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symmetric and axistationary

second order perturbations around

spherical backgrounds
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Perturbation theory in geometric theories of gravitation is a gauge
theory of symmetric tensors defined on a Lorentzian manifold
(the background spacetime). The gauge freedom makes uniqueness
problems in perturbation theory particularly hard as one needs to
understand in depth the process of gauge fixing before attempt-
ing any uniqueness proof. This is the first paper of a series of two
aimed at deriving an existence and uniqueness result for rigidly
rotating stars to second order in perturbation theory in General
Relativity. A necessary step is to show the existence of a suitable
choice of gauge and to understand the differentiability and regu-
larity properties of the resulting gauge tensors in some “canonical
form”, particularly at the centre of the star. With a wider range
of applications in mind, in this paper we analyse the gauge fixing
and regularity problem in a more general setting. In particular we
tackle the problem of the Hodge-type decomposition into scalar,
vector and tensor components on spheres of symmetric and axially
symmetric tensors with finite differentiability down to the origin,
exploiting a strategy in which the loss of differentiability is as low as
possible. Our primary interest, and main result, is to show that sta-
tionary and axially symmetric second order perturbations around
static and spherically symmetric background configurations can
indeed be rendered in the usual “canonical form” used in the liter-
ature while losing only one degree of differentiability and keeping
all relevant quantities bounded near the origin.
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1. Introduction

Perturbation theory in metric theories of gravity is one of the fundamental
tools to tackle many realistic problems in relativistic astrophysics, ranging
from slowly rotating stars to the emission of gravitational waves from bi-
nary systems in certain limits. Perturbation theory is, in essence, a theory of
symmetric tensors defined on a Lorentzian manifold (the background space-
time). From a structural point of view its main particularity is that the
theory is not only covariant, but also gauge invariant. If the perturbation
theory is developed to order k, the number of symmetric tensors K is also k
and the gauge freedom involves k vector fields (see [5] for the explicit gauge
transformation law at every level k).

The gauge freedom is at the same time a feature and a nuisance of
the theory. Among its positive consequences, the gauge freedom can often
be exploited to simplify the problem under consideration (in much the same
way as in electromagnetism). On the other hand, the gauge freedom is always
there, so any solution of a problem immediately gives rise to the whole class
of gauge related solutions that are, a priori, equally valid. An immediate
consequence is that uniqueness problems in perturbation theory become
much harder, since one needs to understand in depth the process of gauge
fixing before attempting any uniqueness proof.
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We encountered this difficulty in full when we started the project of
proving a rigorous existence and uniqueness result for slowly rotating stars
to second order in perturbation theory. As already mentioned, one of the
necessary steps was to show the existence of a suitable choice of gauge and
to understand the differentiability and regularity properties of the resulting
gauge fixed tensors, particularly at the centre of the star. Despite the vast
literature available on choice of gauges, specifically in our setup of pertur-
bations around spherically symmetric backgrounds, this problem had never
been addressed before rigorously. It turned out that the problem is consider-
able harder than one could have expected a priori. In this paper we report on
our results on this subject. Although our primary motivation for this work
still lies on the existence and uniqueness problem for slowly rotating stars,
the existence of gauges that we analyse in this paper have a much wider
range of applicability and are interesting on their own, independently of the
original application we have in mind. This, combined with the length and
level of complication we have encountered, justifies presenting the results in
a separate paper.

Our specific interest is to understand the problem of gauge fixing and the
properties of the resulting “canonical form” for stationary and axially sym-
metric perturbations around static and spherically symmetric background
configurations with a regular centre. We restrict the perturbations to the
so-called orthogonally transitive case and we go to second order in pertur-
bation theory. It is important to emphasize that, for the sake of generality
and particularly to apply the results in our subsequent work on slowly rotat-
ing stars, we need to work with finite differentiability, and in fact we want to
keep our differentiability requirements as low as possible. This requirement
is one of the main sources of complication in our arguments.

We tackle the problem in two separate steps, each of which requires
fewer assumptions on the background. The first step is concerned with or-
thogonally transitive stationary and axially symmetric perturbations. Here
the background need not admit any extra symmetry, i.e. the results apply
for general backgrounds admitting a stationary and axially symmetric or-
thogonally transitive action. This step is not particularly complicated and
we deal with it in Section [d] We first analise the case of general backgrounds
admitting an orthogonally transitive Abelian group action of any dimen-
sion and perturbations up to second order that “inherit” these background
symmetries (the precise definition of this notion is given in Definition .
However, it is only in the case of orthogonally transitive stationary and ax-
ially symmetric perturbations that we can ensure the gauge transformation
keeps the differentiability of the perturbation tensors also on the axis. The
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main result for this step is Proposition [4.5] where block-canonical forms for
the first and second order perturbations tensors are given.

The second step is considerable harder. Here the background is as-
sumed to be spherically symmetric (but not necessarily static). Perturba-
tions around spherically symmetric backgrounds have been studied exten-
sively in the literature and in many different areas (see e.g. [3, [, O, 12} [17]
and references therein). A very common choice of gauge is to assume that
the angular-angular part of the perturbation tensor is proportional to the
standard metric on the sphere. This is for instance one of the defining prop-
erties of the Regge-Wheeler (RW) gauge [18], but it is shared by many other
gauge fixing procedures. By far the argument most widely used to justify
that such a choice of gauge is possible is to decompose the perturbation ten-
sor into scalar, vector and tensor spherical harmonics. Then, for each mode
it is easy to construct a gauge vector that transforms the perturbation ten-
sor into the desired form. Despite its simplicity, this argument falls short to
provide an existence proof of the gauge vector because that would require
showing that the collection of gauge vectors at each mode corresponds to
the mode decomposition of a gauge vector. In other words, one must show
that the mode series converges. This is not a simple problem.

The second approach is based on using the Hodge-type scalar-vector-
tensor (SVT) decomposition of symmetric tensors on the sphere [24]. The
approach of replacing the spherical harmonic mode decomposition by SV'T
decompositions to study perturbations around spherical background has
been used in the literature (see e.g. [8, [10] and [I4], where the full set of
perturbations are expressed in terms of functions on the sphere). Its use to
show existence of a suitable gauge vector in four spacetime dimensions and
for first order perturbation tensors can be summarized as follows. For space-
time dimension two, the SVT decomposition is applied on two-dimensional
spheres and it is a well-known fact that in the two-dimensional sphere the
only traceless and transverse symmetric tensor is the zero tensor. Thus, the
SVT decomposition takes a simple form that involves only a scalar and a
vector field (the explicit form appears in below). This, combined with
the gauge transformation law, makes it immediate to show that a gauge vec-
tor exists such that the angular-angular part of the first order perturbation
tensor can be made proportional to the standard metric on the sphere. This
approach however does not cover all our needs either, even at the first order
level. The main difficulty lies at the centre, i.e. at the point(s) where the
spheres defined as the surfaces of transitivity of the spherical action on the
spacetime degenerate to points. The SVT decomposition is well-understood
on each sphere, but we need to deal with a two-parameter family of spheres
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that degenerate to a point. This prevents us from using directly the standard
results on SVT decomposition to show existence of the appropriate gauge
vector. It should be emphasized, however, that the SVT decomposition is a
very important guiding principle for our approach to the problem.

Another important source of complication is our need to use finite dif-
ferentiability. As we shall see along the text, it is a fact that rendering the
perturbation tensor into a canonical form typically lowers the differentiabil-
ity. Given that we want to keep the differentiability requirements as low as
we can, it becomes necessary to find a good strategy where the loss of differ-
entiability is as low as possible. This prevents us even from adapting directly
the standard methods on Hodge decomposition on the sphere in the domain
away from the origin. Indeed, these methods (see e.g. [I1]) work by obtain-
ing second order elliptic equations for each one of the components arising
in the Hodge decomposition. To derive these equations, one needs to take
two derivatives of the original tensor. These derivatives are then regained by
standard elliptic regularity (working e.g. in Holder spaces). However, when
dealing with a two parameter family of problems as in our case, the loss of
two derivatives in the coordinates that label the spheres cannot be regained
by elliptic regularity.

The method we follow (see Theorem [5.4]) consists in writing directly a
system of coupled first order PDE on each sphere. While we are not aware of
any general theorem that gives existence, we can exploit the axial symmetry
of the perturbations to transform the system of PDE into a decoupled system
of ODE. This strategy allows us to achieve a loss of only one derivative
(away from the origin). Although we have no proof that this loss is optimal,
we do have strong indication that it cannot be improved in general. The
method that we follow introduces an important complication at the axis of
symmetry where the ODEs become singular. In fact, most of the technical
work in this paper is devoted to understanding the existence and regularity
at the axis of the solutions of these ODE as well as to understand the
regularity with respect to transversal directions away from the two-sphere
and, very particularly, the behaviour of the solutions near the origin. We
devote Appendix [B] to study all these issues.

It turns out that the behaviour near the origin is complicated. Our main
result in this respect is that all the relevant quantities stay bounded near
the origin. However, we do not show that the perturbation tensor is even
continuous at the origin (let alone differentiable). Again we have no proof
that our result is optimal, but we strongly suspect that it is not possible to
write the perturbation tensor in canonical form and not to lose a great deal
of regularity at the origin.
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This is in fact one of the points we want to stress in this paper. In the
physics literature it is a rather common belief that, as long as the number of
restrictions matches the number of free functions in the gauge transforma-
tion, the process of restricting the gauge and writing the resulting tensor in
some predetermined form comes at essentially no cost. The analysis in this
paper shows very clearly that these issues are very delicate and that exploit-
ing the gauge in order to transform the perturbation tensors into some useful
form may easily spoil some other desired properties (such as continuity or
differentiability at certain places). Only by knowing precisely how much de-
terioration is generated, can one decide whether using the canonical form is
convenient (or even possible) for the specific problem under consideration.

1.1. Main result

The main result, Theorem [6.3], can be stated roughly as follows. Consider a
static and spherically symmetric spacetime (M, g) with g of class C"*! with
n > 2, with timelike integrable Killing vector field (KVF) &, and single out
a generator of an axial symmetry n, so that

g=—e"Odt? + Xdr? + R (r) (d* +sin® 0dp®), €=, 1= 0

Now, given any stationary (§) and axially (n) symmetric (and orthogonally
transitive) C"™*1 perturbation to second order around (M, g) there exists a
gauge transformation that yield first and second order perturbation tensors
K and Ky that are C"~! and C"2 outside the origin, respectively, and
can be written as

K = —4e""nW(r,0)dt* — 20W (r, 0)R?(r) sin® 0dtde + 4e*m D (r, ) dr?
+ 4kW (r, 0)R?(r)(d6? + sin? 0dp?) + 4e*" 9 f ) (r, 0)R(r)drd,

K = (~4e RO, 0) + 200 ()R (1) sn? ) di?
— 9,2 (r,0)R?(r) sin® Odtdep + 4N (?) (r,0)dr”
+ 4k®) (r, O)R2(r) (6 + sin® 0de?) + 46 V)3 f P (r, )R (r)drd0

outside the axis of symmetry. Moreover, the result provides full control of
the differentiability and boundedness properties of the functions involved.
Let us stress again the fact that this result does not ensure the continuity
of either tensor K{I’ or K%I’ at the origin. We can prove, however, that the
gauge vectors extend continuously to zero at the origin.
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The gauge freedom involved in the above forms is found and discussed
in Section

1.2. Plan of the paper

The structure of the paper is as follows. Section [2| is devoted to produce
the necessary definitions on perturbations that inherit some of the symme-
tries present in the background. It serves us also to fix the differentiability
of the perturbation scheme and the perturbation tensors. In Section [3| we
analyse the structure that symmetric 2-covariant tensors invariant under
the axial symmetry must have in a convenient (partly Cartesian) class of
charts in the presence of the axis. The results are presented in Lemma [3.6
which generalises the well known results on the form of the metric in axially
symmetric spaces, see e.g. [0]. In parallel, Section [4| deals with orthogonally
transitive perturbation schemes, that is, perturbations that inherit the two-
dimensional group of isometries acting orthogonally transitively admitted
by the background (but arbitrary otherwise), to second order. The result
for sationary and axisymmetric orthogonally transitive spacetimes is given
in Proposition [£.5

Next we retake the results from Section [3| and particularise to axial
perturbations around spherically symmetric backgrounds. In particular, we
prove in Theorem the existence of the decomposition on the sphere of
symmetric axially symmetric tensors (of finite differentiability), down to the
behaviour of the decomposition at the origin. That result is then (partially)
used to prove Proposition which states the existence of a gauge vector
that renders the first order perturbation tensor in some convenient form,
while keeping control of the differentiability properties and behaviour at the
origin of the relevant quantities. The analogous, but much more involved
result, for second order is presented in Proposition

We finally combine in Section [f] all those results to build the proof of
the main results of this paper, in the form of Proposition leading to
Theorem [6.3]

Let us stress that our work here is purely geometric, we do not make use
of any field equations. For the same reason, we do not make any consideration
as to the physical meaning of the perturbation.

We have tried to write down this work as self-contained as possible,
leaving the more technical work for the Appendices. The control of the
differentiability (specially on the axis) and boundedness near the origin of
the relevant components of the perturbation tensors requires several results
on radially symmetric functions which we state and prove in Appendix [A]
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Although these results should be essentially known, they are not easily found
in the literature in the form we need. Finally, the building block in showing
existence of gauges is Lemma [5.3]| Establishing this result requires some
rather long technical work which is left to Appendix [B]

1.3. Notation

Given the various setups considered in this work, we have been compelled to
introduce a substantial amount of notation. We will fix most of the notation
along the way, fundamentally at the start of the sections in which the rele-
vant frameworks are introduced, in particular in Section [5|and Appendix
Nevertheless, we fix here some basic notation that will be used from the
start.

A O™ spacetime (M, g) is a k-dimensional (k > 2) orientable C™"2
manifold M endowed with a time-oriented Lorentzian metric g of class C"*1,
We assume n > 2 unless otherwise stated. Scalar products of two vector fields
X, Y with the metric g will be denoted both by ¢(X,Y) and (X,Y’). We say
that a geometric object is “smooth” when it has maximum differentiability
allowed by the background. A function f defined on an open dense subset
U’ of some neighbourhood U € M is said to be C™(U) if it can extended to
all U with this property.

We will use the usual square bracket notation [m] for the integer part of
m € R. We also use Landau’s big-O and little-o notation with its standard
meaning.

2. Definition of perturbation scheme and symmetry
preserving perturbations

The construction of a spacetime perturbation relies on a one-parameter fam-
ily of C™*1 (n > 2) spacetimes (M-, j.), where ¢ takes values in an open
interval Iy C R containing zero, from where we single out the background
(M, g) := (Mp, go), diffeomorphically identified through a gauge 1. so that

(2.1) Ve : M — M.,

and v is the identity. The diffeomorphisms . are assumed to be C™12
for each . This allows us to define a family of metrics g. of class C™*!
on M related to ge by ge := 9} (g-). We further assume that this family of
metrics is at least C? in € (to guarantee we can go to second order) and that
e-derivatives do not affect the differentiability class. Define also the tensor
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gg”” by gg =dys 1(g£) where gﬁ is the contravariant metric associated to g..
Note that gg is the contravariant metric associated to g..

The first and second order perturbation tensors K; and K3 on (M, g)
are obtained from g. as follows

_ dge

d?ge
Ky =
de ) 2

(2.2) K :
0 de?

)

e=0

while the derivatives of the contravariant metrics are E|
d2 gaﬁ
de?

dgé”
de

- _Kf‘ﬁ’
e=0

(2.3) = K37 2K K P,

e=0

The identification by ). is highly non-unique and its freedom can be realized
by taking into consideration an e-dependent diffeomorphism €2, : M — M in
M before applying 1.. The new identification is 1)¢ := 1. o Q. and introduces
a new family of tensors g¢ = ¥Z*(g.) = Q(g-) on M with corresponding first
and second order perturbation tensors K{ and K3. We again assume that Q.
are C"*2 diffeomorphisms with C? dependence in ¢ and that e-derivatives
do not change the differentiability class. In terms of the first and second
order (spacetime) gauge vectors Vi and Vs, defined as follows

Qe
‘/1 = 0 )
e e=0
__ Ve o 8(Q€+hOS);1)
(2.4) e~ I L .

the relation between K{, K§ and K1, K> is given by [5, [13]

(2.5) K{ =K+ Ly,g,
}(3:: K5 +>£vgg-F2[H4f(f7—-ﬁy&ﬁpqg.

Since the background manifold is C™*? and the metric is C"*!, the natural
differentiability class preserved by these gauge transformations is as follows.
At first order the gauge vector Vi is C"! and the perturbation tensor K is
C™. At second order V3 is C™ and K> is C" . We will therefore incorporate
this assumption into our definitions:

LAll Greek indices in this paper are raised and lowered with the background
metric g and its inverse.
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A perturbation is, by definition, the family (M., g.) with all the possible
identifications {1, } related to each other by a gauge transformation. The in-
trinsic gauge freedom of a perturbation is a major source of complication, as
a specific problem may have very different forms in different gauges. A selec-
tion of a class of gauges leads to what we call a perturbation scheme, namely
a triple (M., g, {1c}), where {1):} denotes the selected class of gauges. A
perturbation scheme will be said of class C"*! when the family g. is C"*1,
the perturbation tensors K;, K, are, respectively, C" and C"~! and the
gauge vectors Vi, Va are, respectively, C"*! and C™.

In many specific problems one often needs to preserve some of the sym-
metries of the background along the perturbation. This leads to the notion
of “inheritance of symmetries” which we define next.

Definition 2.1. Let (M., g, {1:}) be a perturbation scheme whose back-
ground spacetime (M, g) admits a Killing vector field £. The perturbation
scheme is said to inherit the (local) symmetry generated by £ when-
ever for all e € Iy and all ¢ € {1.}, the vector field & := di-(€) is a Killing
vector of (Mg, gc).

Remark 2.2. Of course, this definition just recovers the usual idea that
the perturbation admits a symmetry when so does the family g., since

Lege = ¥2(Le 32) = 0.

Note that the notion of “inheriting a (local) isometry” depends not only on
the perturbation itself, but also on the perturbation scheme. Indeed, given
a perturbation scheme (M., g, {1c}) one may construct other perturbation
schemes belonging to the same perturbation where the symmetry is not
inherited. This is because a fixed vector field & which is Killing for all g.
will not, in general, be a Killing of Q%(g.). Thus, demanding the existence
of a perturbation scheme where a symmetry is inherited is useful both to
restrict geometrically the family of perturbations and also to restrict the
class of allowed gauges.

Remark 2.3. If a perturbation scheme inherits a collection of (local) isome-
tries of the background that form a subalgebra A, then each (M., §.) admits
the same algebra, because push-forwards preserve commutation relations
[20]. For the same reason, Ay must leave invariant the family of tensors g.
on M.
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Besides inheriting (local) isometries, in many cases some other geomet-
rical aspects concerning the orbit of the (local) group are also required to
be preserved. In the following two sections we consider axially symmet-
ric perturbations and “orthogonal transitive” perturbations independently.
Our final aim will be the construction of a convenient perturbation scheme
for stationary and axially symmetric perturbations that inherit also the ge-
ometric property of being “orthogonal transitive.”

3. Axially symmetric perturbations

In this section we recall the concept of axial symmetry and introduce the
definition of axially symmetric perturbations as a particular instance of the
general notion of “symmetry inheritance”. Our main result of the section
is Lemma where we explore the consequences of axial symmetry on the
structure of symmetric two-covariant tensors. This result will play a relevant
role in subsequent sections, where the background is taken to be spherically
symmetric.
The definition of axial symmetry is standard (see e.g. [2, [7, [16]):

Definition 3.1. A spacetime (M, g) is axially symmetric whenever there
is an effective realization of the one-dimensional torus 7' into M that is an
isometry and such that the set of fixed points is non-empty.

We denote by 7 the Killing vector field defined by this realization assum-
ing that the torus 7" has been parametrized with the standard 27-periodicity
angle. First consequences from the definition are that the set of fixed points,
where n = 0 and which we call the axis A, is a codimension two Lorentzian
and time-oriented surface [7, [16]. Furthermore, A is autoparallel and for
any point p € A there is a neighbourhood of p such that 7% := (n,n) is non-
negative and zero only at points on the axis (a priori this property may fail
sufficiently far away from the axis). Moreover

(Vn?, Vn?)

(3.1) lim 5

= 1.
n?—0 477

This is the so-called reqular azis property, from where the usual elementary
flatness around the axis can be inferred.

We can particularize Definition to the case of axial symmetry and
introduce the notion of axially symmetric perturbation scheme. To be ex-
plicit:
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Definition 3.2. A perturbation scheme (M., g, {1:}) of an axially sym-
metric background spacetime (M, ¢g) with axial vector n is an axially sym-
metric perturbation scheme if it inherits the axial symmetry in the sense

of Definition .11

In this setup 7. = dip-(n) is a Killing vector for each (M., ge, {1:}), with
axis A, defined by the points at which 7. = 0, i.e. A = {p: € Mc;7nc|p. = 0}.
By the invertibility of 7. = di-(n) the points p. that satisfy 7.|,. = 0 are
those p. = 1:(p) such that 7|, = 0, and therefore . simply maps the axis
at the background A to their corresponding A..

Since the Killing equations £, g. = 0 hold for all €, we necessarily have,
up to second order,

(3.2) LK1 =0,  L,Ky=0.

The regular axis property (3.1)) holds at each e-component, that is, the
function

1 0 2)0s()
€ T 47/782 7

where 72 := g}s(ﬁ;, 1), must be 1 at A.. Therefore, by construction, the pull-
back Ao i= 2(A:) = g2 0u(n2)Dp(n2) /4n2, where 12 := OE(72) = g-(n,n),
must attain 1 at A, i.e.

lim A, = 1.
n?—0

Since lim,»_,0 Ag =1 (regular background configuration), the regular awxis
property on the perturbation scheme translates, to second order, onto the
fact that

AW . e @ . A
Code |, B
satisfy
(3.3) lim AY =0,  lim A® =o.
n—0 n—0
Since
d 2 d2 2
TEN = Ki(n,m), Ll = Ka(n),

2
dS e=0 dE: e=0
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and recalling (2.3 a straightforward calculation shows

B A = (KR V) + 2V (.0). V)

1
- 772K1(n7n)<vn2,vn2>>

and

(3.5)

A® = 47172{—1(2(%2, Vn?) + 2(V(K2(n,n)), Vi) — 7712K2(n7 (v, Vi)
+2(K1 - K1) (Vi?, Vi) — 4K1(V(K1(n,n)), V)

n 2<V<K1<n,n>>,V<Kl<n,n>>>}

2

- WA(DKI(”:”)'

Summarizing we have shown the following result.

Lemma 3.3. Consider an azially symmetric perturbation scheme
(Mz, ge, {tbe}) for an azially symmetric background spacetime (M,g) with
axial Killing vector 1. Denote n? := (n,m). Then, the first and second or-
der perturbation tensors K1 and Ko satisfy , the axis of symmetry of
the perturbation coincides with the background axis of symmetry A and the

quantities AV and A, given by and respectively, vanish there.

Since in this paper we will be concerned with perturbations up to second
order it makes sense to relax the definition of axially symmetric perturbation
and impose conditions only up to this order. This leads to the following
definition.

Definition 3.4. A perturbation scheme (M., g, {1:}) of an axially sym-
metric background spacetime (M, g) is a second order axially symmetric
perturbation if it satisfies the outcome of Lemma [3.3]

The defining property of an axially symmetric perturbation scheme
is that the axial Killing vector of the background is mapped to an axial
Killing vector of (M., ge). Except in very special circumstances the space-
time (Mg, ge), € # 0 will admit only one axial Killing vector 7., so di.(n)
is forced to be this unique axial Killing field. In exceptional circumstances,
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where additional axial symmetries are present, the axially symmetric per-
turbation scheme becomes automatically larger. This additional freedom,
however, is of a trivial nature and can be removed by any a priori identi-
fication of an axial Killing at every e # 0. In the next lemma we identify
restrictions on the perturbation vectors that arise from either the unique-
ness of the axial symmetry of (M., g:), € # 0 or, in the exceptional cases,
of having identified one axial Killing at each e. This result will be useful in
[15] where uniqueness issues are discussed.

Lemma 3.5. In the setup of Lemma if the class {1:} is such that
the azial Killing vector f. = die(n) of (Me, ge) is independent of 1. € {1:},
then the gauge vectors Vi and Vo defined by a change of gauge within the
class satify

Vi,n] =0,  [Va,n] =0.

Proof. Let 1. and ¢ belong to the class {1/ }. Recalling the definition Q. =
Y-t o1, the assumption of the lemma implies (in fact, is equivalent to)
both n = Q-1*(n) and n = Q.*(n), for all € € Iy. From the expresion of V.
in and the definition of Lie derivative we get Ly.m = 0. Evaluating at
e =0 yields Ly._,n = Ly,n = 0. Taking the derivative at ¢ = 0 and using
(see e.g. the proof of Lemma 1 in [13])

d
CT[:VJ? = K%’rh
£ de

the definition of V5 in (2.4) gives Ly,m = 0. O

In order to explore the consequences of Definition we need to study
the restrictions imposed by equation . The following lemma applies to
arbitrary symmetric tensors invariant under an axial Killing and may have
independent interest. For related results in the particular case when K is
the spacetime (background) metric see [6].

Lemma 3.6. Let (M,g) be a k-dimensional (k> 2) azially symmetric
spacetime with azxial Killing n and axis A. Let K be a symmetric 2-covariant
tensor satisfying L,K =0 and C™ (m > 1) on a neighbourhood Uy C M
of a portion of A. By restricting U4 if necessary we take Uy invariant
under n and admitting global coordinates {x,y, w"}, where u=3,...,k if
k>3 orw" = @ otherwise, such that n = x0y — y0. Let U C R* be the set
where {x,y, w"} take values. Then, using the notation ||z|| :== /2% + y? and
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Ky := K(0,0:), etc, it follows that, on U \ {||z| = 0}:

u U x2 _y2 u 2$y
(3.6) 2 = Unlell ) + Aol )= = sl w)

u u ZCQ _y2 u 2$y
(B7) 2Ky =Wl w*) Aol ) S + Bl v .

22 — 42
z][2

(Apu ([l )z + Upu ([ 2], w*)y) ,

w 2Ty “
(3.8)  2Kuy = o(|[z|,w )W + Us (|||, w*)

1
(3.9) Kpu=——
(I

(3.10)  Kyu = (“Wu(llzll, w*)z + Wpu ([l 0" )y)

1
]2
(311) Kuv :ﬂuv(HZI;Hvau)?

where, for each B € {1,2,3, pu,nu,uv}, the functions s (p, w") are defined
on the domain U, := {p € Rsg,w" € RF"2(p,0,w*) € U} C Rxo x R¥2,
Moreover,

(3.12) Ass (p, w") = Pos (0%, w") + G (p, w),

where each Pes(p*, w") is a polynomial of degree [3] in p?, @gn) is o(p™)
and Py, @gn) are C™ on U,. Furthermore Pa, P3, Ppu, Pyu vanish at p =0
(for all w™).

Remark 3.7. Several expressions above look undetermined at ||z| = 0.
The factors (22 — y?)/||z||? and xy/|z||* are bounded but have no limit as
||z|| — 0. However, this is only apparent because Ay, A3, Ay, Ay, vanish as
||z|| — 0. Therefore, the expressions are valid in the whole U.

Proof. The equation £,K = 0 takes the following explicit form in compo-
nents

(3.13) N(Kgz) = —2K4y, N(Kyy) = 2Ky, N(Kgy) = Kgo — Kyy,
(3'14) U(Kxu) + Kyu =0, n(Kyu) — Ky, =0,
(3.15) n(Ku) = 0.

K being at least C' and 1 vanishing on the axis these equations readily
imply that K, — Kyy, Kay, Ky, Ky, all vanish at ||z]] = 0. Moreover, the
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following consequences are easily obtained

N( Kz + Kyy) =0, n(rKpy + yKyU) =0,
n(nyu - fEKyu) = 07 U(Kuv) = 07

50 Kyp + Kyy, e Ky + yKyu, yKpu — vKy,, and Ky, are radially symmetric
in the variables {z,y} and C"™ in U. By Lemma in Appendix [A] there
exist Ay (p, w"), Upu(p, w"), Upyu(p, w") and Wy, (p, w") defined on U, and

satisfying (3.12]) such that

Koo + Ky = (o], w®), Koo = U], %),
YKoy — 2Ky = 'Z[nu(‘|a:|’,w“)7 TKpu + yKyu = ?[pu(HwH?wu)

Now, A,y (p, w*) and Ay, (p, w") vanish at p =0 (for all w"), so the corre-
sponding polynomials P,,, Py, have the same property. From the definitions

it is clear that (3.9)), (3.10) and (3.11) hold. Next, define

2 2
Tt =y 2zy
Ag = ————( — Kyy) + — 52K,
lf2 T a2
2xy x? — 92
Ag = —— S (K — Kyy) + ———2K
ol a2 T

in U\ {||z|| = 0}. The vanishing of K., — K,, and K, at the axis shows
that these functions extend continuously to zero at ||z|| = 0. Moreover, since

z? — 12 2xy 2xy z? — 9
N =2 ) = 2o n 5 | =2 5
[l ] [l |

we have 7n(A2) =0 and n(A3) =0, and therefore Ag, A3 are radially
symmetric in {z,y}. Define the corresponding traces s, A3 : U, — R by
Ag = Up(||z]],w") and Az = Us(||x||,w"). Obviously these functions sat-
isfy (0, w") = A3(0, w") = 0. Directly from the definitions f := K, — Ky,
takes the form f = Up(||z, w") ot — s (|l w") E in U\ {]la]| = 0}.

[l

X
So far we thus have (3.6) and (3.7), and the first equation in (3.13]) leads

to (3.8). It only remains to show that Ay and A3 admit the decomposition
(3.12)). Define the functions

so(z,w") = f(z,y = 0,w") = Uz(abs(x), w"),

53, ) = ——— f(2,y = 2, w) = Us(abs(x), w).

>
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First of all, the fact that f is C™ (in U) implies sa(z, w") and s3(z, w") are
C™ functions of their arguments, particularly in the domain x > 0. Setting
p = abs(xz) we have that a(p, w") = sa(p, w™) and Us(p, w") = s3(p, w"),
and by Lemma particularised for p = 1, A5, A3 are C™ functions in U,
with the structure given in . O

4. “Orthogonally transitive” perturbations

Recall that an Abelian G2 (local) group of isometries on a spacetime (M, g)
is orthogonally transitive if, except possibly on a subset with empty
interior, the orbits of the local isometry are two-dimensional, non-null and
their orthogonal spaces form an integrable distribution (equivalently, almost
everywhere in M there exists a foliation by immersed non-null surfaces or-
thogonal to the orbits everywhere). By definition we say that this property
is inherited by a perturbation scheme if the background admits an Abelian
orthogonally transitive Ga local action which is inherited on each (M, g.)
and the corresponding (local) orbits are orthogonally transitive.

4.1. Orthogonally transitive actions

The results of this subsection are essentially known. We include them for
completeness since they will be needed later.

Consider a C"*1(n > 0) pseudo-Riemannian manifold (M, g) of dimen-
sion k and arbitrary signature. Let {&} i,j,[,---=1,---,s < k be a collec-
tion of (linearly independent) Killing vector fields that form an algebra, i.e.
such that

(€, 6] = Ciié.

For all p € M define II|, = span(&;|p, - - - €s|p). This is a vector subspace of
T,M of dimension at most s. Define M’ := {p € M;dim(II|,) = s}. Linear
independence of the Killing vectors implies M’ is dense in M. We make the
following two assumptions:

(i) For all p € M’, the metric g restricted to II|, is non-degenerate.

(ii) For all p € M’, the g-orthogonal complement IT1|, defines an inte-
grable distribution of M’.
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Note that by (i) we have T,M = II|, ® II*|, for all p € M’. Since the distri-
bution {II*|,} is defined as the set of vectors in the kernel of al]ﬂ & =g(&, ),
the Frobenius theorem states that (ii) can be written equivalently in the fol-
lowing two ways

(it’) A&, N&, N---N&, =0 Vi, - rigy1 =1,--- 8,
S
(ii")  d& = Zﬁj AP
=1
where Xj; are smooth one-forms on M.
We note the following facts. If V, W are vector fields everywhere orthog-
onal to {&} (or, in other words, taking values in IIt|,, for all p € M) then

[&i, V] and [V, W] have the same property. The proof is by direct computation
(a, B, -+ are indices of M and V is the Levi-Civita derivative of g):

ialss V17 = ia (VY = VIV ) = —Va (67756 - /9587
= _Va[gjagi]a =0
and

EalV, W) = Gia (VIVAWE = WOVV) = VIW (=VEia + Vakis)

— d&; (W, V) = <Z£,/\Eu) V) =0.

Define 7ij := ¢(&i, &j). The next lemma introduces a set of closed one-forms
that will then allow us to introduce suitable local coordinates.

Lemma 4.1. In the setup above, assume further that the Lie algebra {&;}
is Abelian. Then there exists smooth closed one-forms ¢t on M’ such that

(4.1) & = 7i¢'-

Proof. By condition (i), 7;; is invertible on M’. Let vV be the inverse (i.e.
such that 'y = 5‘) and deﬁne ¢t :=1Y¢;. These are C"! one-forms on
M’ obviously satlsfylng . It remains to show that d¢' = 0. Observe first

2We use boldface to denote the metrically related one-form associated to a vector
field.
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that ¢'(&) = 51‘ We use the definition of exterior differential
¢ (X,Y) = X(¢'(Y)) - Y(¢'(X)) = ¢'([X,Y])

where X,Y are arbitrary vector fields in M’. To prove d¢' = 0 is suffices to
show that the right-hand side of this expression vanishes in the following
three cases, (a) X =&,Y =¢, (b) X =&, Y =Woand (c) X =V Y =W,
where V, W are everywhere orthogonal to {&;}. Now

(@) dC(&5,&0) = &(81) —&(8)) — ¢H([&, &) = 0
(b)  d¢i(&, V) =-V(5) - <[, V]) =0
(¢)  d¢'(V,W) =—=C([V,W]) =0,

where in (a) we used the assumption that algebra is Abelian and in (b),
(c) the fact that [, V] and [V, W], along with V', W are all orthogonal to
S O

Corollary 4.2. If M’ is simply connected, then there exist smooth functions
2* on M' such that

(4.2) &) =0, & =wdd.

Proof. By simply connectedness, closed is equivalent to exact. Define 2’ by
¢} = d2) and (4.2) are immediate. O

It is also a well-known fact that under assumptions (i) and (ii) there
exist local coordinates near any point in M’ in which the metric separates
in blocks. The argument is standard, but we include it for completeness.
Fix p € M’ and let ¥, be the integrable manifold of the distribution I+
containing p. Select any local coordinate system {z®} on ¥, near p and
extend the functions z as constants along the integral manifolds of the
distribution II. By construction £'(z®) = 0. It is immediate that {z%,2z'}
defines a local coordinate system in a neighbourhood of p. By the first of
we have £' = 0,1, so the metric in these coordinates only depends on
{z°}. By the second in the cross components giq of the metric vanish
and gij = 7i;. The block diagonal structure follows

g = 7ij(z°)dz'dz’ + hap(2°)dz da’.
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4.2. “Orthogonally transitive” perturbation scheme

Let (M., ge,{%:}) be a perturbation scheme that inherits an orthogonally
transitive Abelian G (local) group of isometries generated by span{¢;},
i,j=1,---,5 (1 <s < dim(M)) on (M, g). The next proposition shows that
the first and second order metric perturbation tensors can be taken as block
diagonal in M’. Later we show that in the stationary and axisymmetric case
the transformation does not lower the differentiability of the perturbation
tensors in the whole M, that is, including the axis.

Proposition 4.3. Let (M., g, {tc}) be a perturbation scheme of class
C™l (n >2) that inherits an Abelian G, 1 < s < dim(M) (local) isom-
etry group that acts orthogonally transitively. Let M’ be the open and dense
subset where the orbits of the Abelian (local) isometry group are non-null
and have dimension s and assume that M’ is simply connected. Then, for
each ge = Ve(ge), Ve € {We} there exist first and second order gauge vectors
Vi and Vy such that the corresponding transformed K and K3 are of class
C™(M') and C"=Y(M") respectively and block diagonal, i.e. take form

K1 = Kyy5(2°)da'da’ + K14p(2°)d2®da®,
Ky = Koi5(2%)da'da’ + Koqp(2°)dzda®

in any local coordinate system {x®} = {z', 2%} in M’ adapted to & and to
the orthogonal transitivity of the background, i.e. where

(4.3) g = ij(x°)da'da’ + hap(2°)dzda®, & = Oy
Proof. By Lemma [4.1] and Corollary there exists smooth scalar func-

tions Zé : M" — R satisfying fi(?«‘é) = (52 such that the one-form fields &§ :=
9:(&;, ) take the form

£ = v5dzl, v5 = 9:(&, §).

Let {z®} be any local coordinate where the background metric takes the
form . The condition &;(z!) = 6] implies the existence of scalar functions
ul(z%) such that 2zl = 27 + ul(x*). The form of & forces that the metric g.
in these coordinates takes the form

9e = Vi (dz' + Oguldz®)(da’ + dpulda®) + hepdz®da®.
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Since & = 0, are Killing vectors of this metric, 7 (z*) and hSy(z¢). More-
over, the equality g = g.—¢ implies

Yiile=0 = Yijs hijle=0 = hij, ut| _, =0.

Computing the first and second order perturbation tensors, one finds after
a simple calculation

K, = Klijda:idwj + QVijBQUjdacidx“ + K1 gpdz®dz®,

Ky = Koydz'de) + 4K1;0,U' dz'dz® + 27;;0,U" 0pU'dz da®
+ 2740, W'ida'dz® + Kaqpda®da®,

where
1ij - d ) lab -— d ) = d ’
€ le=0 € le=0 € s;O
K. dQVIE] K _ thflb Wi . d2u<12
2ij de2 ) 2ab de2 > T de2 :
€7 le=0 € e=0 €% le=0

We consider the gauge vectors V; = —U'(2%); and Vo = —Wi(2%)d;. It is
immediate that

Ly,g= —2’yij8anda:‘d:c“

and hence K{ = K1+ Ly, g = Khjdxid:cj + K 4pdz®dx® is block diagonal,
as claimed. For the second order perturbation we use the form (2.6). A
simple calculation gives

Ly, K{ = —2K{,0,U'dz'dz*, Lv, Ly, g = 271;0,U 06U d® da®

and we conclude that Ko = Kzide?idZL‘j + Ko pdz®dx®, i.e. block diagonal.
We have performed the computation to change the gauge in local coordi-
nates, but it is clear that both V; and V5 are globally defined on M’ and
smooth because they are intrinsically defined by

dz! du}
Vi=-— dfe §=- =&
(4.4) ¢ le=0 £ le=o
v d?z ¢ d?u} ¢
2 = — i=— i
de? |, de? |__,
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Remark 4.4. This proposition includes as a particular case the situation
when the perturbation scheme inherits a static (local) isometry, i.e. an or-
thogonally transitive one-parameter (local) isometry group with timelike
orbits.

At the level of generality of Proposition [4.3| we can only establish the
differentiablity of V; and V5 on M’, i.e. away from points where the distri-
bution {II,} degenerates. The reason lies in the non-invertibility of 7ij at
the complement of M’. Extending the differentiability of the gauge vectors
to the whole of M is a delicate issue which, however, must be addressed in
our problem. Indeed, an important step of our argument will be applying
Lemma [3.6{on pertubation tensors written in block diagonal form, for which
it is crucial that these tensors are differentiable everywhere, including the
axis. To accomplish this we will exploit the fact that the metrics g. are sta-
tionary and axisymmetric. Using the results in Lemma [3.6] we will be able
to analyse the behaviour of the one-forms ¢! defined in Lemma near the
axis. This will be sufficient, via integration of dz! = ¢!, to show via
that the gauge vectors V; and V5 are differentiable everywhere.

We need several well-known facts (see e.g. [2I]) about stationary and
axisymmetric group actions. Recall that this is a spacetime isometry gen-
erated by an axial Killing vector 7, see Section [3] assumed to be spacelike
everywhere outside the axis, and a timelike Killing vector £. The group is nec-
essarily Abelian and the points where the group orbits are two-dimensional
and non-null (i.e. M’) are determined by dety = (&,&)(n,n) — (£,1)? < 0.
Given that n? = (n,7) is non-negative and zero only at points of the axis A,
dety = 0 also defines A. The construction of a stationary and axially sym-
metric perturbation scheme implies all the above for each e, in particular
for det v¢. Lemma [3.3| ensures that the axis of the perturbation, i.e. the axis
at each ¢, coincides with A, and therefore we have that det~® vanishes on
A and only there.

Proposition 4.5. Let (M, g.,{v:}) be a perturbation scheme of class
C™ 1 (n > 2) that inherits a stationary and azisymmetric isometry group
that acts orthogonally transitively. Assume that M' = M \ A is simply con-
nected. Then, for each g. = 1Ve(ge), e € {1} there exist first and second
order gauge vectors Vi and Va such that the corresponding transformed K3
and K3 are of class C"(M) and C"~Y(M) respectively and block diagonal,
i.e. take form

K1 = Kyy5(2°)da'dz’ + K14p(2%)d2®da®,
Ky = Kojj(2°)da'dr) + Koqp(2°)dadz®



Gauge fixing and regularity of axially symmetric 1895

in any local coordinate system {x®} = {z',2°} in M’ adapted to & and to
the orthogonal transitivity of the background, i.e. where

(4.5) g = ij(x°)dx'dr) + hap(x°)dz dz®, & =0y

Proof. We are in the setting of Proposition {.3]with s = 2, £&; = £ and & = 7).
We define & as in this proposition and ¢! := nyijEjE on M\ A (cf. Lemma
. The core of the proof is understanding in detail the behaviour of the
closed one-forms ¢! as we approach A, for which we will use the results in
Lemma Introducing coordinates {x,y, z,t} in a neighbourhood U4 C M
of the axis such that n = 20, — y0, and £ = 0;, we may apply Lemma
with K = g., m=n+1 and w" = {z,t} (u=3,4). As in this lemma, we
call U C R* the set where {x,y, z,t} take values.

We shall use expressions — with K — g. and A — A*. Since
ge is stationary, A5 do not depend on ¢, i.e. they are functions A5 (||z|, 2),
where ||z]|? := 2? 4+ y?. Their traces satisfy and are defined on the
domain D, :={p € R>0,2 € R;(p,0,2,t) € U} C R>¢p x R. Lemma in
Appendix [A| ensures that As; (|||, z) are C" (U 4). From on on, we write

% when we refer to A5 (||z]], 2), i.e. as functions on U 4.

The analysis of ¢! relies on the following:
Claim: For € € {2, 3, pt, pz,nt,nz}, the functions fIE@(p, z) = %ﬂ%(p, 2)

and %’fl;flz (p, z) admit the expansion (we drop a label ¢ in the right-hand
side for simplicity)

(4.6) Ae(p.2) =p Z P Per(2) + 08 (p, 2),
[n 1

(4.7) fffiiif (p.2 —pzp Peen(2) + Bee (p, 2),

where Pgi(2), Pee k(2) are C™! functions of z and <f(¢n)( z), é(mé (p, 2)
are C™ and o(p") with respect to p and C"! with respect to z.

Proof of the claim: Lemma [3.6| with m = n + 1 establishes that Ag(p, 2)
vanishes at the axis and admits an expansion

(5]

We(p,2) = p° Y p?Per(z) + 00 (p, 2),
k=0
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where Pg 1 (2) are C™! functions of 2z and q)(@nﬂ) are C"“(Dn) and o(p"T1).
Setting iD(n)( z) = lf1>(n+1)( z), the expansion (4.6 follows. The function

(i)(@”) (p,z) is o(p™) and C™ with respect to p by item (iii) of Lemma
applied to the one-dimensional case. Moreover, this function is C"*! in z,
since, being o(p™), all partial derivatives with respect to z extend to p =
0, where they vanish. For the product function, it is immediate from the
definition that

PIEE
*2(22[8@ (p,z)=0p Z p*F Peeri( Z p** Peeiis(2)
nt1
k=["3*]
(%3]
¥ Zp%( ()9 + P (2)8{")

- f&’“ (0, )8 (p, 2).

The last terms define @(@"% (p, z) and the expansion follows. The prop-
erty that &)(@n%, (p, 2) is C"*lin 7 is clear, as it holds for each term. Concerning
the property of being C™ in p and o(p"), this is immediate for the first two
terms. For the last term, it follows from its product structure, as shown in

Corollary [B.4] of Appendix

Comblmng this claim with Lemma [A7T] we also conclude that the func-
tions ‘ZIQQIQ,(H:BH z) are C™(U4). We are now ready to compute (..

Recall that vf; = g=(&i, ;). Using the explicit expressions for g given in
Lemma a straightforward calculation gives

< ]. € €
dety* = oo (45 = 25)2%, — 22,26, ) = [l2]|*D,-

From the above, D,- is C™(U4) and its restriction to any value of ||z||
is C"*1 in z. Moreover, the value of D.- on the axis is Dy:||,=0(2) =
AT (0, 2)A3,(0, z). This is not zero because A;, = g-(£,£) < 0, c.f. , while
(3.6) restricted to x =y = 0 provides 2g.(9z, 0z)||z|=0 = A1(0, 2), so that
A1 (0,2) > 0. Since det° vanishes only at the axis, it follows that D.- is
nowhere zero on U A Therefore the inverse D" :=1/D,- is also C™(Uy),
and by Lemma the corresponding trace functlon D (p, z) must have
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the form

(5]
(4.8) Dy p,2) = 0P Prei(z) + P (p, 2),

k=0

where Pyeo(z) is nowhere zero, P,ex(2) are C"™! in 2, and i),(ﬁ) (p,z) are
C™1in z, C™ in p and o(p™). From the definition of ¢! (see Lemma [4.1)), a
direct computation gives

¢ =dt+ W5 (xda: + ydy) + 3L.dz,

¢? darctan H H 2 (xdx + ydy) + 32.dz,
where
1 =& =&
(el 2) = g (5 - )%, + 25, ).
1 & €&
el 2) = g (6 - 25)% mum) ,
1
2 €
——— T 2— A A
Zollell. ) = 55 ( o+ 2 ).
1 ~c
32l ) = o oy (A8 - 2.

We can now integrate dz! = ¢!. Using ||z||d||z| = zdz + ydy, the functions
2! take the form (the integrability conditions are ensured by Corollary |4.2)

Bl
2} :t+/0 5;p(5,z)ds+/3;z(0,z)dz = 2! 4wl

[l
22 = arctan Y +/ 32,(s,2)ds + /5§z(0, 2)dz =: 2% + u?,
x 0

where we have set z! =¢ and 2% = arctan(y/z) = ¢. By ([4.4), the gauge
vectors are constructed from u}, so we only need to care about the integral
terms and show that they define C"*1(U44) functions.

From Lemma and the claim above it follows that 3!,(0, z) are C"*+!
functions of z, so the two integrals over z are C"*2 functions of z. Concerning
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the p-integrals, (3.12)), (4.8) and the claim imply that

Lo(p, 2 —prQ’“P‘ )+ @ (p, 2),

where Pl (z) and ®L(") are C™! with respect to z and ®L(") is C™ in p and
o(p™). As a result,

[n. 1

P,
Zip, 2 / 3L ,(s,2)ds = Z 1p2(k+1) +/ L) (s, 2)ds
0

is C"*! in the domain D,,. The first term is a polynomial in p?, while the last
integral is o(p"*!) (e.g. by the mean value theorem). Lemma ensures
that Z!(||z|), 2) is C"*1(Uy4). Applying the definifion we conclude that
the gauge vectors V7 and Vap are C" (U 4). O

Given a pertubation scheme that inherits a stationary and axisymmet-
ric orthogonally transitive group action, we shall always consider the related
perturbation scheme whose existence is proved in this proposition. The cor-
responding metric perturbation tensors will be denoted K; and Ky (without
the g superindex).

Remark 4.6. When the codimension of the Abelian (local) group action
is two, the metric h®(z%)qpdxr dx® is two-dimensional. Given any point p €
M’ and a suficiently small neighbourhood U, of p there exist coordinates
{z},2°} adapted to the Killings where the background metric is not only
block diagonal, but also with hqp diagonal. By restricting U, if necessary, it
is also true that there exists a change of coordinates {z', z8(z°)} where hS, is
also diagonal for all €. This map can be considered as a local diffeomorphism
and hence as a local gauge transformation. In the transformed gauge one
has, by construction, that K7 . and Kj . are both diagonal. It should be
emphasized however, that in general this local gauge transformation does
not exist globally, so it is unjustified to assume that Kj,, and Ksg, are
diagonal in some atlas. Generally speaking, this limitation is present even in
the most favourable situation when a global coordinate system {z“} adapted
to the Killings exists on M’ in which the background metric is both block
diagonal and with diagonal Agqp.



Gauge fixing and regularity of axially symmetric 1899

5. Axially symmetric perturbations on spherically
symmetric backgrounds

From now on we restrict ourselves to the case in which the spacetime di-
mension is four and the background spacetime is spherically symmetric.
Before introducing some convenient definitions and notation on spherically
symmetric spacetimes we start by fixing some notation on the unit sphere

(S, gs2)-
5.1. Spherically symmetric backgrounds

Let Y* (a =1,2,3) be the spherical harmonics with £ =1 on the sphere.
More specifically, Y is defined as the restriction of the Cartesian coordinates
of R3 to the unit sphere, i.e.

Y! = sinf cos ¢, Y? = sinfsin ¢, Y3 = cosf.

We will refer to {24} = {6, ¢} as the standard angular spherical coordinates,
in which the spherical unit metric reads gs> = d6? + sin? d¢>. Let us denote
by d the exterior differential on S?, and by D4 the covariant derivative on
(S?, gs2). The spherical harmonics Y@ satisfy DoaDpY® = —Y%gs2 ap and
the six dimensional algebra of conformal Killing vectors on S? is spanned
by {DAY%(=dY®)} (proper conformal Killings) and {eapDPY (= — xg:
dY %)} (Killing vectors) where € 4 is the volume form of (S?, gs2). In standard
spherical coordinates we choose the orientation so that the Hodge dual g2
acts as xs2d¢ = —1/sin0df and xs2df = sin 6d¢.

Definition 5.1. A (four-dimensional) spacetime (M,g) is spherically
symmetric if it admits an SO(3) group of isometries acting transitively
on spacelike surfaces (which may degenerate to points). Denote by C C M
the set of fixed points of the group action (which may be empty).

As it is known [22], every connected component of C is the image of a
timelike geodesic which is a closed set in M. The set M \ C, the principal
part of M, is dense in M. Standard results [19] show that the surfaces of
transitivity of the group (orbits) SO(3) generating the spherical symmetry
in (M \ C,g) are spheres S?(C R?) — S, C M, admit a family of orthogonal
(and thus timelike) surfaces S| (the integrable distribution of assumption
(ii) in subsection [4.1), and M \ C is diffeomorphic to a warped product
S| xg, S%. Therefore, on M \ C there exist coordinates {x!, x4} for which
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g takes the form
(5.1) g = g1 (") pde’ de® + R %gse ypda?da®,

where ¢, is Lorentzian and R, is a positive function R : S| — R. The
function R, is the restriction to S; of a function R : M \ C — R invariant
under the SO(3) group and which extends to C as R(C) = 0. The function
R measures the area 47R? of the orbits of the SO(3) group, which are thus
spheres (S, R?gs:) endowed with the metric R?gse.

Any vector field V on M \ C can be decomposed as V' = V| + V|, where
V= VA9, is tangent to S, and V| is tangent to its g-orthogonal com-
plement, S|. For tangent vectors X = X| we will use X := gg2(X|,-) to
distinguish X = X adz? from X = Xdz? = g(X,-), so that X = R*X.

For later use, it is convenient to express the Lie derivative of any 2-
covariant symmetric tensor 1" along any vector of the form s = sA(xB)0,.
In coordinates {z!, x4} this is

(5.2) Ly T = 20Ty ydz" dz” + 2 (3383T1A + TIBE)ASB) da! dz?
+ (L5, T) apda™da?®,

where we denote by T the “full tangent part” to S, of T, i.e. T =
TapdzAdxz®. The application of this expression to T = ¢, and taking into
account that § = R?gse, yields, for any pair of vectors X,Y, the following
equality on M \ C

(5.3) Lo,9(X,Y) =R*Ly gs2 (X, Y))-

Let us now single out one axial Killing vector n of the so(3) algebra,
which after a convenient rotation of the spherical coordinates can be set to be
1 = 0p. We denote the corresponding axis by A. Observe that C C A. Using
the above, the axial Killing vector 7, since n = 7|, defines an axial Killing
vector on the unit sphere, n = 1494, and we take the labels a on Y so that
the rotation generated by 7 has axis along #3. By doing that we are saying
that the maps S?(C R3®) — S, C M are such that 22 = 41 are mapped onto
AN S,. We thus have, by construction, 74 := gseann® = eapDPY?3, this is
7 = — *s2 dY3. We denote by ¢ the conformal Killing vector on the sphere
given by

L= kg21) = dy? = dY3,

where in the last equality we have used the fact that for any function f (%)
we have df = df.
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We finally define the vector ¢ on (M, g) tangent to each sphere and
satisfying ¢ = ¢|. Clearly (¢,¢) = (n,7) and (,n) = 0 by construction. The
vector ¢ is thus defined on M \ C and has the same differentiability as 7
there. However, since n = 0 on A (including C C A), ¢ extends continuously
to C by setting t|c = 0. In spherical coordinates 24 = {#, ¢} we just have
n = Oy and ¢ = —sin 00y. Notice also that ¢ = R2dY3.

Consider a spherically symmetric C"*2 spacetime (M, g) with C"*! met-
ric (n > 2). Using the construction above we take a spherically symmetric
neighbourhood & C M that may contain a connected component Cy of C.
We make the following assumption on the existence of Cartesian coordinates
with suitable differentiability.

Assumption Si: We assume the existence of a C"*? coordinate chart that
maps U onto U = U3 x I where I is an open interval and U3 C R3 is a
radially symmetric domain. Moreover, Co NU (if non empty) is mapped tﬂ
{03} x I C U and using Cartesian coordinates ' = {x,y, z} for R® and {t}
along I, the metric g takes the form

(5.4) g = —e"dt? + 2udt(v;da’) + v(z;da’)? + xd;da’da?,

where v, i, v and x are C"*! functions of {z,y, z,t} and radially symmetric
in {z,y,z}.

Without loss of generality, we demand that the corresponding spherical
coordinates {r, 0, ¢} defined by

z=7rY" = rsinécos ¢,
(5.5) y =7rY? = rsinfsin ¢,

2=7rY3 =rcosf

are such that {6, ¢} correspond to the above S? — S,. construction.

As usual we identify geometric objects on U with their representation
in this chart. We introduce |z| := /22 4+ y? + 22 (which corresponds to the
spherical coordinate r above) and observe that Cy NU corresponds to the
set of points with vanishing |z|. A consequence of assumption S; is that x
does not vanish on U (as g would degenerate where x = 0), and the func-
tion R takes the form R? = x |ac|2 Therefore, for any function f:U — R,
R2f € O(|z|") is equivalent to xf € O(|z|""2), and hence to f € O(|z|'?).
Analogously, if R2f € o(|z|') then f € o(|z|'?).

3We denote the origin of R? by 0, see Appendix
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In this chart the axial Killing vector n reads n = 20, — y0, and its square
norm 7% := (n,n) is n> = (R?/ |z|*)(z* + v?) = x||=||*. The (piece of) axis of
symmetry A NY is thus located at ANU = {p € U;x(p) = y(p) = 0}.

In the following (see also Appendix we extend the little-o notation in
terms of a limit on the axis .4: For any positive function g defined on U \ A
we set (observe we are using boldface in o)

feolg) — lim fg~l=o.
[[z[|—0

Note that for any function f € o(||z|') we have that f/(1/n2)" vanishes on
all a € A.

We define n = %xif)i as the radial vector (normal to each S,) outside
the origin, which in spherical coordinates reads n = 0,.. It is convenient to
introduce the following smooth vector field defined on U:

(5.6) 0:=x0; + yay

and simply use the shorthand % := 9,. In terms of these objects, the following
expressions hold on U \ Cy

(5.7) = |(29—HHJH2 2),
Lo+

(5.8) A=

In addition to being C"! on U \ Cy, it is clear that 7 is bounded near the
origin and ¢ extends continuously to Cy as t|¢, = 0. An immediate conse-

quence of ((5.7))-(5.8) is
(5.9) lz| 6 = ||=||*h — 2t on U\ Cp.

When convenient we will use {w"} to refer to {z,t}.

5.2. Axially symmetric perturbations on spherically symmetric
backgrounds

In this subsection we prepare the stage that will allow us to prove Proposi-
tions and below. The aim of the propositions is to look (at first and
second order respectively) for a change of gauge that takes the perturbation
tensors K1 and Ko, in the form given in Proposition to a form in which
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their angular part is proportional to the metric on the sphere, while keep-
ing the block structure. This is part of the very well known Regge-Wheeler
gauge. As we shall see, the gauge vectors Vi and V5 that take us from K
and K3 to the gauged K7 and K3 with the desired properties satisfy suitable
differential equations with inhomogeneous terms. Since one of our aims is to
understand whether or not the regularity properties (and differentiability)
of K1 and K» are kept in K{ and K, it becomes necessary to study the
properties of those inhomogeneous terms, as well as the effect they have on
the regularity of the gauge vectors via the differential equations that are
satisfied.

We start by establishing several facts of the original perturbation tensors
that will play a role in determining the properties of the inhomogeneous
terms. These first results that follow are stated for general symmetric tensors
invariant under the axial symmetry, which will be denoted by K and taken
to be of class C". Later on, these results will be applied to Ky and Ko, of
class C™ and C"™~! respectively, by letting m take the values n and n — 1
correspondingly.

Lemma 5.2. Let K be a symmetric 2-covariant C™ tensor inU form > 1
satisfying L, K = 0. Then,

1) the functions K(n,t) and K(n,n) are C™(U \ Co) and radially sym-
metric in {x,y}. Moreover, K(n,.) € o(||z||) and K(n,n) is bounded
near Cg.

2) the functions K(n,n)/|z|* and K™ = |;|BZK(L’ ) are C™U) and
radially symmetric in {x,y}. Moreover, K\ € O(|z|?).

2

3) the function K(n,dy), as well as q—, q+, qx, q defined by

R? R?
(5.10) ¢-:= oTel {K(e,0) = KM},  qp:= 27 {K (e 0) + K(n,m)},
R? 9 R

(5.11) gx = |z| FK(L’ ), q = [z K(n,0)

are all C™(U), radially symmetric in {x,y} and have the following

structure

[m/2]-1
(5.12) K(n,00) = llz* Y [l P (w") + &),
k=0
[m/2]+1

(5.13) = Y lalP Py + 201" + a2,

k=1
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[m/2]+1
(6.14)  ar =P+ Y el P + 2@ + [lalPeg ™,
k=1
[m/2]+1
(5.15)  qu = 27|z *P3 + Z 21 Py, + 205" + Il *@oy ™,

[m/2]+1
(516)  q=zl|PPh+ D el P+ 20" + |z Peg
k=2

where all P functions are C™ functions of {z,t} and ®(™ € C™(U)
are radially symmetric in {x,y} and o(||z||™).

In particular, ¢ and q_ are o(||z|), ¢ € O(|z|*) and q— € O(|z[*). Moreover,
if m > 2 we also have n(q_) € o(||z|]).

Proof. The neighbourhood U (and its corresponding U) and K fit the as-
sumptions of Lemma From the definitions in it is straightforward to
obtain (with obvious notation when the subindices u, v refer to w* = {z,t},
and A; with no arguments stands for ; (||z||, w") on U, etc)

(5.17) 2K (n,n) = |=|*(M — A2),  2K(5,0) = ||lz)*(W + Aa),

on U. Combining this with (5.7))-(5.8]) lead to

. z||x|| 1 1
519) K0 == oI+ 2 -2 + (el - 2

||
lzlP %+ % ) 2 Upe | 2
o2 el el e

(5.20)  K(i,h) =

2
o) k= ey =

e (U + Ap) — 22U + ] >

2
By Lemma the functions Ay (p, w"), B € {1,2,3, pu,nu,uv} admit an

expansion

[m/2]

(5.22) Ay (p,2,t) = Z p?* Py (2, 1) + @gn)(p,z,t),
k=0
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where Py (z,t) are C™ functions of z,t and @%n)(p, z,t) are o(p™) and

C™ functions in the domain U, := {p € R>q, (z,t) € R%; (p,0,2,t) e U} C
R>g x R2. Moreover Py, P30, Pyo, Ppuo are identically zero because the
functions Ao, A3, Apy, Apy vanish at p = 0. By Lemma[A.T]in Appendix[A] all
the functions g (|||, 2, t) are C™(U) (and are obviously radially symmetric
in {z,y}).

Point 1 of the lemma follows form and . The right-hand sides
are clearly C"™(U \ Cp). Since z||z||/ |x|” vanishes on ||z|| = 0, the first term
in is o(||z|). Boundedness of ||z||2/ |«|* and 22/ |z|* plus the fact that
Ap. € o(||z]|) (because P,,o = 0) implies that the second term is also o(||z||).
Therefore K (n,¢) € o(]|z|]). Concerning K (n,n), the only term that needs
inspection is the second one, since the rest are clearly bounded. Taking into
account that, by Lemma in Appendix B} A,. € o(||z||) implies A,, €
o(|z|), we conclude that K(n,n) is bounded near Cp.

Point 2 is immediate from the first in (5.17) and (5.21]), after using again
that A, € o(|x|).

Concerning point 3, we compute ¢_, ¢+, gx,q. Directly from the defini-

tions ((5.10)-(5.11) one finds, using that R?/n? = |z|* /||z||?,

(623) 2 = 222, + e — Sl — ),
(5.24) 2q4 = 22Uy — 22,5, + || 2)? A, + %Hm\|2(2[1 —A),
(635 ax = —ga(lel + 22— (o) + )y

(626 q=—gelelP % —220) + (ol — )%y

Inserting (5.22)) in these expressions as well as in the expression for K (n, d,,)

given in ([5.18]) yields (5.12)-(5.16) after a simple rearranging of terms. The

right-hand sides of ((5.12))-(5.16]) satisfy the requirements of Lemma S0
K(Tlv au)? q—,4+,4x,q are Cm(u) as claimed.

For the remaining properties, the fact that ¢,q_ € o(||z||), ¢ € O(|z|*)
and ¢_ € O(|z|?) are immediate from and (5.13)). It remains to show
that n(¢—) € o(||z]|) when m > 2. Observe this is a stronger result than the
one provided by Lemma for a general C! and o(||z|) function. The
reason behind its validity is the special structure of ¢q_, , which we
rewrite here as

[m/2]+1
= > Py + 2,
k=1
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where @é@ is C™(U), o(]|z||"™) and radially symmetric in {z,y}. Applying
n yields

[m/2]+1

R xT z _ ~ m
g = 3 (2l ol ol 0.7 ) + ()

— ]

Boundedness of 12l P, and 0. F; imply that the terms in the summa-

T b
tion are o(||z||). Lemma [B.7] since m > 2 by assumption, ensures n(@é_)) €
o(]|z||). The result follows. O

Our next lemma is concerned with the solutions of a class of differential
equations that will arise in the process of changing the gauge and on the
differentiability and regularity properties of the corresponding gauge vector.
Most of the technical work is developed in Appendix [B] to which we refer.

Lemma 5.3. Consider the vector field in U \ Cy

1

S(a) = @'yb

for a € R, where v : U — R satisfies the equation

(5:21) )= > el P+ D [l e ()

(k,1)eV (k' ")V’

Q

on U. Here, V,V' are finite subsets of N x N satisfying, respectively, V C
{k > 12 {l>0} and V' C {2K' +1' > 1}, Py are C™ in their arguments
and <I>l e are C™(U) and o(||z||™) for m > 1. Then there exists an awi-
ally symmetric solutzon v € C™(U \ Co) N COU), and consequently the vec-
tor S(q) is C™(U \ Co)-

Moreover, if b:= mvin{Zk +1} < I’I]l/i/n{2]€/ +U'}+m=:c+m then v €

O(|z]") and 7(v) € O(|x|"™"), whereas if b> ¢+ m then v € o(|z|*™) and
a(y) € o(|z|*T™ ). On top of that, ifc+m >b>2a orb>c+m>2a—1
then S(q) can be extended continuously to Co by setting S(q)lc, = 0.

Proof. As shown in Corollary in Appendix [B] there exists an axially
symmetric solution v of which is C™(U \ Cp) and extends continu-
ously to Cy, where it vanishes. By the same corollary, if b < ¢+ m then
v € O(|z|") and A(y) € O(|z[*™1), and if b > ¢ +m then v € o(|z|*"™) and
a(y) € o(|z|“T™ 1. Clearly Stay = 7/R?** for any a is a C™ vector field
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in U \ Cp. To obtain its behaviour at Cy we simply analyse the application
of S(q) to the Cartesian coordinate functions using (5.7) and (5.6), which
provide

_, 1
S(a)(x):—X WW%Z;

o 1
Sa)(y) = —x 7‘x‘1+2a7yz,
o 1
Sa)(2) =x 7|x’1+2av!|96||2

after using R? = x |z|%. Recall that x € C"*1(U) and does not vanish any-
where in U. If v € O(|z|") (case ¢+m >b) the three components are
O(|z|"™72*) and hence their limits at Cy vanish under the hypothesis b > 2a.
If v € o(]z|°™™) (case b > ¢+ m) the three components are of|z|T™H!172%),
which thus vanish as |z| — 0 if ¢ +m > 2a — 1. In both cases we conclude
that S(,) can be extended continuously to Cy as S(q)lc, = 0. U

5.2.1. Decomposition on spheres of symmetric axially symmetric
tensors. Given the above results we are ready to prove an intermediate
but important result that is the core of the existence of the gauge we look for
at first order. We present it as an independent result on the decomposition
on spherically symmetric spaces of symmetric axially symmetric tensors into
scalar, vector and tensor components. The importance of this result lies on
the fact that it determines not only the existence (known) but also the dif-
ferentiability of the decomposition and the behaviour of such decomposition
around the origin. We use the notation and definitions from subsection
regarding spherically symmetric spaces.

Theorem 5.4. Let m > 1 and (M, g) be a spherically symmetric C™*2
background with a C™' metric satisfying assumption S1. Let K be a sym-
metric 2-covariant C™ tensor onU C M satisfying L,K = 0. There exists a
vector V' tangent to the spheres S, which is C™ on U \ Cy and extends con-
tinuously to Cy, where it vanishes, and a function k € C™(U \ Co) N CO(U)
and O(\$|2) such that K, namely the tangent-tangent part to the spheres of
K, decomposes as

(5.28) Kap=DaVs +DpVa + kg ap.

The vector V is given explicitly by V = aw + Bn with C™(U \ Cp) functions
«a and B, both bounded near Cy.
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Remark 5.5. The proof of the theorem also shows that the tensor
N:=K—-Lag
satisfies N(¢,t) = N(n,n) and N(¢,n) = K(¢,n).

Proof. We start by showing that (5.28)) is equivalent to

(5.29) H:=K-Lyg
satisfying
(5.30) H(t,0) = H(n,m), H(,m) =0.

Indeed, the contraction of (5.29) with any pair of vectors X = X, Y =Y,
i.e. tangent to the spheres,

H(Xa Y) = K(X7Y) - [’Vg(va)a
is equivalent, term by term and on each sphere, to
H(X),Y)) = K(X),Y]) = R*Ly; g2 (X)), Y])

after using (5.3) and the fact that V' = V). In index notation, this is in turn
equivalent to

Hap = Kap — R2Lv, gs2 4
= IO('AB — RQ(EAVB + EBVA)
= Kap — DAV — DgVa,

and the equivalence between (5.28) and ([5.30) follows.
Consider V = ar + fn. We start with the following identity for any 2-
covariant tensor T

(5.31) LyT =al, T+ BLT+da®@T(e,-) +T(-,1) ®da

which applied to g renders

(5.32) Lyvg=alg+da@t+tQda+dBeon+nxds
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after using 7 is Killing. Therefore H takes the form
H=K-alLg—da®t—t@da—dB®n—nxdS.

We use now that ¢ is the conformal Killing vector on the sphere with ¢ =

R2dY3, so that using (5.3)),

(5.33) Lg(X.Y) =RL, gs2(X), Y])
= 2R*Y g (X Y)) = =2V (X, Y))

(recall § = R?gs> and g = g, + ), and therefore

(5.34) H(X,Y)=K(X,Y)+2Ya(X),Y]) — X(a)e(Y))
— (XY (a) = X(B)n(Y)) — n(X))Y(B).

Hence, in particular,

(5.35) H(n,n) = K(n,n) +2Y>a(n,n) — 2n(8)n(n),
(5.36) H(t,0) = K(1,0) + 23, 1) — 2u(a)e(e),
(5.37) H(e,n) = K(t,n) — t(e)n(a) — (B)0(n).

The equations in are therefore equivalent to

(5.38) 0= K(n,n) = K(t,0) +2 () = n(8)) 0,
(5.39) 0= K(t,n) — (n(a) + (8)) n*,

n?. These equations clearly
( ))—0 Since [n,¢] =0 it
and n(f3) = 0, and the equa-

respectively, after using ¢(¢) = n(n) = (n,n)
imply n(u(a)) +n(n(B)) =0 and n((B)) +n
suffices to consider « and (3 such that n(a) =
tions become

O/—\

(5.40) 0=K(n,n) — K(t,1) + 2u(a)n?,
(5.41) 0=K(t,1) — u(B)n*

We thus have two separate ODEs, one for « and one for 5. We deal first
with equation (5.40f), which can be cast as

(5.42) L(RPa) = q_

with g_ given by (5.10). Lemma ensures that g_ satisfies the require-
ments of the right-hand side Q of equation ([5.27) of Lemma with
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_ . _ _ . / ! _
b= m‘}n{2k +1}=2and c= H]l}l/n{?k) +1'} = 1. Note that Lemma also

ensures ¢_ € o(||z]|) and O(|z|?). By setting v = R%« and Q = ¢_, Lemma
thus establishes there exists an axially symmetric solution R2a € C™ (U \
Co)NC°U) of (5.42), and consequently the vector V, :=ar =R %y is
C™(U \ Cp). Moreover, since we have b(=2) < c+m given that m > 1,
R2a is also O(|z|?), and since b > 2a for a = 1, the vector V, = R 2y ex-
tends continuously to Cy, where it vanishes. Note that R2« € O(|z|*) implies
a € C™(U \ Cp) is bounded near Cy, as claimed. The use of with =0
(and n(a) = 0) together with the above proves, in particular, Remark

We next analyse in an analogous manner equation , which we write
as

(5.43) L(\a:\RQB) = gx

with g« given by . Lemma ensures now that gx satisfies the re-
quirements of Q in Lemma with b = 4 and ¢ = 2. By setting v = |z| R?3
and Q = qx Lemma [5.3| thence ensures that |z| R%?3 € C™(U \ Cy) N CO(U)
and O(|z|*) if m > 2 (because then b < ¢ +m) and o(|z[*) if m = 1 (because
b > ¢+ m). This implies, in any case, that 5 € C"™(U \ Cp) can be continu-
ously extended to Cp, where it vanishes. As a result, the vector V;, := fn is
C™(U \ Cp) and can be continuously extended to Cy as zero.

Clearly, the vector V' =V, + V,; satisfies both conditions in and
thence the outcome of the theorem.

Finally, a straightforward calculation shows, since n(a) =0, that
DAVy = DAV, 4 = R%(1(a) — 2aY?3), from where it is direct to arrive at

| — R?
(5.44) k= gtre K — DAV, 4 = ?K(n, n) + 2R%aY?

after using (5.40). Since R?/n? = |z|* /||z||?, we can use point 2 of Lemma
to conclude that %;K(n, 1) is C™(U) and O(|z|*), while we have from the

above that R2« € C™(U \ Co) N CO(U) and O(|z|?). Therefore k € C™(U \
Co) N CO(U) and O(|z|*). O

5.2.2. Choice of gauge at first order. We are ready to show that given
any axially symmetric perturbation there exists gauge vectors that render
the full angular part of the perturbations in some convenient manner. At
this point we could use the previous theorem in full in order to achieve a
perturbation tensor that is proportional to the unit sphere metric (at first
order). However, for our purposes we will only need the partial result given
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by its Remark leaving aside the {6, ¢} crossed term, which makes things
simpler. That is because later we will focus on perturbations that inherit an
orthogonally transitive two-dimensional group of isometries, in which case
the crossed term vanishes from the beginning, and thus it suffices to take

B =0.

Proposition 5.6. Let n>1 and (M,g) be a spherically symmetric C™2
background with a C™*1 metric satisfying assumption Sy. Let K1 be a C™(U)
first order perturbation tensor satisfying L,Ki =0. Then there exists a
C™(U \ Cy) first order gauge vector Vi = —au, that extends continuously to
zero on Cy, such that the corresponding gauge transformed tensor K (which
is automatically C"~Y(U \ Cy)) satisfies

(5.45) K{(n,n) = K{(¢,1),
where

zZ .
(5.46) K{(n,n) = Ki(n,n) + 2man2-

In addition

(5.47) K7 (1,m) = Ki(e,m),

(5.48) K9(t,v1) = Ki(t,v1) — vi(@)n?,
(5.49) K{(n,v1) = Ki(n, 1),

(5.50) K{(v1,10) = K1(v1,12),

for any vectors vy and vo orthogonal to the spheres S,.. The function & is
azially symmetric, of class C™(U \ Cp) and bounded near Cy, and |z|n(&) €
C" YU\ Cp) is also bounded near Cy.

Moreover, the function K{(n,n)/n? is C"(U \ Co), azially symmetric and
bounded near Cy, and the function

¢ = |z?KV(,n)  outside Cy, qI(Co) =0
is C"~ YU\ Co) N CO(U), o(||x||) and takes the form
[n/2]4+1

* * —1
(5.51) qf = zll?Py + Y el By + lla]Pep” + 22050 + ||l 20t Y
k=2
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where the P* functions are C™ functions of {z,t}, ®(" € C™(U) are radi-
ally symmetric in {z,y} and o(||z||") and T{" ™V € C"=1WU \ Co) N COWU) s
radially symmetric in {z,y} and O(|x|).

Proof. Let & be the function a of Theorem applied to K = K7 and
n = m, and define the vector Vi = —at. From that theorem we know that
& is C"(U \ Cp) and bounded near the origin. By Remark |5.5( we have that

K{ = Ky + Ly, g satisfies (5.45) and (5.47).
For later use we note that (5.34) with H = K{, K = K1, a = & and
B = 0 yields, for any any pair of vectors X,Y,

The equation satisfied by & is (from (5.42))

2
653 ARE—an o= g (Kl - Kin)).
(5.54) = 0= Ki(n,n) — K1(t,0) + 2u(@)n>.

As discussed in the proof of Theorem (for K = K;,m=nand q_ =
q1-), satisfies the requirements of Lemmawith v =R, Q=q_
and m=mn>1, with b=2and ¢ = 1.

Equations ((5.46)) and (5.48)-(5.50|) follow immediately from after
using (&) =0, ¢(v) = (n,n) = n*. The claim that K{(n,n)/n? is C*(U \
Co) and bounded near the centre follows from equation (5.46)), since & (by
Theorem and K1(n,n)/n* (by point 2 in Lemma applied to K = K3
and m = n) are both C"(U \ Cp) and bounded near the centre.

Concerning the properties of ¢f, we use with v; = 70, to get (recall
that n° = x||z[*)

(5.55) af = | K9 7) = | Ko (e, ) + 2] T,
T = —x e (@)

By point 3 in Lemmal5.2) (with K = K7, m = n), the first term extends to a
C™(U) function admitting an expression of the form (/5.16|). For the second
term, we compute (using R? = x |x|2),

6550 lelif@) = lalaty/R2) =+ (12 - 2 (ielago s +2) ).

2l af
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Since v € O(|z|*) and A(y) € O(|z|") by virtue of Lemma (since c +m >
b = 2, see above), and the term |z|n(x)/x = ixl ix is C™(U) (because x €
C"1(U) and does not vanish on ), we conclude that || 7(&) is bounded
near Co, as claimed. This implies in particular that an_l) is O(|z]). Given
that & € C™(U \ Co) it follows immediately that """ (extended at the
centre with the value zero) is C"~1(U \ Cp) N C°(U) and O(|z|). We conclude
that the function ¢ in is C"~Y(U \ Cp) N CO(U), and takes the form
(5.51)), from where it is direct to check that, since n > 1, ¢f is also o(||z||). O

5.2.3. Choice of gauge at second order. We now perform an analo-
gous, but more involved, procedure for the second order perturbation.

Proposition 5.7. Assume the setting of Proposition[5.6 and restrict n > 2.
Let Ko be a C" 1 (U) second order perturbation tensor satisfying L,Ko =
0. Then, there exists a C" (U \ Cy) second order gauge vector Vo = —0u,
that extends continuously to zero on Cy, such that the corresponding gauge
transformed tensor K3 (which is immediately C"—2(U \ Cp)) satisfies

(5.57) K3(n,m) = K3(¢,0).
In addition,

(558) Kg(La 77) = K2(L7 77) -2 (&Kl(b7 77)) ;

(5.59) K§(1,1n) = Ka(1,11) — vi(D)n? — 20 (GK1 (1, 11)) + ane (v1(&))
—2u1 (@) K1 (e, 0) + a(K{ + K1)(¢, [t,11])
+ 3u(@)n (@)n? — 4&ﬁn2ul(d),

(5.60)  K3(n,v1) = Ka(n, 1) — 2ac (K1(n, v1)) — 2v1(&) K1 (n, ¢)
+a(K{ + K1) (n, [t,n]),

(561) K2g(1/1, 1/2) = KQ(I/l, 1/2) — 2au (Kl(Vl, I/Q)) + 21/1(64)1/2(&)772
+ a(KY + K1) ([t, 1], v2) + a(K{ + K1) (v1, [t, v2])
— 21/1(6&)[(1([,, 1/2) — 2V2(0~4)K1(L, 1/1),

for any vectors v and vy orthogonal to the spheres S,. The function U is
azially symmetric, C"~Y(U \ Cy) and bounded near Cy.

Moreover, the function K3(n,n)/n? is C"~Y(U\ Co) and bounded near
Co, and the function

¢ = |z* K(t,n)  outside Co, q3(Co) =0
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is C"2(U \ Co) N CO(U) and o(||z||) and takes the form

[(n—1)/2]+1

(5.62) g5 = 2ll=PP+ Y el Ry
k=2

**x(n—1 sx(n—1 n—2 ~
+ |20 Y 4 20" 4 ) 2r8 ) — 1 (2a01)

where q1 1= |x\2 Ki(1,7), all the P** functions are C™"~! functions of {z,t},
o= ¢ ¢ YUY) are radially symmetric in {x,y} and o(||z||*") and
an_Q) € C"2(U\ Co) N C°(U) is radially symmetric in {z,y} and O(|x|).
Moreover, the function 1(aq) is C" YU\ Co), o(||z||) (in particular, it ad-
mits a continuous extension to Cy with value zero).

Proof. By Proposition there exists a first order gauge vector V3 = —au,
where & € C™(U \ Cp) satisfies ((5.54)), so that (5.45) holds. The second order
gauge transformation (2.6 can be rewritten (upon combining with (2.5))) as

(5.63) K39 = Ky + Ly,g + Ly, M, M = K17 + K.

Consider the second order gauge vector Vo = —0¢. Immediate consequences

of (5.31)) (with 8 =0) and (5.33]) are

Ly,g(X,Y) =2Y*0(X),Y)) — X (D)u(Y)) — Y (D) ( s
Ly, M(X,Y)=—at(M(X, ))+0M([L XY)+aM(X,[,Y])
- X(a)M (2, Y) — M(X, )Y (@),

where to get the second we also used te Leibniz rule for the Lie derivative.

Thus, (5.63) is

(5.64) Kg(X, Y) = KQ(X, Y) + 2Y3@<X||,}/]|> — X(?NJ)L(YH) - Y(QNJ)L(X”)
—au (M(X,Y)) +aM([t, X],Y) + aM(X, [1,Y])
— X(&)M(1,Y) — M(X, )Y (a).

The explicit form of M follows from Proposition [5.6, which gives
) M(n,n) = 2K1(n,m) + 2V ar?,

5.66)  M(1,1) = 2K (1, 0) + 2Y3an? — 2n%u(a),
)
)

(
(
M(e,m) = 2K1(2,m), M (1,11) = 2K1(1,11) — va(@)n?,
M(n,11) = 2K1(n,v1), M(vi,1va) = 2K (v1,v2),
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where, to get the second, we have used ([5.54). Inserting these into ([5.64)
and using [t,n] = 0, n(&) = 0, a straightforward computation yields (5.58))-

(5.61), as well as

(5.69)  KJ(1,1) = Kao(t, 1) + 2Y30m? — 2n2u(0) — 2ae (K1 (1,1))
+au (=2Y3an? + 2n*u(@)) — 4u(&) K1 (1, 1)
—4Y3au(@)n? + 4n*u(a&)?,

(5.70)  K§(n,n) = Ka(n,n) + 2Y>0n* — 2du (K1(n,n)) — 200 (aY°n?) .

We may now find the explicit form of equation (5.57). Subtracting ([5.69))
and (5.70) one finds, after trivial rearrangements, that (5.57) becomes

(5.71) 0= Ks(n,n) — Ka(t,t) —2ac (K1(n,m) — K1(¢,0))
+20%0(D) — du (20°u(&)) + 4u(@) K1 (e, )
+4Y3au(@)n? — 4ntu(a)?

In order to analyse this equation, it turns out to be convenient to introduce
an the auxiliary C~ = R20 + Gq1_, where ¢;_ was introduced in and it
is C"(U) and O(|z[*) by Lemma applied to K = K1, m=n, qg_ = q_.
Using the first equation in , a straightforward computation shows that
can be rewritten as

(5.72) 1(C) =q- + —(q1- —2q14),

R
where

R? R?
N+ =59 {Ki(, o)+ Ki(n,n)}, g = 02 {Ka(¢,0) — Ka(n,m)}
The right-hand side of (5.72) is invariant under 7, so it suffices to look for
¢ satisfying n(¢) = 0. It is convenient to decompose ¢ = ((g) + (1) and split

(5.72) into the two equations

(5.73) (o)) = a2,
(5.74) UR* 1)) = a1-(q1— — 2q14).

The splitting is such that the right-hand side is C"~!(Z{) in the first equation
and C™(U) in the second. Concerning the first equation Lemma applied
to K = Ky and m=n—12>1, tells us that ¢go_ has the form and
thus satisfies the requirements of Lemma H with b = rnvin{2k +1} =2 and
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c= n\l}i/n{Zk/ +1'} =1, and thence b < ¢+ m. Applying the lemma, there

exists a solution 5(0) satisfying
(5.75) (o) € C"HUNCo) NCOWU), (o € O(l2l?), () € O(|a]).

Regarding equation ([5.74]) we first obtain the structure of its right-hand side.
From Lemma applied to K = K (specifically from expressions (5.13)) and

(5.14) for ¢;— and ¢4 ) it follows

[n/2]+1 2[n/2]+2
a-(g-—2q14) =2 Y |lz)* P+ D [ Por
k=1 k=2

+ 2]l + 22dY) + 2| ?d,

where the functions P are C™ in {z,t} and & € C"(if) are radially sym-
metric in {z,y} and o(||z||™). Thus, the right-hand side of (5.74)) satisfies
the hypotheses of Lemma [5.3| with m =n > 2, b= m];n{Qk +1} =4 and

c= rrll)iln{Qk/ +1'} = 2, so that b < ¢ + m. By this lemma, there exists a so-
lution sz(l of (5.74) satisfying

R*Cy € Cjn(u \Co)NCoWU), R*q € O(|z*), #(R? ~(~1)) € O(|z|*)
= (1) €CTMU\C)NC'WU), (ayeO(z?), allu) € O(lz)).

Combining this and (5.75)), there is a solution ¢ of (5.72) satisfying
(5.76)  (eC"'UNC)NCWU),  ¢eO(zf), ()€ O(z)).

This, together with the fact that & € C™(U \ Cp) is bounded (by Proposi-
tion , and ¢ is C™(U) and O(|z|*), imply that

(5.77) 0=R2((—aq_) is C"YU\Cy) and bounded near Cy

(note that ¥ is not necessarily defined at the origin). Since ¢ extends con-
tinuously to the centre as the zero vector, boundedness of U implies that
Vo = —01 extends continuously to the centre with the value zero.
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We deal now with the properties of K3 (n,n)/n?. First, we rewrite equa-

tion ((5.70]) as

1 z
(5.78) —=Ki(n,n) = Ks(n,m) +2—x0
|22 |z H2 |z|
I 1
H H2 HwHQIw!

We want to check that all terms in the right-hand side are C"~ (U \ Cp) and
bounded near Cy. For the first term this is immediate from item 2 of Lemma,
applied to Ky and m =n — 1 > 1. For the second, it follows from
and the properties of x. Concerning the third term, point 2 in Lemma
implies that K7(n,n) admits a decomposition of the form

L(Ki(n,m)) — v (@zn?) .

2K1(n,n) = [|l=]|* (Pro(z,) + ®y),

with Po(x,t) is a C™ function of its variables and ®,, is C™(U) and o(]|z||).
Computing the derivative we get

BT P [Ed[S
20(K1(n,m)) = [l]] 202 (Pro+ ®y) + 2]

after taking into account that ¢(||z||) = |H:/UH () = ||z||?/ |z| and o(t) =
0. By Lemma [B.§ the function &, Satlsﬁes t(®y) € o(||z||). It is clear that
all terms in brackets are C"~ 1(2/{ \ Cp) and bounded near Cp, so the same
holds for ||z ~2¢(K1(n,7n)) and we conclude that the third term in is
C" (U \ Cy) and bounded. Finally, the last term reads

——0.Pio+ (P )}

1 - 9 qi— 2 N 772 - 22
———(Gzn®) = —— + a— — 2xa—,
][] ol |z af? |

after using (5.53)). All three terms are C™(U \ Cp), and since qi_ € O(|z|?)
the first term is, like the rest, bounded near Cy. Summarizing, ((5.78) implies
that K (n,n)/|z|? is C" (U \ Cp) and bounded near the origin. The same
holds for K3 (n,n)/n? glven the properties of x.

We con51der now |x|* KJ(n, 1), for which we need to analyse - for
v1 = n. Using [, 7] = 0 we obtam after simple rearranging,

(5.79) |zf? K$(0, ) = |o|? Ka(e, ) + 2|2 (T +Tp) — 2 (d Fk Kl(b,fz)> ,



1918 M. Mars, B. Reina, and R. Vera

where we have defined
(5.80) Ta:=x|z|{—|z|a(D) + |z| au((@)) + |z| A(&)(3u(a) — 4aY>)},

@K (o)

(5.81) T'gi=—2-—
[E3ls

The first term in (5.79)) is a C"~ (i) function by virtue of Lemma [5.2| with
K = Ko, m =n — 1. In fact, it corresponds to the function ¢ in that lemma,
so it admits an expansion of the form

(5.82)
[(n=1)/2]+1 ) (-1
ol Ka() = 2ll2lPPi + D el Foi + lalPeg " + g
k=2

with all properties stated in the Proposition. For the second term we use an
analogous procedure as in Proposition We may use (5.56|) replacing &
by © and using the corresponding v = R?? = ¢ — &g, so that

(5.83) ) )
2] 4(5) = = (n(( —Gq) (- Go (!x\ ﬁ(x))l< + 2))

] ||

_ 1 () ~_an(go)  (—aqi- clatt
B ('fﬂl el #(@) G = jaf? <" (X)x”))'

On the other hand, we compute

(5.84) 2| (@) = |z n(e(@)) = |z|n (%)

e ]

All terms in ((5.83) and (5.84) are bounded near the origin as a consequence
of (5.76), together with the facts (we also use that o(||z||) = o(|z|), see

Lemma @

a- € 0(z*),  la-) € of|l))
(Lemma 52 for K = Ky,m=n>2,q- =q_),
a and |z|n(&) bounded (Proposition [5.6).

Boundedness of the last term in brackets in ((5.80f) is immediate. The prop-
erty that all terms in 'y are C" 2(U \ Cp) is obvious. Thus, we conclude
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that
LaeC"2(UN\C), '€ O(z])

so that, in particular this function extends continuously to the centre with
the value zero. Concerning I'p, point 2 of Lemma 5.2 applied to K = K;
and m =n > 2, together with the above properties of |z|n(&), ensure
I'p is C" YU\ Cy) and O(|x|). The function an—z) in the statement of
the Proposition is simply F2"72 =14+ I'g and obviously also satisfies
1" e cn2(U \ Cp) N CO(U) and O(|z)).

It only remains to show that the last term in , which is clearly
C" U\ Cp), can also be extended continuously to Cy. Recall first that the
function ¢ := |z[* K1(¢,7n) is (by Lemma applied to K = K1, m =n)
C™"(U) and o(||z]|). Computing the derivative, and using +(&) = ¢;_ /R?,
one finds

(5.85) (@ K (7)) = x g+ dula),

]

Since q1— € O(|z|*) the first term extends continuously to Cy where it van-
ishes. For the second, we apply Lemmato q1 for I = 1 (recall that n > 2)
to conclude that ¢(q1) € o(]|z||). Since & is bounded near the origin, it fol-
lows that @c(q1) is o(||z||) and hence extends continuously to Cy with the
value zero. Note that the form , given that n > 2, implies that ¢J is
o(||z]|). This completes the proof. O

6. General stationary and axisymmetric perturbation
scheme on spherically symmetric backgrounds

In this section we combine the results in Section for orthogonally tran-
sitive actions and those in Section || involving spherically symmetric back-
grounds to construct a stationary and axisymmetric perturbation scheme
on spherically symmetric backgrounds. We first show the existence of gauge
vectors that render the first and second order perturbation tensors in the
standard forms assumed in the literature. Subsection [6.2] is devoted to dis-
cussing uniqueness properties of these gauge vectors and the last subsection
to studying the gauge freedom left in those forms.

While in the previous section the spherical background was arbitrary,
here we restrict ourselves to the static case, since this is what we shall need
n [I5]. We start by making explicit the definition of static and spherically
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symmetric spacetime that we use and then impose the global assumptions
on the background that will be needed.

Definition 6.1. A (four-dimensional) spacetime (M, g) is static and spher-
ically symmetric if it admits an SO(3) group of isometries acting transitively
on spacelike surfaces (which may degenerate to points), and a Killing vector
¢ which is timelike everywhere, commutes with the generators of SO(3) and
is orthogonal to the SO(3) orbits.

It is easy to check that such £ is necessarily hypersurface orthogonal,
which justifies the name “static” in the definition.
Our global assumption is the following.

Assumption H;: M is diffeomorphic to U? x I where I C R is an open
interval and U? is a radially symmetric domain of R?, which may or may
not contain the origin, with the orbits of the Killing ¢ along the I factor
and SO(3) acting in the standard way on U®. In addition, in the cartesian
coordinates {z,y, z,t} of U? x I, the metric g takes the form

g = —e"dt® + v(w;da")? + x8;;dx'dx?

with v, v, x are C"*! functions of the coordinates x,v, z and radially sym-
metric.

Note that assumption H; implies assumption Sy, so all the results in the
previous section hold. Observe also that the set of fixed points of the SO(3)
action (the centre of symmetry) is either empty or Cp := {03} x I.

The Lorentzian signature of g implies that both x and x + v|z|? are pos-
itive everywhere, so we may define a C™*! function on M by e* = x + v|z|2.
We also introduce the non-negative function R € C" (M \ Cy) defined by
R? = x|z|?. It is clear that this function can be extended continuously to
Co, where it vanishes.

From {z,vy, z,t} we may define standard spherical coordinates {r,0, ¢},
see (5.5)), so that r = |z|. The set {r, 0, ¢,t} is a coordinate system in M \ A
with 7 taking values in (a,b) with 0 < a < b < +o00. Note that U3 is a ball
if and only if Cy # &, and if and only if a = 0.

The functions v, A, R are radially symmetric so, when expressed in the
spherical coordinates depend only on r. We write v(r), A(r), R(r) (i.e. mak-
ing explicit the argument r) when we refer to this representation of the
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functions. We finally note that the metric ¢ on M \ A in spherical coordi-
nates takes the form

6.1)  g=—e"Madt* + dr? + R2(r) (d6? +sin® 0d¢?), € =0,

Consider the smooth vector fields {0;,0y,0.,0;} and the vector field
L= ﬁ(x@w + y0y + 20.) = Or, which is smooth outside Cy. The functions
v, \ satisfy

e’ =g(0,0) in M, e* =g(h,n) in M\Co,

and in fact can also be defined by these expressions in the respective do-
mains.

Any of the Killing vectors n,, a = 1,2,3, of the so(3) algebra together
with the static Killing £ generate an Abelian G group of isometries which
acts orthogonally transitively on timelike surfaces outside the axis of rotation
A. Following Section |§| we choose 1 = 0, without loss of generality. Observe
that, under our assumptions, M \ A is a simply connected manifold.

Consider a perturbation scheme (M, ge, {10 }) of class C"*! around this
background that inherits the orthogonally transitive stationary and axisym-
metric action generated by {{,n}. By Proposition there is a choice of
gauge that preserves the differentiability (i.e. C" for K; and C"~! for K»)
such that

(6.2) K1 = Kyy5(2%)da'da’ + K1 4p(2°)d2®da®,
(6.3) Ky = Koij(2°)da'da’ + Kogp(2°)dadz®,

in the coordinates {t, 7,0, ¢} where the metric is given by and & = 0,
7 = Op. The metric has the form with {z'} = {t, ¢}, {2°} = {r,0}.
Observe that the coordinates used in Section correspond now to {z'} =
{t,r} and {24} = {6, ¢}. We define for convenience the unit vector n :=
—e~M2p, outside the origin, where it is of class C"t! by construction. In
spherical coordinates we have n = —e=*/29,.

From now one we let (M, gc, {1c}) to denote the maximal perturbation
scheme (of the given perturbation) where this holds. Our aim is to show that
the perturbation tensors K; and K», assumed to be C™ and C"~! tensors
respectively, can be rendered in the forms found in the literature, at the cost
of (i) losing their differentiability by one outside the origin (we refer to the
discussion of this point in the Introduction) but keeping a crucial property of
boundedness at the origin, and (ii) restricting the gauge freedom, of course.
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Proposition 6.2. Let (M,g) be a static and spherically symmetric back-
ground, with g of class O™, with n > 2, satisfying assumption Hy. Let K
and Ko be first and second order perturbation tensors of class C™ and C™+!
respectively, satisfying and . Then, there exists gauge vectors Vi
and Vo, that extend continuously to zero at Cy, such that the gauge trans-
formed tensors KY' and Ky are respectively C"~1 and C"2 outside the
origin and satisfy

(6.4) K{ = Kfjij(avc)dacidavj + Ky (2°)dx"da®,

(6.5) Ky = Kﬁl’ﬁ(ajc)dwida}j + Ky (2°)dz"dz®,

on M \ A together with

6.6) K, pdetde? = 4akWR?gse,  KY ,pdrtda® = 4k R%gse,

where the functions k) and k2, invariant undern and &, are defined M \ Co
by

1 1
(6.7) %mzﬁﬁﬁm7%m=ﬁﬂﬁw

and satisfy k) € C™(M \ Co) and k?) € C"~1 (M \ Cp), and are bounded

near Cy. Moreover,

1) the 1-form K (€,-) equals K1(€,-) on M\ Co and thus extends to a
1-form of class C™(M).

2) K{(n,n) is C"(M \ Cop) and bounded near Cy.
3) the 1-form Ky (&,-) is of class C"~Y(M \ Co) and bounded near Co. It
is given by

In particular

= Ko(¢m) — 2 { 2Py + (@) }
where P, € C" Y (M \ Co) and bounded near Cy and ®™ is C™(M)
and ®™ € o(||z|").
4) Ky (n,n) is C"~1(M \ Co) and bounded near Cy.
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5) the functions

(6.10) qf =z K¥(,n)  outside Co, qf =0 on Co
(6.11) ¢ = |z|* K (t,n)  outside Co, qy =0 on Co

are C" (M \ Cy) and C"~2(M \ Cy) respectively, and both CO(M) and
o(||x||), and take the forms given by (5.51)) and (5.62)) respectively.

Proof. The proof is based on Propositions [5.6] and The vectors &,7,¢
are smooth on M \ Cy (the first two actually everywhere). From the co-
ordinate expressions { = 0;,1 = 0y, t = —sinf0y, valid on a dense set of
M\ Cy, it follows immediately that {£,7n,:} commute with each other on
M\ Cp. Tt is also clear that &(n?) = 0. Since, by assumption, K;, Ko sat-
isfy L¢K1 = LeKo = 0, the Lie derivative along & of equation yields
n%¢(1(&)) = 0 and therefore £(¢(&)) = 0 outside the axis A. Using [¢, ] = 0,
this is equivalent to ¢(£(&)) = 0 on M \ A. This ensures that the solution &
of can be constructed such that it satisfies {(&) = 0 outside the axis.
Since @ € C™"(M \ Cp), we actually have (&) =0 everywhere on M \ Cp.
Similarly, the Lie derivative along & of shows that © can be con-
structed so that it satisfies £(0) =0 on M \ Cyp. We assume these choices
from now on.

The block diagonal form of (6.2))-(6.3) is equivalent to

(6.12) Ki(,,m)=0, Ki(,,§)=0, Ki(n,n)=0, Ki(n¢) =0,
(613) KQ(L?T]) = Oa KQ(ZHE) = Oa K2(777 n) = 07 KQ(”?&) = 07

outside the axis. However, since K; and Ky are C"(M) and C"~1(M) re-
spectively, (6.12]) and (6.13]) also hold on M \ Cy. Applying the gauge trans-
formation discussed in Propositions[5.6} [5.7] and denoting the corresponding
gauge transformed tensors as K' = K{, KY = K, it follows directly from

(5.47)-(5.50) (applied to v1 = &, vo = n) that

(6.14)  K{(t,n) =0, KY(,§)=0, K{(n,n)=0, K{(n,€) =0.

Similarly, (5.58))-(5.61]) yield, after using [¢,n] = 0,
(6.15)  Ky(,n) =0, KY(,§) =0, Kj(nn)=0, Ky (n¢) =0.

This proves in particular that the block diagonal form claimed in (6.4))-(6.5)
holds.
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Define k), £ as in . By virtue of Propositions and these
functions are bounded near the centre and, respectively, C"(M \ Cp) and

C"~1(M \ Cp). Using spherical coordinates 2 = {6, ¢} and noting that + =
—sin 69y = —%89, on M\ A we have
KY gpdade® = KV (09, 09)d6” + KY' (0, 0p)des*
|

TR

2
kd

]2

KY (¢,0)d60* + KY' (n,n)d¢?

. R?
Ky (n,n) (d6* + sin® 0d¢?) = ?Kl‘v(n, n)gs2,

where the first equality is a consequence of K{I’ (t,m) =0, and the third
follows from (and that |z|* /||z]|2 = R2/n?). A similar calculation is
valid for Kgl’ . This establishes .

We focus now on K (€,-) and Ky (¢, ). For the first we apply to
& =0y and any Y to get

(6.16) KY(6Y) =Ki(£,Y) — gan(y)) = K1(6,Y),

after using £ = 0 and {(&) = 0. Thus, K (§,-) = K1(&, ), and the first claim
follows. At second order, applied to £ and 0.« gives, after taking into
account [, =0, £(0) =0, &(a@) =0, K1(:,§) =0 and M(&,-) =2K,(§,-)
(by (6.16)),

(6.17) K3 (&, 0n) =Ka(&, Op) — 26(L,K1)(&, D).

The first term at the right is clearly C"~!(M). By Proposition & is
C"Y(M \ Cp) and bounded near Cy, and thence also is the second term.
In particular we have K (£,n) = Ka(€,n) — 2ac (K1(€,n)). By expression
(5.12) in Lemma for K = K1, m=n and u =1t one has (we drop a
superindex ¢ to simplify the notation)

/211
Ki&m) =1zl > lal*Pelt, 2) + @ = [|z]*P + &
k=0

and hence

K3 (¢,n) =Ka(€n) — 26 { =2V |a|*P + ||z|2(P) + u(@() }
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where
e l2])?, ~
(P =Y {—2kY3Ha;|]2kP}+W82P
k=0

is clearly C™ (M \ Cp) and bounded near Cy. With the appropriate defini-
tion of Py, expression (|6.9)) and all the properties listed in item 3 follow. For
KY(n,n) and KY(n,n), equations (5.50) and (5.61) with 11 = vy = n lead
to

Kf’(n,n) = Ki(n,n),
(6.18) KY(n,n) = Ky(n,n) — 2&(L,K1)(n,n)
2
+2(a] n(&))2‘2|2 4l n(a)’i‘mu,n)

where for the second we used [n,¢] = 0. Lemma 5.2 ensures that K;(n,n) is
C™(M \ Cp) and bounded near Cy, so point 2 holds. Concerning the second
order, all terms in are clearly C"1(M \ Cp). Lemma applied to
K1, £,K1, and K, and recalling e~ is bounded near Cy, ensures Ks(n,n),
L,K1(n,n) are bounded near Cp, and that K;(¢,n) is o(||z||). Therefore
2|~ K1 (2, n) is bounded by Lemma Since |z|n(&) (by Proposition
and 72/ |z|? are also bounded, point 4 is proved.

Finally, the functions |z|> K (7, 1) and |z|* KY (7, 1) are C" (M \ Co)
and C"2(M \ Cp) by virtue of Propositions and respectively. Those
propositions also provide the explicit forms of qil’ =¢] and qg’ =¢j, and
their behaviour near the axis and the origin as indicated. (I

6.1. Canonical form of the perturbations

By (6.4)-(6.5) and , the perturbation tensors Ky, Ky are determined
by five functions each. Two of them, k) and k@ have already been de-

fined in the Proposition. Before entering into the main result of the paper
we introduce the functions that will determine the remaining parts (four
components respectively) of K} and Ky .

Let us stress first the fact that given any 1-form X satisfying X (n) =
X (1) =0 we have X(9) =0 (see (5.9)) and, as a consequence, the set of
equations {—zF = X (9y),yF = X (0,)} is compatible and defines a unique
function F outside the axis z = y = 0. The 1-forms of the form X = K(¢,-)
with K any of the tensors Ky, Ka, K, Ky satisfy that property. In the
following we use £ = 0.
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Regarding K {I’ , and recalling point 1 of Proposition the expressions

(6.19) ) = —ie‘”Kf’(@t,Bt),

(6.20) —oxw = K¥(0,,8,),  yxw = KV (0, 0,),

define, respectively, h(Y) € C*(M) and w® : M\ A— R. Combining
(6.20) with n = 20, — y0, yields

—n*w = K¥ (0y,m)

so that, in particular, w) is axially symmetric. Since the right-hand sides
of are C™(M) we may apply Lemma in Appendix [A| to conclude
that w extends to a C"~ (M) function.

The third function is m™ € C™(M \ Cy) defined by

1
(6.21) m =5 {Kf’g L eV KY (8, 8,) — 8k(1)}
_ L fpva ) g
_4{K1a 4h® — 8k }

Finally, we define f() : M\ Cy — R as

1 1
6.22 M= e~ T, + 8,
( ) f 2ﬂ‘$|3 1 Bl

where $31 is any radially symmetric C"~!(M \ Cp) function bounded near Cy
and T any axially symmetric solution to the equation

(6.23) uY) =qf

satisfying the outcome of Corollary B.11]for m = n. We will show below that
this Corollary does in fact apply.

As regards to K we analogously define {h(?), m®} on M \ Cy and w(?
on M\ A by

1
(6.24) PO = 2o (K3 (01, 00) — 2P0,
(6.25) —oxw® = K3 (0,0,),  yxw® = K3 (9, 0.),

(6.26) m® — % (Kt e 0.0) ~ k)
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while we define f) on M \ Cy as

11
= e 773
2VX |

where B9 is any radially symmetric C"~2(M \ Cp) function bounded near Co
and Y5 is any axially symmetric solution to the equation

(6.27) AR T + o,

(6.28) UT2) = g3

satisfying the outcome of Corollary with m =n — 1. As before, we
will show below that this Corollary may be applied. We emphasize that,
unlike A and w™®), we cannot guarantee that h(?) and w® can be extended
differentiably to M. This is because K (&,-) is not known to be C" (M)
due to the presence of the last term in .

For later use we observe that implies

(6.29) —n*w® = K¥ (8y,m),

and that the functions m(?) and m® satisfy (on M \ Cp)

1 1

(6.30) m) = ZK{I’ (n,n) = Ze"\K{I’ (R, 1),
1 1

(6.31) m® = ZKQI’ (n,n) = 1e—MK; (R, 7).

Proposition already determines the regularity restrictions on the
functions () and k2 implied by the differentiability of K; and K. The
next theorem, which is the main result in this work, combines Propositions
and in order to, firstly, establish rigorously that first and second or-
der perturbation tensors of finite differentiability and preserving the axial
symmetry admit a gauge transformation that puts them in a canonical form
and, secondly, to provide detailed information on the differentiability and
regularity properties of suitably defined function components.

Theorem 6.3 (Main Theorem). Let (M,g) be a static and spherically
symmetric background satisfying assumption Hy, with g of class C" 1 with
n > 2, giwen in spherical coordinates by . Let us be given first and sec-
ond order perturbation tensors Ky and Ko of class C"(M) and C™ (M)
respectively satisfying and (6.3), where {z'} = {t, ¢} and {z°} = {r,0}
and § = 0, n = Op.
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Then, there exists gauge vectors Vi and Vs, that extend continuously
to zero at Cy, such that the gauge transformed tensors Kf’ and KQI’ are of
class C" (M \ Co) and C"~2(M \ Cy) respectively, and define the functions
{h(l),m(l), ED . w@ f O a2 @) (2,2 f(2)} as above that satisfy the
following properties:

(a.1) h<1> is C™ (M),

w® s (M),

the vector field wMn is C™(M \ Cy),

m® and kM) are C™(M \ Co) and bounded near Cy,

W s cn— 1(M\CO) bounded near Cy, C™(S;) on all spheres Sy, and
moreover dp f) is C"1 outside the axis and extends continuously to
A\ Co, where it vanishes, and 2(f1) and 8, fV) are C*=1(S,) on all
spheres Sy,

(b.1) h?) is O™ (M \ Co) and bounded near Co,

(b.2) w® is C"2(M \ Cy) and bounded near Cy,

(b.3) the vector field wn is C*1(M \ Cp),

(b.4) m® and k@ are C"1(M \ Co) and bounded near Cy,

(b.5) f@ isCn- 2(M\Co) bounded near Cy, C"1(S,.) on all spheres S, and

moreover 9pf? is C"2 outside the axis and extends continuously to
A\ Co, where it vanishes, and 2(f?) and 8;f? are C"=2(S,) on all
spheres Sy.

In terms of these functions K and Ky take the following form on M \ A

6.32)  KY = —4e"MrW(r, 0)dt? — 20N (1, 0)R?(r) sin? Odtde
+ 42 m W (r, 0)dr? + 4kW (1, )R () (d6? + sin® 0d¢?)
+ 49 O (7, )R (r)drdo),
(6.33) KY = (—4eV<">h<2> (,8) + 20D (r, O)R2(r) sin 9) dt?
— 2w (r, 0)R?(r) sin® Odtdp + 4 " m ) (r, 0)dr?
+ 4k@ (r, 0)R?(r)(d6? + sin® 0d¢?)
+ 49 f @ (r, YR (r)drdb.
Proof. Expressions and follow directly from Proposition

and the definitions (6.19)-(6.25)) after taking into account that ||z||?d¢ =
|z|? sin? 0d¢p = zdy — ydx and R? = x |z|* and n? = x|z|>.
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It remains to analyse the differentiability and boundedness near Cy of
the various functions. Points (a.1) and (a.2) have already been proved when
A and w® were introduced in (6.19) and (6.20]). Point (a.3) follows im-

mediately from
wn = — <K{I’(6t, )+ 4e”h<1>dt)

since the right-hand side is a C"™ (M) 1-form (by point 1 in Proposition [6.2)).
For point (a.4), the statement on k(M has been established in Proposition
By point 2 of that proposition the right-hand side of , and thus m\
also is.

Establishing (a.5) needs some additional work. f() being defined

by (6.22]), we directly have from (6.23]) that
1,1 1

T (h
E 2% |z|?

outside the axis. Given that ¢ is C"~ YU \ Co) N CO(U) and of||z||) (see
Proposmlonﬂ, dpfM e U\ A) and can be extended continuously to
A\ Co, where it Vamshes Regarding f(1) itself, we must analyse the solutions
T; of equation . By Proposition qip is given by , so the

right-hand side of lb matches the right-hand side of (B.28) with b=
m\}n{Qk +1}=3,¢c= n\lji,n{Qk’ +1'} =2, and m = n > 2, so that

OpfM = —

3<b<c+n,

and Corollary ensures there exists a solution 79 = T; which is
C"Y(M \ Co) N CO(M), C™(S,) on all S,., and O(|z|*), and moreover 7(T;)
and ;Y1 are C""1(S,) on all S,.. Since x € C"T1(M) and nowhere zero, it
follows that f() defined by has the properties listed in item (a.5).

Next, we consider the second order quantities. The definitions of h(
and w® imply

(6.34) KY(8y,-) = (—4e’h® + 220 Wdt — w@n?de.

Point 3 in Proposition [6.2] ensures that the left-hand side of (6.34)) is
C™ (M \ Cp) and bounded near Cy. Using that w® is C*~1(M), (b.1) fol-
lows after contractlon with 9.

Expressions (6.25) define an axially symmetric function w® : M \ A
R. Since the right- hand sides of (6.25) are C"~1(M \ Co), Lemma (Wlth
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n replaced by n — 1) implies that w(®) € C"~2(M \ Cp). This proves the dif-
ferentiability claim in (b.2). To show boundedness near the origin we use an
auxiliary function W, defined in terms of the original second order pertur-

bation K (before it has been gauge transformed into Ky ). Specifically, Wj
is defined by

(6.35) —oxWo = K3(0;,0y), yxWo = K2(0}, 0z).

Since K3 is of class C™71(M), it follows from Lemma that W, is
C"2(M). Tt is also clear that ([6.35)) imply

(6.36) —"Wo = K2(0y, n).

The function w® can be written in terms of Wj. Inserting (6.36) and
into (6.29)) yields

P ® = —PWy — 26 {||o]*P, + (@)}

with P, € C" (M \ Cp) and bounded near Cy, and & € C™(M) and
o(||z||™). Therefore, outside the axis we have

2 1
w® = Wy + 23 { ”j;’?’ P+ 772L<q><n>>} |

This proves that w® is bounded near the origin because W, € C"2(M),
the functions & and ||z|*P,/n* = Pn/x are both bounded near Cy and, fi-
nally, ((®())/n? vanishes at ||z| = 0 by virtue of Lemma which ensures
L(®™) € o(||z||?) given that n > 2. With this we have established point
(b.2).

For (b.3) we simply note that (6.34)) can be rewritten as

w®n = — (Kgp(ﬁt, D+ (4e”h® — 2n2w(1))dt)

and we have already seen that the right-hand side is a C"~! one-form outside
Co.

As for (b.4), Proposition already ensures k(?) is C"~1(M \ Cy) and
bounded near Cy, and point 4 of the same proposition states that the right-
hand side of (6.31)), and thus m(?, also is.
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We finally focus on f(?), defined by (6.27)). Directly from (6.28) we can

write, outside the axis,

1 1 1
pfP =—— e~ ¥
f 22X |z

Given that ¢y is C"2(U \ Co) N C°(U) and o(||z|)), as stated by Proposi-
tion then 9pf € C"2(U4 \ A) and can be extended continuously to
A\ Co, where it vanishes. Regarding f(?), analogously as for f(!), we must
analyse the solutions Yo of equation . This time the form of the inho-

mogeneous term of the equation ¢y, given by (5.62)), renders (6.28)) explicitly
as

t(To +2aq1) = g2 + ||:U|]2Fé"_2).

Given the form of g2 (c.f. the right hand side of ) and the properties
of I‘(Qn_Q) in Proposition the right-hand side of the equation matches the
right-hand side of with b = mgn{Zk +1}=3,¢c= Hll)i,n{Qk' +1'} =2,
and m =n —1 > 1, so that

3<b<c+n—-1

and Corollary [B.11] shows that there exists a solution 79 = Y2 4 2&q; which
is C"2(M\ Co) N CO(M), C"1(S,) on all S,, and O(|z|*), and more-
over 7(Yy + 2aq;) and 9;(Y2 + 2aq;) are C"~2(S,) on all S,. Since aq is
C (M \ Co) N CO(M) and ¢, € O(|z[*) (the latter because of Lemma
with K = K; and ¢ = q1), we obtain Ty € C"2(M \ Co) NC°(M) and
O(|z*), and A(Ys) and 8,y are C""2(S,) on all S,. Therefore f? sat-
isfies the properties listed in point (b.5). O

The previous theorem makes the hypotheses that K7 and Ks are of the
form and . This assumption is well-justified in the present setup
because it holds automatically for any perturbation scheme that inherits an
orthogonally transitive, stationary and axially symmetric action, as proved
in Proposition We state the corresponding result as a corollary, where
we also add the property that the gauge vectors V1 and V5 whose existence
has been proved are axially symmetric, tangent to S, and orthogonal to 7,
and extend continuously to zero at the centre (see Propositions and .

Corollary 6.4. Let (M,g) be a static and spherically symmetric back-
ground satisfying assumption Hy, with g of class C™t1, with n > 2, given
i spherical coordinates by . Let us be given a C™! mazimal perturba-
tion scheme (M, e, {tbc}) inheriting the orthogonally transitive stationary
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and axisymmetric action generated by {& = 0y, = Op}. Then, the outcome
of Theorem [6.5 holds.

Moreover, the gauge vectors Vi and Vo whose existence has been granted
and that transform any perturbation tensors Ki, Ko in this perturbation
scheme into the form given by Theorem commute with n, are tangent
to Sy and orthogonal to n, and extend to zero at Cy.

This corollary ensures that there is a change of gauge that takes any
(orthogonally transitive) stationary and asymmetric perturbation (to second
oder) of a static and spherically symmetric configuration to the usual forms
—, at the expense of losing one derivative and deteriorating the
regularity at the origin. In the following we discuss the gauge properties

compatible with (6.32))-(6.33)).

6.2. On uniqueness of gauges

So far all the results have focused on the existence of the gauge vectors V1 and
V5 that take from and to the canonical form of Theorem In
this subsection we discuss their uniqueness properties for fixed transformed
tensors K f’ and K. 51’ . We start with a general result based on the symmetries
of the background and of the perturbation tensors.

Lemma 6.5. Consider a static and spherically symmetric background ad-
mitting no further local isometries and denote by & its static and n one of its
azial Killing vectors. Let K1 and Ko be C? perturbation tensors invariant
under & and n on this background. If K| and K} are obtained from K and
K5 by a gauge transformation defined by axially symmetric gauge vectors Vq
and Vo (i.e. that commute with n), then the most general such gauge vectors
are given by

Vi=Vi+ A+ DBon, Vo=Va+ Asé+Ban, A1, Ay, By, By €R.
Proof. We start with the first order. From and, by assumption,
K| =K1+ Ly,g, K{:K1+/L‘71g.
This leads to £y, g =0 and therefore Vi — V4 is any Killing ¢; of the

background. By assumption ¢; commutes with n and given that the Killing
algebra of the backgroud is R @ so(3) it must be ¢4 = A1§ + Bin with
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A1, By € R. At second order we have, from (2.6)) using (2.5), and by as-
sumption

Ky = Ko+ Ly,g+ Ly, (K] + K1), Kj=FKy+ Ly g+ Ly (K] + K1).

Therefore 0= Ly, g~ L, (K] + K1) =Ly, _y g, where in the second
equality we use that K] and K; are invariant under ¢ and 7. The claim
follows. O

This result combined with Lemma allows us to complement Corol-
lary with the following uniqueness result.

Remark 6.6. In the setup of Corollary if the background admits no
further local isometries and the perturbation scheme (M, gc, {1:}) is re-
stricted so that the inherited axial Killing vector 7. = di-(n) is independent
of the choice 9. € {1}, then the gauge vectors Vi and V5 are both unique
up to the addition of a Killing vector of the background that commutes
with . We emphasize that this condition on the perturbation scheme is no
restriction at all if g., € # 0, admits only one axial symmetry.

6.3. Gauge freedom

In this subsection we investigate the gauge freedom to second order that re-
spects the form of the first and second order perturbation tensors, as given
in the main theorem. Our aim is to find the most general gauge transforma-
tion respecting this form under the additional condition that the first order
perturbation tensor takes a very special simple form (corresponding to a
pure rotation). This is interesting for two reasons. Firstly, because in the
setup of [I5], this form of the first order perturbation tensor will in fact be
a consequence of the gravitational field equations for a rotating fluid ball.
And secondly because, as we will discuss later in more detail, our result
will include as a particular case the most general gauge transformation that
respects the structure of the canonical form of a general perturbation tensor
at first order.

We start with a general lemma concerning gauge vectors and symmetries.

Lemma 6.7. Let (M,g) be a spacetime with Killing algebra A. Let K be a
symmetric two-covariant tensor invariant under a subalgebra Ag C A. Then
the tensor K' := K + Lsg, with s € X(M) 1is also invariant under A if and
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only if

(6.37) [(,s] € A V¢ € Ay.

Assume now A = span{&} @ span{n,} with {n.} a basis of an so(3) Killing
algebra and [£,m,) =0, a =1,2,3. Let Ay = span{{,n} with n:=mn1. Then
there exists 1 € so(3) such that s =5+ 1 with § satisfying

(6.38) [€,3] = Cn + DE, C,D€R,
(6.39) [,5] = An + B¢, A, BeR.

If, in addition, the orbits of n are closed, then A =B = 0.
Proof. Taking the Lie derivative of K’ along { € A and imposing invariance
0= ﬁcK’ = EQ*K -+ ﬁ(ﬁsg = E[C,s]g + £S£<g = £[€7S]g

so [(,s] is a Killing vector field and (6.37) is established. For the second
statement recall that the structure constants of so(3) are

[naanb] = €ab e a,b,c=1,2,3
where €,;° is the antisymmetric symbol. From (6.37)) we have [, s] = A%, +

B¢ and [€, s] = C%nq + DE, A*, B,C*, D € R. Commuting & with [, s|] and
using the Jacobi identity

0= [67 Aana + Bf] = [67 [777 SH
= [[67 77]7 S] + [7’7 [67 S]] = [7’7 Cana + DS] = Caelabmh

which is equivalent to C? = C® = 0. Define 7 = ¢,°4A%. and
S:i=s5—1).
Setting C := C*, (6.38) follows. Moreover,

,3] = [n,5 — €,°aA.]
= B¢+ Aq — €,°4A% " 0 = BE + Aq — (65 — 016a1) A%ng
= B¢+ A%y — A%y +m A = BE+ Al

which is (6.39) after setting A := A'.
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Assume now that the orbits of n are closedﬁ (we stay away from the
axis). Since 7, £ and § form a 3-dimensional algebra Aj determined by
(6.38))-(6.39) plus an Abelian subalgebra for {n, £}, the argument in Section
3 in [2J’[shows that 3 must also commute with the cyclic 1. Therefore
must hold with A = B = 0. O

Remark 6.8. The results (6.37), (6.38) and (6.39) are purely local, so

that they apply also to spacetimes admitting no isometry group action (e.g.
because only a portions of the spacetimes is considered).

Lemma [6.7] and the last argument of its proof also implies the following
Corollary.

Corollary 6.9. Let (M,g) be a spacetime admitting a two-dimensional
Abelian Killing algebra A. Write A = span{§,n} and assume that n has
closed orbits. Then Lsg is invariant under A if and only if

(640) [77’ 5] =0,
(6.41) [€,s] =Cn+ D¢, C,D eR.

This result may have implications for studying gauge invariance proper-
ties of perturbations in general stationary and axially symmetric spacetimes.

From now on, however, we restrict ourselves to static and spherically
symmetric spacetimes as defined in Definition and Assumption H; with
n >0, and assume we have selected a Killing vector 7 in the so(3) Killing
algebra and have chosen spherical coordinates adapted to 7, so that, away
from the axis of 7, the metric takes the form . In particular, for the rest
of the section the functions v, \, R will be functions of only one variable .
For simplicity we relax our convention of writing the argument explicitly,
i.e. v(r), etc. since no confusion will arise.

Define s by
(6.42) 5= Ctn+ Dt + s,
and note that, from — with A =B =0,
(6.43) [, 5] =1¢,5] = 0.

4Note that this condition is automatic when suitable global conditions, such as
e.g. assumption Hy, are imposed.

5As noted in the reference, although the text refers to Killing vectors, the fact
that the corresponding local group of transformations are isometries is not used in
the proof.
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The difference tensor K/ — K = L;g has the form

(6.44) K'—K=~Lyg=/Lsg= £Ctn+Dt§+§g
=Cdten+ned)+D(dt@E+ERdL) + Lzg
= —2De"dt* + 2CR?sin’ dtdd + Lzg.

The form of s can be restricted further under additional assumptions on the
form of K — K’  i.e. Lsg.

Proposition 6.10. Let (M, g) be a static and spherically symmetric space-
time satisfying assumption Hy for n > 0, with a selection of axial Killing
vector field n and s a vector field on M. Assume

(i) Lsg is invariant under span{&,n}.
(ii) Lsg satisfies, in the coordinates {t,p,r,0},

(£59)iq =0
where {z'} = {t, ¢} and {2°} = {r,0}.
(A) Then
(6.45) s=Ctn+ D +5+¢ C,DeR

where 5 = 5%(2%)0za and ¢ is any Killing vector field of g.
(B) If, in addition to (i) and (ii), Lsg has x = {0, ¢} components of the
form

(6.46) (Lsg) apda?da® = W (z®) (d6? + sin? 0d4?)
for some function W(x®), then there exists Y(r,0) and a(r) such that

(6.47) 5 =2Y(r,0)0, + 2a(r) sin 00y, and
(6.48) Lsg = —2¢" (Yv, + D) dt* + 2CR?sin? Odtds

1
+4¢e <y,7« + QyA,r) dr?

R

+ 4ReN (37;9 +Re Ma, sin e> drdf.

+ 4R? (yR”" + a(r) cos 9) (d6? + sin® 0d¢?)
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(C) If, in addition to (i) and (ii), R, and v, are not zero on dense subsets
and Lsg has only component in {t, ¢}, i.e. exists Z(x®) such that

Lsg = 2Z(z*)R?sin? Odtdep,
then

(6.49) s=Ctn+¢, and L.g=20R*sin’0dtde, i.e. Z(z*)=C.

Proof. We have already shown, from Lemma and , that s =
7+ Ctn + Dt€ + s for some § satisfying . This imposes that the compo-
nents §¢ of 5 only depend on . Moreover, implies L39(04i,0z0) =0
due to assumption (ii). Explicitly

0 = 3"0ugia + Gij0ad + gap0i3° = ij0ad — 9.8 =0,

and therefore 5§ are in fact constants. Thus, there exist constants a, b such
that § = an + b¢ + 3 with 3 = 3%(2%)0,«. Defining ¢ = i) + an + b€, expres-
sion follows.

In case (B), i.e. under the assumption , we need to impose that
(L59)pp — sin? 0(Lsg)p9 = 0. Explicitly

S

0
0 =735"0agpp — sin? 6 (5“(%999 + 2g9989§9) = 2R?sin? 0 <C089§9 — 8959) i

Integrating, there exists a(r) such that 5% = 2a(r)sin 6. Letting 2)(r, 0) :=
s" we obtain (6.47)). Moreover, a direct computation gives

1
Lsg = —2Ye v, dt? + 4e? <y,r + 2y)‘,r) dr?

+ 4R? <y772’" + a(r) cos c9> (d6? + sin® 0d4?)

+ 4ReN (3775 + Re P, (r) sin 0> drd,

which inserted into (6.44) yields .

Case (C) is obviously a particular case of (B), so (6.47) and hold.
This already implies that Z = C. To show the rest of @D we use the
fact that the coefficients in all vanish, except the {t,¢}. The dr?
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component restricts Y(r, 6) to be
Y =eM20(0)

for some function ©(6). The df#? component forces, after using that R, is
non-zero on a dense set, that

aoR,re_)‘/Q A2

a(r) = — & Y = —age V“cosb, ag € R.

The dt? then gives, using that v, is non-zero almost everywhere, ag = 0 and
D =0, and (6.49)) follows. O

We have now the ingredients to analyse in detail the complete gauge
freedom that respects the form of the perturbation tensors achieved in our
main Theorem [6.3] assuming that the first order perturbation tensor has the
specific form given by below. As already said, this assumption turns
out not to be restrictive at all in the setting of [I5] where slowly rotating
fluid balls with fixed central pressure are considered.

Even more, the next proposition determines the most general gauge
transformation that leaves invariant the form of a general first order per-
turbation tensor in canonical form. Indeed, the gauge transformation law
of second order perturbation tensors reduces to the first order one when
K is identically zero (see (2.5)-(2.6]). Since the case K1 =0 is covered by
the proposition (by simply setting wl) = 0) it follows that the most general
gauge transformation that leaves invariant the form of a first order pertur-
bation K defined by the right-hand side of (with w® = 0) is given

by (6.54))-(6.58]) with corresponding gauge vector (6.53]).

Proposition 6.11 (Gauge freedom). In the setup of Theorem we
assume further that R ,(r) and v,(r) do not vanish identically on open sets
and that the first and second order perturbation tensors take the form

(6.50) K1 = —2w(r, 0)R*(r) sin? fdtde.

(6.51) Ky = ( 4e*Mh(r, 0) + 2w (r, 0)R?(r) sin? 0) dt? + 4 m(r, 0)dr?
+ 4k(r, 0)R?(r) (d6? + sin® 0d¢?) + 4" 0y f (7, 0)R (r)drd
— 2W(r, 0)R?(r) sin® Odtde.

Then a first order gauge vector Vi preserves the form of K (i.e. there is w9
such that K{ := Ky + Ly, g is given by with w — w?) if and only if,
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up to the addition of a Killing vector of the background,
(6.52) Vi = Ctoy, C eR, and then wI =w-—C.

For Vi as in , the second order gauge vector Vo preserves the form of
if and only if

(6.53) Vo = AtO; + BtOy + 2Y(r,0)0, + 2a(r) sin 60y + ¢,
A, B eR, ( Killing vector of g,

and K3 takes the form with the coefficients h,m, k, f transformed to

(6.54) ho = h + %A + %yu,r,

(6.55) mi=m+ Y, + %yk,r,

(6.56) k9 =k + y% + a(r) cos b,

(6.57) ff=f+ % — Re A, cos b + B(r),
(6.58) WI =W — B,

where the arbitrary function 5(r) arises because K only involves g f9.

Remark 6.12. This proposition determines the most general gauge trans-
formation that leaves the form of the perturbation tensors (6.50]) and (6.51]).
One could analyse also which restrictions on the gauge vectors are required
to ensure that the gauge transformed tensors also satisfy the regularity and
boundedness properties of Theorem [6.3] This is however not needed for the
applications we have in mind.

Proof. The first order gauge transformation imposes Ly, g = K{ — Kj,
so we may apply part (C) of Proposition to s = V5 and follows
immediately. For the second part, we let V; := Ctd,. The second order gauge
transformation takes the form

Kg =Ko+ Ly, + Ly, (QKf — ﬁvlg).

The tensor in parenthesis is 2K{ — Ly, g = —2R? (2w — C) sin? fdtd¢ and its
Lie derivative along Ctd, is immediately computed to be

Leto, (2K — Ly,g) = —2R*C (2w — C) sin® dt”.
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Thus the equation that Vo must satisfy is

(6.59) Ly,g = K§ — Ko + 2R*C (2w — C) sin? fdt?
= (—46”(T)(h9 — h) +2R?sin? § (w?? — w? + C (2w — C))) dt?
+4eX (m9 — m)dr® + 4R?(r) (k¢ — k) (d6? + sin® 0de?)
+ 4R( e My (f9 — fdrdd — 2R*(r)(WI — W) sin? 0dtde
" (R9 — h)dt? + 4eM7) (m9 — m)dr?
- 4732(7«) k9 — k) (d6? + sin® 0d¢?)
+ AR d(f9 — f)drdd — 2R?*(r)(WI — W) sin® 0dtdep,

where in the third equality we inserted and the corresponding expres-
sion for K§ and the cancellations in the last equality follow from w? = w — C.
Thus, we may apply part (B) of Proposition with s = V5. Expression
- ) follows directly from and (| -, after renaming C — A and
D — B while are obtalned by comparing with -

after the same redeﬁmtlon for C and D.
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Appendix A. Differentiability of radially symmetric
functions

In this Appendix we analyse the relationship between the differentiability
properties of a radially symmetric function and of its trace (see below). We
expect several of these results to be known, but they do not seem to be easily
accessible in the literature, at least in the specific form that we need. The
starting point is, however, well-known (see Lemma 3.1 in [I]). We include a
proof for completeness.
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We set BP C RP to be the open ball of radius ag > 0 centered at the
origin.

Lemma A.1. Let q: BP — R be radially symmetric, i.e. such that there
exists 9 : [0,a9) — R (the trace of q) with q(x) = a(|z|). Then q is a C™(BP)
(n > 0) function if and only if 9 is C"([0, ap)) (i.e. up to the inner boundary)
and all its odd derivatives up to order n vanish at zero. Equivalently, if and

only if

(A1) q(r) = Pu(r?) + (1),

where Py, is a polynomial of degree [2] and ®™ is C™([0,aq)) and satisfies
o) (r) =o(r™).

Proof. Evaluating on the line z = (x1,0,---) we have ¢(x1,0,---)=
q(abs(z1)). The left-hand side is a C™ even function on (—ag,ap), so all
its odd derivatives (up to order n) vanish at zero. It follows from the equal-
ity that q is C™([0,a0)) up to boundary and that all odd derivatives (up to
order n) vanish at zero. A Taylor expansion then gives . The converse
follows by a simple computation. O

Remark A.2. This result can be applied to functions g(z?) which are C™
in all variables and radially symmetric only in a subset of the coordinates.
A similar remark will apply for the remaining results in this Appendix.

Lemma will be used in several ways. Our first application is the
following statement.

Lemma A.3. Consider the space R?>xRY (q>0) coordinated by
{z1, 22, w} and let W be an open and connected neighbourhood of the axis
A = {x1 = 29 = 0}, radially symmetric in {x1,x2}. Let ¢: W\ A— R be
radially symmetric in {x1,x2} and assume that x1q and xoq extend to
C™(W) functions, n > 1. Then q extends to a C"~Y(W) function.

Remark A.4. The result on the differentiability of ¢ is sharp. Consider
the function |z|* with 1 < o < 2. If is easy to check that x;|z|* and za|x|*
are C%(R?) while |z|* (which is C*(R?) in agreement with the lemma) is not
C?(R?).

Proof. Set x = (x1,x2) and define g(r,w) by ¢(z,w) = q(|z|,w). Let ¢ :=
r1q, q2 := x2q. By assumption ¢; is C™(W), in particular when restricted to
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the line {z1 > 0,29 = 0}. Moreover,
q1(z1, 22 = 0,w) = z19(x1, w).

Since the left-hand side is C™ up to and including the boundary xz; = 0 the
same holds for rq(r, w).

On the other hand, the function Q := x1q; + 72¢o = |z|?q is radially
symmetric (in {z1,22}) and C™"(W). Moreover Q(z,w) = r2q(r,w) ;-
Given that r2q(r,w) is C™ up to boundary, Lemma implies that (we
also use the fact that, by construction, () vanishes at the origin)

(A.2) r2q(r,w) = 12Pu(r?) + @ (1, w)

where P, (u) is identically zero for n = 1 and a polynomial in u of degree [§ —

1] when n > 2 (with coefficients that are C™ functions of w) and &™) (r, w)
is C™ up to boundary and o(r"). Now, @ = rq(r,w) — rPy. Since rq(r, w)
is C™ it follows that q);,n) is C™ and o(r" 1) and therefore admits a Taylor

expansion of the form

(n) ~
W = a(w)r" + oM (1, w),

where the remainder ®™ (7, w) is C™ and o(r™). Inserting this back into

yields q(r,w) = Pp(r?) + a(w)r"* + &™) /r. The last term is €™

and o(r"~!) by item (iii) of Lemma applied to the one-dimensional case,
and we have found, after renaming ®™~1(r, w) := EIS(")/T,

q(r,w) = Pn(’l“Q) + oz(w)r"_1 + EI;(”_I)(T, w).

If n is odd, we can apply Lemma [A.1]to conclude that ¢(z,w) = q(|z|,w) is
C"Y(W). If n is even, we still need to show that a(w) = 0 before we can
apply that lemma. Let k be defined by n = 2k (note that & > 1). The poly-
nomial P, (r?) plays no role in the argument, so it can be set to zero without

6We stress that all the results in Appendix [Bl up to and including Lemma
are independent of Appendix [A] Proving the one-dimensional result here to avoid
quoting a result from Appendix |E| would be redundant.
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loss of generality (we redefine q(z) — Py (|z|?) as g(z)). Let us compute

(A.3) (02)*" " (g2) = (02))™" 7 (w29)
— zaa(w) ()2 |21

+ 2(95,) @Y (2], w)).

The term (8901)2’“_1((/13(%_1)) is convergent as |z| — 0 (this claim is a partic-
ular case of Lemma in Appendix . However, the first term does not
converge at zero unless a(w) = 0. This can be shown explicitly as follows.
A simple induction argument based on 0O, |z| = z1/|z| shows that, for all
1 <2k—-1,k>1,

(0z,) |2k 1 Z| |2k I=l=ig ia,, a; € R, a; # 0.

In particular, (9,,)%* !x|?*~! evaluated on the path x(r) = Br with
B = (B, --,Pp) a constant unit vector yields lim,_o (8351)2]"’_1 |z|?k 1 =
Z?ﬁal Bia;, and the limit depends on the path. Since, by assumption, go
is C?*(W) (in particular C2*~1(W) as well) the only possibility that the
right hand side in has a limit as |z| - 0 is a(w) =0 and we may
apply Lemma to q(z,w) to conclude the proof. O

Lemma A.5. Let f: BP — R be radially symmetric. Assume that f is
C™(BP) and o(|xz|™) with n > 0, then the function ﬁ:—‘f(m) (i=1,---,p)is
also C™(BP) and o(|x|").

Proof. That \%I f is o(]z|™) follows immediately from the boundedness of
z;/|x| near the origin. Let f : [0,ap) — R be the trace of f. By construction
f(r) is C™(]0,ap)) and o(r™).

Let a = (1,0, ;) , @; € N and use the natural notion of (par-
tial) order 5 < « iff all o < ;. We use the multiindex notation 0% :=
8(?:?)1(11 ag:;%, and 2% := 2{" - - p". We write, as usual, [a| = Y20_, a;.
Define the i-th l-addition over a by a+1;:= (ay, -, + 1, ).
A simple induction argument (with induction parameter |a|, note that
|+ 1;] = |a] + 1 for all i) and the fact that, when acting on any radially
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27 df(r)

rdr

implies that, as long as |a| < n,

symmetric functions, 0;f = o
r=|z

. ||
o (@ () |a]) o @
(A.4) 0 (mf(ﬂf)> :Z z|lel=a Z baﬁm ’

a=0 B<a+1;

where b7 5 are constants (which may vanish) and f(*) denotes the a-th deriva-
tive of f. The properties of f imply that (%) is C"~%([0, ag)) and o(r"~*). Thus
£ ()

el

in a neighbourhood of the origin. We conclude from ({A.4)) that 9% (Z—i f (x)%

is o(|z|"~1°l), hence o(1) since |a| < n. Moreover 2 /|z|1l is bounded

||

converges to zero at the origin, which proves the lemma.

Appendix B. Existence and regularity of a singular
differential equation on spheres

The fundamental aim of this Appendix is to establish Lemma [B.9] below.
In arbitrary dimension p > 1 let B? C RP be an open ball centered at the
origin {0, }. Consider a natural number (possibly zero) ¢ and let V¢ C R? be
an open connected neighbourhood in RY. Define also V := BP x V4 C RPT4,
where we make the usual identification of RP x R? and RPT4. Letting 7 :=
RPTY — RP be the projection into the first factor, we set ||z| := |7 (z)|ge,
where |- |gr is the standard euclidean norm in RP. We introduce the axis
A :={0,} x V7 and note that, also, A = {z € V;||z| = 0}.

The full set of coordinates in V' will be denoted by x,, u=1,--- ,p+gq,
while a = 1, --- , p coordinate the first RP factor. We will use a special name
u to refer to points in the first factor RP and w to refer to points in the
second factor R?, so that a point in V' reads x = (u, w). In particular (0,, w)
corresponds to a point in 4. Multiindices (see proof of Lemma will
include the following special notation to refer to the part related to R?:

any multiindex o = (a1, -, apyq) Will be separated as o = o, ® oy Where
ay = (a1, ,0p) is a multiindex in R” and o, in R?. Observe that |a| =
|| + |ov |-

Following the splitting of V' we extend the usual little-o notation in terms
of a limit on the axis A: For any positive function g defined on V' '\ A we set
(observe that the notation for o is in boldface)

f€eo(g) < lim fg =0
[|z[|—0
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We need a simple result concerning Taylor expansions of C! functions
with o(]|z[|") behaviour. Let us first recall that given a C! (I > 1) function
f 'V — R the expansion in u in the R? factor around 0, provide&ﬂ

(B.1) flz) = leq Oi!aw F(0p, w)z® + ZI:ZQ% v

where the remainder
‘au’ |a -1 9a 1 o
Qa, (z w79 f(tu, w)dt — ﬁﬁ “ f(0p, w)

is CY(V) and satisfies Qq, (0p, w) = 0.

Lemma B.1 (Taylor). Let f:V — R be C' and o(||z||") with 1 > 1. Then
0%f(a) =0 for all a € A and |a| < 1. Consequently, in particular,

— Z R, (z)x*

|y |=L
where
|C““| / £yl =190 f (tu, w)dt
is CO(V) and Ry, (a) =0 for all a € A.

Proof. We start by proving that 0% f(a) =0 for all a € A and |a,| <.
Assume this conclusion is not true and let s <[ be the smallest number
for which there exists ag € A and a multiindex g with |ayo| = s satisfying
9% f(ag) # 0. Define the (not all zero) constants Cy, := =90 f(ao) for all
|| = 5. Then, writing ag = (0p, wp), we have from ( that at all points
x = (u,wp)

> Coy ||8+ D SO ) E ||s+ 2 Quula),

|ovu|=s s<|ox <@ | |ovu| =l

:L“O‘“

|g;|ys [l=]*
The left-hand side tends to zero when ||z|| — 0 by assumption. The same is
clearly true for the second and third terms of the right-hand side. Taking

7As usual we set ay,! = aq!--- ol
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the limit along a path = = (Br,wp), r — 0 with any 8 € RP of unit norm, it
must be that

> CaB™ =0, VBERP

| |=s

This polynomial in # can vanish identically only if all C,,, vanish, which is a
contradiction. Therefore, we have that 0% f(0,, w) = 0 for 0 < |ay,| <[, and
for all w. This implies that 0% 9% f(0,,w) = 0“f(0p, w) =0 for 0 < |a| <1
with a = ay P ayy, as claimed. O

Remark B.2. Any f as in Lemma is, in particular, C* and o(||z[/¥)
for 0 < k <1, so the following is also true

(B.2) f(z) = Z R, (x)x*  forany 0 <k <.

o=k
Note also that R,, with |ay| <1 —1 can be differentiated. In particular

. vy | !

(B.3) OuRa, (x) =

(1 — t)ll=1ge9,0% f(tu, w)dt,

au' 0
with €, =1if 4 <p and 0 otherwise,

so that d,Rq, (a) =0 for all a € A. Observe that since f € o(]|z[), (B.2)

implies

Oy

Z Ro, (@) 2 0 forany 0<k<I.

o |=k Hle_'a“l H*ﬂ“aul a

l[z[|—=0

The application of the S-path method as in the previous proof implies that
for any g € RP

Z Mﬁ%:o for any 0 < k <1,

lell=0, S [l e

and therefore R, (z) € o(||z|'~!**!). In summary,
OuRa,(a) =0, Ra,(z)€o(|z]7lh) Vo with |a,| <1-1.

Lemma B.3. Let f:V — R be C! with 1 > 1 and let & = ay ® vy be any
multiindex satisfying 0 < |o| <.



Gauge fixing and regularity of axially symmetric 1947

o ool = 0 €o(lal ) (= 9% € of|la]' 1)

Proof. The proof is based on the following two facts, which we establish first.
The first one is that for any ™ € C™(V) and o(||z||") with n > 1 it is true
that 9, f™ € o(||z||"~!) and the second is that when u > p the decay gets
improved to 9, f™ € o(||z||"). We show the first claim by applying in
Remark to f(™ and k =n — 1 to write

fM )= > Ra,(x)z™.

|au|=n—1

Differentiating and dividing by |z|"~! yields

Ouf ™ (x % 1
(B4) ,Ltfin_(l) = Z <6,LLRCM“ (I’)ﬁ + Rau (w)auxa“n_l> .
EEEae ol 2]
We consider now the limit of this equation to any a € A. The limit of the
first term in the right hand side vanishes as a consequence of 9, R, (a) =0
(Remark ) given that ”xx”% are bounded (because |ay,| =n—12>0).
The limit of the second term vanishes because R, (z) € o(||z||) (again by
Remark [B.2)), and d,2%/||z||"~2 are bounded, so that R, (m)%ﬁ €

[l]

o(||z||°). Hence
Oy f(n)
im =
lel=o [l
i.e. 9,f™ € o(||z|"""), as claimed. Obviously this function is also C"~(V),
which allows us to repeat the process as long as n — 1 > 1. We continue with
the second claim, i.e. that lime|H0(8,,f(”))/||a:|]” = 0 for any v > p. Let such
v be fixed and introduce the notation h,y for (...,0,-1,h,0,41,...). The
fundamental theorem of calculus gives, at any point wg € V9,

)

h
(B.5) f(n) (u, wo + h(,,)) = f(n) (u, wp) + / &,f(n) (u, wo + S(l,))ds.
0

If we define

1

fl/(hﬂ ’LL) = thHn

h
/ a, f™ (u, wo + 8(,))ds,
0
equation (B.5|) divided by hl|z||™ taken to the limit ||z| — 0 leads to

(B.6) 0= lim F,(h,u), foreachv>p andall h#D0.

[[z]|—0
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Since 9, f(™ is continuous the limit limy g0 Fu(h, u) (at fixed h # 0) con-
verges uniformly to zero on compact subsets of V4. Therefore we can take
the limit A — 0 of and interchange the limits by the Moore-Osgood
theorem [23] to get

(B.7) 0=lim lim F,(h,u) = lim lim F,(h,u)

h—0 ||z||—0 [|lz||-0 h—0

1
= lim ——0 f(n)(u7 UJ()), v>p,
Jall=o [l
where in the last equality we simply used the definition of F,. Since the
point wg in V1 is arbitrary our second claim is established.
We may now return to the proof of the lemma, which follows by simply

applying the derivative 0“f with a = (a1, -+, ap4q) and |a| < 1 in the re-
verse order 9377¢ -+ 9% f. The derivatives in the first p directions decrease

the order to o(||z||'~1*l), while the remaining derivatives do not change this
order at all. This proves the first implication of the lemma. The second
implication is trivial because |a| > || O

This lemma has an immediate application for products of functions. We
restrict to the one-dimensional case, since this is all we need in the main
text.

Corollary B.4. Let I > 1 and f,g € C'([0,a)),a > 0. Assume that f(z)
and g(z) are o(z'). Then the funcion h(z) = f(x)g(z)/x extends as a
CY([0,a)) function to x = 0.

Proof. Tt suffices to check that the limits lim, ,0(0;)*h(z) for k=0,...,1
exist. We have

e

k k—p
=S (@) @)@ g ()

p=0r

Il
=)

where ay, are constants. Lemma applied to the one-dimensional inter-
val [0,a) ensures that (9,)Ff(z) is C'% and o(2'~%), and the same for g.
Therefore, each term in the sum is o(x!~F+PHrH=—r=p=1) = 5(32=F=1) and,
in particular, o(z'=1) for k =0,--- ,I. O

We now introduce an additional structure in the V¢ C R? factor. We split
R? = R% x R% (in particular ¢ = d, + d;) and assume that V' is of the form
V4= Z% x T% where Z% C R% and T% c R% are open and connected.
Furthermore, we require that Z% contains the origin of R%. Thus, we have
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now the splitting RP*? = RP x R% x R% and we want to concentrate on the
first two factors, so we define R? = RP x R% (again with the usual identifica-
tion). Cartesian coordinates in R? are denoted by 2;, 4 = 1,--- ,d. As before
we introduce the projection mp of RPT4 = R? x R% into the first R? factor
and define the seminorm |z| = |me(x)|ge. The set Cy:= {x € V;|z| =0} is
precisely {04} x T, where {04} stands for the origin of RY. It is immediate
to check that Cy C A.
We also introduce the usual little-o notation associated to |z| by defining
(observe that o is not in boldface now)
! .
feo(z')) «— lim — =
ja =0 ||
When d, = 0 we recover the previous setup. Therefore, Lemma im-
plies in particular that for [ > 1 (irrespectively of the value of d)

fe V) and o(|z]') = 8°f € o(|z|'~1o).
Let us continue by providing two easy but convenient auxiliary results.

Lemma B.5. Let f:V = R. If f € o(||z|!) then f € o(|z|).

Proof. Since  |z|' > ||lz||! for >0 then |f||z|™" <|fllz]|7, so
. 1 ) _ . .

limpapo |1 o] < limgo£llle] . But [a »0 implies [la] =0, so
the limit is zero by the assumption f € o(||z||’). O

Lemma B.6. Let f:V =R and k > 0. Then f co(|z|)) = f/|z|" €
o([J['~*).

Proof. The result follow directly from ”z”%% = ng‘\l Hli\”: < |||£\‘|“ taking
the limit ||z| — 0. O
Let us introduce now the vector n := ﬁ (xzal) , which is clearly smooth
in V' \ Cp and bounded near Cy. Define also
n'=n(z'") = — =0"|z|.
|z

We note the well-known fact that |x||a‘ 0°nt for |a| >0, as well as
\:n||a|+1 80‘(‘?1'), are bounded. We will use v("™(f) for the derivation of
f m times along a vector field v. Since n does not exist at Cy we de-

fine n(f) : V. — R by setting n(f)(Co) = 0, and similarly for higher powers
Al (f)
n :



1950 M. Mars, B. Reina, and R. Vera

Lemma B.7. Let f:V — R be C', 1 > 1, and assume f € o(||z||'). Then,
forany 1 <k <l

(i) A" (f) € o([|z]'7*) and C'=H(V).

(i) [« 2(f) € o(||z]")-
(iii) 2ef € oll2l|'~*) and C'H(V),

Proof. We start by establishing the following fact: For n > 1 and f(™ e
C™(V) satisfying £ € o(||z||™), it holds

(B.8) FOU = (™) is CH(V) and o[z 7Y).

By the comment before the lemma, this claim actually involves the func-
tion g:V — R defined by ¢(Co) =0 and g:=a(f™) = nd;f™ outside
Co. Clearly g € C"~1(V \ Cp). Moreover, given that 9;f™ € o(||z||*") (by
Lemma, and 7! are bounded everywhere, we have 70 f(™) € o(||z||*"),
which in particular means that g € C%(V) and g € o(||z[|*"!). Further-
more, the boundedness near the axis of x%/||z| for 1<a <p and 27
for p < j <d combined with Lemma imply %9, f™ € o(||z||") and
279; £ € o(||z||"), and therefore

lz| A(f™) = |2| A%0u f™) + |z 210, ) = 220, f™ + 278, F™) € o(||z|™).

This already proves point (ii) in the lemma.
It only remains to check that g is C*~1(V). Take a such that 0 < |a| <
n — 1 and compute

o (A(F™)) = 3 badii0" 0,1,

BLla

where bg € R. The terms in the sum can be written as
|| /P! 65ﬁiﬁ8a*58if("), and given that |z|/’l 957’ are bounded and that
089, () € of ||z || 11l +IB) by Lemma(note that || — |5] = |a — 5]
because 5 < «), each term belongs to o(||z||*~ 1= 1+IBI=18l) = o(|||»—1—lal).
Therefore — 0¢ (ﬁ(f(”))) co(||z]|*~ 1) and  thus 0 (ﬁ(f(”))) €
o(|z["~*~1*1) by Lemma Since |a| <n —1 the limits of 9% (A(f™))
vanish at ||z|| = 0, and thus at |x| = 0 in particular. Define the functions

« .:{ o (a(f™)) = #Co
g - 0 .%'ZC()
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with g° = g, which are C°(V) by construction, and o(||z|*~*~1*) (and thus
of[a[* 17 1)).

It remains to verify that the differentials (to order n — 1) of g on Cy exist
and vanish for all ¢ € Cyp. We do that at once by showing that Dg? (namely,
the differential of g” at ¢) vanishes for any 0 < |3| < n — 2. We compute

i 197 @) = g%(c)] < lim lg° ()]

T—cC ‘x’RHq T—C ’a}‘Rerq —cC ‘wf

=0, for0<|B| <n-—2

where in the first equality we insert ¢g°(c) = 0 (since ¢ € Cp), the inequality
follows from |z|ge+« > |z|, and in the final equality we use that the limit
x — ¢ is equivalent to |z| — 0, and that ¢° € o(|z[" 111, so that ¢%/ |z| €
0(|x|”727|5 |). By definition of differential, this limit shows that Dg? exists
and vanishes for 0 < |f| < n —2 and all ¢ € Cy. For |3]| = 0 this means that
g is differentiable at Cy with vanishing differential, which establishes that
g € CY(V). Tterating, and noting that |3| < n — 2 means that we may take
up to n — 1 derivatives of g, it follows that g € C"~1(V), and the claim (B.8))
is verified.

We now apply this result iteratively to the functions f(®) := f and
=) .= A (fO) for s = 0,--- 1. By hypothesis, f) is C*(V) and o(||z||),
SO

FON =A™y s o NV)  and oY)

for 1 <n <. Given that 1 <[ and 1 < k <[ by assumption, we have 1 <
l—k+1<I, and we can take n =1 — k + 1 in the preceding statement to
conclude A (f0) = fU=F) = 4 fE=k+1)) is C*=*(V) and o(||z||**). This is
item (i) of the Lemma.

The proof of the third point (iii) follows an analogous procedure. First,
for " € C™(V) and o(||z||") we have Eﬂf(”) € o(||z]|*™1) by virtue of
Lemma [B.6, We define a new g, now setting ¢g(Cyp) = 0 and g := ﬁf(") out-
side Cyp and show that g € C"~1(V). Indeed, for 0 < |a| <n — 1,

1 1
o™ (f(@) = Z bpd® — = F f),

2] 2]

The terms in the sum can be written as ’x|\5|+1 85%W80‘_5ﬂ”), and

given that ]a:|"3|+1 85ﬁ are bounded and that 8a_ﬁf(”) € o(H:rH”"a‘Hﬁ')
by Lemma we get that each term belongs to o(||z|”~'~1*l). There-
fore 9 (ﬁf(”» € o(||z||*~ 1) and thus 6% (ﬁf(") € of|z[* 1oy by
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Lemma B.5 Since |a| <n — 1 the limits of 0% |?l‘f(”)) vanish at ||z|| =0,
and thus [z| = 0 in particular. The rest of the proof follow the same steps
as for the previous g and the same iteration process as for item (i). O

From here onwards we particularise to d =3, d, =1 (= p =2) and
d; = 1. Given Cartesian coordinates in B? x Z C R3, {z;} = {x1, 22,2}, i =
1,2,3 (indices raised and lowered with 6;;), the seminorms read explicitly
|z| := Vxia, ||z|| = Vatze = /(21)? + (x2)%. Moreover we consider a ball
B3 C R3 centered at the origin {03} small enough so that B> C B? x Z, and
denote by U the corresponding set in V, that is, U = B3 x T C V.

Introduce the additional vectors tangent to the B3 factor of U

(B.9) 0: =120y = 210y, + ©204,, 2:=0,, n:=1x10y, —T20s,,
smooth in U
1 ~ 2 A
vi=— (20— [|#]172) ,
i ( )
smooth in U \ Cp and extends continuously (¢ = 0) to Co.

It is straightforward to check that 7, ¢ and n are mutually orthogonal and
commute. Their explicit expressions in spherical coordinates in the B3 \ {03}
factor of U \ Cy are given by n = 0,, n = 0, and ¢ = — sin #0y. Regarding the
T factor of U, it is now an interval in the real line, and we will denote by
t both the points and coordinate within 7". Clearly J; commutes with 7, ¢
and n.

Let us continue with a result we will also need in the main text.

Lemma B.8. Let f:V =R be C', 1 > 1, and assume f € o(||z|'). Then
u(f) € o([lz]"). Also, |z]o(f) € CH(V).

Proof. By virtue of we have

W) = =L (a0t — 2P0, f) = =299, f + 1 e, 7.

] ] ]

As in the proof above, boundedness near the axis of z%/||z|| combined with
Lemma imply 220, f € o(||z||'). Boundedness of z/ |z| near the axis thus
establishes the first term is o(||z[|'). For the second term, Lemma also
ensures that 9, f € o(||z||'), and hence boundedness of ||z|/|z| leads to the
first result. The final statement follows from the C'*° smoothness of both
factors zz® and ||z|?. O
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The main result of this Appendix is the following lemma, which concerns
radially symmetric functions in {z1, z2} (see Appendix, that is, functions
invariant under 7. We refer to these functions also as “axially symmetric”.
The corresponding trace functions are defined in the domain U, := {p €
R>0;(p,0,2,t) € U} C R>g X R2. We will also use the notation introduced
in Section regarding the spheres S, := {x € U;t = const., |z| =r > 0}.
Observe that we suppress the label ¢ in S,.. As in the main text, given any
vector field V in R3, we write V) for its tangential projection to the spheres
S,. The operator d acting on a scalar 3 gives the differential of its pull-back
on each of the spheres. We also let (,) denote the euclidean metric on R3
and observe that (V,-) = |z|* gg» (V||,+), where gs: is the standard round unit
metric. Note also that n and ¢ coincide with 7 and ¢ respectively, and
(n,m) = (e, 0) = [l

We have the ingredients to state the key result of the Appendix. In the
first item of the lemma we use the big-O notation with its usual meaning.

Lemma B.9. Let k, [ be non-negative integers.
1) Let P(z,t) be C"™(U) with m > 0. Then the equation on U
(B.10) 2| (Zp) = ||z||**2 P (2, 1)
with k> 1 admits an azially symmetric solution Zp € C™(U) and
O(|z**'=1). Moreover, if m > 1, a(Zp) € O(|z)**72).
2) Let ®) be radially symmetric in {x1, x5}, C™(U) and o||z||™) with
m > 1. Then the equation on U
(B.11) 2| L(Zo) = ||z]|**2 (™)
with 2k +1>1 admits an azxially symmetric solution Zg € C™(U \
Co) N CO(U) and o(|z|** ™). Moreover, 1(Zs) € o(|x|FTHm2).
3) Let TU™ be radially symmetric in {x1,x2}, C"™(U \ Co) N COU) and
O(|z|) with m > 0. Then the equation on U
(B.12) ] «(Zr) = |J|Pr™

admits an awially symmetric solution Zp € C™(U \ Co) N C(U) and
O(|z|*) which is also C™ ' on each sphere S,.. Moreover, 1(Zr) and
0i(Zr) are C™ on each sphere S,.
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Proof. Since the inhomogeneous (source) terms of all the equations are in-
variant under 1, and we only care about existence, it will suffice to con-
sider solutions which are radially symmetric in {z1,z2}. We concentrate
first on the problem for Zp. Clearly ¢ (see (B.9)) acts on radial functions in
{w1, 22} as 0(g(||z]])) = pOpg(p)|p=||z|- Note that the trace of the function

|z| is \/p? + 22. Equation 1} for Zp is cast in terms of the traces in U,
as

(B.13) —p(20, — pd.)3p(p, z,t) = p** 2 P(2,1).

It is direct to check that
3p(p, z,t) = / (p? + 2% — 2 L6l P(s, t)ds
0

satisfies the equation. The assumption k > 1 ensures that the integrand is a
polynomial in even powers of p, which by Lemma ensures, in turn, that
Zp is C™(U) (i.e. the differentiability of P). In terms of functions on U

Zp = / (|z> = sHELs P (s, t)ds
0

satisfies (B.10)). In spherical coordinates, and using the change of variable
s = Ar in the integral, we can reexpress Zp as

cosf
(B.14) Zp(r,0,0) = r%“—l/ (1 = ADEIX PO, t)d.
0

Boundedness of the integral for k& > 1 establishes that Zp € O(|z|?*+!—1)
as claimed. We compute now a radial derivative using (B.14), taking into
account that in spherical coordinates n = J,, to obtain

W(Zp)(r.6,0) = (2 +1-1) 7

cos 0
+ p2Rtl / (1= X INH19, P(Ar, t)dA.
0

This time boundedness of the integral for k>1 implies A(Zp) €
O(’x|2k‘+172).

We proceed with the second point. The proof rests on an iteration based
on the following claim.

Claim. Fix integers m > 1 and 0 < s < m and let f(s) € C*(U) be a
radially symmetric function (in {z,z2}) satisfying |z| f®) € o(||z|**1) for
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0<s<m—1and f™ € o(||z]™). Let I,k be non-negative integers satis-
fying 2k + 1 > 1 and define ¢(®) = ||z||?*2! f(*). Then the equation

(B.15) ] «(8) = g

admits a unique axially symmetric solution § = Bs such that its restric-
tion to S, is C*¢ and satisfies the boundary condition Ss|p—9 = 0. More-
over, this function is also C? with respect to r and ¢ for » > 0 and satisfies
B,:S € o(|z|**™71) so that in particular it extends continuously to Cy as

ﬁs|Co = 0.

Proof of the claim. We observe that the assumptions imply (since ||z||/ |z|
is bounded)

FO eo(lz]*), |zl £ € of [z, 0 <
(B.16)  fU/||z] € o(le[" ), |al £/ |l2]| € o(|2[*), 0

the second line following form the first combined with Lemma (and
m > 1). Clearly ¢*) € C*(U) and, since ||z||**2!/|z| is also bounded, g(*) €
B.15

o(||z|min{s+1m}) We start by writing in spherical coordinates in
U \ Cy recalling that ¢ = —sin 89y and ¢ is invariant under n = 0y, as

1
(B.17) 0pf = n 99 @,r,t) for r>0.

We may write the solution B s that satisfies E slo=o = 0 as

_ 0 ()
(B.18) ﬂs(e;r,t)——/o guAnY)

rsin A

Since in particular g©*) € o(||z||*) the integrand is bounded in all the domain
of integration and thus the integral exists and Bs(6;7,t) is continuous in 6 up
to the boundary. Clearly, 35 thus constructed is C? on each S,.. On the other
hand, since g®) e C*(U) then ¢ is C* in r and t for r > 0, and therefore
Bs(0;7,t) is also CY in r and ¢ for » > 0. Moreover, at each fixed ¢t we have

10 ﬁs (@;7,t) 1 01 4 ) g(®)
: < S
(B19) ot < aRrire /o rsin)\‘ = 2ktlts—1 |§z1\l=pr T
<0 [T 2 & g [l2lSY
— s—1 Sup - s 9
P g ] 7 = | ]
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where we have used the explicit form of ¢ = |z|**2/f() and
sup|y . (lz[**|2']) < r?*! in the last inequality. Properties (B.16) imply
in particular that |z| f®) /||z|| € o(|z|®) for all s € {0,---,m}, so, the last

term is o(1) and we conclude

Bs
B.20 m ——1 __—0,  0<s<nm.
( ) |x1|§10 | P =5xm

The claim for s = 0 has been shown. In the following we deal with s > 1.
In order to obtain the differentiability of the solutions 85 along the spheres .S,
one could differentiate (B.18) repeatedly and take control over the behaviour
of the terms around the axis. That is trivial for the first derivative, but for
s > 2 we follow a more straightforward strategy. Note also that with the
integral expression only we cannot extract any sort of differentiability (nor
continuity) of 9,8,(6;7,t) on S, because the fact that ¢(*) is o(||z||*) does
not translate to 9,¢(®) in any way in general.

A convenient form of expressing equation is

(B.21) || dB(e) = 99 (e,0),

1
(n,m)

where at the right hand side we are just using (t,¢) = (,m). Clearly
dB(t) = dfB(r) outside the origin. On the other hand, since we are con-
structing solutions invariant under 7, it is enough to restrict 5 so that

dB(n) = dB(n) = n(8) = 0. Therefore, since (1,7) =0, equation 1 is

equivalent to

11
|| n?

|z]

(B.22) dp(-) = g9, ) = Iz IIQQ( Vgsa (v),+) = g2 (V")

on each sphere S,., where we have defined the vector

= 50 = el 2 ot + 20, o]02),

and has been used in the second equality. We deal first with the reg-
ularity and behaviour around the axis of the vector V. The applications of
V to the Cartesian coordinate functions (observe V(t) = 0) provide

T ( 1 xT9 (s) 1

Vizy) = —2—g®—— V() =—2—98)— V() =g¥.
(1) R FTEA YRS

]
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Since ¢® is o(||z||*) in particular, Lemma ensures that ﬁ”g(s) and

ﬁ;—?”g(s) are C*® and o(|z||*). We apply next Lemma to these two functions

L2

apply Lemma to ﬁg(s) to conclude that Tl ﬁg(s) and ”%”ﬁg(s) are
C*~ 1 and o(||z[[¥~1). Therefore V(z1) and V (z2) are C*~1 and o(||z||*!) in
U, while V(z) is clearly C®. As a result, V is a C*~! vector field on U, thus
on each S,.

For s = 1 it suffices now to trivially use the equation , which ap-
plied to 0, = {0x,, Os,, 0, } gives

to find that iﬁ) is C*~1. Given that, also, ﬁg *) € of[|z[*~") we finally

dp(0y) = V(z'), dB(d;) = 0.

Given the above, any solution 3 of (B.22)) invariant under n satisfies dp €
CY(S,). Therefore we have that 81 € C1(S,) in particular.
We deal now with the case s > 2. The application of the divergence

(*s2d*sz) at both sides of (B.22)) yields
(B23) A§2B = diszV

on each S,. Since we are dealing with a one-dimensional problem (because
n(B) =0) and V is a C*~! vector field on each S,, the solutions 3 of the
equation for s > 2 must be C® on each Srﬁ Observe that a solution
B8 of is unique up to an additive constant at each S, hence up to
a radially symmetric (and ¢-dependent) function. Therefore, the solution
Bs(r,t) (for r > 0) for each s constructed above is the unique solution at
each S, and ¢, fixed by the condition Bs[g—o(r,t) = 0, i.e. vanishing at the
north poles of each S, and satisfies S5 € C*(S,). This finishes the proof of
the claim. U

We deal now with the original equation . Applying the claim to
s=m?>1lin and g™ = ||z||?*2/®(™) and setting Zg (7, t) = Em(r, t),
we conclude that this function is C™ on each S, and o(|z[** ™1 1t
remains to show that Zg is also differentiable in r and ¢, which will then

imply Zg € C™(U \ Cp).

8Without axial symmetry we would need that the inhomogeneous term is Holder
e,
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We first consider the radial derivatives. Let us set f(™ := &™) and
define f®) by the iteration

(B24) D = (k41— 1)|i|
Points (i) and (iii) in Lemma [B.7] show, after a trivial iteration starting at
™ e ¢™(U) and o(||z||™), that f(S is C*(U) and o(]|z[|*) for 0 < s < m.
In addition, since |z| A(f*)) € o(||z||*®)) (by point (ii) in Lemma. (B.-24)
implies |z| f*) € o(||z||*T"}) for all 0 < s < m — 1. The point of introducing
these functions is that 7(™%)(Zg) with s € {0,...,m} satisfies the equation

O +a(fe)  for 1<s<m.

(B.25) [ (A7) (Zg)) = |2 £

We show this by iteration. The statement is clearly true for s =m (the
original equation). Assume it is true for a given s € {1,--- ,m} and apply n
to . Using a(|z]) = 1, a(||z|) = |z| " ||z]| and 7(2) = |z| ' 2, together
with the fact that n and ¢ commute yields

]
= 2@ (Zs)) = ||| <(2k - 1)f(| ﬁ(f(s))>

= [lz|* 2D,

(s)
L (Z0)) + ol D (Za) = ol (264 0T ()
s)

where in the second line we inserted the equation for ¢(72(™*)(Zg)) and the
definition of £~ Thus, equation is also true for s — 1, and hence
for all s € {0,--- ,m}.

Moreover, the function 72(™~%)(Zg) vanishes on the line # = 0. Thus, all
the conditions of the claim are satisfied for equation and we conclude
that 7("~%)(Zg) is C* on each sphere and o(|z|** 7 *~T) This proves that all
radial derivatives 9™ Zg for s € {0,...,m} are C*(U \ Cp) and, moreover,
extend continuously to r = 0 with the value zero.

Regarding the derivatives with respect to ¢, a similar (in fact much easier)
argument applies. Indeed, at(m‘s>zq,, s € {0,--- ,m} satisfies the equation

2] ¢ (at(m*)z@) = [lz]|? Lo gm).

Lemmaensures that f(*) := at(m_s)fb(m) is C*(U) and o(||x]|™), and this
also implies in particular |z| f*) € o(||z[|**"), s € {0,--- ,m — 1}. We may
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apply our main claim to ¢(*) = ||z||?*2! f(*) to conclude that c'?t(m_s)Zq> is C*
on each S, and o(|z|**T71) for s € {0,...,m}.

To sum up, Zg(r,t) is C™ on each S, and it is also C™ with respect
to the parameters {r,t} for r > 0 and ¢t € T. We may coordinate the sphere
with two charts so that, together with r and ¢, we also cover U \ Cy with two
coordinate charts. The coordinate change to cartesian coordinates is smooth
on U \ Cy, so we have proved that on U admits an axially symmetric
solution Zg € C™(U \ Co) (as function of {1, z2, z,t}), and o|z|** 7™,

The proof of point 3 is more direct than the previous one because the
right-hand side of the equation has better behaviour near the axis. We first
consider m > 1, for which equation has the form of with a
C*(U) right-hand side. We therefore recover in the form

Agzzr = diVSz V,

where the vector V' is defined as in with ¢(*) replaced by ||z/?>T(™,
ie. V =z I‘(m)L” = T (2210, + 2290y, — ||2/|?0,). Clearly, V has the
same differentiability of '™ that is, C™(U \ Cy), and therefore V is C™
on each S,. As a result (/Siee above), the solution Zp is a C™+! function on
each S,. We denote by Zp(r,t) the solution for r > 0 that vanishes at the
north poles of each S,. Using spherical coordinates, as done previously, we
can express that solution by

e 0
(B.26) Zr(0;r,t) = —/ rsin ALY (A, 7, ) d.
0

This integral expression directly shows that 2:1:(9; r,t) is C™ with respect
to {r,t} by construction, which together with Zr € C™*1(S,.), implies Zr €
C™(U \ Cy). To obtain the differentiability on each S, of both 7#(Zr) and
0¢(Zr) we differentiate accordingly, to get

T(m)
||

2l 1((Zr)) = |2l ( +ﬁ<r<m>>) . Jal @ Zr) = || (800™).
The terms within brackets at the right hand sides in both equations are
C™ (U \ Cp), and the same argument as above involving the Laplace equa-
tion shows that 7(Zr) and 9;(Zr) are Cm=1(S,).

It only remains to consider the case m = 0. It suffices to use the inte-
gral expression which is obviously still valid. It is immediate that
the integral is continuous in {@,r,t} for r > 0, from where it follows eas-

ily that Zp € CO(U \ Co). Clearly this function can be differentiated once
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with respect to 6 on 6 € [0, 7], with continuous derivative. Again, we easily
conclude that Z; € C'(S,) on each S,.

It only remains to show that, irrespectively of the value of m > 0, Z} €
(|, as this already implies that this function extends continuously to Co.
We compute

sin A——
,

’ZAF‘(H;M) 0
| S/
0

r2

rim ' rim ‘

dX\ < 0 sup

|z|=r

|z]

By the assumption T'™) € O(|z|), the last term is bounded and the property
follows. O

Corollary B.10. Let V, V' be finite subsets of N x N with the

restrictions V C{k>1} x {{ >0} and V' C {2 +1'>1} and define
b:= mvin{Qk +1},c:= n\lji/n{Qk' +U'}. Consider the equation on U

(B.27) ()= Y 2Pz )+ S el o) (@),
(k,h)ey (k" 1")ey’

where Py, are C™ in their arguments and q)z%/) are C"™(U) and o(||z||™). If
m > 1 the equation admits an axially symmetric solution

v = x| (Zp + Zs)

where Zp + Zy € C™(U\ Co) with Zp € O(lz|"™") and Zg € of|z|T™ ).
Moreover, #(Zp) € O(|z|""%) and #(Zs) € o(|z|*T™2). In particular,

veOo(z]"), a(y) €Oz’  provided b < ¢+ m,

v eo(lz|™), a(y) €o(jz|TYY  forb > c+m.

Proof. Write v = |z| 7 so that Z solves

el uZ)= Y Ja* APty + Y el el (),
(k,Hey (k" 1")ev!

Since the equation is linear the solution decomposes into a sum and we may
apply Lemma to each term. The rest is immediate. O
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Corollary B.11. With the above definitions (in particular rm=1 is azially
symmetric, C™ (U \ Co) N CO(U) and O(|x|), cf. point 3 in Lemma

the equation on U

(B.28) o) = S ) Pz 1)
(k,l)ev
+ 3 2P el (@) + [l Pren Y,
(k' 1) eV’

with m > 1 admits an azially symmetric solution vy € C™ YU \ Cy) N
CO(U), which is also C™ on each sphere S,., and moreover i(7o) and Oyyo are
C™ 1 on each sphere S,. In addition, o € O(|z|*) provided 3 <b < ¢ +m.

Proof. We use the previous corollary, which ensures the existence of the solu-
tion 7y, followed by the addition vy = 7 + |x| Zr of the solution Zr for (B.12])
given by the third point of the lemma. U
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