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We consider G2-structures with torsion coupled with G2-
instantons, on a compact 7-dimensional manifold. The coupling
is via an equation for 4-forms which appears in supergravity and
generalized geometry, known as the Bianchi identity. First studied
by Friedrich and Ivanov, the resulting system of partial differen-
tial equations describes compactifications of the heterotic string
to three dimensions, and is often referred to as the G2-Strominger
system. We study the moduli space of solutions and prove that
the space of infinitesimal deformations, modulo automorphisms,
is finite dimensional. We also provide a new family of solutions
to this system, on T 3-bundles over K3 surfaces and for infinitely
many different instanton bundles, adapting a construction of Fu-
Yau and the second named author. In particular, we exhibit the
first examples of T -dual solutions for this system of equations.
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1. Introduction

A fundamental problem in differential geometry is the generalization of
gauge theory to higher dimensional varieties. Since the principal bundle
formulation of Yang-Mills theory in the 1970s, there has been a substan-
tial interaction between various areas of physics and differential geometry,
via gauge theory. Indeed, one aim in modern mathematical gauge theory
is to obtain results on the geometry and topology of higher dimensional
manifolds using ideas that originate in physics. As initiated by Donaldson
and Thomas, and Tian [17, 56], these approaches require one to consider
manifolds endowed with specific geometric structures, such as metrics with
holonomy SU(n) or G2. The study of gauge theory in higher dimensions has
in recent years seen major developments; see for example [39, 46, 52, 55, 58],
to say nothing of the enormous literature on gauge theory in complex geom-
etry. Moreover, gauge theoretic conditions can also be considered on spaces
that admit certain geometric structures, but whose Riemannian holonomy
group is not reduced (see [3, 37] and references below).

The problem that we consider here is inspired from high-energy physics,
and runs parallel to recent developments on the Hull-Strominger system
of partial differential equations in dimension 6 [42, 54]. The mathematical
study of the Hull-Strominger system (see [19, 29, 50] for surveys covering this
topic) was initiated by Li and Yau as a natural generalization of the Calabi
problem, and it is motivated by ‘Reid’s fantasy’ on the moduli space of com-
plex 3-folds with trivial canonical bundle and varying topology. In the light of
[2], it is conceivable that Li-Yau’s proposal for the geometrization of conifold
transitions and flops between Kähler and non-Kähler Calabi-Yau three-folds
can be carried over into the 7-dimensional case for the geometrization of
G2-transitions [10]. Motivated by this, here we consider G2-structures with
torsion coupled with G2-instantons, by means of an equation for 4-forms
which arises from the Green-Schwarz anomaly cancellation mechanism in
string theory. The resulting system of equations can be regarded as an ana-
logue of the Hull-Strominger system in 7-dimensions and was first studied
by Friedrich and Ivanov[25, 26]. Following [21], we settle for referring to the
G2-Strominger system (in the more recent physics literature, it goes under
the name of the heterotic G2 system [11]).

From the point of view of physics, the G2-Strominger system is a par-
ticular instance of a more general system of equations, known as the Killing
spinor equations in (heterotic) supergravity. The compactification of the
physical theory leads to the study of models of the form Nk ×M10−k, where
Nk is a k-dimensional Lorentzian manifold and M10−k is a Riemannian spin
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manifold which encodes the extra dimensions of a supersymmetric vacuum.
With a natural compactification ansatz, the Killing spinor equations, for a
Riemannian metric g, a spinor Ψ, a function f (the dilaton), a 3-form H (the
NS-flux), and a connection A with curvature FA on a principal K-bundle
PK over M10−k, can be written as

(1.1) ∇Ψ = 0, (df − 1

4
H) ·Ψ = 0, FA ·Ψ = 0,

where ∇ is a g-compatible connection with skew-symmetric torsion H. So-
lutions to (1.1) provide rich geometrical structures on M . If the torsion
H vanishes, the existence of a parallel spinor reduces the holonomy of the
Levi-Civita connection on M to SU(n), Sp(n), G2 or Spin(7) according to
its dimension. However, the torsion-free condition, often equivalent to the
condition dH = 0 — the so-called strong solutions —, is very restrictive, as
many interesting solutions to the equations arise in manifolds equipped with
metric connections with holonomy contained in SU(n), Sp(n), G2 or Spin(7)
but non-vanishing skew-symmetric torsion.

An interesting relaxation of the notion of strong solution is provided by
the Bianchi identity (related to the anomaly cancellation condition in string
theory), which requires a correction of dH of the form

(1.2) dH =
α

4
(tr(FA ∧ FA)− tr(R∇ ∧R∇))

where α is a positive constant, FA is as in (1.1), and R∇ is the curvature of
an additional linear connection ∇ on the tangent bundle of M . The extra
requirements for a solution of the Killing spinor equations (1.1) and the
Bianchi identity (1.2) to provide a supersymmetric vacuum of the theory is
given by the instanton condition [43]

(1.3) R∇ ·Ψ = 0.

In a 6-dimensional compact manifold M , the combination of the above men-
tioned equations (1.1), (1.2) and (1.3) leads to the Hull-Strominger system.
In this paper, we provide new solutions and initiate the mathematical study
of the moduli space of solutions to the system obtained by coupling Equa-
tions (1.1), (1.2) and (1.3) in 7 dimensions – the G2-Strominger system –
that we introduce next.
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Consider M7 a compact oriented smooth manifold. Then, the equations
(1.1), (1.2) and (1.3) are equivalent to the following system [26]:

dφ ∧ φ = 0, d ∗ φ = −4df ∧ ∗φ,
FA ∧ ∗φ = 0, R∇ ∧ ∗φ = 0,

dH =
α

4
(tr(FA ∧ FA)− tr(R∇ ∧R∇)),

(1.4)

where φ is a positive 3-form that defines a G2 structure on M , −4df is the
Lee form θφ of φ, and H is the torsion of the G2-structure, given by

H = − ∗ (dφ− θφ ∧ φ).

The first line of equations in (1.4) characterizes a special type of G2-
structures that are conformally equivalent to coclosed G2-structures of type
W3 [26, Theorem 2], according to the classification by Fernández and Gray
[20]. Some Riemannian properties of these structures are studied in [26]. The
second line of equations in (1.4) is the G2-instanton condition, and has been
the subject of important recent progress (see e.g. [16, 37, 48, 53] and the
references therein). The last line, the Bianchi identity, is a defining equa-
tion for a Courant algebroid, and leads to a new mathematical approach
to equations from string theories and supergravity theories using methods
from generalized geometry (see e.g. [9, 28, 32, 41], in the context of het-
erotic supergravity). It should be mentioned that equations (1.4) enforce
N = R

3 in the compactification. A different compactification ansatz, with
N anti-de Sitter space-time, leads to a more general class of solutions with
dφ ∧ φ = λφ ∧ ∗φ, for λ ∈ R [12].

Our study of the G2-Strominger system starts with a result concerning
the moduli space of solutions of (1.4). This moduli space has been widely
studied in the physics literature, mainly due to the work of de la Ossa, Lar-
fors, Svanes, and collaborators [11, 13–15, 23]. We hope that our develop-
ment here provides further mathematical underpinnings for these interesting
physical advances. To state our main theorem concerning this moduli space,
we introduce some notation. Let PM be the bundle of oriented frames over
M . The group G, given as an extension of the group of diffeomorphisms iso-
topic to the identity by the group of gauge transformations of PM ×M PK

acts naturally on the set of parameters (φ, f,∇, A) for the system (1.4),
preserving solutions, and thus defining a natural set

M = {(φ, f,∇, A) satisfying(1.4)}/G.
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In Section 3 we use elliptic operator theory to prove that the (expected)
tangent space of M at a solution (φ, f,∇, A) is finite dimensional. More
precisely, we construct a finite-dimensional space of infinitesimal deforma-
tions of a solution (φ, f,∇, A) of (1.4), modulo the action of G.

Theorem 1. Let M be a 7-dimensional compact spin manifold and PK a
principal K-bundle over M . Then the space of infinitesimal deformations of
a solution to the system of equations (1.4) on (M,PK), modulo the infinites-
imal G-action, is finite-dimensional.

This result can be regarded as a first step towards the construction of
a natural structure of smooth manifold on M, and shall be compared with
the alternative approach taken in [13, 14].

To the present day, there is a handful of compact examples where our
Theorem 1 applies. Basic compact solutions to the G2-Strominger system
(1.4) are provided by torsion-free G2-structures. For this, one sets K = G2

and PK the bundle of orthogonal frames of a G2-holonomy metric, and
defines ∇ = A equal to the Levi-Civita connection. The first compact so-
lutions with non-zero torsion (and constant dilaton function f) to the G2-
Strominger system (1.4) have been constructed in [22]. Non-compact solu-
tions to (1.4) have been constructed in [21, 35].

In this paper, following a method initiated by Fu-Yau [27] and used by
the second author [31] for the 6-dimensional Hull-Strominger system, we
provide new compact examples of solutions to (1.4) on torus bundles over
K3 surfaces with associative T 3-fibres. More precisely, let S be a K3 surface
and let β1, β2 and β3 be closed anti-self-dual 2-forms on S with integral
cohomology classes. Each of these forms defines a circle bundle over S, and
we consider M to be the fibre product of these three circle bundles. The
principal bundle PK will be the pull-back of a principal bundle on S. By this
construction, we show that the set of data together satisfy theG2-Strominger
system if and only if a certain scalar function h ∈ C∞(S) satisfies

∆h = t2
(

|β1|2 + |β2|2 + |β3|2
)

+ ∗4⟨Fθ ∧ Fθ⟩

where ⟨Fθ ∧ Fθ⟩ is the quadratic curvature expression coming from the right-
hand side of the Bianchi identity, and that depends on the parameter α.
As described in Section 4, the solutions will also depend on a parameter
t > 0 related to the size of the fibers of the torus fibration. We denote the
intersection form on second cohomology of the K3 surface S by

Q : H2(S,Z)×H2(S,Z) → Z.
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Theorem 2. For any choice of t > 0, α ∈ R
∗ and r ∈ N

∗, such that

(1.5)
2t2

α

3
∑

j=1

Q

([

1

2π
βj

])

∈ Z

and

(1.6) r ≤ 24 +
2t2

α

3
∑

j=1

Q

([

1

2π
βj

])

,

there exists a solution of the system (1.4) on the 7-manifold M constructed
as above.

We refer to Theorem 5 in Section 4 for a more precise description of the
solutions. We note that this scheme of construction was already suggested in
[22, Section 6], but our solutions are genuinely different. To illustrate this,
observe that, for different values of the parameters t, α and r, we obtain
an infinite family of solutions for infinitely many different instanton bundles
(see Remark 4.8). Furthermore, we expect that our construction provides
examples of compact solutions with non-constant dilaton.

Our last result concerning the system of equations (1.4), in Section 5,
is an explicit construction of T -duality for pairs of solutions of the G2-
Strominger system built on the associative T 3-fibrations over K3 surfaces
constructed in Theorem 2. This result is motivated by a recent proposal in
the physics literature to extend the so-called (0, 2)-mirror symmetry (see e.g.
[47], and references therein [31]) to the case of seven dimensional manifolds
[23]. This new form of mirror symmetry is expected to have very different
features to the more familiar mirror symmetry on manifolds of exceptional
holonomy arising from type IIA/IIB string theory [1, 45], mainly due to the
absence of D-branes in the context of the heterotic string.

To state our result, we consider as before a K3 surface with three closed
anti-self-dual 2-forms β1, β2 and β3 such that [βi] ∈ 2πH2(S,Z). Suppose
also that for t > 0, [t2βi] ∈ 2πH2(S,Z). Let M be the T 3-bundle over S
determined by the triple (β1, β2, β3) and let M ′ be the bundle determined
by triple (−t2β1,−t2β2,−t2β3). Let P and P ′ be principal K-bundles over
M and M ′ obtained by pulling back the same principal bundle PS on S.

Then we have (see Theorem 6 in Section 5.2 for a more precise state-
ment):
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Theorem 3. Suppose that the triple (βi), together with the size t satisfy
the constraints (1.5), (1.6), and

[t2βi] ∈ 2πH2(S,Z).

Then, (M,P ) and (M ′, P ′) both admit solutions to the G2-Strominger system
and furthermore, these solutions are exchanged under T -duality.

The proof of Theorem 3 builds on a general result in previous work
by the second named author [31, Theorem 7.6] where it was proved that
the solutions of (1.1) and (1.2) with the instanton ansatz (1.3) for the con-
nection ∇ are exchanged by heterotic T -duality (in arbitrary dimensions).
This notion of T -duality adapted to the equations of the heterotic string
was introduced by Baraglia and Hekmati in [4], building on [6, 8]. To our
knowledge, Theorem 3 provides the first examples of T -dual solutions of the
G2-Strominger system in the literature. Following [23] we speculate that our
T -dual solutions correspond to seven dimensional (0, 2)-mirrors. Dual T 3

fibrations over K3 surfaces have been considered before in the context of
the heterotic string via a complicated chain of string dualities [36]. It would
be interesting to explore the relation between these pairs of heterotic string
backgrounds and our T -dual solutions in Theorem 3.

Acknowledgments. The authors would like to thank Gueo Grantcharov
for suggesting the torus invariant solutions in Theorem 5, Xenia de la Ossa
for helpful conversations, and the anonymous referee for providing many
helpful suggestions to improve a previous version of this paper.. CT is par-
tially supported by ANR project EMARKS No ANR-14-CE25-0010 and by
CNRS grant PEPS jeune chercheur. AC would like to acknowledge the finan-
cial support of the CNRS and CAPES-COFECUB that made possible his
visit to LMBA-UBO. MGF was partially supported by a Marie Sklodowska-
Curie grant (MSCA-IF-2014-EF-655162), from the European Union’s Hori-
zon 2020 research and innovation programme, and by the Spanish MINECO
under ICMAT Severo Ochoa project No. SEV-2015-0554, and under grant
No. MTM2016-81048-P.

2. Background on G2-structures and

the G2-Strominger system

In this section we introduce the necessary material on G2-structures and the
G2-Strominger system. Let M be a 7-dimensional compact spin manifold.
We will denote by Ω•(M), or Ω•, the space of differential •-forms on M .
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2.1. G2-structures and instantons

A G2-structure on M is given by a 3-form φ such that each point of M ,
there exists a basis {εi} of T ∗M such that φ is given by

φ = ε123 − ε1 ∧ (ε45 + ε67)− ε2 ∧ (ε46 + ε75)− ε3 ∧ (ε47 + ε56)

where εij = εi ∧ εj , etc. The exceptional compact simple Lie group G2 is
isomorphic to the stabilizer of the corresponding 3-form on R

7, under the
action of GL(7,R). The form φ algebraically determines a (positive definite)
Riemannian metric gφ on M with respect to which the coframe {εi} is or-
thonormal. We take M to be oriented by the volume form ε1234567. We will
denote by Ω3

+(M) the space of such positive 3-forms φ.
Let φ0 be the standard flat G2-structure on R

7. As representations of
G2, Λ

2
R
7 and Λ3

R
7 decompose into irreducible subspaces. In particular,

Λ2
R
7 = Λ2

7 ⊕ Λ2
14 and Λ3

R
7 = Λ3

1 ⊕ Λ3
7 ⊕ Λ3

27, where k is the dimension of
the component Λi

k. These subspaces can be understood explicitly. The space
Λ2
7 is the set of elements ∗(α ∧ ∗φ0) for α ∈ Λ1 ∼= R

7, with Λ3
7 defined simi-

larly. The space Λ2
14 ⊆ Λ2 corresponds to the Lie sub-algebra g2 ⊆ so(7) and

is the kernel of the map ∗φ0 ∧ · : Λ2 → Λ6, while Λ3
1 is spanned by φ0. The

final space Λ3
27 can be identified with the space of trace-free symmetric bi-

linear forms on R
7, though we will not need this characterisation. Note also

that the sets of 4 and 5-forms decompose according to Λi
k = ∗(Λ7−i

k ). As a
consequence, on any 7-manifold equipped with a G2-structure φ, the bundles
of 2 and 3-forms similarly decompose into direct sums of subbundles. We
denote by Ωi

k the space of i-forms that lie in the subbundle Λi
k.

The different possible algebraic classes of G2-structures on 7-manifolds
have been classified by Fernández and Gray [20], according to the irreducible
G2-representation spaces in which the covariant derivative ∇φφ takes its
values. That is,

∇φφ ∈ W1 ⊕W2 ⊕W3 ⊕W4 ⊆ Λ1 ⊗ Λ3.

For example, the G2-structure is torsion-free if the components in all four
subspaces vanish. The G2-structure is nearly-parallel if only the component
in W1 is non-zero. Moreover, the components in this decomposition can be
determined from the type-decomposition of the exterior derivatives of φ and
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∗φ. That is, there exist τ1 ∈ Ω0, τ2 ∈ Ω2
14, τ3 ∈ Ω3

27 and τ4 ∈ Ω1 such that

dφ = τ1 ∗ φ+ 3τ4 ∧ φ+ ∗τ3,
d ∗ φ = 4τ4 ∧ ∗φ+ ∗τ2,

and such that τk vanishes if and only if the component of∇φφ inWk vanishes.
In this paper, we will be interested in G2-structures defined by 3-forms that
satisfy

dφ ∧ φ = 0, d(∗φ) = −4df ∧ ∗φ

for f a smooth real valued function. That is, τ1 = τ2 = 0 and τ4 = −df .
In particular, the conformally equivalent G2-structure φ′ = e3fφ satisfies
d(∗′φ′) = 0 so our equations are for a G2-structure to be conformally equiv-
alent to one purely of type W3.

In addition to the above two equations, we study G2-structures that also
satisfy a third condition that couples (φ, f) to the curvature of a connection
on an auxiliary principal bundle on M . For any connection A on P , the cur-
vature takes values in the bundle Λ2 ⊗ adP . We say that A is a G2-instanton
if the curvature takes values in the subbundle Λ2

14 ⊗ adP associated to the
Lie subalgebra g2 ⊆ so(7). As noted above, this is equivalent to the condition
FA ∧ ∗φ = 0. We note here that, in contrast to the nearly-parallel case (an-
other case in which φ is coclosed, see [3]), a G2-instanton with respect to a
W3-type G2-structure does not necessarily satisfy the Yang-Mills equations.

We now take this opportunity to explicitly define a set of first order dif-
ferential operators originally studied by Bryant and Harvey [7]. We set Ω1 =
Ω0, Ω7 = Ω1, Ω14 = Ω2

14 and Ω27 = Ω3
27. Then, for each i, j ∈ {1, 7, 14, 27},

we have a first order differential operator dij : Ωi → Ωj , defined by the ex-
terior derivative composed with projection onto the appropriate subspace.
These operators are studied in detail in [7, Section 5.2] and used in Section 3.
To aid the exposition in that section, we define explicitly here those maps
that appear later. For f ∈ Ω1, α ∈ Ω7, β ∈ Ω14 and γ ∈ Ω27, we have

d17f = df,
d71α = d∗α = − ∗ d ∗ α, d77α = ∗(φ ∧ dα), d727α = ∗π27(d ∗ (α ∧ φ)),

d714α = π14(dα), d147 β = − ∗ d ∗ β = d∗β = − ∗ d(φ ∧ β), d1427β = π27(dβ),
d277 γ = ∗(φ ∧ ∗dγ), d2714γ = −π14(∗d ∗ γ).

These formulae are simplified by the fact that the projection π14 : Λ
2 →

Λ2
14 is given by π14 = 2/3Id− 1/3 ∗ (φ ∧ ·). The projection π27 can also be

calculated.
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2.2. The G2-Strominger system

Let P be a principal G-bundle over M for a given Lie group G. We assume
that there is a non-degenerate bi-invariant pairing on the Lie algebra g of
G:

⟨ , ⟩ : g⊗ g → R.

We are interested in the G2-Strominger system:

dφ ∧ φ = 0, d ∗ φ = −4df ∧ ∗φ,
−d(∗(dφ+ 4df ∧ φ)) = ⟨Fθ ∧ Fθ⟩,

Fθ ∧ ∗φ = 0,

(2.1)

where the 3-form φ ∈ Ω3
+(M) defines a G2 structure, f ∈ C∞(M), θ is a

connection in P , and Fθ denotes the curvature of θ. Note that the Hodge
dual ∗ is taken with respect to the metric given by the G2-structure, inducing
some non-linearity in the system.

By the first line in (2.1), −4df is the Lee form of φ (see e.g. [7, Proposi-
tion 1]). We will thus sometimes refer to a solution of (2.1) by a pair (φ, θ).
Moreover the form H defined by

(2.2) H = − ∗ (dφ+ 4df ∧ φ)

is the torsion 3-form of the G2 structure. Then, the Bianchi identity, last
equation in (1.4), imposes the vanishing of the first Pontryagin class of
(P, ⟨ , ⟩):

p1(P ) = 0.

In the case of interest in Section 4, we will consider the system (2.1) on
E → M , where E is an associated vector bundle

E := P ×ρ E0

for a representation ρ : G → GL(E0).

Remark 2.1. In physics literature, the principal bundle P is taken to be
the fibre product PM ×M PK of the principal spin bundle of PM of (M, g)
by a principal K-bundle PK over M , with a compact group K. The pairing
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⟨ , ⟩ is taken to be of the form

(2.3) ⟨ , ⟩ = α

4
(trk − trso),

for a positive constant α, and where −trk denotes the Killing form on k while
−trso denotes the Killing form on so(7,R). In this situation, the topological
constraint for the Bianchi identity is

p1(PM ) = p1(PK).

An additional condition is that θ is a product connection θ = ∇×A, with
∇ a spin connection on (M, g). With these conditions, we recover the sys-
tem (1.4).

3. Infinitesimal moduli of the G2-Strominger system

In this section we consider the question of moduli and deformation of solu-
tions of the G2-Strominger system. For equations of this type, the ultimate
desired result would be to show that solutions, modulo some obvious equiv-
alence, appear in smooth families whose dimension can be calculated by the
index of a certain elliptic differential operator. This is the case in classical
4-dimensional Yang-Mills theory, after choosing a generic Riemannian met-
ric, and in G2-geometry on compact manifolds (see for example [24, 44]).
While such a theorem currently appears out of reach for the G2-Strominger
system, we can study the infinitesimal problem.

The moduli space of solutions of the G2-Strominger system is the quo-
tient space M = E−1(0)/G, where E is the non-linear operator defining the
system and G is the symmetry group of the system. The infinitesimal model
for this space, at a point x = (φ, f, θ) ∈ E−1(0), is the quotient vector space

H1
x = ker dEx/ImPx

where Px is the operator giving the infinitesimal symmetries through x. In
the absence of showing that M has the structure of a smooth manifold, we
show that H1

x is finite dimensional.

3.1. G2-structures conformally of type W3 and

with closed torsion

Let M be a 7-dimensional compact spin manifold. In this section we study
G2-structures that are conformally of pure typeW3 and for which the torsion
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3-form H is closed. That is, we consider the G2-Strominger system in the
case that the structure group of the auxiliary bundle is trivial G = {1}:

dφ ∧ φ = 0,

d ∗ φ+ 4df ∧ ∗φ = 0,(3.1)

dH = −d(∗(dφ+ 4df ∧ φ)) = 0.

This is a simplified version of the full G2-Strominger system, however we will
be able to derive conclusions about infinitesimal deformations of the general
system from information about this set of equations. Our first conclusion is
that solutions to this system are torsion-free.

Proposition 3.1. A pair (φ, f) is a solution of (3.1) on a compact 7-
manifold M if and only if f is constant and φ is torsion-free, that is, dφ = 0
and d∗φ = 0.

This fact is well-known in the physics literature (see e.g. [33]). We give
a short proof based on two methods for calculating the scalar curvature
of a solution of the system (3.1), one coming from the relation between
Killing spinors in 7 dimensions and conformally coclosed G2-structures, and
the other specifically considering the equations of motion in heterotic string
theory implied by (3.1) (see [43]).

Proof. We combine two equations that have appeared in the literature re-
lating the solution (φ, f) to the induced Riemannian structure. Let g = gφ
be the metric determined by φ. From [43, Thm. 1.1] we have, for θ = −4df ,

Ricgij =
1

4
HimnH

mn
j + 4∇i∇jf,

hence, Sg =
1

4
∥H∥2 − 4∆f

where ∆ = δd is the Laplacian with positive spectrum. A complementary
expression is given in [26, Eq. 1.5], without the assumption that dH = 0,

Sg = 16|df |2 − 1

12
∥H∥2 − 12∆f.

These can be combined to give

16|df |2 − 1

3
∥H∥2 − 16∆f = 0,

−16e−f∆(ef )− 1

3
∥H∥2 = 0,



✐

✐

“3-Clarke” — 2023/6/30 — 18:30 — page 1681 — #13
✐

✐

✐

✐

✐

✐

G2-Strominger system, T -duals and infinitesimal moduli 1681

which gives
∫

ef∥H∥2 dvolg = 0 and hence H = − ∗ (dφ+ 4df ∧ φ) = 0. Us-
ing now the first equation above, by integration on M we have df = 0 as
desired.

□

We summarize in the next lemma various useful identities relating the op-
erators and projections defined in Section 2.1.

Lemma 3.2. Let φ be a torsion-free G2-structure and let J be the endo-
morphism

(3.2)
J : Ω3 → Ω3

ξ 7→ 4
3π1(ξ) + π7(ξ)− π27(ξ).

Then for any β7 = ∗(α ∧ ∗φ) ∈ Ω2
7 and β14 ∈ Ω2

14 we have

1) d ∗ Jdβ7 = 0,

2) π7(d ∗ Jdβ14) = 0,

3) π14(d ∗ Jdβ14) = ∆β14 − π14(dd
∗β14).

Proof. A direct calculation gives

d ∗ Jdβ7 =
(−4

7
d17d

7
1α− 1

3
(d77)

2α+
1

3
d277 d727α

)

∧ ∗φ

+ ∗
(

1

2
d714d

7
7α+ d2714d

7
27α

)

which vanishes by [7, Prop. 3]. The other relations are similar. In particular,
from [7] we have π14(d ∗ Jdβ14) = ∆β14 − d714d

14
7 β14 from which we obtain

(3). □

As a consequence of this lemma we can conclude that for any G2-structure
φ defining ∗ and J , and for v ∈ T ∗M and β7 ∈ Λ2

7 we must have v ∧ (∗J(v ∧
β7)) = 0, with similar vanishing relations for the symbols of the other differ-
ential operators considered in Lemma 3.2. We note here that the operator
J is given as the linear term of the map φ 7→ ∗φ in Joyce [44, Eq. 10.9]. The
proof of this fact appears in [40, Lemma 20].

Next, we consider the deformation problem for solutions of (3.1), and
characterize the space of infinitesimal deformations of this system. By Propo-
sition 3.1, we recover with different methods an infinitesimal version of the
theorem of Joyce on the moduli of torsion-free G2-structures [40, 44].
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We take as parameter space for the deformation problem the space
PM = Ω3

+ × C∞(M), with T(φ,f0)PM = Ω3(M)× C∞(M), and suppose that
(φ, f0) is a solution to (3.1). Let RM = Ω7 × Ω5 × Ω4. The group Diff0(M)
of diffeomorphisms isotopic to the identity acts by pull-back on PM . The
linearization of this action, at (φ, f0), is the map

PM = PM,(φ,f0) : Γ(TM) → Ω3 × C∞(M),

V 7→ (LV φ,LV f0) = (diV φ, 0).

We consider the linearization of the non-linear operator defining the left-
hand side of Equations (3.1). This gives LM : T(φ,f0)PM → RM defined by

LM : (φ̇, ḟ) 7→











dφ̇ ∧ φ,

d ∗ Jφ̇+ 4dḟ ∧ ∗φ,
−d(∗(dφ̇+ 4dḟ ∧ φ)).

(3.3)

Proposition 3.3. Let φ be a torsion-free G2-structure and f0 a real con-
stant. Then,

(3.4)
kerLM

ImPM
≃ H3(M,R)× R

where H3(M,R) is the space of harmonic 3-forms on (M, gφ).

Proof. Supposing that LM (φ̇, ḟ) = 0, Equation (3.3) gives that

d∗d(φ̇+ 4ḟφ) = 0,

d∗(Jφ̇+ 4ḟφ) = 0.(3.5)

In particular, φ̇+ 4ḟφ is closed so by the Hodge theorem, φ̇+ 4ḟφ = h+ dβ,
for h harmonic and β = β7 + β14 ∈ Ω2. We claim that the component
dβ14 must vanish. Equation (3.5) then implies that d ∗ Jdβ7 + d ∗ Jdβ14 −
4/3dḟ ∧ ∗φ = 0. However, by Lemma 3.2, d ∗ Jdβ7 = 0 and π7(d ∗ Jdβ14) =
0, hence π14(d ∗ Jdβ14)− 4

3dḟ ∧ ∗φ = 0. By a consideration of type, this im-

plies that π14(d ∗ Jdβ14) = 0 and dḟ = 0, so ḟ is constant. We observe at
this point that this implies that dφ̇ = 0, and so φ̇ automatically satisfies the
first equation dφ̇ ∧ φ = 0. Next, by Lemma 3.2

(3.6) 0 = ∆β14 − π14(dd
∗β14) = ∆β14 −

2

3
dd∗β14 −

1

3
d∗ ∗ (φ ∧ d∗β14).
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Comparing exact and co-exact terms in this expression gives that d∗β14 = 0
which, from the same equation, gives that dβ14 = 0. Therefore,

φ̇+ 4ḟφ = h+ dβ7 = h+ dιV φ, V ∈ Γ(TM).

Thus, we can define a map

(3.7)
kerLM → H3 × R

(φ̇, ḟ) 7→ (h− 4ḟφ, ḟ).

This map is well defined, surjective, and has kernel the image of PM , thus
proving (3.4). □

3.2. Infinitesimal deformations of the G2-Strominger system

Consider now a Lie group G with non-degenerate bi-invariant pairing c on its
Lie algebra. We let P be a principal G-bundle over M . The G2-Strominger
system is given by the system of equations

E(x) = 0,(3.8)

where E : Ω3
+ × C∞(M)×AP −→ Ω7 × Ω5 × Ω4 × Ω6(adP ),

is given by E(φ, f, θ) =























dφ ∧ φ,

d ∗ φ+ 4df ∧ ∗φ,
−d ∗ (dφ+ 4df ∧ φ)− ⟨Fθ ∧ Fθ⟩,
Fθ ∧ ∗φ.

Here AP is the space of connections on the principal G-bundle P overM . We
let P = Ω3

+(M)× C∞(M)×AP and R = Ω7 × Ω5 × Ω4 × Ω6(adP ). Let G
be the group of diffeomorphisms of P that project to define diffeomorphisms
of M isotopic to the identity, and that commute with the right action of
G on P . That is, G is an extension of Diff0(M) by the group of gauge
transformations GP of P , and we have the sequence

1 → GP −→ G −→ Diff0(M) −→ 1.

The group G acts from the right on P by pull-back of forms on M and pull-
back of connection forms on P . This action preserves the set of solutions
of (3.8).

We suppose that x = (φ, f, θ) ∈ P satisfies Equation (3.8). The infinites-
imal action P = Px of G at x, and the linearization L = Lx of E at x are
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given by

P : Ω0(TM)× Ω0(adP ) −→ Ω3 × C∞(M)× Ω1(adP ),

(V, r) 7−→ (LV φ,LV f, d
θr + ιV Fθ),(3.9)

L : Ω3 × C∞(M)× Ω1(adP ) −→ Ω7 × Ω5 × Ω4 × Ω6(adP ),

(φ̇, ḟ , θ̇) 7−→































L1 = dφ̇ ∧ φ+ dφ ∧ φ̇,

L2 = d ∗ Jφ̇+ 4dḟ ∧ ∗φ+ 4df ∧ ∗Jφ̇,
L3 = −d(∗(dφ̇+ 4dḟ ∧ φ))− d(∗̇(dφ+ 4df ∧ φ))

−d(∗(4df ∧ φ̇))− 2d⟨θ̇, Fθ⟩,
L4 = dθθ̇ ∧ ∗φ+ Fθ ∧ ∗Jφ̇,

(3.10)

where for l = 3, 4, J : Ωl → Ωl is defined by formula (3.2). These operators
fit into the deformation complex

Lie(G) P−→ TxP L−→ R.(3.11)

The main result of this section is the ellipticity of the operator L∗L+PP∗,
which implies:

Theorem 4. The space kerL/ImP of infinitesimal deformations of the
G2-Strominger system at x is finite dimensional.

To prove this result we use the theory of multi-degree elliptic linear
differential operators, as defined by Douglis and Nirenberg [18]. In particular,
to detect ellipticity it is sufficient to consider only the highest order operators
in each of the terms L1, . . . ,L4. Thus, the symbols of L and P are the same
as the symbols of Lh and Ph defined by

Ph : Ω0(T )× Ω0(adP ) −→ Ω3 × C∞(M)× Ω1(adP ),

(V, r) 7−→ (dιV φ, 0, d
θr),(3.12)

Lh : Ω3 × C∞(M)× Ω1(adP ) −→ Ω7 × Ω5 × Ω4 × Ω6(adP ),

(φ̇, ḟ , θ̇) 7→























dφ̇ ∧ φ,

d ∗ Jφ̇+ 4dḟ ∧ ∗φ,
−d(∗(dφ̇+ 4dḟ ∧ φ)),

dθθ̇ ∧ ∗φ.

(3.13)
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With this simplification, the first thing to note is that the fourth equation in
Lh is now completely decoupled from the first three. That is, the deformation
complex associated to the operators Ph and Lh decomposes into the two

Lie(Diff0)
PM−→ T(φ,f)PM

LM−→ RM ,(3.14)

Lie(GP )
PP−→ TθAP

LP−→ RP .(3.15)

Here, as should be clear, PM = Ω3
+(M)× C∞(M), RM = Ω7 × Ω5 × Ω4 and

RP = Ω6(adP ). Ellipticity of the operator L∗

hLh +PhP
∗

h, and thus of L∗L+
PP∗, will then follow from the ellipticity of the operators L∗

MLM +PMP∗

M

and L∗

PLP +PPP
∗

P . We consider these cases separately.

Proposition 3.4. Let (φ, f) ∈ PM . Then, the complex (3.14) is elliptic at
T(φ,f)PM .

Denoting by σA,v the principal symbol of a differential operator A at
v ∈ T ∗

pM , this is to say that kerσLM ,v = Im σPM ,v, for any v ∈ T ∗
pM . This

in turn implies that the operator L∗

MLM +PMP∗

M is elliptic in the sense of
Douglis and Nirenberg.

Proof. Let v ∈ T ∗
pM be a non-zero cotangent vector on M and suppose

that σLM ,v(φ̇, ḟ) = (0, 0, 0). We wish to show that ḟ = 0 and φ̇ = v ∧ ιV φ for
some V ∈ TpM . From the equation v ∧ ∗(v ∧ (φ̇+ 4ḟφ)) = 0 we deduce that
v ∧ (φ̇+ 4ḟφ) = 0 and φ̇+ 4ḟφ = v ∧ (β7 + β14) for some β = β7 + β14 ∈
Λ2. We aim to show that v ∧ β14 = 0 and ḟ = 0. The above, together with
the equation v ∧ (∗Jφ̇+ 4ḟφ) = 0, gives

(3.16) v ∧ ∗J(v ∧ β7) + v ∧ ∗J(v ∧ β14) =
4

3
ḟv ∧ ∗φ.

From the discussion after Lemma 3.2, we have v ∧ ∗J(v ∧ β7) = 0 and π7(v ∧
∗J(v ∧ β14)) = 0. Thus, (3.16) becomes

π14(v ∧ ∗(J(v ∧ β14))) =
4

3
ḟv ∧ ∗φ.

The two sides must then vanish for reasons of type and hence ḟ = 0 and v ∧
∗J(v ∧ β14) = 0. As a consequence of the same lemma, π14(v ∧ ∗J(v ∧ β14))
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is given by

0 = π14(v ∧ ∗J(v ∧ β14))

= v ∧ (ιv#β14) + ιv#(v ∧ β14)− π14(v ∧ ∗(v ∧ β14 ∧ φ)),

= v ∧ (ιv#β14) + ιv#(v ∧ β14)−
2

3
v ∧ (ιv#β14)−

1

3
ιv# ∗ (φ ∧ ιv#β14).

This holds on R
7, as a consequence of Equation (3.6), and hence for any G2-

structure. Thus, comparing terms of the form v ∧A and of the form ιv#B,
we conclude that ιv#β14 = 0, which then implies that ιv#(v ∧ β14) = 0 and
hence v ∧ β14 = 0 as desired. □

The second complex (3.15) corresponds to a system parametrizing G2-
instantons on P , modulo gauge transformation, for an arbitrary G2-
structure. This fits into the elliptic complex

0−→Ω0(ad(P ))
dθ

−→
Ω1(ad(P ))

⊕
Ω0(ad(P ))

∗φ∧dθ

−→
∗dθ

Ω6(ad(P )) −→ 0.

In particular, ellipticity of the complex (3.15) at the term TθAP is proven
in [52, Prop. 1.22]. The deformation theory of G2-instantons on compact
manifolds, for torsion-free G2-structures, is discussed in detail in [52] and
[58].

As a consequence of the above calculations, we obtain

Proposition 3.5. The operator L∗L+PP∗ is elliptic.

The cohomology group kerL/ImP is isomorphic to the kernel of the
elliptic operator in Proposition 3.5 and is hence finite dimensional. This
concludes the proof of Theorem 4.

Remark 3.6. The authors are unaware of index theorems for mixed-degree
operators of this type, however this would be the natural avenue to explore
to calculate the dimension of this vector space.

Remark 3.7. Similarly as in [32], (3.11) can be modified to build a com-
plex for infinitesimal deformations of the G2-Strominger system with fixed
string class (see Definition 5.1) using generalized geometry. This other com-
plex is for differential operators on degree 1, and also has finite-dimensional
cohomology. We expect that this alternative approach should play an im-
portant role in future studies of the G2-Strominger system in relation to
mirror symmetry (see Section 5).
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4. New solutions to the G2-Strominger system

The first solutions to the Hull-Strominger system on non-Kähler complex
three-folds were constructed by Fu and Yau in the fundamental paper [27].
These solutions require that the connection ∇ that appears in the anomaly
cancellation term is the Chern connection of the solution metric.. With the
different hypothesis that ∇ is an instanton with respect to the solution met-
ric, the second named author produced new solutions to the Hull-Strominger
system on the same 6-dimensional manifolds [31]. In this section, we show
that this method can be carried over to the 7-dimensional case, producing
a new family of solutions to the system (2.1). This was already suggested in
[22, Section 6], where the ansatz for the G2-structure was considered, but
without the extra data of the instantons.

There are very few constructions of solutions to the system (2.1). The
first examples of compact solutions to this system were constructed in [22]
on nil-manifolds. These solutions arise in finite dimensional families.

4.1. An ansatz on T
3-fibrations over hyperkähler 4-folds

Let (S, g) be a compact 4-dimensional hyperkähler manifold, with hy-
perkähler triple of 2-forms ω1, ω2, ω3, each of pointwise length

√
2. These

forms are each self-dual with respect to g, and in fact span the set of closed
self-dual 2-forms on S. We consider closed anti-self-dual 2-forms β1, β2, β3
such that 1

2πβi represent integral cohomology classes. Note that in partic-
ular βi ∧ ωj = 0 for all i, j, and the forms βi arise as curvature forms for
connections on S1-bundles over S. We denote by M the fibre product of the
three circle bundles. The manifold M is a compact 7-manifold, that fibres
as a principal T 3-bundle over S.

Let π : M → S be the projection map, and let σ = (σ1, σ2, σ3) be
a T 3-connection form on M , with values in R

3, that satisfies dσ =
(π∗β1, π

∗β2, π
∗β3). Let u ∈ C∞(M,R) be a smooth real-valued function on

M , and let t > 0 be constant. We consider the 3-form φ on M :

(4.1) φ = φu,t = t3σ1 ∧ σ2 ∧ σ3 − teu (σ1 ∧ ω1 + σ2 ∧ ω2 + σ3 ∧ ω3) .

For any function u and any t > 0, φ defines a G2-structure on M .. The
induced metric gφ and volume form dvolφ are given by

gφ = t2
3

∑

i=1

σ2
i + euπ∗gS ,(4.2)

dvolφ = t3e2uσ123 ∧ π∗dvolS ,(4.3)
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where gS and dvolS are respectively the hyperkähler metric and volume form
on S associated to the triple {ωi}. Here and in the following, for brevity, we
use the convention that σij = σi ∧ σj , etc. We claim that for suitable choices
of f and (E, θ), there exists a smooth function u and positive value t such
that the system (2.1) is satisfied on M .

Proposition 4.1. The 3 form φ satisfies dφ ∧ φ = 0.

Proof. We have

dφ = t3 (β1 ∧ σ23 + β2 ∧ σ31 + β3 ∧ σ12)− teudu ∧
∑

i

σi ∧ ωi.

Therefore, dφ ∧ φ = 0 since we have σijkl = 0, ωi ∧ βj = 0 and du ∧ ω2
i =

0. □

Lemma 4.2. The Hodge dual 4-form ∗φ is given by

∗φ = e2u
ω2
1

2
− t2eu (σ23 ∧ ω1 + σ31 ∧ ω2 + σ12 ∧ ω3) .(4.4)

From this we deduce:

Proposition 4.3. The differential of ∗φ is given by

d(∗φ) = −t2eudu ∧ (σ23 ∧ ω1 + σ31 ∧ ω2 + σ12 ∧ ω3) .

Thus, the second part of (2.1) is satisfied with f = −1
4u:

d(∗φ) = du ∧ ∗φ.

We now study the terms that appear in the Bianchi identity.

Lemma 4.4. The torsion form of the G2-structure φ is given by

(4.5) H = t2 (β1 ∧ σ1 + β2 ∧ σ2 + β3 ∧ σ3)−
1

2
eui∇4uω

2
1,

where ∇4u is the gradient of u on S.
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Proof. Recall that H = − ∗ (dφ− du ∧ φ). We compute

dφ− du ∧ φ = t3 (β1 ∧ σ23 + β2 ∧ σ31 + β3 ∧ σ12)− t3du ∧ σ123.

Then we have

∗
(

t3(β1 ∧ σ23 + β2 ∧ σ31 + β3 ∧ σ12)
)

= −t2 (β1 ∧ σ1 + β2 ∧ σ2 + β3 ∧ σ3) ,

∗
(

du ∧ t3σ123
)

= (−1)3i∇u

(

∗t3σ123
)

,

= −1

2
e2ui∇7uω

2
1,

=
−1

2
eui∇4uω

2
1.

Here ∇7u is the gradient of π∗u on M , while ∇4u is the gradient of u
on S. Note that ∇7u is horizontal, and related to the gradient on S by
π∗(∇7π∗u) = e−u∇4u. The result follows. □

Lemma 4.5. The following identities hold,

dH = t2(β2
1 + β2

2 + β2
3)−

1

2
eudu ∧ (i∇4uω

2
1)−

1

2
eud

(

i∇4uω
2
1

)

,(4.6)

∗4dH = ∆(eu)− t2
(

|β1|2 + |β2|2 + |β3|2
)

,(4.7)

where δd = ∆ is the Laplace-Beltrami operator (with positive spectrum).

Note that all of the forms on the right of (4.6) are 4-forms on S, pulled back
to M .

Proof. The result follows from the identities

t2 d

(

β1 ∧ σ1 + β2 ∧ σ2 + β3 ∧ σ3

)

= t2(β2
1 + β2

2 + β2
3)

= − ∗4 t2
(

|β1|2 + |β2|2 + |β3|2
)

,

d

(−1

2
eui∇4uω

2
1

)

=
−1

2
eudu ∧ (i∇4uω

2
1)−

1

2
eud

(

i∇4uω
2
1

)

= ∗4∆(eu).

□

We now introduce the instanton data. Changing tack slightly, we con-
sider A to be a connection on a vector bundle instead of principal bundle.
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Let (S, h) be a hyperkähler manifold, with hyperkähler triple {ωi}. Following
Verbitsky [57], a Hermitian connection A on the Hermitian vector bundle E
is hyperholomorphic if the curvature FA is of type (1, 1) with respect to the
three complex structures Ji associated to the Kähler forms ωi. From [57],
we have:

Proposition 4.6. On the hyperkähler surface (S, ω1, ω2, ω3) (ie. for a K3
surface or an abelian surface), the following are equivalent for a complex
vector bundle ES → S:

i) ES admits a hyperholomorphic connection.

ii) For some i = 1, 2, 3, ES is a polystable bundle of degree zero on (S, ωi).

iii) For all i = 1, 2, 3, ES is polystable of degree zero on (S, ωi).

If these conditions are satisfied, the connection is Hermitian-Yang-Mills,
with respect to each complex structure on S, and satisfies

(4.8) FA ∧ ωi = 0, i = 1, 2, 3.

We now return to the example at hand. Let θS be a hyperholomorphic
connection on ES → S. Consider the bundle E = π∗ES on M and pulled-
back connection θ = π∗θS on E. The curvature satisfies Fθ = π∗FθS and is
hence a φu,t-instanton, for any u ∈ C∞(M) and t > 0. We now return to the
Bianchi identity. Under the above assumptions, the Bianchi identity becomes
an equation on S, equivalent to

∆h− t2
(

|β1|2 + |β2|2 + |β3|2
)

= ∗4⟨Fθ ∧ Fθ⟩,(4.9)

where we set h = eu ∈ C∞(S). This scalar equation admits a solution if and
only if the integrals over S of the left and right hand sides are equal. This
provides a topological obstruction that constrains the choice of E, in relation
to the topology of the torus bundle M → S.

4.2. Families of examples over K3 surfaces

Following [31], we will now give more explicit descriptions of hyperholomor-
phic bundles E such that Equation (4.9), and thus (2.1), admits a solution.
We assume from now that S is a K3 surface. For more physical relevance,
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we will consider a bundle ES of the form

ES = TS1,0 ⊕ V,

for V a hyperholomorphic vector bundle of (complex) rank r on S with

c1(V ) = c1(TS
1,0) = c1(S) = 0.

We fix the pairing

(4.10) ⟨ , ⟩ = α

4
(trglr − trgl2)

for some real constant α ∈ R
∗ and where trglj stands for an invariant Her-

mitian product on glj that extends the Killing form on slj. The connections
of interest will be product connections θS = ∇×A, and we will denote the
induced quadratic curvature expression by

⟨FθS ∧ FθS⟩ =
α

4
(trFA ∧ FA − trF∇ ∧ F∇).

On cohomology, since c1(S) = c1(V ) = 0, this gives ⟨Fθ ∧ Fθ⟩ =
2π2α(c2(V )− c2(TS

1,0)). We also denote the intersection form on second
cohomology by

Q : H2(S,Z)×H2(S,Z) → Z,

so that

Q([(2π)−1βj ]) := Q([(2π)−1βj ], [(2π)
−1βj ]) = − 1

4π2

∫

S
|βj |2 dvolS.

Combining these formulas, Equation (4.9) admits a solution if and only if

t2
∑

j

Q([(2π)−1βj ]) =
α

2
(c2(V )− c2(S)).

Recall from Proposition 4.6 that if a complex vector bundle on S has zero
first Chern class and is stable with respect to a fixed Kähler structure ω
on S, then it is hyperholomorphic. The tangent bundle TS1,0 is stable and
satisfies c1(TS

1,0) = 0 and c2(S) = c2(TS
1,0) = 24 (see [5]). To obtain the

required vector bundle ES , it is thus enough to find a stable vector bundle
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V on S such that c1(V ) = 0, and

(4.11) c2(V ) = c2(S) +
2t2

α

3
∑

j=1

Q

([

1

2π
βj

])

.

Criteria for the existence of stable vector bundles satisfying this condition
are given in an application of the results of Perego and Toma [49] by the
second author [31, Lemma 2.3]. This gives the following result.

Proposition 4.7. Let α ∈ R
∗ and r ∈ N

∗ such that

(4.12)
2t2

α

3
∑

j=1

Q

([

1

2π
βj

])

∈ Z

and

(4.13) r ≤ 24 +
2t2

α

3
∑

j=1

Q

([

1

2π
βj

])

.

Then there exists a stable rank r bundle V on (S, ω) with c1(V ) = 0 and
c2(V ) satisfying (4.11).

Remark 4.8. The intersection form on a K3 is even, so Q([ βj

2π ]) ∈ −2N.
Thus, if α < 0 is chosen so that (4.12) holds, we obtain solutions on bundles
of any rank satisfying (4.13), while, by taking t2 ∈ α

4N sufficiently large we
obtain solutions of any rank. There is a restricted range of ranks of holo-
morphic vector bundles that give rise to solutions with α > 0. In particular,
solutions exist for infinitely many different choices of βi and, for different
values of α > 0, infinitely many different ranks and values of c2(V ).

From this result, we obtain examples of complex vector bundles ES

on K3 surfaces with product hyperholomorphic connections such that the
scalar equation (4.9) admits a solution. These connections pull back to G2-
instantons θ on E = π∗ES , and the system (2.1) admits solutions of the form
(φt,u,−1

4u, θ) on M . Thus, we have proven:

Theorem 5. Let S be a K3-surface, and let β1, β2 and β3 be closed anti-
self-dual 2-forms such that [ 1

2πβj ] ∈ H2(S,Z). Let π : M → S be the associ-
ated T 3-bundle. Let α, t satisfying (4.12) and r ∈ N

∗ satisfying (4.13). Let
V be a stable vector bundle of rank r on S with c1(V ) = 0 and c2(V ) as in
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(4.11). Then, there exists a smooth function u on S and a product hyper-
holomorphic connection θS on TS1,0 × V such that (φu,t, π

∗θS) solves the
G2-Strominger system (2.1), with φu,t defined by (4.1) and pairing c as in
(4.10).

The exact sequence 0 → R
3 → TM → π∗TS → 0, together with the con-

nection form σ ∈ Ω1(M,R3) define a decomposition

TM ≃ R
3 ⊕ π∗TS.

Since R3 admits a flat connection ∇T , we can consider the product instanton
∇T × θ on TM × π∗V . As ∇T is flat, the pair (φt,u,∇T × θ) still solves the
system (2.1). These solutions are more relevant to physics as the instantons
are product connections with one component on the tangent bundle of M .

We can consider further the connection ∇ on TM . This is given as a
product connection ∇T ×∇S on TM ≃ R

3 ⊕ π∗TS where ∇T is the trivial
flat connection on R

3 and ∇S is the Levi-Civita connection for a hyperkähler
metric on S. In particular∇ is compatible with the product metric g on TM .
Let gu,t be the metric onM induced by the G2-structure φu,t. There exists an
automorphism h of the tangent bundle TM such that gu,t = h∗g = g(h·, h·).
Then, the gauge transformed connection ∇h = h−1 ◦ ∇ ◦ h is compatible
with the metric gu,t, and since

F∇h = h−1 ◦ F∇ ◦ h,
tr(F∇h ∧ F∇h) = tr(h−1 ◦ F∇ ∧ F∇ ◦ h) = tr(F∇ ∧ F∇),

the configuration with ∇h in place of ∇ still satisfies the G2-Strominger
system, with metric connection on TM .

Remark 4.9. As the connection A used to provide the hyperholomorphic
connection θS satisfies the Hermite-Einstein equation with respect to a her-
mitian metric on V , we could have considered the G2-Strominger system
with principal bundle PK , the pull back of the bundle of unitary frames on
V , instead of V , as in the introduction.

Remark 4.10. In the case S = T 4, our result in Theorem 5 shall be com-
pared with the solutions built on nilmanifolds in [22]. Observe that the
ansatz here is genuinely different as, for instance, the connections ∇ and A
in [22] depend non-trivially on the torus fibres, while in our case are given
by pull-back from the base. We should stress that, unlike in [22], for different
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values of the parameters t, α and r, in Theorem 5 we obtain an infinite family
of solutions for infinitely many different instanton bundles (see Remark 4.8).

Remark 4.11. In principle, using an implicit function theorem, one should
be able to show that the solutions built in Theorem 5 vary in continuous
families. More precisely, if (Ss, Vs) is a smooth family of deformations of
K3 surfaces Ss with stable holomorphic vector bundles Vs, together with
ASD forms βi,s as in Theorem 5, and if α, t satisfy (4.12), then we expect
that the associated fonctions us and connections θSs

can be taken to vary
differentiably with s. These families of deformations would be constrained
by the conditions of preserving the line bundles associated to the forms
βi,0. Their dimensions would be bounded by the sum of the dimensions of
the spaces H0,1(S, TS1,0) and H0,1(S,End(V )). These assertions are at this
point only heuristic, but they motivate the question of deformations and
moduli of solutions to the system as studied in Section 3.

4.3. Coassociative submanifolds of M

In this section we study distinguished submanifolds for the G2-geometry
constructed in Theorem 5, following Harvey and Lawson [38]. Let (M,φ) be
7-manifold equipped with G2-structure. An oriented 3-dimensional subman-
ifold X ⊆ M is said to be associative if φ restricts to X as the Riemannian
volume form of the induced metric on X. An oriented 4-dimensional sub-
manifold Y ⊆ M is coassociative if ∗φ restricts to be the volume form on
Y . If dφ = 0, resp. d ∗ φ = 0, then any closed associative submanifold, resp.
coassociative submanifold, is volume minimizing among all cycles in its ho-
mology class. In particular, they give minimal submanifolds determined by
purely first-order differential conditions.

As above, let (S, h, ωi) be a K3 surface endowed with hyperkähler metric
and hyperkähler triple. We suppose that β1, β2 and β3 are closed anti-self-
dual 2-forms with [βi] ∈ 2πH2(S,Z), and that πi : Pi → S are the S1-bundles
over S with c1(Pi) = [(1/2π)βi]. The 7-manifold M is the fibre product of
the three Pi. An elementary observation from formula (4.1) is that M → S
is an associative fibration, that is, it is fibred by associative submanifolds
for any of the G2-structures φu,t.

To find other interesting submanifolds, let L ⊆ S be a complex curve
in S, holomorphic with respect to the complex structure J1 associated to
the Kähler form ω1, such that β1|L ≡ 0. Then, π−1

1 (L) ⊆ P1 is a smooth
submanifold and the horizontal distribution given by the 1-form σ1 is
Frobenius-integrable. That is, through each s ∈ π−1

1 (L) there is a maximal
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integral submanifold Ls that projects by π1 as a local homeomorphism onto
L. Furthermore, σ1|Ls

≡ 0. Let Xs ⊆ M be the fibre product of Ls, P2|L and
P3|L over L. Then we have the result analogous to that of Goldstein and
Prokushkin [34] in the 6-dimensional case.

Proposition 4.12. Let L ⊆ S be a smooth 2-dimensional submanifold
that is holomorphic with respect to J1. Suppose that β1|L ≡ 0. Then, for
s ∈ π−1

1 (L), the immersed submanifold Xs ⊆ M is coassociative with respect
to the G2-structure φu,t, for any u ∈ C∞(S), t > 0.

In particular, Xs is homologically volume minimizing when M is en-
dowed with the coclosed G2-structure φ′ = e−3u/4φu,t. The proof of this re-
sult is immediate from the results of [38]. The coassociative condition is
equivalent to φ|Xs

= 0, which follows since ω2|L = ω3|L = 0 and σ1|Xs
= 0.

More can be said if L ⊆ S is a smooth rational curve, diffeomorphic to
S2. In this case, the maximal integral submanifold Ls projects diffeomor-
phically onto L, and Xs is a closed submanifold diffeomorphic to an smooth
elliptic surface over P1.

5. T -dual solutions

In this section, we show that examples of solutions of (2.1) built in Theo-
rem 5, for different βj ’s and t’s, are T -dual. We first recall the definitions
relevant to T -duality, and then construct explicit pairs of T -dual solutions.

5.1. Background on T -duality

There are two different points of view on T -duality that will be used in
the next section: a topological one back to the work of Bouwknegt, Evslin,
and Mathai [6], and a more refined geometric point of view given as an
isomorphism of Courant algebroids originally observed by Cavalcanti and
Gualtieri [8]. The specific form of topological T -duality that we will need was
introduced by Baraglia and Hekmati in [4], and involves principal bundles
(see Definition 5.3). The geometric version of this T -duality will be used in
the proof of Theorem 6.

Let G be a compact semisimple Lie group endowed with a symmetric
non-degenerate invariant bilinear form ⟨ , ⟩ ∈ S2(g∗) on its Lie algebra g. Let
ω be the g-valued Maurer-Cartan one-form on G and σ3 the corresponding
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biinvariant Cartan three-form:

σ3 = −1

6
⟨ω, [ω, ω]⟩.

LetM be a smooth manifold and p : P → M be a smooth principalG-bundle
over M . Recall from [51, Proposition 2.16]:

Definition 5.1. The space H3
str(P,R) of string classes on P is the torsor

over H3(M,R) of classes τ ∈ H3(P,R) which restrict to [σ3] ∈ H3(G,R) on
the fibres of P , where, for [H] ∈ H3(M,R) and τ ∈ H3

str(P,R) the action is
given by τ → τ + p∗[H].

Note that string classes are G-invariant classes on P . Indeed, for a given
connection θ on P , string classes admit representatives of the form

(5.1) Ĥ = p∗H + CS(θ),

where CS(θ) denotes the Chern-Simons three-form

CS(θ) = −1

6
⟨θ, [θ, θ]⟩+ ⟨Fθ ∧ θ⟩ ∈ Ω3(P ).

Remark 5.2. By construction, the Chern-Simons 3-form satisfies

(5.2) dCS(θ) = ⟨Fθ ∧ Fθ⟩.

Thus, for a given string class represented by Ĥ = p∗H + CS(θ) as in (5.1),
the quantity dH + ⟨Fθ ∧ Fθ⟩ vanishes onM . In the other direction, assuming
M to be 7-dimensional, to any solution (φ, θ) of the G2-Strominger system
(2.1) on M , one can assign a string class

τφ,θ := [−p∗H + CS(θ)] ∈ H3
str(P,R),

with H the torsion form of φ, as in equation (4.5)..

Assume now, as in Section 4, thatM is itself the total space of a principal
torus bundle over a base manifold S, with fibre a k-dimensional torus T k,
and P is the pull-back of a principal G-bundle Ps over S. Then, P has a
natural structure of T k ×G-principal bundle, and we will consider T k ×G-
invariant string classes on P . Then we can define T -duality, following [4].
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Definition 5.3. Let (M,P, τ) and (M ′, P ′, τ ′) be triples where (M,P ) and
(M ′, P ′) are G-bundles pulled-back from a G-bundle Ps → S, and where
τ (resp. τ ′) is a T k ×G-invariant string class on P (resp. on P ′). Then
(M,P, τ) is T -dual to (M ′, P ′, τ ′) if there exists a commutative diagram

(5.3) P ×Ps
P ′

q
zz ��

q′
$$

P

p

��

// Ps

��

P ′oo

p′

��

M π
// S M ′

π′

oo

and representatives Ĥ and Ĥ ′ of the form (5.1) of the string classes τ and
τ ′, respectively, such that

(5.4) dF = q∗Ĥ − q′∗Ĥ ′,

for F ∈ Ω2(P ×Ps
P ′) a T k × T k′

-invariant two-form on P ×Ps
P ′ inducing

a non-degenerate pairing

F : Ker dq ⊗Ker dq′ → R.

The relevance of T -duality in our construction comes from the fact that
any solution built in Theorem 5 provides a triple (M,P, τ) as in Defini-
tion 5.3. Furthermore, by [30], if (M ′, P ′, τ ′) is T -dual to (M,P, τ), it also
admits a solution to the G2-Strominger system (2.1). Indeed, as explained in
[32], a solution to the system (2.1) is equivalent to a solution of the Killing
spinor equations on a specific Courant algebroid associated to (M,P ) (the
results from [32] are stated for the Hull-Strominger system in dimension
6, but it is not difficult to see that they extend to the higher dimensional
analogues, using [32, Lemma 5.1] and [26, Theorem 1.2]). In this language,
T -duality becomes an isomorphism of Courant algebroids [8], and solutions
to the Killing spinors equation are transported through this isomorphism
[30]. In the next section we provide explicit examples of this duality.

5.2. Examples of T -dual solutions

Let S be aK3-surface with hyperkähler triple (ω1, ω2, ω3) as in Section 4. Let
β = (β1, β2, β3) be a triple of closed anti-selfdual 2-forms such that [ 1

2πβj ] ∈
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H2(S,Z). Let α, t satisfying (4.12) and r ∈ N
∗ satisfying (4.13). Let V be a

smooth hermitian vector bundle of rank r on S with c1(V ) = 0 and c2(V )
as in (4.11), and fix a hermitian metric on TS0,1. Let G = U(2)× U(r) and
let Ps be the G-principal bundle of split hermitian frames on TS0,1 ⊕ V . Fix
the bilinear pairing on g, the Lie algebra of G, to be the restriction of the
pairing considered in (4.10):

⟨ , ⟩ = α

4
(tru(r) − tru(2)).

We assume from now that t satisfies the additional constraints, for j ∈
{1, 2, 3},

(5.5)

[

t2

2π
βj

]

∈ H2(S,Z).

Set now

t′ = t−1

and

β′ = −t2β.

We can consider the T 3-bundles associated to β:

πβ : M → S,

and to β′:

πβ′ : M ′ → S.

Set P = π∗

βPs and P ′ = π∗

β′Ps pulled back G-bundles on M and M ′ respec-
tively. Denoting q (resp. q′) the projection map from P ×Ps

P ′ to P (resp.
to P ′), we are in the situation of diagram (5.3).

Then, replacing (t, β) by (t′, β′), the integrality condition (4.12) is pre-
served while the quantity on the right hand side of (4.11) is fixed. Thus, for
both sets of data (α, t, β) and (α, t′, β′) we are in the situation of Theorem 5,
and we can find solutions (φu,t, π

∗

βθs) and (φu′,t′ , π
∗

β′θs) of the G2-Strominger
system onM andM ′ respectively. Note that u and u′ actually solve the same
equation (4.9) so we will assume u = u′. Let τ (resp. τ ′) be the string class
of (φu,t, π

∗

βθs) (resp. of (φu,t′ , π
∗

β′θs)) as in Remark 5.2. Then these two sets
of solutions are actually T -dual.

Theorem 6. Under the above asumptions, (M,P, τ) is T -dual to
(M ′, P ′, τ ′). Moreover, the solutions (φu,t, π

∗

βθs) and (φu,t′ , π
∗

β′θs) of the G2-
Strominger system (2.1) on M and M ′ are exchanged under this T -duality.
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Proof. Denote as in Section 4 by σ (resp. σ′) the R3-valued connection 1-form
of P (resp. of P ′). Then, using Lemma 4.4, we can compute a representative
Ĥ (resp. Ĥ ′) for τ (resp. for τ ′) as in (5.1):

Ĥ = H + CS(θs), Ĥ ′ = H ′ + CS(θs)

where

H = −t2
3

∑

j=1

βj ∧ σj − ι∇eu
ω2
1

2
, H ′ =

3
∑

j=1

βj ∧ σ′

j − ι∇eu
ω2
1

2

and we omitted the pullbacks to ease notations. Then, as the diagram (5.3)
commutes, we obtain

q∗Ĥ − q′∗Ĥ ′ = −t2
3

∑

j=1

βj ∧ σj −
3

∑

j=1

βj ∧ σ′

j ,

and thus

q∗Ĥ − q′∗Ĥ ′ = −d

3
∑

j=1

σj ∧ σ′

j .

As
∑3

j=1 σj ∧ σ′
j is non-degenerate on Kerdq ⊗Kerdq′, we obtain that

(M,P, τ) and (M ′, P ′, τ ′) are T -dual.
Arguing now as in the proof of [31, Theorem 3.5], it is not difficult to

see that the triples (gφu,t
, H, π∗

βθs) and (gφu,t′
, H ′, π∗

β′θs)–where the metrics
are defined as in (4.2)–are T -dual in the sense that they are exchanged by
the isomorphism of Courant algebroids in [4, Proposition 2.11]. This follows
regarding these triples as defining generalized metrics V+ ⊂ E and V ′

+ ⊂ E′,
with rank 7, on the transitive Courant algebroids E and E′ determined by
the solutions [28, Proposition 3.4] and applying [4, Proposition 4.13] (see
[30, Definition 6.2] for a precise definition of T -dual metrics in the present
context). To finish, note that the T -duality isomorphism between the gener-
alized metrics exchanges the forms φu,t and φu,t′ , regarded as elements in the
exterior algebras of V+ and V ′

+, respectively. This implies that (φu,t, π
∗

βθs)
is T -dual to (φu,t′ , π

∗

β′θs). □

Remark 5.4. In the construction of Section 4, the parameter t appears as
a free parameter constraining α. Thus it is easy to find pairs t and β that
satisfies the additional integrality condition (5.5) required in T -duality.
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