ADV. THEOR. MATH. PHYS.
Volume 26, Number 7, 23132377} 2022

Blowup rate control for solution of Jang’s

equation and its application
on Penrose inequality

WENHUA YU

We prove that the blowup term of a blowup solution of Jang’s
equation on an initial data set (M, g, k) near an arbitrary strictly
stable MOTS X is exactly —% log 7, where 7 is the distance from
3 and A is the principal eigenvalue of the MOTS stability operator
of 3. We also prove that the gradient of the solution is of order 771.
Moreover, we apply these results to get a Penrose-like inequality

under additional assumptions.
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2. Preliminary and main results

In this paper, we specify the relationship between the blowup term of any
blowup solution of Jang’s equation at a strictly stable marginally outer
trapped surface (MOTS) and the principal eigenvalue of the stability op-
erator. We also specify the blowup order of the gradient of the solution. We
then apply these results to the Jang’s slice constructed by J. Metzger (c.f.
[2],[3]) to get a Penrose-like inequality.

Jang’s equation is a quasilinear elliptic equation on an initial data set
and it was proposed by P. Jang in [I5]. An important application of this
equation is the proof of Positive Mass Theorem on a general initial data
set by R. Schoen and S.-T. Yau in [I]. As in [I], we assume (M, g, k) is an
oriented 3-dim initial data set, with g the Riemannian metric, k& the second
fundamental form, o the local mass density, J* the local current density,
satisfying the constraint equations

1 L
=5 (R =Kk + (trqk)?)
J'=V;(p7 — gtryk)

The initial data set (M, g, k) is said to be asymptotically flat if the
complement of some compact subset of M consists of finitely many con-
nected components My, ..., M,,, called the ends, each one diffeomorphic
to R? — B1(0), and such that in the corresponding coordinate systems
the metric tensor g;; converges to the Euclidean metric ;; and the sec-
ond fundamental form tensor k;; to zero. More precisely, we require that
|9i; — 0ij| + |2]|Okgij| = O(Jz|~) and ki = O(|z|~971) as |z| — oo for some
q > ~. We ask in addition that for some 8 > 2, tr,(k) = g"k;; = O(|z|~%)
as x — oo. This last condition is imposed so that certain barriers for the

Jang’s equation can be constructed far out in the asymptotically flat ends.
With each end M, we associate a total mass my, defined by the flux integral:

1
my = / Z(gij,j — gjji)do;
167 Jo s



Blowup rate control for solution of Jang’s equation 2315

which is the limit of surface integrals taken over large two spheres in M.
This number my, is called the ADM mass of My, c.f. [37]. In this formula-
tion, the general Positive Mass Theorem states that, if (M, g, k) is a com-
plete asymptotically flat initial data set and satisfies the dominant energy
condition p > |J|, then the ADM mass of each end is non-negative. In [IJ,
R. Schoen and S.-T. Yau proved this theorem by reducing it to the Rieman-
nian Positive Mass Theorem with the help of Jang’s equation, which states
that for a 3-dim complete asymptotically flat Riemannain manifold with
non-negative scalar curvature, the ADM mass of each end is non-negative.

An important tool applied in this reduction strategy is Jang’s equation.
Consider the graph of a function f € C?(M) as a hypersurface of the product
manifold (M x R, g + dt?). Jang’s equation is then:

(2.1) Jf]=H[f1=Plf] =0,

where H|[f] denotes the mean curvature of graphf C M x R computed with
respect to its downward-pointing unit normal, and P[f] denotes the trace of
k with respect to the induced metric on graphf, after extending k trivially
along the R-factor. Thus H[f], P[f] are given by:

(41 _ fzfj Vivjf
TR AR

In [1], in order to construct a solution for Jang’s equation Eq.(2.1)), it
was proved that the auxiliary equation:
(2.2) HfI =Pl =tf
has a solution f; € B># when t > 0. Here, the weighted Holder space B
for 5 € (0,1) is defined as the space for all f such that |f|2 g is finite, where
|fl2,p = Sﬁp(rﬁ(fv)lf(w)! + ! (@)|V f ()]

+ 28 () V2 £ (2)] + 12128 (2) | V2 F 5)
V2 f(a1) = V2 [ ()]
Vg =  sup VAL
| e ©1,22€B r(a) () dist(xy,x2)P

2

where the weight function r(z) satisfies r(z) > 1 in M, and r(x) = |z| on
each end M.
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The solution f; for the auxiliary equation Eq.(2.2)) satisfies the a priori
estimate:

(2.3) supt|f| < p1,  supt|Vf] < po
M M

where p1, po are constants depending only on the initial data. With this
gradient bound and the a priori estimate [I, Proposition 2], a smooth solu-
tion f of Jang’s equation Eq. can be found, as the limit function of the
sequence { f;, } for a sequence {t;} converging to zero. This solution of Jang’s
equation might blow up or down at some apparent horizons . By apparent
horizon we mean a closed surface ¥ such that one of 67 [X] or §~[¥] vanishes
on X, where

0F = trgk — k(v,v) + H,

is called nner and outer expansions. Here v is the unit normal on ¥ pointing
into M and H is the mean curvature of 3 in M with respect to v. Also by
blowup we mean, that outside from an apparent horizon Y the function f is
such that graphf is a smooth submanifold of M x R with a cylindrical end
converging to X x R.

After the solution of Jang’s equation has been constructed, it is applied
to the proof of the general Positive Mass Theorem. It helps reduce the
general Positive Mass Theorem to the Riemannian Positive Mass Theorem.
We review the procedure of this reduction strategy here. For each apparent
horizon ¥ where the solution f blows up or down, denote U a neighborhood
of X, then in [I] each of these cylindrical end of graphf is slightly deformed
in U x (T,00) or U x (—o0,—T) so that graphf coincides with ¥ x R in
U x (T,o00) or U x (—oo,—T). These cylindrical ends are then closed up by
a conformal factor i) which exponentially goes to zero on these ends. After
this step, the metric on each of these cylindrical ends is conformally changed
to a metric which is uniformly equivalent to the flat metric in a punctured
ball. Then, a conformal factor u on M for this deformed metric g can be
found such that u*§ has zero scalar curvature. The theorem is then proved
because of the Riemannian Positive Mass Theorem and the fact that the
ADM mass of u*§ is not greater than that of g.

It is well known that in the time symmetric case when black holes are
present, there is a positive lower bound for the mass, in terms of the surface
area of the black holes. The Riemannian Penrose inequality may be thought
of as a refinement of the Riemannian Positive Mass Theorem in the presence
of horizons. It relates the total ADM mass (of a chosen end) m to the area
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A of its outermost minimal area enclosure. The inequality states that:

(2.4) m >\ —.

for an asymptotically flat Riemannian manifold with nonnegative scalar cur-
vature. It is conjectured that Penrose inequality also holds for general initial
data sets, when horizons are replaced by MOTSs. It is natural to consider ap-
plying Jang’s equation to prove the general Penrose inequality, because until
now this is the only equation that can locate the apparent horizons. However,
in the proof of the Positive Mass theorem [1], the information of the appar-
ent horizon X is lost after the cylindrical end being deformed to coincide
with ¥ x Rin U x (T, 00) or U x (—o0, —T'). For example, in Schwarzschild
spacetime, we can construct a blowup solution for Jang’s equation on its
time symmetric slice. Then if we applied the same reduction techniques as
in [I] to this blowup solution, the cylindrical end will be closed up and the
corresponding metric will then be conformally deformed to the flat metric
on punctured R3. If one want to extract some information about ¥, then the
original blowup end of the solution is needed. Due to this issue, H. Bray and
M. Khuri proposed in [26] a way to prove the Penrose inequality for general
initial data sets by using the solution of generalized Jang’s equation. Also in
the same paper a solution of generalized Jang’s equation in spherically sym-
metrical setting was found and was used to prove Penrose inequality in this
case. However, the existence of the solution of generalized Jang’s equations
is still not clear in the general case. For the original equation proposed by P.
Jang, J. Metzger was able to construct in [2] a solution which blows up at
the outermost MOTS. In this paper, our intuition is to obtain a sharp esti-
mate of blowup rate of the solution of the original Jang’s equation Eq.
at one blowup end, and thus capture some information of the corresponding
horizon Y in form of a Penrose-like inequality.

There has been a lot of research about Jang’s equation and its blowup
solution, c.f. [I],[2],[3],[5],[6]. In these papers, various existence theorems of
Jang’s equation were proved, with different constraints, such as asymptot-
ically decaying and blowup at horizon. Blowup control estimates of these
solutions were also given in these papers. The uniqueness of asymptotically
decaying solution of Jang’s equation which blowup at outermost MOTS in
the time symmetric (i.e. K =0) case was proved in [3]. We review these
results in Section [3l

In this paper, we study the blowup rate of any possible blowup solution
of Jang’s equation near a strictly stable MOTS X on a general initial
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data set (M, g, k). We prove in Section |4| that the blowup term of any such
kind of solution is exactly —i/\ log 7, where 7 is the distance from ¥ and A is
the principal eigenvalue of the MOTS stability operator of 3. In Section
we prove the order of the gradient of the solution is 7~!. In Section @,
for the solution fyp constructed by J. Metzger in [2], we prove that the the
coefficients of our estimates for fy depend only on the initial data set by
using the a priori estimates for fy. We then prove in Section [7] that under
additional assumptions, we can apply these results to the slice graphfy to
get a Penrose-like inequality.

We start from an initial data set (M, g, k) with boundary, where M is a
3-manifold equipped with a Riemannian metric g together with a symmetric
bilinear form k representing the second fundamental form of the time slice
M in space-time. We assume its boundary OM is consisted of apparent
horizons. An apparent horizon is called a marginally outer trapped surface
(MOTS) if 61 (X) vanishes, and marginally inner trapped surface (MITS) if
6~ [X] vanishes. If ¥ is a MOTS and there is no other MOTS on the outside
of it, we call it an outermost MOTS. There might be other apparent horizons
inside M, but we assume that each connected component of 9 M has positive
distance to the rest of M and all other apparent horizons inside M.

Now we introduce the definition of MOTS stability operator and its
principal eigenvalue. For a more detailed investigation we refer to [14].

Let ¥ C M be a MOTS and consider a normal variation of 3 in M, that

0
isamap F: ¥ x (—¢,¢) = M such that F(-,0) = idy and a—’SZOF(p, s) =
hv, where h is a function on ¥ and v is the normal of ¥. Then the variation
of 67 is given by
00 [F (5, 5)]

= Lxh
Os i,

s=0

where Ly is a linear elliptic operator of second order along 3, given by
Lsh = = Ah 4 28(Vh) + h(ZdivS — x> = |SP? + 175c — p— J(v)).

In this expression >V, *div and *A denote the gradient, divergence and
Laplace-Beltrami operator tangential to . The tangential 1-form S is given
by S(v) = k(v,v) for any v tangential to . xT is the bilinear form y* =
A+ k*, where A is the second fundamental form of ¥ in M and k> is the
projection of k to TY x T'Y. Furthermore, *Sc denotes the scalar curvature

of ¥, p= 5(230 — k> + (trk)?), and J = divyk — dtrk. It is worth noting
that Ly, is not self-adjoint.
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However, it was proved in [I4, Lemma 4.1] that when ¥ is compact then
there is a real eigenvalue )\, called the principal eigenvalue, such that the real
part of any other eigenvalue of Ly, is greater or equal to A\. The corresponding
eigenfunction 5, LB = A\f is unique up to a multiplicative constant and can
be chosen to be real and everywhere positive. If )\ is positive, 3 is called
strictly stable. In particular, if ¥ is strictly stable as a MOTS, there exists
an outward deformation strictly increasing 6.

In this paper, we use following ways of foliation near the apparent horizon
3. We will use Foliation B in most of our proofs.

Foliation A. Denote v the normal vector field of ¥ pointing into M. De-
fined the foliation W4 to be the map:

(2.5) Uy:2x[0,7] > M: (p,7)+— exp;,\/l(ﬂ/)

Foliation B. Suppose ¥ is a compact boundary component and a strictly
stable MOTS with principal eigenvalue and corresponding eigenfunction \ >
0. We further scale so that miny, 3 = 1. Defined the foliation Vg to be the
map:

(2.6) Up: X x[0,5] = M such that
(1) ¥p(p,0) =p forpe X

8\:[/3(])7 S)

(2) 85

extending the outward pointing mnormal vy on Yo = 3.

= B(p)vs, where vy is the normal to ¥ := ¥(X, s)

Because X is compact, S is positive, and miny, 8 =1, ¥4 and ¥y are
comparable.
Our main results are the following:

Theorem 2.1. Suppose (M, g, k) is a smooth initial data set with boundary
OM = U;3;, where each ¥; is a connected component of the boundary. Let
3 be a boundary component which is a compact and strictly stable MOTS
with principal eigenvalue X > 0, and f be a solution of Eq. in an open
neighborhood V' of ¥, and blows up at X, i.e. f(x) — +oo when x — 3.
Denote 7(x) to be the geodesic distance of a point x in a neighborhood of ¥
to X. Also denote V., = {z € M|r(x) < c}.

Then there exists 1o depending only on the local geometry near X2, such

1
that f(z) + —=log7(x) is a bounded function in V.

VA
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More specifically, under Foliation B, there exist constants a and sg de-
pending only on the local geometry near 3, such that the following barrier
control for f holds in Us, for any 0 < s < s1 < sg. Here Us, is the region
swept out by 3.

L
2\
1
< f(s) < —\TAlogSil—i—sEupf—a(s—sl)

(2.7) log 2 4inf f+a(s—s1)
S1 3y

As a consequence, on each Xg for s € (0,s0), if pi € 3,1 = 1,2 are the points
such that f(p1,s) = supy,_ f and f(p2,s) = infx, f, then we have the follow-
ing gradient estimates for f at pi,pa:

(2.8) 102f (p1, 5)| §¢1Xs ta
(2.9) 10 (2, 8)] == —a

Vs
Here

Remark 2.2. The solution f might blow up at some other boundary com-
ponents, but as long as that boundary component is a strictly stable MOTS,
the blowup rate of f near that component can be described by the principal
etgenvalue of that component.

From the gradient estimate for f under Foliation B at extreme points
on each slice X5, we immediately have the following result:

Corollary 2.3. Assume conditions in Theorem[2.1 Then under Foliation
B, if f is constant on Xy, for some s1 € (0,s0), then the following gradient
estimate holds on on X, :

1 1
—a < |0:f(,51)] < —— +
PR ALY by oul

Let U be a neighborhood of 3. We can define a coordinate system on the
neighborhood U x R of ¥ x R in M x R by taking the fourth coordinate s
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to be the parameter in Foliation B. Let ¥ : ¥ x (—e¢,¢) — M be the map

U:Yx(—€e) xR>MxR:(ps,z)— (\IIB(p,s),z).

Therefore, under coordinate system W, following the argument in [I]
Proposition 4], the graph of the blowup solution f near ¥ on M can be
written as the graph of a function u on the cylindrical end ¥ x R. In [2]
Section 4], J. Metzger provides a way to extend the C? super control to C?
super control. Therefore, we are able to get some gradient estimates for f:

Theorem 2.4. Under the same assumptions as Theorem|2.1], suppose f is
a blowup solution of Eq. i an open neighborhood U near Y, which is
a compact boundary component and a strictly stable MOTS with principal
eigenvalue X\ > 0. Denote N = graphf. Then, under coordinate system W,

(1) there ezist positive constants zZ and C1, Co, C3, such that N N (U x
[2,00)) can be written as the graph of a function u over Cz := X X [Z,00),
and

(2.10) lu(p, 2)| + | Vu(p, 2)| + |9 V2u(p, 2)| < C1 exp(—V\2)
(2.11) lu(p, 2)| > Cy exp(—VAz)
(2.12) C=Vu(p, z)| > Csexp(—VAz)

where €2V is the covariant derivative w.r.t. the induced metric on Cs.
(2) Denote ¥ = Up(X,s). Then there exists constant so, such that the
following gradient estimates for f:

02 Cl

. — < S ) S -~
(2.13) G S 101 s)] < 5
V203

2.14 X < 1
(2.14) VI8 < G

hold for Vp e X , Vs € (0,s0]. Here V> denotes the covariant derivative
along .

Remark 2.5. From Eq. , we can see that the barriers for f depend
on infy,_ f and supy, f- This is due to the fact that Jang’s equation
s tnvariant under vertical translation. Therefore, C1,Co,Cs,Z also depend
on these quantities. If we hope that Cy,Co,Cs,Z can be determined by the
tatial data, then more constraints are needed, e.g. outer boundary condition
or decay in infinity.
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If we put more constraints on (M, g, k) such that it meets the condi-
tions in [2, Theorem 3.1, Remark 3.3], then a blowup solution fy of Jang’s
equation can be constructed at outermost MOTS, with appropriate a
priori estimates. On this specific Jang’s slice Ng = graphfy, we can get the
same estimates as in Theorem and with constants Cy, Cs, Cs, Z only
depending on the geometry of the initial data.

Theorem 2.6. Besides the conditions and notations in Theorem we
further assume that M is a 3-dim asymptotically flat manifold with one
end, and satisfies the dominant energy condition. Also assume that X is the
only boundary component, and is a compact outermost MOTS. We further
assume that there is no MITS in M. Then a function fy on M can be
constructed as in [2, Theorem 3.1], such that J|[fo] =0, fo(x) — 0 when
|z| = 0o, and it only blows up at ¥. Denote No = graphfy. Then, under
coordinate system U,

(1) there exist positive constants z and Cy, Ca, C3 only depending on
the initial data, such that No N (U x [z,00)) can be written as the graph of
a function ug over Cz := X X [Z,00), and

(2.15) luo(p, 2)| + |9 Vuo(p, 2)| + |9 V2uo(p, 2)| < C, exp(—VAz)
(2.16) luo(p, 2)| > Co exp(—VAz2)
(2.17) C=Yug(p, 2)| > Cy exp(—VAz)

where ©=V is the covariant derivative w.r.t. the induced metric on Cs.
(2) Denote ¥5 = Up(3,s). Then there exists constant so, such that the
following gradient estimates for fo:

CQ 1

2.18 —= < |0sfo(p,s)| < =—
(2.18) Grs < 10ufolp.s)| < &
V202

2.1 Z < 1
(2.19) V¥ holos) < ¢

hold for ¥p € ¥, Vs € (0,s0]. Here V> denotes the covariant derivative
along Y.

Remark 2.7. Because Foliation A and Foliation B are comparable, Theo-
rem (2.6 also holds under Foliation A, but with constants C},C}, C%, which
are different from Cy, Csy, C3 by quantities that can be determined by the local
geometry near 2.
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From the construction procedure of fy, c.f.[2], we can find that if the
initial data set (M, g, k) is spherically symmetric, then fy is also spherically
symmetric. Then follows Corollary 3 we have:

Corollary 2.8. Assume conditions and notations in Theorem[2.6 and fur-
ther assume that (M, g, k) is spherically symmetric, then fy is also spheri-
cally symmetric. Furthermore there exist constants a, 1y only depending on
the local geometry near horizon, such that

1
—a<|[0-fo| < —= +a

1
Vr VAT

holds for T € (0,79, where T is the geodesic distance from X.

Theorem actually provides another way to foliate the neighborhood
of . The level set of f:

2y ={fo= —Llog’Y}

VA

will form a foliation near ¥, because it can be proved from Theorem [2.6] that
Or f is uniformly away from zero. Furthermore, from Theorem it can be
proved that this foliation is comparable with the Foliation A and B.

Foliation C. Under the same assumptions and notations as Theorem [2.6
Define the foliation W to be the map:

(2.20) Ve ¥ x[0,5] = M such that
(W¥e(p,0) =p forpex

(2)¥c(p,v) = uo(p, —\% logy

Then Theorem [2.6] implies the following:

)

Corollary 2.9. Denote T to be the geodesic distance to 33, and ~y to be the
parameter of Foliation C. Then there exist positive constants oy, ao only
depending on the initial data, such that:

0‘1_17' <y< o7

L
a21§a—zgaz
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Recall that on a Jang’s slice, the scalar curvature R can be written as:
(2.21) R=167(u— J(w)) + \h—k|§+2|q\%— 2divg(q)

where g is the metric on Jang’s slice, h is the mean curvature of Jang’s slice
embedded into M x R, and

_ Vif
RERVAESNZiE
_ f
TRV

From the above theorems, if we have one more constraint on the coeffi-
cients of the gradient estimates in Theorem then we are able to prove
a Penrose-like inequality with the help of spinor arguments. Furthermore,
from [1, Proposition 2], we know that ||z is bounded near ¥. We are also
able to prove the same Penrose-like inequality if we put constraint on this
upper bound for |g|g :

(hij — kij)

Theorem 2.10. Assume the same conditions and notations of Theo-
rem[2.6. Suppose Condition 1 and 2 to be the following:
Condition 1: , .
C 2C
A1+ 2L) < 4,
ci!' "oz
where Cy,Cs, C3 are the constants of the gradient estimates in Theorem 2.6}
Condition 2:
lqlg < 2V\ near X
If one of the above conditions hold, then we have the following Penrose-
like inequalities:

2
167

where m is the ADM mass, and 6 is a positive constant given by Eq.(7.38]).
0 only depends on the geometry of (M, g, k), but does not depend on m.

(2.22) m >0

3. Introduction and review of existing results

In this section we review the results of Positive Mass Theorem, the exis-
tence of solution of Jang’s equation in various settings, and the Riemannian
Penrose inequality.
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The Riemannian Positive Mass Theorem states:

Theorem 3.1. Let (M",g) be a complete asymptotically flat manifold with
nonnegative scalar curvature. If n < 8 or if M is spin, then the mass of each
end is nonnegative. Moreover, if any of the ends has zero mass, then (M™, g)
1s 1sometric to Euclidean space.

The n < 8 case was first proved by R. Schoen and S.-T. Yau [29],
and then by E. Witten for the spin case using a Bochner-Lichnerowicz-
Weitzenbock formula [19] and completed later by T. Parker and C. Taubes
[30].

It is worth noting that M. Herzlich [16] proved the Riemannian Positive
Mass theorem for a 3 dimensional manifold with boundary, providing that
the mean curvature of the boundary is not too large:

Theorem 3.2. Let (M,g) be a o2 asymptotically flat manifold of order
T > 1/2 and scalar curvature in L'. Suppose M has an inner boundary OM ,
homeomorphic to a 2-sphere, whose mean curvature satisfies

s
< _—.
H=d Area(OM)

Then, if the scalar curvature of (M, g) is nonnegative, its mass is nonnega-
tive. Moreover, if its mass is zero, then the manifold is flat.

The Positive Mass Theorem was then extended to the case of general
initial data set by R. Schoen and S.-T. Yau in [I] with the help of Jang’s
equation proposed by P. Jang.

Theorem 3.3. Let (M,g,k) be a complete oriented asymptotically flat
three dimensional initial data set. Assuming the dominant energy condi-
tion, then the ADM mass of each end is non-negative. Moreover, if any of
the ends has zero mass, then (M, g, k) can be isometrically embedded in to
four dimensional Minkowski space as a spacelike hypersurface.

This paper also proved the existence of an asymptotically decaying
solution of Jang’s equation on the asymptotically flat initial data set
(M, g,k). By asymptotically decaying we mean the solution f satisfies
If = O(]a:\_j_%), j =0,1,2,3, on each asymptotically flat end. It was also
proved that the solution f is well-behaved except that it may blowup at
some apparent horizons.
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Theorem 3.4. [I, Proposition 4] Assume the same conditions in Theo-
rem . There is a sequence {t;} converging to zero and open sets Qy, Q_,
Qo, so that if f; satisfies J[fi] = tifi, we have:

1) The sequence {f;} converges uniformly to +o0o (respectively —oo) on
the set Q4 (respectively Q_ ), and {f;} converges to a smooth asymp-
totically decaying solution f of Eq. (2.1]) on Q.

2) The sets Q0 and Q_ have compact closure, and M = Q, UQ_ U Qq.
Each boundary component ¥ of Q4 (respectively Q_) is a smooth
embedded two-sphere satisfying Hyx, — trs;(kij) = 0 (respectively Hs, +
trsy(ki;) = 0). Moreover, no two connected components of Q4 can share
a common boundary.

3) The graphs N; of f; converge smoothly to a properly embedded subman-
ifold N of M x R. Each connected component of N is either a compo-
nent of the graph f, or the cylinder ¥ x R C M x R over a boundary
component 2 of Qy or Q_. Any two connected components of Ny are
separated by a positive distance.

It was also proved in [I] that if this blowup happens, then N can be
written as the graph of a function v on the corresponding cylindrical end,
and the derivatives of v up to second order also tend to zero asymptotically
on this cylindrical end, c.f.[1, Corollary 2]:

Theorem 3.5. [1, Corollary 2] Assume the conditions of Theorem|[3.4] and
let ¥ be a connected component of the apparent horizons, on which f tends to
+oo (—oo respectively). Let U be a neighborhood of ¥ with positive distance
to any other apparent horizons in M.

Then for all € > 0 there exists Z = Z(¢), depending also on the geometry
of (M, g,k), such that NN (U x [z,00)) can be written as the graph of a
function u over Cz := ¥ X [Z,00), so that

CZVu(p, 2)| + CEV2u(p, z)| <e.

u(p, 2)| +
for all (p,z) € Cs. Here, “*V denotes covariant differentiation along Cs.

To prove the Penrose inequality, it is necessary to capture the informa-
tion of the apparent horizons. Therefore, one needs to prescribe the bound-
ary condition for Jang’s equation at horizons. One approach is to let the
solution blow up near ¥ and approximate a cylinder over OM. In [2], J.
Metzger showed that if ¥ is an outermost MOTS, then in fact there must
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exist a solution to (2.1]) which blows up at ¥ (and only at X, provided there
are no MITSs in M).

Theorem 3.6. [2, Theorem 3.1] If (M, g,k) be an initial data set with
OM =0~ MUt M such that 9~ M is an outermost MOTS, 0[O M] > 0
and 0~ [0T M] < 0, then there exists an open set Qg C M and a function
fo: Qo — R such that

1) M\ Qo does not intersect OM,

)
2) 07 [0Q0] = 0 with respect to the normal vector pointing into Q,

3) Jlfol =0,

4) Nt = graphfo N M x RT is asymptotic to the cylinder 9~ M x RT,
5) N~ = graphfo N M x R~ is asymptotic to the cylinder 0Qy x R™, and
6) folo+m =0.

This existence theorem still holds if the boundary condition is changed
from fo|o+ A = 0 to asymptotic decaying if the initial data set is asymptoti-
cally flat (c.f. [2, Remark 3.3]). [3, Proposition 3.1] provided a proof for this
case for higher dimension 3 < n < 7. Moreover, if there is no MITS in M,
then Qy = M.

With the blowup solution fy constructed in Theorem [3.6] , J. Metzger
showed that under the assumption of strict stability, the graph of fy can be
written as the graph of a function ug on the cylindrical end, whose decay
rate is exponential with a power directly related to the principal eigenvalue
of the MOTS. The general idea is to show the existence of a super-solution
with at most logarithmic blowup of the desired rate, c.f.[2 Theorem 4.2,
Theorem 4.4]:

Theorem 3.7. [2, Theorem 4.2] Let No = graphfy be the manifold con-
structed in Theorem and assume the situation of Theorem [3.5. Then
there exists Z = Z(€), depending also on the geometry of (M,g,k), such
that No N (U x [z,00)) can be written as the graph of a function ug over
Cz:= X x [z,00). If in addition X is strictly stable with principal eigenvalue
A > 0, then for all § < /X there exists ¢ = ¢(6) depending only on the data
(M, g,k) and 6 such that

CVuo(p, 2)| + [ V?uo(p, 2)| < cexp(—0z).

|uo(p, 2)

where =V is the covariant derivative w.r.t. the induced metric on Cs.
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A non-existence theorems for the blowup solution with higher blowup
rate was also proved in [2]:

Theorem 3.8. [2, Theorem 4.4] Under the assumptions of Theorem
there are no solutions h : ¥ x [0,00) — R to the equation (2.1)) with decay
“Vh(p, 2)| +

|h(p, 2)| + “V2h(p, z)| < Cexp(—dz)

such that § > /X and h > 0. Here, ©=V is the covariant derivative w.r.t. the
induced metric on Cs.

Remark 3.9. [t is worth noting that Theorem can be implied by our
theorem.

In [26], H. Bray and M. Khuri proposed the generalized Jang’s equation,
in an attempt to prove the Penrose inequality in the setting of general initial
data. It is defined as

(3.1) <gij_ P17 ) OViif+oifi+oifi _0
' 1+ 2|V f|? V1+ @2|Vf|2 v '

An appropriate choice of ¢ will provide a proof for Penrose inequality.
However, this involves solving coupled equations, and the full existence the-
orem for the solution remains unsolved, except for spherical symmetric case,
c.f. [26]. In [5], Q. Han and M. Khuri proved the existence of blowup solution
of generalized Jang’s equation, in the case when ¢ is fixed and independent
of the solution, on an asymptotically flat initial data set. They also gave the
blowup rate estimates for the solution they constructed.

Since this article is not focusing on the generalized version Eq., we
only include their theorem for the case of ¢ = 1:

Theorem 3.10. [5, Theorem 1.1](case ¢ =1) Suppose that (M, g, k) is a
smooth, asymptotically flat initial data set, with outermost apparent horizon
boundary OM composed of MOTS 0t M and MITS O~ M. Denote by T
the distance function from OM and ¥, the level sets of the geodesic flow
emanating from OM. Assume ¢~ 1 < 0F(%,) < cr for some constants ¢ >
0, then there exists a smooth asymptotically decaying solution f of the Jang’s

equation (2.1)), such that f(z) — +oo as x — 0T M. More precisely, in a
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neighborhood of 0t M :
(3.2) —allogr+ 87 < £f < —alogr+
for some positive constants o and 3.

Remark 3.11. The lower bound blowup control in the above theorem is not
only valid for the solution constructed in [5], but also valid for all blowup
solutions. This is because the family of sub barriers used to prove the lower
bound in Theorem are finite at horizon, thus can be applied for all
possible blowup solutions. However in this article, a different family of sub
barriers are constructed, which provide a better estimate for the blowup so-
lution.

In [6], C. Williams showed that for large classes of spherically symmetric
initial data, there are solutions of the Jang equation which blow up at non-
outermost MOTSs, i.e. MOTSs which lie strictly inside of other MOTSs,
and even inside of strictly outer trapped surfaces.

Until now there is no result about the uniqueness of the solution of
Jang’s equation on a general initial data set. For time symmetric case, Jang’s
equation is reduced to a Jenkins-Serrin type equation. Under some boundary
constrain, M. Eichmair and J. Metzger were able to prove the uniqueness
for solution of Jang’s equation in time symmetric case, c.f. [3, Section 5].

Thus in the time symmetric case, the existence and uniqueness of the
asymptotically decaying solution of Jang’s equation which blows up at
outermost MOTS has been proved. We also know by [0, Theorem 1.1] that
in this case the blowup rate near horizon is log 7, where 7 is the distance
from the horizon. However, we still don’t know the coefficient of log 7 in
this case, and whether there are any other lower order blowup terms. In this
paper, we will show that even in the non-time-symmetric case, for a blowup
solution f of Jang’s equation at a strictly stable MOTS with principal

eigenvalue A, the only blowup term of f is exactly 5 log 7. We are also

able to prove that the gradient of f is of order 7=!. For these two parts of the
result we don’t need extra assumptions on spacetime such as the dominant
energy condition or asymptotic flatness. This is because our estimation is
local near horizon.

The third part of our result is to apply these estimates to the Jang’s
slice No = graphfy constructed by J. Metzger in [2] to prove a Penrose-like
inequality.



2330 Wenhua Yu

The Penrose inequality may be thought of as a refinement of the Positive
Mass Theorem when black holes are present. It relates the total ADM mass
(of a chosen end) m to the area A of its outermost minimal area enclosure.
The inequality states that:

(3.3) m > \/g.

And furthermore it asserts that if equality holds and the outermost minimal
area enclosure is the boundary of an open bounded domain U C M, then
(M — U, g) admits an isometric embedding into the Schwarzschild spacetime
with second fundamental form given by k = 0.

The Riemannian Penrose inequality (time symmetric case) states:

Theorem 3.12 (Riemannian Penrose Inequality). Let (M",g) be a
complete asymptotically flat manifold with nonnegative scalar curvature,
where n < 8. Fix one end. Let m be the mass of that end, and let A be
the area of an outer minimizing horizon (with one or more components).
Let w,—1 be the area of the standard unit (n — 1)-sphere. Then

1A =
m 5 )
2 \wp-1

with equality if and only if the part of (M, g) outside the horizon is isometric
to a Riemannian Schwarzschild manifold outside its unique outer minimizing
horizon.

The n = 3 case was proved by G. Huisken and T. Ilmanen using in-
verse mean curvature flow method (c.f. [I7]), and also by H. Bray using a
conformal flow of metrics (c.f. [27]). Then H. Bray and D. Lee generalized
the result to the n < 8 case (c.f. [28]). M. Herzlich also gave a Penrose-like
inequality in his paper [16].

For the case of general initial data set (M, g, k) when the dominant
energy condition p > |J| is satisfied, it is possible to obtain a non-sharp
Penrose-like inequality with the help of Jang’s equation. Recall that on a
Jang’s slice, the scalar curvature R can be written as:

(3.4) R=167(p— J(w)) + |h — k%—i— 2|q% — 2divg(q)
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where g is the metric on Jang’s slice, h is the mean curvature of Jang’s slice
embedded into M x R, and

Vif
V1I+HIVS?
o f?
IRV

(hij — ki)

For the case when vector field ¢ vanishes at a cylindrical end of Jang’s
slice, M. Khuri proved in [7] a Penrose-like inequality for an initial data set
with charge. However, until now the Penrose inequality for the case when ¢
does not vanish at the cylindrical end of Jang’s slice still remains open. For
example, in Schwarzschild spacetime, we can construct a blowup solution
for Jang’s equation on its time symmetric slice, and we can calculate that
the vector field ¢ does not vanish at the cylindrical end of this Jang’s slice.
In this article, we will prove a Penrose-like inequality for this case, based on
a sharp estimate of the cylindrical end of Jang’s slice.

4. Barriers construction

Because Theorem is a local estimate of the solution at each strictly
stable MOTS boundary component, we can do the estimate separately. It is
equivalent to prove our result on one of these components. We denote this
compact and strictly stable component as 3 with principal eigenvalue A > 0.
For convenience we assume f(x) — 400 when x — X.

All of our computation in Section {4| will be under Foliation B. Under
this foliation we can choose 5 > 0 small enough such that the surfaces ¥, =
Up(E,s) with s € [0, §] form a local foliation near ¥ with lapse 8 such that

A3s — As® < 0T[%,] < A\Bs + As>.

for some constant A.

Denote the region swept out by these X5 by Us. Note that 0U; = X U
Y5 and dist(X3,3) > 5. We can assume that dist(Xz, dM) > 0. On Us we
consider a test function of the form v = ¢(s). For such functions Jang’s

operator can be computed as follows, cf. [2], [4]. Note that s does not
s



2332 Wenhua Yu

appear because our § is chosen to be a function on X.

— ¢, + - gb,
(4.1)  Jl¢] = ﬁ\/me (1 * B/1 +,8—2(¢’)2> g
k;(l/, I/) d)”

- + 3
LHBZ@P 201+ 572(¢)):

where ¢’ denotes the derivative of v = ¢(s) with respect to s. The quantities

0%, k(v,v) and P = trk — k(v,v) are computed on the respective 3.

4.1. Super estimate: order control

The most important part of our proof in this section is the order control of
the solution f. If we know nothing about the blowup order of f beforehand,
it will be impossible to apply the comparison principle in Us, even if we have
a super solution.

In this section we will prove that for any blowup solution f of Eq.,
there exist constants c¢; > 0, s; > 0 which only depend on the local geometry
of the initial data set near the horizon, such that f < —c;logs holds for
s € (0,s1]. In order to prove this inequality, in Proposition below, we
construct a piecewise smooth function W (s) iteratively, and prove that f <
W by induction. Moreover, we observe for s — 0 that the blowup order of
W (s) is exactly —cj log s for some positive constant cj, thus the inequality

1
gets proved. In the next section, we will refine ¢; to — by another family

of super barriers which will be constructed in Lemma

We first construct a family of auxiliary super barriers under the Foliation
B. We will use these auxiliary super barriers to construct the upper bound
function W (s) in Proposition

For € > 0, we set functions w, to be the following:

Lemma 4.1. For any € > 0, we construct the following functions we on
s € (e5):

(4.2) we(s) = —log(s — €)
These functions have the following properties:

1) limg e we(s) = +o0

2) There exist constants €9 > 0 and a > 0 which only depend on (M, g, k),
s.t. Y0 < € < €g, we(s) is a super solution on s € (e, (1 4+ a)el.
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Proof. Property (1) is obvious, thus we only prove Property (2) here. If we
plug ¢ = w, into Eq.([4.1)), then for s € (¢, (1 + a)e], (a is a constant to be
determined), each term of Eq. will be:
e - ! — 14 0((s — )
N T N SR
07 = \Bs + O(s?)
1 B*(s =€)’

el e e A G R Gl

w, _ B(s —€)  Bls )t Ol — )
TR =T R TETpa A

Thus

Tlwd = =ABs+ B(s —€) + O((s — €)?)
= (1= \)Bs — Be+ O((s — ¢)?)
= (1—))Bs — Be+ O()

for s € (e, (1 + a)e]. \
Thus if we set « to be a constant s.t. (1 —A)(1+a)<1-— 5 we will have:

Jwe < (1 - %)Be — Be+ O(e?) = —%ﬂe +0(e?) < 0

holds for € € (0, eg], where ¢y is a constant only related to the geometry of
(M, g, k) near 3. O

Now we focus on a blowup solution f satisfying Eq.(2.1) on Us. For
simplicity we assume that 5 > (1 + «)eg.

By the comparison principle, c.f. [32, Section 10], we get the following
result:

Proposition 4.2. There exist constants ey and «, s.t. for any function f
that satisfies (2.1) on Us and f — 400 when s — 0, the following inequality:

)

ae

(4.3) f(,s) <sup f(gq, (1 + a)e) + log(—
qeX S €

holds for any € € (0,€p] and s € (¢, (1 + a)e].

Proof. We assume €p, a the same as in Lemma and (14 a)ey < 5.
Then by Property (2) of Lemma we know that for Ve € (0, ¢p),
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We(s) = we(s) — we((1 + a)e) + supyeyx f(q, (1 + a)e) is a super solution on
s € (¢,(1 + a)e]. This super solution satisfies we((1 + a)e) > f(-, (1 + a)e).
Moreover, by Property (1) in Lemma and the fact that f(-,¢) is finite,
we know by the comparison principle that this super solution is actually a
super barrier for f for s € (e, (1 + «)e]. O

In the above proposition we find super barriers which are only effective
in a region which becomes infinitely small when ¢ — 0. This is not enough
for obtaining a upper bound for the blowup rate. In Proposition below
we use the above w, to iteratively construct a upper bound function W (s)
for f on a fixed region s € (0, (1 4+ «)eg].

For any function f that satisfies on U; and f — 400 when s — 0,
we construct the following upper bound W (s) for f iteratively for s € (0, (1 +
a)el:

Proposition 4.3. For a constant d € (0,1), and function f that satisfies
Eq.(2.1) on Us and f — +oo when s — 0, we construct W (s) iteratively in
the following way:

1) For s € [(1 4 da)eg, (1 + a)eg], define

aeQ

W (s) = log( )+ sup f(g, (1 + a)eo)

S — € qeY
(14 da)" ™t (14 da)”

2) For n>0, if W(s) is defined in s € | Atar €0, g +a)n_160),

then define
a(l + da) Tt
~ T )
(14 a)ntt (1 + da)™t
W(s) =log + W(——5—¢0)
14 da)™t! 1 n
S_&;lgl“eo e
1 d n+2 1 d n+1
forse[( +do) eo,( + da) €0

A+a) 1 O Tran

Then W (s) will be a piecewise smooth function defined on s € (0, (1 + «)eg].
Furthermore, W will be an upper bound for f, and the following inequality

(4.4) fp,s) < W(s)

holds for ¥s € (0, (1 + a)eg] and Vp € X.
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Proof. We will prove Ineq.(4.4)) on s € (0, (1 + «)eg] by induction.
First, plug € = ¢y into Ineq.(4.3). By the fact that (1 + da)ey > €y, we
get Ineq.(4.4) holds on s € [(1 + da)eg, (1 + a)eg).

1+ da)"t! 1+ da)"
Next, if Ineq.(4.4)) holds for s € [( (1L+a))” €0, ((1: )o;)_l
a a

60) for some

1 d n+1 1 d n+1
n > 0, (especially we have f(-, ((;_Jra))neg) < W(((IL;X))nEO))’ we ap-
o @
(1 + da)"*t (1 + da)™*2
ly Ineq.(4.3)) f =" d by the fact that ———¢g >
ply riqur;)re Aty €p and by the fact tha 1ty €0
€= meo’ we have:
e
a(l + da)" Tt 0
(1+ da)™t! (14 a)rtt
< _— 1
f(p,s) leelgf(q, A+ a) €o) + log e da)n—i—le
(1+ay+t ™
1+d n+1
(1 + da)m+! “ ((11 ()(7))71+1 0
<W(——+— 1
<W( (1+a)" o) +log . (1 + da)™tt
1+ ayrtt @
= W(s)
1 n+2 1 d n+1

holds for s € [( +do) 60,( + do) 60),p€§3.

(1 +a)n+1 (1 +a)n
Thus by induction we know that Ineq.(4.4) holds for se€
1+ da)™+! (1+da)” . .
€0, eo), for all interger n > 0, thus it holds for s €
El + a)n (14 a)r1

1+ a)eg]. O

[(

(07

In the above construction for W, we can also prove inductively that
(14 da)™

((1 +a)nt
interger n.

c0) = —nlogd + sup,cyx, f(q, (1 + @)eo) for any non-negative

(14 da)V*tt (14 da)V

Thus we know that for for s € [ A+ o)™ €0, I+ o)1 60) :
« o
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f(-,S) SW(S)
(14 da)N+1
e
= ~(N +1)logd + sup f(g, (1 + a)e0)

1
= (N +1)log = +sup f(q, (1 + a)ey)
d qeEY

Dlog -+ sup £(g, (1 + a)eo)

<(1 —loguia( i d b
qe

i (1+ @)eo

1
By setting d = 50 e get:

log 2
4.5 L8) < — log s + L1+
(45)  f(.s) log(1 T a) — log(1 + ) 8 zlelgf(Q( a)eo)
Flog2 + log 2log((1 + a)€p)

log(14 ) —log(1 + %)

Remark 4.4. By the fact that

logd a+1
11m =
d>1-log B2 T a

we know the opitimal value of the coefficient of —logs in the Ineq.(4.5)) will
be O‘T‘H, and the corresponding inequality will be:

o) € = g

+s ,(1+
T+ a)eo qtelgf(Q( a)eo)

Because €, « are constants determined by (M, g, k), thus for any blowup
solution f, we have the following upper bound for the blowup order:

Proposition 4.5. There exist constants sy, c1, and C1 only depend on
the local geometry of (M, g, k) near 3, s.t. for any function f that satisfies
Eq.(2.1) on Us and f — 400 when s — 0, the following inequality :

(4.6) f(p,s) < sugf(q, s1) —crlogs + Cy
qe

holds for Vs € (0, s1] and p € 3.



Blowup rate control for solution of Jang’s equation 2337

4.2. Super estimate: coefficient refinement

In the previous section we prove that any blowup solution of Jang’s equation
in our case cannot blow up faster than —c; log s for some positive constant

c1 which only depends on (M, g, K) (c.f. Ineq.(4.6)). In this section we are
going to refine this result to 5 log s.

To achieve this, we need to construct a new family of super barriers.
We first compute the expansion of [J[v,] for some test functions near the
horizon.

Lemma 4.6. For v > 0 and constant a, we construct the following func-
ti0ns Vg -

1 [f1
’Uaﬁ(S) = \/X/S Edl’ + as

for s € (0,5].

These functions have the following properties:
1=y

VA(y - 1)

1) For~y > 1, vq~(s) blowup at the rate of when s goes to 0 .

For v < 1, vq~(s) is bounded in Us.

0, 0 (9)

-7

2a 1
3) Denote o2 = (a®+ B?)s*>Y — =57+ —. Then for close to 1,
) (a® + 5% AT for ~

03T [va) has the following expansion in Us:

A7) 03T [vas] = \%S n \5% 21
— (0 = ABs) + a7

+O(s* + s 4 5712 4 )

52

Proof. Properties (1)(2) are obvious, thus we only prove property (3) here.
First of all we have the following expansion for the powers of o near the
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horizon:
1 B2V 3
— g7 4 PVA 2y gl
o 7 as” + 5 S + O(s™7)
1 2
o? = - \/—CLXS7 + (a® + p%)s*
s_ 1 _3a, 3<a2+%ﬁ2)32’v+0(33‘¥)
WA A VA
If we plug v, into Eq., then each term of 037 [v, ] will be:
1 2 1
U2SWU&77(S)9+ = (X - 76%57 + (a® + ,82)527)(—\ﬁ +as?)0t
1 3a
=(——=+ 87+ 0(s?))o"
(-5 + e+ 06)
1 1
= ——fBs+3aBs7T — —— (07 — \Bs
IR AP = SR AR

+O(s%7 + s27 4 5772 4 63

1 3a 3(a® + 38?)
3 2.7,/ _ Y 2 2y
0°+ 07580, (8) = —=— S —s
(%) WA A VA
1 2a 1
+ (v — =87+ (a* + s (——= + as”
(5 = 2 @+ - )
+ O(s%7 + s 4 712 4 63
B 3 2y+1 2, 3
= =51+ O(s% + s 4 72 4 5
2V/A ( )
a2 B o 3
0513 = —=s"7 + O(s”7
B 7 (s77)
30l (5) =

Put all these together we prove Eq.(4.7).

O

By Eq., we can construct a family of super barriers (see Lemma |4.7))
and sub barriers (see Lemma in the next section) for Jang’s equa-

tion (2.1)) on a fixed domain near the horizon.

Proposition 4.7. There exist constants a,ss which only depend on the
local geometry of the initial data set near horizon, such that for V1 < v < %,

1) Jvanq(s)] <0 fors e (0,ss].
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2) % [P Ldr+as—asy + supqez f(q, s2) is a super barrier for the so-

lution f of Eq.(2.1] . on (0, s2].

Proof. We first prove Property (1). For the case v > 1, rearrange Eq.(4.7)
in Lemmaon Us in ascending order. We denote ¢; = supy_(—B(k(v,v) +

£)) and recall that on Us we have \3s — As? < 07[S,] < ABs + As?, then:

* T [Var] = ﬁ 5+ \B} s2 )\\1[\(0“' — \Bs) + 3aBs7H!
B k) + Dy + 0@
At
B By 211 A, 1 B ooy 3
< ﬁSJrﬁ +)\ﬁ3 + 3afs +Cl\/X8 + O(s”)
Thus
—VAB L3 T [va, S > s — st - As —3aVAs T — 1% + O(s%)

AB
= 5(1 —ys272) - <<\58 +3aVAsTT 4 52 > +0(s%)

= 514 A — 75T
— (= A et (5L Vs

@B+%¢+q %+m )
= (1- 35" 1><s 4 = ot = (S 30V R)s)

+ (—3ay/ Ay — ﬁ 1)s*7 + O(s%)
Let’s look at the last line of the above calculation. Notice the following facts:
1) 1— /48771 >0for Vy >1and Vs € [0,e72].
2 tlal+1

3vVA
v € (1, 2). Notice that a is not related with .

2) Set @ = —supgex , then —3av/ Ay — 54 —c1>1>0 for

3) Because we set a in terms of the local geometry data near the horizon,
there exists constant s5 > 0 which only depends on the same local
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geometry (not related with ), such that

s+ /8T — —s (A):ﬂqu?)a\F)s'YH

A o

>s+s4—— +3a\5‘32>0

-5
holds for s € (0, s3]. ThlS is obvious because the coefficients of the
leading terms s and si are both positive constants, and their orders
are at least Z away from the orders of the rest terms, whose coefficients
are bounded and only depend on the local geometry near the horizon
of the initial data set.

Then on (0, min(s3, ¢ 2)] we have:

—VAB P T [van] > (—3ar/ Ay — 1)s2 4+ 0(s%)

> 27 4+ O(s )
> 5% 4+ 0(s”)

Therefore, there exists constant so only depending on the local geome-
try of the initial data, such that —vAB™ 13T [vs] > 0 for s € (0, s, and
thus J[va] < 0 because A > 0 and f is positive function. Thus v, (s) is a
supersolution of Jang’s equation on (0, sa].

For Property (2) we only need to notice that for v > 1, v4 blows up at
the order of s, which is much faster than —clog s for any constant ¢ when
s — 0. In the previous section we prove that any solution f cannot blowup
faster than —clogs. Thus for v > 1, v, always blows up faster than any
solution f of Eq. near the horizon. Therefore a vertical translation of
Vg at s = s is enough to make it a super barrier. O

By the comparison principle, c.f. [32, Chapter 10], we have the following
result:

Proposition 4.8. There exist constants a,ss which only depend on the
local geometry of the initial data set near horizon, such that for V1 < v < %,
and any function f satisfies Jang’s equation on Us and f — 400 when
s — 0, the following inequality :

(4.8) f(p,s) <sup f(q, s2) / fdl‘ + as — asy
g€
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holds for any p € ¥ and s € (0, sa].

We let v — 1 in Ineq.(4.8]). Then because a, sz is not related to 7, we
have the following estimate for the upper bound of blowup rate:

Proposition 4.9. There exist constants a,ss which only depend on the
local geometry of the initial data set near horizon, such that any function f
satisfies Jang’s equation[2.1] on Uz and f — 400 when s — 0, the following
mequality :

1 1
(4.9) f(p,s) <sup f(q,s2) — —=logs+ —=logss + as — asy

qEX \/X \/X

holds for any p € ¥ and s € (0, s2].

Thus the first half of Theorem is proved.
4.3. Sub estimate

By Eq.(4.7), we can construct a family of sub barriers in a similar way as
in the previous section for Jang’s equation (2.1]) on a fixed domain near the
horizon.

Proposition 4.10. There exist constants a,s3 which only depend on the
local geometry of the initial data set near horizon, such that for V% <y <1,

1) Jvanq(s)] >0 for s e (0, s3].

2) % ff’ x%d:v + as — asg + infyex f(q, $3) is a sub barrier for solution f

of Eq.@1) on (0, s5].

Proof. We first prove Property (1). For the case v < 1, rearrange the terms
of Eq.(4.7) in ascending order on Us. Denote ¢y = infy, (—B(k(v,v) + %))
and recall that on Us we have \3s — As? < 0F[3;] < A\Bs + As?, then:

2
03._7[11,1,7] = @ -1 ﬁ b (k(v,v) + 5)827 + 3aB8s7 1!

N NS 2

_ L ot s &3
)\ﬁ(9+ ABs) + O(s™)

> 613271 — ﬁs + czﬁs27 + 3af8s7 ! —

By &2 3
VSV, SR FOoET)

AVA
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Thus

A
VABTY T [vaq] > 752771 — 5+ cas? 4 3aV A7 — ESQ +O(s%7)

1
=571 - =27 4+ <62527 +3aV s — )\ﬁ82> +0(s*)
Y
1 1
— ’7827_1(1 _ 751—7)(1 + 781—7)

Vi v

+(1- %SI—V)(CQQV +@avA+ T
+ (3a ,Ay Aﬂ 52) 24 0(s7)
=(1- le

N (ys2 ™ 4+ /487 + e8P + (3aV A + ﬁ)wl)

A A (6]
+ Bay| —— —= + +0
( \/; A3y ) ( 7)
Let’s look at the last line of the above calculation. Notice the following facts:

1) 1= s'77 >0 for Vi <y <1andVs € [0, ).
2) Set a = supey %(1 + 3ea| + %), then 3a\/§— )f\—ﬁ +22>21>0
for v € (3,1). Notice that a is not related with .

3) Because we set a in terms of the local geometry data near the horizon,
there exists constant s3 > 0 which only depends on the same local
geometry (not related with «y), such that

827 8T+ eas + (3aVh + %)87+1

3 3
1 +\2[s—]cQ]32—’3a\f+|84 >0

holds for s € (0,s3]. This is obvious because the coefficients of the
leading terms s are both positive constants, and their orders are at
least % away from the orders of the rest terms, whose coefficients are
bounded and only depend on the local geometry near the horizon of
the initial data set.
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Then on (0, min(s}, )] we have:

A A (
VAL A T [vas] > (3a\/;—)\ﬁ+ —=)s2 +0(s>)

> 5%+ O0(sY)
> 52 +O(s%)

Therefore, there exists constant s3 only depending on the local geom-
etry of the initial data, such that VA~ 1o®J[v,~] > 0 for s € (0, s3], and
thus J[vq] > 0 because A > 0 and § is positive function. Thus v, (s) is a
supersolution of Jang’s equation on (0, s3].

For Property (2) we only need to notice that for % <7y <1, vy, is finite
at s = 0. By the fact that f blows up near the horizon, a vertical translation
of v4, at s = s3 is enough to make it a sub barrier. O

By the comparison principle, c.f. [32 Chapter 10], we have the following
result:

Proposition 4.11. There exist constants a, s3 which only depends on the
local geometry of the initial data set near horizon, such that for V% <y <1,
and any function f satisfies Jang’s equation on Us and f — 400 when
s — 0, the following inequality:

(4.10) f(p,s) > mf f(q,s3) / —dx—i—as — ass

holds for any p € ¥ and s € (0, s3].

Let v — 1 in Ineq.(4.10)), then because a, s3 is not related to , we have
the following estimate for the lower bound of blowup rate:

Proposition 4.12. There exist constants a,s3 which only depend on the
local geometry of the initial data set near horizon, such that for any function
[ satisfies Jang’s equation[2.1 on Uz and f — +oo when s — 0, the following
mequality :

1
log s +

VA

(4.11) f(p,s) > in£ f(q,s3) — log s3 + as — ass
q€

VA

holds for any p € ¥ and s € (0, s3].
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Thus the second half of Theorem is proved.

Put together our barriers, we prove that in Foliation B, there exist con-
stants a, sg which only depend on the local geometry of the initial data set
near horizon, such that for any function f satisfies Jang’s equation on
Us and f — 400 when s — 0, the following inequality :

1 s
4.12 inf ,S0) — —=log — +a(s—s
(112) inf f(g50) ~ zlog >t als — s0)

1 s
< f(p,s) < sup f(q, s0) — —= log — —a(s — so
(p.8) < sup F(g,30) = -lox - —afs — )
holds for any p € ¥ and s € (0, sg]. Because s is comparable with the distance
to the horizon, thus the above inequality implies the following C° lower and
upper bound:

Proposition 4.13. There exist constants a,my which only depend on the
local geometry of the initial data set near horizon, such that for any function
f satisfies Jang’s equation on Vo, and f — +oo when 7 — 0, |f+
%log T| is a bounded function in V;,. Here T is the distance function to

horizon, and Vy, = {z € M|dist(z,%) € (0, 70]}

It is a direct consequence of our barrier arguments that the following
inequality holds for V0 < s < s1 < sq:

11 s+( )
——log— +4+a(s—s
\[\ g81 1

1 s
< f(-,s) <su ,81) — —=log— —a(s—s
<f(s) qegf(q 1) e (s — 1)

As a consequence of Ineq.(4.13]), suppose x1,x9 are the points on ¥, such
that f(x1,s1) = supeyx, f(g,51) and f(w2,s1) = infsex f(g, 51), then:

Os f(x1,51) = lim fns) = flons) lim f(z1,81) — f(z1,9)

551 s — 81 s—rsy 51— 8

Fr.51) = supges; fla.51) + 5 log & +als — 1)

(4.13) inf f(q,s1)
qeY

> lim
s—sy S1— 8§
—%(log s1 —logs) —a(sy — s)
= lim
s—s7 §1— S
1

= - a

Vsi
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Similarly we can also get:

1
Vs1

Osf(x2,51) < — +a

Thus Theorem [2.1] gets proved.

5. Gradient estimates

In this section we prove some gradient estimates for the blowup solution f
of Jang’s equation Eq.(2.1)). First we need the following a priori estimate for
Jang’s equation by R. Schoen and S.-T. Yau:

Theorem 5.1. [1l, Proposition 2] Let F(z) be a given C? function on M
and suppose 1, 42, 13 are constants so that

sup [F| <, sup |VF| < pg,  sup|V?F| < pg
M M M

and f is a C3 solution of

B fifi Vil
1+|Vf!2)(\/1+\Vf|2 kig) = F

Denote N = graphf. If Xo € N, let (y',32,5>,y*) be normal coordinates in
M x R centered at Xo so that the tangent space to N at Xq is the yly?y>-
space. Then in a neighborhood of Xo, N is given by the graph of a function
w(y), y = (y', 9%, vy>). We called this the local defining function w for N.

Then, there is a constant p > 0 depending only on the initial data and
W1, o, 3 so that for any Xo € N, the local defining function w for N is
defined on {|y| < p}, and satisfies for any o € (0,1),

(g"

sup (lw()| + [0w(y)| + [00w(y)| + [000w(y)| + [000w (y)la,p) < c1(e),
y|<p

where ¢1 depends only on «, the initial data, and i, po, u3. Moreover,
we may require

NN By(Xo) C{Y :y* = w(y)}
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We also have the following Harnack-type inequalities:

sup <eg,v><cy inf <eyqv>
NNB(Xo) NNBj(Xo)

sup |Vieg <ey,v>|<ecs
NNB(Xo)

where €4 is the downward unit normal to N, v is the downward unit par-
allel vector field tangent to the R factor, V is the covariant derivative on
N = graphf, and co, c3 are constants only depending on the initial data and

M1, 2, 13-

Then following the arguments in [I, Proposition 4], we know that N =
graphf converges to the cylinder ¥ x R. In fact, from the fact that f —a
is also a solution of Eq., by the estimates of [I, Proposition 2] there is
a sequence {a;} tending to infinity such that the graph of f — a; converges
smoothly on compact subsets of M x R to a limiting 3-dim submanifold
of M x R. Then Harnack inequality in [I, Proposition 2] implies that this
limiting manifold is 3 x R. Let U be a neighborhood of ¥. Following the
arguments in [I, Proposition 4, Corollary 2|, we can define a coordinate
system on the neighborhood U x R of ¥ x R in M x R by taking the fourth
coordinate 7 to be the distance function to ¥ x R in M x R. Let ¥ : 3 x
(—€',€¢’) = M be the map

U Y x (=, d)xR— MxR:(p,,2) (epr(TI/),Z).

Thus ¥ is compatible with Foliation A.
Then for a function h on C; we let graphg h be the set

graphg.h = {¥(p, h(p,2),2) : (p,z) € X x R}.

Therefore, it is a direct consequence of the above reasoning that there
exists constant z, such that NN (U x [z,00)) can be written as a graph
of u on O := ¥ x [2,00). Furthermore, by translating the C° barriers of f
Eq. into C? barriers of h, we get the following:

Proposition 5.2. Under the same assumptions as Theorem [2.1], for each
solution f of Eq. which blows up at 32, there exist positive constants z
and C{, CY%, such that graphf NU X [z,00) can be written as the graph of a
function h over Cs; := ¥ X [z,00) under coordinate W', and

c’ exp(—\r)\z) < I|h(p,2)| < C} exp(—\[\z)
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5.1. C2 bound

In this section, we prove a refinement of [I, Corollary 2] and [2, Theorem 4.2].
[T, Corollary 2] states that N = graphf converges uniformly in C? to the
cylinder ¥ x R for large values of f, and [2, Theorem 4.2] states that the rate
of this convergence is exponential. Recall the statements of [I, Corollary 2]
and 2| Theorem 4.2]:

Theorem 5.3. [1l, Corollary 2] Assume the conditions of Theorem and
let 33 be a connected component of the apparent horizons, on which f tends to
+oo (—oo respectively). Let U be a neighborhood of ¥ with positive distance
to any other apparent horizons in M.

Then for all € > 0 there exists z = Z(€), depending also on the geometry
of (M, g,k), such that NN (U X [z,00)) can be written as the graph of a
function u over Cz := % X [Z,00), so that

CzVu(p, z)| + C’ZVZU(p, 2)| <e.

u(p, 2)| +
for all (p,z) € Cs. Here, >V denotes covariant differentiation along Cs.

Theorem 5.4. [2, Theorem 4.2] Let No = graphfy be the manifold con-
structed in Theorem and assume the situation of Theorem [3.5. Then
there exists zZ = Z(€), depending also on the geometry of (M,g,k), such
that No N (U x [z,00)) can be written as the graph of a function ug over
Cs =% x [Z,00). If in addition 3 is strictly stable with principal eigenvalue
A >0, then for all § < /X there exists ¢ = c(6) depending only on the data
(M, g,k) and 6 such that

Vg (p, 2)| + |9 V?ug(p, 2)| < cexp(—62).

‘UO (p7 Z)‘ =+
where €=V is the covariant derivative w.r.t. the induced metric on Cs.

In this section, we are able to prove that the rate of this convergence is
exp(—v/\z). In [2, Section 4], J. Metzger provided a way to extend the C°
super control to C? super control. The procedure presented here is the same
as in [2, Theorem 4.2]. We briefly outline here for consistence.

In [2] Theorem 4.2], it is computed that the value of Jang’s operator for
a function h on X x R is the following;:

TR = 2h + ), Vi ih = 237, 0l - k(s 05) = 07 [Shp.0)]
+Q(h,% Vh,% V?h)
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where 7y, is the metric on X3 and @ is of the form
Q(h,%* Vh,%* V2h) = h +%* V +0= v« v +0= v «C= v &= 2},

where * denotes some contraction with a bounded tensor. The vectors 9;,
i =1,2 denote directions tangential to 3 and J, the direction along the
R-factor in Cs.

By [T}, Corollary 2], we know that Q(h,%z Vh,%= V2h) is low order term.
Thus by freezing coefficients, h satisfies a linear, uniformly elliptic equation
of the form

a¥90jh+ < b, Vh > 0[Sy )] = F.

Notice that because 07 [X,] = 7Lgl + O(7?), 0[S, )] also decays expo-
nentially with the order VA=,

Now using standard Schauder interior estimates for linear elliptic equa-
tions (c.f. [32, Chapter 6]), we can bound C? norm of h by its C* norm and

the norm of 6+ [Xh(p,2)]- By the fact that they both decay exponentially with

the order e~V , we can conclude that C? norm of h also decays exponen-

tially with the order e~VA2 Thus we prove the first part of Theorem

Theorem 5.5. Under the same assumptions of Theorem [2.1], for each so-
lution f of Eq.(2.1) which blows up at X, there exist positive constants z
and C7, C%, such that graphf NU X [z,00) can be written as the graph of a
function h over Cz := % X [z,00) under coordinate system V', and

“Vh(p,2)| +

|h(p, 2)| + “V2h(p, z)| < Cf exp(—VA2)

and
\h(p, 2)| > Chexp(—VAz)
where ©=V is the covariant derivative w.r.t. the induced metric on Cs.

For the convenience of the next section, we prefer to rewrite the above
theorems under a coordinate system in U x R which is compatible with
Foliation B.

Let ¥ : ¥ x (—€,e) = M be the map

U:Yx(—6e) xR MxR:(p,s,z2)— (\I/B(p,s),z).

Thus ¥ is compatible with Foliation B.
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Then for a function u on Cz we let graphgu be the set

graphgu = {¥(p,u(p, 2),2) : (p,z) €T x R}.

For a small neighborhood of ¥, there exist constants «;,7 =1, 2,3, such
that the following inequalities:
s -1
— € ,
- (a7, 1)
os or
or’ Os
0%s 0t € (a5, as)
[ — a a(
012’ ds? 3073
holds in this neighborhood.
Then we can rewrite the above theorem under coordinates defined by V:

Theorem 5.6. Under the same assumption as Theorem [2.1], for each so-
lution f of Eq. which blows up at X, there exist positive constants Z
and Cy, Cy, such that graphf NU x [Z,00) can be written as the graph of a
function u over Cs := ¥ X [z,00) under coordinate system ¥, and

C=Vu(p, 2)| + |9 V2u(p, 2)| < C1exp(—VAz2)

u(p, 2)| +
and
|u(p, 2)| > Cyexp(—V/Az)
where ©=V is the covariant derivative w.r.t. the induced metric on Cs.
In the above theorem, the constants C7, Co, Z are of course related to the
solution f because Jang’s equation is invariant under vertical translation. By

the fact that super barrier and sub barrier depend on supy, [ and infy_ f,
we know constants C7, Cy, Z also depend on these quantities.

5.2. Gradient estimate
Now under the coordinates defined by W, the hypersurface N can be ex-

pressed in two different way in a neighborhood of 3: either as the graph of
f on M, or as the graph of u on cylinder ¥ x R:

hold for p € 3.
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Denote F(p,z,s) = f(p,s) — z. Then F(p,z,u(p,z)) =0. Let e;,i = 1,2
be the orthonormal frame on 3. Parallel translate them to obtain an
orthonormal frame on X,, and still denote them as e;,i = 1,2. Denote
0;,1=1,2 to be the derivatives taken in the direction of e;,7 = 1,2, respec-
tively, and Os to be the derivative taken w.r.t the parameter s of Foliation
B. Then by Implicit Function Theorem,

(5.1) du(p,z) = —([Jrs(p, 2,5)) 0. F(p, 2, 5)) |s:u(
(5.2) diu(p,z) = —([Jrs(ps 2, ) LOiF (p, 2, 5)) ‘

D,2)

Thus we have

(5.3) Os f (p, 8)|s:u( = Jrs(p, 2, 3)‘ =

p,z) s=u(p,z) azu(p’ z)

Therefore, by the fact that
9:u(p. 2)] <% Vulp,2)| < Cre™™,
and
s =u(p,z) > 026_\/XZ,
we have the following lower bound for |0 f]:

1 Co
0sf(p,s)| > ——— >
0.5, 2 5

— (s

We now prove the upper bound for the gradient estimate for f. As
discussed above, it is equivalent to find the lower bound for |0,u|. We first
prove the following weaker version:

Proposition 5.7. There exist constants C > 0 and z1 > Z such that for
Vz > z1, there exists a point p, € X, such that

. u(pe,z+62) —u(ps, 2

< —Cexp(—VAz)

Proof. For an arbitrary zg > z, denote pg € ¥ to be the point where u
achieves its maximum when z = 2z, and sp = maxpex (u(p, 20)) = u(po, 20)-
Then on ¥, under Foliation B, f achieves its maximum on ¥, at pg € .
By the gradient estimate of f at maximum point on ¥, in Theorem we
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have

1

10s f (o, 50)| < T

+a

Translate it back to the gradient estimate for u at (pg, zp) by Implicit Func-
tion Theorem, we have:

1 > \FASO

0 u(pg, 20)| = >
-0, 201 = 15 Flpnrsal] = 1+ av/aso
_ Vu(po, 20) < VACye= VA0 S VAC, o=z
14+ avu(po, 20) 14 aCpe=V s — 2
The last inequality holds when 2y is large enough. U

We denote XY := u(X, z). Suppose V' is the open domain enclosed by %
and ¥. Then X% will stay in the tubular area V x R if 2 > Zz.

Denote N = graphf = graphu. The Harnack inequality in [I, Proposi-
tion 2] implies that there are constants p,cs, such that for any point X
on N,

sup < ég,v><cy inf <Eyv>
NNB4(Xo) NNBJ(Xo)

where

1 —0,u

<€4,V >: g
VIHIVZ V149 Vu?

Now V' can be covered by finite balls Bé, and we suppose constant cy4 is
the number of balls that is enough to cover V. Thus each X% can be covered
by c4 balls B;l, for Vz > z. This is because each of them stays in a horizontal
cut of the tube V x R, which is exactly V.

Therefore, together with the Harnack inequality, there is a constant cs,
such that

sup < é4,v >< C5iXI:1f<€4,I/ >, V2> Z.
Tu z
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Now for any p € X, we have

| |8 u(p, )‘ — *8ZU(]9, Z)
BRVAE: AP V14%Vu(p, 2))?

—<e4,1/>‘ 21nf<E4,V>

|0 u(p, 2

> C5 sup<e4,1/>> Cs <e4,1/>’
Zu.

—0u(pz, 2) - Ce*ﬁz

C5\/1+ (pZ7Z)|2 o cs /1_|_0126—2ﬁz

C o~ VAz
~ 2¢5C1

The last line holds if z is big enough.
Set O3 = 5 C then we prove the following:

Proposition 5.8. Assume the condition and notation of Theorem[5.6], then
there exist constants C3 > 0, z9 > Z, such that Vz > z9,p € 3,

|0.u(p, 2)| > Cae™ V™

Now, by Implicit Function Theorem we have:

1 1 <Cl

Osf(p,s)| = < < —
000 = 5l 2)] < Cyovie = Cos
Moreover,
Ce—\/Xz C2
0; =10; Os < A < 1
0:f (p, 5)| = [0iu(p, 2)|10s f (p, 8)| < Cis = Go0s

Because 0;,7 = 1, 2 are the derivatives taken in the direction of the orthonor-
mal frame e;,i = 1,2 on X, we have:

V2C?

ES <
V= f(p,s)| < CoCs

holds for Vp € ¥ |, Vs € (0, so]. Here V>: denotes the covariant derivative
along .
Put together all the above conclusions, we prove the following:

Proposition 5.9. Under the same assumptions as Theorem [2.1], suppose
f is a blowup solution of Eq.(2.1) in an open neighborhood U near X, which
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s a compact boundary component and a strictly stable MOTS with principal
eigenvalue X\ > 0. Denote N = graphf. Then, under coordinate system W,

(1) there ezist positive constants zZ and C1, Co, Cs3, such that N N (U x
[Z,00)) can be written as the graph of a function u over Cz := X X [z, 00),
and

CVu(p, 2)| + |9 V2u(p, 2)| < C1exp(—VAz)
lu(p, 2)| > Coexp(—VA2)
CZVu(p,z)] > (4 exp(—ﬁz)

(5-4) u(p, )| +

where ©*V is the covariant derivative w.r.t. the induced metric on Cs.
(2) Denote ¥ = Up(X,s). Then there exists constant sg, such that the
following gradient estimates for f:

CQ Cl

5.7 —= < |9 , < —

(5.7) o 10 s)l < o
2C?

‘ R < \f 1
(58) VI < G

hold for ¥pe ¥ , Vs € (0,s0]. Here V> denotes the covariant derivative
along Y.

Thus Theorem [2.4] gets proved.

6. Dependence of the coefficients

In this section we prove Theorem We prove that for the solution fy
constructed by J. Metzger, c.f. [2], we can have the same estimates as in
Theorem hold for fy, while with constants z, C1, Cy, C'5 depending only
on the geometry of the initial data set.

To remove the dependence of z, C, Csy, C3 on the vertical translation on
the solution f, we need to normalize f such that there is no such kind of free-
dom. For example, we can normalize f by some outer boundary condition or
require that the solution decay at infinity. J. Metzger constructed a blowup
solution fy in [2] with these constraints, thus in this section we will study
this specific example fy to see if our C1, Cs, Cs, Z can be determined by the
geometry of initial data. Therefore, although Theorem [2.T] and Theorem
work for more general initial data sets, we need to further assume that M
is 3-dim asymptotically flat manifold with one end, satisfies the dominant
energy condition. Also assume X is the only boundary component, and is a
compact strictly stable outermost MOTS.
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Then by [14, Lemma 9.7], ¥ is topologically 2-sphere. We also assume
there is no MITS in M. The existence of asymptotically decaying solution of
Jang’s equation over M, which only blows up at ¥ then follows [2, Theorem
3.1, Remark 3.3] . The detailed construction procedure can be found in [2]
Section 3]. We only give a brief introduction about the procedure here for
consistence.

First of all, it can be constructed from (M, g, k) a new data set (M, g, l;;)
(c.f. [2], [4]), with following properties:

1) M C M with gy =g, klpm =k,
2) 6t[OM] < 0,

3) H[OM] > 0 where H is the mean curvature of M with respect to the
normal pointing out of M,

4) The region M \ M is foliated by surfaces ¥, with (%) < 0.

Then the following Dirichlet boundary value problem can be solved:

Jfil=tfy in M
(6.1) fi=% on &~ M
ft =0 when z — oo

where § is a lower bound for the mean curvature H on M. The solution f;
of Eq.(6.1) satisfies an estimate of the form

(6.2) sup | fi| +sup |V fi| < %
M M

where C is a constant depending only on the data (M , G, /;:) but not on t.

This gradient estimate and the fact that graphs Ny = graphf; have uni-
formly bounded curvature in M x R away from the boundary implies that it
allows to extract a sequence ¢; — 0 such that the V;, converge smoothly to
a manifold Ny (c.f. [I, Section 4], [4, Proposition 3.8]), which can be proved
to be the graph of a function fy on M which satisfies J|[fo] = 0, with the
desired asymptotics.

From the local parametric estimate [I, Proposition 2], the a priori bounds
at asymptotically flat ends [Il, Proposition 3|, and the gradient estimate ,
it is straightforward to see that for any M’ C M such that M’ does not
intersect with 3, there is a uniform C° bound for f; on M’

| sup fi| < ci1.
M/
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where ¢ only depends on the geometry of the initial data. This also bounds
the limit function fy. Thus by setting M’ to be the portion of M outside
Y5, in Theorem , we have —c; < infyex fo(q, s0) < supgex fo(g, s0) < 1
in Eq.. Thus we have the following:

Proposition 6.1. Besides the conditions and notations in Theorem we
further assume that M is a 3-dim asymptotically flat manifold with one end,
and satisfies the dominant energy condition. Also assume that X is the only
boundary component, and is a compact outermost MOTS. We also assume
that there is no MITS in M. Then a function fo on M can be constructed
as in [2, Theorem 3.1], such that J[fo] =0, fo(x) = 0 when |z| — oo, and
it only blows up at X. Denote Ng = graphfy. Then,

(1) there exist positive constants z and C1, Co, Cs, which only depend
on the initial data such that No N (U x [Z,00)) can be written as the graph
of a function ug over Cs := ¥ X [z,00) under coordinate system ¥, and

“Vug(p, 2)| + |9 V?ug(p, 2)| < C1 exp(—VAz).
up(p, )| > Caexp(—VA2)
“Vug(p, 2)| > C3 exp(—VA2)

(6.3) |uo(p, 2)| +

where €=V is the covariant derivative w.r.t. the induced metric on Cs.

(2) Denote 5 = Up(X,s). Then

Cg Cl
. — < < —
(6 6) ClS — |8Sf0(p7 S)’ — 33
2C%
‘ s < V2 1

hold for ¥pe ¥ , Vs € (0,s0]. Here V> denotes the covariant derivative
along Y.

Thus Theorem is proved.
7. Application to Penrose inequality

In previous sections we have obtained a sharp estimate for the blowup rate
and gradient of the solution fy of Jang’s equation, which is contructed by
J. Metzger in [2]. In this section we apply this control to the slice graphfy
get a Penrose-like inequality for general initial data sets.
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7.1. Basic settings

Assume the same condition as in Theorem [2.6] We will apply our estimates
onto the solution fy constructed in |2, Theorem 3.1] . Also in this section we
still use Foliation B. Recall that in this foliation Up : ¥ x [0, 5] — M the
metric g of M near a neighborhood of ¥ can be written as

(7.1) g = Bds® + gs,
and 671 satisfies:
(7.2) 67 [8,] = M\3s + O(s?)

Now by Theorem we know there are constants C', Cy, C3 which only
depend on the initial data, such that:

Co Ch

: < S S —
(7 3) Cis — ‘6 fO‘ Css
V20?3
4 > <t
(7 ) ’v fO(p; S)‘ — 0203

Here V> denotes the covariant derivative along X.

In this Section we will use M to represent Ny = graphfy. Denote the
induced metric on Jang’s slice to be g. Denote V,V to be the Levi-Civita
connection of g, g, respectively. Then g = dfZ + g, and the second fundamen-

2
tal form on M embedded into M x R will be h = Vo

V14|Vl

to be the lift of ¥ to M. Denote the portion of M, M outside 3, ¥4 to be
M, Mg, respectively. We choose orthonormal frames {e1,es} and {e1,e2}
for TS, and TY, respectively. Let es be the normal of 3, pointing into M
that is tangent to M. We also choose {€3, €4} for the normal bundle of ¥ in
M x R, such that e3 is tangent to the graph M and €, is a downward unit
normal vector of M in M x R. We denote the induced Levi-Civita connec-
tion on 3, to be Y and ¢, = fols. to be f’s restriction on ¥4. Denote Hy_,
ﬁis as the mean curvature of ¥,, ¥, with respect to es, €3, respectively.
Recall that the scalar curvature on the Jang’s slice can be written as:

. Denote X

(7.5) R =16m(u— J(w)) + |h — k|2 + 2|q|2 — 2divg(q)
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where
Vifo
VI+ Vol
i
7/1+ |Vfo’2

We will calculate H — q(€3) in terms of the geometry quantities on M.

(hij — kij)

7.2. Calculation of Hy — q(€3)

We now calculate the value of ng — q(€3) in terms of the geometry quan-
tities on M.

From [25], page 10]:
< es3, €4 >2)H _ <egeq>

76) Hs —q(e3) = (<es, e3>+ ,
( ) Zs q( 3) ( 33 < ez, e3 > = < e3,e3 >

TT‘ZS k

Following the calculation of [I8] Section 4, Eq.(4.4)], we get:

V14V
(7.7) < e3,e3 >= \/W

Then the above equations imply:

(7'8) Hy — q(ég) = @Q—F[E ] + 1+ |W¢s|
) L+ |V osl? Nerfol VT NP

In the above calculation we use the fact that V., fo <0 and |Vfo|? =
Ve fol? + [V s/

Therefore, we can have an upper bound for FSS — q(e3) as follows:

T e VIFIVRP . 1+ Vs
(79) HES Q( 3) WG [E ]+ |V33f0‘ + \/W
< VI+IVAP(AGs +O(s) + O(s)
= VB2 fol2 + O(1)(ABs + O(5%)) + O(s)

cf

C
_/\C—3+O()

ve;,f()

V14 |Viol?

and < e3, eq4>=
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Remark 7.1. The standard gradient estimate for the mean curvature type
equation actually provides an estimate for |V fo|. From [32, Chapter 16],
there ezist positive constants Cy,Cs only depends on sup |h| and sup |Vh|,
where h is the mean curvature of Ng = graphfo embedded into M x R, such
that:

|V fol < Cyexp(Csfo/T)

Then because f = —% log 7 + O(1) in a neighborhood of X2, there exists pos-
itive constant Cg, s.t.

log L
IV fo| < Caexp(Co—or

)

T

This is an upper bound for the gradient estimate of fy. But the order is not
sharp enough for proving a Penrose-like inequality in this section.

7.3. Existence of harmonic spinor

We are now going to find a harmonic spinor on M which is constant at
infinity. Because M is 3-dimensional oriented Riemannian manifold, it is
also a spin manifold. Denote M, as the domain enclosed by large sphere S,
and M&r = M, N M. Denote v, to be the outer normal of S,.

Our calculation will follow [16, Section 2] and [I8 Section 5|. From
[16, Lemma 2.3], we have the following Bochner-Lichnerowicz- Weitzenbock
formula:

o) [ e[ wepeg [ R
M M M
+ < Ve, b + €3+ Dip,p >

oM,

—/ <V, +v, D,y >
Sr

where 1) is a spinor on ﬂw, D is the Dirac operator and - is Clifford
multiplication on Jang’s slice My ,.. Here we still use V to denote the spin
connection on ﬂ”

From [14, Lemma 9.7] we know that

AOM|, < 4,
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— ‘8ﬂs’§
Cs = 4 — (H 57 —_—
gnj\iln (H oM. Q(€3))\/T
Then
_ OM,lg
(7.11) Cs >4 — (Hyzz — q(eg))W
C |8

[OMslg
[OMslg

3
>4 — (AF +O(s sup\/l—i- \77%\2\/7
=4—2\/X(63+O(8))S§3)\/1+ |V f?

We set

>4 2f(f+0( N1+ 25
C3C3
If we suppose
C? 20
A02(1+ 0202) < 4,

then Cs > 0 if s is small enough. Therefore, there exists a positive constant,
still denote as so, s.t. Vs € (0, sg], we have Cs > 0. In all the context below,
so always refers to this definition.

We are now going to find a nontrivial solution to the PDE system as in
[16]:

(7.12) Dt =0 with boundary condition Pt =0

where 1) is asymptotically constant and P is the L? orthogonal projection

on the space of eigenvectors of positive eigenvalues of I on OM,. Here I is
the 2-dimensional Dirac operator on the boundary, defined as:

—DPy=e3-& Vaw +e3-e -§52¢

where ? is the spin connection on the boundary.
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Notice that the boundary is a topological 2-sphere when s is small, there
is no IP- harmonic spinor field on it. We denote the weighted Sobolev space

WL (M) = {v € WZ(M,) | |of~'¥'v € LA(M,), 1=0,1}.
as a notation for both functions and spinors. We then define the space
(7.13) He = {v € W (M), Py = 0}

This is a Hilbert space w.r.t the Wif norm.
The boundary term for M, in the Weitzenbtck formula can be rear-
ranged as

(7.14) < Vg +es-Dy,y >
oM,

_ 1 T 102
= /Ws<w,lb¢> 2/aMsHaMJwI

We will follow the steps of calculation in [I8, Theorem 5.1] . First for
any domain §2 and vector field X, the following equation holds:

2 . 2 2
/a <Xt > U7 = /Q divX ] + /Q X(9P)

By setting X = ¢, = Ms,r in the above equation, the Weitzenbock for-
mula can be rearranged as:

(7.15) /M Dyf? = /M

s,7 s

_ 1 _
TRy [ Ferdinglale

2 i - 2
5 ot [ @

Ms,r

/S Al - /8 _<uu>

T4 L EIE 2
> o Vol + 5 /MS’T(qu\wI +q([¥]7))
1— 1
+ /{WS = <, P > —SHWP + Sa(es) |y
- /5 %Q(VT)IWJr <V ¥+ v - DY, >
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The second inequality of the above is induced by Eq.
(7.16) R — 2divg(q) > 2|ql2
Now if we set X = ¢ in the following inequality (c.f. [18]):
(7.17) [Vl + X Pl + X (Jf) 2 0

as
X(|9P) =2 < Vxth, 9 >> =2|Vxep||[¢| > —2[Vy[| X|¢|
Then Ineq.(7.15]) will imply:

(7.18) /M D> ! /M

s, s

1— 1
[ <o > R + pae) v
oM,

V|

1 —
- /s SawDlWl+ < Vo + v, - DY,y >

For any spinor ¢ € Wilz , the Ineq.(7.18) becomes (because C2° in dense
: 1,2
in WZ27):

1 _
(7.19) /M |Dy|* > 2/M V[

S, S,

1
n /Ws = <, Py > = (H = q(@)) 1)

Now for spinors ¢ in Hs, we decompose 1 in the eigenspace of ) as:
P = Zl 1);, where 1; is the eigenfunctions w.r.t to «, i.e. ID1); = a;1);. Under
this decomposition, the boundary term of formula Ineq.(7.19) becomes:

1— 1
| =< v > SHE + Sae o
OM;
1— 1
= [ =S adul - SHIE + o) Tl
1— 1
=3 [ (o T quE

From the lower estimation for the absolute value of eigenvalues of
Dirac operator on 2-sphere [23],[24], and together with the fact that our
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boundary condition P; 1) =0 forbids any positive eigenvalues, we have

o < =2 i . Now for s < sg, we have:
’aMSb
1—— 1 T 1— 1
7.20 —a; — —H 4+ —q(e3) > 2 —— — —H + —q(e
(7.20) i3 54(e3) = ML 2 54(e3)
1
> — T Cs>0
2V [oM;lg
Thus
(7:21) < P> S HWP 4 Sa@)
oM

1— 1
=3 [ (o= g quE P

1 2
> S K3
_zi A

- wQ
-/ /8M||
>0

This formula together with formula implies the following estimate for
spinors in Hg:

1 — 1 T
7.22 / D 22/ V|2 4+ = CS/ 2
(7.22) M! Y| 5 M! Y| 2’/18MS|§ BEW\

1 _
> [ e
M

The right hand side of the above is the Hilbert norm on Wif . This
implies a coercive estimate for spinors in H, which is enough to establish
the existence of harmonic spinors that are asymptotic to constant spinor at
infinity. We are then able to get a lower bound for the ADM mass of the
initial data set:

Proposition 7.2. Under Foliation B, we suppose

C? 20

A—(14+ —
T

) <4,
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where C1,Cy, Cs are constants appearing in the gradient estimates in The-
orem 2.0, Also we suppose 1y is a smooth spinor field which is constant in
some chart around infinity and Pfog = 0. Then for s < sq, there exists a
unique Y € Hs s.1.

(7.23) D(yo +¢) = 0,Pf (o +4) =0

Furthermore, we have the following lower bound for the ADM mass of the
wnitial data set:

120 salifmz [ V0P [ [ el
slg

Proof. We have already establish the existence of the solution of Eq.(7.23).
Plugging ¥ + 1 back into Ineq.(7.18)) will imply the following result:

(7.25) /91q<vr>\wo+w|2+<v (6 + o) + vp - D( +0), 9 + tho >

2
1 2 / 2
22//\4 IV (¥ + o) +* \8 b /6M Y + 1o

We take limit » — oo in this inequality. The decay rate of ¢ implies that the
first term of left hand side disappears under this limiting process. Together
with the fact that

(1.26)  ambdolm = lim [ <0 (04 t0)+ v Do), 6+ v >

We then prove the following lower bound for the ADM mass:

(7.27) 8n\wo\2m>/ IV (1 4 10)|? + ,/’a Al /6M v + 9o
slg

7.4. Discussion about condition 2

In this section we prove that the similar conclusion still holds under Foliation
C if Condition 2 in Theorem holds. Under Foliation C, for ~ small
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_ [1oM, |5
= min (4= (Hymy — q(@))y 1220l
& Din (H gz, — a(@3)) -

where ¥, = U (X, 7) and X, is the lift of 3., onto M. X, can also be treated
as the horizontal cuts of the cylindrical end.
Recall that Foliation C is defined as :

enough, we set

(7.28) Ve ¥ x[0,5] — M such that
(1)¥c(p,0) =pforpeX

(2)¥c(p,v) = uo(p, —% logy

)
where w is the graph of M on the cylinder ¥ x R.

Then, by Theorem we have ug and ©*Vug both uniformly converging
to zero as z — oco. Thus together with the fact that g is the same as g on
the level set of f, and A[¥|, < 4r (c.f. [14, Lemma 9.7]), we have

- 4
|OMy|g = |OM4]g = |E]g < Tﬂ when v — 0.

Moreover, it is proved in [31] that ﬁaﬂw goes to zero. More specifically,
Faﬂv =< e3,e3 > Hpprg,. This is because g = df¢ + g does not change the
metric g on the level sets of fy . It only stretches lengths perpendicular
to the level sets of fy by a factor of < es,e3 >= \/ﬁ. The formula

F@ﬂw =< e3,e3 > Hopq, is then implied by the first variation formula for
area. As we have proved that |V fy| blows up, ﬁaﬂw goes to zero as vy — 0.

From [T, Proposition 2] we know that ||z is bounded near X. If further-
more we suppose that the Condition 2 of Theoremholds, ie. |qlg < 2\
near Y, then it is straightforward to see that under this assumption, there
exists constant g s.t. Cﬁy > 0 for Vv € (0,7]. In all the context below, 7
always refers to this definition.

Denote P4+ to be the L? orthogonal projection on the space of eigenvec-
tors of positive eigenvalues of the corresponding ) on 8M7, and denote

M, = {v e WIE(M,), Pty = 0}
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Then similar arguments as in the previous section imply the following in-
equality for spinors in #’:

1 — 1 ™
7.29 / 1)22/ Vo> + =, [—= C’/ 2
(7.29) M'M QMI@&I 21/|8M7|§76E\1/}|
1 _
22/ |V¢’2
M,

This implies a coercive estimate for spinors in Hif We then reach the
same conclusion as in Proposition

Proposition 7.3. We suppose |q|g < 2V X near $. Also we suppose g is
a smooth spinor field which is constant in some chart around infinity and
Pffrwo = 0 under Foliation C. Then, for vy < 7o, there exists a unique Y € 7—[;
s.t.

(7.30) Do + ) = 0, P (oo + %) = 0

Furthermore, we have the following lower bound for the ADM mass of the
initial data set:

w30 s> [ Sl oy [ ek
¥ vlg ¥

7.5. A Penrose-like inequality

We shall now perform the last step in proving a Penrose-like inequality. We
need following lemmas:

Lemma 7.4. Assume X and Y are two Banach space such that X is con-
tinuously embedded into Y. If X is reflexive and {xy} is a bounded sequence
in X, then there is a subsequence {x,, } weakly convergent to x € X both in
X and Y.

Proof. X is a reflexive Banach space, therefore bounded subsets are weakly
precompact by Banach-Alaoglu theorem. The Eberlein-Smulian theorem im-
plies that bounded subsets in X are weakly sequentially precompact, and
therefore from {z,,} we can extract a subsequence {z,, } which is weakly con-
verging to x € X. Let J to be the embedding operator from X to Y. Then for
feY* fodJe X*because J is continuous. Hence f(z,) = (f o J)(zy) con-
verges to (f o J)(z) = f(x). Therefore, x,, converges weakly to x in Y. [
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Lemma 7.5. Assume X and Z are two Banach space such that X is com-
pactly embedded into Y. If X is reflexive and {x,} is bounded in X, then
there is a subsequence {x,, } convergent to x € X, weakly in X and strongly
n Z.

Proof. For the same reason as above lemma, we can extract a subsequence
{zn,} which is weakly converging to x € X. Because X is compactly em-
bedded into Z, thus there is an element z € Z s.t. there is a subsequence of
{zn}, still denote as x,, , converges strongly to z in Z. Thus {z,, } also con-
verges weakly to z in Z. For the same reason as above lemma, z,, converges
weakly to x in Z, thus xz and z are equal. O

Lemma 7.6. Assume

— 2 — 2
Xslg 45, Xslg . 15,
Os = inf —0——" = inf  —s—",
T recE®) s, Torewi @) s,

then o5 > 0 for any s > 0. Here [ denotes function which is not identical
zero.

Proof. Assume {f;} is a sequence of functions minimizing o, and satisfies
| fil L2(s,) = 1. Because Wif (M) is compactly embedded into L?(X;), by
above lemma, we can find a subsequence {f;, } and f € Wif , such that
{fi,} converge to f weakly in Wif , strongly in L?(3,). Thus |f|;. &) =
1, and [df|p2x7,) < limy sooldfii| 12 (a1, = 0s- Suppose that os =0, then
|flp2s,) =1, while ‘df|L2(MS) = 0. So f must be a constant on M while
at the same time decay at infinity, which indicates that it can only be zero.
This contradicts the fact that |f|;.5 ) =1. O

Theorem 7.7. Under Foliation B, suppose

at
3

201

A
G303

(1+ ) < 4,

where C1,Csy, C3 are constants appearing in the gradient estimates in The-
orem . Then for s € (0, sp], we have the following lower bound for the
ADM mass of the initial data set (M, g, K):

UsCs ‘isb
.32 >
(7.:32) = 2(Cs + o)\ 167
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Proof. From Ineq.(7.24]) in Proposition and if for simplicity we assume
lim, o0 [100] = 1, we will have:

7.33 87Tm2/ Vi |? + i CS/ 2
(7.3 I ey

where 11 = 1 + 1y is a spinor such that lim, , 11| = 1.

We now denote functions h = [¢)1] and v = h — 1. Then v € Wif as a
function because of triangular formula. Because V is compatible with <, >,
we have:

_ 1 _ _ _
V[0]]2 = <92V (WD) =[] 72 < Vi, o > 2 < [Vy|?
4

The above inequality then implies:

7.34 87rm2/ Vi |2+ —L Cs/ 2
(7.34) HS’ 1| A aM|¢1|
> [ S+ ”cs/ 2
N ey A 1
— dvl? + [ —~ CS/ 14 v)2

By Young’s Inequality,

(7.35) 1+v)?>1—€el4(1—-ev’Ve>0

From definition of o, we know that

2 [T 2
(736) ‘dU|L2(MS) > 0 ’is‘g |U‘L2(§S)

Thus put together all the above inequalities and set € = 1 + C; 1oy, we
get the following Penrose-like inequality for m:

87rm2/ dvl? + T C’S/ 1+0v)?
ﬂs | | |8M5|§ 6M5( )
> ol 7., + W Cs (1= IIMly + (1 = ol xr, )
° |8Ms|§ ’
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_ 18/\7113\908(1 — € D|OMlg + ldvf, 57

+ \8;15908(1 - €)|U|iZ(aﬂs)
>\ Jm (G0 = DoR L+ (0 = ol )
_ C"fg | OM, |,

O

The similar reasoning holds for Foliation C if Condition 2 of Theo-
rem holds, and thus we have a Penrose-like inequality following Propo-
sition [.3t

Theorem 7.8. Under Foliation C, denote

— 2 — 2
S D20 ey _ Sl nf 9V,
! T jecx) s ™ rewii) s,

then !, >0 for any v > 0. If we suppose |qlg < 2V \ near X, then for v €
(0,70], we have the following lower bound for the ADM mass of the initial
data set (M, g, K):

o0 Bl
(7.37) m > 17 1d
2(C! +o7) \| 167
0sCs  [10M,l5 o ct oM,
Wi denote 05 = 0 = ! il
O ROW O T T oG o VoM, T T 2(C + o)\ oM,

Denote
sup 65 if Condition 1 holds,
s€(0,s0)
7.38 0=
( ) sup 9'7 if Condition 2 holds.
Y¥€(0,70)

Then either Condition 1 or 2 of Theorem [2.10] implies that there is a
constant # > 0 such that

/Xl
. >0\ —=
(7.39) m > T6m
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7.6. Schwarzschild time symmetric case

Now we calculate the value of 8 in Schwarzschild time symmetric case. Sup-
pose now our initial data set is the Schwarzschild time symmetric slice, and
for simplicity we assume m = 1. Following J. Metzger’s construction pro-
cedure in [2, Theorem 3.1], each solution f; of J[f] =tf: with Dirichlet
boundary condition under spherically symmetric setting will still be spher-
ically symmetric. Thus the Jang’s slice M = graphfy, which is the limit-
ing manifold of graphf; when t — 0, is also spherically symmetric. It is
then straightforward to find the only spherically symmetric solution fo of
J[fo] = 0 on M such that it blows up at r = 2, and decays to zero at infinity.
By solving the ODE, we know fj satisfies:

ren 167
olr) = _\/(r —2)(r* — 16)

We use the coordinate system {r,6,¢} for both M and M. First of

all, 29+(Sr)|7~:2 > 0, thus the horizon {r = 2} is outermost strictly stable

-
MO%S. Also under this coordinate system, the distance function 7 to the
horizon {r = 2} on M is of order /r — 2, thus

1
logT = 5 log(r —2) + O(1).
Together with the fact that
fo(r) = —=log(r —2) 4+ O(1) = —2log T + O(1),

by Theorem 1 the principal eigenvalue of the horizon {r = 2} in M must be

1
A=-—.
4

Now the induced metric g on M is

7"5
(r —2)(r* —16)

g=9g+ df02 = dr? 4+ r2d6? + r? sin® 0d¢?,
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and it can be calculated that:

‘irlg = 471'7"2
_ (r —2)(r* - 16)
Hs, = 2\/ r7
32
q(es) = —
V(3 +2r2 + 4r +8)
Thus
_ oM, |-
Cr=4— (Hyzq —q(e3)) | /\: s
:44\/(r—2)(r —16) 64
o VT3(r3 + 212 + 4r + 8)

C, is positive for Vr > 2.
The following lemma gives the value of o,

Lemma 7.9. Suppose (M, g) is a 3-dim spherically symmetric Riemannian
manifold equipped with g = F2(r)(r)dr? + r2df? + r?sin? 0d¢? and boundary
OM = {r =ro}. Then for any f € C°(M) such that |f|r>arr) = 1, we have

(7.40) Af 200 -

Tof

and the equality holds if and only if f is the spherically symmetric harmonic
solution on M.

Proof. The inequality can be proved by Fubini’s theorem and Cauchy-
Schwarz Inequality:

[ 1ae = [ as [ as OO df 2/ detgdr
2/d9/d¢/:oF21 Oy f(r,0,¢))%\/detgdr

2

:/sin@d&dqﬁ 0y f(r,0,9)) Fir)

> // sin 0d9d¢(f:]o ‘;Tf(r’ 0,9))°

oo F(r)

ro T2
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_ foolF(r) / / £(ro, 0, 8)? sin 6d9de

- 1 ’f‘%z(aM) B 1
N
. . . ) F(r)
The equality holds if and only if f = f(r) and f'(r) = C—5= . It can
T
be checked that if this happens then A,/ f = 0. O

It is then straightforward to calculate the value of ¢, by Lemma [7.9

_ 2
= - 2
V' 7 rec=.) s

2

r [ \/ @-2)(24—16) dx

Then

9. — o, Cr laﬂT‘g
" 2(Cr + o) [OM]
r

4o+ Ch

r

2r fr \/ (gc72)(:§:4716)dx + 1_\/(7‘72)(7;4—16)_ 16

/B (r342r2 farts)

f, is monotonically increasing in 7, lim, ,9 60, =0, lim, .. 6, = 1. Al-
though lim,_,2 60, = 0 is not a good property, 6, quickly becomes signifi-
cantly non-zero when it leaves away from the horizon {r = 2}. We list a few
numerical results in Table [1l

Thus for example if we look at the domain U = {r € (2,2.1)}, then 6 =
supy; 0, =~ 0.5.

However, the property that lim,_,s 6, = 0 is still not a good one. This
property means that when we approach the cylindrical end we will lose
more and more information, which contradicts our intuition. The following
calculation shows that most of the information loss happens at the last step:
when we apply Young’s Inequality together with capacity.

We first calculate the Green’s function of the Dirac operator on M.
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Table 1: Numerical Values of 0,

T 0,
2.001 | 0.3198
2.01 | 0.3922
2.1 0.5084
2.5 0.6466
3.0 0.7292

Lemma 7.10. Suppose (M, g) is a 3-dim spherically symmetric Rieman-
nian manifold equipped with g = F2(r)dr? + r2d6? + r?sin? 0d¢? and bound-
ary OM = {r =ro}. Denote D to be the Dirac operator on M. Then the
following:

0 0
is | cos? is [sin ¥
Y =crez { i 29] h(r) + coe™ 2 [ %] h(r)
—sin § cos §

is a solution of Dy = 0. Here c1,cy are complexr numbers, and
oo F(s)—
h(r) = Qe I P27t

where C' is a real constant. Furthermore, we have || = (|c1|> + |e2|?)h(r),

and Py = _%¢ on the boundary OM = {r = ry}

Proof. Denote the associated orthonormal frame {e;} and coframe {w;} on
M by:

_19 L 9 __L o
r 06’ e2_rsin98¢’ 63_F(7’)8r'

€1 =

and
wi =rdd, wy=rsinfdp, ws=F(r)dr.
The connection 1-form {w;;} is given by dw; = —w;; A w;. Calculation
shows:
1 1 cot 6
w3l = ————Ww W39 = ————Ww Wiy = — wo.
31 ) 1 32 rF(r) 2, 12 2
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The spin connection is given by:

1 1 1
V:d—zwij(@ei-ej:d—§w12®61-62—§w13®61-63-—§c@3®62-€3

Fix the following Pauli matrix throughout this section

T A I P |

Then the Dirac operator is:

D:el‘vel+€2-vez+€3've3

1 9 10 1 9
T Fmor T ro0 T v 0
cot 0

+m(61'63'61+62'63'62)+ 5, €2 €L €

Then by separation of variable, we can find a solution of Dy = 0:

0 i 0
i | COS 5 _io |sing
= crez [ . 29} h(r) + coe™ 2 [ 29} h(r)
—sin 5 cos 5
where ¢, co are complex numbers, and h(r) is a real-value function sat-
isfies:

rh!(r) = (F(r) — 1)h(r)
then
h(r) = Ce )~ Heg=tds

It can be checked that |¢| = (|c1|? + |c2|?)h(r). Also on the boundary
OM = S,,, the orthonormal frame will be {ej,ea}, and v = e3. It is then
straightforward to get the following result on S,,:

Sro Sro 1
¢:€3'61'V31 ¢+63'62'Ve2 wzgw

where V50 is the spin connection on the boundary.
Thus Py = —io ) O

T
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We apply the above lemma to the Jang’s slice M, then F(r)=
5

(r —2)(r* —16)

. If we require that h(r) — 1 when r — oo, then

h(r) =e Ho=tds

Under this setting v is constant at infinity. It can also be checked that A(r) —
0 when 7 — 2, and h(r) — 1 when r — co. Thus if we set |c1]? + |ca|? = 1,
then || — 1 when r — oo.

Then
lim</ F ey — Cr/ h2>
r=2\JM, OM: |5 Jonr,

= lim |dh|?
r—2 M.

— //d@dqﬁ/:OFzr)(h’(r))z\/@dr
. /200 \/%(h’(r))er

By numerical calculation 5 \/%(h’(r))zdr ~ 0.6795. Although it is not
T

sharp (sharp value should be 2), it is not zero, compared to the fact that
hm,«_)g 0/,1 == 0.
There are some other information loss. One of them happens when we

are applying the Ineq.(7.17):

(7.41) Vo + a0 + q([¢l?) > 0

Another happens when we are using the inequality |V|+|| < |V
One can calculate that:

—= T
lim/ V|2 + — cr/ V%) &~ 47 % 1.0193
Lim ( MI | ,/|8Mr|§ ml %)

which is a little sharper than before.

7.7. Conclusion

12
We prove a Penrose-like inequality m > 6 ’ﬁ under two different con-

T
ditions on a one-end asymptotically flat 3-dim initial data set (M, g, k)
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with boundary M, which is a connected compact strictly stable outermost
MOTS. We are able to keep most of the information about the cylindrical
end after solving Dirac equation Eq.. The most serious information
loss happens at the last step, when we are using capacity to extract an area
term. This is caused by the essential difference between the Green’s function
for Laplacian and the Green’s function for Dirac operator.
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