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1. Introduction

In the mathematical physics literature, wall-crossing formulas (WCFs for
short) express the dependence of physically admissible ground states (“BPS
states”) in a class of theories on certain crucial parameters (“central charge”).
For instance the WCF in coupled 2d-4d systems introduced by Gaiotto,

1705
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Moore and Neitzke in [8] governs wall-crossing of BPS states in N = 2 super-
symmetric 4d gauge theory coupled with a surface defect. This generalizes
both the formulas of Cecotti–Vafa [1] in the pure 2d case and those of
Kontsevich–Soibelman in the pure 4d case [7, 12].

From a mathematical viewpoint, in the pure 2d case the WCFs look like
braiding identities for matrices representing certain monodromy data (Stokes
matrices, see e.g. [6]). On the other hand Kontsevich–Soibelman [12] start
from the datum of the (“charge”) lattice Γ, endowed with an antisymmetric
(“Dirac”) pairing ⟨·, ·⟩D : Γ× Γ→ Z, and define a Lie algebra closely related
to the Poisson algebra of functions on the algebraic torus (C∗)rk Γ. Then
their WCFs are expressed in terms of formal Poisson automorphisms of this
algebraic torus.

In the coupled 2d-4d case studied in [8] the setting becomes rather more
complicated. In particular the lattice Γ is upgraded to a pointed groupoid
G, whose objects are indices {i, j, k · · · } and whose morphisms include the
charge lattice Γ as well as arrows parametrised by ⨿ijΓij , where Γij is
a Γ-torsor. Then the relevant wall-crossing formulas involve two types of
formal automorphisms of the groupoid algebra C[G]: type S, corresponding
to Cecotti–Vafa monodromy matrices, and type K, which generalize the
formal torus automorphisms of Kontsevich–Soibelman. The main new feature
is the nontrivial interaction of automorphisms of type S and K.

These 2d-4d formulas have been first studied with a categorical approach
by Kerr and Soibelman in [10]. In this paper we take a very different point
of view. We show how a large class of 2d-4d formulas can be constructed
geometrically by using the deformation theory of holomorphic pairs, given
by a complex manifold X̌ together with a holomorphic bundle E.

Our construction is a variant of the remarkable recent results of Chan,
Conan Leung and Ma [2]. That work shows how consistent scattering dia-
grams, in the sense of Kontsevich–Soibelman and Gross–Siebert (see e.g. [9])
can be constructed via the asymptotic analysis of deformations of a complex
manifold X̌ ..= TM/Λ, given by a torus fibration over a smooth tropical
affine manifold M . The complex structure depends on a parameter ℏ, and
the asymptotic analysis is performed in the semiclassical limit ℏ→ 0. The
gauge group acting on the set of solutions of the Maurer-Cartan equation
(which governs deformations of X̌) contains the tropical vertex group V of
Kontsevich–Soibelman and Gross–Siebert. Elements of the tropical vertex
group are formal automorphisms of an algebraic torus and are analogous to
the type K automorphisms described above, and consistent scattering dia-
grams with values the tropical vertex group reproduce wall-crossing formulas
in the pure 4d case.
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In the present paper we introduce an extension Ṽ of the tropical vertex
group whose definition is modelled on the deformation theory of holomorphic
pairs (X̌, E). In our applications, X̌ is defined as above and E is a holo-
morphically trivial vector bundle on X̌. In order to simplify the exposition
we always assume X̌ has complex dimension 2, but we believe that this
restriction can be removed along the lines of [2]. Our first two main results
give the required generalization of the construction of Chan, Conan Leung
and Ma.

Theorem 1.1 (Theorem 4.16). Let D be an initial scattering diagram,
with values in the extended tropical vertex group Ṽ, consisting of two non-
parallel walls. Then there exists an associated solution Φ of the Maurer-Cartan
equation, which governs deformations of the holomorphic pair (X̌, E), such
that the asymptotic behaviour of Φ as ℏ→ 0 defines uniquely a scattering
diagram D∞ (see Definition 4.20), with values in Ṽ.

Theorem 1.2 (Theorem 4.21). The scattering diagram D∞ is consistent.

We briefly highlight the main steps of the construction, which follows
closely that of [2], adapting it to pairs (X̌, E).

Step 1We first introduce a symplectic dgLa as the Fourier-type transform
of the Kodaira-Spencer dgLa KS(X̌, E) which governs deformation of the
pair (X̌, E). Although the two dgLas are isomorphic, we find that working
on the symplectic side makes the results more transparent. In particular
we define the Lie algebra h̃ as a subalgebra, modulo terms which vanish
as ℏ→ 0, of the Lie algebra of infinitesimal gauge transformations on the
symplectic side. The extension of the tropical vertex group is then defined
as Ṽ ..= exp(h̃).

Step 2.a Starting from the data of a wall in a scattering diagram, namely
from the automorphism θ attached to a line P , we construct a solution Π
supported along the wall, i.e. such that there exists a unique normalised
infinitesimal gauge transformation φ which takes the trivial solution to Π
and has asymptotic behaviour with leading order term given by log(θ) (see
Proposition 3.17). The gauge-fixing condition φ is given by choosing a suitable
homotopy operator H.

Step 2.b Let D = {w1,w2} be an initial scattering diagram with two
non-parallel walls. By Step 2.a., there are Maurer-Cartan solutions Π1, Π2,
which are respectively supported along the walls w1, w2. Using Kuranishi’s
method we construct a solution Φ taking as input Π1 +Π2, of the form
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Φ = Π1 +Π2 + Ξ, where Ξ is a correction term. In particular Ξ is computed
using a different homotopy operator H.

Step 2.c By using labeled ribbon trees we write Φ as a sum of contri-
butions Φa over a ∈

(

Z2
≥0

)

prim
, each of which turns out to be independently

a Maurer-Cartan equation (Lemma 4.15). Moreover we show that each Φa

is supported on a ray of rational slope, meaning that for every a, there is
a unique normalised infinitesimal gauge transformation φa whose asymp-
totic behaviour is an element of our Lie algebra h̃ (Theorem 4.16). The
transformations φa allow us to define the saturated scattering diagram D∞
(Definition 4.20) from the solution Φ.

Note that in fact the results of [2] have already been extended to a
large class of dgLas (see [5]). For our purposes however we need a more ad
hoc study of a specific differential-geometric realization of KS(X̌, E): for
example, there is a background Hermitian metric on E which needs to be
chosen carefully.

We can now discuss the application to 2d-4d wall-crossing. As we men-
tioned WCFs for coupled 2d-4d systems involve automorphisms of type S
and K. In Section 5 we consider their infinitesimal generators (i.e. elements
of the Lie algebra of derivations of Aut(C[G][[t]])), and we introduce the
Lie ring LΓ which they generate as a C[Γ]-module. On the other hand we
construct a Lie ring L̃ generated as C[Γ]-module by certain special elements
of the extended tropical vertex Lie algebra for holomorphic pairs, h̃. Our
main result compares these two Lie rings.

Theorem 1.3 (Theorem 5.6). Let
(

LΓ, [·, ·]Der(C[G])

)

and
(

L̃, [·, ·]
h̃

)

be

the C[Γ]-modules discussed above (see Section 5). Under an assumption on
the BPS spectrum, there exists a homomorphism of C[Γ]-modules and of Lie
rings Υ: LΓ → L̃.

This result shows that a saturated scattering diagram with values in
(the formal group of) L̃ is the same as a 2d-4d wall-crossing formula. Thus,
applying our main construction with suitable input data, we can recover a
large class of WCFs for coupled 2d-4d systems from the deformation theory
of holomorphic pairs (X̌, E). At the end of Section 5 we show how this works
explicitly in two examples.
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1.1. Plan of the paper

The paper is organized as follows: in Section 2 we provide some background
on deformations of holomorphic pairs in terms of differential graded Lie
algebras, and on scattering diagrams, according to the definition given by
Gross–Pandharipande–Siebert [9]. In Section 3, we construct a deformation
Π, supported on a wall w of a scattering diagram. In Section 4, given an
initial scattering diagram D = {w1,w2} with two non-parallel walls, we first
construct a solution Φ from the input of the solutions Π1 and Π2 supported
respectively on w1 and w2. Then from the asymptotic analysis of Φ we
compute the consistent scattering diagram D∞. Finally in Section 5 we recall
the setting of wall-crossing formulas in coupled 2d-4d systems and prove
our correspondence result, Theorem 5.6, between 2d-4d wall-crossing and
deformations of holomorphic pairs.

1.2. Acknowledgements

I would like to thank my advisor Jacopo Stoppa for proposing this problem
and for continuous support, helpful discussions, suggestions and corrections.

2. Background

2.1. Setting

Let M be an affine tropical two dimensional manifold. Let Λ be a lattice
subbundle of TM locally generated by ∂

∂x1 ,
∂

∂x2 , for a choice of affine co-
ordinates x = (x1, x2) on a contractible open subset U ⊂M . We denote
by Λ∗ = HomZ(Λ,Z) the dual lattice and by ⟨·, ·⟩ : Λ× Λ∗ → C the natural
pairing.

Define X̌ ..= TM/Λ to be the total space of the torus fibration p̌ : X̌ →M
and similarly define X ..= T ∗M/Λ∗. Then, let {y̌1, y̌2} be the coordinates
on the fibres of X̌(U) with respect to the basis ∂

∂x1 ,
∂

∂x2 , and define a one-

parameter family of complex structures on X̌: Jℏ =

(

0 ℏI
−ℏ−1I 0

)

, with

respect to the basis { ∂
∂x1

, ∂
∂x2

, ∂
∂y̌1
, ∂
∂y̌2
}, parametrized by ℏ ∈ R>0. Notice

that a set of holomorphic coordinates with respect to Jℏ is defined by zj ..=
y̌j + iℏxj , j = 1, 2; in particular we will denote by wj

..= e2πizj . On the other
hand X is endowed with a natural symplectic structure ωℏ

..= ℏ−1dyj ∧ dxj ,
where {yj} are coordinates on the fibres of X(U).
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In the next section we are going to consider the limit as ℏ→ 0, which
corresponds to the large volume limit of the dual torus fibration (X,ωℏ).
This is motived by mirror symmetry which predicts that quantum corrections
to the complex side should arise in the large volume limit.

2.2. Deformations of holomorphic pairs

Let E be a rank r holomorphic vector bundle on X̌ with fixed hermitian
metric hE . We are going to set up the deformation problem of the pair
(X̌, E), with the approach of differential graded Lie algebras (dgLa) following
[4] and [13].

Definition 2.1. The Kodaira-Spencer dgLa which governs deformations of
a holomorphic pair (X̌, E) is defined as follows

(2.1) KS(X̌, E) ..= (Ω0,•(X̌,EndE ⊕ T 1,0X), ∂̄ =

(

∂̄E B
0 ∂̄X̌

)

, [·, ·]),

where B : Ω0,q(X̌, T 1,0X̌)→ Ω0,q(X̌,EndE) acts on φ ∈ Ω0,q(X̌, T 1,0X̌) as

Bφ ..= φ⌟FE

where FE is the Chern curvature of E (defined with respect to the hermitan
metric hE and the complex structure ∂̄E). The symbol ⌟ is the contraction
of forms with vector fields; in particular since FE is of type (1, 1) and φ
is valued in T 1,0X̌, φ⌟FE is the contraction of the type (1, 0) of FE with
respect to the T 1,0 part of φ and the wedge product of the (0, q) form of φ
with the type (0, 1) of FE . The Lie bracket is

(2.2) [(A,φ), (N,ψ)] ..= (φ⌟∇EN − (−1)pqψ⌟∇EA+ [A,N ]EndE , [φ, ψ])

where ∇E is the Chern connection of (E, ∂̄E , hE), (A,φ) ∈ Ω0,p(X̌,EndE ⊕
T 1,0X̌), i.e. (A,φ) = (ÃK , φ̃K)dz̄K with ÃK ∈ EndE, φ̃K ∈ T 1,0X̌ and the
multi-index |K| = p, and (N,ψ) ∈ Ω0,q(X̌,EndE ⊕ T 1,0X̌).

The definition does not depend on the choice of a hermitian metric
on E but only on the cohomology class of FE : if h

′
E is another metric

such that its Chern curvature F ′
E ∈ [FE ], then the corresponding dgLas are

quasi-isomorphic (see appendix of [4]).
An infinitesimal deformation of (X̌, E) is a pair (A,φ) ∈ Ω0,1(X̌,EndE ⊕

T 1,0X̌)⊗CC[[t]] such that it is a solution of the so called Maurer-Cartan
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equation:

(2.3) ∂̄(A,φ) +
1

2

[

(A,φ), (A,φ)
]

= 0.

In addition, there exists an infinitesimal gauge group action on the set of
solutions of (2.3), defined by h ∈ Ω0(X̌,EndE ⊕ T 1,0X̌)[[t]] which acts on
f ∈ Ω0,1(X̌,EndE ⊕ T 1,0X̌)[[t]] as

(2.4) eh ∗ f ..= f −
∞
∑

k=0

ad
k
h

(k + 1)!
(∂̄h− [f, h]),

where adh(·) = [h, ·]. In order to fix the notation, let us recall the definition of
the Kodaira-Spencer dgLa KS(X̌) which governs infinitesimal deformations
of the complex manifold X̌:

(2.5) KS(X̌) ..=
(

Ω0,•(X̌, T 1,0X̌), ∂̄X̌ , [·, ·]
)

where ∂̄X̌ is the Dolbeault operator of the complex manifold X̌ associated to
Jℏ and [·, ·] is the standard Lie bracket on vector fields and the wedge on the
form part.

2.3. Scattering diagrams

Let e1 and e2 be a basis for Λ, then the group ring C[Λ] is the ring of Laurent
polynomial in the variable zm, where ze1 = x and ze2 = y. Let mt be the
maximal ideal of ring of formal power series C[[t]] and define the Lie algebra g

(2.6) g ..= mt

(

C[Λ]⊗CC[[t]]
)

⊗Z Λ∗

where every n ∈ Λ∗ is associated to a derivation ∂n such that ∂n(z
m) =

⟨m,n⟩zm and the natural Lie bracket on g is

(2.7) [zm∂n, z
m′

∂n′ ] ..= zm+m′

∂⟨m′,n⟩n′−⟨m,n′⟩n.

In particular there is a Lie sub-algebra h ⊂ g:

(2.8) h ..=
⊕

m∈Λ∖{0}
zm ·

(

mt ⊗m⊥),

wherem⊥ ∈ Λ∗ is identified with the derivation ∂n and n the unique primitive
vector such that ⟨m,n⟩ = 0 and it is positive oriented according with the
orientation induced by ΛR

..= Λ⊗ R.
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Definition 2.2 ([9]). The tropical vertex group V is the sub-group of
AutC[[t]]

(

C[Λ]⊗CC[[t]]
)

, such that V ..= exp(h). The product on V is defined
by the Baker-Campbell-Hausdorff (BCH) formula, namely

(2.9) g ◦ g′ = exp(h) ◦ exp(h′) ..= exp(h • h′) = exp(h+ h′ +
1

2
[h, h′] + · · · )

where g = exp(h), g′ = exp(h′) ∈ V.

The tropical vertex group was introduced by Gross, Pandharipande
and Siebert in [9] and in the simplest case its elements are formal one pa-
rameter families of symplectomorphisms of the algebraic torus C∗ × C∗ =
Spec C[x, x−1, y, y−1] with respect to the holomorphic symplectic form
dx
x ∧

dy
y .

Definition 2.3 (Scattering diagram). A scattering diagram D is a
collection of walls wi = (mi, Pi, θi), where

• mi ∈ Λ,

• Pi can be either a line through m0, i.e. Pi = m0 −miR or a ray (half
line) Pi = m0 −miR≥0,

• θi ∈ V is such that log(θi) =
∑

j,k ajkt
jzkmi∂ni

.

Moreover for any k > 0 there are finitely many θi such that θi ̸≡ 1 mod tk.

As an example, the scattering diagram

D = {w1 =
(

m1 = (1, 0), P1 = m1R, θ1
)

,w2 =
(

m2 = (0, 1), P2 = m2R, θ2
)

}

can be represented as if figure 1.
Denote by Sing(D) the singular set of D:

Sing(D) ..=
⋃

w∈D
∂Pw ∪

⋃

w1,w2

Pw1
∩ Pw2

where ∂Pw = m0 if Pw is a ray and zero otherwise. There is a notion of order
product for the automorphisms associated to each lines of a given scattering
diagram, and it defined as follows:

Definition 2.4 (Path order product). Let γ : [0, 1]→ Λ⊗R R \ Sing(D)
be a smooth immersion with starting point that does not lie on a ray of the
scattering diagram D and such that it intersects transversally the rays of D
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00

θ1

θ2

Figure 1: A scattering diagram with only two walls D = {w1,w2}

(as in figure 2). For each power k > 0, there are times 0 < τ1 ≤ · · · ≤ τs < 1
and rays Pi ∈ D such that γ(τj) ∩ Pj ̸= 0. Then, define Θk

γ,D
..=
∏s

j=1 θj . The
path order product is given by:

(2.10) Θγ,D
..= lim

k→∞
Θk

γ,D

0
θ1

θ2

θ
−1

1

θ
−1

2

θm

γ

Figure 2: Θγ,D∞
= θ1 ◦ θm ◦ θ2 ◦ θ−1

1 ◦ θ−1
2

Definition 2.5 (Consistent scattering diagram). A scattering diagram
D is consistent if for any closed path γ intersecting D generically, Θγ,D = IdV.

The following theorem by Kontsevich and Soibelman is an existence (ad
uniqueness) result of complete scattering diagram:
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Theorem 2.6 ([11]). Let D be a scattering diagram with two non parallel
walls. There exists a unique minimal scattering diagram D∞ ⊇ D such that
D∞ \D consists only of rays, and it is consistent.

The diagram is minimal meaning that we do not consider rays with trivial
automorphisms.

2.3.1. Extension of the tropical vertex group. In [2] the authors
prove that some elements of the gauge group acting on Ω0,1(X̌, T 1,0X̌) can
be represented as elements of the tropical vertex group V. Here we are going
to define an extension of the Lie algebra h, which will be related with the
infinitesimal generators of the gauge group acting on Ω0,1(X̌,EndE ⊕ T 1,0X̌).
Let gl(r,C) be the Lie algebra of the Lie group GL(r,C), then we define

(2.11) h̃ ..=
⊕

m∈Λ∖{0}
zm ·

(

mtgl(r,C)⊕
(

mt ⊗m⊥
))

.

Lemma 2.7.
(

h̃, [·, ·]∼
)

is a Lie algebra, where the bracket [·, ·]∼ is defined

by:

[(A, ∂n)z
m, (A′, ∂n′)zm

′

]∼ .

.= ([A,A′]glz
m+m′

+A′⟨m′, n⟩zm+m′

(2.12)

−A⟨m,n′⟩zm+m′

, [zm∂n, z
m′

∂n′ ]h).

The definition of the Lie bracket [·, ·]∼ is closely related with the Lie
bracket of KS(X̌, E) and we will explain it below, in (2.5.1). A proof of this
lemma can be found in the appendix (see A.1).

2.4. Fourier transform

In order to construct scattering diagrams from deformations of holomorphic
pairs, it is more convenient to work with a suitable Fourier transform F of the
dgLa KS(X̌, E). Following [3] we start with the definition of F (KS(X̌, E)).
Let L be the space of fibre-wise homotopy classes of loops with respect to
the fibration p : X →M and the zero section s : M → X,

L =
⊔

x∈M
π1(p

−1(x), s(x)).

Define a map ev : L → X, which maps a homotopy class [γ] ∈ L to γ(0) ∈ X
and define pr : L →M the projection, such that the following diagram
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commutes:

L X

M

← →ev

←

→pr
←→

p

In particular pr is a local diffeomorphism and on a contractible open sub-
set U ⊂M it induces an isomorphism Ω•(U, TM) ∼= Ω•(Um, TL), where
Um

..= {m} × U ∈ pr−1(U), m ∈ Λ. In addition, there is a one-to-one corre-
spondence between Ω0(U, T 1,0X̌) and Ω0(U, TM),

∂

∂zj
←→ ℏ

4π

∂

∂xj

which leads us to the following definition:

Definition 2.8. The Fourier transform is a map F : Ω0,k(X̌, T 1,0X̌)→
Ωk(L, TL), such that

(2.13)
(

F (φ)
)

m
(x) ..=

(

4π

ℏ

)|I|−1 ∫

p̌−1(x)
φI
j (x, y̌)e

−2πi(m,y̌)dy̌ dxI ⊗
∂

∂xj
,

where m ∈ Λ represents an affine loop in the fibre p−1(x) with tangent vector
∑2

j=1mj
∂
∂yj

and φ is locally given by φ = φI
j (x, y̌)dz̄I ⊗ ∂

∂zj
, |I| = k.

The inverse Fourier transform is then defined by the following formula,
providing the coefficients have enough regularity:

(2.14) F
−1
(

α
)

(x, y̌) =

(

4π

ℏ

)−|I|+1
∑

m∈Λ
αI
j,me

2πi(m,y̌)dz̄I ⊗
∂

∂zj

where αI
j,m(x)dxI ⊗ ∂

∂xj ∈ Ωk(Um, TL) is the m-th Fourier coefficient of

α ∈ Ωk(L, TL) and |I| = k.
The Fourier transform can be extended to KS(X̌, E) as a map

F : Ω0,k(X̌,EndE ⊕ T 1,0X̌)→ Ωk(L,EndE ⊕ TL)
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F

((

AIdz̄I , φ
I
jdz̄I ⊗

∂

∂zj

))

m

..=

(

4π

ℏ

)|I|
(

∫

p̌−1(x)
AI(x, y̌)e−2πi(m,y̌)dy̌dxI ,

(

4π

ℏ

)−1 ∫

p̌−1(x)
φI
j (x, y̌)e

−2πi(m,y̌)dy̌dxI ⊗
∂

∂xj

)

(2.15)

where the first integral is meant on each matrix element of AI .

2.5. Symplectic dgLa

In order to define a dgLa isomorphic to KS(X̌, E), we introduce the so called
Witten differential dW and the Lie bracket {·, ·}∼, acting on Ω•(L,EndE ⊕
TL). It is enough for us to consider the case in which E is holomorphically
trivial E = OX̌ ⊕ OX̌ ⊕ · · · ⊕ OX̌ and the hermitian metric hE is diagonal,
hE = diag(e−ϕ1 , · · · , e−ϕr) and ϕj ∈ Ω0(X̌), j = 1, · · · , r. The differential dW
is defined as follows:

dW : Ωk(L,EndE ⊕ TL)→ Ωk+1(L,EndE ⊕ TL)

dW ..=

(

dW,E B̂
0 dW,L

)

.

In particular, dW,E is defined as:

(

dW,E

(

AJdxJ
))

n

..= F (∂̄E(F
−1(AJdxJ))n

= F

(

∂̄E

(

(

4π

ℏ

)−|J |
∑

m∈Λ
e2πi(m,y̌)AJ

mdz̄J

))

n

=

(

4π

ℏ

)−|J |
F

(

∑

m

e2πi(m,y̌)

(

2πimkA
J
m + iℏ

∂AJ
m

∂xk

)

dz̄k ∧ dz̄J
)

n

=
4π

ℏ

∫

p̌−1(x)

(

∑

m

e2πi(m,y̌)

(

2πimkA
J
m

+ iℏ
∂AJ

m

∂xk

)

e−2πi(n,y̌)

)

dy̌dxk ∧ dxJ

=
4π

ℏ

(

2πinkA
J
n + iℏ

∂AJ
n

∂xk

)

dxk ∧ dxJ .

(2.16)



✐

✐

“4-Fantini” — 2023/6/30 — 18:32 — page 1717 — #13
✐

✐

✐

✐

✐

✐

Deformations of holomorphic pairs and 2d-4d wall-crossing 1717

The operator B̂ is then defined by

(

B̂(ψI
j dxI ⊗

∂

∂xj
)

)

n

..= F (F−1(ψI
j dxI ⊗

∂

∂xj
)⌟FE)

=

(

4π

ℏ

)1−|I|
F

(

∑

m

ψI
m,je

2πi(m,y̌)dz̄I ⊗
∂

∂zj
⌟Fpq(ϕ)dzp ∧ dz̄q)

)

=

(

4π

ℏ

)1−|I|(4π

ℏ

)1+|I|

·
∫

p̌−1(x)

∑

m

ψI
m,je

2πi(m−n,y̌)Fjq(ϕ)dy̌dxI ∧ dxq

(2.17)

where Fpq(ϕ) is the curvature matrix. Then the dW,L is defined by:

(2.18)

(

dW,L(ψ
I
j dxI ⊗

∂

∂xj
)

)

n

..= e−2πℏ−1(n,x)d

(

ψI
j dxI ⊗

∂

∂xj
e2πℏ

−1(n,x)

)

,

where d is the differential on the base M . Notice that by definition dW =
F (∂̄)F−1. Analogously we define the Lie bracket {·, ·}∼ ..= F ([·, ·]∼)F−1.
If we compute it explicitly in local coordinates we find:

{·, ·}∼ : Ωp(L,EndE ⊕ TL)× Ωq(L,EndE ⊕ TL)
→ Ωp+q(L,EndE ⊕ TL)

{(A,φ), (N,ψ)}∼ =
(

{A,N}+ ad(φ,N)− (−1)pqad(ψ,A), {φ, ψ}
)

.

In particular locally on Um we consider

(A,φ) =
(

AI
mdxI , φ

I
j,mdxI ⊗

∂

∂xj

)

∈ Ωp(Um,EndE ⊕ TL)

and on Um′ we consider

(N,ψ) = (NJ
m′dxJ , ψ

J
J,m′dxJ ⊗

∂

∂x m
) ∈ Ωq(Um′ ,EndE ⊕ TL)

then

(2.19) {A,N}n ..=
∑

m+m’=n

[AI
m, N

J
m’

]dxI ∧ dxJ

where the sum over m+m’ = n makes sense under the assumption of enough
regularity of the coefficients. The operator ad : Ωp(L, TL)× Ωq(L,EndE)→
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Ωp+q(L,EndE) is explicitly

(ad (φ,N))
n

..=
4π

ℏ

(

∫

p̌−1(x)

(

∑

m+m′=n

φj
I,m

(∂NJ
m′

∂zj
+2πim′

j+Aj(ϕ)N
J
m′

)

· e2πi(m+m
′−n,y̌)

)

dy̌
)

dxI ∧ dxJ

where Aj(ϕ)dzj is the connection∇E one-form matrix. Finally the Lie bracket
{ψ, ϕ}∼ is

{φ, ψ}n ..=

(

∑

m′+m=n

e−2πℏ−1(n,x)
(

φI
j,me

2π(m,x)∇ ∂

∂xj

(

e2π(m
′,x)ψJ

k,m′

∂

∂xk

)

− (−1)pqψJ
k,m′e2πℏ

−1(m′,x)∇ ∂

∂xk

(

e2πℏ
−1(m,x)φI

j,m

∂

∂xj

)

)

)

dxI ∧ dxJ

(2.20)

where ∇ is the flat connection on M .

Definition 2.9. The symplectic dgLa is defined as follows:

G ..= (Ω•(L,EndE ⊕ TL), dW , {·, ·}∼)

and it is isomorphic to KS(X̌, E) via F .

As we mention above, the gauge group on the symplectic side
Ω0(L,EndE ⊕ TL) is related with the extended Lie algebra h̃. However
to figure it out, some more work has to be done, as we prove in the following
subsection.

2.5.1. Relation with the Lie algebra h̃. Let AffZM be the sheaf of
affine linear transformations over M defined for any open affine subset
U ⊂M by fm(x) = (m,x) + b ∈ AffZM (U) where x ∈ U , m ∈ Λ and b ∈ R.
Since there is an embedding of AffZM (U) into OX̌(p̌−1(U)) which maps
fm(x) = (m,x) + b ∈ AffZM (U) to e2πi(m,z)+2πib ∈ OX̌(p̌−1(U)), we define
Oaff the image sub-sheaf of AffZM in OX̌ . Then consider the embedding of
the dual lattice Λ∗ →֒ T 1,0X̌ which maps

n→ nj
∂

∂zj
=: ∂̌n.

It follows that the Fourier transform F maps
(

Ne2πi((m,z)+b), e2πi((m,z)+b)∂̌n

)

∈ Oaff

(

p̌−1(U), gl(r,C)⊕ T 1,0X̌
)
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to
(

Ne2πibwm,
ℏ

4π
e2πibwmnj

∂

∂xj

)

∈ wm · C (Um, gl(r,C)⊕ TL)

where wm ..= F (e2πi(m,z)), i.e. on Uk

wm =

{

e2πℏ
−1(m,x) if k = m

0 if k ̸= m

and we define

∂n ..=
ℏ

4π
nj

∂

∂xj
.

Let G be the sheaf over M defined as follows: for any open subset U ⊂M

G(U) ..=
⊕

m∈Λ\0
wm · C(U, gl(r,C)⊕ TM).

In particular h̃ is a subspace of G(U) once we identify zm with wm and m⊥

with ∂m⊥ . In order to show how the Lie bracket on h̃ is defined, we need
to make another assumption on the metric: assume that the metric hE is
constant along the fibres of X̌, i.e. in an open subset U ⊂M ϕj = ϕj(x1, x2),
j = 1, · · · , r. Hence, the Chern connection becomes ∇E = d+ ℏAj(ϕ)dzj
while the curvature becomes FE = ℏ2Fjk(ϕ)dzj ∧ dzk. We now show G(U)
is a Lie sub-algebra of

(

Ω0(pr−1(U)),EndE ⊕ TL), {·, ·}∼
)

⊂ G(U) and we
compute the Lie bracket {·, ·}∼ explicitly on functions of G(U).

{(Awm,wm∂n) ,
(

Nwm′

,wm′

∂n′

)

}∼
=
(

[A,N ]wm+m′

+ ad(wm∂n, Nwm′

)− ad(wm′

∂n′ , Awm),

{wm∂n,w
m′

∂n′}
)

ad(wm∂n, Nwm′

)s

=
4π

ℏ

∑

k+k′=s

wm ℏ

4π
nj
(

∂Nwm′

∂xj
+ 2πim′

j + ℏAj(ϕ)N

)

= wm+m′

nj
(

2πim′
j + iℏ

∂ϕ

∂xj
N

)

= wm+m′ (

2πi⟨m′, n⟩+ iℏnjAj(ϕ)N
)

(2.21)

where in the second step we use the fact that wm is not zero only on Um, and
in the last step we use the pairing of Λ and Λ∗ given by ⟨m,n′⟩ =∑j mjn

′j .
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Thus

{(Awm,wm∂n) ,
(

Nwm′

,wm′

∂n′

)

}∼
= ([A,N ]wm+m′

+N(2πim′
j)n

jwm+m′

+

+ ℏNAj(ϕ)n
jwm+m′ −A(2πimj)n

′jwm+m′

+

− ℏAAj(ϕ)n
′jwm+m′

, {wm∂n,w
m′

∂n′})

Taking the limit as ℏ→ 0, the Lie bracket

{(Awm,wm∂n) ,
(

Nwm′

,wm′

∂n′

)

}∼

converges to

(

[A,N ]wm+m′

+ 2πi⟨m′, n⟩Nwm+m′ − 2πi⟨m,n′⟩Awm+m′

,

{wm∂n,w
m′

∂n′}
)

and we finally recover the definition of the Lie bracket of [·, ·]
h̃
(2.12),

up to a factor of 2πi. Hence (h̃, [·, ·]∼) is the asymptotic subalgebra of
(

Ω0(pr−1(U)),EndE ⊕ TL), {·, ·}∼
)

.

3. Deformations associated to a single wall diagram

In this section we are going to construct a solution of the Maurer-Cartan
equation from the data of a single wall. We work locally on a contractible,
open affine subset U ⊂M .

Let (m,Pm, θm) be a wall and assume

log(θm) =
∑

j,k

(

Ajkt
jwkm, ajkt

jwkm∂n
)

,

where Ajk ∈ gl(r,C) and ajk ∈ C, for every j, k.

Notation 3.1. We need to introduce a suitable set of local coordinates
on U , namely (um, um,⊥), where um is the coordinate in the direction of
Pm, while um⊥ is normal to Pm, according with the orientation of U . We
further define Hm,+ and Hm,− to be the half planes in which Pm divides U ,
according with the orientation.

Notation 3.2. We will denote by the superscript CLM the elements already
introduced in [2].
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3.1. Ansatz for a wall

Let δm ..= e−
u2
m⊥

ℏ√
πℏ

dum⊥ be a normalized Gaussian one-form, which is supported

on Pm.Then, let us define

Π ..= (ΠE ,Π
CLM )

where ΠE = −∑j,k Ajkt
jδmwkm and ΠCLM = −∑j,k≥1 akjδmt

jwkm∂n.
From section 4 of [2] we are going to recall the definition of generalized

Sobolev space suitably defined to compute the asymptotic behaviour of
Gaussian k-forms like δm which depend on ℏ. Let Ωk

ℏ
(U) denote the set of

k-forms on U whose coefficients depend on the real positive parameter ℏ.

Definition 3.3 (Definition 4.15 [2]).

W−∞
k (U) ..=

{

α ∈ Ωk
ℏ(U)|∀q ∈ U∃V ⊂ U , q ∈ V

s.t. sup
x∈V

∣

∣∇jα(x)
∣

∣ ≤ C(j, V )e−
cV
ℏ , C(j, V ), cV > 0

}

is the set of exponential k-forms.

Definition 3.4 (Definition 4.16 [2]).

W∞
k (U) ..=

{

α ∈ Ωk
ℏ(U) | ∀q ∈ U∃V ⊂ U , q ∈ V

s.t. sup
x∈V

∣

∣∇jα(x)
∣

∣ ≤ C(j, V )ℏ−Nj,V , C(j, V ), Nj,V ∈ Z>0

}

is the set of polynomially growing k-forms.

Definition 3.5 (Definition 4.19 [2]). Let Pm be a ray in U . The set
Ws

Pm
(U) of 1-forms α which have asymptotic support of order s ∈ Z on Pm

is defined by the following conditions:

1) for every q∗ ∈ U \ Pm, there is a neighbourhood V ⊂ U \ Pm such that
α|V ∈ W−∞

1 (V );

2) for every q∗ ∈ Pm there exists a neighbourhood q∗ ∈W ⊂ U where in
local coordinates uq = (uq,m, uq,m⊥) centred at q∗, α decomposes as

α = f(uq, ℏ)duq,m⊥ + η



✐

✐

“4-Fantini” — 2023/6/30 — 18:32 — page 1722 — #18
✐

✐

✐

✐

✐

✐

1722 Veronica Fantini

η ∈ W−∞
1 (W ) and for all j ≥ 0 and for all β ∈ Z≥0

∫

(0,uq,m⊥ )∈W
(um⊥)β

(

sup
(uq,m,um⊥ )∈W

∣

∣∇j(f(uq, ℏ))
∣

∣

)

dum⊥(3.1)

≤ C(j,W, β)ℏ− j+s−β−1

2

for some positive constant C(β,W, j).

Remark 3.6. A simpler way to figure out what is the space Ws
Pm

(U), is to
understand first the case of a 1-form α ∈ Ω1

ℏ
(U) which depends only on the

coordinate um⊥ . Indeed α = α(um⊥ , ℏ)dum⊥ has asymptotic support of order
s on a ray Pm if for every q ∈ Pm, there exists a neighbourhood q ∈W ⊂ U
such that

∫

(0,uq,m⊥ )∈W
uβq,m⊥

∣

∣∇jα(uq,m⊥ , ℏ)
∣

∣ duq,m⊥ ≤ C(W,β, j)ℏ− β+s−1−j

2

for every β ∈ Z≥0 and j ≥ 0.
In particular for β = 0 the estimate above reminds to the definition of

the usual Sobolev spaces Lj
1(U).

Lemma 3.7. The one-form δm defined above, has asymptotic support of
order 1 along Pm, i.e. δm ∈ W1

Pm
(U).

Proof. We claim that

(3.2)

∫ b

−a
(um⊥)β∇j





e−
u2
m⊥

ℏ√
ℏπ



 dum⊥ ≤ C(β,W, j)ℏ− j−β

2

for every j ≥ 0, β ∈ Z≥0, for some a, b > 0. This claim holds for β = 0 = j,

indeed
∫ b
−a

e−
u2
m⊥

ℏ√
ℏπ

dum⊥ is bounded by a constant C = C(a, b) > 0.

Then we prove the claim by induction on β, at β = 0 it holds true by the
previous computation. Assume that

(3.3)

∫ b

−a
(um⊥)

β e
−

u2
m⊥

ℏ√
ℏπ

dum⊥ ≤ C(β, a, b)ℏβ/2
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holds for β, then

∫ b

−a
(um⊥)β+1 e

−
u2
m⊥

ℏ√
ℏπ

dum⊥

= −ℏ

2

∫ b

−a
(um⊥)β



−2um⊥

ℏ

e−
u2
m⊥

ℏ√
ℏπ



 dum⊥

= −ℏ

2



(um⊥)β
e−

u2
m⊥

ℏ√
ℏπ





b

−a

+ β
ℏ

2

∫ b

−a
(um⊥)β−1 e

−
u2
m⊥

ℏ√
ℏπ

dum⊥

≤ C(β, a, b)ℏ 1

2 + C̃(β, a, b)ℏ1+
β−1

2

≤ C(a, b, β)ℏ β+1

2 .

(3.4)

Analogously let us prove the estimate by induction on j. At j = 0 it holds
true, and assume that

(3.5)

∫ b

−a
(um⊥)β∇j





e−
u2
m⊥

ℏ√
ℏπ



 dum⊥ ≤ C(a, b, β, j)ℏ− j−β

2

holds for j. Then at j + 1 we have the following

∫ b

−a
(um⊥)β∇j+1





e−
u2
m⊥

ℏ√
ℏπ



 dum⊥

=



uβm⊥∇j





e−
u2
m⊥

ℏ√
ℏπ









b

−a

− β
∫

NV

(um⊥)β−1∇j





e−
u2
m⊥

ℏ√
ℏπ



 dum⊥

≤ C̃(β, a, b, j)ℏ−j− 1

2 + C(a, b, β, j)ℏ−
j−β+1

2

≤ C(a, b, β, j)ℏ− j+1−β

2

This ends the proof. □

Notation 3.8. We say that a function f(x, ℏ) on an open subset U × R≥0 ⊂
M × R≥0 belongs to Oloc(ℏ

l) if it is bounded by CKℏl on every compact
subset K ⊂ U , for some constant CK (independent on ℏ), l ∈ R.

In order to deal with 0-forms “asymptotically supported on U”, we define
the following space Ws

0 :
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Definition 3.9. A function f(uq, ℏ) ∈ Ω0
ℏ
(U) belongs to Ws

0(U) if and only
if for every q∗ ∈ U there is a neighbourhood q∗ ∈W ⊂ U such that

sup
q∈W

∣

∣∇jf(uq, ℏ)
∣

∣ ≤ C(W, j)ℏ− s+j

2

for every j ≥ 0.

Notation 3.10. Let us denote by Ωk
ℏ
(U, TM) the set of k-forms val-

ued in TM , which depends on the real parameter ℏ and analogously
we denote by Ωk

ℏ
(U,EndE) the set of k-forms valued in EndE which

also depend on ℏ. We say that α = αK(x, ℏ)dxK ⊗ ∂n ∈ Ωk
ℏ
(U, TM)

belongs to Ws
P (U, TM)/W∞

k (U, TM)/W−∞
k (U, TM) if αK(x, ℏ)dxK ∈

Ws
P (U)/ W∞

k (U)/ W−∞
k (U). Analogously we say that A = AK(x, ℏ)dxK ∈

Ωk
ℏ
(U,EndE) belongs to Ws

P (U,EndE)/ W∞
k (U,EndE)/ W−∞

k (U,EndE)
if for every p, q = 1, · · · , r (AK)pq(x, ℏ)dx

K ∈ Ws
P (U)/W∞

k (U)/W−∞
k (U).

Proposition 3.11. Π is a solution of the Maurer-Cartan equation dWΠ+
1
2{Π,Π}∼ = 0, up to higher order term in ℏ, i.e. there exists ΠE,R ∈
Ω1(U,EndE ⊕ TL) such that Π̄ .

.= (ΠE +ΠE,R,Π
CLM ) is a solution of

Maurer-Cartan and ΠE,R ∈ W−1
Pm

(U).

Proof. First of all let us compute dWΠ:

dWΠ =
(

dW,EΠE + B̂ΠCLM , dW,LΠ
CLM

)

=
(

−Ajkt
jwkmdδm + B̂ΠCLM ,−ajktjwkmd(δm)⊗ ∂n

)

and notice that d(δm) = 0. Then, let us compute B̂ΠCLM :

B̂ΠCLM = F (F−1(ΠCLM )⌟FE)

= −F

(

(

4π

ℏ

)−1

ajkt
jwkmδ̌m ⊗ ∂̌n⌟

(

ℏ
2F q

j (ϕ)dz
j ∧ dz̄q

)

)

= −
(

4π

ℏ

)−1

F
(

ajkt
jwkmnlℏ2Fjq(ϕ)δ̌m ∧ dz̄q

)

= −ℏ2
(4π

ℏ

)−1(4π

ℏ

)2
ajkt

jwkmnlFlq(ϕ)δm ∧ dxq

= −4πℏ(ajktjwkmnlFlq(ϕ)δm ∧ dxq)

where we denote by δ̌m the Fourier transform of δm. Notice that B̂ΠCLM is
an exact two form, thus since Flq(ϕ)dx

q = dAl(ϕ) (recall that the hermitian
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metric on E is diagonal)we define

ΠE,R
..= 4πℏ(ajkt

jwkmnlAl(ϕ)δm)

i.e. as a solution of dWΠE,R = −B̂ΠCLM .
In particular, since δm ∈ W1

Pm
(U) then ℏδm ∈ W−1

Pm
(U). Therefore ΠE,R

has the expected asymptotic behaviour and dW Π̄ = 0. Let us now compute
the commutator:

{Π̄, Π̄}∼ =
(

2F
(

F
−1ΠCLM

⌟∇E
F

−1(ΠE +ΠE,R)
)

+ {ΠE +ΠE,R,ΠE +ΠE,R}, {ΠCLM ,ΠCLM}
)

=
(

2F
(

F
−1ΠCLM

⌟∇E
F

−1(ΠE +ΠE,R)
)

+ 2(ΠE +ΠE,R) ∧ (ΠE +ΠE,R), 0
)

Notice that, since both ΠE and ΠE,R are matrix valued one forms where the
form part is given by δm, the wedge product (ΠE +ΠE,R) ∧ (ΠE +ΠE,R)
vanishes as we explicitly compute below

(ΠE +ΠE,R) ∧ (ΠE +ΠE,R)

= AjkArst
j+rwkm+smδm ∧ δm

+ 8πℏajkt
j+rwkm+smnlAl(ϕ)Arsδm ∧ δm

+ 4πℏ(ajkt
jwkmnlAl(ϕ))

2δm ∧ δm
= 0.

Hence we are left to compute F
(

F−1ΠCLM
⌟∇EF−1 ((ΠE +ΠE,R))

)

:

F
(

F
−1ΠCLM

⌟∇E
F

−1(ΠE +ΠE,R)
)

= F

(

(4π

ℏ

)−1
ajkt

jwkmδ̌m∂̌n⌟d
((4π

ℏ

)−1

·
(

Atwmδ̌m + 4πℏarst
rwsmnlAl(ϕ)δ̌m

)

)

+
(4π

ℏ

)−1
ajkt

jwkmδ̌m∂̌n⌟
(

iℏAq(ϕ)dz
q

∧
((4π

ℏ

)−1
(

Atwmδ̌m + 4πℏarst
rwsmnlAl(ϕ)δ̌m

)

))

)
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=
(4π

ℏ

)−1
F

(

ajkt
jwkmδ̌m∂̌n⌟

(

At∂l(w
m)dzl ∧ δ̌m +Atwmd(δ̌m)

+ 4πℏarst
r∂l(n

qAq(ϕ)w
sm)δ̌m + 4πℏarst

rnqAq(ϕ)w
smd(δ̌m)

)

)

=
(4π

ℏ

)−1
F

(

ajkAt
j+1wkmδ̌mn

l∂l(w
m) ∧ δ̌m

+ ajkAt
j+1wkm+mnlγl(iℏ

−1γpz
p)δ̌m ∧ δ̌m

+ 4πℏajkarst
j+rwkmδ̌mn

l∂l(n
qAq(ϕ)w

sm)δ̌m

+ 4πℏajkarst
j+rwkm+smnqAq(ϕ)n

lγl(iℏ
−1γpz

p)δ̌m ∧ δ̌m
)

= 0

where δ̌m = e−
u2
m⊥

ℏ√
πℏ

γpdz̄
p for some constant γp such that um⊥ = γ1x

1 + γ2x
2,

and ∂l is the partial derivative with respect to the coordinate zl. In the last
step we use that δ̌m ∧ δ̌m = 0. □

Remark 3.12. In the following it will be useful to consider Π̄ in order to
compute the solution of Maurer-Cartan from the data of two non-parallel
walls (see section (4)). However, in order to compute the asymptotic behaviour
of the gauge it is enough to consider Π.

Since X̌(U) ∼= U × C/Λ has no non trivial deformations and E is holomor-
phically trivial, then also the pair (X̌(U), E) has no non trivial deformations.
Therefore there is a gauge φ ∈ Ω0(U,EndE ⊕ TM)[[t]] such that

(3.6) eφ ∗ 0 = Π̄

namely φ is a solution of the following equation

(3.7) dWφ = −Π̄−
∑

k≥0

1

(k + 1)!
ad

k
φdWφ.

In particular the gauge φ is not unique, unless we choose a gauge fixing
condition (see Lemma 3.14). In order to define the gauge fixing condition we
introduce the so called homotopy operator.

3.1.1. Gauge fixing condition and homotopy operator. Since
L(U) = ⊔m∈Λ Um, it is enough to define the homotopy operator Hm for
every frequency m. Let us first define morphisms p ..=

⊕

m∈Λ\{0} pm and
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ι ..=
⊕

m∈Λ\{0} ιm. We define pm : wm · Ω•(U)→ wm ·H•(U) which acts as

pm(αwm) = α(q0)w
m if α ∈ Ω0(U) and it is zero otherwise.

Then ιm : wm ·H•(U)→ wmΩ•(U) is the embedding of constant func-
tions on Ω•(U) at degree zero, and it is zero otherwise. Then let q0 ∈ H− be a
fixed base point, then since U is contractible, there is a homotopy ϱ : [0, 1]×
U → U which maps (τ, um, um,⊥) to (ϱ1(τ, um, um,⊥), ϱ2(τ, um, um,⊥)) and
such that ϱ(0, ·) = q0 = (u10, u

2
0) and ϱ(1, ·) = Id. We define Hm as follows:

Hm : wm · Ω•(U)→ wm · Ω•(U)[−1]

Hm(wmα) ..= wm

∫ 1

0
dτ ∧ ∂

∂τ
⌟ϱ∗(α)

(3.8)

Lemma 3.13. The morphism H is a homotopy equivalence of idΩ• and
ι ◦ p, i.e. the identity

(3.9) id− ι ◦ p = dWH +HdW

holds true.

Proof. At degree zero, let f ∈ Ω0(U): then ιm ◦ pm(fwm) = f(q0)w
m. By

degree reason Hm(fwm) = 0 and

HmdW (wmf) = wm

∫ 1

0
dτ ∧ ∂

∂τ
⌟(dM (f(ϱ)) + dτ

∂f(ϱ)

∂τ
)

= wm

∫ 1

0
dτ
∂f(ϱ)

∂τ
= wm(f(q)− f(q0)).

At degree k = 1, let α = fidx
i ∈ Ω1(U) then: ιm ◦ pm(αwm) = 0,

HmdW (αwm) = wm

∫ 1

0
dτ ∧ ∂

∂τ
⌟(d(ϱ∗(α))

= wm

∫ 1

0
dτ ∧ ∂

∂τ
⌟(dM (ϱ∗(α)) + dτ ∧ ∂

∂τ
(fi(ϱ)

∂ϱi
∂xi

)dxi)

= −wmdM

(∫ 1

0
dτ ∧ ∂

∂τ
⌟(ϱ∗(α))

)

+wm

∫ 1

0
dτ

∂

∂τ
(fi(ϱ)

∂ϱi
∂xi

)dxi

= −wmdM

(∫ 1

0
dτ ∧ ∂

∂τ
⌟(ϱ∗(α))

)

+wmα

and

dWHm(wmα) = wmdM

(∫ 1

0
dτ ∧ ∂

∂τ
⌟ϱ∗(α)

)

.



✐

✐

“4-Fantini” — 2023/6/30 — 18:32 — page 1728 — #24
✐

✐

✐

✐

✐

✐

1728 Veronica Fantini

Finally let α ∈ Ω2(U), then pm(αwm) = 0 and dW (αwm) = 0. Then it is easy
to check that dWHm(wmα) = α. □

Lemma 3.14 (Lemma 4.7 in [2]). Among all solution of eφ ∗ 0 = Π̄,
there exists a unique one such that p(φ) = 0.

Proof. First of all, let σ ∈ Ω0(U) such that dσ = 0. Then eφ•σ ∗ 0 = Π̄, in-

deed eσ ∗ 0 = 0−∑k
[σ,·]k
k! (dσ) = 0. Thus eφ•σ ∗ 0 = eφ ∗ (eσ ∗ 0) = eφ ∗ 0 =

Π̄. Thanks to the BCH formula

φ • σ = φ+ σ +
1

2
{φ, σ}∼ + · · ·

we can uniquely determine σ such that p(φ • σ) = 0. Indeed working order
by order in the formal parameter t, we get:

1) p(σ1 + φ1) = 0, hence by definition of p, σ1(q0) = −φ1(q0);

2) p(σ2+φ2+
1
2{φ1, σ1}∼)=0, hence σ2(q0)=−

(

φ2(q0)+
1
2{φ1, σ1}∼(q0)

)

;

and any further order is determined by the previous one. □

Now that we have defined the homotopy operator and the gauge fixing
condition (as in Lemma 3.14), we are going to study the asymptotic behaviour
of the gauge φ such that it is a solution of (3.7) and p(φ) = 0. Equations
(3.7), (3.9) and p(φ) = 0 together say that the unique gauge φ is indeed a
solution of the following equation:

(3.10) φ = −HdW (φ) = −H
(

Π̄ +
∑

k

ad
k
φ

(k + 1)!
dWφ

)

.

Up to now we have used a generic homotopy ϱ, but from now on we
are going to choose it in order to get the expected asymptotic behaviour of
the gauge φ. In particular we choose the homotopy ϱ as follows: for every
q = (uq,m, uq,m⊥) ∈ U

(3.11) ϱ(τ, uq) =

{

(

(1− 2τ)u01 + 2τuq,m, u
0
2

)

ifτ ∈ [0, 12 ]
(

uq,m, (2τ − 1)uq,m⊥ + (2− 2τ)u02
)

ifτ ∈ [12 , 1]

where (u10, u
2
0) are the coordinates for the fixed point q0 on U . Then we

have the following result:

Lemma 3.15. Let Pm be a ray in U and let α ∈ Ws
Pm

(U). Then H(αwm)

belongs to Ws−1
0 (U).
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Proof. Let us first consider q∗ ∈ U \ Pm. By assumption there is a neighbour-
hood of q∗, V ⊂ U such that α ∈ W−∞

1 (V ). Then by definition

H(αwm) = wm

∫ 1

0
dτ ∧ ∂

∂τ
⌟ϱ∗(α) =

∫ 1

0
dτα(ϱ)

(

∂ϱ1
∂τ

+
∂ϱ2
∂τ

)

hence, since ϱ does not depend on ℏ

sup
q∈V
∇j

∣

∣

∣

∣

∫ 1

0
dτα(ϱ)

(

∂ϱ1
∂τ

+
∂ϱ2
∂τ

)∣

∣

∣

∣

≤
∫ 1

0
dτ sup

q∈V

∣

∣

∣

∣

∇j(α(ϱ)

(

∂ϱ1
∂τ

+
∂ϱ2
∂τ

)

)

∣

∣

∣

∣

≤ C(V, j)e− cv
ℏ .

Let us now consider q∗ ∈ Pm. By assumption there is a neighbourhood
of q, W ⊂ U such that for all q = (uq,m, uq,m⊥) ∈W α = h(uq, ℏ)dum⊥

q
+ η

and η ∈ W−∞
1 (W ). By definition

H(αwm) = wm

∫ 1

0
dτ ∧ ∂

∂τ
⌟ϱ∗(α)

= 2

∫ 1

1

2

dτh(uq,m, (2τ − 1)uq,m⊥ + (2− 2τ)u20)(uq,m⊥ − u20) +
∫ 1

0
dτη(ϱ)

∂ϱ1
∂τ

=

∫ uq,m⊥

u2
0

du⊥mh(uq,m, um⊥) +

∫ 1

0
dτη(ϱ)

∂ϱ1
∂τ

and since η ∈ W−∞
1 (W ) the second term

∫ 1
0 dτη(ϱ)

∂ϱ1

∂τ belongs to W∞
0 .

The first term is computed below:

sup
q∈W

∣

∣

∣

∣

∇j

(∫ uq,m⊥

u2
0

du⊥mh(uq,m, um⊥)

)∣

∣

∣

∣

= sup
q∈W

∣

∣

∣

∫ uq,m⊥

u2
0

du⊥m∇j(h(uq,m, um⊥))

+

[

∂j−1

∂uj−1
m⊥

(h(uq,m, um⊥))

]

um⊥=uq,m⊥

∣

∣

∣

≤ sup
uq,m⊥

∫ uq,m⊥

u2
0

du⊥m sup
uq,m

∣

∣∇j(h(uq,m, um⊥))
∣

∣

+

[

sup
q∈W

∣

∣

∣

∣

∣

∂j−1

∂uj−1
m⊥

(h(uq,m, um⊥))

∣

∣

∣

∣

∣

]

um⊥=u2
0

≤ C(j,W )ℏ−
s+j−1

2

(3.12)
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where in the last step we use that

[

∂j−1

∂uj−1

m⊥

(h(uq,m, um⊥))

]

um⊥=u2
0

is outside

the support of Pm.
□

Corollary 3.16. Let Pm be a ray in U , then H(δmwm) ∈ W0
0 (U)wm.

3.2. Asymptotic behaviour of the gauge ϕ

We are going to compute the asymptotic behaviour of φ =
∑

j φ
(j)tj ∈

Ω0(U,EndE ⊕ TM)[[t]] order by order in the formal parameter t. In ad-
dition since ΠE,R gives a higher ℏ-order contribution in the definition of Π̄
we get rid of it by replacing Π̄ with Π in equation (3.10).

Proposition 3.17. Let (m,Pm, θm) be a wall with log θm =
∑

j,k≥1

(

Ajkt
jwkm, ajkw

kmtj∂n
)

. Then, the unique gauge φ = (φE , φ
CLM )

such that eφ ∗ 0 = Π and P (φ) = 0, has the following asymptotic jumping
behaviour along the wall, namely

(3.13) φ(s+1) ∈











∑

k≥1

(

As+1,kt
s+1wkm, as+1,kw

kmts+1∂n
)

+
⊕

k≥1W−1
0 (U,EndE ⊕ TM)wkmts+1 Hm,+

⊕

k≥1W−∞
0 (U,EndE ⊕ TM)wkmts+1 Hm,−.

Before giving the proof of Proposition 3.17, let us introduce the following
Lemma which are useful to compute the asymptotic behaviour of one-forms
asymptotically supported on a ray Pm.

Lemma 3.18. Let Pm be a ray in U . Then Ws
Pm

(U) ∧Wr
0(U) ⊂ Wr+s

Pm
(U).

Proof. Let α ∈ Ws
Pm

(U) and let f ∈ Wr
0(U). Pick a point q∗ ∈ Pm and let

W ⊂ U be a neighbourhood of q∗ where α = h(uq, ℏ)dum⊥ + η, we claim

(3.14)

∫ b

−a
uβm⊥ sup

um

∣

∣∇j(h(uq, ℏ)f(uqℏ))
∣

∣ dum⊥ ≤ C(a, b, j, β)ℏ− r+s+j−β−1

2
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for every β ∈ Z≥0 and for every j ≥ 0.

∫ b

−a
uβm⊥ sup

um

∣

∣∇j (h(uq, ℏ)f(uqℏ))
∣

∣ dum⊥

=
∑

j1+j2=j

∫ b

−a
uβm⊥ sup

um

∣

∣∇j1(h(uq, ℏ))∇j2(f(uqℏ))
∣

∣ dum⊥

≤
∑

j1+j2=j

C(a, b, j2)ℏ
− r+j2

2

∫ b

−a
uβm⊥ sup

um

∣

∣∇j1(h(uq, ℏ))
∣

∣ dum⊥

≤
∑

j1+j2=j

C(a, b, j2, j1)ℏ
− r+j2

2 ℏ
− s+j1−β−1

2

≤ C(a, b, j)ℏ− r+s+j−β−1

2

Finally, since η ∈ W−∞
1 (W ) also f(x, ℏ)η belongs to W−∞

1 (W ). □

Lemma 3.19. Let Pm be a ray in U . If (Awm, φwm∂n) ∈ Wr
Pm

(U,EndE ⊕
TM)wm for some r ≥ 0 and (Twm, ψwm∂n) ∈ Ws

0(U,EndE ⊕ TM)wm for
some s ≥, then

(3.15) {(Awm, αwm∂n), (Tw
m, fwm∂n)}∼ ∈ Wr+s

Pm
(U,EndE ⊕ TM)w2m.

Proof. We are going to prove the following:

(1) {Awm, Twm}EndE ⊂ Wr+s
Pm

(U,EndE)w2m

(2) ad (φwm∂n, Tw
m) ⊂ Wr+s−1

Pm
(U,EndE)w2m

(3) ad (ψwm∂n, Aw
m) ⊂ Wr+s−1

Pm
(U,EndE)w2m

(4) {φwm∂n, ψw
m∂n} ⊂ Wr+s

Pm
(U, TM)wm.

The first one is a consequence of Lemma 3.18, indeed by definition

{Ak(x)dx
k, T (x)}EndE = [Ak(x), T (x)]dx

k

which is an element in EndE with coefficients in Wr+s
Pm

(U).
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The second one is less straightforward and need some explicit computa-
tions to be done.

ad(φk(x)w
mdxk∂n, T (x)w

m)

= F
(

F
−1(φk(x)w

mdxk ⊗ ∂n)⌟∇E
F

−1(T (x)wm)
)

= F

(

(4π

ℏ

)−1
φk(x)w

mdz̄k ⊗ ∂̌n⌟∇E(T (x)wm)

)

=
(4π

ℏ

)−1
F

(

φk(x)w
mdz̄k∂̌n⌟

(

∂j(T (x)w
m)dzj

)

)

+ iℏ
(4π

ℏ

)−1
F

(

φk(x)w
mdz̄k∂̌n⌟

(

Aj(ϕ)T (x)w
mdzj

)

)

=
(4π

ℏ

)−1
F

(

φk(x)w
mdz̄knl

∂

∂zl
⌟

(

∂j(T (x))w
mdzj +mjA(x)w

mdzj
)

)

+ iℏ
(4π

ℏ

)−1
F

(

φk(x)w
mdz̄knl

∂

∂zl
⌟

(

Aj(ϕ)T (x)w
mdzj

)

)

=
(4π

ℏ

)−1
F

(

φk(x)dz̄
knlmlT (x)w

2m

)

+

+ iℏ
(4π

ℏ

)−1
F

(

φk(x)dz̄
k
(

nlT (x)Al(ϕ) + nl
∂T (x)

∂xl
)

w2m
)

)

= iℏφk(x)
(

nlT (x)Al(ϕ) + nl
∂T (x)

∂xl
)

w2mdxk

Notice that as a consequence of Lemma 3.18, ℏφk(x)dx
kAl(ϕ)T (x) ∈

Ws+r−2
Pm

(U) while ℏφk(x)
∂T (x)
∂xl dxk ∈ Wr+s−1

Pm
.

The third one is

ad(ψ(x)wm∂n, Ak(x)w
mdxk)

= F
(

F
−1(ψ(x)wm∂n)⌟∇E

F
−1(Ak(x)w

mdxk)
)

= F

(

ψ(x)wm∂̌n⌟∇E(
(4π

ℏ

)−1
Ak(x)w

mdz̄k)

)

=
(4π

ℏ

)−1
F

(

ψ(x)wm∂̌n⌟
(

∂j(Ak(x)w
m)
)

dzj ∧ dz̄k
)

+ iℏ
(4π

ℏ

)−1
F

(

ψ(x)wm∂̌n⌟
(

Aj(ϕ)Ak(x)w
m
)

∧ dz̄k
)

=
(4π

ℏ

)−1
F

(

ψ(x)wmnl
∂

∂zl
⌟

(

∂j(Ak(x))w
mdzj +mjAk(x)w

mdzj
)

∧ dz̄k
)

+ iℏ
(4π

ℏ

)−1
F

(

ψ(x)wm∂̌n⌟
(

Aj(ϕ)Ak(x)w
mdzj

)

∧ dz̄k
)



✐

✐

“4-Fantini” — 2023/6/30 — 18:32 — page 1733 — #29
✐

✐

✐

✐

✐

✐

Deformations of holomorphic pairs and 2d-4d wall-crossing 1733

=
(4π

ℏ

)−1
F

(

ψ(x)w2mnlmlA(x)dz̄
k

)

+ iℏ
(4π

ℏ

)−1
F

(

ψ(x)w2mnlAk(x)Al(ϕ) + ψ(x)nl
∂Ak(x)

∂xl
w2mdz̄k

)

= iℏψ(x)
(

nlAk(x)Al(ϕ) + nl
∂Ak(x)

∂xl

)

w2mdxk

Notice that ℏψ(x)Ak(x)A(ϕ)dx
k ∈ Wr+s−2

Pm
(W ) and ℏψ(x)∂Ak(x)

∂xl dxk ∈
Wr+s−1

Pm
(W ).

In the end {φwm∂n, ψw
m∂n} is equal to zero, indeed by definition

{φk(x)dx
k∂n, ψ(x)∂n} =

(

φkdx
k ∧ ψ

)

[wm∂n,w
m∂n]

and [wm∂n,w
m∂n] = 0. □

Proof. (Proposition 3.17)
It is enough to show that for every s ≥ 0

(3.16)
(

∑

k≥1

ad
k
φs

(k + 1)!
dWφ

s
)(s+1)

∈ W0
Pm

(U,EndE ⊕ TM),

where φs =
∑s

j=1 φ
(j)tj . Indeed from equation (3.10), at the order s+ 1 in

the formal parameter t, the solution φ(s+1) is:

(3.17) φ(s+1) = −H(Π(s+1))−H











∑

k≥1

ad
k
φs

(k + 1)!
dWφ

s





(s+1)





.

In particular, if we assume equation (3.16) then by Lemma 3.15

H











∑

k≥1

ad
k
φs

(k + 1)!
dWφ

s





(s+1)





∈ W−1

0 (U,EndE ⊕ TM).

By definition of H,

H(Π(s+1)) =
∑

k

(As+1,kt
s+1H(wkmδm), as+1,kt

s+1H(wkmδm)∂n)

and by Corollary 3.16 H(δmwkm) ∈ W0
0 (U,EndE ⊕ TM)wkm for every k ≥

1. Hence H(Π(s+1)) is the leading order term and φ(s+1) has the expected
asymptotic behaviour.
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Let us now prove the claim (3.16) by induction on s. At s = 0,

(3.18) φ(1) = −H(Π(1))

and there is nothing to prove. Assume that (3.16) holds true for s, then
at order s+ 1 we get contributions for every k = 1, · · · , s. Thus let start at
k = 1 with adφsdWφ

s:

adφsdWφ
s = {φs, dWφ

s}∼
∈ {H(Πs) +W−1

0 (U),Πs +W0
Pm

(U)}∼
= {H(Πs),Πs}∼ + {H(Πs),W0

Pm
(U)}∼

+ {W−1
0 (U),Πs}∼ + {W−1

0 (U),W0
Pm

(U)}∼
∈ {H(Πs),Πs}∼ +W0

Pm
(U)

(3.19)

where in the first step we use the inductive assumption on φs and dWφ
s

and the identity (3.9). In the last step since H(Πs) ∈ W0
0 (U) then by

Lemma 3.19 {H(Πs),W0
Pm

(U)}∼ ∈ W0
Pm

(U). Then, since Πs ∈ W1
Pm

(U), still

by Lemma 3.19 {W−1
0 (U),Πs}∼ ∈ W0

Pm
(U) and {W−1

0 (U),W0
Pm

(U)}∼ ∈
W−1

Pm
(U) ⊂ W0

Pm
(U). In addition {H(Πs),Πs}∼ ∈ W0

Pm
(U), indeed

{H(Πs),Πs}∼ =
(

{H(Πs
E),Π

s
E}EndE + ad(H(ΠCLM,s),Πs

E)

− ad(ΠCLM,s, H(Πs
E)), {H(ΠCLM,s),ΠCLM,s}

)

Notice that since [A,A] = 0 then {H(Πs
E),Π

s
E}EndE = 0 and because of the

grading

{H(ΠCLM,s),ΠCLM,s} = 0.

Then by the proof of Lemma 3.19 identities (2) and (3) we get

ad(H(ΠCLM,s),Πs
E), ad(Π

CLM,s, H(Πs
E)) ∈ W0

Pm
(U)

therefore

(3.20) {H(Πs),Πs}∼ ∈ W0
Pm

(U).

Now at k > 1 we have to prove that:

(3.21) adφs · · · adφsdWφ
s ∈ W0

Pm
(U)
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By the fact that H(Πs) ∈ W0
0 (U), applying Lemma 3.19 k times we finally

get:

adφs · · · adφsdWφ
s ∈ {H(Πs), · · · , {H(Πs), {H(Πs),Πs}∼}∼ · · · }∼

+W0
Pm

(U) ∈ W0
Pm

(U).
(3.22)

□

4. Scattering diagrams from solutions of Maurer-Cartan

In this section we are going to construct consistent scattering diagrams from
solutions of the Maurer-Cartan equation. In particular we will first show how
to construct a solution Φ of the Maurer-Cartan equation from the data of an
initial scattering diagram D with two non parallel walls. Then we will define
its completion D∞ by the solution Φ and we will prove it is consistent.

4.1. From scattering diagram to solution of Maurer-Cartan

Let the initial scattering diagramD = {w1,w2} be such that w1 = (m1, P1, θ1)
and w2 = (m2, P2, θ2) are two non-parallel walls and

log(θi) =
∑

ji,ki

(

Aji,ki
wkimitji , aji,ki

wkimitji∂ni

)

for i = 1, 2. As we have already done in Section 3, we can define Π̄1 and Π̄2

to be solutions of Maurer-Cartan equation, respectively supported on w1 and
w2.

Although Π̄ ..= Π̄1 + Π̄2 is not a solution of Maurer-Cartan, by Kuran-
ishi’s method we can construct Ξ =

∑

j≥2 Ξ
(j)tj such that the one form

Φ ∈ Ω1(U,EndE ⊕ TM)[[t]] is Φ = Π̄ + Ξ and it is a solution of Maurer-
Cartan up to higher order in ℏ. Indeed let us we write Φ as a formal power
series in the parameter t, Φ =

∑

j≥1Φ
(j)tj , then it is a solution of Maurer-

Cartan if and only if:

dWΦ(1) = 0

dWΦ(2) +
1

2
{Φ(1),Φ(1)}∼ = 0

...

dWΦ(k) +
1

2

(

k−1
∑

s=1

{Φ(s),Φ(k−s)}∼
)

= 0
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Moreover, recall from (3.11) that Π̄i
..=
(

ΠE,i +ΠE,R,i,Π
CLM
i

)

, i = 1, 2 are
solutions of the Maurer-Cartan equation and they are dW -closed. Therefore
at any order in the formal parameter t, the solution Φ = Π̄ + Ξ is computed
as follows:

Φ(1) = Π̄(1)

Φ(2) = Π̄(2) + Ξ(2),where dWΞ(2) = −1

2
({Φ(1),Φ(1)}∼)

Φ(3) = Π̄(3) + Ξ(3),where dWΞ(3)

= −1

2

(

{Φ(1), Π̄(2) + Ξ(2)}∼ + {Π̄(2) + Ξ(2),Φ(1)}∼
)

...

Φ(k) = Π̄(k) + Ξ(k),where dWΞ(k) = −1

2
({Φ,Φ}∼)(k) .

(4.1)

In order to explicitly compute Ξ we want to “invert” the differential dW
and this can be done by choosing a homotopy operator. Let us recall that
a homotopy operator is a homotopy H of morphisms p and ι, namely
H : Ω•(U)→ Ω•[−1](U), p : Ω•(U)→ H•(U) and ι : H•(U)→ Ω•(U) such
that idΩ• − ι ◦ p = dWH +HdW . Let us now explicitly define the homotopy
operator H. Let U be an open affine neighbourhood of m0 = P1 ∩ P2, and
fix q0 ∈ (H−,m1

∩H−,m2
) ∩ U . Then choose a set of coordinates centred in q0

and denote by (um, um⊥) a choice of such coordinates such that with respect
to a ray Pm = m0 + R≥0m, um⊥ is the coordinate orthogonal to Pm and um
is tangential to Pm. Moreover recall the definition of morphisms p and ι,
namely p ..=

⊕

m pm and pm maps functions αwm ∈ Ω0(U)wm to α(q0)w
m,

while ι ..=
⊕

m ιm and ιm is the embedding of constant function at degree
zero, and it is zero otherwise.

Definition 4.1. The homotopy operator H =
⊕

mHm :
⊕

mΩ•(U)wm →
⊕

mΩ•(U)[−1]wm is defined as follows. For any 0-form α ∈ Ω0(U),
H(αwm) = 0, since there are no degree −1-forms. For any 1-form α ∈ Ω1(U),
in local coordinates we have α = f0(um, um⊥)dum + f1(um, um⊥)dum⊥ and

H(αwm) ..= wm

(∫ um

0
f0(s, um⊥)ds+

∫ um⊥

0
f1(0, r)dr

)
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Finally since any 2-forms α ∈ Ω2(U) in local coordinates can be written
α = f(um, um⊥)dum ∧ dum⊥ , then

H(αwm) ..= wm

(∫ um

0
f(s, um⊥)ds

)

dum⊥ .

The homotopy H seems defined ad hoc for each degree of forms, however
it can be written in an intrinsic way for every degree, as in Definition 5.12
[2]. We have defined H in this way because it is clearer how to compute it in
practice.

Lemma 4.2. The following identity

(4.2) idΩ• − ιm ◦ pm = HmdW + dWHm

holds true for all m ∈ Λ.

Proof. We are going to prove the identity separately for 0, 1 and 2 forms.
Let α = α0 be of degree zero, then by definition Hm(αwm) = 0 and ιm ◦

pm(αwm) = α0(q0). Then dW (αwm) = wm
(

∂α0

∂um
dum + ∂α0

∂um⊥
dum⊥

)

. Hence

HmdW (α0w
m) = wm

∫ um

0

∂α0(s, um⊥)

∂s
ds+wm

∫ um⊥

0

∂α0

∂um⊥

(0, r)dr

= wm[α0(um, um⊥)− α0(0, um⊥) + α0(0, um⊥)− α0(0, 0)].

Then consider α ∈ Ω1(U)wm. By definition ιm ◦ pm(αwm) = 0 and

HmdW (αwm) = HdW (wm(f0dum + f1dum⊥))

= Hm

(

wm

(

∂f0
∂um⊥

dum⊥ ∧ dum +
∂f1
∂um

dum ∧ dum⊥

))

= wm

(∫ um

0

(

− ∂f0
∂um⊥

+
∂f1
∂s

)

ds

)

dum⊥

=

(

−
∫ um

0

∂f0
∂um⊥

(s, um⊥)ds+ f1(um, um⊥)− f1(0, um⊥)

)

wmdum⊥
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dWHm(αwm) = dWH(wm (f0dum + f1dum⊥))

= dW

(

wm

(∫ um

0
f0(s, um⊥)ds+

∫ um⊥

0
f1(0, r)dr

))

= wmd

(∫ um

0
f0(s, um⊥)ds+

∫ um⊥

0
f1(0, r)dr

)

= wm

(

f0(um, um⊥)dum +
∂

∂um⊥

(∫ um

0
f0(s, um⊥)ds

)

dum⊥

+ f1(0, um⊥)dum⊥

)

.

We are left to prove the identity when α is of degree two: by degree
reasons dW (αwm) = 0 and ιm ◦ pm(αwm) = 0. Then

dWHm(αwm) = wmd

((∫ um

0
f(s, um⊥)ds

)

dum⊥

)

= wmf(um, um⊥)dum ∧ dum⊥ .

□

Proposition 4.3 (see prop 5.1 in [2]). Assume that Φ is a solution of

(4.3) Φ = Π̄− 1

2
H ({Φ,Φ}∼)

Then Φ is a solution of the Maurer-Cartan equation.

Proof. First notice that by definition p({Φ,Φ}∼) = 0 and by degree rea-
sons dW ({Φ,Φ}∼) = 0 too. Hence by identity (4.2) we get that {Φ,Φ, }∼ =
dWH({Φ,Φ}∼), and if Φ is a solution of equation (4.3) then dWΦ =
dW Π̄− 1

2dWH({Φ,Φ}∼) = −1
2dWH({Φ,Φ}∼). □

From now on we will look for solutions Φ of equation (4.3) rather than to the
Maurer-Cartan equation. The advantage is that we have an integral equation
instead of a differential equation, and Φ can be computed by its expansion
in the formal parameter t, namely Φ =

∑

j≥1Φ
(j)tj .

Notation 4.4. Let Pm1
= m0 −m1R and Pm2

= m0 −m2R and let
(um1

, um⊥
1
) and (um2

, um⊥
2
) be respectively two basis of coordinates in

U , centred in q0 as above. Let ma
..= a1m1 + a2m2, consider the ray

Pma

..= m0 −maR≥0 and choose coordinates uma

..=
(

−a2um⊥
1
+ a1um⊥

2

)

and
um⊥

a

..=
(

a1um⊥
1
+ a2um⊥

2

)

.
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Remark 4.5. If α = δm1
∧ δm2

, then by the previous choice of coordinates

δm1
∧ δm2

=
e−

u2

m⊥
1

+u2

m⊥
2

ℏ

ℏπ
dum⊥

1
∧ dum⊥

2
=
e
−

u2
ma

+u2
m⊥

a
(a2

1
+a2

2
)ℏ

ℏπ
duu⊥

ma
∧ duma

.

In particular we explicitly compute H(δm1
∧ δm2

wlma):

H(αwlma) = wlma









∫ uma

0

e
−

s2+u2
m⊥

a
(a2

1
+a2

2
)ℏ

ℏπ
ds









duu⊥
a

= wlma





∫ uma

0

e
− s2

(a2
1
+a2

2
)ℏ

√
ℏπ

ds





e
−

u2
m⊥

a
(a2

1
+a2

2
)ℏ

√
ℏπ

dum⊥
a

(4.4)

Hence

H
(

δm1
∧ δm2

wlma
)

= f(ℏ, uma
)δma

where f(ℏ, uma
) =

∫ uma

0
e
− s2

(a2
1
+a2

2
)ℏ

√
ℏπ

ds ∈ Oloc(1).

In order to construct a consistent scattering diagram from the solution
Φ we introduce labeled ribbon trees. Indeed via the combinatorial of such
trees we can rewrite Φ as a sum over primitive Fourier mode, coming from
the contribution of the out-going edge of the trees.

4.1.1. Labeled ribbon trees. Let us briefly recall the definition of labeled
ribbon trees, which was introduced in [2].

Definition 4.6 (Definition 5.2 in [2]). A k-tree T is the datum of a finite
set of vertices V , together with a decomposition V = Vin ⊔ V0 ⊔ {vT }, and
a finite set of edges E, such that, given the two boundary maps ∂in, ∂out :
E → V (which respectively assign to each edge its incoming and outgoing
vertices), satisfies the following assumption:

1) #Vin = k and for any vertex v ∈ Vin, #∂−1
in (v) = 0 and #∂−1

out(v) = 1;

2) for any vertex v ∈ V0, #∂−1
in (v) = 1 and #∂−1

out(v) = 2;

3) vT is such that #∂−1
in (vT ) = 0 and #∂−1

out(v) = 1.

We also define eT = ∂−1
in (vT ).
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vT

v1 v2

v3

v4

v5

•

• •

• •

•

eT

Figure 3: This is an example of a 3-tree, where the set of vertices is decom-
posed by Vin = {v1, v2, v4}, V0 = {v3, v5}.

Two k-trees T and T ′ are isomorphic if there are bijections V ∼= V ′ and
E ∼= E′ preserving the decomposition V0 ∼= V ′

0 , Vin
∼= V ′

in and {vT } ∼= {vT ′}
and the boundary maps ∂in, ∂out.

It will be useful in the following to introduce the definition of topological
realization T (T ) of a k-tree T , namely T (T ) ..=

(
∐

e∈E [0, 1]
)

/ ∼, where ∼ is
the equivalence relation that identifies boundary points of edges with the
same image in V \ {vT }.

Since we need to keep track of all the possible combinations while we
compute commutators (for instance for Φ(3) there is the contribution of
{Φ(1),Φ(2)}∼ and {Φ(2),Φ(1)}∼), we introduce the notion of ribbon trees:

Definition 4.7 (Definition 5.3 in [2]). A ribbon structure on a k-tree is a
cyclic ordering of the vertices. It can be viewed as an embedding T (T ) →֒ D,
where D is the disk in R2, and the cyclic ordering is given according to the
anticlockwise orientation of D.

Two ribbon k-trees T and T ′ are isomorphic if they are isomorphic
as k-trees and the isomorphism preserves the cyclic order. The set of all
isomorphism classes of ribbon k-trees will be denoted by RTk. As an example,
the following two 2-trees are not isomorphic:

vT

v1 v2

v3

•

• •

•

eT

v′
T

v2 v1

v4

•

• •

•

e′T
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In order to keep track of the ℏ behaviour while we compute the contribu-
tion from the commutators, let us decompose the bracket on the dgLa as
follows:

Definition 4.8. Let

(A,α) = (AJdx
Jwm1 , αJdx

Jwm1∂n1
) ∈ Ωp(U,EndE ⊕ TM)wm1

and

(B, β) = (BKdx
Kwm2 , βKdx

Kwm2∂n2
) ∈ Ωq(U,EndE ⊕ TM)wm2 .

Then we decompose {·, ·}∼ as the sum of:

♮ {(A,α), (B, β)}♮
..= (α ∧B⟨n1,m2⟩ − β ∧A⟨n2,m1⟩+ {A,B}EndE , {α, β})

♭ {(A,α), (B, β)}♭
..=

(

iℏβKn
q
2

∂AJ

∂xq
dxJ ∧ dxKwm1+m2 , β(∇∂n2

α)wm1+m2∂n1

)

♯ {(A,α), (B, β)}♯
..=

(

iℏαJn
q
1

∂BK

∂xq
dxK ∧ dxJwm1+m2 , α(∇∂n1

β)wm1+m2∂n2

)

⋆ {(A,α), (N, β)}⋆
..= iℏ

(

αJn
q
1BKAq(ϕ)dx

J ∧ dxK − nq2βKAq(ϕ)AJdx
K ∧ dxJ , 0

)

.

The previous definition is motivated by the following observation: the
label ♮ contains terms of the Lie bracket {·, ·}∼ which leave unchanged the
behaviour in ℏ. Then both the labels ♭ and ♯ contain terms which contribute
with an extra ℏ factor and at the same time contain derivatives. The last
label ⋆ contains terms which contribute with an extra ℏ but do not contain
derivatives.

Definition 4.9. A labeled ribbon k-tree is a ribbon k-tree T together with:

(i) a label ♮, ♯, ♭, ⋆ -as defined in Definition 4.8- for each vertex in V0;

(ii) a label (me, je) for each incoming edge e, where me is the Fourier
mode of the incoming vertex and je ∈ Z>0 gives the order in the formal
parameter t.
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There is an induced labeling of all the edges of the trees defined as follows:
at any trivalent vertex with incoming edges e1, e2 and outgoing edge e3 we
define (me3 , je3) = (me1 +me2 , je1 + je2). We will denote by (mT , jT ) the
label corresponding to the unique incoming edge of νT . Two labeled ribbon
k-trees T and T ′ are isomorphic if they are isomorphic as ribbon k-trees
and the isomorphism preserves the labeling. The set of equivalence classes
of labeled ribbon k-trees will be denoted by LRTk. We also introduce the
following notation for equivalence classes of labeled ribbon trees:

Notation 4.10. We denote by LRTk,0 the set of equivalence classes of k
labeled ribbon trees such that they have only the label ♮. We denote by
LRTk,1 the complement set, namely LRTk,1 = LRTk − LRTk,0.

Let us now define the operator tk,T which allows to write the solution Φ
in terms of labeled ribbon trees.

Definition 4.11. Let T be a labeled ribbon k-tree, then the operator

(4.5) tk,T : Ω1(U,EndE ⊕ TM)⊗k → Ω1(U,EndE ⊕ TM)

is defined as follows: it aligns the input with the incoming vertices according
with the cyclic ordering and it labels the incoming edges (as in part (ii)
of Definition 4.9). Then it assigns at each vertex in V0 the commutator
according with the part (i) of Definition 4.8. Finally it assigns the homotopy
operator −H to each outgoing edge.

In particular the solution Φ of equation (4.3) can be written as a sum on
labeled ribbon k-trees as follows:

(4.6) Φ =
∑

k≥1

∑

T∈LRTk

1

2k−1
tk,T (Π̄, · · · , Π̄).

Recall that by definition

{(A,α∂n1
)wk1m1 , (B, β∂n2

)wk2m2}∼
=
(

C, γ∂⟨k2m2,n1⟩n2−⟨k1m1,n2⟩n1

)

wk1m1+k2m2

for some (A,α) ∈ Ωs(U,EndE ⊕ TM), (B, β)Ωr(U,EndE ⊕ TM) and
(C, γ) ∈ Ωr+s(U,EndE ⊕ TM), hence the Fourier mode of any labeled brack-
ets has the same frequency me = k1m1 + k2m2 independently of the label
♮, ♭, ♯, ⋆. In particular each me can be written as me = l(a1m1 + a2m2) for
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some primitive elements (a1, a2) ∈
(

Z2
≥0

)

prim
. Let us introduce the following

notation:

Notation 4.12. Let a = (a1, a2) ∈
(

Z2
≥0

)

prim
and define ma

..= a1m1 +

a2m2. Then we define Φa to be the sum over all trees of the contribu-
tion to tk,T (Π̄, · · · , Π̄) with Fourier mode wlma for every l ≥ 1. In particular
we define Φ(1,0)

..= Π̄1 and Φ(0,1)
..= Π̄2.

It follows that the solution Φ can be written as a sum on primitive Fourier
mode as follows:

(4.7) Φ =
∑

a∈
(

Z2
≥0

)

prim

Φa.

As an example, let us consider Φ(2). From equation (4.3) we get

Φ(2) = Π̄(2) − 1

2
H
(

{Π̄(1), Π̄(1)}∼
)

and the possible 2-trees T ∈ LRT2, up to choice of the initial Fourier modes,
are represented in Figure 4. Hence

vT♮

Π̄
(1)

Π̄
(1)

{Π̄(1), Π̄(1)}♮

•

• •

•

−H

vT♯

Π̄
(1)

Π̄
(1)

{Π̄(1), Π̄(1)}♯

•

• •

•

−H

vT♭

Π̄
(1)

Π̄
(1)

{Π̄(1), Π̄(1)}♭

•

• •

•

−H

vT⋆

Π̄
(1)

Π̄
(1)

{Π̄(1), Π̄(1)}⋆

•

• •

•

−H

Figure 4: 2-trees labeled ribbon trees, which contribute to the solution Φ.
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Φ(2) = Π̄
(2)
1 + Π̄

(2)
2

− 1

2
H
(

{Π̄(1), Π̄(1)}♮ + {Π̄(1), Π̄(1)}♯ + {Π̄(1), Π̄(1)}♭ + {Π̄(1), Π̄(1)}⋆
)

= Φ
(2)
(1,0) +Φ

(2)
(0,1)

−
(

(a1,k1
A1,k2

⟨n1, k2m2⟩ − a1,k2
A1,k1

⟨n2, k1m1⟩+ [A1,k1
, A1,k2

]) ,

a1,k1
a1,k2

∂⟨k2m2,n1⟩n2−⟨k1m1,n2⟩n1

)

H(δm1
∧ δm2

wk1m1+k2m2)

+
(

a1,k2
A1,k1

,−a1,k2
a1,k1

∂n1

)

H

(

iℏnq2
∂δm1

∂xq
∧ δm2

wk1m1+k2m2

)

+
(

a1,k1
A1,k2

, a1,k1
a1,k2

∂n2

)

H

(

iℏnq1
∂δm2

∂xq
∧ δm1

wk1m1+k2m2

)

+ iℏ
(

a1,k1
A1,k2

nq1H
(

Aq(ϕ)w
k1m1+m2δm1

∧ δm2

)

− a1,k2
A1n

q
2H
(

Aq(ϕ)w
k1m1+k2m2δm1

∧ δm2

)

, 0
)

By Remark 4.5

H(δm1
∧ δm2

wk1m1+k2m2) = f(ℏ, uma
)wlmaδma

and f(ℏ, uma
) ∈ Oloc(1), for k1m1 + k2m2 = lma. Analogously

H
(

Aq(ϕ)w
k1m1+k2m2δm1

∧ δm2

)

= f(ℏ, A(ϕ), uma
)wlmaδma

and f(ℏ, A(ϕ), uma
) ∈ Oloc(1). Then

H

(

ℏ
∂δm1

∂xq
∧ δm2

wk1m1+k2m2

)

= wlmaf(ℏ, uma
)δma

and f(ℏ, uma
) ∈ Oloc(ℏ

1/2). This shows that every term in the sum above, is
a function of some order in ℏ times a delta supported along a ray of slope
m(a1,a2) = a1m1 + a2m2. For any given a ∈

(

Z2
≥0

)

prim
, these contributions

are by definition Φ
(2)
(a1,a2)

, hence

Φ(2) = Φ
(2)
(1,0) +

∑

a∈(Z2
≥0)prim

Φ
(2)
(a1,a2)

+Φ
(2)
(0,1).

In general, the expression of Φa will be much more complicated, but as a
consequence of the definition of H it always contains a delta supported on a
ray of slope ma.
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4.2. From solution of Maurer-Cartan to the saturated scattering
diagram D∞

Let us first introduce the following notation:

Notation 4.13. Let A ..= U \ {m0} be an annulus and let Ã be the universal
cover of A with projection ϖ : Ã→ A. Then let us denote by Φ̃ the pullback
of Φ by ϖ, in particular by the decomposition in its primitive Fourier mode
Φ̃ =

∑

a∈(Z2
≥0)

ϖ∗(Φa) ..=
∑

a∈(Z2
≥0)

Φ̃a.

Notation 4.14. We introduce polar coordinates in m0, centred in m0 =
Pm1
∪ Pm2

, denoted by (r, ϑ) and we fix a reference angle ϑ0 such that the
ray with slope ϑ0 trough m0 contains the base point q0 (see Figure 5).

0

q0•

ϑ0

Figure 5: The reference angle ϑ0.

Then for every a ∈
(

Z2
≥0

)

prim
we associate to the ray Pma

..= m0 + R≥0ma

an angle ϑa ∈ (ϑ0, ϑ0 + 2π). We identify Pma
∩A with its lifting in Ã and

by abuse of notation we will denote it by Pma
. We finally define Ã0

..=
{(r, ϑ)|ϑ0 − ϵ0 < ϑ < ϑ0 + 2π}, for some small positive ϵ0.

Lemma 4.15 (see Lemma 5.40 [2]). Let Φ be a solution of equation (4.3)
which has been decomposed as a sum over primitive Fourier mode, as in (4.7).
Then for any a ∈

(

Z2
≥0

)

prim
, Φ̃a is a solution of the Maurer-Cartan equation

in Ã0, up to higher order in ℏ, namely {Φ̃a, Φ̃a′}∼ ∈ W−∞
2 (Ã0,EndE ⊕

TM)wkma+k′ma′ and dW Φ̃a ∈ W−∞
2 (Ã0,EndE ⊕ TM)wkma for some

k, k′ ≥ 1.
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Proof. Recall that Φ is a solution of Maurer-Cartan dWΦ+ {Φ,Φ}∼ = 0,
hence its pullback ϖ∗(Φ) is such that

∑

a∈
(

Z2
≥0

)

prim

dW Φ̃a +
∑

a,a′∈
(

Z2
≥0

)

prim

{Φ̃a, Φ̃a′}∼ = 0.

Looking at the bracket there are two possibilities: first of all, if a ̸= a′ then
{Φ̃a, Φ̃a′}∼ is proportional to δma

∧ δma′w
km+k′m′

. Since Pma
∩ Pm′

a
∩ Ã = ∅

then δma
∧ δma′ ∈ W−∞

2 (Ã0), indeed writing δma
∧ δma′ in polar coordinates

it is a 2-form with coefficient a Gaussian function in two variables centred in
m0 ̸∈ Ã0. Hence it is bounded by e−

cV
ℏ in the open subset V ⊂ Ã0. Secondly,

if a = a′ then by definition {Φ̃a, Φ̃a}∼ = 0. Finally, by the fact that dW Φ̃a =
−∑a′,a′′{Φ̃a′ , Φ̃a′′}∼ it follows that dW Φ̃a ∈ W−∞

2 (Ã0)w
kma for some

k ≥ 1. □

Now recall that the homotopy operator we have defined in Section 3 gives
a gauge fixing condition, hence for every a ∈

(

Z2
≥0

)

prim
there exists a unique

gauge φa such that eφa ∗ 0 = Φ̃a and p(φa) = 0. To be more precise we should
consider p̃ ..= ϖ∗(p) as gauge fixing condition and similarly ι̃ ..= ϖ∗(ι) and
H̃ ..= ϖ∗(H) as homotopy operator, however if we consider affine coordinates
on Ã, these operators are equal to p, ι and H respectively. In addition in
affine coordinates on Ã the solution Φ̃a is also equal to Φa. Therefore in the
following computations we will always use the original operators and the
affine coordinates on Ã. We compute the asymptotic behaviour of the gauge
φa in the following theorem:

Theorem 4.16. Let φa ∈ Ω0(Ã0,EndE ⊕ TM) be the unique gauge such
that p(φa) = 0 and eφa ∗ 0 = Φ̃a. Then the asymptotic behaviour of φa is

φ(s)
a ∈











∑

l (Bl, bl∂na
) tswlma

+
⊕

l≥1W0
0 (Ã0,EndE ⊕ TM)wlma on Hma,+

⊕

l≥1W−∞
0 (Ã0,EndE ⊕ TM)wlma on Hma,−

for every s ≥ 0, where
(

Bl, bl∂na

)

wlma ∈ h̃.

Remark 4.17. Notice that, from Theorem 4.16 the gauge φa is asymptoti-
cally an element of the dgLa h̃. Hence the saturated scattering diagram (see
Definition 4.20) is strictly contained in the mirror dgLa G (see Definition 2.9).
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We first need the following lemma (for a proof see Lemma 5.27 [2]) which
gives the explicit asymptotic behaviour of each component of the Lie bracket
{·, ·}∼:

Lemma 4.18. Let Pm and Pm′ be two rays on U such that Pma
∩ Pma′ =

{m0}.
If (Awm, αwm∂n) ∈ Ws

0(U,EndE ⊕ TM)wm and (Bwm′

, βwm′

∂n′) ∈
Wr

0(U,EndE ⊕ TM)wm′

, then

H
(

{(Aδmwm, αδmwm∂n), (Bδm′wm′

, βδm′wm′

∂n′)}♮
)

∈ Ws+r+1
Pm+m′

(U,EndE ⊕ TM)wm+m′

H
(

{(δmwm, αδmwm∂n), (Bδm′wm′

, βδm′wm′

∂n′)}♭
)

∈ Ws+r
Pm+m′

(U,EndE ⊕ TM)wm+m′

H
(

{(Aδmwm, αδmwm∂n), (Bδm′wm′

, βδm′wm′

∂n′)}♯
)

∈ Ws+r
Pm+m′

(U,EndE ⊕ TM)wm+m′

H
(

{(Aδmwm, αδmwm∂n), (Bδm′wm′

, βδm′wm′

∂n′)}⋆
)

∈ Ws+r−1
Pm+m′

(U,EndE ⊕ TM)wm+m′

.

Remark 4.19. The homotopy operators H and H are different. However it
is not a problem because the operator H produce a solution of Maurer-Cartan
and not of equation (4.3).1

Proof. [Theorem 4.16] First of all recall that for every s ≥ 0

(4.8) φ(s+1)
a = −H



Φ̃a +
∑

k≥1

ad
k
φs

a

k!
dWφ

s
a





(s+1)

where H is the homotopy operator defined in (3.8) with the same choice of
the path ϱ as in (3.11). In addition as in the proof of Proposition 3.17,

(4.9) −H





∑

k≥1

ad
k
φs

a

k!
dWφ

s
a





(s+1)

∈
⊕

l≥1

W0
0 (Ã0,EndE ⊕ TM)wlma

1Recall that we were looking for a solution Φ of Maurer-Cartan of the form
Φ = Π̄ + Ξ and since dW (Π̄) = 0, the correction term Ξ is a solution of dWΞ =
− 1

2
{Φ,Φ}

∼
. At this point we have introduced the homotopy operator H in order to

compute Ξ and we got Ξ = − 1

2
H({Φ,Φ}

∼
).
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hence we are left to study the asymptotic of H(Φ̃
(s+1)
a ). By definition Φ̃

(s+1)
a

is the sum over all k ≤ s-trees such that they have outgoing vertex with label
mT = lma for some l ≥ 1.

We claim the following:

(4.10) H(Φ̃(s+1)
a ) ∈ H(νT♮

) +
⊕

l≥1

Wr
0(Ã0,EndE ⊕ TM)wlma

for every T ∈ LRTk,0 such that tk,T (Π̄, · · · , Π̄) has Fourier mode mT = lma,
for every k ≤ s and for some r ≤ 0. Indeed if k = 1 the tree has only one
root and there is nothing to prove because there is no label. In particular

H(νT ) = H(Π̄(s+1)) = H(Φ̃
(s+1)
(1,0) + Φ̃

(s+1)
(0,1) )

and we will explicitly compute it below. Then at k ≥ 2, every tree can be
considered as a 2-tree where the incoming edges are the roots of two sub-trees
T1 and T2, not necessary in LRT0, such that their outgoing vertices look like

νT1
= (Akδma′w

kma′ , αkδma′w
kma′∂na′ )

∈
⊕

k≥1

Wr′

Pm
a′
(Ã0,EndE ⊕ TM)wkma′

νT2
= (Bk′′δma′′w

k′′ma′′ , βk′′δma′′w
k′′ma′′∂na′′ )

∈
⊕

k′′≥1

Wr′′

Pm
a′′
(Ã0,EndE ⊕ TM)wk′′ma′′

where k′ma′ + k′′ma′′ = lma. Thus it is enough to prove the claim for a
2-tree with ingoing vertex νT1

and νT2
as above. If T ∈ LRT2, then νT =

νT♮
+ νT♭

+ νT♯
+ νT⋆

and we explicitly compute H(νT♭
), H(νT♯

) and H(νT⋆
).

H(νT♭
) = −1

2
H (H ({νT1

, νT2
}♭))

= −1

2
H
(

H
(

{(Akδma′w
kma′ , αkδma′w

kma′ δna′ ),

(Bk′′δma′′w
k′′ma′′ , βk′′δma′′w

k′′ma′′∂na′′ )}♭
))

= −1

2
iℏH(H

(

βk′′nq2
∂

∂xq
(Akδma′′ ) ∧ δma′w

kma′+k′′ma′′ ,

βk′′nq2δma′′ ∧
∂

∂xq
(αkδma′ )w

kma′+k′′ma′′∂n1

)

)
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=
1

2
iℏH(

(

(

∫ uma

0
βk′′nq2

∂Ak

∂xq

e−
s2

ℏ√
πℏ
ds

)

δma
wlma ,

(

∫ uma

0
βk′′

∂αk

∂xq
nq2
e−

s2

ℏ√
πℏ
ds

)

δma
wkma′+k′′ma′′∂na′

)

)+

+
1

2
iℏH(

(

∫ uma

0

e−
s2

ℏ√
πℏ

(βk′′nq2Ak, βk′′nq2∂na′ )
2γq(s)

ℏ
ds

)

δma
wlma)

∈
⊕

l≥1

Wr′+r′′−2
0 (Ã0)w

lma +Wr′+r′′−1
0 (Ã0)w

lma

where we assume k′ma′ + k′′ma′′ = lma and in the last step we use
Lemma 3.15 to compute the asymptotic behaviour of H(δma

).We de-
note by γq(s) the coordinates um⊥

a
written as functions of xq(s). In

particular, since Φ̃
(1)
(1,0) ∈

⊕

k1≥1W1
Pm1

(Ã0,EndE ⊕ TM)wk1m1 and Φ̃
(1)
(0,1) ∈

⊕

k2≥1W1
Pm2

(Ã0,EndE ⊕ TM)wk2m2 , we have H(Φ̃
(2)
(a1,a2)

) ∈⊕l≥1W0
0w

lma .

The same holds true for H(νT♯
) by permuting A,α and B, β.

Then we compute the behaviour of H(νT⋆
):

H(νT⋆
) = −1

2
H (H ({νT1

, νT2
}⋆))

= H
(

H
(

{(Akδma′w
kma′ , αkδma′w

kma′ δna′ ),

(Bk′′δma′′w
k′′ma′′ , βk′′δma′′w

k′′ma′′∂na′′ )}⋆
))

= iℏH(H ((αkn
q
1Bk′′Aq(ϕ)δma′′ ∧ δma′ − nq2βk′′Aq(ϕ)Akδma′ ∧ δma′′ , 0)))

= iℏH

((

(∫ uma

0
αkn

q
1Bk′′Aq(ϕ)

e−
s2

ℏ√
πℏ
ds

−
∫ uma

0
nq2βk′′Aq(ϕ)Ak

e−
s2

ℏ√
πℏ
ds

)

δma
wlma , 0

))

∈
⊕

l≥1

Wr′+r′′−2
Pma

(Ã0)w
lma

where we denote by ma the primitive vector such that for some l ≥ 1 lma =
k′ma′ + k′′ma′′ . Finally let us compute H(νT♮

): at k = 1 there is only a 1-tree,



✐

✐

“4-Fantini” — 2023/6/30 — 18:32 — page 1750 — #46
✐

✐

✐

✐

✐

✐

1750 Veronica Fantini

hence H(νT♮
) = H(Φ̃

(s+1)
(1,0) + Φ̃

(s+1)
(0,1) ) and for all k1, k2 ≥ 1

H(Φ̃
(s+1)
(1,0) ) ∈ (As+1,k1

ts+1, as+1,k1
ts+1∂n1

)H(δm1
wk1m1)

+W0
Pm1

(Ã0,EndE ⊕ TM)wk1m1

∈ (As+1,k1
ts+1, as+1,k1

ts+1∂n1
)wk1m1

+W−1
Pm1

(Ã0 EndE ⊕ TM)wk1m1

H(Φ̃
(s+1)
(0,1) ) ∈ (As+1,k2

t, as+1,k2
t∂n2

)H(δm2
wk2m2)

+W−1
Pm2

(Ã0,EndE ⊕ TM)wk2m2

∈ (As+1,k2
ts+1, as+1,k2

ts+1∂n2
)wk2m2

+W−1
Pm2

(Ã0,EndE ⊕ TM)wk2m2

Then every other k-tree (k ≤ s) can be decomposed in two sub-trees T1 and
T2 as above, and we can further assume T1, T2 ∈ LRT0, because if either T1
or T2 contains at least a label different from ♮ then by Lemma 4.18 their
asymptotic behaviour is of higher order in ℏ. We explicitly compute H(νT♮

)
at s = 1:

H(νT♮
) = H(−1

2
H
(

{Π̄(1), Π̄(1)}♮
)

)

= −1

2
H
(

H
(

{Π̄(1)
1 , Π̄

(1)
2 }♮ + {Π̄

(1)
2 , Π̄

(1)
1 }♮

))

= −H
(

H
(

(

a1,k1
A1,k2

⟨n1, k2m2⟩ − a1,k2
A1,k1

⟨n2, k1m1⟩+ [A1,k1
, A1,k2

],

a1,k1
a1,k2

∂⟨n1,k2m2⟩n2+⟨n2,k1m1⟩n1

)

t2δm1
∧ δm2

wk1m1+k2m2)
))

= −H
((

a1,k1
A1,k2

⟨n1, k2m2⟩ − a1,k2
A1,k1

⟨n2, k1m1⟩+ [A1,k1
, A1,k2

],

a1,k1
a1,k2

∂⟨n1,k2m2⟩n2+⟨n2,k1m1⟩n1

)

t2

(

∫ uma

0

e−
s2

ℏ√
ℏπ
ds

)

δma
wlma

)

= −
(

a1,k1
A1,k2

⟨n1, k2m2⟩ − a1,k2
A1,k1

⟨n2, k1m1⟩+ [A1,k1
, A1,k2

],

a1,k1
a1,k2

∂⟨n1,k2m2⟩n2+⟨n2,k1m1⟩n1

)

t2H

((

∫ uma

0

e−
s2

ℏ√
ℏπ
ds

)

δma
wlma

)

= −
(

a1,k1
A1,k2

⟨n1, k2m2⟩ − a1,k2
A1,k1

⟨n2, k1m1⟩+ [A1,k1
, A1,k2

],

a1,k1
a1,k2

∂⟨n1,k2m2⟩n2+⟨n2,k1m1⟩n1

)

t2wlmaHlma

((

∫ uma

0

e−
s2

ℏ√
ℏπ
ds

)

δma

)
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Now

wlmaHlma

((

∫ uma

0

e−
s2

ℏ√
ℏπ
ds

)

δma

)

∈ wlma +W0
0 (Ã0)w

lma

Therefore the leading order term of H(νT♮
) with labels mT = lma = k1m1 +

k2m2 at s = 1 is

(

a1,k1
A1,k2

⟨n1, k2m2⟩ − a1,k1
A1,k2

⟨n2, k1m1⟩
+ [A1,k1

, A1,k2
], a1,k1

a1,k2
∂⟨n1,k2m2⟩n2+⟨n2,k1m1⟩n1

)

t2wlma

At s ≥ 2, every other k-tree T (k ≤ s) can be decomposed in two sub-trees,
say T1 and T2 such that νT♮

= −H({νT1,♮
, νT2,♮

}♮) +
⊕

l≥1W1
Pma

(Ã0)w
lma .

Notice that the leading order term of H
(

H({Π̄(1)
1 , Π̄

(1)
2 }♮)

)

is the Lie

bracket of

{(A1,k1
wk1m1 , a1,k1

wk1m1∂n1
), (A1,k2

wk2m2 , a1,k2
wk2m2∂n2

)}
h̃

hence the leading order term of H(νT♮
) belongs to h̃.

□

Notice that at any order in the formal parameter t, there are only a finite
number of terms which contribute to the solution Φ in the sum (4.6), hence
we define the set W(N) as

(4.11)
W(N) ..= {a ∈

(

Z
2
≥0

)

prim
| lma = mT for some l ≥ 0

and T ∈ LRTkwith 1 ≤ jT ≤ N}.

Definition 4.20 (Scattering diagram D∞). The order N scattering
diagram DN associated to the solution Φ is

DN
..=
{

w1,w2

}

∪
{

wa =
(

ma, Pma
, θa
)}

a∈W(N)

where

• ma = a1m1 + a2m2;

• Pma
= m0 +maR≥0

• log(θa) is the leading order term of the unique gauge φa, as computed
in Theorem (4.16).

The scattering diagram D∞ ..= lim−→N
DN .
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4.3. Consistency of D∞

We are left to prove consistency of the scattering diagram D∞ associated
to the solution Φ. In order to do that we are going to use a monodromy
argument (the same approach was used in [2]).

Let us define the following regions

Ã ..= {(r, ϑ)|ϑ0 − ϵ0 + 2π < ϑ < ϑ0 + 2π}(4.12)

Ã− 2π ..= {(r, ϑ)|ϑ0 − ϵ0 < ϑ < ϑ0}.(4.13)

for small enough ϵ0 > 0, such that Ã− 2π is away from all possible walls in
D∞.

Theorem 4.21. Let D∞ be the scattering diagram defined in (4.20). Then
it is consistent, i.e. ΘD∞,γ = Id for any closed path γ embedded in U \ {m0},
which intersects D∞ generically.

Proof. It is enough to prove that DN is consistent for any fixed N > 0. First
of all recall that Θγ,DN

=
∏γ

a∈W(N) θa. Then let us prove that the following
identity

(4.14)

γ
∏

a∈W(N)

eφa ∗ 0 =
∑

a∈W(N)

Φ̃a

holds true. Indeed

(eφa ∗ eφa′ ) ∗ 0 = eφa ∗
(

Φ̃a′

)

= Φ̃a′ −
∑

k

ad
k
φa

k!

(

dWφa + {φa, Φ̃a′}∼
)

.

For degree reason {φa, Φ̃a′}∼ = 0 and by definition

−
∑

k

ad
k
φa

k!

(

dWφa

)

= eφa ∗ 0 = Φ̃a.

Iterating the same procedure for more than two rays, we get the result.
Recall that if φ is the unique gauge such that p(φ) = 0 and

eφ ∗ 0 = Φ, then eϖ
∗(φ) ∗ 0 = ϖ∗(Φ) on Ã. Hence eϖ

∗(φ) ∗ 0 = ϖ∗(Φ) =
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∑

a∈W(N)ϖ
∗(Φa) =

∑

a∈W(N) Φ̃a and by equation (4.14)

eϖ
∗(φ) ∗ 0 =

γ
∏

a∈W(N)

eφa ∗ 0.

In particular, by uniqueness of the gauge, eϖ
∗(φ) =

∏γ
a∈W(N) e

φa . Since ϖ∗(φ)

is defined on all U , eϖ
∗(φ) is monodromy free, i.e.

γ
∏

a∈W(N)

eφa |
Ã
=

γ
∏

a∈W(N)

eφa |
Ã−2π.

Notice that Ã− 2π does not contain the support of φa ∀a ∈
(

Z2
≥0

)

prim
,

therefore
γ
∏

a∈W(N)

eφa |
Ã−2π =

γ
∏

a∈W(N)

e0 = Id.

□

5. Relation with the wall-crossing formulas in coupled 2d-4d

systems

We are going to show how wall-crossing formulas in coupled 2d-4d systems,
introduced by Gaiotto, Moore and Nietzke in [8], can be interpreted in the
framework we were discussing before. Let us first recall the setting for the
2d-4d WCFs:

• let Γ be a lattice, whose elements are denoted by γ;

• define an antisymmetric bilinear form ⟨·, ·⟩D : Γ× Γ→ Z, called the
Dirac pairing;

• let Ω: Γ→ Z be a homomorphism;

• denote by V a finite set of indices, V = {i, j, k, · · · };
• define a Γ-torsor Γi, for every i ∈ V . Elements of Γi are denoted by γi
and the action of Γ on Γi is γ + γi = γi + γ;

• define another Γ-torsor Γij
..= Γi − Γj whose elements are formal differ-

ences γij ..= γi − γj up to equivalence, i.e. γij = (γi + γ)− (γj + γ) for
every γ ∈ Γ. If i = j, then Γii is identify with Γ. The action of Γ on
Γij is γij + γ = γ + γij . Usually it is not possible to sum elements of
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Γij and Γkl, for instance γij + γkl is well defined only if j = k and in
this case it is an element of Γil;

• let Z : Γ→ C be a homomorphism and define its extension as an
additive map Z : ⨿i∈V Γi → C, such that Z(γ + γi) = Z(γ) + Z(γi).
In particular, by additivity Z is a map from ⨿i,j∈VΓij to C, namely
Z(γij) = Z(γi)− Z(γj). The map Z is usually called the central charge;

• let σ(a, b) be a twisting function defined whenever a+ b is defined for
a, b ∈ Γ ⊔ ⨿iΓi ⊔ ⨿i ̸=jΓij and valued in {±1}. Moreover it satisfies the
following conditions:

(i) σ(a, b+ c)σ(b, c) = σ(a, b)σ(a+ b, c)

(ii) σ(a, b) = σ(b, a) if both a+ b and b+ a are defined

(iii) σ(γ, γ′) = (−1)⟨γ,γ′⟩D ∀γ, γ′ ∈ Γ;

(5.1)

• let Xa denote formal variables, for every a ∈ Γ ⊔ ⨿iΓi ⊔ ⨿i ̸=jΓij . There
is a notion of associative product:

XaXb
..=

{

σ(a, b)Xa+b if the sum a+ b is defined

0 otherwise

The previous data fit well in the definition of a pointed groupoid G, as it
is defined in [8]. In particular Ob(G) = V ⊔ {o} and Mor(G) = ⨿i,j∈Ob(G)Γij ,
where the torsor Γi is identify with Γio and elements of Γ are identify with
⨿iΓii. The composition of morphism is written as a sum, and the formal
variables Xa are elements of the groupoid ring C[G]. In this setting, BPS
rays are defined as

lij ..= Z(γij)R>0

l ..= Z(γ)R>0

and they are decorated with automorphisms of C[G][[t]] respectively of type
S and of type K, defined as follows: let Xa ∈ C[G], then

(5.2) Sµ
γij

(Xa) ..=
(

1− µ(γij)tXγij

)

Xa

(

1 + µ(γij)tXγij

)

where µ : ⨿i,j∈V Γij → Z is a homomorphism;

(5.3) Kω
γ (Xa) ..=

(

1−Xγt
)−ω(γ,a)

Xa
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where ω : Γ×⨿i∈VΓi → Z is a homomorphism such that ω(γ, γ′) =
Ω(γ)⟨γ, γ′⟩D and ω(γ, a+ b) = ω(γ, a) + ω(γ, b) for a, b ∈ G.

In particular under the previous assumption, the action of Sµ
γij

and Kω
γ

can be explicitly computed on variables Xγ and Xγk
as follows:

Sµ
γij

: Xγ′ → Xγ′

Sµ
γij

: Xγk
→
{

Xγk
if k ̸= j

Xγj
− µ(γij)tXγij

Xγj
if k = j

Kω
γ : Xγ′ → (1− tXγ)

−ω(γ,γ′)Xγ′

Kω
γ : Xγk

→ (1− tXγ)
−ω(γ,γk)Xγk

(5.4)

In order to interpret the automorphisms S and K as elements of exp(h̃)
we are going to introduce their infinitesimal generators. Let Der (C[G]) be
the Lie algebra of the derivations of C[G] and define:

(5.5) dγij

..= adXγij

where dγij
(Xa) ..=

(

Xγij
Xa −XaXγij

)

, for every Xa ∈ C[G];

(5.6) dγ
..= ω(γ, ·)Xγ

where dγ(Xa) ..= (ω(γ, a)XγXa), for every Xa ∈ C[G].

Definition 5.1. Let LΓ be the C[Γ]- module generated by dγij
and dγ , for

every i ̸= j ∈ V, γ ∈ Γ.

For instance a generic element of LΓ is given by

∑

i,j∈V

∑

l≥1

c
(γij)
l Xal

dγij
+
∑

γ∈Γ

∑

l≥1

c
(γ)
l Xal

dγ

where c
(•)
l Xal

∈ C[Γ].
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Lemma 5.2. Let LΓ be the C[Γ]-module defined above. Then, it is a Lie
ring2 with the the Lie bracket [·, ·]Der(C[G]) induced by Der(C[G])3.

A proof of this Lemma is in appendix A.2.
We can now define the infinitesimal generators of Sµ

γij
and Kω

γ as elements
of LΓ: we first define

(5.7) sγij

..= −µ(γij)tdγij

then exp(sγij
) = Sµ

γij
, indeed

exp(sγij
)(Xa) =

∑

k≥0

1

k!
skγij

(Xa)

=
∑

k≥0

(−1)k
k!

tkµ(γij)
k
ad

k
Xγij

(Xa)

= Xa − µ(γij)tadγij
(Xa) +

1

2
t2µ(γij)

2
ad

2
γij

(Xa),

where adγij
(Xa) = Xγij

Xa −XaXγij
. Hence

ad
2
γij

(Xa) = −2Xγij
XaXγij

− t2Xγij
XaXγij

and since γij can not be composed with γij + a+ γij , then ad
3
γij

(Xa) = 0.

Moreover if a ∈ Γ then adγij
Xa = 0, while if a = γok then ad

2Xa = 0 and we
recover the formulas (5.4).

Then we define

(5.8) kγ
..=
∑

l≥1

1

l
tlX(l−1)

γ dγ

and we claim exp(kγ) = Kω
γ , indeed

2A Lie ring LΓ is an abelian group (L,+) with a bilinear form [, ] : : L× L→ L
such that

1) [·, ·] is antisymmetric, i.e. [a, b] = −[b, a];
2) [·, ·] satisfy the Jacobi identity.

3LΓ is not a Lie algebra over C[Γ] because the bracket induced from Der(C[G]) is
not C[Γ]−linear.
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exp(kγ)(Xa) =
∑

k≥0

1

k!
kkγ(Xa)

=
∑

k≥0

1

k!





∑

lk≥1

1

lk
tlkX lk

γ ω(γ, ·)



· · ·





∑

l2≥1

tl2
1

l2
X l2

γ ω(γ, ·)





∑

l1≥1

1

l1
tl1ω(γ, a)Xl1γXa







 · · ·









=
∑

k≥0

1

k!





∑

lk≥1

1

lk
tlkX lk

γ ω(γ, ·)



· · ·





∑

l2≥1

∑

l1≥1

1

l1l2
tl1+l2ω(γ, l1γ + a)ω(γ, a)X l2

γ X
l1
γ Xa



 · · ·









=
∑

k≥0

1

k!





∑

lk≥1

1

lk
tlkX lk

γ ω(γ, ·)



· · ·





∑

l2≥1

∑

l1≥1

1

l1l2
tl1+l2ω(γ, a)ω(γ, a)X l2+l1

γ Xa



 · · ·









=
∑

k≥0

1

k!
ω(γ + a)k





∑

l≥1

1

l
tlX l

γ





k

Xa

= exp (−ω(γ, a) log(1− tXγ))Xa.

From now on we are going to assume that Γ ∼= Z2 ∼= Λ. We distinguish
between polynomial in C[Γ] and C[Λ] by writing Xγ for a variable in C[Γ]
and wγ as a variable in C[Λ].

Remark 5.3. The group ring C[Γ] is isomorphic to C[Λ] even if there
two different products: on C[Γ] the product is XγXγ′

..= σ(γ, γ′)Xγ+γ′ =
(−1)⟨γ,γ′⟩DXγ+γ′ while the product in C[Λ] is defined by wγwγ′

= wγ+γ′

. In
particular the isomorphism depends on the choice of σ.

Let us choose an element eij ∈ Γij for every i ̸= j ∈ V and set eii ..= 0 ∈ Γ
for every i ∈ V. Under this assumption LΓ turns out to be generated by
deij for all i ̸= j ∈ V and by dγ for every γ ∈ Γ. Indeed every γij ∈ Γij can
be written as eij + γ for some γ ∈ Γ and dγij

= deij+γ = Xγdeij . Then, we
define an additive map

m : ⨿i,j∈V Γij → Γ

m(γij) ..= γij − eij

In particular, notice that m(γii) = γii − eii = γii, hence, since Γ = ⨿iΓii,
m(Γ) = Γ.

We now define a C[Γ]-module in the Lie algebra h̃:

Definition 5.4. Define L̃ as the C[Λ]-module generated by l̃γij

..=
(

Eijw
m(γij), 0

)

for every i ≠ j ∈ V and l̃γ
..=
(

0,Ω(γ)wγ∂nγ

)

for every γ ∈ Γ,
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where Eij ∈ gl(r) is an elementary matrix with all zeros and a 1 in position
ij.

Lemma 5.5. The C[Λ]-module L̃ is a Lie ring with respect to the Lie bracket
induced by h̃ (see Definition (2.12)).4

The proof of this Lemma is postponed in the appendix (see proof A.3)
as well as the proof of the following theorem (see proof A.4).

Theorem 5.6. Let
(

LΓ, [·, ·]Der(C[G])

)

and
(

L̃, [·, ·]
h̃

)

be the C[Γ]-modules

defined before. Assume ω(γ, a) = Ω(γ)⟨a, nγ⟩, then there exists a homomor-
phism of C[Γ]-modules and of Lie rings Υ: LΓ → L̃, which is defined as
follows:

Υ(Xγdγij
) .

.= wγ
(

−Eijw
m(γij), 0

)

, ∀i ̸= j ∈ V, ∀γ ∈ Γ;

Υ(Xγ′dγ) .

.= wγ′ (

0,Ω(γ)wγ∂nγ

)

, ∀γ′, γ ∈ Γ
(5.9)

Remark 5.7. The assumption on ω is compatible with its Definition (5.3),
indeed by linearity of the pairing ⟨·, ·⟩,

ω(γ, a+ b) = Ω(γ)⟨a+ b, nγ⟩
= Ω(γ)⟨a, nγ⟩+Ω(γ)⟨b, nγ⟩ = ω(γ, a) + ω(γ, b).

Moreover notice that by the assumption on ω, LΓ turns out to be the C[Γ]-
module generated by deij for every i ≠ j ∈ V and by dγ for every primitive
γ ∈ Γ. Indeed if γ′ is not primitive, then there exists a γ ∈ Γprim such that

γ′ = kγ. Hence dkγ = ω(kγ, ·)X(k−1)
γ Xγ = CX(k−1)γdγ , where C = kΩ(kγ)

Ω(γ) . In

particular, if γ, γ′ are primitive vectors in Γ, then ω(γ, γ′) = Ω(γ)⟨γ′, nγ⟩ =
Ω(γ)⟨γ, γ′⟩D.

Let us now show which is the correspondence between WCFs in coupled
2d-4d systems and scattering diagrams which come from solutions of the
Maurer-Cartan equation for deformations of holomorphic pairs:

1) to every BPS ray la = Z(a)R>0 we associate a ray Pa = m(a)R>0 if
either µ(a) ̸= µ(a)′ or ω(a, ·) ̸= ω(a, ·)′. Conversely we associate a line
Pa = m(a)R;

4L̃ is not a Lie sub-algebra of
tildeh because the Lie bracket is not C[Λ]−linear.
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2) to the automorphism Sµ
γij

we associate an automorphism θS ∈ exp(h̃)
such that log(θS) = Υ(sγij

) =
(

−µ(γij)tEijw
m(γij), 0

)

;

3) to the automorphism Kω
γ we associate an automorphism θK ∈ exp(h̃)

such that log(θK) = Υ(kγ) =
(

0,Ω(γ)
∑

l
1
l t

lwlγ∂nγ

)

.

Remark 5.8. If m(γij) = m(γil + γlj) then

log(θS) = Υ(sγij
) = Υ(sγil

)Υ(sγlj
).

Analogously if m(γ′ij) = m(γij) + kγ then log(θ′S) = Υ(sγ′
ij
) = tkΥ(sγij

).

In the following examples we will show this correspondence in practice:
we consider two examples of WCFs computed in [8] and we construct the
corresponding consistent scattering diagram.

5.0.1. Example 1. Let V = {i, j, k = l} and set γkk = γ ∈ Γ. Assume
ω(γ, γij) = −1 and µ(γij) = 1, then the wall-crossing formula (equation 2.39
in [8]) is

(5.10) Kω
γ S

µ
γij

= Sµ′

γij
Sµ′

γij+γK
ω′

γ

with µ′(γij) = 1, µ′(γ + γij) = −1 and ω′ = ω.
Since µ′(γij) = µ(γij) and ω

′ = ω the initial scattering diagram has two
lines. In addition, since −1 = ω(γ, γij) = Ω(γ)⟨m(γij), nγ⟩, we can assume
Ω(γ) = 1, m(γij) = (1, 0) and γ = (0, 1). Therefore the initial scattering
diagram is

D = {wS = (mS = m(γij), PS , θS) ,wK = (mK = γ, PK , θK)}

where log θS =
(

−tEijw
m(γij), 0

)

and log θK =
(

0,
∑

l≥1
1
l t

lwlγ∂nγ

)

. Then

the wall crossing formula says that the complete scattering diagram D∞ has
one more S-ray, PS+K = (γ +m(γij))R≥0 and wall-crossing factor log θS+K =
(

t2Eijw
γ+m(γij), 0

)

.
We can check that D∞ is consistent (see Definition 2.4). In particular

we need to prove the following identity:

(5.11) θK ◦ θS ◦ θK−1 = θS ◦ θS+K
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0 θS

θK

θ
−1
K

θ
−1
S

θS+K

Figure 6: The complete scattering diagram with K and S rays.

RHS = θS ◦ θS+K

= exp(log θS) ◦ exp(log θS+K)

= exp(log θS•BCH log θS+K)

= exp

(

log θS + log θS+K

)

LHS = θK ◦ θS ◦ θK−1

= exp(log θK •BCH log θS •BCH log θK−1)

= exp

(

log θS +
∑

l≥1

1

l!
ad

l
log θK log θS

)

= exp

(

log θS + [log θK , log θs] +
∑

l≥2

1

l!
ad

l
log θK log θS

)

= exp

(

log θS −
(

Eij

∑

k≥1

1

k
wm(γij)+kγ⟨m(γij), nγ⟩, 0

)

+
∑

l≥2

1

l!
ad

l
log θK log θS

)

= exp

(

log θS +
(

t2Eijw
m(γij)+γ , 0

)

+

(

Eij

∑

k≥2

1

k
tk+1wm(γij)+kγ , 0

)

+
∑

l≥2

1

l!
ad

l
log θK log θS

)

.
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We claim that

(5.12) −
(

Eij

∑

k≥2

1

k
tk+1wm(γij)+kγ , 0

)

=
∑

l≥2

1

l!
ad

l
log θK log θS

and we compute it explicitly:

(5.13)
∑

l≥2

1

l!
ad

l
log θK log θS

=
∑

l≥2

1

l!

(

−tEij(−1)l
∑

k1,··· ,kl≥1

1

k1 · · · kl
tk1+···+klw(k1+···+kl)γ+m(γij), 0

)

= −
∑

l≥2

(−1)l
l!

(

tEijw
m(γij)

(

∑

k1,··· ,kl≥1

1

k1 · · · kl
tk1+···+klw(k1+···+kl)γ

)

, 0

)

= −
∑

l≥2

(−1)l
l!

(

tEijw
m(γij)

(

∑

k≥1

1

k
tkwkγ

)l

, 0

)

= −
(

tEijw
m(γij)

∑

l≥2

(−1)l
l!

(

∑

k≥1

1

k
tkwkγ

)l

, 0

)

= −
(

tEijw
m(γij)

(

exp

(

−
∑

k≥1

1

k
tkwkγ

)

+
∑

k≥1

1

k
tkwkγ − 1

)

, 0

)

= −
(

tEijw
m(γij)

(

(1− twγ) +
∑

k≥1

1

k
tkwkγ − 1

)

, 0

)

= −
(

tEijw
m(γij)

∑

k≥2

1

k
tkwkγ , 0

)

.

5.0.2. Example 2. Finally let us give a example with only S-rays: assume
V = i = l, j = k, then the wall-crossing formula (equation (2.35) in [8]) is

(5.14) Sµ
γij
Sµ
γil
Sµ
γjl

= Sµ
γjl
Sµ′

γil
Sµ
γij

with γil ..= γij + γjl and µ
′(γil) = µ(γil)− µ(γij)µ(γjl). Let us further assume

that µ(il) = 0, then the associated initial scattering has two lines:

D = {w1 = (m1 = m(γij), P1 = m1 + R, θS1
) ,

w2 = {m2 = m(γjk), P2 = m2R, θS2
}}
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with

log θS1
= −

(

µ(γij)tEijw
m(γij), 0

)

log θS2
= −

(

µ(γjl)tEjlw
m(γjl), 0

)

.

0

θS1

θS2

θ
−1
S2

θ
−1
S1

θ′S3

Figure 7: The complete scattering diagram with only S rays.

Its completion has one more ray P ′
3 = (m1 +m2)R≥0 decorated with the

automorphism θ′3 such that

log θ′3 =
(

µ(γij)µ(γjl)t
2Eilw

m(γil), 0
)

.

Since the path order product involves matrix commutators, the consis-
tency of D∞ can be easily verified.

Remark 5.9. In the latter example we assume µ(γil) = 0 in order to
have an initial scattering diagram with only two rays, as in our construc-
tion of solution of Maurer-Cartan equation in Section 4. However the
general formula can be computed with the same rules, by adding a wall
w =

(

−(m1 +m2), log θ3 =
(

−µ(γil)t2Eilw(γil)
)

, 0
)

to the initial scattering
diagram.
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Appendix A. Computations

We collect some proofs.

Lemma A.1 (Lemma 2.7).
(

h̃, [·, ·]∼
)

is a Lie algebra, where the bracket

[·, ·]∼ is defined by:

[(A, ∂n)z
m, (A′, ∂n′)zm

′

]∼
.

.= ([A,A′]glz
m+m′

+A′⟨m′, n⟩zm+m′ −A⟨m,n′⟩zm+m′

, [zm∂n, z
m′

∂n′ ]h).

Proof. First of all the the bracket is antisymmetric:

[(A, ∂n)z
m, (A′, ∂n′)zm

′

]∼

= ([A,A′]glz
m+m′

+A′⟨m′, n⟩zm+m′ −A⟨m,n′⟩zm+m′

, [zm∂n, z
m′

∂n′ ]h)

= (−[A′, A]glz
m+m′

+A′⟨m′, n⟩zm+m′ −A⟨m,n′⟩zm+m′

,−[zm′

∂n′ , zm∂n]h)

= −([A′, A]glz
m+m′

+A⟨m,n′⟩zm+m′ −A′⟨m′, n⟩zm+m′

, [zm
′

∂n′ , zm∂n]h).

Moreover the Jacobi identity is satisfied:

[

[(A1, ∂n1
)zm1 , (A2, ∂n2

)zm2 ]∼, (A3, ∂n3
)zm3

]

∼
=
[(

[A1, A2]gl +A2⟨m2, n1⟩ −A1⟨m1, n2⟩, ∂⟨m2,n1⟩n2−⟨m1,n2⟩n1

)

zm1+m2 ,

(A3, ∂n3
)zm3

]

∼

=
(

[

([A1, A2]gl +A2⟨m2, n1⟩ −A1⟨m1, n2⟩), A3

]

gl

+A3⟨m2, n1⟩⟨m3, n2⟩ −A3⟨m1, n2⟩⟨m3, n1⟩+
−
(

[A1, A2] +A2⟨m2, n1⟩ −A1⟨m1, n2⟩
)

⟨m1 +m2, n3⟩,
(m1 +m2 +m3)

⊥)
)

zm1+m2+m3

=
(

[[A1, A2]gl, A3]gl + [A2, A3]gl⟨m2, n1⟩ − ⟨m1, n2⟩[A1, A3]gl+

− [A1, A2]gl⟨m1 +m2, n3⟩+A3⟨m2, n1⟩⟨m3, n2⟩+
−A3⟨m1, n2⟩⟨m3, n1⟩ −A2⟨m2, n1⟩⟨m1 +m2, n3⟩+
+A1⟨m1, n2⟩⟨m1 +m2, n3⟩, (m1 +m2 +m3)

⊥
)

zm1+m2+m3
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Then by cyclic permutation we have
[

[(A2, ∂n2
)zm2 , (A3, ∂n3

)zm3 ]∼, (A1, ∂n1
)zm1

]

∼ =

=
(

[

[A2, A3]gl, A1]
]

+ [A3, A1]gl⟨m3, n2⟩ − ⟨m2, n3⟩[A2, A1]gl+

− [A2, A3]gl⟨m3 +m2, n1⟩+A1⟨m3, n2⟩⟨m1, n3⟩+
−A1⟨m2, n3⟩⟨m1, n2⟩ −A3⟨m3, n2⟩⟨m2 +m3, n1⟩+
+A2⟨m2, n3⟩⟨m2 +m3, n1⟩, (m1 +m2 +m3)

⊥
)

zm1+m2+m3

and also
[

[(A1, ∂n3
)zm3 , (A1, ∂n1

)zm1 ]∼, (A2, ∂n2
)zm2

]

∼ =

=
(

[

[A3, A1]gl, A2]
]

+ [A1, A2]⟨m1, n3⟩ − ⟨m3, n1⟩[A3, A2]gl+

− [A3, A1]gl⟨m1 +m3, n2⟩+A2⟨m1, n3⟩⟨m2, n1⟩+
−A2⟨m3, n1⟩⟨m2, n3⟩ −A1⟨m1, n3⟩⟨m3 +m1, n2⟩+
+A3⟨m3, n1⟩⟨m3 +m1, n2⟩, (m1 +m2 +m3)

⊥
)

zm1+m2+m3

Since Jacobi identity holds for [·, ·]gl and [·, ·]h, we are left to check
that the remaining terms sum to zero. Indeed the coefficient of
[A2, A3]gl is ⟨n1,m2⟩ − ⟨n1,m2 +m3⟩ − ⟨n1,m3⟩, and it is zero. By per-
muting the indexes, the same hold true for the coefficients in front
of the other bracket [A1, A3]gl and [A2, A1]gl. In addition the coef-
ficient of A3 is ⟨m2, n1⟩⟨m3, n2⟩ − ⟨m1, n2⟩⟨m3, n1⟩ − ⟨m3, n2⟩⟨m2, n1⟩ −
⟨m3, n2⟩⟨m3, n1⟩+ ⟨m3, n1⟩⟨m1, n2⟩+ ⟨m3, n1⟩⟨m3, n2⟩ and it is zero. By per-
muting the indexes the same holds true for the coefficient in front of A1

and A2. □

Lemma A.2 (Lemma 5.2). Let LΓ be the C[Γ]−module defined above.
Then, it is a Lie ring with the the Lie bracket [·, ·]Der(C[G]) induced by
Der(C[G]).

Proof. It is enough to prove that LΓ is a Lie sub-algebra of Der(C[G]), i.e. it
is closed under [·, ·]Der(C[G]). By C-linearity it is enough to prove the following
claims:

(1) [Xγdγij
, Xγ′dγkl

] ∈ LΓ: indeed

[Xγdγij
, Xγ′dγkl

] = Xγadγij
(X ′

γadγkl
)−Xγ′adγkl

(Xγadγij
)

= XγXγ′adγij
(adγkl

)−Xγ′Xγadγkl
(adγij

)

= σ(γij , γkl)XγXγ′adγij+γkl
− σ(γkl, γij)XγXγ′adγkl+γij

;



✐

✐

“4-Fantini” — 2023/6/30 — 18:32 — page 1765 — #61
✐

✐

✐

✐

✐

✐

Deformations of holomorphic pairs and 2d-4d wall-crossing 1765

(2) [Xγdγij
, Xγ′dγ′′ ] ∈ LΓ:indeed for every Xa ∈ C[G]

[Xγdγij
, Xγ′dγ′′ ]Xa

= Xγdγij
(Xγ′dγ′′Xa)−Xγ′dγ′′

(

Xγdγij
Xa

)

= Xγdγij

(

Xγ′ω(γ′′, a)Xγ′′Xa

)

−Xγ′dγ′′

(

XγXγij
Xa −XγXaXγij

)

= ω(γ′′, a)Xγ

(

Xγij
Xγ′Xγ′′Xa −Xγ′Xγ′′XaXγij

)

−Xγ′ω(γ′′, γ + γij + a)Xγ′′XγXγij
Xa

+Xγ′ω(γ′′, γ + a+ γij)Xγ′′XγXaXγij

=
(

ω(γ′′, a)− ω(γ′′, γ + γij)− ω(γ′′, a)
)

XγXγ′Xγ′′Xγij
Xa

−
(

ω(γ′′, a)− ω(γ′′, a)− ω(γ′′, γ + γij)
)

XγXγ′Xγ′′XaXγij

= −ω(γ′′, γ + γij)XγXγ′Xγ′′dγij
(Xa);

(3) [Xγdγ′ , Xγ′′dγ′′′ ] ∈ L;indeed for every Xa ∈ C[G]

[Xγdγ′ , Xγ′′dγ′′′ ]Xa

= Xγdγ′

(

Xγ′′ω(γ′′′, a)Xγ′′′Xa

)

−Xγ′′dγ′′′

(

ω(γ′, a)Xγ′Xa

)

= ω(γ′′′, a)ω(γ′, γ′′′ + γ′′ + a)XγXγ′Xγ′′Xγ′′′Xa+

− ω(γ′, a)ω(γ′′′, γ + γ′ + a)Xγ′′Xγ′′′XγXγ′Xa

=
(

ω(γ′′′, a)
(

ω(γ′, a) + ω(γ′, γ′′′ + γ′′)
))

XγXγ′Xγ′′Xγ′′′Xa+

−
(

ω(γ′, a)
(

ω(γ′′′, a) + ω(γ′′′, γ + γ′)
))

XγXγ′Xγ′′Xγ′′′Xa

= ω(γ′, γ′′′ + γ′′)Xγ′Xγ′′Xγdγ′′′(Xa)− ω(γ′′′, γ + γ′)Xγ′′′Xγ′′Xγdγ′(Xa).

□

Lemma A.3 (Lemma 5.5). The C[Γ]−module L̃ is a Lie ring with respect
to the Lie bracket induced by h̃.

Proof. As we have already comment in the proof of Lemma 5.2, since the
bracket is induced by the Lie bracket [·, ·]

h̃
, we are left to prove that L̃ is

closed under [·, ·]
h̃
. In particular by C-linearity it is enough to show the

following:

(1) [wγ
(

Eijw
m(γij), 0

)

,wγ′
(

Eklw
m(γkl), 0

)

] ∈ L̃

(2) [wγ
(

Eijw
m(γij), 0

)

,wγ′
(

0,Ω(γ)wγ′

∂nγ′

)

] ∈ L̃

(3) [wγ
(

0,Ω(γ)wγ′

t∂nγ′

)

,wγ′′
(

0,Ω(γ′′′)wγ′′′

∂nγ′′′

)

] ∈ L̃
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and they are explicitly computed below:

(1) [wγ
(

Eijtw
m(γij), 0

)

,wγ′
(

Ekltw
m(γkl), 0

)

]

=
(

wγwγ′

[Eij , Ekl]gl(n)w
m(γij)wm(γkl), 0

)

(2) [wγ
(

Eijw
m(γij), 0

)

,wγ′′
(

0,Ω(γ)wγ′

∂nγ′

)

]

=
(

−EijΩ(γ
′)⟨γ +m(γij), nγ′⟩wm(γij)wγwγ′′

wγ′

, 0
)

(3) [wγ
(

0,Ω(γ)wγ′

∂nγ′

)

,wγ′′
(

0,Ω(γ′′′)wγ′′′

∂nγ′′′

)

]

=
(

0,Ω(γ)Ω(γ′′′)wγwγ′

wγ′′

wγ′′′ ·

·
(

⟨γ′′ + γ′′′, nγ′⟩∂nγ′′′ − ⟨γ + γ′, nγ′′′⟩∂nγ′

)

)

.

□

Theorem A.4 (Theorem 5.6). Let
(

LΓ, [·, ·]Der(C[G])

)

and
(

L̃, [·, ·]
h̃

)

be

the C[Γ]-modules defined before. Assume ω(γ, a) = Ω(γ)⟨a, nγ⟩, then there
exists a homomorphism of C[Γ]-modules and of Lie rings Υ: LΓ → L̃, which
is defined as follows:

Υ(Xγdγij
) .

.= wγ
(

Eijw
m(γij), 0

)

, ∀i ̸= j ∈ V, ∀γ ∈ Γ;

Υ(Xγ′dγ) .

.= wγ′ (

0,Ω(γ)wγ∂nγ

)

, ∀γ′, γ ∈ Γ.
(A.1)

Proof. We have to prove that Υ preserves the Lie-bracket, i.e. that for every
l1, l2 ∈ L, then Υ

(

[l1, l2]LΓ

)

= [Υ(l1),Υ(l2)]L̃. In particular, by C-linearity it
is enough to prove the following identities:

(1)Υ
(

[

Xγdγij
, Xγ′dγkl

]

LΓ

)

=
[

Υ(Xγdγij
),Υ(Xγ′dγkl

)
]

L̃

(2)Υ
(

[

Xγdγij
, Xγ′dγ′′

]

LΓ

)

= [Υ(Xγdγ′),Υ(Xγ′′dγkl
)]
L̃

(3)Υ
(

[Xγdγ′ , Xγ′′dγ′′′ ]
LΓ

)

= [Υ(Xγdγ′),Υ(Xγ′′dγ′′′)]
L̃
.
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The identity (1) is proved below:

LHS = Υ
(

XγXγ′σ(γij , γkl)adγij+γkl
−XγXγ′σ(γkl, γij)adγkl+γij

)

= wγwγ′
(

EijEklw
m(γij)wm(γkl) − EklEijw

m(γkl)wm(γij), 0
)

=
(

wγwγ′

[Eijw
m(γij), Eklw

m(γkl)], 0
)

RHS =
[(

wγEijw
m(γij), 0

)

,
(

wγ′

Eklw
m(γkl), 0

)]

h̃

=
(

wγwγ′

[Eijw
m(γij), Eklw

m(γkl)]gl(n), 0
)

=
(

wγwγ′

[Eijw
m(γij), Eklw

m(γkl)], 0
)

.

Then the second identity can be proved as follows:

LHS = Υ
(

ω(γ′′, γ + γij)Xγ+γ′+γ′′dγij

)

= −ω(γ′′, γ + γij)w
γwγ′

wγ′′
(

Eijw
m(γij), 0

)

RHS =
[(

wγEijw
m(γij), 0

)

,
(

0,wγ′

Ω(γ′′)wγ′′

∂nγ′′

)]

h̃

= −
(

wγwγ′

EijΩ(γ
′′)⟨m(γij) + γ, nγ′′⟩wm(γij)wγ′′

, 0
)

.

Finally the third identity is proved below:

LHS = Υ
(

ω(γ′, γ′′ + γ′′′)XγXγ′′Xγ′′′dγ′′′ − ω(γ′′′, γ + γ′)Xγ′′′Xγ′′Xγdγ′

)

=
(

0, ω(γ′, γ′′ + γ′′′)wγwγ′

wγ′′

Ω(γ′′′)wγ′′′

∂nγ′′′

− ω(γ′′′, γ + γ′)wγ′′′

wγ′′

wγΩ(γ′)wγ′

∂nγ′

)

RHS =
[(

0,wγΩ(γ′)wγ′

∂nγ′

)

,
(

0,wγ′′

Ω(γ′′′)wγ′′′

∂nγ′′′

)]

h̃

=

(

0,Ω(γ′)Ω(γ′′′)
[

wγwγ′

∂nγ′ ,w
γ′′

wγ′′′

∂nγ′′′

]

h̃

)

=
(

0,Ω(γ′)Ω(γ′′′)wγwγ′

wγ′′

wγ′′′ ·

·
(

⟨γ′′ + γ′′′, nγ′⟩∂nγ′′′ − ⟨γ + γ′, nγ′′′⟩∂nγ′

)

)

.

□
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