) 7

j1<j2<--.<j@ =0 TL:]1+1

where in the innermost product we have jo =0 and jri1 = k.
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Proof. By property (1) of Theorem we obtain the system of simultaneous
recurrence relations

(3.15)  fi(7) = fr—1(7) + Akgr—1(7),  g(7) = 7 (gr—1(7) + A fr—1(7))

with initial conditions fo(7) =1 and go(7) = 7. The recurrence (3.15)) can

be written as
Je| _ ﬁk L Ajl | fo
Ik = TA; 7] |90’

where fo(7) = 1 and go(7) = 7. Notice that

1A 1 o)1 4
TA; T |0 7] |4, 1]°
Actually, we have

(3.16) E ﬂ _ oﬁ;;l[aI 1+ bI]D(4,)C [gﬂ ,

where we a = H'TT, b= PTT, C' is the Cayley transform

1 (1 1
°-%h 4
and D(z) is a two-by-two matrix-valued function given by

D(z) = [lgm 1Em]‘

Indeed, (3.16) follows immediately from the facts

1 0

C’[l Aj]C:D(Aj), C’[O !

A; 1

]C:;<(1+7)I+(1—7)J>.

Obviously, we have
<_k : k—{1 0 <—k 13
Hj:l[a1+ bJID(4;) = Za b Z Hj:lD 7(45),
£=0 sezk

15]=¢

where D% (A;) := D(A;) when §; = 0 and D% (A;) := JD(A;) when §; = 1.
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For § € Z§ with |0] = ¢, define j; by enumerating
{16, =1 ={1)h <je <...<j(<k)},

then

-
H?:lDéj(Aj)
= D(Ay)---JD(Aj,)---D(A;, ,+1)ID(A,, |)---ID(Aj},)--- D(A)
= D(Ag)---D(=4;,) - D(—4A;j,_, 1)
x D((=1)*4j,_,) -~ D((=1)"4;,) - -- D((—=1)" A1)J".

It follows that
<_
[[i=ilaT + 031D(4;)

k
:Zak’ebe Z D(Ak) o D(—Aj,g) . ~-D(—Aj[,1+1)
£=0

71<j2<...<Js

x D((=1)*4j,_,) -+ D((=1)"4;,) --- D((=1)" A1)

k k Je I
=St S I by ] D=4 [ DU-1)t 43"
=0 1< 2 <o <o =1 i=je-1+1 =1

Define, for a vector j = {j1,72, - ,je} € ZfZl with 1< ji <ja <+ <
jo < k, the expressions

1 Jit1
S(3) H( 11 <1+<1>“An>),
=0

l Jit1
5(j) H( IT a- <1)“An>),

i=0 \n=j;+1
where jo := 0 and jyi1 := k. Then, for j as above we can write
Je

k J1 .
A 1lay - (SG) 0
II by ] D(-4) ED(( 1) A»—( 0 S(j))'

1=j,+1 i=jg_1+1
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Noticing that the factor J¢ depends only on the parity of £, we obtain

[k/2]
1 —
Filr) = sy | S0 (14721 — )
=0

< 3 (Wense+a-ns)
[(k+lj;2132 J2¢

+ Z k (2¢— 1)(1 _7_)26—1

x> (A=nSH++1SH) |,

J1<g2< .. <J2s—1

and
1 [k/2]
gk(T) = Yy >+ =)
=0
x> (A+9SG) - (1-1SG))
J1<j2<...<Jar
[(k+1)/2]
+ Z 1 +T k (2@—1)(1 _ T)QZ—I
X Z ((1—7)5() (14 7)S( ))
J1<je<...<J2r—1
Hence the results follows. O

We remark here that for 1 < ¢ < k, each set of £ numbers j; (1 < j; <
j2 < --- < jg < k) determine a unique vector p € Z§ such that |p| = ¢ and
where j; is the position of the i-th one in p. Likewise, each vector p € Z§
determines a unique set of £ = |p| integers such that 1 < j; < jo < -+ < jy <
k by setting j; as the position of the i-th one in p.

By Proposition |3__1p§ applied to AZ(T), is equal to

-3
(1 + uQA)k—K(l - UQA)Z(l + (_1)v+w+€u2A)

e

1

(3'17) 9k—14,(k—2)A

~
i
o

V4 Jit1

x> Y @) [T @+ (0¥t tanh(al) o)

J1<g2<...<Je I.Evo(k’*3) =0 \n=y;+1
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Next we deal with the innermost sum over the set Vo(k_?’). Let x € Z, p=
(p1,p2, -, pe_3) € Z573 with |p| = £, and 1 < j; < ja < --- < j¢ be the po-
sition of the ones in p. We have

14 Ji+1
Z T(r)(a(u))H ﬁ (1 + (_1)w+Z—itanh(a%u))l—%gn)
reV{F=® 1=0 \n=ji+1
k-3
= Z T(r)(a(ﬂ)) H (1 + (_1)U0+Ui tanh<a§lﬁ))l—2roi) .
rEVO(kfs) =1

with vozxandvi:vi(p):Z?:ipj,forizl,Q,...,k—&

Lemma 3.14. Letv; € C fori € {0,1,2,--- ,k —3}. We have

k—3

(3,18) Z T(l') (a(ﬂ)) H <1 + (_1)vo+vi tanh(agu))lfw(”)
revVF—® =1
k—4 k—3—m
m=0 j=1

Proof. The proof is by induction. For simplicity, in this proof we drop the
dependency of u from the notation of the coefficients agﬂ-). It is immediate

to verify the result for the cases Kk —3 =1,2. For r € Vo(k_?’), the single
summand of (3.18)) corresponding to r is

k—3
I (cosh(ai)' = sinh(a;)™") (1+ (—1)*F tanh(a;)' =2 ) T® ) (py(a)),
=1

it is not difficult to see that it can be written as

k—3
(1) @0t Zisiroms TT cosh(a;) (1 4+ (—1)" tanh(a;)) T# ) (py (a))
=1
. k—3
— (_1)21:_1 To;V; H COSh(ai) (1 4 (_1)U0+7J1: tanh(ai)) T(pQ(I‘)) (p2(a))’
=1
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since |p1(r)] =0 (mod 2). Next, observe that

k=3 k—3
H cosh(a;) (1 + (—1)%+i tanh( an = exp <Z 1)votvig ) ’

=1 i=1

thus, the expression above is given by

k—3
(_1) 5;13 ToiV; exp (Z(_l)vo+via0i> T(p2(r))(p2(a))

=1

Next for v € ng_4)(k_5)/2, we define the set S(v) C Vo(k_g) as S(v) =

{o e VO R ¢2(0) = v}. By Lemma (4), we have |S(v)| = 2F%. For
(k—4)(k—5)/2

V € Ly , we have
k—3
Y 1) [T (1 + (=1)"* tanh(a;)' ")
resS(v) i=1
k—3
= exp ( 1)”“*“@01) T (g5(a))
=1
x Y (-1) S rovip@ ™) (¢, (a),
resS(v)

Let r € Vo(k_g) be the unique element such that p;(r) = 0x_3 and ¢2(T) = v.
Then, by the proof of Lemma [3.11{(5), we can write r € S(v) as

where pi(f) = pi1(r) and ga2(F) = O_4)(k—5)/2- Moreover, also by Lemma
3.11)(5), we have

T = (ro1,T02," " ,T0k-3,702, " s T0k—3) D O(h—a)(k—5)/2-
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Therefore, by Lemma |3.11[(4) we have

Z (—1)Z= row @) (g (a))

resS(v)
— Z (_I)Zf:_f I‘OiUiT((I‘o,QJ‘o‘s,“' 7r0,k—3)+‘h(f'))(ql (a))
rezs—?
r|=0 (mod 2)
s k—3
= Z (_1)21-:_1 ToiUi H(tanh(al}i)1_2flj)rO%T(ql(f‘))(ql(a))
rezs—? 1=2
r|=0 (mod 2)
k—3
= cosh(ay;)! 7 sinh(ag;)™ (1 + (=1)vrtvs tanh(ah-)) ,
=2

the last equality holding since |r| =0 (mod 2).
The sum in (3.18]) is given by the sums S(v) over all vectors v €
Zék_4)(k_5)/2. Namely, we have, by Lemma (3), that (3.18]) is given by

k—3
exp (Z(— Yootvig ) Z Hcosh ay;) 7" sinh(ag;)"

i=1 revyh =2
X (1+ (—=1)""" tanh(ay;)) T2 (gy(a))

k-3 k
= exp (Z(—l)vo+via0i> Z pg H v1+v tanh(ah))

i=1 rev k- i=2

4)

where each element r € V(k has entries

r= (112,713, "1k 72,3724, »Th—d,k—3)-

The result follows by induction. O

Next, using Lemma, with z = w in (3.17)) we see that the main limit
in the expression of the heat kernel is given by
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(3.19)
24 1 N 28 \ N-3
1—uw~ 1+un~
lim
() ()
2 14
1 N (—D)lelHly s (—n)leltegs | (1 W
x =JEN) (g gy uw -
e £ [ 0 (1
k—4 k—3—m
1 m+j—1 1
X exp a(()'u‘) (UN) + ( )(|p‘+ﬂ 1)do(m)+327207 Pla%)erj (uN) }’
m=0 j=1

where we wrote the sum appearing at the right hand side of Lemma in
terms of the vector p and where J,(x) is the Kronecker delta function.

Let us further simplify the factors appearing as arguments in the ex-
ponential function in the above limit. By Lemma we have ag“) (u%) =
(@) (%) For p € ZS*B, we have

1—u?
k—3 ‘ _
A
3: k 1
+yuz D e (u —JN_u:v))
L2k Ry -
+ ( 1)M(1+uw)u (1—uw"~)(1-u )
h=3 Zk—s ( Jj+1 J)]
X ¥ (—1)&= P (u~~¥ —uw~
+0(x)

Using identity (4) of Theorem the above is equal to
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RS [ e 0 [ 0 )
(14 uv)
. (71)“2g2uz@(1 — W) (1= W)

1

+uy (Uﬁﬁﬂk%&(l); uN) —u” N p-3(p; uW))

) +0(%),

On the other hand, the sum of the Fourier coefficients al(-l;.) (u%) with
1 <i < jis given by

k—4 k—3—m W k—4 k—4
mj—1 1 1
> (DI e () = (~1)>m Pa s (u)
m=1 j=1 m=1 j=m
g (1—UN) m m+1 ra _i+3 J
S PU S ) Tt e
m=1 Jj=m
2 1—U111 2kt J it3 J m m+41 j
_ U S ) Y o YD)
—u 7j=1 m=1

+
u%(l—u%zgs)l—u%%f) N 292(1—u%)2
(1—w?)
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where Pre;(p) is the prefix of lenght j of p. Concretely, if p € Zk and j < F,
then Pre;(p) : Z§ — Zg is the projection into Z% of the first j elements of p.

Next, we define auxiliary functions Hék’N),P(k’N ) and Q%k’N) containing
the expressions appearing above. In §3.41 we describe how to evaluate certain
sums containing H,gk’N) and PN (ux | p), restricted to a fixed value |p| =
A € Z>p, as iterated Riemann integrals.

Definition 3.6. Let p € Z¥~* and 5 € {0,1}. The functions Hék’N), PN)
(k,N) .
and @y are given by

H'f(]k,N) (‘/'E’ y? uﬁ’ p)

2\@9 1-— u% _2 _ 1 1 1
1= exp ((1)”1(_u2) [fﬂ (u2 Nop—3(p;u” N ) — uN pp_3(p; UN))

+uy <uﬁ90k73(P3 uN) —u" N op_3(p; u_ﬁ)) ]) ,

1

PEN (v, p)

—u‘flvw(Prej(p);u‘}V)»
2 Qu% 1 —u% _k 1 1
><exp<— gun S —ut N)2<uwk3(p;w)
QUM (z,y, uv)

—u” N pp_3(p; U‘fb))),
oy (1

e e R (B BV TR

th 2 k
X exp <g2N + ]Eu2<— 2(1 — ’U,ﬁ)(l — U27ﬁ) +

— (1w V)21 - uz’é)?)) .
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We note here that in the limit the summands of the innermost
sum consists of a sum of a radial function on p multiplied by an exponential
factor.Moreover, by Lemma the exponential factor is also determined
by fixing the norm |p|. This is an essential fact for the evaluation of the limit
appearing in the heat kernel of the QRM as a Riemann sum in

Remark 3.3. In [60], in the context of a test system interacting with a heat
bath consisting of harmonic oscillators, the Laplace transform of the reduced
density matrix (given as a series of iterated integrals) is introduced in order
to recover the evolution equation of the stochastic model in a generalized
form. It may be interesting to compare the discussion in [60] with our method
for obtaining a reasonable evaluation of the sum involving gi_1(s)R,(s) over
s using the Fourier transform on Z5 described in this section.

Remark 3.4. The computations using Fourier transform for the group Z5
in this section can be interpreted directly in terms of the quantum Fourier
transform for k-qubits (see e.g. [5]). Thus, it may be interesting to describe
the technique developed in this section in the setting of quantum computa-
tion (complex Hilbert spaces of dimension 2% and quantum Fourier trans-
form) in place of the finite group setting (Z5 and discrete Fourier transform).

Remark 3.5. The Hamiltonian H, of the asymmetric quantum Rabi model
(AQRM) is given by

Hg = ala + Ao, + gla+ CLT)O'I + g0y,

for e € R ([7,10] by the name of generalized quantum Rabi model). Here, we
have again assumed the frequency w of the bosonic mode to be 1. This model
is also important experimentally (see e.g. [67]). Even though the spectrum
of H is known to have degeneracies of multiplicity two for ¢ € %Z, no Zo-
symmetry (parity) has been observed in Hf, (and is hard to expect) for any
nonzero value of ¢ € R ([35]).

Nonetheless, it is possible to follow the discussion in this section for the
AQRM by using the Trotter-Kato formula with the operators bfb — g% and
Ao, + €0,. The computation largely remains the same, with more compli-
cated expressions, and, in particular, the finite groups Z& (k =0,1,2,...)
appear as well. In fact, the appearance of the finite groups in the computa-
tion of this section is due to the decomposition of the matrix terms in ([2.3])
(containing o,,0,) and is not related to the existence of a Zg-symmetry in
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the Hamiltonian. For instance, in the case of the AQRM we may use
G(a u S 2NH 1 s(j)J]uAaerEax.

in place of Gn (u,s) in (2.4). For more complicated or generalized models (i.e.
Dicke model), other finite groups may appear in the computation depending
on the definition of the simplified self-adjoint operator (the analog of b'b),
the non-commutativity among the terms in the objective Hamiltonian.

We also remark that the choice of a pair of self-adjoint operators to be
used in the Trotter-Kato product formula is non canonical. In fact, even in
the case of the QRM, we have several possibilities. For instance, we can con-
sider the pair of self-adjoint operators a'a + Ao, and g(a + a')o,. Since a'a
and Ao, obviously commute, the heat kernel of afa + Ao, can be obtained
without difficulty. In this choice, the discussion using the Trotter-Kato prod-
uct formula will be, however, highly complicated though the associated finite
groups are still the family Z’Qc (k=0,1,2,...). Another option is to note that
the Hamiltonian

Hy :=a'a+ Aoy + g(a+al)o.,

is unitarily equivalent to Hg (given by the finite dimensional Cayley trans-

1
formC—f 1

pair d'd — ¢*> and Ao,. In this cases, the discussion of this paper should
follow with appropriate changes in the computations.

_11 ), thus by defining d := a + go, we can consider the

3.4. Riemann sums and residual terms

In this subsection we compute the sums given in the previous section §2| by
changing sums to integrals with residual terms with explicitly given order.
Concretely, for A > 1 we proceed to rewrite the sum

(3.20) > HEN (@, y,un, p) PEN (ux, p)

pELS?
[pl=X

into an expression that can be interpreted as multiple iterated integrals over
the A-th simplex.

We start with a lemma used to deal with the sums including terms
@;(Prej(p); s). The reader may ﬁnd useful to interpret the lemma in light of

the bijection (3.7) (cf. equation (3.8) and Lemma [3.4).
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Lemma 3.15. Fork > 1 and1 < X <k, for the indeterminates t, s we have

Z exp Zt]go] (Prej(p); s)

pEZk
lo|=A

k A
= ) exp Y 95 fiag1 —idalsliper — gl |
1 <t <--<ix 0<a<p

B—a=1 (mod 2)

where ig := 0, ixy1 := k + 1. Moreover, for p € Z5 with |p| = A\, we have

k
exp | Yt p;(Pre;(p); s)
j=1
A . .
= exp > 5" [igq1 — Ga)s[ipr1 — igle
0<a<p

B—a=1 (mod 2)

where ig := 0, ixg1 := k+ 1 and ij, for 1 < j < X, is the position of the j-th
one in p.

Proof. Let us first consider the case |p| = A = 1. In this case p = e; for 1 <
i < k. From the definition of ¢;, we verify that

0 if j <4

[i]s ifi<j’

pj(Pre;(p); s) = {

thus

Zt]gpj Pre;(p), s) Zt]_tzkﬁle*Z]H
Next, lets assume the result holds for all |[p| = A — 1 and consider the case
|p| = A\. Set w := Pre;, _1(p), then we have

Tx—1

Zt @;(Pre;j(p Zt @;(Prej(w);s) + Z tor(p; s),

J=ix
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since ¢;(Pre;j(p); s) = ¢i(p; s) for j > iy. On the one hand, we have

Ix—1 A—1
> Hpi(Prej(w)is) = > #98" [iag1 — ialslipr1 — igh,
Jj=1 0=a<p

B—a=1 (mod 2)

by induction since |w| = A — 1. On the other hand, we have

Zgzl[ign}s — [Z'anl]s if A=0 (HlOd 2)
or(p;s) = [EE . . .
anzo [Z2n+1]s — [Zgn]s if A=1 (mod 2)

Let us consider the case A =0 (mod 2) since the alternative case is com-
pletely analogous. We immediately verify that

A A

2 2

5 [iZn]s - [iZn—l]s = 5 gt [7;271 - i2n—1]87
n=1 n=1

and substituting in the second sum of the right-hand side we obtain

k 3 k—ix
D Horlprs) =2 > s figy —ignals Y F
J=ix n=1 j=0

A

= 0k 1= iy 3 5™ fian — d2n-1ls,

n=1

finally, notice that since A is even and 2n — 1 for 1 <n < % runs over all
odd integers smaller than A we see that the above is equal to

S s fiars —dalsling — il
0<a<

A—a=1 (mod 2)

with iy+1 := k + 1, as desired. O

Let us consider a fixed A > 1 and p € Z53 with |p| = A. As usual, we
denote by 1 <141 < iy < --- < iy the position of 1 in p. By Lemma and



1410

C. Reyes-Bustos and M. Wakayama
(3.6)), we see that Hrgk’N) (uw, p)P®N) (yx | p) is given by

FEND
exp <(—1)772\/§f(_1 ;QUN) Z(_1)7—1

1
unN
(mod 2)
2+ig . _ s
x| u ™~ ligr —dgl 3 —uT N [igr —igl -
o, g1 _ i,
— U N [ig41 — za]u,% (u N [igp1 — 2/3]11% —u”" N [igy1 — m]u%l)
Next, for 1 < v < A, we immediately see that
9_ 2 L uzf% g i+l iy
wNiy] -y —un[ig] = — T(l—u )1 —u )
1—uw~
—1/N . .
1., _2.. U iy iyt2
uN[Z’Y]u% - U N[Y”Y]u’% = 1 —U%(l_u N )(1 —uN )’
and similarly, for 1 < 8 < A, we have
Hip ‘ _1tig .
L N R N T |
B u2+z‘1€+1 _ui[17;[3+1)(1 B u27i[3+i§if+1+2
1—u~
iﬂ—l 3 . _4+L'B . .
w N figyr — il p —uT N [igr —igl o
B u"B+N1—1 (1 _ ulﬂ—;vﬁurl

)1 — w2 R
1—uv ‘
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For A > 1, define the function

)(\n)(zlaz%"' s 2N UN)
A
2 2 z 1—~ z 1—~
1= (—1)77“1_‘292 (—1)7~t [xu2(1 R S (O IR Ty
y=1
—yu(l — T o (1 —u” . )
292 k 1-£42 4 1 Patlony Aafloy
(R ) S SRV (R o (R o
—u =
2¢> A 412 o_ ZBt1t2p ZB=Zp 41
ke SD DI A (e e (S A
0<a<f
B—a=1 (mod 2)
Za—Za41 Zatza41

X(1—u" v )1l—u" =~ ),

where as before, we set zp := 0 and z),1 := k — 2. Notice that for fixed A,
f)(\n) (2; u%) is a smooth function on z;, with¢ = 1,2,--- | A, for any u € (0, 1).
With this notation, equation (3.20)) is given by

k=3 w1 1
3 HEN (@, y, 0, p) PEN (¥ p) = S (i inu ¥ ) O (7 )
peZE=3 i <ip<--<ix

lpl=A

We are now in the position to write this sum as an iterated integral and
a residual term with explicit order. We first describe the behavior of the
function with respect to u € (0,1). We note that since the terms of order
O(%) ultimately vanish due to the limit involved in the final computation
of the heat kernel, from this point we omit them to improve the clarity of
the exposition.

Lemma 3.16. Let A\ > 1 be fized. The (real valued) function efk(z’“%),

where z = {z1, 22, , 2x}, is uniformly bounded with respect to u (0 < u <
1) for0<z <z <<z, <k-3.

Proof. 1t is enough to observe the behavior when v — 0 and u — 1. Clearly,
when u — 1 there is a limit for f)(z, u%) which is bounded for any 0 < z; <
29 <o <2y < k-3

When u = e~ approaches 0, let us observe the leading contribution in
Iz, u%). Let 1 < j < A, then it is easy to see the leading part in fy(z, u%)
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as u — 0T of the term involving z,y and z; in the first sum is given by
(—1)™ 7l % (2v/2g) (2 — yu).

Next, we easily see that the limit of the second sum as u — 07 is either
—2g2 or 0, according to A =1 (mod 2) or A =0 (mod 2), respectively. For
0<a<pfwithf—a=1 (mod 2), since 0 < zo < 2441 and zg < 2541, the
leading part in f)(z, u%) as u — 07 of the term involving g2, a and § in the
last sum is given by

_Zat1 _ ZBtEg4n
—2¢%u*u" " w N

Summing up, the leading part of fy(z, u%) as u — 07 is given by

B=j (mod 2)

A
% z +za 1
e S (|
j=1

for a constant ¢ € {0,1}. It follows that e/*(*%¥) is bounded as u — 0. [

In order to deal with the multiple summation over the i1,49,- -+ , %), We
need the following simple lemma.

Lemma 3.17. For firzed A > 1 and a € Z>¢ with a < N, we have

a a

Z e (i iz, ,iA§U%) — Z efin)(ilﬂéy'" ,iMu%) 4 O(a)\*l)‘
Proof. Since exp f)(\n)(il, 9, LN u%)> is uniformly bounded for 0 < i; <
a and 0 <wu <1 (this is verified in the same way as Lemma [3.16]), we see

that the difference between the number of summands of the two sums is
given by
a+ A a\ A—1
(37 - () —ow.

Finally, we transform the sum into integrals using Riemann-Stieltjes
integration. We start by considering the case A =1 as it constitutes the
basis for the proof of the general case.

O



Heat kernel for the quantum Rabi model 1413

Proposition 3.18. Let a € Z>o with a < N. We have

1

£ () ) (ou ) 1
Z /06 dz+O<N

Proof. We write the sum as a Riemann-Stieltjes integral in the standard way

Zefl = [ enteataz)
0

where E(2) = >, 1 = 2 — {2}. By partial integration, we see that

1

Zefl " :/ e s + / (2, uv )eh ) g,
0

:/ efl(z’“&)+22/ cos(27mz)efl(z’“%)clz+O(l)7
0 —Jo

the last equality is obtained by using the Fourier series of 1(x) = 2 — [2] — 1

. 2
that is ¢(z) = — 300, #CMT2) (60 also [32], equation (A26)).
Setting

a—1 .
z) = Zefl(zﬂ’"w),
Jj=0

we have

00 a 1 o 1
Z/ cos(2mnz)eftEv ) gy = Z/ cos(2mnz)g(z)dz.
n=1"0 n=1"0

Now, integration by parts twice yields

1
/ cos(2mnz)g(z)dz = ——
0
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Hence

1
cos(2mnz)g(z)dz|

i A2 { —g'(0)] + | /1 cos(27mz)g”(z)dz|]

n=1

2 @[d 0 -0+ [ 1],

where ((s) is the Riemann zeta function.

>

n=1

S—

IN

IA

Next, since
Zf{ 2 4 juw )efi i),
we have
a—1 a—1 o
§(1)=g(0) = > A+ jud)eh T =37 pi(gud)eh 0o
j=0 j=0

(@, u™)e/1@0%) _ (0 y)eli0ud),

=<

Noticing that the summation on j (over a) disappear and that —u ¥ =
% (log u)u™~, we immediately observe that ¢’(1) — ¢’(0) = O(%). Further—
more,

Z{fl (24 G u¥) + (fl(z + jum))2yehr=Hiad),
By Lemma there is a positive constant C such that

|<CZ{|f1 2+, uv)| + (fi(z + j,uv))?}

Since again d%uiﬁ = j:%(log u)ut ¥, there are positive uniform constants

A and B with respect to u such that
1 A 1 B
1 = / £ 2
7 (u?)| < Tog(u) sy, |z u¥)] < log(u)>

It follows that

l9"(2)] < C(A+ B*)log(u)* 175
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Therefore we have

Z/ cos(2mnz)e N ) dz| =
n=1"0

Lemma 3.19. For fired A > 1 and a € Z>1 with a < N, we have

a

. R a 2N 22 1
E efim(“”z’”'v“?“N) :/ / / e i")(zhzbm,zmuN)dz
0 0
A—1
+ )

1<y <ip <+ <ix 0
O(a

Proof. The proof is by induction. The case A =1 is given by Lemma [3.1
and Proposition Suppose the result holds for some A — 1 > 1. Then,
by Lemma the sum in the left-hand side is, up to a factor of order
O(a*™1), given by

a

m . .
E ef,(\])(llﬂzf" JixuN)

0<i1<ip<---<ix

0 0 0

ix=0

where the equality is obtained by applying the induction hypothesis with
a = 1y for each iy. The residual terms are of order

and thus
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On the other hand, we observe as in the case of A = 1 that

a ix Za—1 22 Y
E / / . / efA (21,22,---,2,\,1,Z,\;UN)dz
0 0 0

13=0

a ZN Z92 ) 1
— / / .. / efA] (Z1722"" 73)\§uw)dz
0 0 0

o a Zx 2o - 1
+QZ/ [/ / el (Zl’z2""’z*;“N)dz] cos(2mnzy)dzy.
n=0"0 0

0

It remains to show that

=~ [ [ 2 m L
Z/ [/ / el (Zl’zz""’z*;“N)dz] cos(2mnzy)dzy = O(a™1),
—Jo Lo 0

the proof follows in the same way as that of that of Proposition by
setting

a—1 Z,\Jrj ) o ) %
g(ZA) = E / .. / e’ (317221"')z>\+.7»u )dz’
=0 0

and noticing, by Leibniz’s rule, that

J1) —g'0)=0@*"),  ¢"(22)=0("7?).

4. Heat kernel of the QRM

In this section we complete the derivation of the analytical expression of
the heat kernel and the partition function of the QRM. In addition, we give
the heat kernel and partition function for each of the parities of the QRM,
and, as an application we describe the spectral determinant of the parity
Hamiltonians in terms of the G-function.

Recall from that the expression of the heat kernel Kg(z,y,t) is the
sum of two limits multiplied by a factor Ko(z,y,w). The first limit is given
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2A N-1
1 1 N~ 1 -
(4.1) 2 lim (Jﬂ) (JSI’N)(:v,y,UN) [_} ﬂ

O gy k) [

—_
—_
| I
S—

while the second limit, by the results of §3]is given by

2A N
1—unw~ 1 1 1
(4.2) lim ( li > g [2Jék’N)(:U,y,uN)Q(()k’N)(x,y,uN)

N> 5
oo 2un >3

{ 3 [<‘1_)'p'+i“§ (‘1”1'“@]

pEZE?

22\ ol
x <m> ka’N)(w,y,uﬁ,p)P(k’N)(uﬁ,p)}

14+u™
]' ]{?,N 1 kJ,N 1
+§J1( Ny, u0) QY (@, y,uv)
(—1)lel+lyx  (—1)lelHlyw | (1 - u2 lel
: Z -~ -5 PR
pels? wr uow 1+u~

x Hy (%y,uflv,p)P(’“’N)(u'lv,p)}]

where the functions H;(Lk’N), PEN) and Q(()k’N) are as in Definition
By expanding the geometric series in Jil’N) for : = 0,1, it is easy to
verify that the limit (4.1]) is equal to

—t

gt [ cosh  —sinh 1 -
(4.3) e W [COS o ] (V2g(@+1)7—=).

—sinh  cosh 1+et

Next, we turn our attention to the limit . First, we notice that the
matrix factor appearing in the sums is fixed for all p with |p| =i (mod 2),
with ¢ = 0,1. Thus, by partitioning the sum appearing in according
to the norm A of the vectors p and omitting the matrix factor for now, we
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obtain a sum of the type

1—u% N N
(4.4) hm( 5 ) SoS AN @,y uw)QEN (2, y, uv)

N=oeo \ 2uw (Si ) P
1—’1},216 g (k,N) kS (k,N)(, +
X{ Z;_g (1+u21$> Hlfn (x’yqu’p)P ’ (’LLN,/))},
e

with ¢, € {0, 1}. Notice that if A > N, we have

24 \ A
1—un~ kN 1 S
Z <1+ M) H{_’n)(x,y,uN’p)P(k’N)(uN’p):O,
peLs? ur

lol=A

whence, (4.4) is equal to

1 24 00 N 1 28\ A
— U N 1 1 —UuUN
lim TN (2, y,uv ) QPN (2, y, uw) ;
m (55) T3 avesahe L
(mod 2)
kN 1
X{ > Hl(n><x,y,uw,p>P<’fN>(w,p>},
pEZE3
lol=A

1 1
and since the Hl(tk’N)(w, y,ulN | p)P*N) (4N | p) is uniformly bounded (cf. the
discussion at the beginning of , the dominated convergence theorem shows
that the above expression is equal to

(4.5)

24\ A
> . —u'n S L l—u~
> Jim ( z ) > xy,w)@%’“”)(z,y,uw)( m)
P e

Z kN E E

{ 0 y’“NvP)P(k’N)(UN,p)}'

pCZE~?
lol=A

Thus, the limit (4.2)) may be computed termwise for each value of A > 0.
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The innermost sum in (4.5) is computed as an iterated integral by
the results of and the next lemma gives the explicit computation of

k,N ks N 1
TN @,y uv ) QFN (2, y, uv ).

Lemma 4.1. For p=0,1, we have

TEN (@, y, e ¥ )QEN (2,y,e7 )

m
tk tk

2v/2ge~t th 2tk ¢
= exp <(—1)“\f‘q6 <x(eN+1 +e TN ) —ylem N +ew)

1—e 2
— \/§gl+€t(w—y)>>

1—et

14+e 2 67%(1 + efH%)
2 2
xexp(—4g 1—6_2t+2g o=t
_tk gtk otk g2tk
o R0 Hu ) 1)
1—e 2 N

Proof. Direct evaluation of the geometric series using the identity

(1—uv)(N—k—1)= H+O<;2)](Nk1)=t(1§)+0(}v)

as N — oo, gives

JEN (2, y,uw)

-1 29 ok & _
:exp(( 1) 3 (1 —u'"w)[zuv (1 —u' N)—l—y(l—uHN)])
th  2¢2(1 —ul" W) (1 —ultw
y exp(—gZN A )

Then, the result is obtained multiplying by Qgc’N) (x,y,u%) and setting
u=e". Il

With these preparations, we proceed to the computation of the limit (4.2)),
thus giving the analytic formula for the heat kernel of the QRM.
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4.1. Analytical formula of the heat kernel and partition function

Finally, in this subsection we present the main results of this paper, namely,
the analytical expressions for the heat kernel and the partition function of
the QRM. In the next theorem, for A = 0, we employ the notation

0<pn < <pa<l

for any function f.

Theorem 4.2. The heat kernel Kgr(z,y,t) of the QRM is given by the
uniformly convergent series

s t A
S (ta)re 2 eoth(z)
A=0

cosh(t(1 A
X 492 s(m(hu)mn(lﬂ D2 )+Ex (ke st;9)

KR(x¢y7t;ga A) = K()(.%’, yvt;g) [

0<p1<--<pa<l
" [(—1))‘cosh (—1)M 1 sinh

)

—sinh cosh

:| (QA(%%HAJ,Q)) dl“"A

with po := 0 and px = (p1, pa, -+, px) and dpx = dpydpug - - - dpy for A > 1.
Here, Ko(z,y,t;9) (cf. (2.1) ) is given by

edt L+e 2 , 2wy
0(357.% 79) 7T(1—6_2t) eXp( 2(1_6,2,5) (.73‘ +y )+ 1 — 2t

and the functions 0x(x,y, px,t) and Ex(px,t) are given by

O (2, y, 1, t; 9)
=2 e+ e - 2) () Va1

1—ce¢ 2 1
2\fge

=T

A
(1) Z(_l)v [:U(et(l—uw) ety gy (et 4 etﬂw)]

7=0
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2 2t 1 1 2
gk(u)wtmg) = _137:_% (eEt(l_/“\) _ eEt(NA—1)>
A
X (<1} D21 (e 4 eth)
v=0
2 —t
- 2976215 > ((6“1""3“) + etlsi=D)y _ (gt-ma) 4 et(uﬁ—1)>>
1—e"

0<a<f<A—1
B—a=1 (mod 2)

X ((etua 4 eftua> _ (etuaﬂ + (;tuaﬂ»7

where we use the convention pg = 0 whenever it appears in the formulas
above.

Remark 4.1. Note that the term corresponding to A = 0 in the series is

given explicitly (see (4.3)) and (4.8)) below) by

. —t
—2¢2tann(4) | cosh  —sinh 1—e
¢ 2 [— sinh  cosh V2g(z +y) 1+ e*t) '

Proof. For clarity, let us first define some notation to be used during the
proof. For A > 0, the functions ¢(s,t), ay(x,y,t) and ox(s,t) are given by

¢(S,t> = _4g 1— g2t + 29 1 — et
—st(1 _ ,t(s—1) _ st t(2s—1)
se (1l —e (1—eH)(1+e )
29 1—e 2 ’
2v/2ge~ _ 1—(=1)*
ax(z,y,t) = 1_72_% (z(e" +e7") —2y) <(2)>
1+et
- \/59(55 - y)l—ie*t’
4926—155(1 . et(s—l))Q 1 — (_1))\
U)\(S,t) = 1 _ o2t 5

2926_t5(1 _ et(s—l))?(ets + e—ts)
+ -
1—e 2
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for pux = (1,2, -+, 1a) € R* (where prg := 0 € {0} = R” ), we define

2v/2ge~

19)\('177 Y, HA»t) = 1 — 2t (_1)>\

A
X z:(—l)AY {x(et(l_"”) + et(“w_l)) —y(e 4+ et’”)}.
v=0

1

the exponentials in J,Sk’N) (z,y,un), Q,(f’N) (x,y,u%) (see Lemma i and
in the function f\” (defined in §3.4).

To complete the computation of the heat kernel it remains to compute
the limits in . We consider the cases A =0 and A > 1 by separate,
omitting the matrices for simplicity. For A = 0, the limit is given by

We note that these functions correspond to the expressions appearini inside

24 N
1 . 1—un~ 1 1
L i ( : ) S I 0,0 0,y o)

k=XA+3

since ka’N)(Ly,u%,p) = P(k’N)(u%,p) =1 for p=0, with n>1. By

Lemma the limit is the Riemann sum corresponding to the integral

% 1

e(_l)n(al ($,y,t)+191 (mvyvll'l 7t))+¢(/j‘1 7t)
2 Jo

dul.
Notice that since &1 (p1,t;9) + o1(p1,t) = 0, we can write

1
(4.6) A (D" @y ) 0@y, ) ot +ou () +6 (a tig) gy
2 Jo

Next, we consider the case A > 1. In this case, since H,gk’N) and P*.N)

are non-vanishing, multiple iterated integrals appear in the computation. Let
—t _(_1\

ha(z,y,t) = 2v/2ge (z(e' +e7') — 2y) 6(1(21))>, then, by Lemma [3.19

1_872t P
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the limit (4.2)) is given by

24 N 2A \ A
1 1—uvw 1 1 1—uvw
= lim - A JUC,N) x7y7uﬁ QUC’N) mvyauﬁ — 2A
2 N—co < QuN ) kz,\;rg o @ ) 1+u™

k-3
(1 71)(

X E elx 11, 7')\ U

1< <o <<y

1—U,N 1 1
( )ZJ ) 08)QE ) 0, g, )

)

— 16(_1)1]h>\+1(x7y7t) lim

2 Noeo \2ui ) S
. 24 k-3 " 2
14+uw

s M HA, %) and dpy = duydps - - - dupy. The change

with v = (Fu1, Fp2, ...
, A} yields

of variable p; — (k — 3)u; for i € {1,2,---

—¢28
le(_l)TlhA+l(x7y7t) lim 71 —¢ AN
2 N—o0 2 tN

k=X+3
1 2\
N — e UN
% eUHl(Nﬂf) (1 N tm> 2 / e( )10x41(V2,t) +En41 (V2 t g)d“A’
e N
0<p < <pa<l

, % L), %) and where, for clarity, we omitted terms

where vy = (%,ul, B, ...
of order O(k*~!) that vanish when taking the limit.

The limit is the Riemann sum corresponding to the integral

(tA))\+1 1y 1
76( ) axg1(z,y,t) (M/\+1))\e¢(ux+17t)+0x+1(uwrht)
2 0

% ... e(_l)”ﬂAJrl(VSvt)'i'g)Hrl(V37t§9)d“>\+1,

0<m < <pa<l
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where v3 = (lUa41/01, HAL1H2, - - - s A1, fa+1)- Finally, the change of vari-
able p; — Nf—ﬂ for i € {1,2,---, A}, gives

A+1
(@7) (tA) (-1 (@0r i (O + 0 (a4 01121,

0<p1<-<pxr41<1

)+ A
w O +1 (a1, t)+E (At g)dlb\-i-l,

with pagr = (1, p2, -+ 5 fix, Hag1)-

From (4.6) and (4.7]), the limit (4.2]) is given by

o0
(tA))\ . P t)Foxta(pass ) +Ex (Bastig)

A=l 0<p < <pa<l

—1)*cosh  (—1)M1sinh
8 [( —)sinh ( )cosh ] (ax(t) + Ix(past)) dpex.

Notice that for A > 1, 0x(x, y, px, t;g) = ax(t) + I (pa,t) and

COS S — _ (1)
d(s,t) + ox(s,t) = —292(coth(%))(—1)k + 442 };Ertl(h(t) 1)) <1 (2 1) ) '

Furthermore

1—et

¢(0at) + UO(Ovt) + 50(“07t;g) = _292 tanh(%):

therefore the expression for the limit (4.1)) can be written in a way consistent
with the notation of the limit (4.2]). The sum of the two limits multiplied by
Ko(z,y,g,t) gives the desired expression. O

Next, we give the explicit expression for the partition function Zg(8; g, A)
of the QRM using the expression for the heat kernel of Theorem First,
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by Theorem the trace of Kr(z,y,t;9,A) is equal to
—2g° tanh(i)
QKO(xﬂy)t7g) € 2/ cosh (60(%%#07@9))

—2¢° COth( ) E tA 492%m+5m(ﬂ2>\¢,9)

0<p1 <--<p2x<1

x cosh (9»(%, Y, ax, t; g))dﬂzx}-
Furthermore, notice that

ed’t 1—et
Ko(z,z,t;9) = ——exp | ———— a2
o3, 9) = = p(- 1)

and, that for A =0 (mod 2), we have

9)\(.%',33', /“l‘)\atag) =

A
2v/2gz (—1)" (eftuw _ et(url)>

1+et

with po = 0. Thus, we observe that tr Kr(x,z,t; g, A) is equal to
Pl (e et et
2l e e 29 5T cosh 2\[293071 ‘ + 297 coth(3)
14et

(1 —e™2t)
o0
cosh(t(1—py)) )
X g (tA / / 2 smh(t)“k +£2>‘(/'L2A7t)g)
A=1

0< 1 <+ <prax<1

2)
2v/2
% cosh 1{52 (—1)" (e—tu7 _ et(uv—1)> d#zx},

and we proceed to give the analytical expression for the partition function.

Corollary 4.3. The partition function Zr(B;g,A) of the QRM is given by

2e9°P —2g2 coth(£) -
Zr(B;9,8) = {5 |1+ > (B23)*
A=1
N o €4g2%w+§2>\(u2mﬂ 9) 43 (2x,5;9) dpan |,

0<pr <+ <par<1
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where the function w/\i(u,\,t;g) is given by

— A
tntio) = 20 |3 (o) )

1—e =
for A > 1 and px = (1, p2, - -+, py) and where pg = 0.

Proof. Recall that for « > 0 and v,7n € R, we have the elementary identity

oo ’02
/ e~ cosh(zn)dz = \/?ew.
oo o'
In particular,

o0 d —e -5 1 1 e_ﬁ 21— P
/ e lde™ BT COSh (2\/>g$ )d:[; — 7'[‘5 LBQQ 14+e—B
e 1+e P 1—e P

and, for A > 1, we have

A
o0 1—e= B o
/ e 1+=7% cosh 2/2gz (—=1)" (e_ﬁﬂw _eﬁ(ﬂw_1)> dx
1+e b =

7[‘% 1+e 8 72:1723 [Zi S(=1)7 (efﬁuw_e/%(;LW*l))]Q
1—e

1 1 e i)
1—e b

The result then follows from

—0o0

Zr(B; 9, A) r=/ tr Kr(z,x, 3; g, A)dz,

—00

and the expression for tr Kg(z, x,t; g, A). O

Remark 4.2. The unitary operator e *Hr (associated with the Schro-
dinger equation of to Hg) is of fundamental importance. In our case, the
operator can be obtained from e ## with 8 > 0 by meromorphic continua-
tion to imaginary 8 (with a fixed branch for each § € 2miZ). We direct the
reader to [55] for the details.
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4.2. Interpretation of discrete paths through the action of S
on 73°

In this subsection we aim to clarify the rearrangement of the sums in the
equations leading to (4.2) and the resultant expression of the heat kernel.
Namely, we now revisit the discussion on the “discrete path integrals” ap-
pearing from the Trotter-Kato product formula started in the Introduction.

Let us briefly describe the main points of the computation. First, in
by dealing with the non-commutative terms in the expression for the N-th
power kernel Dy (x,y,t) we obtained an expression for the product formula
that can be naively seen as a discrete path integral. Then we employed har-
monic analysis to reformulate the sum using Fourier analysis (notably, Par-
seval’s formula) on Z3" (m > 0). The resulting sum allowed us to ultimately
replace the uncontrollable (infinitely many) changes of signature with non-
trivial coefficients (at Z5°) appearing in the exponents of exponential terms
of the initial summands by various hyperbolic functions. To complete the
final step, we rearranged the infinite sums according to the norms of the el-
ements of Z5' (m > 0). This rearrangement is consistent with the discussion
of discrete paths (equivalently, elements of Z3°), as we now explain.

Recall from that the groups Z3 for n > 0 may be assumed to be
embedded into the inductive limit Zs°. Next, we consider the action on Z3°
of the infinite symmetric group &, defined by

where, for ¢ < 7, the injective homomorphims are given by the natural em-
bedding (as a subgroup) of &; into &;.
The orbits of the action are exactly the sets

Oy:={0 €Zy : |o| = A},

for A > 0. Here, | - | : Z3° — R is the function induced by the norms for each
Zy for m > 0. Canonical orbits representatives for Oy (A =1,2,3,---) are
given by the image of the elements

Oezgﬂ (1>€Z%7 (171)€Z§7 Ty (1717"'71)€Z§7"'
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in Z$°. For instance, when A = 2 we have Oy = S..[1,1], [1,1] being the
image of (1,1) € Z3 in Z3°. The orbit decomposition is then given by

o label by | -
(4.9) 2= || il 1] 22 L7
n=0

n

and, from this point of view, the rearrangement of the sums in is
done according to the orbit decomposition of Z5°® with respect the action of
Soo (through the orbit invariant |- |). Each summand given by the iterated
integral over the A-th simplex (obtained by the computations in in the
resulting sums is, by virtue of Lemma[3.4] shown to be an orbit integral O,.

As discussed in the Introduction, we might also interpret the elements
of the groups Z5 for n > 0 as paths between two points alternating between
two states (represented in Figure [l| by “4+” and “-”). In this interpretation,
the rearranging of the sum according to the norm A corresponds to
grouping paths according to the number of times that the path is in the
“+7” state as shown in Figure 4| (compare with above). Therefore, we
might say that the sum over the paths in Z7 arising from the Trotter-Kato
product formula is ultimately reduced to a sum over points (labeled by Z>)
which is then computed in an elementary way with the method described in
this paper.

To summarize, the infinite series of the resultant expression of the heat
kernel is considered as a sum over the orbits Oy = Guo.p (p € Z5° with |p| =
A € Z>p), and each summand, given by an integral over the A-th simplex,
can be regarded as the integral over the fundamental domain of &, (C &)
acting on the orbit O in Z3° by looking at the formula in Lemma and
Lemma

R VaVaN

0

1 || « »
[0,1,0,0,1,1] «— , = G [l,1,1] «——— o o o “€Zxg
0,0,1,1,0,1] «—— | [/T T\|/"\

0

Figure 4. Paths in the same orbit O3 = &.[1,1, 1] for A = 3.

Remark 4.3. In the general quantum interaction system case, the com-
putation of the heat kernel using this method for a given Hamiltonian may
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produce the situation where the groups Z7 are replaced with a family of
finite groups {Gp }n>0 that constitute a directed set (see also Remark .
In this case, it is necessary to find an appropriate invariant for the orbit
decomposition with respect to certain group acting on the inductive limit
Goo of the family {G,}n>0. We leave the detailed discussion for another
occasion.

Remark 4.4. In quantum gravity theory, we may find an important exam-
ple where the path integral can be turned into a discrete summation defined
over cosets of the modular group SLy(Z). Loosely speaking, according to
the theory of quantum gravity, in general, the space cannot be divided into
infinity, so there may be no uncountable infinite number of paths to sum
up in a path integral. In other words, as in our study, the path integral
could turn to be discrete or particle-like, i.e. points. Actually, in [31] (see
also [24]), using the Chern-Simons formulation, the partition function of the
three-dimensional pure gravity given by a gravity path integral is exactly
calculated by localization techniques developed in recent years. In addition,
it is also worth noting that the resultant partition function is modular in-
variant.

Remark 4.5. We may describe the situation in by the language of
representation theory of G, that is, the space of the Fourier image also
on Z3° by the representation induced from the trivial representation of its
Young subgroups (see [55]).

4.3. Parity decomposition of the heat kernel

As we already mentioned in the Introduction, the Hamiltonian HgR pos-
sesses a Zo(= Z/2Z)-symmetry indicated by the existence of a parity op-
erator Il = —o,e ™' @ gatisfying [IT, Hr| = 0 and with eigenvalues p = +1.
Consequently, the direct decomposition of the full space L?(R) @ C2 into the
invariant subspaces (corresponding to the positive and negative parity) is

LPRY®C*=H, &H_.

First, we introduce the decomposition of the Hamiltonian of the QRM. We
follow the discussion in [§] and suggest the reader to consult [9] B5] [54] for
more details.
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Let (T4)(z) := ¢(—2) (¢ € L*(R) be the reflection operator acting on
L?(R), U be the unitary operator on L?(R) ® C2? given by

1 |1 1
vl i)

and C the Cayley transform

11 1
o=l A
The parity decomposition of the Hy is given by

H. 0
t _ |+
(CU)'HRCU = [ 0 HJ :

where the operators H4 are given by
Hy =dla+gla+d") £ AT.

Clearly, the subspaces

(4.10) 7L = I2(R) @ span { (é) } and  H_ = L2(R) ® span { (?) }

are invariant subspaces of the operator (CU)f Hg CU. Accordingly, we write
H: = (CU)'HRCUl|y4, .

Now, we proceed to compute the heat kernel of the parity Hamiltonians
H,.

Recall that o, = [(1) é} and o, = [1 0

0 _1]. Notice that

—sinh  cosh

—ts, _ | cosh  —sinh
e = .
—sinh  cosh

](t) and  — gyt = [‘COSh Sinh]().

For €,0 € {+, —}, let us define four operators

K = Keé(x7y7tv A) : LQ(R) - LQ(R)

K K_
: _ B+ +
(CU)'Kg(z,y,t)CU = [K+_ K——] '
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It is not difficult to see that

O Ky K_y| _ [Hy O0][Kyy Koy
K, K|~ |0 H.||K,  K_|

and thus (CU)'Kgr(z,y,t)CU is the heat kernel of the operator
(CU)'HRCU. Similarly, from this we see that K, (resp. K__) is the
heat kernel of Hi (resp. H_). One knows from the general discussion
for the G-function and constraint polynomials (see e.g. [7] and [35]) that
K__(z,y,t,—A) = K, (x,y,t,A). We will see this again below.

Recall that the action of the (semigroup) operator e ** is given by

e tHr (1) :/ Kr(z,y,t;9,A)d(y)dy

for any compactly supported smooth function ¢ € C§°(R) ® C2. From this
expression, we have

et 0
(CU)fe " CU((CU)T¢)(x) = [

o o] (@O
- [T ] e aicwioma

From this expression, we observe the heat kernel is splitting along the
two parities and in Theorem [£.4] we give the explicit expression of the heat
kernel by taking ¢ € Hy in the expression above.

For A > 1, define

+ ) 1 o~ 20 (coth(5)
O3 (x,y,t;9) :==e 2

42 SO (t—py)) (1 (=) t:a) 40 t
% AT (FEF) o (1 t9) 20 (2,9, 0, ’g)dun

0<py < <pxa<1
and
‘I% (LU, Y, t: g) - 67292 tanh (%)iﬂg(aﬂry) tanh (é)

_ o—2¢° tanh (g)ﬂo(x,y,uo,t;g)‘
Since Oy (z,y, px, t; g), for X > 0, is linear on = and vy, it is clear that

T (—z, —y, t;:9) = OF (2,9, t; 9).
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‘We now observe that

[ cosh  —sinh
- sinh cosh :| (92A($797H2A>t79)>CU

= U'Ky(z,y,t; g)Ce I @vnartigle. cU

(CU) Ko(z,y,t; 9)

) [o—02x(z.y,12x,t:9) 0
=U K()(JZ‘, Y, ta g) 0 692A(x,y,uzx,t;g) U
1M T 6—92A($,y7ﬂ2/\,t§9) 0 1 1
= 5 |:1 _T:| Kﬂ(xyyvtag) |: 0 692A($,yyﬂ2)\,t;g) T _T
1 [Koe % + TKoe"»T  Koe ' — TKoe T (z,1,t:9)
K()@_GZA o TK()e@Q)\T K06_02>‘ + TKO€02)‘T Y, 159).
Similarly
+ —cosh sinh
(CU)' Koz, 4,5:9) | _ v cosh (02A+1($7y,u2>\+1,t;9))CU
= UKy (2,y,t; )C(—0.)e P mwiarmtio)o: cU
0 692A+1($7%H«2>\+17t39)
= —UTKO(x7y7t7g> |:692A+1(:v,y,u2>\+1,t;g) O
11 7T
=_Z K t;
0 602A+1(x:y’ﬂ2>\+17t§9) 1 1
X 6—92A+1(m,y,u2>\+1,t§9) 0 T —T
LR PRt Ko T 4 PRpe ]
= —= K0692*+1T - TKOG_QQMA _Koegzwrljv _ TK06_02A+1 (IE, Y, 79)

From the discussion, we obtain the heat kernel for the parity Hamilto-
nians H.

Theorem 4.4. The heat kernel Ky(x,y,t;9,A)(= Kyx(x,y,t;9,A)) of
Hy = Hpg|y, is given by

(e 9]

Ki(z,y,t:9,A) = Ko(z,y.t:9) Y _(tA) 05, (2,9, 9)
A=0

0
+ KO y7t g Z tA 2>\+1(I)2+)\+1( 7—y,t;9)-
A=0
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Moreover, Ki+(z,y,t;9,A) = 0. In other words,
KR(x7y7t;g7A) = K-i—(xayvt;ga A) S¥ K—(x7y7t;g7 A)

Proof. For €,0 € {+, —}, we define operators kes =kes(,y,t) € Endc(He, Hs)
by

eéve / Ke6 x,y,t UE( )dy

for v € H,. Further, we write k; as

(o]
A
(kesve)( Z (At) kﬂ;ve
A=0

By (4.10), we see that H. ~ L?(R). First, we verify that
K:I::F(xa y; t7 g? A) = 0

Let v € L%(R) be a function with appropriate decay at oo ( e.g. v is a com-
pactly supported function), then by setting & = —x and § = —y we observe
that

(kP 0)(z) = (K22 v)(2)
1

= 2/ [Ko(x,y,t; 9)®5, (7,9, t; 9) — TKo(2,y, t; )@, (2, y; 9)TTo(y)dy

1 &0 _
3| [ Kttt
—/ Ko(z,y,t; 9)03, (2, y,t; 9)v()dy

1[ [ _
3 [/ Ko(x,y,t;9)®5, (2, y,t; 9)v(y)dy

- / Kol 5, 985, (2. £ 9)v(y)dy

l\DM—l

U Ko(z,y,t; 9) @5 (2,9, 5 9)v(y)dy

—/ Ko(z,y,t;9)®5, (2, y,t; 9)v(y)dy

=0,
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and

(BA0) () = — (K25 ) ()
1 [ N
= 2/ [KO(x7yat;g)(I);—)\+1(xayat;g)T

— TKo(x,y,t;9) P 11 (2, 15 9) v (y)dy

=/ Ko(x,y,t;9)93, 1 (2,9, t; g)v(7)dy

—/ Ko(:i,y,t;g)%Ml(f,y,t;g)v(y)dy]

=/ Ko(x,y,t;,9)93, 1 (2,9, t; g)v(7)dy

- / Kom,t;g)@aH@,g,t;g)v@)dy]

_1 / Koz, 1t 905, (2, 9, £ 9)o(7)dy

o0
_ / Ko<:c,y,t;g)@gmx,y,t;g)v(y)dy]

=0.

Thus, we see that (k;\ﬁv)(m) = 0 for v with appropriate decay and A > 0.
On the other hand, we have

(K v)(@) = (B o) (2)

1 o0
= 2/ [KO(xvyvtag)(I)Q_)\(x>y7tag)
+TKo(z,y,t;.9)05, (2,9, t; 9)T]o(y)dy

1[ [ _
=2/ Ko(z,y,t;9) Py (2,9, 1 9)v(y)dy
L o0

+/ Ko(Z,y,t;9)®5, (2, y, t; 9)v(y)dy

1] [ -
=3 / Ko(z,y,t;9)®5, (2, y,t; 9)v(y)dy
LJ —OO

+/ Ko(Z,7,t; 9)®5, (2,7, t; 9)v(y)dy
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1 o0 _
=3 [/ Ko(z,y,t;9)®5, (z,y,t; g)v(y)dy
+ / Kol,y,t: )5 (2, . £ 9)v(y)dy

_ / Kolr, y)®3, (2,9, t: )o(y)dy
and

— (K 0)(2) = (K2 (2)
1

oo
= 2/ [Ko(x,y,t;9) P31 (2,9, 9)T
—0oQ

+ TKo(2,y,t;.9) oy (2,9, 9)]v(y)dy

1[ [ =
= 5 / KO(ZE,y,t7g)q>;)\+1($ayat,g)v(y)dy
LS —OO

+/ Ko(Z,y,t;9) Py 41 (%, y, 1 9)v(y)dy

1

r oo
= 5 / Ko(x,y,t7g)q>;)\+l(xayat,g)v(g)dy
L/ —OO

+ / Ko(Z,5.t; 9)®;5 .1 (7, 7. 0)0(7)dy

1[ [ _
=5 / Ko(z,y,t;9) 3, (2, 4, 5 9)v()dy
LJ —OCO

o
+/ Ko(z,y,t;9)®3, 1 (2,9, t; 9)v(§)dy
—00

o
=/ Ko(z,y,t;9) P51 (2, 4, 5 g)v(7)dy
o0

o0
- / Ko, —y, £ 9)03, ., (3, —y, £ 9)u(y)dy
— 00

Hence, we see that (k1iv)(x) is equal to

ZAQ)‘/ Kg(x,y,t;g)(I)Q_,\(ﬂU,yJ%g)U(?/)dy
A=0 -

[ee) o0
F )y AR / Ko(z,—y,t:9) Py (. —y, t: g)v(y)dy.
A=0 >
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Thus we have the desired conclusion for K.5 as a distribution, whence the
result follows as functions in the standard way. ([

Remark 4.6. Note that for v € L2(R), we can write

o0
/ Ko(x,y,t; 9)3y o (2, . 1 g)o( —y)dy
— 00

_ / Ko(a, 9,1 9)033 1, (2., 1 9) (T0) (y)dy.

To conclude this section, we compute the partition function Zﬁ,f(b’ 19, Q)
of the parity Hamiltonian H.

Corollary 4.5. The partition function Zﬁ(ﬁ; g, A) for the parity Hamilto-
nian Hy is given by

ZE(B;9,0)
e9°B

1—e b

1+ {e—2gzcoth(§)

o

2 cosh(B(1—upy)) ‘ - .

X (ﬂA)Q)\ /. . ./ 649 sinh(t) +§2A(“2A7B7g)+w2/\(“2A7ﬁ7g)dl,b2A}
A=l 0<pr <o Spizn <1

F e P {6_292 tanh(g)

M

(5A)2)\+1 / .. e&zx+1(uzx+1ﬂ;9)+¢$+1(H2A+17ﬁ;g)du2)\+1},

0<p <--<paxg1<1
. + . . .
where the function ¥y (pa,t; g) is as in Corollary 4.5,

Proof. The first part is computed in the same way as in the case of Zg(53)
(cf. Corollary 4.3 ) by noticing that

o 2 & 2 T 02
/ e~ cosh(xn)dx = / e OTENT gy — \/>e4a.
oo oo «

For the second part, it is enough to observe that

ed’t 1+et
K —z.t0) = ————— _ 2
0($7 x, 79) 7_‘_(1 e_2t) €Xp < 1 e_tx > )
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and, for A =1 (mod 2),

2\/2(]33 A

1—et

9)\(33‘, —T, i, t; g) = - (_1)7 <€7t”’Y + et(“’vfl)> ,

=0

and then proceed as in the case of Zg(53;g,A). O
5. Analytic properties of the heat kernel

In this short section, we discuss some estimates for the absolute value of
the components of the heat kernel. These estimates allow a direct proof of
the pointwise and uniform convergence of the series appearing in the heat
kernel and partition function, along with other analytic properties. Despite
the apparent complication of the formulas developed in this paper, it is not
difficult to obtain these estimates. We leave the detailed discussion, including
the analytic continuation, to [55].

Let A € Z>1, for fixed z,y >0 and ¢ >0, there are real functions
Ci(z,y,t;9), Ca(t;g), Cs(t;g) > 0 bounded in closed intervals of the half
plane R(t) > 0, such that

V2g
1—e 2t
292
1—e 2t
2g2
1—e 2t

10x(pex, z, .t 9)] < Ci(z,y,t;9)

U5 (At )| < Cal(t; g)

(5.1) 1Ex (e, 15 9)] < C3(t; g)A

uniformly for 0 < p; < pg < -+ < py < 1. We refer to Lemma 3.1 of [55] for
the prooiﬂ

As mentioned in Section [2], the general theory of the Trotter-Kato prod-
uct formula assures the pointwise uniform convergence of the heat kernel.
However, with the estimates above, we can prove the uniform convergence
of the heat kernel directly. Note that a similar result holds for the partition
function.

'We note that in proof of Lemma 3.1 in [55] the expressions of s(x,y,t) and S, (t)
are not correct. The correct expression for s(z,y,t) is

s@,y,t)té(%

H2~y+1 H2y+1

(et(lfa) _ 6t(a71))d04 + y/ (eta . etoc)da>

2y 2~y
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Theorem 5.1. For any closed interval I C (0,00), as a function of t the
series given in Theorem [{.9 are uniformly convergent component-wise for
fixed x,y,g9,A > 0.

Proof. By the estimates ([5.1)), it is immediate to verify that there are con-
stants co, c1, c2, c3(x,y),c4 > 0 such that any matrix component of Kg is
bounded above by

M = 60602+03(:v,y)+01Ae“4
and the result follows in the standard way by the Weierstrass M-test. [J

In addition to verifying the convergence of the series, the estimates above
are enough to show that the heat kernel and partition functions of the QRM
are holomorphic functions (with respect to the variable ¢) on certain regions
of the complex plane. In particular, the analytic continuation of the heat
kernel gives the time evolution propagator of the QRM while the analytic
continuation of the partition function gives the meromorphic continuation
of the spectral zeta function of the QRM. We refer the reader to [55] for
details.

Next, we consider estimates with respect to the spatial variables. It is
well-known, and elementary to verify, that for fixed ¢ > 0 there are positive
constants a,b > 0 such that

(5.2) |Ko(z,y,t; g)] < ae @+,

It is not difficult to extend this result to the case of the heat kernel of the
QRM as follows.

and the correct expression for S, (t) is

Mn41
S,(t) = —t* </ (e’ — eto‘)da)
HB+1 HB+1
X Z (e_Qt/ eto‘da—/ e_t"‘da) .
ma K1

n<B<A-1
B—a=1 (mod 2)

These errors do not affect the proof, which follows as written in [55] with no further
changes.



Heat kernel for the quantum Rabi model 1439

Proposition 5.2. Let
ki2(z,y, 9, A)

o ]{7171(1', yat;ga A)
k'272(513, y;t;% A) '

Krle.0:60.8)= |1 (2,1, 9,4)

Then, for fixed g, A,t > 0, there are positive constants a,b such that
ki j (2, 9, A)| < ae P+,

fori,je{1,2}.

Proof. Let us rewrite the function 0y (x,y, px, t; g) as

V2gt
QA(QU,%HAJSQ) = \/§g(l' =+ y) tanh(t) - smh(t) S)\(xvyaﬂ)\at)7

with

N>

M2~ M2y
et =3 ([ @0 e ey [ e
H Hay—1

~y=1 2y —1

if A=0 (mod 2) and

SA($7 Y, I, t)
2 H2y+1 H2y+1
= (:c/ (et(l’o‘) — et(afl))da + y/ (e — eta)da>
I Havy
if A=1 (mod 2). In any of the two cases we can verify that

0 < sxn(z,y, ur, t) < (z+y)(eh +e7).

Then, let Z(z,y,t) be the series

SO (EA)Ae 207 eoth() / / e

A=0 0<pm < <pua<l
x (—1)* cosh (Ox(x, y, px, 1)) dpea,

2 cosh(t(1—py)) -
2= sinh(t;LA (H(zl) )46 (1at)
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then, by (5.1) and the foregoing discussion there are positive constants
a,b, c,d such that

|Z(z, y,t)| < aZ(tAb)/\ // (@ yspxt) 4 o=On(@ymast))

A=0 0<u1< <pa<1

e© (z+vy) Z tAb c(ery)’

and a similar one for the remaining components of the heat kernel. Com-
bining with the estimate (5.2]) of the Mehler kernel we obtain the desired
result. (]

An immediate corollary of the above result is that the heat kernel is
continuous with respect to the spatial variables z, y.

Corollary 5.3. For fizred g, A,t > 0, the function Kr(z,y,t;g,A) is con-
tinuous in the variables x,y.

A detailed analysis with the estimates above, or similar ones, may be
used to prove further analytical properties of the heat kernel or the partition
functions of the QRM with respect to the space variables. We do not further
pursue this direction in this paper.
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