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Self-dual cosmological Bianchi IX and
VIII metrics

A. Mikovi¢ AND N. MANOJLOVIE

We show that self-dual Bianchi IX and VIII cosmological models
are described by the Nahm dynamical system for an appropriate
type of matrices. We construct the general solutions in the case of
the diagonal reductions of the corresponding Nahm equations and
give the explicit expressions for the corresponding self-dual metrics
in the Euclidean and in the Minkowski signature cases.

1. Introduction

Imposing self-duality on the solutions of the Einstein equations is a way to
generate new solutions, since one often ends up with an integrable system
of differential equations [I, 2]. However, one can use this method only for
the eucledean General Relativity (GR) or for the complex GR. Still, the
eucledean or complex GR solutions are usefull, since they play a role in
quantum gravity [3} 4].

Self-dual Bianchi metrics have been mainly studied in the context of
self-duality of the Weyl tensor and spherical symmetry, see [5H12]. Self-dual
spherically symmetric Bianchi metrics were studied in the context of self-
duality of the Riemann tensor in [13]. In this paper we will analyze the case
of self-dual cosmological Bianchi metrics and a good framework for such a
study is the Ashtekar formalism for self-dual metrics [16], as well as the
Ashtekar formalism for the Bianchi cosmological spacetimes [17].

Bianchi metric reductions of the Einstein equations give dynamical sys-
tems from classical mechanics [I8], [19], and imposing the Riemann tensor
self-duality is expected to give integrable dynamical systems. This is rea-
sonable to espect, because the spherically symmetric reduction of a self-dual
metric leads to the Lagrange or the Halphen system of ordinary differential
equations (ODE), see [13H15]. We will show that in the case of Bianchi IX
and Bianchi VIII cosmological spacetimes one obtains the Nahm systems
of ODE for the matrices form the Lie algebras so(3) and so(2, 1), respec-
tively. Also, in the case of the complex GR, the self-dual Bianchi IX and
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VIII reductions give the Nahm system for matrices from complex so(3) and
so(2,1) Lie algebras. In the case of other Bianchi cosmological spacetimes,
the self-dualty restriction gives linear systems of ODE, so that self-dual
Bianchi IX and VIII cosmological models are the interesting cases as far as
the integrability is concerned.

In section 2 we review the self-dual metrics in the Ashtekar formula-
tion of GR. In section 3 we review the cosmological Bianchi models in the
Ashtekar formulation and show that in the Bianchi IX case the dynamical
equations are given by the 3-dimensional real (or 2-dimensional complex in
the Minkowski case) Nahm system of differential equations. In section 4 we
analyze the integrability of the real and the complex Nahm system, and solve
the diagonally reduced system, which is the Lagrange dynamical system. In
section 5 we study the case of self-dual Bianchi VIII model, and solve the
corresponding diagonally reduced Nahm system. In section 6 we construct
the Bianchi IX and VIII self-dual metrics in the diagonally reduced cases.
In section 7 we present our conclussions.

2. Self-dual metrics in the Ashtekar formulation

Let M =3 x R be a 4-manifold where 3 is a 3-manifold. Let g be a metric
on M and let A be an induced metric on ¥. These two metrics are related
by

(2.1) ds® = gudatda” = (€ N* + hyjn'n?) dt* + 2dtda’hin’ + hyjdz'da?

where N is the laps, n’ are the components of the shift vector and £ =1 in
the Euclidean case while £ = —1 in the Minkowski case.

By using the metric one can obtain the canonical formulation of
the Einstein-Hilbert action, i.e. the Arnowitt-Deser-Misner formulation [20],
so that

(2.2) V| det g| R(g) = 79 h;j — niCi(m,h) — NCo(m, h),

~

where R(g) is the scalar curvature, = is up to a surface term (when X is
non-compact), 7/ are the canonically conjugate momenta for the 3-metric
components h;; and X = dX/dt. The constraints C; and Cy are given by

(2.3) Ci=V;,

1 1 i
(2.4) Co = <27T2 - 7r”7rij> + vdeth R(h),
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where m = h;; i

One can change the canonical variables (m;j, h%/) to (p’,,e) canonical
variables, where e are the triads, so that h;; = efe;q. Furthermore, one can
pass to (¢, ¢é,) canonical variables, where &, are densitized inverse triads
given by

(2.5) &', = Vdethel,.
Consequently
dé - N
(2.6)  +/[detg|R(g 7% — N°Ca(p,&) — n'Ci(5,&) — NCo(p, é) ,

where C’M(ﬁ, €) = Cu(p,e) =Cu(m,h), p=0o0r pu =1, and
(2.7) Co = €apy €99 .

Here €, is the totally antisymmetric 3-dimensional symbol.
The Ashtekar variables are given by the canonical transformation

(B}, €,) = (AF, EL)
such that
(2.8) AP =TO@) + 250, B =é,

where 1 — €22 = 0, T'¥(é) = w?(e) and w?(e) is a spin connection on ¥, whose
dependence on the triads is given by the vanishing torsion equations

* = de°‘+eo‘ﬁ'yw5/\eV =0.
The one-forms A% are real in the eucledean gravity case (z = 41), while

they are complex in the Minkowski case (z = £1), and they are known as
the Ashtekar connections [21].

By using (2.8]), one can show that (2.6)) becomes
(2.9) V] detg| R(g) = —£2E% A — N*G,, — n'G; — NGy,
where N = N/+/det h,

Go=DiE,, Gi=FJE!,, Gy _eaﬁ’yFaEzﬁEJ’Y
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D;X = 0;X + [A;, X] and F = dA+ [A, A] is the curvature 2-form for a real
SO(3) or SU(2) connection A in the Euclidean case, while in the Minkowski
case we have a complex SO(3) or SU(2) connection A.

In the Euclidean gravity case the self-dual (SD) metrics are defined as

(2.10) Ry, = Rap,

where R is the curvature 2-form for the torsion-free spin connection w®

on M and
d
Ry, = €qp” Rea s

where €gpq is the 4-dimensional totally antisymmetric symbol. The self-
duality of the curvature is equivalent to the self-duality of the connection

(2.11) Wiy = Wab

see [22].

In the Minkowski gravity case the definition of self-duality as X* = X
has to be modified, because (X*)* = —X. One can then define self-duality
conditions as X* = i X, so that

(2.12) f= iRy & wh = tiwg.

The self-duality conditions can be realized if we use complex metrics,
which is also reflected by the fact that the Ashtekar connection is complex
in the Minkowski signature case.

In the Euclidean case we can choose the gauge

(2.13) Ne=0, n'=0, N=1,
so that the 4-metric is given by

(2.14) ds* = N?dt* + h;jdx'da’ .
The Einstein equations are then given by

(2.15) A = €%, FLE
(2.16) El = eap, BIPD;ET

plus the Gauss and the 3-diffeomorphism constraints

(2.17) D,E!, =0, FSE! =0.

% Rt
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If we impose AY = 0, then Ff]‘ = 0, which corresponds to the vanishing
of the (anti) self-dual piece of the Riemann tensor, see [23] for the Minkowski
case. In the Euclidean case, (w},)* = wap, so that

1 . 1 . _
Wab = E(wab + wab) + i(wab - wab) - w;}; + Wap >

where (wicb)* ==+ wécb are the self-dual and the anti self-dual piece of the spin

connection. Then w?, = wy, corresponds to R}, = Ry, which corresponds to
R_, = 0orw, = 0. Hence the vanishing of the anti self-dual piece of the spin
connection is equivalent to vanishing of the Ashtekar connection, since

_ 1
w;ab:0<:>wi aﬂzi(w?’g—(w*)?ﬂ):0(:)14?‘:1“?—1—215?:0.

Hence the SD gravity equations are given by
(2.18) Eo = €ap,[E°,BY], OE. =0,

where E, = E’ 0;, which was the main result of [I6]. The SD metric is given

by (2.14]), where

2.19) N =+Vdeth, h;=c¢€lej, €, = 2 deth =det(E).
( ) J J « \/m ( a)

Note that the anti self-dual (ASD) metric equations are given by
Ea = - Eaﬁv[Eﬁa EW’] )

while the other equations are the same as in the SD case.
In the Minkowski case the SD/ASD equations are given by

2.20 E, = +ieqs [E® E],
By

while the other equations are the same as in the Eucledean case except the
expression for the 4-metric, which is given by

(2.21) ds® = —N2dt? + hjdx'da’ .
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3. Self-dual Bianchi cosmological models

Bianchi cosmological spacetimes have topology ¥ x R and globally defined
1-forms x! on ¥ such that

dx" + Cr!x  Ax" =0,

where O, are the structure constants of a 3-dimensional Lie algebra [24].
Bianchi showed that

C'JKI = ey ST + 5[IJUK] ,
where S is a diagonal matrix whose values can be 0 or £1 and vg = (v,0,0)
“ The inverse x! vector fields L; = L% 9; satisfy the Lie algebra [24]
(3.1) [L1,L;)=Cp; " Lk.
In the Ashtekar formulation for GR, one can write
Af(a,t) = AF(t) xi (), Ba(x,t) = E4(8) Li()
see [17], so that the self-dual equations of motion (EOM) become
(3.2) El=e el 0t Elv=0,

and A = 0.

For the class A Bianchi models v = 0, so that there is only one equation,
while for the class B, v # 0, so that a non-trivial solution (£ # 0) requires
det £ = 0.

The dynamical equation from (3.2) can be rewritten in the case of the
Bianchi IX model (S = diag(1,1,1), v = 0) as the Nahm equation

. 1
(3.3) Va=3 e Vs, V4],
where V,, = 2&, = 28(5 Tr and T are n X n real matricies which generate the
Lie algebra (3.1)).
For C[JK — €7JK We can take (T[)JK = —€J]JK, SO that n = 3.

1

We can also take T7 = —3 o0y, where o7 are Pauli matrices, so that
Crjx = €1k and n = 2. This choice requires complex Nahm matrices, but
if we restrict the Lie algebra coefficients to real numbers, we can still get real
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metric components. If we consider complex metrics, we can take the same
Lie algebra generators for the n = 2 and n = 3 case and allow the coefficients
to take complex values. In this case

(3.4) Eo =i€,77 65,8,
and V, = 2i&,, then obeys the Nahm equation (3.3)) for complex matricies
Va.

As far as the integrability is concerned, the only non-trivial SD Bianchi

models are Bianchi IX and VIII, since the other Bianchi models give linear
systems of ODE.

4. Self-dual Bianchi IX model
The Nahm equations can be written as
(4.1) Vi=[%, V3], Va=[Vs,Vi], Vi=[W, V3.
The corresponding Lax pair is given by
(4.2) L=A,+M3+)\A_, M:%Ag—i—)\A_,

where
Ay =V £ilp, A3=2iV3,

so that the EOM (4.1]) are equivalent to
L=[M1I].
The integrals of motion I,,, (V') can be determined from

(4.3) tr(L") =) Tun(V)A™,

where n = 1,2, 3, .... We need to find 8 independent integrals of motion from
the equation (4.3 in order to construct the general solution. However, due
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to the identity

1
L3 = 5tr(L2)L,
the only independent integrals of motion which are generated by tr(L™) are

the 5 integrals coming from tr(L?), and these are

-

L=a-bt, L=d*+v¥—-272, L=a-b, I4t=b-¢ Is=a-¢C,

2 and

~

where @ = (uq,v1,w1), b= (ug,v2,ws), €= (u3,v3,w3z), a’®=(a
b2 = (b)2.

The components of these vectors are related to the elements of the 3-
dimensional matrices V,, as

0 —Wq Vo
Vo = We 0 —Uq ,
—Vo  Ug 0

where Vi, = uq 11 + vo To + wo, T5. By choosing u, v, w € R we get the Eu-
clidean gravity case, while u, v, w € C gives the Minkowski complex gravity
case.

In the 2-dimensional case, we have

1 —iwg, Vo — g
Vo=< . . ,
2 Vo + 1Ug 1Wq

so that even when u,v,w € R one obtains complex matrices. In order to
avoid confusion, we will work with the 3-dimensional representation.
In terms of the vectors @, b and ¢ the Nahm system takes the form

(4.4) i=bx¢c, b=¢&xd, ¢=axb.

Although we cannot find a general solution of the Nahm system, we can
find a general solution for a reduced Nahm system given by

(4.5) Vi=axly, Vo=uyly, V3=2z13.
In this case we obtain the Lagrange system
(4.6) T=yz, Yy=1x2, Z=2xY.
The Lagrange system has quadratic integrals of motion

I=ax®+By* +42%, a+pB+v=0,
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so that there are 2 independent quadratic integrals of motion. By taking
C1 = 2% — 2% and Cy = y? — 2% we obtain z; = +1/C; + 22, so that

2= 4/(C1 + 22)(Cy + 22).

Hence
d
(4.7) t+@:/ ° ,
V(C1 + 22)(Cy + 22)
and a real solution is obtained in the following cases
(4.8) ¢1>0, C>0,
(4.9) C1>0, Cy<0, 22>-Cy,
(4.10) 1 < 0, Cy >0, 22 > —Cl,
(4.11) Cl < 0, 02 < 0, Z2 > Inax{—Cl, —02} .

In all these cases the solutions can be written as Jacobi elliptic functions
[25H27]. Let
pn(u, k)
qn(u, k)

pa(u, k) =

)

where
pn(u, k) # qn(u, k) € {sn(u, k), cn(u, k),dn(u, k)},

are the 3 basic Jacobi elliptic functions (u € R, 0 < k% < 1, see [27]).
Let C; = a?, Cy = B2, a < B and u = B(t + C3). Then (4.7)) becomes

z/a
u= / (143721 + (K227 Y2 dt = arcsc(z/a, k),
0
where k' = /1 — k2 = a/8. Consequently

(4.12) z =asc(u, k), x=_pdc(u,k), y=anc(uk).

If « > B then u = a(t + tg), k' = 8/, and x,y and z are given by (4.12)
with (o, 8) = (B, @).
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In the case C1 = —a?, Cy = 32, we have u = y(t + to) and

+oo
u= / (2 — K?)7V2(¢ + k%) 72 dt = arceds (z/7, k) |

/v
where v = y/a2 + 32 and k = <. Then
(4.13) z=—yds(u, k), x = —yecs(u, k), y = —yns(u, k).
In the last case we have C] = —a?, Cy = —f3% and for # < o we obtain

u = «at+tp) and
+o00
u = / 2 — 1) V2(% — k272 dt = arcde(z/a, k)
z/a
where k = 3/a. Consequently

(4.14) z =adc(u, k), x=vysc(u,k), y=ync(u,k),

where v = /a2 — 2.

When « < 3, the solution is given by with («, 8) = (8, a), so that
u=p(t+ty) and k = a/p.

In the complex case one can use the solution of given in [28], which
can be written as

(4.15) z=+/Lisn(u, k), y=+—-Lcn(uk), z=—+/—I2dn(u,k),

where /G
Iy — I — I
k= , =1 (t+ty),
and

11:x2—y2, I =122 2%,

Note that a complex solution can be also constructed by taking one of
the real solutions (4.12)), (4.13) or (4.14) and substituting o and 8 by +/C}
and ++/C5. For example, the real solution (4.12)) gives a complex solution

(4.16) T = \/@dc(u, k), y=+Cinc(u,k), z=+/Cisc(u,k),

[Cy — C
k: %, u:\/CQ(t+t0),
2

and there is no sign restriction on C7 and Cs.

where
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5. Self-dual Bianchi VIII model

In the Bianchi VIII case S = diag(1,1,—1) and v = 0, so that we have the
system

(5.1) G=bx¢, b=¢&xa, é=-axb.

The Lax pair is given by (4.2), where now the matrices V, belong to the
so(2,1) Lie algebra, so that

0 —w, g
Vo = Wa 0 U
Ve Ug 0

The quadratic integrals of motion are then given by

52) L=a-b, L=d>+0+22, I =a-b
' Li=b-¢ I;=a-c.

)

Note that I7 and I, are two independent integrals of motion coming from
a set of quadratic integrals of motion

I=ad®+ 82 +~3, a+B—v=0.

Hence we can also chose the pair I = a? + ¢? and I} = b? + ¢? instead of
the (11,12) pair.

As in the Bianchi IX case, the integrals (5.2) are not sufficient to solve
the system (5.1), and we can make the reduction

@=(z,0,0), b=(0,4,0), &=(0,0,2).

In this case we get a modified Lagrange system
(5.3) T=yz, Yy=x2, Z=-IY.
By using the integrals of motion a? 4+ b? and b% + ¢2, we obtain
(5.4) 01:$2+22, Cg=y2+z2,

so that

(5.5) 5= —\/(C) — 22)(Cq — 22).
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Hence

(5.6) tty=—

/ dz

V(O =2%)(Cy = 22)
and real solutions are obtained for

(5.7) C1>0, Cy>0, 2?<min{Cy,Co}.

Let C1 = a?, Cy = B2, a < B and u = B(t + to) then (5.6) becomes
z/a
—u = / (1—t2)7Y2(1 — K2®)~ Y2 dt = arcsn(z/o, k),
0

where k = a/3. Hence
(5.8) z=asn(—u,k), x=acm(-uk), y=_Ldn(—u,k).

There is an alternative form of the reduced Bianchi VIII solution: if we
take the integrals

-y =01, Y2 =0,

then we obtain

i=/(CL+42)(Co—y?).
The real solutions are obtained for C{ > 0 and C > 0 or for C] < 0 and
Cy > 0. In the first case let C7 = a? and Cy = 32, then

1
u= / (1 —)7"V2(k? + B2)"Y2 dt = arcen(y/B, k),
y/y

where v = y/a? + 32, u = y(t + tg), k = /7. Consequently
(5.9) y=pfcn(u, k), z=vydn(u,k), z=—Fsn(u,k).

In the second case let C] = —a?, Cy = 32 and B > a, then
y/o
u = / (2 —1)"V2(1 — K?t*)" Y2 dt = arend(y/a, k),
1

where u = (t + to), k' = «/3. Consequently
(5.10) y=oand(u, k), z=dsd(u,k), z=p8cd(uk),

where o/ = ay/1 — (a/B)? and ' = 8y/1 — (a/B)?.
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In the complex metric case one can take any of the real solutions (5.8)),

1} or , and put o = /C or a = £,/CY, B = +/Cs whith no restric-
tion on the signs of the constants. For example, the real solution (5.8)) gives
a complex solution

(5.11) x=+/Cien(—u, k), y=+/Codn(—u,k), z=+/Cisn(—u,k),

where

C
k= 61, U:\/CQ(t+t0)a
2

and there is no sign restriction on C7 and Cs.
6. Cosmological self-dual Bianchi metrics

By using the definitions (2.14)), (2.19) and (4.5)) one obtains that the metric
in the reduced (Lagrange) case is

2 2 2
(6.1) ds* = 21Q2:Q3(det L) (dt2 + X1 + X2 4 X3> ’

where Q; = 2;(t)/2 and det L = det(L})).
In the Bianchi IX case we have

Ly =siny 0y — C(,)Sw O + cot O cosp Oy, ,
sin
(6.2) Ly = costp 0p + Sl.m/} Oy — cot Osin) Oy, ,
sin 6
L3 = 0y,
where 6, ¢, are the Euler anglesﬂ while z;(t) are given by (4.12)),(4.13))
and (L14).
Consequently
. 1
det(L!) =
et(La) sinf’
and

X1 = siny df — cosy sinfdo,
(6.3) X2 = cos df + sinysinfde
x3 = cosOdo+ diy,

1'We use the parametrization R(¢,0,v) = R3(¢) R1(0) R3(¢) for an SO(3) group
element, where R; and R3 are rotations around the x and the z axis.
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so that
Qs (0 X, X3, X3
6.4 ds?® = d? + 2L 4 22 4 23 )
(6.4) Y ( T Tz
In the Bianchi VIII case we have
. cos Y ,

Ly =sinvy 0p — T Op + coth &' cosvp 0y ,
(6.5) Lo = cos Oy + Siﬁ;g, Dy — coth @' sinv) Oy,

L3 =0y,

where the angles are defined by an SO(2,1) group element parametrization

R(¢,0,v) = R3(1)) R1(0') R3(¢) such that

) 10 0
Ri(0)=1| 0 cosh® sinh¢ |,
0 sinh# coshé
and 6’ € R.
Consequently
,Z: 1
Aet(le) = Gangr
and

X1 = sin df’ — cosp sinh @' do,
(6.6) X2 = cosp df’ + sintpsinh @ d¢,
x3 = cosh 0 dop + dip

while the metric is given by (6.4). The €;(¢) functions in the Bianchi VIII
case are given by .

In the case of a Minkowski signature self-dual Bianchi IX complex metric,
we have the same formulas for the L’s and the x’s as in the eucledean case,

while €;(t) are given by (4.15) or by (4.16]) and

2 2

I o Xi 8,4
(6.7) * 7 sinho’ ( etz

In the case of a complex Bianchi VIII self-dual metric we have (6.7]) with

Qi(t) given by (5-11).
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7. Conclusions

The main results are the self-dual Bianchi IX and VII cosmological metrics
given by the expression in the Euclidean case, and by the expression
in the Minkowski case. The forms x! are given by in the Bianchi
IX case and by in the Bianchi VIII case. The functions 2€;(¢) are given
by (4.12),(4.13) and (4.14)) in the Bianchi IX case, while in the Bianchi VIII
case these functions are given by . In the Minkowski case, the functions
2Q;(t) are given by for the Bianchi IX case, while in the Bianchi VII
case these functions are given by -

Note that we solved the reduced Nahm’s equations and (| . o)
that a natural next step would be to solve the complete set . or .
This would require the knowledge of 8 independent integrals of motion, and
the Lax method gives only 5. This means that one could solve a 6-variables
reduction of the Nahm’s equations. However, it is not clear how to implement
a 6-variables reduction such that it is preserved by the time evolution. As
far as solving the complete set of Nahm’s equations is concerned, one would
need to find additional 3 integrals of motion, and there are indications that
these conserved quantities cannot be local functions.

Note that in [I3] it was considered a selfdual spherically-symmetric met-
ric of the form

2 2 2
2 02 0'3
(7'1) ds® = Q1Q2Q3 <d7' + @ + @ + QQ> s

where Q; = f;(r), r? = 22 + 9% + 22 + %

1
v
0 = ) mpﬂ”dx )

and 7;,,, are the t’Hooft coefficients.

The metric has a similar structure as the SD Bianchi IX metric
, but the variables are different. In [I3] it was also showed that the self-
duality of the connection associated to the metric gives the Lagrange
System

O =Q0%, itjtk.

Hence our Lagrange system solutions (4.12}),(4.13]) and (4.14)) can be used to
construct self-dual metrics of the type (7.1)), simply by replacing the variable

t in x;(t) with the variable r.
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