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Construction of Cauchy data for the
dynamical formation of apparent
horizons and the Penrose Inequality

NIKOLAOS ATHANASIOU AND MARTIN LESOURD

Based on scale critical initial data, we construct smooth asymptot-
ically flat Cauchy initial data for the Einstein vacuum system that
does not contain Marginally Outer Trapped Surfaces (MOTS) but
whose future evolution contains a trapped region, which itself is
bounded by an apparent horizon (a smooth hypersurface foliated
by MOTS).

Using estimates for the ADM mass of the data and the area of
the MOTS foliating the apparent horizon, this construction yields
a dynamical setting in which to study the spacetime Penrose In-
equality. We show that the inequality holds in an open region in
the future of the initial data, which itself can be controlled by the
parameters of the initial data.
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1. Introduction

General relativity provides a framework to describe the structure of
Lorentzian (n + 1)-manifolds (M, g) obeying the Einstein field equations

1
(1.1) Ricg — 59 Rg =T

where Ry is the scalar curvature of g and 7' is a source term for possible
matter fields in M. Here we are concerned with the vacuum case of (1.1)
where T' = 0 and the equations become

(1.2) Ricg = 0

Viewing (1.2) from the perspective of the Cauchy problem, the task is to
specify suitable initial data and generate a spacetime by Cauchy evolution
of this data. By ‘suitable’ we mean that the initial data must satisfy the
constraint equations. For T' = 0 these are

(1.3) Ry — [k|* + (trk)* = 0,
(1.4) divgk — d(trk) = 0

where M is an n-dimensional Riemannian manifold with metric g and k is a
symmetric two-tensor on M with M isometrically embedding as a spacelike
hypersurface of a spacetime (M, g) satisfying (1.2).

Once a solution (M,g,k) to (1.3-4) is given, the field equations de-
scribe how it generates a spacetime (M,g) by Cauchy evolution. This
Cauchy problem is well posed in the sense that, for any such (M, g, k), there
exists a continuously and uniquely determined (up to isometry) spacetime
called the maximal Cauchy development of (M, g, k). Obtaining spacetimes
from general initial data sets and understanding their properties is the
focus of many outstanding conjectures in mathematical general relativity.

In the language of PDE, these conjectures take the form of global existence
and uniqueness questions and a binding theme among them is to understand
the development of singularities. Only in the specific setting of the spheri-
cally symmetric scalar field, due to Christodoulou [§], [9], is this understood.

The family of Kerr black hole solutions provide an explicit class of
vacuum, axisymmetric, asymptotically flat, singular spacetimes. This
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family is thought to be archetypal in the class of asymptotically flat vacuum
black hole spacetimes, and indeed there are a number of conjectures aiming
to provide a better understanding of how these fit within the space of
generic asymptotically flat vacuum solutions. A central problem is to
determine whether and how, in the course of black hole formation, the
spacetimes that are generated share the properties of this family. This is
the so-called Final State Conjecture and it states that the generic outcome
of gravitational collapse is a black hole spacetime whose exterior geometry
approaches some member of the family.

The purpose of this paper is to construct a class of Cauchy initial
data sets that can serve as models for the formation of black holes for the
Einstein vacuum system. The two main result are as follows.

1) Based on the scale critical initial data of [5], we construct smooth
Cauchy initial data without trapped surfaces or MOTS, whose future
evolution contains both such surfaces. These MOTS are strung out in
a smooth hypersurface, i.e. apparent horizon, whose approach to a null
hypersurface can be controlled by the initial data. This gives the first
apparent horizon formation result from Cauchy initial data.

2) Owing to estimates for the ADM mass of our initial data sets and the
area of the MOTS produced by evolution, the construction yields the
first dynamical (non-spherically symmetric) setting in which to test
the conjectured general spacetime Penrose inequality. We prove that
the inequality holds for an open region in the evolution, whose size
that can be controlled by the initial data.

We note in addition that one obtains a connection between Kerr stability
and the conjectures of Weak Cosmic Censorship and Final State for scale
critical data. In particular, if a certain form of Kerr stability holds, then this
construction would yield scale critical dynamical vacuum examples of the
conjectures of Weak Cosmic Censorship and Final State, whereby a black
hole is formed from initial data that does not contain a trapped surface.
This connection is also present in [17], but the specific estimates we obtain
are different and may make the connection more tractable.

1.1. Previous Work

The first trapped surface existence result is due to Schoen-Yau [26]. The re-
sult was refined by Yau [27], and extended into a hoop conjecture statement
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by Alaee-Lesourd-Yau [I]. These results are purely at the level of the ini-
tial data: one formulates conditions on a Riemannian manifold with bound-
ary which imply the existence of a trapped surface within. In a landmark
contribution, Christodoulou [10] found a way of forming a trapped surface
dynamically for the vacuum Einstein system.

Theorem 1.1 (Christodoulou 2009). Consider the characteristic initial
value problem for (1.2) such that H coincides with a backwards lightcone
in Minkowski space for 0 < u < 1. For every B > 0 and u. < 1, there exists
d = 0(B,us) > 0 sufficiently small such that if the initial Xo, prescribed on
Hy for 0 <u <9, satisfies

(1.5) Y 82MV' VKol g s, < B
i<5,7<3

then the solution to (1.2) remains reqular in u, <u <1, 0<u <J. More-
over, if the initial data satisfies the lower bound

é
(1.6) inf / 1Xo(u/,w)|*du’ > M, > 2(1 — uy)
0

wES1 0

then after choosing § sufficiently small (depending on B, u., and M) if
necessary, the sphere Sy, s is a trapped surface.

Christodoulou’s argument relies on identifying a certain hierarchy
among quantities that is preserved under the non-linear evolution of the
Einstein vacuum system. Identifying and maintaining this hierarchy makes
existence possible whilst permitting certain quantities to grow large, in
particular those needed for trapped surface formation.

Shortly thereafter, Klainerman-Rodnianski [I5] found a simplified and
more direct argument for the formation of trapped surfaces, which reduced
the number of derivatives of curvature needed from two to one.

Another major contribution was brought by Li-Yu [I7], who found a
way to re-express a version of Theorem 1.1 in the language of Cauchy
initial data. Their idea was to improve the estimates of [I0] in order to
use the local deformation result of Corvino-Schoen [I1], [12] and glue an
asymptotically flat slice (isometric to Kerr outside a compact set) onto the
dynamical slab in [I0]. To achieve this extra control, they insisted that the
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initial shear specified in Theorem 1.1 satisfy

1 é
(1.7) mo = 4/ [Xo(u', w)[*du’
0

for some constant mg, so that the total shear along u € [0, d] is independent
of w. With this assumption, they eventually obtained the following.

Theorem 1.2 (Li-Yu 2015). Let ¥ be a 3-dimensional differential man-
ifold diffeomorphic to R3 and seperated into four concentric regions

Y=XpyUXcUXsUXK

with Yy diffeomorphic to the 3-ball, X and ¥g diffeomorphic to the 3-
annulus, and Yk diffeomorphic to R3\B3. Then for any € > 0 sufficiently
small, there is a Riemannian metric g and a symmetric two tensor k on X
satisfying (1.5-4) such that

1) ¥ is a constant time slice in Minkowski spacetime (g,k) = (3;5,0),

2) Yk is isometric to a constant time slice all the way to spacelike infinity
in a Kerr spacetime with mass m and angular momentum a satisfying
Im —mo| + |a] S,

3) X is free of trapped surfaces,
4) there are trapped surfaces in the development of X.

Note here that Yo is a spacelike hypersurface traversing the dynamical
spacetime slab arises from the characteristic initial value problem of
Theorem 1.1 with (1.7).

At around the same time, Klainerman-Luk-Rodnianski [I6] were able
to find an anisotropic mechanism to form trapped surfaces.

Theorem 1.3 (Klainerman-Luk-Rodnianski 2015). Take as starting
point the characteristic initial value problem of Theorem 1.1. If (1.6) is
replaced with

)
(18) sup / Ro(e,w)Pdu! > M, > 0
w€S1,0J0



2384 N. Athanasiou and M. Lesourd

then, after choosing § smaller if necessary, a compact trapped surface can
be guaranteed to form to the future of the initial data, within the domain in
which the solution remains regular.

In replacing ‘inf’ with ‘sup’, they only require the initial shear to be
large in the neighborhood of a single geodesic, thus yielding an isotropic
formation result.

In a different direction, An-Luk [5] proved a trapped surface forma-
tion under ‘scale critical’ data for the Einstein vacuum system. Their result
made use of techniques developed by Luk-Rodnianski [20], [21], which those
authors had developed to study interacting impulsive waves.

Theorem 1.4 (An-Luk 2017). Consider the following characteristic ini-
tial value problem the Einstein vacuum system. The initial incoming hyper-
surface H s required to coincide with a backwards lightcone in Minkowski
space with 0 < u < 1. On the initial outgoing hypersurface Hy, the initial Xo
satisfies

(1.9) Z ||Vi>A<O||L§°L2(S“,L,) < al/?

i<7

for0 <wu < 6. There exists a universal large constant by such that if by < b <
a and §a'/?b < 1, then the unique solution to (1.2) remains reqular in the
region 6a'/?b <u <1, 0 <wu,< 8. Moreover, if the initial data also verify
the lower bound

1)
(1.10) inf / IXo(u,w)|?du’ > 4a'/%bs
0

w€S1 0

then the sphere Sysq1/2 5 is trapped.

Note that after choosing a = B25~! and b = by one basically recovers a
version of Theorem 1.1 as a corollary.

Corollary 1.1 (An-Luk 2017). Replace (1.9) with

(1.11) > 5 %ollpser2(s,.) < B
i<7

for 0 <u < 4. Then there exists a universal large constant by such that the
solution to (1.2) remains reqular inu, < u <1,0 <wu < 4§ foru, = boBél/Q.
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Moreover, if the initial data also verify the lower bound

é
(1.12) inf / [Xo(u/, w)|?du’ > 4byB5'/?
0

wESl,o

then the sphere S, s s a trapped surface.

The significance of Theorem 1.4 lies in the fact that the size of the incoming
radiation, given by
1)
inf ¢I2(u, 0) du/
it [0 a,
can be of the same order of magnitude as the length scale 4. In particular,
there exist initial data satisfying the conditions of Theorem 1.4 for which
3
the metric is only large in H2 and small in H?® for all s < % More precisely,

one can construct initial data satisfying the conditions of Theorem 1.4 in
which

Y]l e &~ az6275.

This is in contrast to Theorem 1.1, in which the data are large in H® for
all s > 1. The significance of the H 3 space is that it is a critical space in
terms of scaling considerations for the Einstein vacuum equations. It is in
this sense that the data are termed mild. Broadly speaking, therefore, scale-
critical data can be thought of as the smallest initial data, in terms of size,
known to produce a trapped surface in evolution.

More recently, based on the spacetime whose existence was shown in [5], An
[2] found an additional initial condition permitting to prove the existence of
an apparent horizon, i.e., a hypersurface in the spacetime foliated by MOTS.
An’s argument extends the ideas set forth in [I6], and yields the following.

Theorem 1.5 (An 2018). Given §, for every B, there exist ag = ag(B)
and by = bo(B) sufficiently large such that the following holds. Pick any a
and b satisfying ap < a < 571 and by < b < az <673, Along Hy, for 0 <
u < 0 prescribe

(1.13) > Va3 VLV Rollzras,,) < B

0<i<00,0<j <00

Prescribe

(1.14) /\Xg(u/,w)|2du’ = f(u,w)ua for each dba"/?<u<§
0
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where f(u,w) is a smooth function such that 2 < f(u,w) < 2 and
0L f(u,w) <1 for all i €N and w € S?, then, along every H, with u €
[b5a‘1/2, d], there ezists a unique MOTS M,, and these join to make a smooth
hypersurface.

The paper [2] contains other results, but we will only invoke the above.
As in [16], the argument involves studying an elliptic PDE that is singled
out after computing the null expansion of spheres in the development.

Most recently, Li-Mei [18] extended [17] by performing the gluing procedure
of [I7] inside the black hole region of a pre-existing spacetime that is iso-
metric to the Kerr solution in a neighborhood of future timelike infinity. By
invoking Cauchy stability, they can extend this interior region to a region
outside the event horizon. In doing so, they thus obtain the following.

Theorem 1.6 (Li-Mei 2020). There exists a class of solutions (M, g) to
the Einstein vacuum equations that are isometric to the Kerr spacetime in
a neighborhood of future timelike infinity such that

1) there is a spacelike slice 3 that does not intersect the black hole region
Bc M,

2) there is a trapped surface in the development of X.

This theorem is perhaps the closest available towards black hole forma-
tion. That said, all results available (included our own) lies still a long way
from a black hole formation result where the future is merely asymptotic
(as opposed to isometric) to Kerr.

1.2. Statement of Theorems

We show two main theorems. The first sets up the initial data and extends
the MOTS existence result [2] labelled as Theorem 1.5 above. The second
builds on this and yields the Cauchy initial data.

Theorem 1.7 (Formation of Apparent Horizon). Consider the follow-
ing characteristic initial value problem for the Einstein vacuum equations.
The initial incoming null hypersurface H is required to coincide with a
backwards light cone in Minkowski space with 0 < u < 1. Given §, for every
B, there exists ag = ag(B) and by = by(B) sufficiently large such that the

ollounng holds. Pick any a an satisfying ag < a < b, bg < b, 4= < 571,
foll holds. Pick db f b2, b b, % 51
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For Hy, prescribe xo as follows, where note that w denotes the angular co-
ordinates on St .

1) Smooth. xo =0 on u=0 and u =0 and x — 0 smoothly, both in u
and w, on approach of u =10 and u = 4.

2) Scale Critical. For 0 <u <§

(1.15) > a E VLV R0l L L2 (5) < B
0<i<o0,
0<j<00

3) Averaged Angular Independence. Along 0 < u <§

)
(1.16) / IRo(w, w)[2d’ = 4my
0

for a constant my independent of w.

4) wu-Dependence. Here, (\, v, pu) are o(1) parameters which may be
ch(zsen freely up to the requirements that A =1—o0(1) < 1, v = o(1),
’y% <A, and p =14 o(1) > 1. After having chosen (\,, 1), require
the follome

e Foru € 7%5, )\5]

(1.17) / IR0 2, ) i = adb f(u, w)u
0

for a smooth, in both u and w, function f(u,w) satisfying 1 — % <
flu,w) <14 % with ¢y > 20, and moreover |0% f (u,w)| < 1 for all
i €N and all w € S.

o For u € [\, Nd] where N is another parameter like \ such that
A< XN <1-0(1)

(1.18) /Ou\io(u’,w)ﬁdu’ = a2 b fu,w)C(u, w)u + (1 — C(u,w))dmq

where ((u,w) is a smooth (in both w and u) cut-off function = 1 for
u < A and =0 for u > N'§, and moreover which satisfies {(u)(1 —
é) < ((u,w) < C(u)(1+ é) for ca > 20, [0/ ¢(u,w)| <1 fori €N
and w € S? where ((u) is a smooth cut-off function in u which is 1
atu= M\, and 0 at u = \4.
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e The contributions from u € [0, \d] is

U Y pN)
/\f(o(u/,w)\Qdulz / o, w)Pdel + / Ko )2’
0 0

Ao
1.19 ‘o
(1.19) + [ olals )P
X

= M*(w) + N(N'6,w) +0

where M*(w) = fOM IXo(w,w)|?du’ and M*(w) ~ dgN(N'6,w) for
some universal large constant dy.

Then the FEinstein vacuum equations admit a unique solution in the re-
gion given by u € [0,26] and 1 <u < ba'/25. Moreover, along each H,, with
7#5 <wu < 26, there exists a unique smooth marginally outer trapped sur-
face My, and for different u, the union

L

;
v I<u<28

forms a 3-dimensional smooth hypersurface. Moreover, with an additional
condition on the initial data, this horizon can be shown to be spacelike, and
it tends to a null hypersurface in a way that can be controlled by the initial
data.

To state the second theorem we briefly describe how to construct Cauchy
initial data which can be glued onto the spacetime obtained in Theorem 1.7.
Since the gluing takes place outside u = 4, the resulting spacetime will
differ from that above in the region u € [4,20] above, and indeed this is why
we cannot, as we did above for the region u € [4, 2], use [5] to infer existence.

Let ¥ be a 3—dimensional differentiable manifold diffeomorphic to R?
and let (z1,x9,r3) be the standard coordinate system. Let |-| denote the
usual radius function. Let rg > 1 be a given number. We divide X into four
concentric regions X = X UXap U Xg U X, where

ZMz{xllxléro}, EALz{xlroélx\Sm},

Esz{x|r1§|x]§r2}, EK:{xH:U|ZT2}.

The numbers r1, o will be fixed later on such that r — ro = O(d) and ro —
r1 = O(€g) for some small positive g, o.
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try <0

(60/1/2137 %(5) tI‘X =0

(1,20)

Figure 1: Theorem 1.7.

Theorem 1.8 (Cauchy Initial Data). Take as starting point the region
of existence covered by 1 > u > Sal/?b and u € [0, 0] in Theorem 1.7. Define

§1/241/2

for some universal constant C > 0. Then for any sufficiently small €, there
exists an €5 > 0, independent of € once € is picked sufficiently small, such
that, to any of the spacetimes obtained in Theorem 1.7, we can associate a
complete Cauchy initial data set (X, g, k)

X=Xy UXAprUXgUXK

satisfying

1) (g9,k) = (6i5,0) on Er,

2) Y ar is a spacelike hypersurface with boundary at u =0 and uw = 0 that
traverses the region u € [0,0] in Theorem 1.7,
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[lg —gsllor—s <€

try =0

Figure 2: Theorem 1.8.

3) Yk is isometric to a constant time slice all the way to spacelike infintiy
in a Kerr spacetime with mass m and angular momentum a satisfying
[m —mo| +[a] Se,

4) there is a unique solution to the Einstein vacuum equations in the
region connecting 3 and 4

(wu) | 6<u<d+ey, 1—€p <u<l

traversed by Xg,

5) there are no trapped surfaces or MOTS on X, its future domain of
dependence contains both such surfaces, and the 1M'OTLS' are ezactly

those arising in Theorem 1.7 in the region u € [y%-6,d].

In Figure 2 the dark region is trapped and bounded by MOTS which
foliate a smooth hypersurface tending to a null hypersurface. The light gray
region is close to Schwarzschild, the exterior region up to i (and thus a
portion of J7 is isometric to Kerr), and everything to the future of these
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regions would fall under the scope of Kerr Stability. ¥~ are the kind of
slices for which we give a dynamical test of the spacetime Penrose Inequality.

We now note various differences with [17] and [I8], which might seem
similar at first glance. In [17] the goal is to translate [I0] in the language
of Cauchy data, and in this sense one could say that Theorem 1.8 is a
translation of the scale critical result of [5] into the language of Cauchy
initial data. In doing so however, we find that scale critical data allows for
greater control on the evolution and the following applications:

1) the dynamical formation of MOTS and of an apparent horizon,

2) a dynamical collapse setting in which to study and verify the conjec-
tured spacetime Penrose inequality.

We explain these points in more detail below.
1.3. The Initial Data

There turns out to be a topological fact which makes certain naive guesses
for possible |xo| unsuitable.

e A Topological Fact. Due to the non-existence of non-vanishing lin-
early independent vector fields on S2, a traceless two tensor on S2
must vanish at least at one point. Thus we cannot simply choose |Yo|
to lie in some non-zero interval everywhere on each sphere. Moreover,
in order to give xo freedom to vary, its zero set ought not be fixed -
for instance we do not wish to impose xp = 0 along on a fixed null
geodesic generator of the outgoing null hypersurface.

To see that initial data satisfying these examples can be constructed, it
suffices to produce a symmetric example.

An Example. Consider co-ordinates (w,u) on a S? x [0,6] and separate
u € [0, 4] into three intervals I = [0, %6, IT = [%-6,A0] and I1I = [A6, 4].

For w € Q for some solid angle Q covering all but a region of size o(1)
of the sphereﬂ let xo(w,u) = f(u) be smooth and independent of w so that
Jo [Xo(w, w')|*du’ grows monotonically in I, is linear in u in II, and reaches
a constant C' at uw =0, and that the dominant contribution (by a factor
given by a universal large constant) occurs in I and I1.

10 is such that [, w = 47 — o(1).
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Throughout I, 11, I11, suppose that xo(u,w) = 0 only at a single point
for each u € (0,9), and that the zero set is constant in ¢ and visits an
interval of size o(1) in the 6 € [0, 7] direction. Suppose that the zero set
visits each point (say from % — o(1) to § + o(1)) only once, and that for any

€ (0,6), |xo| is constant outside of a neighborhood of wy where x¢(wp) = 0
for that u, and described by a smooth symmetric cut-off function around 0.
Require that

(1.21) Y VLV Ro(w w)llzxs,) < Cr

0<i<oo

for some constant C eventually chosen to satisfy (1.16). Clearly such a
choice is possible.

Finally, to compensate for having xo having been 0 in the region
w € Q, we suppose that for w & Q, |Xo(u,w)| € [0,f(u)(1 + o(1))] such that
o' [Xo(u,w)|*du lies within o(1) of [5*|Ro(w,u)|* and reaches the constant
C atu=29.

Note that since all the relevant quantities are o(1), there is no poten-
tially harmful ‘squeezing’ of x¢ in the angular directions.

We note in addition that the condition on f05|)20| in (1.16) can be
replaced by a right hand side that involves 4mg + ¢y for some sufficiently
small €y which would also appear in the final theorem, i.e., Theorem 1.7
and 1.8 hold for some sufficiently small ¢3. This would of course greatly
simplify the construction of explicit examples, as described in the previous
paragraph.

1.4. Outline of the Argument

The argument combines ideas and results in [12], [10], [17], [20], [21], [5], [2],
[3] and the basic strategy is as in [17].

1) Assume an averaged angular dependence on the initial data which
permits obtaining greater control on the region of existence in [5].

2) Construct a transition region by posing initial data on a null hyper-
surface extending beyond the outgoing null cone in [5].

3) Tune the initial data in a smooth and controlled fashion to obtain
geometric closeness to Schwarzschild in the transition region.



Construction of Cauchy data 2393

4) Invoke the gluing argument of [I7] and [12] to study the Penrose in-
equality for the dynamically obtained MOTS.

Given that the strategy of the proof is broadly in the spirit of [I7], let us
note some crucial differences.

e Since the initial data comes from [5] and not [I0], we cannot resort,
as in [I7], to the exhaustive term-by-term analysis of [I0] and must
instead obtain certain key estimates directly.

e Although our estimates are for renormalized quantities (following [20],
[21] and [5]), we found that the most convenient way of constructing
the transition region (especially the existence part) is to go back to the
standard setting and employ [19], rather than the more general [21].
Going back and forth between the renormalized and standard setting
is a useful method that can be exploited in other circumstances.

e Similar to how [5] contains a version of [10] in Corollary 1.1 above, we
can think of a version of [I7] as essentially being obtainable from Theo-
rem 1.8. Moreover, the scale critical data allows for much more quanti-
tative control on the size and relation of the parameters a, b, i, k, 0, A,y
which are involved in the problem. To say it another way, in [10] (and
consequently [I7], [I8]) the data does not permit (to our knowledge)
obtaining quantitative control on § relative to the other parameters
involved.

e Due to the scale critical data and our use of renormalized quantities,
our construction is readily applicable to more singular kinds of initial
data.

As for the structure of what follows, the rest of Section 1 describes the
connection with Kerr Stability and the Penrose Inequality. In 2 we set up
the relevant tools and notation. In 3 we carry out the higher order energy
estimates. In 4 we construct the transition region, and in 5 we describe the
formation of an apparent horizon.

1.5. The Penrose Inequality
The Penrose inequality is a conjectured inequality between the ADM mass
of asymptotically flat initial data sets (M, g, k) and the area of the data set’s
boundary, 0M, when the latter is taken to be a MOTS, see [22] for a review.

The inequality was motivated by Penrose [23] which he derived by a
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heuristic argument representing the “establishment viewpoint” on gravita-
tional collapse. His idea was to propose a test for the difficult evolutionary
conjectures that were (and still are) far beyond reach, i.e. a counterexample
to the inequality would put the conjectures in doubt. Penrose’s heuristic
was developed and its modern form is as follows.

Conjecture 1.1. Let (M, g, k) be an initial data set satisfying the dominant
energy conditiorﬂ Suppose that OM has boundary given by a MOTS whose
strictly minimizing hull has area A. Then

A
MADM = ﬁ

with equality if and only if (M, g, k) belongs to the Schwarzschild spacetime.

The special case when k=0, known as the Riemannian Penrose
Inequality, was proved by Huisken-Ilmanen [I4] and Bray [7].

In the general case, outside of spherical symmetry, the only known
spacetime Penrose-type inequality like Conjecture 1.1 that does not have
unwanted constants on the right hand side is the recent result of Alaee-
Lesourd-Yau [I], which holds for a certain class of admissible initial data
sets. There is also a null Penrose Inequality, where the Bondi mass along
J~ replaces the ADM mass. This inequality is in a sense stronger than the
one above and it has been shown to hold by Roesch [25] in a certain setting.

The current construction offers a dynamical test of the Penrose in-
equality. More precisely, in Section 5 we show that the MOTS M, obtained

in Theorem 1.8 in the region u € [y%24, 8] satisfy the following area bounds
[My| _ 1

16m _(4+0(1))b at’“u

1
(1.22) (- o(1))ba?u <
for some o(1) < 1. By assumption, the initial data satisfies

(1.23) bat?A5(1 + o(1)) = 4my

2The dominant energy condition (trivially satisfied in vacuum) says that u > |J|
where p and J appear on the right hand side of (1.3-4).
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for a quantity o(1) < 1. The gluing procedure described in [12] and [17]
yields

(1.24) MADM = Mo L €

Combining these leads to

M,
(1.25) MADM — |16| > b“al/Q(i +0(1)) (A6 —u) + ¢
7T

Evaluating the inequality at u = 7%5 gives

(M| 1, 1 a:
1.26 — [ > S P (N — )
(1.26) mADM or 2 a0 =) He
with € < 6Y2a!/2. To show that this is positive, we express quantities in
terms of a as above to get

1
Y

1 az 1
Zpi,1/2 _ — n,ufg iy
(1.27) (Pl ) Ee (a 0(1)102) a

where co is an unknown constant > 0 that is independent of 6 = a™¥. Our
initial data requires xkpu + % <y, % <k <1l

So upon choosing for any 0 < t < %

1 1
1.2 — = (=4t
(1.28) fpt 5 =G+ 1y
we obtain
M 1 1
(1.29) MADM — |16w’ > (a"¥"20(1) £ cp)a>"Y
T

This means that, for any 0 < t < %, choosing y sufficiently large, we obtain

‘M75|

>0
167

(1.30) MADM —

and thus there is an open region in the spacetime for which the Penrose
inequality is satisfied.
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Note that this argument becomes inconclusive when u approaches AJ.
3
In particular, when u — AJ < 6z, then (1.38) becomes

(1.31) (@373 & ¢p)az s
but since Hu—i—% <y the sign of (1.44) now depends on the unknown
constant co.

Note that this test of the Penrose Inequality is made possible by [2]
and the data being scale critical. In particular, there are no dynamically
obtained MOTS or indeed dynamical horizons in either [I7] in [I8]. There
are pre-existing MOTS in [I8] but these are not dynamically formed:
they are there by virtue of the solutions being isometric to Kerr in a
neighborhood of future timelike infinity, where the Penrose inequality is
immediate.

Note also that this argument does not permit violating the Penrose
inequality since the error in m — mg is not known.

1.6. Different estimates towards black hole formation

At present, we do not possess non-spherically symmetric dynamical exam-
ples of black hole formation for the Einstein vacuum system. The examples
in [I8] may be the closest thing available, but in virtue of being isometric
to Kerr in a neighborhood of future timelike infinity, they circumvent Weak
Cosmic Censorship and Final State.

The results in [I7] bring about a connection between Kerr Stability,
Weak Cosmic Censorship, and Final Stateﬂ The connection is that if one
can show that the Cauchy development of the spacetimes produced in [17]
yield a future complete event horizon (i.e., global existence up to future
timelike infinity), then this would give a class of examples of black hole
formation - that is, initial data without trapped surfaces whose complete
future development is globally like Kerr (in the exterior region). Since the
spacetimes in [I7] are shown to be close to Kerr, continuing the Cauchy
evolution all the way to future timelike infinity amounts to solving a form
of Kerr Stability.

3This is somewhat similar to Dafermos-Luk [I3], who show that Kerr Stability
would imply the failure of the C° version of Strong Cosmic Censorship.
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We simply want to point out that Theorem 1.8 brings about the
same connection, but with different that may be easier estimates to work
with. More precisely, using Theorem 1.8, one can set-up a new characteristic
initial value problem, where the outgoing one is exactly Kerr and the in-
coming cone u = §, truncated at a MOTS locating at u = da*/2b#(1 4 o(1)),
satisfies the following estimates.

For all integers £ > 0 we have

(1.32) 4Rl s.) S

(133) e, g 0 Vol s, S O

(1.34) L P i

(1.35) HukHVk (trx B % * %) HLgfofB(SW;) S zél + 6Z;’
m §3a3

(1.36) Hu (w n 2;;) ‘ sy ST

(1.37) Huk“vk*l (w + ;Zg) ) 2(5) N 6;32,

(1.38) Humv’f <p+ 27)0 ’ s < 5ua ,

(1.39) [V al 125, ) S 5:;2, [V al 2, ) S %a

where these estimates are with reference to their values in a Schwarzschild
spacetime of mass my.

Expressing the quantities in terms of a
b=a% 6=a"
the initial data conditions a'/2/b < 1 and da'/2b* < 1 become

1 1
(1.40) §<m<1, 1< p, Ku—y+§<0
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and the worst estimate on the incoming cone is

§1/241/2

(1.41) S

which for the MOTS located at u = da'/2b*(1 + o(1)) becomes

§1/241/2

(1.42) S EPRYEYSVE a a

Seeking to make C' = % — 1 large, (1.21) restricts us to C < 1y — 3, and so
the estimates for the incoming cone are

(1.43) < 6% and < C6,

for a constant C' independent of §.

Note that in [I7] the estimates obtained on the incoming cone C,_;
up to the trapped surface (which lies at uw = u, in the language of Theorem
1.1 above) are for a different set of quantities and are of the form

51/2

for k € NT with k different for various components. The estimates here are
uniform in u and there is an extra smallness factor '/2 for some components.
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2. Setting, equations and notations

In this section, we will introduce the geometric setup and the double null fo-
liation gauge. We then write the Einstein equations as a system of equations
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for the Ricci coefficients and curvature components adapted to this gauge.
After that, we introduce the necessary notations and the norms that we will
use.

2.1. Double null foliation

The concept of a double null foliation is introduced here. Given a spacetime
(M, g) solving the Einstein vacuum equations Ry, = 0, we define a double
null foliation by solving the eikonal equations

s Opud,u =0, (g~ duudyu =0,

for v and w such that u=1 on H; and u =0 on H,. According to our
convention, u is increasing towards the future whilst u is decreasing towards
the future.

Define the future-directed, null geodesic vector fields
LV = =2(g7 " O, L =2(g7 )" Dyu
and define the null lapse function 2 by
2072 = —g(L',L).
Define the normalized vector fields
e3=0OL e, =QL,
which satisfy, by construction,
gles,eq) = —2.

These are the frames that we will use to decompose the Ricci coefficients
and the curvature components. Define also the equivariant vector fields

L=0L, L=0L".
We fix the gauge on the initial hypersurfaces such that

Q =1, on H; and H,.
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Denote by H, the level sets of u and by H, the level sets of u. By the
eikonal equations, H, and H, are in fact null hypersurfaces. The topology
of the intersections H, N H,, is that of a 2—sphere. Denote these 2—spheres

by Suu-

2.2. The coordinate system

We define a coordinate system (u,u,#',6?) in the spacetime. On the stan-
dard sphere S, define a coordinate system (0',6?) such that on each co-
ordinate patch the metric v is smooth, bounded and positive definite. We
then define the coordinates on the initial hypersurfaces by requiring 84 to be
constant along null generators of the initial hypersurface. In the spacetime,
we define u and u to be solutions to the eikonal equations, as described in
the previous subsection. Moreover, we naturally extend 6%, 8 by

KLGA = 07

where £ denote the restriction of the Lie derivative to TS, - Relative to the
coordinate system (u,u, 01, 0?), the vector fields e3 and e4 can be written as

0 0 0
_o-1(_ Y A Y —_ 012
e3 =2 ( 8u+d 89A>’ e =9 ou’

for some functions d* such that d* =0 on H, and the metric g takes the
form

g =—20%(du @ du + du ® du) +yap(do* — dAdu) @ (d6F — dBdu).

2.3. The Einstein vacuum equations relative to a double null
foliation

We provide a decomposition of the Ricci coefficients and the null curvature
components with respect to a null frame es, es defined above and a frame
e1, ez tangent to the spheres S, ,. Using the indices A, B taking values in
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the set {1, 2}, we define the Ricci coefficients relative to the null frame:

xaB = g(Daes,ep), X ,5=9(Daes,ep),

1 1
na=—=g(Dseaes), 1, =—=g(Diea,es),

2 2
(2.1) 1 1
w= —19(D463,€4), w=— 9(Dzey, e3),
1
Ca= §Q(DA€4,€3)-
aAB - W(eA,€4,eB,€4), QAB == W(€A7637€3)7
1 1
(2.2) Ba = QW(GA,€47€Ba€4)a B,= EW(GA,GS,GB,G?)L
1 1,
p= ZW(637€4763764)7 0= 1 W<63764763764)-

Here *W denotes the the Hodge dual of W, the Weyl curvature tensor, which
for the vacuum Einstein equations equals the Riemann curvature tensor. Let
V be the induced covariant derivative operator on S, , and V3,V be the
projections to Sy, of the covariant derivatives D3, D4. We note the following
useful identities regarding the Ricci coefficients:

1 1
w:—§V4(logQ), g:—§V3(logQ),
na = Ca+ Va(logQ), QA:—CA+VA(logQ).

(2.3)

Define the following contractions of the tensor product of ¢(!) and ¢?) with

respect to the metric v4p5. For symmetric 2—tensors qﬁqu)g, qbfj)g, define

oW - 9 = (7 HAC(y~H)BD (L) %D,

24 ¢ A2 = gAB (DG 63

where ¢ is the volume form of the metric 7. Continuing our introduction of
notation, define for two 1-forms d)f;), qﬁ(AQ), the following:

oM . o2 = (,Yfl)ABqﬁEL‘l)(ﬁ(g)’
(2.5) oM A @ = ¢AB¢E41)¢592)7
(¢(1) ®¢(2))AB = ¢f41 @+ <b qb(2) (oM - o).
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For a symmetric 2—tensor gb;% and a 1—form ¢f), define the contraction
(2.6) (69 6@) = ()P 6ll) 0.

We also define the operation * for 1—forms ¢! and symmetric 2—tensors
2 respectively as follows:

*dﬁ) = y0 ¢¢8 ¢S),
*$ = v ¢ S

For totally symmetric tensors, the divergence and curl operators are defined
by the formulae

2.7)

(dive)a,. A, = VEP¢pa, A,

2.8
28) (curlp)a, .4, := ¢PVidca,. a,.

Define the operator V& on a 1—form ¢4 by

(2.9) (V&¢) := Vagp + Vpoa — yapdive.
Finally, define the trace to be

(2.10) (tré)a,.a, . = (") o, a, .

Let X, x be the traceless parts of x and x respectively, so that

S| L1
sz—l—itrxy, K:K'i'i““&%

The components x and y obey the following transport equations:

(2.11) Vatrx + % (trx)? = —|x|* — 2wtry,

(2.12) Vix+trxx = —-2wx — a,

(2.13) Vstry + %(tr&)Q = —|X|2 —2wtry,

(2.14) VX +trxx = —2wx — a,

(2.15) Vatrx + %trxtrl =2wtrx +2p—x-x+2divy + 2@\2,

1 ~ 1 ~
(2.16) Vax + §trxX:V®Q+2wX—§trXf(+ﬂ®g,



(2.17)

(2.18)

Construction of Cauchy data

1
Vstryx + itrxtrx =2wtrx +2p—x- X+ 2divy + 2\77|2,

N PP ¢~ w4 nd
Viax + §tTXX =Ven+2wx — 5”XX .

The other components satisfy the following transport equations:

(2.19) Van=—x-(n—n) -8,
(2.20) Vsn=-x-(n—n) -5,
1 1
(2.21) Vaw = 20w =10+ shl* + 5p,
1 1
(2.22) Vsw = 2ww =10+ Sl + 5o,
as well as the constraint equations
o1 1 .1
(2.23) div = SVirx — 5(n—n) - (X = 5trx) = B,
1 1 1
(2.24) divy = Virx+5(n—n)- (X = 5trx) + 5,
..
(2.25) curln = —curln = o + oX A X,
1 1
(2.26) K=—p— Ztrxtr&—i— iféx

Here K is the Gauss curvature of the spheres .S, ,. The null curvature com-
ponents satisfy the null Bianchi equations

(2.27) V4B + 2trx B = diva — 2wf + 1 - a,

(2.28) VB +trxf = Vp+"Vo +2x - B+ 2wB + 3(np + "1no),
(2.29) VyB +trxp = —=Vp+*Vo +2x - B+ 2wB — 3(np — "no),
( ) V3B + 2try g = —diva — 2w 8 + na,

(2.31)

1 ~ ~
Vaia + §trxg = —VRp + 4wa — 3(xp — "X0o) + (¢ — 4n)®8,

1 ~ ~
(2.32) Vaa + §tTXO‘ = VB + dwa — 3(xp + *x0) + (( + 4n)®p,

3 1
(2.33) Vap+ gtrxp=divl — ox-a+(-f+2n- 5,
3 1
(2.34) Vsp+5trxp = —divB = oX-a+ (-8 -2,

3 1
(2.35) V4a+§trxo: —div*ﬁ+§X'*a—C'*5—2ﬂ'*ﬁa
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1

3
(2.36) V30+§t7xaz —div* g + 2)2'*Q—C'*§—277'*§-
Defining & = o + 1§ A ¥, the null Bianchi equations (2.27)-(2.36) can be re-
written so as to replace p, o, a with K and &, yielding the following null
structure equations for x and x:

1
V3B +trxf = —-VK + "V +2wB — 3(nK — *né) + Z(V(f( “X)
e 3 3, .
+* V(XA X)) — 2ot + i(nx X +HTIXAX)
1
— Z(Vtrxtrx + trxViry),

3 1 ~ 1 ~
V4G + 5trx(7: —div *B—(CAB—-2nA B — ?m(v(@g) - 5)2/\(Q®ﬂ)

—_

1 ~ ~
V4K—|—ter:—diV5—(‘5—2ﬁ'5+§f<‘v®ﬂ+§f(‘(77®77)

1 1
— itrxdiv 7 — §trX|Q’27

1. .
g XA (n®n),

K- (n®n)

3 1 ~
Vo + Stixe = —div "B+ CAB =2 A B+ XA (VE) +

1 ~
VgK—i-ter:divg—c-ﬁ—l—Zn-ﬁ—Fiz-V@n%—

N | —

1 1
— §teriV n— 5‘51“&77]27

VyB +trxf = VK 4"V 4 2wB +2x - B+ 3(—nK + *no)
T |
— i(V(x “X) = V(X AX)) + Z(Vtrxtrx + trx Vtry)

3, e . 3
*i(ﬂX'X* QX/\X)JFZQH'XU'X-

2.4. The norms

Fix a positive integer N > 4. First we define the norms for the curvature
components:

1 L
(237)  Ry=> (Sup (61 HUZHVWHH(HU))

1
’LSN u 2Q2
i+1vri L
u "V K772,O'
|ul

n ( !
Sup 1 1
u \d2qa2

L2(Hu)> )
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. ) 1
TaEve <K T &)

+ Z (sup( 5 3

1<i<N
1 , .
+SUP( 3 §H H_QVZBHLQ(HJ))
u \dz2q14 -

e(x-os)| )
|u| L2(H,)

We then define the norms for the Ricci coefficients. We begin with those for

the highest order derivatives:

+sup<

Sras

11 ||UN+IVN+1(>AQ trx, w)|L2(Hu)>
242

(2.38) ONi12 = sup (

- ||uN+1vN+177|L2(Hu)>

T ),

+ sup (L ulz I N+1VN+1(>Z>tTX:“)HB(HJ)'

+SUP< T 1
u

+sup<
u

3
2

u,U

For i < N we define the following L?—norms:

a2

L i
Oiz2 = sup (1Hulvl(wi,trx)Hm(su,u)
U, U

_.I_

L?(Su,u) ’

uzvz <777 m, legga >A<a t’l“X + ,CU)
- - - u

daz

while for i < N — 2 we define the following L°°—norms:

u,u \ a2

u . . R
O 00 = sup (‘JIIU’VZ(X, W, trX)| Lo (5u.)

|u?|

_l’_

L°°(Su,u)> |

o 2
AvA (777777 X, tr&—i— u7w>

Saz
As a shorthand, we denote

Z Oi,oo + Z Oi72.

i<N-2 i<N
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2.5. The theorem of An-Luk

Based on the norms defined above, An-Luk were able to show that if N =4
in the section above we have the following:

Theorem 2.1. Consider the following characteristic initial value problem
for the Einstein vacuum equations. The initial incoming hypersurface H is
required to coincide with a backwards light cone in Minkowski space with 0 <
u < 1. On the initial outgoing hypersurface Hy, the initial data are smooth
and the shear Xo satisfies the following bounds

. 1
Y IVRollLz s, < a2,

i<7

uniformly in 0 < u < 9. Then there exists a universal large constant by and
two large numbers b, a such that if bg < b < a and Sazb < 1, the unique so-
lution to the Finstein vacuum equations exists and obeys the following esti-
mates in the region 5aéﬁ <u<l1l,0<u<yd:

(94—@5,24-7?,5,1.

Here the implicit constant is independent of a,b and 9.

3. Higher order energy estimates

The goal of this section is to show that the desired higher order energy esti-
mates go through using the hierarchy of [5]. More precisely, we will establish
the following.

Theorem 3.1 (Higher order energy estimates). Fiz a natural number
N > 4 and consider the following characteristic initial value problem for the
Einstein vacuum equations. The initial incoming hypersurface H is required
to coincide with a backwards light cone in Minkowski space with 0 < u < 1.
On the initial outgoing hypersurface Hy, the initial data are smooth and the
shear xo satisfies the following bounds

i A 1
Z V%ol z2(s,.) < a2,
i<N+3



Construction of Cauchy data 2407

uniformly in 0 < u < §. Then there exists a universal large constant by and
two large numbers b, a such that if by < b < a and Sazb < 1, the unique so-
lution to the Finstein vacuum equations exists and obeys the following esti-
mates in the region Sazb <u<l1l,0<u<sd:

On +Ony12+Ry S 1

The proof of the theorem is carried out in Section 3 and can be summa-
rized by the following observation: estimates for higher orders of derivatives
in the transport equations are done using the commutation formula to ob-
tain transport equations for Vii. A similar philosophy is followed in the
elliptic and the energy estimates. The point here is that the commutation
formula holds for arbitrary natural numbers, i.e. for any number of angular
derivatives.

3.1. The extended bootstrap assumptions

In analogy to the lower order estimates, the higher order estimates require
similar bootstrap assumptions on more derivatives. We make the following
bootstrap assumptions on the first N derivatives of the Ricci coefficients:

1 1 N
(3.1) Z FHUlHV@HB(SM) + Z FHu”QV@HLm(Sw) < bx,

i<n 902 i<N—2 002

1 71t 1 3 3 1
(3.2) > 'V Yl s, + > VY], ) < T

i<N i<N—2 @2

We also make the following bootstrap assumptions on the top order norms
of the Ricci coefficients and the curvature norms

(3.3) Ont12+ Ry < bi.

We make the final bootstrap assumption, useful when developing elliptic

estimates:
v (k- L
|ul?

In particular, using the same arguments as in [5], we can give the following

improvements on (3.1)—(3.4)):

<1.

Ly Ly L2(Su,u)

(3.4) >

i<N—1
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(3.5) Z FHU ty Yllr2(s, ) + Z FHU 2y Yllpe(s, ) <1,

i<n 9002 i<N—p 002
1 o 1 . .
(3.6) ol Vles,y + Y, TV, ) S 1
i<n @2 i<N—2 @7
(37) ON_’_LQ + R <1.

1
(3.8 1

~—

>

i<N—1

sl vi e
Juf?

We will rigorously argue, in the remainder of this section, that these higher
order bootstrap assumptions can be improved following the same philoso-
phy/approach as in [5].

-
Lo L@ L?(Su,) D1

3.2. Metric Components

The following straightforward estimates hold, cf. Section 5.1 of [5].

Proposition 3.1. Under the assumptions of Theorem 2.1 and the bootstrap
assumptions (3.1)-(3.4), we have

Sazbi
|ul

197! = l(s,.) S

Proposition 3.2. Under the assumptions of Theorem 2.1 and the bootstrap
assumptions (3.1)-(3.4), we have

sup |Area(Sy,u) — Area(Suo)| S 5a|2f4
(R - u

3.3. Transport Equations

Next, we introduce two propositions from [5] that will be useful in controlling
transport equations.

Proposition 3.3. Let ¢ be an Sy —tangent tensor of arbitrary rank. Under
the assumptions of Theorem 1.7 and the bootstrap assumptions (3.1])—(3.4)
there holds

Joll25.. S Nlztsn + [ 19060, "
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Proposition 3.4. Under the same assumptions as in Proposition 3.3, let ¢
and F' be Sy -tangent tensor fields of rank k satisfying the following trans-
port equation:

Vida,..A, + Aotrxoa,..a, = Fa, . A,
Define \1 := 2o — 1. Then there holds

1
Pl s,y S Il es, ) + / P F s,

u

) du’.

pca

3.4. Sobolev Embedding

We will also need the following Sobolev Embedding statements, cf. Sec 5.3
of [5].
Define the isoperimetric constant

B min{Area(U), Area(U°)}
1(5) = U,asggcl (Perimeter(9U))2

where S is one of the 2-spheres S, ,, adapted to the double null foliation.

Proposition 3.5 (Lemma 5.6 of [5]). Under the assumptions of Theorem
2.1 and the bootstrap assumptions (3.1)-(3.8), the isoperimetric constant
obeys the bound

I(Sug) <

N[

for0<u<$§ and §a/?b < u < 1.
We now quote two Sobolev embedding theorems from [10].

Proposition 3.6 (Lemma 5.1 [10]). For any Riemannian 2-manifold
(S,7), we have the estimate

(Area(S)) |6l Lo(s)
< Cypy/max{1(8),1F (¥l r2(s) + (Area($)) (9l x(s) )

for any 2 < p < oo and for any tensor ¢.

Proposition 3.7 (Lemma 5.2 [10]). For any Riemannian 2-manifold
(S,7), we have the estimate
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[1¢llz(s) < Cpy/max{I(5),1}

1

x Area($): (|Vellpe(s) + (Area(S)) 5|6l s))
for any 2 < p and for any tensor ¢.
Combining Propositions 3.1,3.2,3.3, using preliminary estimates for met-
ric components Area(S,.,) ~ |u|?, cf. Prop 5.3 of [5], one obtains the follow-

ing.

Proposition 3.8. Under the assumptions of Theorem 2.1 and the the boot-
strap assumptions (3.1)-(3.8), we have

[l (Suw) S D 11w~ V0l 2s, )

i<2
3.5. Commutation formula
We will make repeated use of the following commutation formulae.

Proposition 3.9. For a scalar function f, there holds

Ve VIf = 500+ ) - Vaf = x- V.
Vs, V17 = 5 (0 + m)Vsf — x- V.

Proposition 3.10. For an Sy ,—tangent 1—form Uy, there holds

1
[v47 va]Ub = —XacVcUp + €ac >k,BbUc + 5(77(1 + ﬂa)vélUb - XacﬂbUc + Xab?] - U,

) 1
[V37 va][]b = _&cchb + €ac @bUc + 5(7711 + ﬂa)v?;Ub - XacﬂbUc + Xabn -U.

Proposition 3.11. For an Sy ,—tangent 2—form Vi, there holds

1
[v4vva]%6 — 5(
— evd BaVie — €ca*BeVoa + Xac‘/bdﬂd
+ Xadecﬂd - Xadvd%c;

Na +1,)VaVee = 1, VacXad — 1, VedXad
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1
[V37 va]‘/bc - i(na + Qa)v?)%c - nbvdcxad - nc‘/bdzad

— €ba” BaVac — €cd " BeVoa + X, Vodlla
+ X Vaena — X,y VdVoe-

Proposition 3.12. Assume V¢ = Fy. Let V4Vi¢ = F;. Then

E = Z Vil (77 +ﬂ)i2vi3F0 + Z vil (77 +ﬂ)zzvlaﬁvz4¢
7‘1+12+13:Z 7:1+7;2+Z'3+i4:ifl

+ Z V’il(n +ﬁ)i2vingi4¢).
7;1+7;2+'L'3+i4:i

Assume now that V3¢ = Go. Let V3Vip = G;. Then

Lt i i ia\is
Gi+ 5t V'o = Z V(4 m)= VR Go

11+12+13=1

+ ) Vi n)VEaVHEe
11 +io+ig+ig=1—1

+ D VR n)RVE(R ) Ve
i1 +ia+is+ia=1i—1

+ Z Vi (n+n)>TIVE iy Ve
i1 +ia+is+ia=1—1

Finally, we can replace 3, 8 by expressions involving Ricci coefficients,
under the Codazzi equations:

1 1 o1
B = —divk + 5Vtrx = 5(n—n) - (X = 5tr),
1 1 1
B =divg — 5 Virx — 5 (n = (X — 5tx).

That way, we arrive at the following:
Proposition 3.13. Suppose Vi¢ = Fy. Let V4V'i¢p = F;. Then
Fi= ) VWRVRR+ ) VIRV, 1)V,
i1-+intHiz=i i1 +iatistia=i
Similarly, suppose Vzp = Go. Let V3Vip = G;. Then

i ) i1 ,/,02 v713
Gi+2m<v¢:'+; 7'v A vATeN
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+ ) VIRVR(Y, X ) Ve
i1 +io+iz+ia=1

+ Y VigETIYR Vg,
t1+ta+is+ia=1i—1

3.6. General elliptic estimates for Hodge systems

We will also make use of the following statements on Hodge systems coming
from [4].

Proposition 3.14. Under the assumptions of Theorem 1.7 and the boot-

strap assumptions (3.1)—(3.4)), if ¢ is a totally symmetric (r + 1)-covariant
tensor field on a 2—sphere (S%,7) satisfying

div ¢ = f, curl ¢ = g, trp = h,

then for 1 < i < N there holds

14"V | 125, )
i1

S (1 (F )25,y + 10 VRl s, o) + 167V 6 1s, L) ) -
j=0

Proof. Recall the following identity from Chap. 7 in [10] that for ¢, f, g,
and h as above

6o [ (VoP+w+nRIE) = [ (14 lof + KInP)

u,u u,u

Notice that |[K||perer=(s,.) S ﬁ by the bootstrap assumption (3.4).
This implies the conclusion for i = 1 after multiplying by u2. For i > 1 we

recall again from [I0] that the symmetrized angular derivative of ¢ defined
by

1 r+1
(Vo) pa,.a,,, = o | VBA-a t z; VAP, <A>B-A,
1=

satisfies the div-curl system

div (V)" = (V)" = (V) + (r+ DKo~ 22y @ h),
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1
curl (V6)* = "X (Vg)* + (r + 1)K (*0)",
r+2
2 r
(V) = —— Vh)*
HVO) = s+ (V)
where
(Y& WA E¥44, D, hAjcAs<A>-AL,
i<j=1,r+1
and
1 r+1
. _ B
(Ot = 707 ;miml...@»g...m

Using (3.9) and iterating we get for i < N

||Vi¢||2L2(s)u@) S ||Vi_1(f,9)|‘%2(sw) +IE(V2(f,9))
+ V7N, D)) 1150 )

2
gl Y VEEENVRG ) | ..
11 +2ip+iz=1—3
2
HIE | Y VKRR s,

11424 +i3=1—4

+ Y IVEEETYE( )| s, )
i14+2i+i=i—2

+ Y IVEEVE(f9)Res,
i14+2i+i3=i—3

where we have adopted the convention that ) .. _; = 0. Whenever a K-term
appears with at most N — 4 derivatives, we estimate it in L>. Whenever a
K-term contains between N — 3 and N — 2 derivatives we shall estimate it
in L? and the rest of the terms in L>°, noting that we can estimate terms of
the form ||Vi(f, g, h)||L~ with i < N — 4 by the corresponding norms in L?
through the standard Sobolev embedding. Using the argument of Lemma
6.1 in [4], after translating back to standard LP norms, there holds

S Nul'V K peson + > Nul VK], S1
i<N—4 J<N-2
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Therefore, for i < N, we have

V61 3as, < 30 (NaF V9 ) Rags, 0y + V(0 1) s, )

j<i-1

)

which finishes the proof. U

Proposition 3.15. Suppose ¢ is a symmetric traceless 2—tensor satisfying
div ¢ = f.

Then, under the assumptions of Theorem 1.7 and the bootstrap assumptions

(3-1)—(3.4), there holds
i1

1V a5, S 3 (19 Fliags, ) + 10/ V6l e, ) ) -
§=0

Proof. This is an application of Proposition 3.14 by noticing that curl ¢ =*
f. This is a straightforward calculation, using that the 2-tensor ¢ is sym-
metric and traceless. O

3.7. Estimates for the Ricci coefficients

Our goal in this section will be to rigorously verify the inequality

On $14O0n412+ Ry
We shall give the proof for an example term, in particular the first term y

and the other proofs are done by following [5] in the same way as for x.

Proposition 3.16. Under the assumptions of Theorem 1.7 and the boot-

strap assumptions (3.1)), (3.2)), (3.3) and (3.4) we have

Z T 2 g, ) S Z”Ui+1vi£|’L2(su,ﬂ)
i1z <N i<N

and

S TR e S Y WPV s, )
i +ia<N—2 iI<N—2

In particular, using the bootstrap assumption (3.1) we obtain
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Z ||u’i1+i2+1vi1%i2+1HL2(SH&)

i1+ <N
+ > RV, ) S Sasbi.
11+ <N—-2 -

Proof. Notice that we can write the expression V# y;ﬁl as

io+1

vilgiz+1 — Z ijyj
k=1

where j; + - - - + ji,+1 = i1. Assume, without loss of generality, that the term
Jis+1 s the largest. We then write

12
ui1+i2+1vi1¢i2+1 — uiQ . (uji2+1+1vji2+1¢) . H(u . V)3k¢
k=1

Our philosophy is to choose the ¥ term with the highest order of derivatives
and estimate it in L2(Su7y). The crucial point to notice is that, in the expres-
sion above, each of the terms ji,...,j;, is at most N — 2. This is easy to see
by contradiction. Indeed, assume without loss of generality that j; > N — 1.
Then since j; < ji,+1 we have

2N =2 < 1+ Jig+1 <01 <ip + 19 <N,

a contradiction for N > 3. What follows is that we can estimate every other
term in L*°(S,,) using the bootstrap assumptions, since our bootstrap as-
sumptions for L norms include derivatives up to order N — 2. Thus, there
holds

Z Huil+i2+1vilyiz+l HL2(SH,£)
i1+ <N
12

= D - @) - [ [ ) s, )

12
Sl ude ey s, - [T VYl s, -
k=1
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1.1
Fach term estimated in L*° can be bounded by ‘Saizb“ by the bootstrap
assumption (3.1]). It follows that

Z Hui1+’iz+1 vi1%i2+1 ||L2(Su&)
i14ia<N

1,1\ %2
5 uiz . Hujinrl"FlvjinrlyHL2(Su,£) : <5a22b4>

u

S e I s, oy S DNV, L.
i<N

since dazbi /u < 1/b1 < 1. The second statement follows similarly. O

We are now in a position to move on and estimate x.

Proposition 3.17. Under the assumptions of Theorem 1.7 and the boot-
strap assumptions (3.1))—(3.4), there holds

. LN 1
SV Rl xgsy < @
i<N

Proof. There holds

L1 .
VaX + gt X = Vi + (¥, ).

Using Proposition 3.12 and commuting with ¢ angular derivatives, we have
that for any ¢ there holds

| . . o
VsV + ——trxVix = V7 i+ ) vigit?
Zl+’LQ:’L
intiatis=i

Loin i i
LD DR A e

i1 +i2+ig=i—1

We apply Proposition 3.4 which tells wus that the quantity
HuiViXHLZOL?Lz(S“&) can be controlled by the sum of ||uiVi>2||L?L3QL2(51&)
and the |u’|| LoeLL2(S,,) norm of the right-hand side in the equation
above. We now estimate each of the terms on the right-hand side for ¢ < N:
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e We first look at the linear term in 7. For i < N — 1, the ViTly term
can be controlled by the bootstrap assumptions on Oy . In particular,
we have
(3.10)

> 1wVl pags, ) <

1 i+2v7i+1
HU2 L1||UZJr v QHL;LZ(&L u)
i<N-1 “

- Sazbi

~

)
u

where we have used the bootstrap assumption (3.1]). For the top-order
term ¢ = N we estimate

1
(3.11) 1NN s s ) < ”u [N TNl e e s, )
L2
< (ﬁaé ~ 5%@%[)%

N+12 S
u2

W |-

u

where in the last inequality we used the bootstrap assumption ([3.3)).
e We then control the second and third terms together. Here, we use the
estimates derived in Proposition 3.16. There holds
(3.12)

D

i<N

Z uivilyig-i-lvi;; (qﬁ’g)
i1 +ia+iz=1
<

~

LLLA(S0.0)
> R s,

i1+ia <N
> B (4, 9) | e (5)
i3<N—2

11+ <N

+ Z ||Ui1+i2_1vilgi2+l||L11LL°°(SU)£)

D B (@, ) | r2(s, )
is<N—2

< Sazbi

< (aébi 4 5a2b4> < dabz ‘
U U

~
u

e Finally, the last term is estimated as follows

(3.13) > >

u271v11%12+1v131/)
<N i Fiotiz=i—1

L3 L2 (Su,u)
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S Z ”uil—’—iz_lvilyh—i_lHLiL%Su,E)

’L’l“riZSN*l
e
) ZHUB-F VZSwHLiOLOO(S%&)
13<1
+ >0 R s,
i1+i2§1
e
Z Hu13+ VZSwHLiOLz(Su&)
i3<N—1
Sabpt Saibi\ _ dabs
< azbi + S ‘
u u v

Finally, applying the condition that u > Sazb it is easy to see that all
1

the terms above are bounded by az. Also, recalling that initially we

have

N 1
> ViRl zer2s, ) < a2,
i<N+3

we get

- N
ZHUZWXHLgoLZ(SM) Saz.
<N

The estimates for the rest of the Ricei coefficients are obtained in the same
way. [l

The way to generalize the energy estimates to higher order is still of the
same philosophy. In particular, the introduction of the crucial functions w?
and g and their commutation formula is preserved.We assume at this stage
the inequality
(3.14) Oy S1+ 5N+1,2 + RN
and give an example of how one can show

6N+1,2 <14+ Rn-

We are ready to address the elliptic estimates.
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Proposition 3.18. Under the assumptions of Theorem 1.7 and the boot-

strap assumptions (3.1))—(3.4), there holds

e

3
[u T2 x| 2 s, ) S 02 ab

and
[N R e Lo(s, ) S 702 (14 R).

Proof. Consider the following equation
1 2 012
Vatrx + i(trx) = —|x|° — 2wtry.

Commuting (N + 1) times with angular derivatives, we get

V4VN+1trX — Z vilyiz viswvuw'

t1+i2+is+ia=N+1

Using Proposition 3.3 we can estimate [|u™ 2V N T try|| o o r2(g, ) by the

||uN+

(S...) orm of the right-hand side. It is important here once

again to differentiate between the case where all the derivatives fall on a 1

and the other cases.

(3.15)
N2 3 Vi i Vs i
i1+iatis+ia=N+1 L LLL2(S, )
< 05 |utp pe (s, u)||UN+1VN+1¢HL;<>L;L2(SM)
+6 Y vt Sy D |
i<N—2 i14+i2 <N
+4 Z w2 B o p e s, )

i1+ <N—-2
(Sua) = D I

x Y

'LgSN—2 Z4SN
+0 ) VAR Y| e p (s, )

i1+ <N—-2
x D (5" D Il

'LgSN—2 Z4SN
1
< daba.

(Suu)
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Recall that V¥*ltry =0 1n1t1ally on H,. Therefore, we have
[N 2N x| o 25, 0) S Sabi. Taking L? in u we arrive at

||uN+2VN+1trx||LiL2(S < §2abi.

uu)

As for x, we employ the elliptic estimates for Hodge systems using a starting
point the Codazzi equation

1
divy = §Vtrx — B+ .
Using Proposition 3.15 we obtain

(3.16) [lu™ VIR s, )
5 ZHuiJrlviJrltrXHB(Su&) + ZHuiJrlvzﬂHLQ(S

i<N i<N
D wTVIReVEY[l s, ) + DIV s
i<N iy+ia=i i<N

Taking L? in u and using the bootstrap assumptions, the control on 1 de-
rived from the lower-order Ricci coefficient estimates as well as the bound
on try just obtained, we have

(3.17) HuN“VNH)ZHLiL?(Sw)
ORI 1225, T DIl
1<i<N i<N
+Z Z HUiJrlviJrlyvhw||L2L2(Su,ﬂ)
<N i1+i2=1
+ D ' VRl 2 na(s,.)
i<N
3 1
< d2abs

~

(Su,u)

w\»—-

+02a2 + 6207 Ry < 6203 (1 + Ry).
u

The rest of the elliptic estimates are carried in the same spirit.
3.8. Energy estimates

By this stage we have managed to prove the following two inequalities:

(3.18) Oy S1+ 6N+1,2 +Rn,
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(3.19) Ont12 S1+ Ry,

The goal of this section will be to explain how we can arrive at the desired
(3.20) Ry S 1.

We are going to need several preliminary propositions.

Proposition 3.19. Suppose ¢1 and ¢o are tensorfields. Then,

\V \Y%
//D(um) $1Vapa + //D(%u) $2Vadr
= / D102 —/ D12 + // (2w — trx)p12.
H( H D(u,u)

Proposition 3.20. If (1)¢ is an r—tensorfield and (2)¢ is an (r—
1)—tensorfield, then

// A1 TVA d)Al A, // VA (1 ¢A1 (2)¢A1 r—1
i

To control the components satisfying V3-equations, we need an analogue
of Proposition 3.19.

Proposition 3.21. Suppose ¢ is an r—tensorfield and let \y = 2(Ag — %)
Then

2 ([ uPo(Ta + datry)e
D(u,u)

= [ o= [ el [ e
Hy D(u,u)

where f obeys the estimate

Sazbi
Il < T
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Proposition 3.22. Under the assumptions of Theorem 1.7 and the boot-
strap assumptions (3.1)—(3.4), there holds

> (|l K- 5
|ul?’

1<i<N

E
<dzan.

+ ||ui+2viﬁ||Lch§L2(Su,u)>
L L3 () -

Proof. We begin with the following schematic Bianchi equations for K —

3 . .
(321)  Vsot+div *f+ trxg = Y " HVRY,
i1+’i2:1

1 3 1
22 K— —_ ) +di Ytry [ K — —
(3.22) V3< |u|2>+ AER ”‘( |u|2)
. . 1 1 2 0O1l1-1
= YUV bt (b ) e
Z - B (1 [ul2> = Jul |ul3

i1+io=1

and finally
(3.23) V4B - VK —-"Vs

o 9 ,
A D DI <trx + Xw> Vi
a i1+i2+i3:17 B ”U,‘ N
+ Z ylvﬁtrx.

i1+i2:1

Commuting (3.21)), (3.22) and (3.23) with i angular derivatives, we have

: 34+ :
(3.24) V3V's 4 div + + mev‘ 5=Fp;
where F1 ; is given by
o . 1 o .
(325) Fiy= > VhphHVEp 4 3" vhghtlyig

u
i1+ia+iz=1i+1 | | 11 +1a+i3=1—1

and the equation

. 1 34 . 1
(326) ViV (K — — ) —divViB + iy Vi (K — — ) = By,
|ul? =2 = |ul?
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where Fy; admits the schematic form

o ) 1 .
(3.27) o= Y VRtV 4+ — Vi
t1+iz+iz=i+1 |u|

+ i Z vilyi2+1vi3y

|U’ 11412 +i3=1
1 i1,/,02 i3 2
i1 +ia+iz=1
e > ViEVE(1 -
i1 +ix+iz=1
+ > ViRt (K —~ 2>
11 +ip+iz=1 |U|

1
11, /02 +1y7i3
PN e (K )

i1+ia+iz=i—1
and finally the equation

. . 1 .
(3.28) VaViB — divV! <K - HQ) —*VVis = Fy;,

where F3; admits the schematic form

(3.29) F3; = E Vi)V (trx+ =X w) V)
i1 +i2+ig+ig=i+1 |U|
E 11,02+ 173 .

i1+ +is=1

Using (3.24),(3.26)) and (3.28)), we can obtain the energy estimates. Using
Proposition 3.19 and equation (3.28]), we get

(3.30) % /H - (ui+2vié>2
:u; [ (o) s [ g o,
// (w— ftrx)( Z+2VZ§)
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A A . A 1
+// <u’+2vzﬁ,u’+2 vV (K—2+ VV“) > .
D(uu) . Jul y
Now applying Proposition 3.21 and ([3.24) we have
1 it2oiz\? 1 i+t20i )
(3.31) Q/H;w (w*2vis) = > /H;w (wt2v's)
+ // <ui+26, ut? (Vg s 3trx> Vi6>
D(u,u) 2 ~
N2
- // z+2vzé_)
L mw Vo f] (wnen,)
2 Hl(o’“) D(u,u) ~

- <ui+26, w2 (div *Vzﬁ)>
g

_ % //D(u’u) f <ui+2vi6>2.

In the same spirit, using Proposition 3.21 and (3.26)) we get

2
1 i+2vi L 1 290 7 1))2
(3.32) Z/HSF’“) <u \% <K u2>) = 2/H{(WW VY(K —-1))
fl (5 (5 2) o)
D(u,u) u ¥
+ / / <ui+2vi (K — 12> ,ui+2(divvi5)>
D(u,u) u -
2

Now, we can integrate by parts on the spheres $,, ,, using Proposition 3.20 to
show that the sum of the terms with the highest order of angular derivatives
in (3.30)), (3.31) and (3.32)) cancels up to a lower order error term:

(3.33)

. ) . ) 1
/ / <ul+2vzﬁ,uz+2 (vv% ( — + vv%)) >
D(u,u) B ’ ‘ ~



Construction of Cauchy data 2425
- <ui+26,ui+2(div*viﬁ)>

”
L 1 , .
+ // <u’+2vZ (K - 2) ,u“‘2(divvzﬁ)>
D(uvﬂ) u B Yy

S 1 .
5 u22+4v2 (K o 2,6’) yvlé
u LLLL LY (Suu)
5%a%bi o 1 . .
S —|[u'TV K - 20 w2V Bl oo 12 L2(8, )
u2 *

L L2L2(Su,u)

where in the last line we have used the bootstrap assumption (3.1)). Upon
addition of (3.30)), (3.31]) and (3.32), using (3.33)) and the bound for f in in

Proposition 3.21, we obtain

(3.34)

Ve <K - 5;)
L2 L2(Su,u)
2
u’H—Qvi (K _ l’ov_>
u2
L2L2(S1,4)
u2z+4vz (K - =, 0v_> FQ,@'
u LYLLLY(S..u)
0 2bi ) ) 1 ) 1
CL2 .u2l+4vl <K—2,6') vl <K—2,(5'>
u u u

) ) 1 .
. ||uz+2vz <K - uQaU> HL;OLiLz(Su&)||uz+2é”L§°L§L2(Su@)'

2

+ [V Bl e (s, L

+ [N S Fy il s, )

LLLLLY(Suw)

[N

For the second, third and fourth terms, we can apply Cauchy-Schwarz in
either the H or the H hypersurfaces, so that the terms

) ) 1
w2V (K - 5)

and ||ui+2Vi§||LiLz(5u&) can be absorbed to the left. For the fifth term,
noticing that

L2L2(Su,u)

1.1

dazba
w2

<
~Y
I

)

o
Mw‘ —



2426 N. Athanasiou and M. Lesourd

we can control it by Gronwall’s inequality. Finally, since

the term can be absorbed to the left hand side after using Schwarz’s inequal-
ity. Therefore, ([3.34)) implies that

, . 1
w2V <K - =, a—>
u L2L%(Su.u)

i+2vi 1P
WtV K = —,0

u

2

(3.35) + 12V B2 s, )

+ ||ui+2F1,z'||L}LL3L2(SM,H)
L2L2(S1,4) B

4 HuiJFZFQJ'

L11212(S,.,) T +|lut2Ey |

L LA L2 (Su )

Summing over 1 <4 < N and using the fact that

> Vi<K—ulQ),(7

1<i<N

N =

< é2a3,

L2L2(S:,4)

we obtain

(3.36) M.

1<i<N

A A 1 . .
s ve (K - 275> + HUZ_‘_QVZéHQLﬁLQ(Su_u)
u L2L2(S,..) -

< d2ar + Z <”Ui+2F1,i\\L;L3L2(Su,u)
1<i<N

+ ||Ui+2F2,iHL}ALiLz(Su,&) + +”ui+2F3,i‘|LLL%L2(31L,u)> .

We will estimate the right hand side of (3.36]) term by term. Let us recall
the schematic form of F1 ;:

i1 +i2+i3=1i+1 | ‘ i1+i2+is=1—1

Notice, in particular, that it consists of a schematic term involving only Ricci
coefficients and one involving curvature (in particular ¢). We deal with these
terms separately. For the first term, assume without loss of generality that
11 < 13. We bound separately the contributions where there are at most N H



Construction of Cauchy data 2427

derivatives falling on any of the Ricci coefficients, where N + 1 derivatives

fall on (try, x,w) and where N + 1 derivatives fall on (n,7). In particular,
we have

(3.37) >

i<N

ui+2 Z vh winrlvizw
i1 +ip+ig=i+1 N B

i1 +t24+2x7%1 ,/,02+1
S Z Huu i2 vuy@z HL?SL;L‘X’(S%E)

i1+ <N+1
i1 <N—2

< (80 X I Ul sl

is<N

LLL2L2(Suu)

1 ~ _
+ 2 ||UN+1VN+1(UX> XowWllzerzra(s, ) llu 4 L2

Wzl!L;)

x NN (o, ) L 2 12

)

< sait <5§a§bi . 5s i) < 5%a%bi‘
u

a
u u

For the remaining contributions in Fi;, we will prove the slightly more
general bound where we allow (K — %,6) in place of &. Using Sobolev

embedding, we have

(338) Z ul+2 Z vzlylz-i-lvzs (K o ?7 5.)

i<N i1 Fiatis=i LYy L3 L?(Su.u)
i1tia+1vrin, jia+1
S E [u TN | e p r2(5,,0)
i1+ <N
i <N—2
4 . 1 B
. u13+2v13 <K—2,5' HU Q‘Ll
<N

3< L L3 LA (Su,u)

i
5 5 1
dz2a41b2
< .
~Y

u

The final term in F ; can also be controlled as above:

. o ) 1
(3.39) Y |t Y vty <K—u2,o—>

<N i1+la+iz=1—1

SO W TETY R Y| s, )
i14ia<N—1 . -
W<N—2

LLL2L2(S,..)
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. . 1 B
§ : u13+2v13 <K _ 7270. i HU’ 2”L111
is<N— u L L3 L2(Suu)
5 5 1
d2a+b2
<
~ U

We move on to estimates for F5;. Notice that the first, sixth and seventh
terms are already estimated above in (3.37)), (3.38)) and (3.39)). For the second
term, we need to use the improved estimates for V¢ provided in the elliptic
estimates section. In particular, we need to use the fact that ¢ > 1.

(3.40) o 1l e s

1<i<N

1 43 .
NEE Z ||UZ+3VZM||L30L;L2(SM)||U N S ]
1<i<N

5 5 1
d2a4+bs

For the third term in F5;, we have

(3.41) Dol Y VR e s, )
i<N i1 +iptiz=i N
<oe D R Y s, )

11412 <N
i1 <N—-2

x > Il
Z3§N
< 53 abs .

~

-2
1

u

(Su)  llu

|ul

For the fourth term in F ;, we need to use the improved bounds in Vi(trx +
o |) and the fact that ¢ > 1.

(3.42) E ut z V“y‘zvis <trx+’ ‘>

1<i<N i1 +iatiz=i LyLZL?(Su.u)
1 3. 2 _s
NEE g AR vL (trx—i— ‘> lu=2|z
1<i<N ul L Ly L2 (Su.w)
4 5% E u’i1+i2+2v’i1¢i2+1
i tia<N—2 a Le L Lo (Su,u)

X Z HUiSHViS@\L;oL;oB(SM) u )z
iy <N
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203 Saabz
< 0°a dz2ab

|u| |ul
For the fifth term in F5 ;, finally, we use the fact that ¢ > 1 and the improved
bounds on V(27! —1). We have

2.

1<i<N

(3.43)

i1 +i2+i3=1

ui—! | Z vilygﬂvig (Qfl _ 1>

LYL2L2(S. )
<62 Y [utEVI (log Q)| pe e rags, o lu 2 |2
1<i<N

+o: >

R VA e o
iHia<N—2

X Z”U

ZnglvzayHLffoLQ(Su ol
is<N—1

07 Y fur IR g

i1+ia <N
x Z Ju(l — HL°°L°°L2°° S, llu” HLi
l';SN 1
< 52a1% N 53abs
|u| |ul
We move on to estimates for F3;. For the first term, we have
(3.44)
D3I A
i<N

S0 Y

| 11+Z2+2vi1gi2+1 ||LioL§CLOO(Su,g)

X > VBl e pora(s, e ez

o 9
AN CT-E
i1 +ta+is+ia=1+1

11+ <N+1

LLL2I2(S
i <N—

w,u)

is<N

+ 67 [0l e o oo (5, 10N TV p po s,y T Lz
+6 Y et s, )
11+12<N+1

X E Zg+1V’L’3

Z3SN 2

Ul L Lo r2(s,..) [V
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2
+ 4 UN+1VN+1 (tI'X+ ,X,OJ) HUQ/}HLffLZOLw(Su,E)
[ul L L2 L2(S..) -
23
g
|ul 2

For the second term, we use Sobolev embedding to get

(3.45) >

ui+2 Z vilyifrl viz (K7 6’)

i<N i1 +iatiz=i LYLLL?(Suw)
< o7 Z R VA o
i14ia<N B
‘ . 1
x Y |u Y <K—2,6> lu™2| 2
ot |ul L L2L%(S,.) '
+9 Z ”UiﬁigﬂvilfﬁwLg;oL;op(Sw) uw e
i1+ <N
§3aib:  62azbi
S g —
ul2 ul2

For the final term in F3;, we use the improved estimates for Vitry, where
1 > 1. More precisely, there holds

(3.46) >

i<N

ui-‘rl § vil ¢i2+lvi3trx
11+t +iz=1+1

< <5é|uN+2vN+1trxHLgoLw(su,u)

LLL2L?(Su,u)

+9 ZHquvitrXHLgCLffL?(Su,u)) a2
i<N

+9 Z HuilﬂﬁzHLch;Loc(sw)

i1+ <N+1
h<N—2

X Z ||Uisvi37!}HL3°L;oL2(Su,ﬂ)||U_1|
is<N

+6 3 [t s,

i1+ <N+1
i1 <N

2
Lu
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X Z |’Uisvi3¢\|L;oL;oLw(sw)Hu_lHLﬁ

i3<N—2
2 1
< Dabr.
|u|2

Collecting all the above estimates and using |u| > (5a%b, the result follows.
O

The rest of the energy estimates are carried out in the same way. We sum-
marize the results of this section in the following way:

Theorem 3.2. There exists a universal constant k such that the following
holds, for all N. Consider the following characteristic initial value problem
for the Einstein vacuum equations. The initial incoming null hypersurface
H, is required to coincide with a backwards light cone in Minkowski space
with 0 < u < 1. Given 6, for every B > 0, there exist ag(B) and by = by(B)
such that the following holds. Pick any a and b satisfying ag < a < 6! and
by < az <b<a<d! and assume that, along Hy, the initial shear satisfies

- 1
> IV Rollzzras, ) < a2,
i<N+k

for all 0 <wu < 6, then there exists a unique solution to the Einstein vac-
1

uum equations in the region da>b < u < 1,0 < u < §. Moreover, the solution

obeys the following higher order energy estimates:

On+Ons12+Ry S 1.

Moreover, the following improved bounds hold:

g 2
> |Jstv (W—)} 2
i<N w /) L2 (Su,u)
<(5 1+2v7t L ‘
Soe, ¥ uevi (K- )
i<N-—1

The implicit constant depends only on the initial data.

S saz.
L>(Suu)

4. The transition region

The goal here is to obtain estimates on the following pieces.
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1) The sphere S5 on the edge of the outgoing null cone of the initial
data.

2) The (non-trivial) incoming null cone at the border of the region of
existence.

3) The additional outgoing null cone extending beyond the region of ex-
istence, on which we impose no additional shear y = 0.

4) The spacetime region developing from the characteristic initial value
problem defined by these outgoing and incoming null cones. This region
is called the transition region. Its existence is proved by using the
estimates shown in 2 and 3. Such existence results have been shown
by [19] and with an initial curvature singularity by [20], [21].

Throughout this paper we shall impose an extra condition on the initial
data, namely

)
(4.1) / XL, 0) du = 4mp,
0

for some positive constant mg. We can think of this constant as representing
the mass of a Schwarzschild spacetime, the geometry of which is close to the
geometry of the entire transition region.

Remark 1. Crucially, throughout this section, we assume a bound on all
the derivatives of Xo:

o
N 1
ENVWﬂ@wwh)SW-
i=0

This means, thanks to Theorem 3.2, that for any given N, the estimates
On +Ont12+ Ry S 1
hold in the region of existence.
4.1. The geometry of S1 5
The purpose of this section is to prove the following lemma which, roughly

speaking, says the geometry of the two sphere S s is close to the geometry
of a given 2—sphere in a Schwarzschild spacetime with mass my.
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Lemma 4.1. On the sphere S s we have a =0 and for all k
(19" (trx = 2+ 4mo), |V*B1,|9¥ 0, IVH(K = DI, [V*(p +2m0)]) S ba.

Proof. To begin with, the fact that a = 0 follows from ([2.12]) and the fact

that ¥ has compact support in C’fo’é). For try on C7, we can recall the

equation that reads

Vytry = —%(trx)2 — x|* = 2wtry.
Integrate this equation along [0, d] to obtain
(4.2) [trx(1,0) — 2 4 4my|

) )
s/nuwm&w+/wWmewmmw
0 0

S 5”“‘)(”%@0(5%) + 0|ltrx L~ (s,..)

1 1
<d-az-az =da.

Wil L (8.0)

Here we have used Theorem 3.2. Moreover, for k > 1, the same Theorem
implies that

2
: [y A T
(4.3) u" TV try i e, ) 2 a
Consequently, for u = 1,u = ¢, there holds
2
Hvk <trx — ) ‘ < da,
u LQ(Sl,a)

for all k. Using the Sobolev embedding Theorem 3.8, there holds, for all
k>1,

(4.4) HV’“ (trx — 2 4 4myg) HLOO(SM) < da.

For 3, on the initial outgoing cone C', recall that we have

1 1
divy = §Vtrx - XN+ §trx77 — 0.

We rewrite this as

1 1
ﬂ:§Vtrx—X'n+§trxn—din<
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Now notice that x =0 on Sy s, so that

1 1
BZgVHx+?wm
on S s. Differentiating k times by V, we get
(45)  [VFBI(1,0) S IVF arxl(1,0) + Y [VF|(1,6) - [V trx|(1, 8)
lier:k
S Hvk“ (trx — 2 4 4my) H

L>(S1,s5)
+ Z V5 trx ]| Lo s, ) V20 oo (51)
key+ho=k
< da + az - éaz
< da,

~

where we have used (4.4 and the fact that |V¥i5|(1,6) < saz by Theo-
rem 3.2.

For o on the initial cone C, we have

curln=0—- X AX=0.

N

Since |[V*1p|(1,6) < daz and X = 0 on Sy, taking V¥ on both sides of the
above yields the desired estimates.

For V¥(K — 1) on Sy s, Proposition 6.9 in [5] along with Theorem 3.2 and
an application of Sobolev’s embedding yields

=

VR(K = 1)| £ 0% (1 + Opr12 + Ry) < das.

Moving on to estimates for p + 2mg, notice that there holds

2m0 1 1 2 4m0 2
1.6 0 (k=) = (= 2 T (et 2
(46) Pt B < u? 4<rx u u2><rX+u>

Given the fact that v =1 and x = 0 on Sy 5, applying V* to both sides of
the above identity and using the estimates on try + % from Theorem 3.2,
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we arrive at

(4.7) |VE(p 4 2myo)| < da.

4.2. The geometry of the incoming cone

Throughout this section, our main goal will to establish the fact that the
geometry of the cone (Y is close, in a rigorous sense to be given below, to
the geometry of an incoming cone in a Schwarzschild spacetime with mass
mg, where mg is given by . This will be achieved by propagating the
appropriate null structure equations. This is where equation and the
control on the geometry of S; 5 will prove useful, as it is those that enable
us to achieve the desired closeness. We shall prove the estimates in a series
of propositions. We begin with the estimates for x.

Proposition 4.1. There holds

R oa
WV R 2500 S —-
U
Proof. We begin with the structure equation
L1 . ~ L1 . ~
(4.8) Vsx + §trlx =Ven+2wyx — 5tr&x+n®n.

Commuting this with ¢ angular derivatives, we have
1+1
2
_ Z Vitgia Vistly 4 Z Vitgia Visg ity

i1 iotiz=i i1-FinHis+Hia=i

+ Y VERRYERVEp Y VT ey vy
i1-+Hintiz+ig=i ir+iz+1=i

+ Z Vitgiatl ViStrKVi“)Z
ir-HigHigHia+1=i

+ ) VRRVR (Y, R try) VR
i1Hiotis+is=i

(4.9) VsViy + trxV'x
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Let us look at Proposition 3.16. We follow the proof of Proposition 3.17.
There holds

L1 .
VX + gt X = Vi + (¥, ).

Using Proposition 3.12 and commuting with ¢ angular derivatives, we have
that for any ¢ there holds

VaVig+ Vi = Vitly 4 S vt
Z1+12:Z
+ Z vi1£i2+lvi3w
t1+i2+iz=1

1. . .
D DR A

i1 +io+ig=1i—1

We now apply Proposition 3.4, which tells us that the quantity
HUZ:V%A(”LZ(SH,&) can be controlled by the sum of [|u'V'X||z2(g, ;) and the
|u*||L1 12(s, 5) norm of the right-hand side in the equation above. We now
estimate each of the terms on the right-hand side:

e For the linear term in 7, there holds

o 1
110 WVl 5|

, 4 Sas
[PV Y| 25, ) S
L - u

Y

where we have used the improved bound on [|u"* V4| 1 pa(s, )
obtained in Theorem 3.2. -

e We then control the second and third terms together. Here, we use the
estimates derived in Proposition 3.16. There holds

(4.11)
Z uivilgi2+1vi3 (w)y)

i14is+is=i L3 L2(Su,s)
S Z 22 g, ) - 0TIV (0, 9) || e e (51 )
i14istiz=i
1
< daz b < 5a‘

U u



Construction of Cauchy data 2437

e Finally, the last term is estimated as follows

(4.12)

Z uiflvilgiﬁ»lvigw

i1 +i2+is=1—1

D

11 +1o+i3=1—1

Ly L?(Su,u)

[u T ey U T VS e pe s, )

< Saz

~

;<5a
cazr S —.
U ~u

Recalling that initially we have

IV %0l £2(s, ) = 0,

we get
L oa
HquZXHLfL2(Su.a) N o
This concludes the proof for x. O

Notice that Remark 1 at the start of this Section implies that we have L2
and L°°—control on all derivatives of the Ricci coefficients, which allowed us
to close the estimates in the above Proposition. We move on to estimates
for & and o:

Proposition 4.2. There holds

0 =

| - . , da:
[ V6| pags, ) + a0l e, ) € =

Proof. We begin with the estimates for 5. The fact that X = 0 on S im-
plies that & = o on S 5. Consequently, the bounds for & on 575 are the
same as those for o, meaning ||Vk6HLoo(SM) < daz for all k. We proceed by
commuting

3 1 ~ 1 ~
V36 + 5trgf =—div "f+CAB-2nA B+ 5X/\ (Ven) + 5X/\ (n®@n).

with ¢ angular derivatives. We obtain

3+1

(4.13) V3ViG + trxV'e = G
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where G is given by
(4.14) G= )  Vigtlviy
i1 +ia+i3=1+1
1 o A .
+= > VigRtIVEs 4 divi Vg
i1+t +ig=1—1
=G+ Go + Gs.

We now apply proposition 3.4 with Ag = %, so that

1
|u’1+2||vl&‘|L2(Su75) S HVIG'HLZ(SLS) +/ |ul|l+2HG||L2(Su/,5) du’.
u

There holds
1 o 3 1 e
[ G sl €3 [ WG s, .
U =1 7u

We estimate these terms separately.
e There holds

(4.15)
H Z ui+2vi1£iz+1vi3y‘

i1+taFi3=141

DY

i1+ta+i3=1+41

L1L2(S.s)

T ETI  pa g, ([P TPVEY| p poes,)

<5-aé

~

2
1 (5&
bas < 28
~ou

u

e For the second term, there holds, recalling that & = curl n = V¢
schematically,

(4.16)
H Z asAVORCRE A vIPY
i1 tiatia=i—1 B

S > TR e, ) TV E | s, )
i1+ia+i3=1—1

L1L2(S. 5)

1 daz 1
.5a2+72.u.6.a2§
u

1
< daz 5%a
~ U
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e Finally, we estimate the term involving S,

(4.17) ‘u

i+2gi+l }
- L}LLz(Su,g)

1
- / 2T s,y
u
1

1 é 1 2
5 (/ |u/‘2i+6Hvi—i—lﬁniz(&“.é)du/) . (/ |u/|—2du/)

1 1
+3 1
5 1 ‘ ! VZ+ B‘ S 1 ‘ U
uz2 L2L*(Su,5) w2
3 3
d2q1
<
~ 1 M
uz

Consequently, the worst term comes from the initial data, so that multiplying
by u~! we get

=

i i e oa
(4.18) [ N5 25, ) S

For o, there holds

1
Consequently, we have
(4.19) [ Voo |l 2gs, )
< i+1v71 < i+1 11 i
S VAt K TRER UAslD DI AP A
11 +12=1
Saz , -
S T e, - I VR s,
i1+12=1
1 1 1
<(5a2+57a‘(5a2 <<5 az
~ o U u ™ ou

We recall here that we have chosen a: < b so that da < u. Moreover, we
have used the improved estimates for x on the incoming cone from Propo-
sition 4.1. This concludes the result for o. O

We now bound f.

Proposition 4.3. There holds

i i oa
[V Bl 25, 5) S —
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Proof. We begin with the Bianchi equation for 3:

(420) V3B +trxf = VK + V5 + 2wh — 3(nK — *no)

1 o . 3
+ §(V(X X))+ VIXAX)) — 7 1trxtox
R |
+§(77X'X+ TIX/\X)—Z(VtrxterLtrthrX).

Commuting with ¢ angular derivatives and using the schematic representa-
tion, we have
142

(4.21) V3V'B + 5

trxvié = G,

where
) 1 . .
(4.22) Gi="*D (v% <K — u2> ,v%}) +yVitly
1 . .
+ EVZHtrX + PV (R, try)
o . 1
11,/ t2+1x7%3 -
+ Z VhpRy (K—UQ,U>
11+12+13=1
+ Z vil gig-l—lv’igd)

11,13<1

4= Z thlz-i-lvzgu} + ﬁ Z Vzlyh—i_l-
i1+la+is=1 i1 +ia=1

Applying Proposition 3.4 with Ag = %, we can bound

IV Bl s, ) S IV BllLa(s, o) + 0 Gillara(s, -

e There holds

uitiyitl (K _ 12’(}) ‘
u LLL2(S. )

uit2yitl <K 1 V> ‘

w2’

(4.23) ‘

1
daz

Y

<

~ ‘

. H <
L2L2(S..5) Hu ~

L2 u

.

where we have used the improved bounds on K — 7712 from Proposi-
tion 3.2 as well as the improved estimates on & from the previous
proposition.
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e There holds

(4.24) ‘

z+1wvz+1w‘

L1L2(S,.5)
N HuwHLsz sun 'V TP g2 r2s, )
< Saz ' 5a.

~

=
IS
M\»—-
2

u

e There holds

(425) W'V g ags, ) = [|of

e There holds
u it <X’ tr&) ‘

S lle2 poe(s. )

5a da

l .
U2 u

(4.26) ‘

L1L2(S,.5)
e tvias! (th X) ‘

L2L2(S.,s)

|-

S S

S‘H\ S

e There holds

) o ) 1

5 e (o)
i1+ +is=1

SO eVt s, )
i1+i2+i3:i

. . 1
sty (K - a) |
u

3
da stad < a.
U ~ou

(4.27) ’

L1L2(S..s)

d

L2L2(S.,s)

N =
M\»—l
I\D\»—l

S

e There holds

7 11 ,/,t2+ 15713
(4.28) ‘u S vty w\w i
i1 i tis=i
PR .
S ) e TEVRYE |, “ZSV%‘LQLM(S )
i1 +i2+is=1 " o0
55‘1% égéﬂ
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e There holds

o Sa %
(429) Z ||uz1+22 lv“gzﬁ_lHL}bL%Su, ) S -
Zl+22:l
Consequently, there holds
i+1g7i < da
(4.30) ™V Bl 250 S
O
We proceed to control the term try — % + 4;’;“.
Proposition 4.4. There holds
‘uiJrlvi trx—2+4m0 ‘ <57?+5a5 < 55?5
U u? L2(Sus) ™ us u ™oz
Proof. Recall the transport equation
1
(4.31) Vstrx + 5““)(”’& =2witrx +2p—x-x+2divy+2 n?.

We can rewrite this using the Gauss equation K = —p + 2X X — %trxtrl
to obtain

(4.32) Vstrx + trytry = —2K + 2wtry + 2divy + 2 |n|.

There holds

2  4dm 2 4
(4.33) Vs <trX B ) +try (trx _cy ;’;0)

 0-1
_2 K_i _g tI'X—I—g +M
u2 U =y u2

4 2 8mo(~1 —1)

+ 2@757‘)( + 2d1v77 +2n|?
= G().

Commuting with ¢ angular derivatives, we arrive at

. 2 4 , + 2 ) 2 4
(4.34) V5V (trx - 24 m“) + ! J; try V' <trx -2+ n;m)
- u
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= ) VIRVREG
i1 +ta+i3=1
11 ,/,02\73 _—
f 3 v ()
t1+i2+iz=1
+ Z trxvilwizvig try — 2 + 4mo =G
XV v X U 2 ) i

’il +Zz +'L3 :’L
13<i—1

Proposition 3.4 implies that we can control
; ; 2 4m0
439) v (o= 24 20 e

» 2 4
< Hvl <trX - —+ m0> ‘

— U
U u?

i+1Gi‘

L2(S1.5) ‘ L1L2(Sus)

Before we continue, we remark the following: As can be seen from the last
two terms in (4.35)), the estimates will have to be carried out using induction.
To do this, we first obtain estimates of the form

As soon as we have obtained these estimates, we have essentially obtained
the desired bounds for ¢ = 0. For ¢ > 1, we shall then use the inductive
assumption

Yyt Z Va7 Go‘
i1 +ia+is=1

ST, a,u).
LLL2(S..5)

2 4m0

(sl <tTX a7 u2> z2(5..5) S T(6a,u), Vj<i,

which we will use to estimate the last two terms in (4.35]).
e There holds
. o 1
4. 1+1x7t1, /027713 = ‘
(4.36) leluV¢V(Ku»
t1+22+13=1

G (K~ 1 ’

u? ) lLL 128, 5)

i1+ig+iz+1=1

uierlvis K — i ‘
’LL2

L1L2(S.,s)

<

d

LEL2(Suu)
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. . 1
< z+1vz K- — ‘ 1l e
~ ‘u < u2> L2L2(Su,5) Itz

+ Z [ R VA i 7Y ST
i1 +io+is+1=1 a ’

st <K _ 12) |
u

L3L2(Suu)
_ daz N baz a3 _ da?
~ 1 1 1 ~ 1
uz2 U2 U2 u2
Here we have made wuse of the improved
|ut T2V (K ) 2s..) S Saz from Theorem 3.2.

e There holds

(4.37)

Z ZV“@ZJ“V“ (tl"x 1 2>

11+t +i3=1

o 9
u'V* <trx + >
= U/ NLir2(S,s)

+ Y PR s,
t1+ta+is+1=1

o 2
X ‘ ITRAVAL (trx + ) ‘
= w ) lLipe=(S,.s)
i 2
wV (trx+ = 1t
W/ L2 L2(S,.5)

i1+ia+iz+1=1

L1L2(Su,s)
<

~

w\»—A

e There holds

(4.38)

. o 9
Z ul—lmov“ysz (trx + u>

i1 Fiotisg=i LLL2(Su,s)
o ) m
S Z (AAVA VA VAL <trx + = : Hio‘
— = 2
i Hintig=i Ullzra(s.,,) "W A
1 1
< dazmyg < daz

= .
U u

estimate
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e There holds

(4.39) ‘

N =

oa

1
U2

wi—! Z Vilygvig <1 _ Q—l) ‘

i1+ia+i3=1

<
~ Y

L1L?(S.,s)

keeping in mind that w = %8@24 and that Q1 =1 on H,. Indeed,
when ¢ = 0, there holds

o (1=2)]

For i > 1, there holds

1

u

—1 -1 1
LS ) ST = e r2s, ) - llu e S daz -

W |-

(4.40)

‘uifl Z Vz'lygvig (1 _ QA) ‘

11 +ia+iz=1

v (/Qw(U,U/791792)dul>
0 L1L2(S.,5)
D DI LT (/ QW(U’U’ﬁIa"Q)d“,)
- 0

i1 +la+i3=1

LYL?(S.,s)

<

~

+

LLL2(S,.5)
S

ui—l / viW(U,Q/, 917 92)dﬂ/
0

LLL2(S..5)
u
ut—L Z vhyl2+1 (/ V’3w(u,u’,91,92)du’>
i g tis+1=i 0
Sllu iz -6 [w' Viwll g2 £o(s

_l’_

L1 L2(S.,s)

u.é)
+ Z ||ui1+l‘2vi1%i2+1||LiL2(Su‘5) .5 ||uisvi3w||LiL°°(Su75)
i1 +ia+i3=1
1 1 1
1 1 daz dax _ daz
ST 0-ar+ T S 1
uz u u2 u2

e Similarly, one bounds

(4.41) |u""2moV* (1 - Qfl) 21 22(5..5)

< u =tV (1 - Q_1> Ir2r2(s,s) - e mollz2 poe(s., )
5a%m0 < Saz

< .
u u
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e There holds

(4.42) H z uiHV“yQV”gV”tr){
11+t +is+ia=1
’ Z ui+1vi1wi2+lvi3trx
in it iy =i B
S Z [t T2 2 o pa g BTV b p2 e s, )

11 +io+iz=1

LL1L?(S, 5)

L3 L2(Su,s)

N
e There holds

uz—l—l § : v11¢lgvlg+1n‘
i1 +i2+i3=1
— ||uz+1vz+l

(4.43) ’

LLL2(S.,s5)

Ml r2s, ) + [l

% Z vilwzﬂvz‘aﬂn‘
t1+io+iz+1=1
itlwitl
S TV ) L1L2(S,.s)

I [ v [P [Tt AR 1 P

LLL2(S.,s5)

i—1
1 N
5 Hu‘ L2 HUH_ VH_ 77||LiL2(Suy{;)
+ Y I o, [ PV E ]| e e s, )
1—1
L 1
< Loty 4 09 gt < D02
uz Uz

e There holds

(4.44) ‘

T S
11+7,2+Z3+'L4:7,
uz'Jrl Z vi1%i2+1vi3;’7
11 +ip+iz=1
t1+io—1v7%1,/02+1 i3+277%
SO IR s, o [uB TPV e s, )
11 +ix+iz=1
5%a
< e

L3 L2(Su,s5)

LLL2(S.,s)

u
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This concludes the terms of the form Zh Higbise ZV“W"‘V“GO The
worst term that has appeared is 9% + 92 . Consequently, the result
u?2

holds for ¢ = 0, namely
Ja  das
STt
uz2
and make the inductive assump-

4TTLO
lutex =2+ —=|[L2(s, )

4

e
NS s

We can therefore set T'(a,u,d) =

tion

, . 2 4dm
(4.45) Huﬂ“Vﬂ (trx 4 uzo) ‘

L2(Su,é) ’U/%

for all j < i.
e There holds

2 4m0 ‘
LLYL?(S.,s)

an Z V“W?V“" <trx - — 4+ 2

i1 +ia+iz=1
) ’ 2 4my
= ‘ 'LLZ+1VZ <tI'X - —+ u2> ‘

(4.46) ‘

L2(Su,s)
2  4dmy

> VhgRtye <trx— 2tz ) ’

172
i1+i2+i3:i 1 LuL (Su,ri)
i 2 4m0
S‘ 'L+1vz trX_*‘i‘ - ‘
U LY L?(Su.s)
L 1
D DR (T U PFVAYENS
t1+i2+iz=1—1,
11>13
i ; 2 4dm
2 0
X Hu13+ Vs <tI'X —u T — ) ||LEOLQO(SHY6)
u u
L 9
LD DR A G VAN
t1+i2+iz=1—1,
7:3>7;1
i ; 2  4dm
+2 : 0
X Hu’s Vs <tI‘X - —+ 7u > ||LO0L2(Su 5)
1 ; 2 4m, 5@5
1 0
S‘UH_ Ve trx_i_'_T ‘ 7'T(a7u76)
u LYL2(Su.s) u

The first term in the last inequality is handled by Gronwall’s inequality
The second term is smaller than 2%.
w2
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e We can also bound

(4.47)

2 4

e Z trxV“WzHV’S (trx - — 4+ ﬂ;()) ‘
L U L1L2(S, s)
i1 +io+is+1=1
) 2 4

an Z <trX + ) V“WQHV” <trx - — 4+ m0> ‘
i1+to+is+1=1

) 2
u' Z V“Q/J”HV“ <trX —

u2

4myg

7+ w2 ) llorres

u 1 U,

i1iotiz+1=i wL?(Su.0)
e it

S > [t TN = pee s, L)

11412 +i3+1=1,
11 <13

LI L2(S.s5)

X

2
u L2 L2(Su.5)
i1+iz iy a1
+ ) [u" T2V YT [ s, )
i1 +io+is+1=1,
13<l1

. , 2 4
yistlyis <trx _Z mo)

2 4
x ||yt tiyis (trx - — 4+ Tr;O)
u L°L> (S, 5)
Saz
< T(a,u,9).
U

So there holds

; 2 4m0
4.48 ‘ iy gy — 2 4 270 H
( ) u ry + " Lo Lo L3 (5, 8)
ALy kL
U2 U uz
O
‘We now control w + 29
Proposition 4.5. For i > 1, there holds
’Lv’L + Y ‘ < -
’ Y (w 2u 2> L2(S..5) ~ wus
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For k =0, there holds

o (= 52

Proof. We first prove the bound for ¢ > 1, then for ¢ = 0. We begin with the
schematic equation

_ Srax
L2(Sus) ™

1
w2

Viw=K+ 99+ +trxtry.

Commuting this equation with ¢ angular derivatives, we obtain

(449) VsViw+stryViw= > VigBViK
i1+i2+i3=1
+ Z vi1%i2+2+ Z vilyig-f—lvigdj
Zl+’LQ:’L

D

1 . . ) 1 .
—Vi VY 4 —Vitry == Gi.

11 +io+iz=1

7

Using Proposition 3.4 with A\ = %

5 and given that the initial data for
wlve (w + g‘—%) for ¢ > 1 vanish, we conclude that we can control

i—1wi mo i—1

< ‘
Lu Lz(Sué) ~
Deﬁne

L1L2(S, ;)

Fy = Z Vil t? 4 Z Vit gy,
i1+i2=1 i1 +i2+i3=1
1 . . .
+ Y Vgt
We claim that

N =
N =

. 0z2a
' | s, ) S

|ul 2
Indeed, there holds

- 1. .
' " il pe(s,s) S 5||U1Fi||LglL2(su,a)-
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Moreover, we have

(4.50)

i1+la+is=1

S 2

|| 11+io— lvzl wzﬁ—l ”L1 L2
i1+ +is=1

) BTN (4, )| oo e s,
< daz (a; n (5a2> < da
U

uz' Z Vilyiz—l-lvig(g,w)‘

L1L2(S

w,s)

)
u

u

>

vzl wlg+lvz3w‘
i1 +ix+ig=i—1

LLL2(S, 5)
Z ity

i1 +ia+ig=i—1

H 11+12 1v21%22+1”[/1{[/2(s“,5) . “ui3+1vi3w|’Luoch(S )
_ das ( . baz

1 > (5@
az +
U u’

We now focus on the two remaining terms, the one involving K and the one

AN

~

with +V'try. We first estimate the term containing the Gauss curvature
We split it as follows:

1 1
K= (K — 2) + —.
U
For the term involving K —

2, when 75 = 0, we have

o 1
-1
9 (K= )1
. u,5)
o 1
+1
< unvr (5~ 5))

u
In the above we have used the improved bounds on R by Theorem 3.2. For

(4.52) (

a2 <(5%a%
L2L2(S, 5) e 5

i3 > 1, we have the following improved bound

1
(4.53) H S vty <K - ) ’
i1 +ip+ig=i—1

u2

L1L2(S.,s)

1.5)
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5 Z Huil"riz'i‘QVilyiz'i‘l HLZ"L"O(Su,a)

. 1 _
% ‘u13+1v13 - = ‘ X HU 3HL,2
U L2L2(S.,s5) v
3
1 d2a
S dax - dar - — S —.
uz uz

We now examine the contribution arising from the term % The only pos-
sibility in this case for having io = 0 is ¢ = 0, which is excluded as we are
working with ¢ > 1. For 79 > 1, we have

1
z It ,02+1
sy || Y Vit me
o~ U (Su.s)
i1+ia=i—1
< i1zt i e+l -3 < daz
S Y W s, - ey S 2
11+ <i—1
We now estimate the remaining term, given that ¢ > 1, by
da

(4.55)  [lu'"*Vitrxl Ly pags, ) = ‘

, A 2
w2V <trx — ) ’

Multiplying the above estimates by u, we arrive at

(4.56) Z H vl <w+ 2u2> ‘

We finally focus on k£ = 0. Recall that there holds

L1L2(S.s) ™ u?’

L2(Sus) ~ wur
1 1
Viw=2ww—n-n+ 5]77\2 + 50

In particular, this implies
mo
(4.57) V3 <w—|—2u2) =2ww—n-n

1, 5 1 2my (1-Q ) mg
+2|77|+2<,0+ u3>+ A

Notice the following identity:

2 1 1 2 4 2
(4.58) p+ﬂ K——) == (trx =2+ 220 (try + =
u2 4 U u2 =
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1

LT 1 ¢ 2 + 4my
— . r _ [
2 X X+ ou \"X u?

1 2 mo 2
o (Xt =) (trx+— .
2u = U =
Looking

HU‘
lu™

u
at (4.57) and wusing Proposition 3.4,
(w+ 5%)l12(s,,) by the initial data |jw+ "2

can bound
HL2 S1.5) and the

|21 £2(s, ;) norm of the right-hand side of ([4.57).

e There holds

1
(459)  llu™ wwllryras,.) S/ | 7wl e (5,0 ) el (s, ) du’ S
u

1)
olwlias, ) d < 55
e There holds

u?’

we

(4.60)

1
50 & [ 1 Ml sl s, 0 S
u

2
< 0a
e Similarly, there holds

ud
5%a
4.61 < oa

(e

L1L2(S
e There holds

(4.62) H (=97 mo

ud

1
dazm
S O
L112(S,.5)

ud
e There holds

1
-1
K- —
" ( |u|2>

Slu e -

(4.63)

LLL?(Su,s)

()

=
W=

0

< a

~Y
L L2 L2(Sy,s) Uu

e There holds
(4.64)

—1 2 4m0 2
U try — —+—5 ) {trx + —
u U = u
1
<L
~ Ju Le=(S

rx + 2H
rx
» L(us)

3
2

L1L2(S.,s)

2 4m0
try — — + —

u2

/

du

L2(Su,s)
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/‘ a> ~az _ da
b ™ bud

e There holds

(4.65) lu™' % - XLy 22(s,.0)

/ lu Y s, o) - 111z~ - 1%l z2s, o A
! :

S [ S a5 5
u u u
e There holds
2 4 L§zaz Sraz
(4.66) Hu_2 (trx - —+ 17;0) ‘ S / #du’ S 76:
U U L3 L?(Su,s) u U2 u2

e There holds

2 L saz Saz
4 H } < / 9% qu' < 2%
(4.67) <trx—|— ) LA (S T du’ < 2

e There holds

15 1 1
azm dazm
) u U U

2
(4.68) Hu mo (trx + u) ’

L1L?(Su,s

Multiplying all the above estimates by ¢ and putting them together, there
holds

(4.69) Huw + —H S —
LOCLOOLZ( u (5) UE

O

Remark 2. Notice that we need an extra u in (4.69), but this will not affect
our construction of the Transition Region.

We proceed with p + 2m“.
Proposition 4.6. There holds
2
Huk+2vk < 4 T’;O>’
u L2(S

2(Sus) T w

(=%}
W=

s
W=

=



2454 N. Athanasiou and M. Lesourd

Proof. Notice the following identity

2m 1 1 2 4m 2
(4.70) p+0:—(K—2>—<trx——|—2o> (trx—i—)
U 4 U U = u

Multiplying both sides of the equation by ©*+2V*, we arrive at the following
e There holds

N =

< daz.
L2(S,,s)

(4.71) Hu’“”v’“ <K - 1)‘

u

e There holds

(4.72) HukJr2 Z vk <trx - —+ ZT) v <trx + 2)’

ki +k+2=k

2  4dm
< k'1+1 kl _ = 0 5
S 3 ek (o 2 2 s,
k1+k2:]€

[P(Sué)

2
x [[ur vk (trx+ > LS. 5)

< <6a+ 5a2> ba’
uz u u

e Similarly, we can prove that the remaining terms, when controlled in
52@2

u2

the L?(S, s)—norm, are bounded above by
The result follows. g

We finally bound o and a. We begin with estimates for a on Cj.

Proposition 4.7. There holds

[Vl 25, ) S

9
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Proof. Recall the Bianchi equation for a:

~

1
Via + §trxg: —Vep+4wa—3(xp—"x0)+ ((—4n)®p.

Using the constraint equation

1 1 1
ﬁ:diV)Z—QVtrx—2(17—n)-<X—2trx>,

an application of Proposition 3.13 yields
(473) V4VZQ — Z Vh%izviSTﬂqu
i1 +io+iz+ia=1

+ Z vi1y’i2 v’ngvu (p7 O')
11+l +i3+ia=1

+ ) VR VE (g, ) VT (R, trx)
i1 +i2+is+ia=1

+ Y VRRYR () VR (n, n) V(X try)
i1+i2+1i3+ia+15=1

+ Z vilyigvi;r‘rQ(X’ trx)
i1 +ia+iz=1

+ Z Vilyzvi?’ X trz)vi”l(n,ﬂ).
11+t +i3+ia=1

Notice, furthermore, that Via = 0 on the initial incoming cone, because it is
a Minkowski null cone. We shall prove the estimates inductively. For ¢ = 0,
using Proposition 3.3, we have

)
(4.74) lallzx(s, o) < /0 I trx) @l z2(s, oy

)

‘1‘/0 IV2(R, trX) [l 25, L) At
)

+/0 ||(777ﬂ)v(XatrX)HLQ(S“&/)du,
)

+ [ G0V s, o

/|>z ze(s, e

+ /0 10nm) - () - (o )| s,y
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We treat each term separately.

equality.

e There holds ||(w,trx)allryz2cs) S 1w, trx) sy lellyras) S % -
|z £2(sy- This term is thus absorbed to the left by Gronwall’s in-

e There holds

R . da
IV2(x, trx)lliz2(s) S §IV3(X, trx) ||z r2(s) SO
e There holds

~

N =

u3

[, m) V(X 00| 21 2205) S 010, | Lo oo () IV (X 0D Lo £2(5) S
e There holds

5a
!

(X, trx) V()| Ly r2s) < 611V (m,m)

e There holds

R Saz
Ly L) (X trx) [ Lo r2(5) S0
(4.75)

u3

1X - (0 0)| Ly 12(5)
Sx - ol

roras) X Vnllnirees) + 11X X - Xllizes)
SR pllizes) + 0 Xl e res) IVl Lo r2(s)
0l e ) XN 22 225

< e 82a 62>
Sx- PHL;LZ(S) + 5+

ud
For x - p, we can rewrite this term as

A~

1. 1 2. 2% 2
co=v (K- =)+ =~ -try- (try — 2) + 22 (¢ z
X-p=x"( u2)+4(x rx - (try u)+u(rx+u))+
We thus have

~

1
2X

<>

. < ile 1
(476) IR pllagras) S I¥llezz=cs) - | K

u2

Li{LQ(S)
1, . 2
+ Xl =) llorx + llzsra(s)

oo J,00 ry — 17,2
+ o Xl p=s) lltrx = —liriraes)

+ 5!\X|’%;Loo(5)||X||L;L2(s>
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3 3
da  6%a  H%a: 5%az da
BT Tt S
n U U U n

e Finally,

(4.77) 1(m,m) - (m,m) - (X trx) Ly r2s)
< 2 c < Oa
~ 5||(77,Q)HL;L00(5)”(X7 trK)HLfL?(S) N A

Combining the above estimates together we see that there holds

(4.78) luallzas, ) S

A routine induction argument using (4.73)) yields, for all 7 and for all v > %,
that

(4.79) 1™Vl 2(s,, ) S

Finally, we move on to estimates for a on the incoming cone C}.

Proposition 4.8. There holds
oa

lu" Ve pas, ) S
u

u,J)

Proof. Recall the Bianchi equation for «, given by

1 ~

Using Proposition 3.4, there holds
(4.80) lellpzs, ) S IVBILyras)

1
+ / lwallas, ) du
ul
+ / 1%+ (0, 0) 1123, o) v
u

1
+ / 1(,m) - Blla(s,, A
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At this point we crucially use the estimates for 5 obtained in this section.
We have 5
1wV Bl 25, 5) S o

1
da
@80 ol S [ gmde

1
+ [ el ol o d
“1
/
4 [0l 82,0 du
“1
[ Il s ol s,
u
da L baz Lsaz  da
< 2 Nallzas, ;) du’ gar 0% qu
~ 2 +/u |u/|2HaHL (Sur ) AU +/u ‘U”Q ”U/|2 U
2.2 15,2
< da  d%a +/ da
u

!
S + w3 ‘u/’2‘|a‘|L2(Su',5)du

1
oa
+L o 1(p, )l 25, 5 du'.

By using Gronwall’s inequality and the improved estimates on x from Propo-
sition 4.1, we arrive at

da L sa
482) ol S 55+ [ e 1) liogs. o

oa L Sa A
Sz +/ = (190l + 1% Kleegs,, ) 4o/
Sy |

1
da 1 2 /
+/u W <||K gl +lrx+ w””(SM)> .
1
5& 1 2 /
+/u WP o lerx = llza(s, ) dw.

Putting everything together, there holds

da  6%a® _ ba
(4.83) lallz2(s,s) S 215 N 2

A simple induction argument then yields

oa

(434) Ve s, ) S &
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Remark 3. The problem with using o and « in [J] is not that these quan-
tities are singular, as in [21)], but rather that they are large. So large, in fact,
that with them it would be impossible to prove the existence of the spacetime
up to u = Sazb. The reason we are able to obtain better estimates here is
that we have started with x = 0 and gradually improved every Ricci coeffi-
cient and curvature component. At most steps through the incoming cone
estimates, we have used the improved estimates on the incoming cone that
arose from previous propositions in this section. In other words, the improve-
ment on X and its implications is what ultimately gives us better control on
these quantities.

4.3. The geometry of the outgoing cone C([)5’5+1]

We extend the data onto an outgoing cone, extending the original data, so
that ¥ = 0 on this extension, now labelled C}; S+ my is the mass parameter
of a Schwarzschild spacetime, and the various curvature and connection
terms will be renormalized with respect to the values they take in a certain
patch of an mg Schwarzschild spacetime. The quantities 1, 1, w, w, G, and
Ky — % all vanish in any Schwarzschild spacetime.

We begin with a few preliminary remarks on setting up the problem.

Remark 4. We extend the initial data on a cone C([)5’5+1] with Q=1 on
the cone.

Remark 5. The fact that x =0 and w =0 on ngﬂ] implies that, ini-
tially, try satisfies an equation of the form

1
Vytry = 3 (trx)”.

In particular, try is pointwise bounded by a uniform constant on this outgo-
ing cone. Using the identity

d B df B
i), f—/SM (dumtrxf) = [ aatn+m).

plugging in f = |¢|?/ and using Cauchy-Schwartz on the sphere along with
the L bounds on €2 and try, we have for u > § that

u,u

1blles, oy < 9llecs, o) + /5 IVl s, .y ot
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Remark 6. The fact that the areas of the spheres Si 4 ford <u <+ 1 are
uniformly bounded above and below by positive constants implies a Sobolev
embedding statement:

2
1Dl L (s00) S D IV Bllz2cs, )
=0

Proposition 4.9. On the outgoing cone C([)‘S’JH], we have x =0, w =0,

and for all k the following:

\V& (U"X —tTXme, M, B K — 1,6, w — W, , trX — trzm0,§> < da.

Proof. The proof will proceed via an induction argument on the number &
of derivatives. We will obtain these estimates in the order in which they
are stated. This reflects how various terms come into the null structure and
transport equations.

Since on the outgoing cone u € [0,0 4+ 1] we have y =a=w =10, n= —n,
o = &, ( = n the transport and Bianchi equations of interest in the V4 direc-
tion may be written as follows. Note below that we are loose with notation:
for ¢ div ’ we write V, for n®@n we write 2, and for *Vo we simply write Vo.

1
(4.85) Vatry = —i(trx)2,
(4.86) Van = —trxn — B,
(4.87) Vaf = —2trxp,
1 1
(4.88) V4K = —tryK — VB3 —nB + 5trxV77 + §trx772,
3
(4.89) V4o = —itrx& — VB +nps,
3 1
(4.90) Viw = 5172 + PIL
1

(4.91) Vatry = —itrxtrx +2p — 2V + 20°,

. 1 .
(4.92) Vix = —§(trx)x —Vn+1n?,
(4.93) V= —trxB —Vp+ Vo +2xB + 3n(p — 7),

Note here on the outgoing cone the constraint equations for p and g become

1 1
(4.94) 8= §Vtrx + §trx17,

1
(4.95) p=—-K-— Ztrxtr&,
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The proof will proceed via an induction argument on the number k of deriva-
tives. Before starting, we note that, since 1+ n = 0 on the cone, the com-

mutation formula in Proposition 5.12 of [AL17] becomes.

Proposition 4.10. If V4¢ = Fy then V4Vi¢ = F; is schematically given
by
Fi=V'Fy+ Y VinvVee+ > Vv

7,1+7,2:Z 11—‘1-12:2—1

We are now in a position to prove the desired statements.
Lemma 4.2. For all k there holds |V**try| 4+ |[VFn| < da.

Proof. We begin with £ = 0 and with trxy — tryxm,. There holds
1
Vy(trx — trxm,) = fi(trx + X m, ) (brX — X, )-

Since try + trym, is pointwise bounded on C([)é’Hl], there holds

1trX — 61X | o (51.) S IFTX = t0Xmy | Lo (s, 5) S 0@,

where in particular we have made use of the sphere estimates from Propo-
sition 4.1. From now on, we shall make the following bootstrap assumption
on 7:

Assumption 1. There holds HanHLoo(SM) S1forall0<j<k,d<u<
o+ 1. -

Assume, as an inductive step, that |V (try — trx.m,)| < da for all j < k.
Using Assumption 1, we notice that the following schematic commutation
formula holds:

(4.96) VaVEH (try — trxm,)
= > VI(trx = trxm) VP (trX + trXm,)
7,1+’Lz:k+l
+ Z VitV (try — trxm,)
Zl-‘rlzzk’-‘rl

+ Z Vitry VgV (try — trym, ).
i1+ix+is=k
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Consequently, there holds

(4.97)

Hkarl (tI‘X - tero) HLQ(Sl,g)

u
< da+ / Z VA (trx — trXm, ) V2 (try + trXm,) ‘ du’
O Viitip=k+1 L2(581w)
u
+ / ‘ Z Vitry Ve (try — trxim,) du/
& Vi ia=h41 L1
u . . .
+ / Z VU (trx — trXm, ) V2NV (trx — tXm, ) du’.
S i1+i2+is=k L2(S1)

For the first two terms, whenever either i; or is equals k + 1, we can use
Gronwall’s inequality to absorb the corresponding term. When neither of the
derivatives are of top order, we bound the term using our inductive step. For
the third term, we use the inductive step along with the auxiliary bootstrap
assumption on 7 to bound the integral by da. The result follows for try.

For n, there holds
1 1
Van + §trx77 = §Vtrx.
Commuting with ¢ angular derivatives, for all j < k there holds

(4.98) VaVin =Vt + Y Vit Vi
Jitj2=j
+ Y VR VEgVig,
Jitia+is=j—1

We see that there holds
(4.99) IVl L2es, ) S IV nllzcs, ) + /6||Vj+1trx||Lz(51)u,)du’

+/ Z VittryVizy
1

jl j2 _]
u
/
1)

Y Vi Vg Vi
Jitietis=j—1
Using the recently obtained estimates on V/*!try and the Sobolev embed-
ding statement, along with Proposition 4.1 for the sphere S} 5, we can bound
V’1n in L* by da. The result follows. O

du’

‘ L2(S, )

du’.

L2(Sy,u)
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We move on to estimates for 5. There holds, taking into account that w,x
and « vanish from § to § + 1 initially,

V4 = —2trxps.

A direct application of Grénwall’s inequality implies that ||B]| =g, ,) < da.
Upon commutation with ¢ > 1 angular derivatives, we get

(4100)  VaViB= ) VArxVEB+ > VitryVEpVEB.

i1+i2:i ’i1+i2+i3:’i—1

Using the estimates on try and n obtained above as well as Gronwall’s
inequality, we obtain that |V'S| < da for all i. O

We move on to estimates for K and &. We have the following structure
equation:

1 1
V4K = —tryK —divpB+n-8— itrxdiv n— §trx|77|2,
VK, = —tXmo Km,

At first instance, the equation for K implies along with the bounds on
trx,n and § implies the bound || K — 1{[ (s, ) S da, so that K is uniformly
bounded above and below. Subtracting those two equations, we arrive at

Vi(K — Kp,) = — (trx — tIXmg ) K — trxm, (K — Kp,)

1 1
—divB+n-8— §trxdiv77 — §trx\77\2.

Given the fact that K is uniformly bounded, along with the estimates on
trx — trXmg, tTXme, 8 and 71, we can conclude using Grénwall’s inequality
that

|K — K| S da.
An induction argument gives us the result for all higher orders of angular

derivatives. Furthermore, the fact that & = curl n implies the same bounds
for & as those of 1, so that |V*&| < da.



2464 N. Athanasiou and M. Lesourd

We move on to estimates for X There holds

SR A . .
Vax + SHXX = —V&@n +n&n.

Using the uniform pointwise bound on try and the estimates on all deriva-
tives of 77, we can use the inequality

U
125, S Iloogs. o + [ IVaRliogs, .o, 0
along with a standard application of Gronwall’s lemma to conclude that

X225, S da.

An application of the commutation formula offers the same estimate for any
number k of angular derivatives acting on x. For try — trx, there holds
- —_— — 1o

V4 <trx —try, ) + try (trx —trx )
= —trx, (trx — trxmg) + 2 (K, — K) — 2div i + 2|n|?.

Using the pointwise bounds on try, try — trxm,, K — K, and on n and its
derivatives, an application of Gronwall’s inequality yields the desired bound

[trx — terOHLQ(Sl,g) < da.

An application of the commutation formula offers the same estimate for any
number k of angular derivatives.

For 3, we work with the constraint equation
.1 1
div x = §Vtrz — 5“&77 + B.

Using the estimates on 7, try and x we arrive at the desired conclusion, which
can also be obtained for higher numbers of derivatives via the commutation
formula.

Finally, for w — w,, , there holds

3 1 1
V4 (ﬂ - Qmo) = §|T/|2 + §(Km0 - K) + g(trxtrX - terotero)
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and using the bounds on n, K — K, tryx — trxm,, trx — trx, the result
— — 1o

follows. An application of the commutation formula offers the same estimate

for any number of angular derivatives.

4.4. Construction of the transition region
: e [6,0+1] (1,5]
We consider a characteristic initial data problem on H; UH; *, where

the data on H {MH} are given by x¥ = 0 and on the incoming and outgoing
cone the data coincide with the estimates in the previous section. We shall
continue, by a slight abuse of notation, to use the space-time metric g to
denote the solution of this problem.

Adapted to this framework, we introduce the following norms:

R (u) = HV’“ <a,,8,p— pmo,a,ﬁ) ‘

L2 (Hz(f&)) ’

R(w) = |V (8,0 = om0 Bra) |

L2 (HgD)

L2(Su,u)

Dk(@) u) = Hvk (XaX,naﬂa tI‘X - tI‘XmD,tI'X* trxml)’w - Wm07£*£m0> ‘

Remark 7. Here and throughout we fiz a mazimum number of derivatives
kmaz and only work with k < k. Since the number of derivatives is now
bounded and u > % in our setting, every weighted norm involved in Subsec-
tion 4.2 is equivalent to its natural unweighted norm. Consequently, in what
follows, we will drop the powers of u that we have used so far.

The results of Subsection 4.2 and Proposition 4.9 are then summarised in
the following.

Proposition 4.11. There exists a small number € ~ §2az such that

S (mi“(1>+mi(1/z)+ sup  Ok(u,1)+ sup Dk@au)>56

k<kmaa d<u<é+1 1/2<u<1
Based on this Proposition, we shall prove the following Theorem.

Theorem 4.1. There exists an €y > 0 which is independent of 9§, for §
sufficiently small, such that a solution to the Einstein equations exists in the
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slab
D= {(u,g) €l —ep 1] x[6,8+ 60]}

with the data satifying the bounds in Proposition 4.11. Moreover, with € as
in Proposition /.11, there holds

Z (%%(u) +ﬁ%(u) + Op(u, u)) <e

k<kmax

A theorem of Rendall [24] gives us a local solution in the neighbourhood
of the sphere S 5. However, at this point, we follow the methodology of [17]
and make use of a result of Luk [I9]. Apart from the existence in a neigh-
bourhood of the two null cones, Luk’s result provides us with a quantitative
control on the solution depending on the initial data. In particular, we have
the following

Proposition 4.12. There exists a smooth solution (Me,,g) corresponding
to the slab D. Moreover, for all (u,u) € D, there exists a constant C(ep)
such that there holds holds

(4.101) > (REw) + Ri(w) + Or(u,w)) S Cleo).
=

Moreover, the following Sobolev inequalities hold in D:

(4.102) 161z4(5..) < Cleo) (I99llz(s,.) + 90125, -
(4.103) [l r (5. < Cle0) D _IIVBll12s,..)-
<2

Equations (4.101)) and (4.102)—(4.103]) will be pivotal to what will follow.

Remark 8. Throughout this section, by A < B we shall mean that there
exists a constant C depending only on €y for & sufficiently small, such that
A< CB.

We begin by establishing the following lemma, which states that the con-
nection coefficients can be controlled by the initial data and the curvature
components.

Lemma 4.3. There holds

O(u,u) < sup (D(g’, 1)+ ﬁ“(g’)) + sup (0(5, u') + %ﬂ(u')) .

0<u'<u 1<u/<u
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Proof. The proof shall be carried out by integrating the null structure equa-
tions. We begin with the bounds on 7 and 7.

Recall the following structure equations

(4.104) Van = (x + =
(4.105) Van = — (x +

Notice that, according to our notations, (4.101]) along with (4.102))—(4.103]

imply that
XNz (s0) + It Xl L (s, S 1

Using this and integrating along the outgoing and incoming directions re-
spectively, an application of Gronwall’s inequality yields

(4.106) lzecs S [ (Wl o + 180s, ) 0
1
@100) s, S Mallescs.o + | (Illiacs. + 1B1ecs..) 4

Adding (4.106) and (4.107)) together and using Gronwall’s inequality, we

arrive at

(4.108) Ml 25, ) + 0l 22 (s, 0) S Plu, w),

where

(4.109) P(u,u) := sup (O(,1) +R*(W)) + sup (O(5,u') + R4)).

0<u'<u usu/<1
Let us move on to x and x. There holds
Vax + trxxy = —2wy — a.

Consequently,

(4.110) 180225, ) S IRlz2sn / I )R s, oy A

/ ol zes, .

< O(6,u) + /5 1Rllz2(s, oy e’ + 98(a).
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Using Gronwall’s inequality, there holds
(4.111) 1€l 25,0y S D0, u) + R(u) S Blu, ).

We now continue with the induction hypothesis that for all j < 4, there holds
IV7Xlr2s, ) S B(u,u). Using the commutation formula from Proposition
3.13, there holds

(4.112) VaVix = ) VRV (try,w)VER
i1 +ia+iz+ia=1

+ ) VRVEa

i1 +ia+iz=1

D VYRR VIR

i1 +i2+i3+ia=1

Using Proposition 3.3 and bounding all terms apart from those involving
Vi in L by 1 using ([4.101)) and using the induction hypothesis, we can
also show

(4.113) IV 2500 S Blu, w).

We move on to estimates for w — w,, and w — wy,,. The estimates for these
two terms will be obtained in a similar way to those for  and 7, meaning
in a coupled way. We recall the structure equation for V4w, which reads

1 1
Vaw =2ww —n -1+ 5 nl* + 5p.

Similarly, there holds
Vi, = 2Wmo W, + 5 Pmo-
Combining the two, there holds
1, 5 1
(4.114) Vi (w = wp,) =2 (W& = wme @, ) =10+ 50" + 5 (0= pmo) -

We can thus estimate, using [|ww — W, Wi, 2205, ) S 1@ — Wing [l 228, ) +
lw — Qmoup(sw),

(4.115)  lw — Wi ll22(800) S @ = Wing ll22(50.5)
u

[ (1= nallias, )+ e = s, )

u
+/5 (HU (s mllz2s, ) + 11X Xllzzes, o) + lo — pmoHLQ(Su&/)) du’.
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The terms involving a product of two quantities are estimated by the product
of one quantity in L> and the other in L?. We contol each term separately.

e There holds [jw — Qmo||L2(Su,,5) < Pu, ).

e In the term

U
/5 (Hw — W ll22(5, ) T M—Qmo\\m(swo) du/,

the second integrand is absorbed to the left by Gronwall’s inequality.
There holds

I (s llzes.) S I nllpes, - Il s, ) S 1By, w),
where we have used (4.108)).

Similarly, there holds

X - Xl z2(50,0) S R L= (800 - IR 22(5,0) S Bl ).

Here we have used (4.111]).
Finally, there holds

uw uw 3
/5 lp = pmollza(s, ,ydu' S (/5 lp = pmoll=(s, ) du’> < Plu, w).

Putting all the above estimates together, we conclude that

U
@116) =l S [ o= vl . du’ + Bl ).
Through a similar procedure, we have

1
A7) o= wmylras S [ e = g, da’ + B,

u

Coupling (4.116]) with (4.117]) and using Gronwall’s inequality, we arrive at
(4.118) lw = Wi, 12(5,,.0) + 1€ = Wrny l22(5.,.0) S Blu, w).

Next, we move on to estimates for trxy — try,,, and try — trx, . There holds
— —1o

1
(4.119) Vytrx + §(trx)2 = —|x* - 2wtry,
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1
(4.120) Vatrxm, + §(trxm0)2 = —2Wimy tTXmg -
Consequently,
1
(4.121) Va(try — trxm,) = —i(trx + tTXmy ) (FTX — tTXmy )

— 1X]? = 2(wtrx — Wiy tTXmy )-
We notice the following things:
e Equations (4.101]) and (4.102)—(4.103]) imply that

brx + trxm | e (s, ) S 1-

e From (4.111) and (£.101)—(4.103), there holds

X122 (5,0) S IRl 2= (50,0 1R 2205, 1) S By ).

e There holds

lwtrx — wWmg trxmo [ L2(5,.) S 1w = WimollL2(s,..) + ItrX = trXm, [l L2, .)-

Integrating along the V —direction, we have

(4.122)  [ltrx — trXmo |l £2(s,.)
S ItrX = tXmo | 22(s, 5)

U
[ (e m s, + 1) < Ierx = im0
U
[ o= s, o+ Bl
The first integrand is absorbed to the left by Gronwall’s inequality. The
second one is bounded by P (u,u), from the estimates obtained in (4.118]).
Finally,

(4.123) [[trx = trXmo | 22(s.,..) S Blu,w).

Similarly, using the structure equation for Vstry, we can show that there
holds

(4.124) [trx = trx,, [le2(s,..) S Blu,w).
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The estimates for a higher number of derivatives are done through an in-
duction argument. We conclude that

O(u, u) S Plu, u).

g

We proceed by rewriting the Bianchi equations to accommodate for the non—
trivial curvature component p,,,. Notice, to begin with, that p,,, satisfies
the following equations:

3

(4.125) Vapmy + 58 Xmopme = 0,
3

(4.126) V3pm + 58X, Pme = 0.

Using these, we arrive at the following equations:

(4.127) Va(p = pmy) + 5 (6XP = tXme Pmo)

O] o

—div - SR+ (C+20) 5,

3
(4.128) Vs(p = pmo) + 5

:—le,B—§ Q+(<_2ﬂ)ﬁ

(trxp —trx, . pm)

Moreover, since p,, is constant on each S, ., we can rewrite the Bianchi
equations for 8 and [ as

(4.129) V3B +trx B =V(p— pm,) +2wB+ Vo +2x-B+3(np+no),
(4.130) Vuf +trx = —=V(p— pm,) + Vo +2wB +2x -8 —3(np — *no).

We call (4.127)—(4.128) along with (4.129)—(4.130) and the six original

Bianchi equations the renormalized Bianchi equations. Using these Bianchi
equations, the following energy inequalities hold for all (u,u) € D:

4.131 R2d/ / RQd
( ) Z /H(azu)| [dw + H(ul)‘ " du

Re{a7ﬁ7p_p’mo70’7g} “ Re{ﬁp pm07 ﬁa}

< 2 ! 2
< > /H(M)|R du’ + /H(” 1B du!

Re{avﬁ»pfpmo 70'7§} ! RE{B p— pmo ,O’,ﬁ,CM}
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n > JL (R Ral ol = e, ) o = o)
RG{O@@P—PmO 7‘3@}7 D(u,y)
Ee{ﬁvp_pmg 7U’§7g}7
7?41 7R2 E{auB:pipmo 7U’é7g}

+Xx-atn-f+x-a n§|)du’dg’.

Moreover, for i = 1,2, 3, the similar energy inequalities hold:

(4.132)
> / IVIR|?du/ + > / IVIR|? du/
(8,u) H(u‘l)
RE{C!,,BP Pmg )0, 5} Re{ﬁzpfpmova'vé’g} -
< 2 i D2
< > / VIR du’ + > /H“ VIR du/
Re{0B,p—pmg.0.5) Re{Bp P}

+ // Zyw*“vz ITIRV'R

Re{a,B,p— pmo a,8},
Re{B,p—pmy,0:0,2},
R1,R26{0t,8,0—Pprmyg 0,50}

+ VR VI IRVIR]
i—1

+) VKV 'RVR+ VKV 7 'RV'R|
j=0

+ V(I R1) V' Ra| + [pl| V' (brx — trxm,) - V')

+[pl| VIR - Via + Vin- VI8 + Vix - Via + Vig - vi§|) do’ det'.

We notice at this point that in the terms of the form R - Ro the term « - a
does not appear. We can, therefore, hence regard R; - Ry as either R, - R,
or Ry - Ry. We now follow closely the approach of [LiYu] and obtain the
following estimates using the Sobolev embedding theorem:

o Z // IVIT - V' Ry |? du/ d
uu)
<[/ SR i<
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(4.134) // V2T - V'R;|* du/ du/

i+1

/ /(5 )Z\V]Rl\Qdu du’ fori <1,

(4135) // |V3F . R1|2 duldg,
D(u,u)
1 2
S T2 30,0 3,

Taking these into account and using the Cauchy—Schwartz inequality, we
have

(4.136) Z// VI - Ry) - VRy|?du/ du/

u,u

3.1
- ;/u /Hfj-w ('ViRl|2 + ’ViR2|2) du’ ',

3
(4.137) Z// VI - R,) - VIR,|? du/ du/
D(uu)

S Z /5 /H (VR P4 IV Ry?) a
=0 u’
The terms
(4.138) Z// |vj+1>zvi—j—1ﬁviﬂ+vj“;zvi—j—leim
uu) o

VK VTITIRVIR 4 ijvi—j—leim) du’ du’

can also be bounded by

3 1 n _
> / / V' R[? du du + / / IV'R|* du/ du/
. u H(5»£> 5 H(";‘vl)

1=0 u! =/
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Finally,

3
S L (b9 ) - Vo
=0 D(u,u)
+ 1Pl ViR - Via + Vin - VI8 + Vig - Via + Vin - V5
can be bounded, using Lemma 4.3, by

sup D12+  sup (5, u)?
I<u<d+eo 1—eo<u<l

U .
+§ / sup / \VZRIZJr/ sup / IV'R[?
u 1— 60<u”<u’ Hi(:;ﬂ) Fy (;SQ/ISHI H:;/L;l)

We define

E(u) := Z sup Z/H((;H . |V'R|?,

u<u’'<1
Re{aﬁnﬂ—ﬂmo 7‘7:5}

F(u) == Z sup Z/H(l 01)|V1Ry2

0<u’' <
Re{ﬂﬁ)_p'ﬂmvavé?a} w=u

The above estimates can then be summarized as

(4.139) E(u) + F(u) SEQ)+FOB)+ sup  O(u,1)2

§<u<5+60

+ sup  O(5,u)? (/5 du+/]: )
1—eo<u<l
Applying Gronwall’s inequality, the result follows.

4.5. Closeness to Schwarzschild

With the transition region obtained, we now seek to show that some por-
tion of the region is close to a patch of the Schwarzschild spacetime. The
closeness is only obtained in some subregion of the L-shaped region of exis-
tence obtained in Theorem 4.1. The two crucial points here are that the size
of the spacetime in which closeness is shown is independent of §, and that
the closeness permits direct application of the Corvino-Schoen [12] gluing
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arguments. The first point guarantees that when we take ¢ to be small, the
region in which the gluing is performed remains of finite size, which is crucial
for the argument in [12].

Theorem 4.2 (Geometry of the Transition Square). In the region of
existence obtained in Theorem 4.1, there is a parameter ey > 0 depending
only on mgy and independent of &, such that the spacetime subregion (Me,, g)
corresponding to d <u<d+¢€ and 1 —eg <u <1 is close to a compact
subregion of a Schwarzschild spacetime with mass mg in the following sense

Hg - gmoHC’“73(Me0,gm0) ’g €

Proof. We recall that we have managed to show, within M, , the following
bounds:

(4.140) sup Z (R (w) + R (w) + O (u,u)) Se
(u,u)eM,, k<K

We begin with the C° norms. In canonical double null coordinates g can be
written as follows

g=-20%(du® du+du®@du) + g, (46% — bAdu) @ (467 — bPdu) .

Using the bounds on w — w,,, , X — X, and ¢ due to (4.140) as well as the
Sobolev inequalities, there holds

(4.141) 19 = Gmollco(M.y.gmy) S €

Moving on to C! estimates, There holds V., (9 — gm,) = (Vim, — V)g.To
obtain the L bounds on V —V,, , we need the L* bounds on I' —I';,,
and V' — Fmo. Here T refers to the null connection coefficients and V' to the

Christoffel symbols of ¢. The bounds on (4.140)) imply
II' =Ty | Se.

Moreover, to estimate J' — Fmo, given the variational formula L. ¢ = 2,
we need to control Vy. But this also follows from (4.140)). Consequently,
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V' —¥'n,| S € and hence

(4.142) lg = gmollor (Mg gg) S €

For C? estimates, there holds
v?no(g - gmo) = (v2 - V%Lo)g =V (v - vmog) + (v - vmo)vmog'

The last term (V — V) Vi, g has been controlled. Hence, we need the L™
bounds of the following quantities:

Vi@ =Tmg), Va(F' =T0y) s V3L —Tpyp),
V3 (F_Fmo)7 V(F_Fmo)7 V(F_me))

The estimates for the first four quantities can be obtained using the null
structure equations, provided we have L bounds of all first derivatives of
null curvature components. We lack control at this stage, however, on

V4 (w - wmo) , V3 (Q_Qmo) :

The estimates on the fifth quantity can be directly inferred from .
Finally, the bounds for the last quantity are also obtained by the propagation
equation for J' — Fmo, provided we have an L*° bound on x. The goal of
obtaining C? estimates on g — g, then reduces to proving bounds for

V4 (0 = wno )|z, V3 (@ = @)l and [| V2] .

The bounds on V2 follow from (4.140) and the Sobolev inequalities. For the
first two quantities, notice that V4(w — wy,, ) satisfies the following transport
equation

V3V4(w — wmo) = V4V3 (w — wmo) +l.o.t
=Vi(p— pm,) + Lot =V5+1lo.t

By (4.140) again, we have ||V| 1~ < €. The same procedure can be done for
V3(w — Wy, )- It follows that

llg — gmo|’Cz(M<0,gm,o) Se

An induction argument now proves the same control holds up to CFmex—1,
The result follows. U
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5. Horizon Formation and the Penrose Inequality

We split this section in two parts.

We first treat the emergence of a unique smooth MOTS, for each
u € [’y%(s, 26] for some € to be specified. Together, these MOTS are leaves
of a smooth topological hypersurface S? x R in the spacetime. That this hy-
persurface is in fact everywhere spacelike can be shown under an additional
assumption on the initial data; something which we explain but not assume
for our initial data.

We then show how this leads to a dynamical setting in which to test the
spacetime Penrose inequality.

The full set of details for the arguments below are contained in the works
[12], [I7], [2], and as such our task here is to describe how to apply these in
the current setting.

5.1. Horizon Emergence

Here we show how An’s argument [2] leads to the existence of a horizon with
the desired properties. Our goal is to prove the following.

Theorem 5.1. Take as starting point the existence theorem of [3]. Suppose
that the initial data |xo| is prescribed as in Section 1.4. Then, for each
1

u € [75%,25], there is a unique spherical MOTS M, ,, and together these
form a smooth topological hypersurface S* x R in the spacetime.

Since the argument [2] is long and computationally heavy, we will
simply describe the necessary adjustments.

To begin with, let us quickly recall what is done in [5]. The setting
there is b < a and 6a'/?b < 1, and existence is shown for [§a'/?b < u < 1],
[0 <w<¢] with u decreasing towards the future. They then show that
after imposing a bound on the incoming shear of the initial outgoing null
hypersurface

w€Sp,0

§
(5.1) inf / IXo(u/,w)|?du’ > 4bda/?
0
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the sphere Sysq1/2 5 is trappedﬂ

An takes as starting point the existence theorem of [5] but constructs
the initial shear differently to (5.1), yielding extra control permitting
to prove the formation of the relevant MOTS hypersurface. To explain
his work we first briefly recall the relevant previous work on which it is based.

For what follows we will use the u co-ordinate and the gauge func-
tion 2 as they appear in [16] and [2]. u in [16] and [2] corresponds to 1 — u
in the current set-up, which also what is employed in [5].

In [I6] the authors prescribe the co-ordinates of a 2-sphere embedded
in the u = ¢ hypersurface by (v = J,u =1 — R(w),w) where w denotes the
angular co-ordinates on the initial sphere at w = 0. The u co-ordinate of
this sphere is allowed to vary with w and so this sphere is not one of the
S? that appears in the original double null foliation (i.e. it is not defined
by H, N H,). To compute the null expansion of this sphere, one transforms
to an adapted frame {e} — {€/} where e3=¢}, €, =e,— Qes(R)es,
el = es — 2Qe%(R)e, + N?|VR|%e3, where by definition ez(R) = Q!
and  consequently g(el,e;) = g(ea,ep) = 0ap, 9g(€),€,) = g(ey, ey) =0,
g(eh,€)) = —2. In this frame, the authors in [16] show, owing to the
pre-existing estimates in the slab, that this new sphere is trapped, try’ < 0,
provided there holds a certain elliptic inequality on the initial sphere, which
they then show can be satisfied.

The method of An [2] is entirely analogous. Since the aim is to iden-
tify a MOTS for each u, one aims to solve the elliptic PDE corresponding to
the MOTS condition try’ = 0. Combining with the computation in [I6], he
shows that the null expansion of the sphere located at (v = 1 — R(u,w), u, w)
is given by the following.

Proposition 5.1 (A18).
try’ = try — 2QA'R — 4Qn - VR — Q®try|VR|* — 8Q*w|VR|?

Here, for each u, A’ denotes the Laplace-Beltrami operator on the
sphere (u =1 — R(w), u,w) and, as before, V denotes the induced covariant
derivative on Sy 4.

4w previously denoted a Ricci component. In this section it also denotes the
angular co-ordinates on the spheres foliating the initial null hypersurface H,—.
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This suggests defining the following operator

-1

Q
(5.2) L(R) = A}y R +2n- VR — Qtry|VR]> — 8w|VR|* — —

£
g X

so that finding a MOTS on each u reduces to solving the followingﬁ
(5.3) L(R(w)) =0

To do so, An makes the choice b < a'/2 and imposes the following condition
on the initial data.

(5.4) /|Xo(u',w)|2du' = f(u,w)ua for each ?—6 <u<d
0 al/?

after having made the choice b < /2, where f(u,w) is a smooth function
with properties 22 < f(u,w) < 22 and [0} f(u,w)| <1 for all i €N and
w € S%. He then shows that along every H, for al{% < u < there is a
unique MOTS. He then also shows that if one takes i, 7 — oo in the initial
data of [5], then the MOTS are strung together in a smooth topological

hypersurface in the spacetime.

Remark. In [2] the result just mentioned appears as Theorem 1.4.
[2] also contains Theorems 1.5 and 1.7. In Theorem 1.5 the integral
condition is extended to 0 < wu < ¢, and in Theorem 1.7 he considers an
additional null hypersurface data u € [d, 2d] along which xo = 0.

We note here that the integral condition becomes increasingly difficult
to construct as the lower bound of u approaches 0. Since Yo is allowed
to have angular freedom (its zero set moves from sphere to sphere), the
angular derivatives of xo become increasingly large as u — 0. It is not clear
to us, from Appendix B in [2], whether X is C! or even C? in the angular
directions on approach of u = 0. We complletely avoid such issues by setting
integral condition for the interval u € [y%>4, Ad].

As for Theorem 1.7, the conclusion he obtains is a piecewise smooth
dynamical horizon with a C' discontinuity at u = §. This discontinuity is
due to a C° discontinuity in Yo at w = . This discontinuity is not present in
our data and we will show that the dynamical horizon obtained is entirely
smooth. We avoid discontinuous data to make the connection with the Final

®Note here that w denotes angular co-ordinates of the initial sphere and that
R(w) is a function of these co-ordinates.
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State and Weak Cosmic Censorship conjectures more direct (i.e. global well
posedness ought not to be expected for discontinuous initial data).

As in [I6], the [2] argument relies on pre-established dynamical esti-
mates, which in this case come from [5] and are as follows.

55 2 < ual/?
. A t =
(5.5) X, w, m, trx + R )\ = R
wal/2pl/A

. Q <=

(5.6) | | < R@)
9 ua1/2b1/4

. - — <

6D - s o | P e < M

Note that owing to a different orientation for w in [5], they appear in a form
where R is replaced with u and © with Q~!. To de-clutter, we drop the w
dependence in R.

With the operator (5.2) in hand, An considers two PDEs and uses a
method of continuity argument to prove the existence of a solution to (5.3).
Given the initial data (5.4), the appropriate PDEs are

(5.8) A'R + QterVRF - E + 2—]%2[1 + (fu,w) — 1A =0

and

(5.9) AR+ QtrX|VR|2 — — 4 + A2 V'R

R 2R2
01! 1
40w VRE — Ly 4 L e w)

2 R opz =Y

Using the estimates (5.5-7), and absorbing lower order terms into ¢y, c2, ¢3,
these equations become equivalent, for any A € [0,1], to the following PDE

5.10) A'R Rp- L /e
VR VPRVeR 1/2
+ gal/QcLa? + ua% e o2 + ECLR2 % _

where 2 57 0 < flu,w) < 2 21, e, e, e3] < b4 and ¢y, ¢2,c3 do not depend on
VR, V2R but only on R, and ((u)(1 — E) < ((u,w) < C(u)(1+ 82). We
label (5.10) by H = 0.
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This equation straightforwardly leads to a C° estimate, a different
version of which is shown below.

For the rest of what follows let F(R,\) denote the left hand side of
(5.8) and G(R, ) that of (5.9). Note that F(R,A =0) = G(R,\A =0), and
that try’ = 0 is equivalent to G(u, A = 1) = 0.

The first observation is that F(R,A=0) =0 has an explicit solution
R = % Thus, to solve F(R,\) = 0, the method of continuity tells us that
it suffices to show that F(R,\)[W]= lim._q* (F(a+eW,5) — F(a,7))
is invertible for W. This will follow from a prior: estlmates gathered for (5.8).

Solving G(R,\) =0 is done analogously, where we note that
the explicit solution for F(R,A=0)=0 is also a solution to
G(R,A=0) =0. By the method of continuity, it suffices to show that
G(R,\)[W] = lim,_o %(G(R + W, \) — G(R,)\)) is invertible for W when
A is close to A. One can show this explicitly from a priori estimates for
(5.9) and by using the analysis that was done for F(R,\). Note that the
role of F'(R, \) is simply to facilitate the analysis of G(R, A). In particular,
the invertibility of G(R A) turns out to involve only modest modifications
to the analysis of F(R,\).

The uniqueness and regularity parts of An’s argument proceed using
what has already established. The argument is computationally demanding
but the ideas proceed naturally. Supposing there are two solutions R and
R, one writes two versions of (5.3), which in turn leads to an equation for
ARr(R — R). Expanding the Laplacian Ar(R — R) into its components and
using the estimate

0’R
A1
(5 ) 89 89 < ua
coming from the C! estimate
(5.12) IVR| <« 1

then yields estimates for each of these components. Using a null structure
equation and a coarse version of the C° estimate %g <R,R< %ga, one
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obtains a further estimate

1 64

(5.13) v(w) > ga(%)g = a2

where v(w) is a term defined in terms of the decomposition for the leading
term in the equation for R — R.

Based on these, the equation for the difference R — R becomes

(5.14) AgR(R—-R) —v(w)(R— R)

1 ~ 1 0 =~

(R~ R)o(1) + 55 55 (R = R)o(1) =0

w2a2
and using the estimate for v(w) along with the maximum principle yields

R = R, as desired.

Regularity proceeds somewhat analogously. One starts by writing two
versions of equation (5.3) for u and v’ and one writes the equation for

(5.15) Ag <R(U’,W) - R(u,w))

u —u

which is then split into two components, each of which are estimated. Ex-
panding (5.15) into its components and using the estimates (5.12) and the
CY estimate (5.11), when wu is close to u/, one obtains uniform (independent
of u) upper and lower bounds on the quantity v(u,w;u), defined analogously
to v(w) above. This leads to the following equation

R(u,w) — R(“M))  v(u,wiu) <R(U’,W) - R(%W))

u —u u?a? v —u

(5.16) Ag (

- a 1 R(g’,w) - R(Q,W)
+ (e W;Q/)u2a2 uZa? u —u o(1)
1 0 R, w)— R(u,w) a
il C LY o0 = 1
w2a? 00, v —u o(1) w2a? o(1)

The next step is to define a function h(u,w;u’) via the following equation

v(u,w;u’)
2

b(w, w; ') + (1, w; 1) —g—g =0

(5.17) ARb(u,w;u') — oy

u?a?

where D(u,w;u’) is a quantity defined in terms of the components one
obtains in the expansion of the components of (5.15).
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Given the bounds on v and ©, what has already been shown makes
it clear that there is a unique smooth solution h(u,w;u’). One uses it to
rewrite (5.16) as follows.

R(v/,w) — R(u,w)

!/

(5.18) AR<

—Uu

v~ - h(U,w;U')>
 v(w,wiw) <R(U’,W) — R(u,w)

- f)(%OJ;U'))

QQCLQ Q’ —u
1 (R@,w)— R(u, /
+ u2a? ( (u C:), _u(“ w) _ h@,w;u)) o(1)
1 0 R(v,w)— R(u, /
g2a2 <892 (Q (Z)/ _u(u (/J) o b(y,w;g )) 0(]_) — ﬁo(l)

Working now with (5.16), standard elliptic theory eventually leads to

R(v/',w) — R(u,w)

u —u

(5.19) Il — b, W)l (1) < ao(1)

where h(u,w) is defined as the solution to an equation of the form (5.17)
but with v and 7 replaced with their respective limits as u — u’.

Further standard elliptic theory combined with the estimates obtained
yields

OR
2 —— (M,
(5.20) 5a € O (M)

One then studies

(5.21) L=

which by the same argument yields that

R
(5.22) Juz €C7(0M)

Iterating this argument finally yields

R .
(5.23) T € C™(M,)
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for all k € ZT, as desired.

To establish the spacelike nature of the hypersurface u=1— R(u,w),
An makes the additional assumption that on small discs D,, C S? the initial
shear satisfies

(5.24) 0 <|xo(uw,w)| <a for weD,

(5.25) IXo(u, w)|* = a for we€ D,\S?
1

5.26 oo o =

(5.26) [ o

where 1 < ¢ < b < a'/2.

By the structure equation for Vsy and dynamical estimates from
[AL17] for the terms appearing in the V3x equation, we have

(5'27) u2|§((u7va)| ~ |X(O7g7w)’2

Combining with previously established bounds and the assumption on the
discs D,, eventually leads to

(5.28) W — h(61,62)| < ao(1)
and
(529 h(w,01,02) = (5 +o(1)a

where 61,65 are angular co-ordinates on the sphere at u,u =1 — R.

Given that a is a fixed large positive constant, the tangent vectors

8%, 6%1, 8%2 are all spacelike. Letting A1 23 be any real numbers, and using

the estimate h(u,61,62) = (3 + o(1))a, one computes

) ) o . 0 ) )
/ PR PR
(5:30) g (i +Aege + g, Aigg +Aege + g
OR
26,
OR

+ 4)\2)\387 + )\gh(ﬂa 917 92)(1 + 0(1))
2
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Seeking to show ¢'(,-) is always > 0, the interesting term is

OR OR
(5.31) )\3 <4)\1 89 + 4)\287 + )\3h(u 91, 92)(1 + 0(1)))

The mixed terms 8%}2 involve a power of § compared to h(u, 61, 62), and so

these are lower order. If \; 2 are large compared to A3 by an order §~*
more, then this term could be negative but in that case at least one of ﬁrst
two terms in (5.25) is very large and positive.

So ¢'(-,) > 0 for any spacelike vector - and the horizon is spacelike.

In summary, the main argument in [2] goes as follows.

1) Use the idea of [16] to write a MOTS equation. Use it to write two
further equations, F' = 0 and G = 0, and use the a priori estimates of
[5] to derive a third equation, H = 0, from F =0 and G = 0.

2) Derive a C” estimate, with a coming from the bounds on f(u,w).

(5.32) (1= D)5 +o()ua < R(w,0) < (1+ )(5 +o(1))ua

3) Use (5.32) to obtain a WP estimate
(5.33) / IVR|? < ua
Ml

4) Define a function h(R) =1+ u2a2 (R—4%)?, and use (5.32), Bochner’s
formula, and an estimate for the Ricci curvature, to obtain the C!
estimate

(5.34) IVR| < 1
5) Use (5.34) and standard elliptic theory to obtain

82

(5:35) 90,00,

R| < ua

6) Use (5.34/5) and other a priori estimates to work through two con-
tinuity arguments for ' and G to yield existence of solution for the
MOTS equation.

7) Use (5.32/4) and standard elliptic theory to show uniqueness.
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8) Use (5.32/35) and standard elliptic theory to show

OFR

(5.36) Tk

€ % (My)

for all k.

9) Combine dynamical and elliptic estimates so that the assumption on
the discs D, yields a uniform estimate for h(u,6:,62) to prove that
the horizon is spacelike.

An also uses this proof to show that if one places trivial data xo =0 on
a subsequent null hypersurface u € [d,29], then there remains a dynamical
horizon satisfying the relevant properties. He can no longer prove that it
is spacelike however, and the differences from the above argument are as
follows.

e The equation H = 0 derived from F' = 0 and G = 0 is different owing
to the fact that yo = 0 is on this null hypersurface. This leads to a C°
estimate that is independent of u.

e The C! estimate is the same, but it is obtained by defining h(R) =
1+ 2 (R-%2)?
oa 2/

e The proof of existence and uniqueness proceeds as above, but there
is a difference for regularity. In working out the analog of (5.29), one
obtains

(5.37) |h(u,61,02)] < o(1)a

whereas previously that had been
1
(5.38) h(u, 01,62) = (5 +o(1))a

Since (5.28) holds in both cases, the quantity % must jump at u = 9.
This C! discontinuity in the dynamical horizon is caused by a C°
discontinuity in xo on the initial null hypersurface, which we avoid in
our setting.
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Our initial data differs from [2] in the following sense.

e First note that da/2b < 1, a/2b* < 1 and that a/2 < b.

1

e Let )\ be a constant satisfying 1 > A > % >0, p>1 a constant to
be specified, and 7 a free o(1) parameter > 0. Then require, for all
1

u € [y%-6, Ad] the following
(5.39) / [Xol(u', w) du' = a'/2b" f (u, w)u
0

for a smooth (in u and w) function f(u,w) such that 1 — é < flu,w) <
1+ é for a constant ¢; > 20, and moreover |0% f(u,w)| < 1 for all i €
N and all w € S2.

e For u € [Ad, \'0] where ) is a constant such that A < X < 1, we have
(5.40) [Xo(, @)I* = A, w) [ Xo(u = A6, w)[*

where A(u, w) is a smooth (in w and w) cut-off function with A(\d, w) =
1 and A(N0,w) = 0.

e The total shear from 0 to u > \¢ is dominated by the contribution
from u € [0, AJ]

Py

U Y
(5.41) /|>zo<ucw>|2du'= / o, )Pt + / o', w) Pt
0 0

by

u

4 / Ko (e w) 2t
)

= M*(w) + e(N6,w) + 0 = 4myg

where M*(w) = fo)‘a |Xo(, w)|?du’ ~ doe(N,w) for some universal
large constant dy and

542 [ ol = b )G o) + (1= Gl )i

where ((u,w) is a smooth (in both w and u) function resulting from
integrating A(u,w), which is =1 for u < \j, and =0 for u > N0,
and moreover which satisfies ¢(u)(1 — é) < ((u,w) < C(u)(1+ é) for
a constant ¢y > 20, |0L¢(u,w)| <1 for i € N and w € S?, with ((u) a
smooth cut-off function in u such that {(Ad) =1 and ¢(Nd) = 0.
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We now describe how this initial data permits the above argument in [2] to
proceed more or less unchanged.

First, the analogs to F' = 0, G = 0 are as follows.

(5.43) AR+ %QtrX\VRP — %
bat 2uf (u, w)§(u, w) + (1 = ¢(u,w))4my
T 2R?
X 14 (f(w,w) = 1A =0
(5.44) A'R+ %QtrMVRP — %
(b”al/Quf(u,w)C(u,W) +(1- c<u,w>>4mo>
+
2R?
+ A2 VPR + 4Qw|VR|? — Q—_ltr ;1
b w 9 X R
ba'uf (u, 0)¢(u,w) + (1 = ((u,w))dmo) \ | _ 0
a 2R? B

Substituting the dynamical estimates from [5] onto these equations whilst
re-absorbing the contributions by lower order terms into cq, ¢, c3 leads to
the following analog of H = 0.

1 1
545) A'R— —|VR]* — —
(5.45) VR - —
+ bual/zﬂf(ﬂ7w)g(g7w) + (1 B C(Q,W))Zlmo
2R2
aR bRVCR 1/2
—I—QCLI/QCLQV —|—ga1/2 V'RV +ua C3 —0

R2 CQbC R2 R2

where (1 — a%) < flu,w) < (14 a%), le1, e, e3] < BY* and e, cp,c3 do

not depend on VR, V2R but only on R, and ((u)(1 — é) < ((u,w) <
Cu)(1+ ).

For the C¥ estimate, we use (5.45) directly as follows.



Construction of Cauchy data 2489

Let MO(Q7W) = bual/ny(va)C(g)w) + (]' - C(va))llm()) and Rmax =
max,, R(w) (and equivalently for Rpin). At Rpax we have VRpax =
0, ARpmax < 0, and so (5.22) yields

—2Rmax + Momax + 2@&1/203
2R2

max

0<

with |e3| < b!/* which leads to

and .
Rmin > (5 + 0(1))M0min

which when combined gives

Lypat/2u(1 — Do) + (1 - Cw)(1 — —)2mo

aq a2 a2

(546) (5 +o(1)(1 -

1 1 1 1
< R < (5 +o0(1))(1+ —)ba'u(l+ —)¢(w) + (1 = C(w)(1 + —)2mg
2 Qa1 a9 0%
The terms involving a7 and as come from the the angular bounds on
f(u,w) and ¢(u,w) as in [2], the o(1) term comes from ua'/?c3 which is < 1
since u < 8, ¢3 < b4 and yet da'/2b < 1 with b, a both large constants.

So long as «i,ag are chosen suitably large, integrating (5.21) yields
the following W12 estimate.

(5.47) ANVRPsaU%wmww+a—<w»m%

The next and key estimate in [2] is the C! estimate |[VR| < 1. To ob-
tain this, An considers a function h(R) =1+ —2 (R — %)%, computes

A'(h(R)|VR|?) with the help of Bochner’s formula, and estimates each term
using the slab estimates derived from [5]. In our case, we use

a9 =1+ : )

(ua'/2b ¢ (u) + (1 — ¢(u))4mo)?
2

e ("“1/2;’”““) +( —C(u))2m0>
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ua with yal/Qb”“C(y) + (1 — ¢(u))4mo. Note that for suitable aj2, many
functions like A(R) will do and in particular the factor ‘8’ in [2] is to some
extent arbitrary and can be replaced by any other real number with lower
bound depending on how close R is to %gb“éal/ 2,

For the first term estimated, one uses the transport equations for Yy,
X, try and the V4 equation for p = p — %f( - X which reads

-3 1. N
(5.49) V4,5:7trxﬁ+div6+(-6+2g'ﬁ—5x-V®Q

1. . 1 12
— —Y . —t
X - (@) + - trx|x]
Using once more the estimates in [5], one gets

_b#al/Qf(u7w)C(@7 w) + (1 — C(@,W)>4m0 + QCLI/2C3
2R3 R3

and upon combining with the V3 equation for try this leads to

(5:50)  plsy_p. =

L2 wbafunw)C(uw) + (1 (uw)dmg

51 - (-
(5 5 ) v3tr><|sl—R,g R(R R2 )
bruf(u,w)a/2¢(u,w) + (1 — ¢(u,w))4my
_ =
ua'/?cy
R3

where ¢3 is used to mean a quantity < b'/4. The analog of the quantity on
pg.23 of [2] for which one needs a lower bound is

(5.52) —2R + 2ba? f (u, w)¢(u, w) + (1 — ¢(u,w))8mq

which in [2] satisfies > %R and so too in our case by our assumption on the
initial data.

As in [2], the C! estimate for R will come from term-by-term analy-
sis of (4.7) on p.22 of [2]. From the C? estimate (5.42) we get

ubtal?¢(u) + (1 = ((u))4mo
(5.53) |R— ( 5 )

<o) (14 )+ D)ual 200w + (1 )1 )t

a1 (6%
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With this it is clear that the estimates in the middle of p.24 [2] go through in
their analogous form here, which in turn suffices to guarantee that |[VR| < 1.

The other estimates - W?2P, C'P and C?7 - proceed as in [2] and
involve no significant modification and so one finally obtains the following
analog of (4.14) on p.27 of [2]

62

(5.54) |789i89j

R| < b*a'?u¢(u) + 4mo(1 — ¢(u))

Existence. The invertibility of F(R,%)[W] = limc_ %(F(é +eW,q) —
F(R,#%)) proceeds virtually identically. Since we share the estimates for
dynamical quantities as in [5], the computation and estimates which lead to
an expression for the coefficients of I1 + I + I3 on p.30 of [2] will be identi-
cal bar the relevant replacements of ua with ua/2b"¢(u) + (1 — ¢(u))4dmy,
and since the estimate |VR| < 1 holds, the invertibility of F'(R, \) follows.
The second continuity argument in section 6 of [2] proceeds identically,
with wa — ua'/?b*¢(u) + (1 — ¢(u))4my and with |¢| < al—l/z - bi% in the
lower part of p.32 of [2], but again the invertibility of G(R,\) follows
straightforwardly.

Uniqueness. This proceeds with the same kind of superficial modi-
fications: ua — uba/?C(u) + (1 — (C(u))4mp. One key estimate is for
a quantity v(w) defined on p.35 and shown to obey the lower bound
v(w) > %. This guarantees that uniqueness via a maximum principle
argument. In our case the estimate becomes

64
(5.55) v(w) = 81(al/2btuC(u) + (1 — ¢(w))?)4mo)

and the same maximum principle argument yields uniqueness.

Regularity. As described, one starts by writing out the equation for
AR(%UJ)W. The long computation yields terms which are

estimated via the estimate % ~ o(1)ua, a similar version of which
holds in our case. Using our C estimate (5.46) and (5.54), the argument

p.41-4 of [2] proceeds.

Spacelike. Conditions (5.21)-(5.23) lead to the uniform estimate on
h(u, 61,02) which eventually permits proving that the horizon is spacelike.
Although we could do something similar, we choose not to since the
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assumption is rather strong. Another issue is that our condition that

)
(5.56) / o (wsw)Pdu’ = dm
0

be independent on w implies that whatever happens in the small discs has
to cancel appropriately. If we made such an assumption, xg would have
to compensate for this in the region u € (0, %/26), i.e., before the integral
condition on Yq is imposed, and, presumably also after, i.e., from \d to \'4.

In that case, schematically, one obtains an estimate of the form

1
T, 01, 02) ~ [5(C(w) + uc’(w) = ¢'(w) + o(1)]a'?b*
which in turn would permit proving that the horizon is spacelike, at least

for u < \d. We omit the details.
5.2. Gluing

The gluing procedure that eventually permits us a test of the Penrose in-
equality follows from Theorem 4.3, which gave the estimate for the spacetime
metric ¢ in the region u € [§ + ¢p] and u € [1,1 — €]

(5.57) 19 = gmollce-—s

with g, the Schwarzschild metric with mass mg. This is the same as that
obtained in [I7] and since the spacetime is smooth, the gluing argument is
exactly as in [I7], which itself is based on [12].

The result is simple to state. One can glue the t =0 slice of the
Kerr spacetime onto the region [u, u] € [d + €9, 1 — €p] with ADM mass and
angular momentum satisfying

(5.58) |m —mg| + |a] Se

where € is as in Theorem 1.8. The initial data of [5] and estimates obtained
in this region permits picking the § dependence of e. The best possible
choice gives € = Cal/26%/2 for a constant C' indepedent of a, 4.

Finally, the absence of trapped surfaces or MOTS on this slice fol-
lows by an elementary maximum principle argument and the fact that the
slice is asymptotically flat.
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5.3. Area Estimate

Here we give the areal estimate for the MOTS obtained in the region u €
al/?

[Y%5—-6,6]. On each MOTS M,, the induced metric is given by

e £ QROO-R) D D
geiej - ggiei 691 89] g au7 au - g@iﬂj

So along H,,

\/detg’ = +/detg

By the first variation formula and properties of the double null foliation we
have

861 v/ detg = y/detgQtry

which in turn leads to
0
90 v/ detg = y/detgQtry
u

and

1/271/4
|\/detg(uag)91762) _1| < M<<1
V/detg(u, 0,01, 05) lu

So for some constant fp > 1.

(1- })(Jdetgw, 0,01, 62))
0

1
< /detg(u,u,0y,0;) < (1+ f—)\/detg(u, 0,61,0)
0

which in turn gives

|ME| = // \/detg(uaﬂa 01702)d91d02
SQ
1
< (1+ f)// \/detg(u,O,Hl,QQ)dﬁld92
0 S2

1
= (14 —)4n|1 — uf?
Jo
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Using the C¥ estimate (5.46) for R =1 —u for u < A§ and including the
lower bound we obtain

1 |My| _ 1
. _ wo1/2 < = < (= w o 1/2
(5.59) (7 —o@)bra’ u 6, = (7 To(l)tau

for some o(1) < 1.
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