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Self-gravitating static balls of power-law
elastic matter

ARTUR ALHO, SIMONE CALOGERO, AND ASTRID LILJENBERG

We study a class of power-law stored energy functions for spher-
ically symmetric elastic bodies that includes well-known material
models, such as the Saint Venant-Kirchhoff, Hadamard, Signorini
and John models. We identify a finite subclass of these stored en-
ergy functions, which we call Lamé type, that depend on no more
material parameters than the bulk modulus x > 0 and the Pois-
son ratio —1 < v < 1/2. A general theorem proving the existence
of static self-gravitating elastic balls for some power-law materials
has been given elsewhere. In this paper numerical evidence is pro-
vided that some hypotheses in this theorem are necessary, while
others are not.

1. Introduction

Spherically symmetric static configurations of self-gravitating matter distri-
butions are described by the equation

2 m
(11) p;ad = ;(ptan - prad) - Gpﬁa
in which praq(r) is the radial pressure, pian(r) the tangential pressure and
p(r) the mass density of the matter distribution, while

m(r) = 4w /OT p(s) s*ds

is the mass enclosed in the ball of radius r > 0; G is Newton’s gravitational
constant. Solutions of are of paramount importance in astrophysics,
where, depending on the matter model being used, describe stars, galax-
ies, planets, or other systems, in static equilibrium [3, 12} [I§]. The matter
model is specified by assigning an equation of state between the Euler state
variables (p, Prad, Ptan)s €-8-» Prad = Ptan = F(p) for a barotropic fluid; in the

2885



2886 A. Alho, S. Calogero, and A. Liljenberg

case of kinetic matter models, the Euler state variables are given by integral
moments of the one-particle distribution function f in phase-space [3].

In this paper we study Equation for single balls of elastic matter
with stored energy function @ : (0,00)? — R. We use the formulation of elas-
ticity theory for spherically symmetric bodies with natural reference state
introduced in [I], see also [6], in which the Euler state variables of elastic
balls satisfy the equations of state

p(T‘) = K:(S(T), prad(r) = ﬁrad(d(r)a 77(7’)), ptan(r) = ]/)\taﬂ(é(r)7 77(7“))7

where the constitutive function (pyad, Dran) is given by

. . - . 3 .
(12) prad<57 77) = 52(9511}((5, 77)7 ptan(& 77) = prad((Sv 77) + 5577377?0(57 77)

Here I is called the reference density of the spherically symmetric elastic
body and

m(r)

4{/@“3.

In terms of the variables 4,7, Equation (1.1]) reads

n(r) =

~ A .
(130) a0 = 20— 5) - T gs ) = 5 [ o) as
r 3 3 Jo
where
(1.3b)
~ ~ = Dy n 57 - Ara 57 ~
a(57 77) = 85prad(5> 77)7 b(57 77) = 2pta ( 77) b d( 77) + Sanprad(57 77)

n—2~

The stored energy function w will be assumed to be of the power-law type in-
troduced in [2]. Several important examples of elastic material models belong
to this class, e.g., the Saint-Venant Kirchhoff model, the Signorini model,
the Hadamard model and the John model, see Section 2.2. (The Ogden
material model [19] also belongs to this class, but it is not included in this
paper.) Elastic matter models have long been used in astrophysics [9, 14-16]
and have important applications to e.g. describe the deformation of plan-
ets [10, [I8] and neutron stars crusts [7]. The existence of static Newtonian
self-gravitating elastic bodies, without any symmetry assumption, has been
studied in [4, 5] using the Lagrangian formulation of elasticity theory. The
first theorem proving the existence of static self-gravitating multi-body elas-
tic matter distributions with regular boundaries and arbitrarily large strain
has been given in [I] for the Seth model in spherical symmetry and it was
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later extended to more general elastic models for static self-gravitating balls
in [2]. One purpose of this paper is to present numerical evidence showing
that some of the assumptions made in [2] are necessary, while other are
not, see Section 3. In the next section we define and discuss some general
properties of power-law stored energy functions.

2. Power-law hyperelastic constitutive functions

Let k > 0 be the bulk modulus and —1 < v < 1/2 be the Poisson ratio of
the material. Several stored energy functions found in literature have the
form presented in the following definition.

Definition 1. Let (ni,n2,...,ny,) €N, m>2, and 0;,0;; €R,i=
1,...,nj, 3=1,...,m be such that

(i) 01 <02 < <Op, Prj<Poj << Pny, forall j=1,...,m, i
1,...,nj;

(ii) if nj =1, then 0; # 0 and 0; = Py;;
(iii) at least one of the numbers fB;; is different from 0 and —1;

(iv) at least one of the positive integers n; is greater than 1.

Assume that there exists an interval V' C (—1,1/2] such that for allv € V
the following linear system

m Ny m Ny m N

(2.1a) ZZaiﬂj =0, Zzaiﬂ? = ZZQ’L]BZ] 1 T
j—l i=1 j=1i=1 j=1i=1

(2.1b) Za” — Bij) = j=1,...,m

has a solution o;; € R\N{0}, i =1,...,n;, j=1,...,m. Then the function
@ : (0,00)% = R given by

m j

i N~ [0\
(22) k7 '@(0,n) = 2779” E Qg (77) +wp, wp = — g Zazj
j=1 i=1 Jj=li

i—1

is said to be a type (ni,...,Ny) power-law elastic stored energy function for
spherically symmetric bodies with natural reference state.
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The constitutive funtion (1.2)) for power-law stored energy functions is
given by

m 1+8i;
(2'3) K- prad 5 77 anr@ ZO‘U/BU <> )
J=1 =1

i 1 g\
(2.4) K lptan(éa n) = 9 2771+0 Zaz] 523 <7]> )

7j=1
while the functions a(d,n), /5(5, n) in ([1.3b)) are given by
(2. 5a)

Zn Zamﬂu 1 +/8w) <> ,

jeJ i€l
(2.5b)

(6/m)! 0 —1 (5)”31‘1‘
5 _3 7 7 i7 | — y
) JEZJ” z“ 5][ 1—om T

where we introduced the sets

Ii={ief{l,...;n;}: Bij # —1,8;; #0}, J={j€{l,....m}:[; # o}.

By condition (iii) on B;; in Definition 1, I; is not empty for at least one
jed{l,...,m}.

For a stored energy function of the form , the definition of wy is
equivalent to the normalization condition @w(1,1) = 0. Equations are
equivalent to the following compatibility equations with linear elasticity:

14~ 3(1—-v) 14~ 2(1—2v)
2- 1 T ]. ]. = 1 T 1 1 - —_—
( 63) K 85]7 ad( ) ) 1+ R anp ad( , ) T+v
3v 1-2v
2.6b L 05Pran(1,1) = 10, pran(1,1) =
( 6 ) K 86pta ( ) ) ]_—f—l/, K anpta ( ) ) 1+I/7

and the natural reference state condition
(27) ﬁrad(lu 1) = ﬁtan(ly 1) = 07
while (2.1b)) is equivalent to isotropic condition

(28) ﬁrad(& 6) = ﬁtan(év 5)
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We refer to [I},[6] for a more detailed discussion on the conditions (2.6)—([2.8]).

Remark. Condition (i) only affects the order in which the factors
n'*9% (5 /n)1+Pi appear in the stored energy function (lexicographic order);
condition (ii) is required for consistency with (2.1Db]), while condition (iii) is
imposed to ensure that the constitutive function for the radial pressure is
not independent of §, see . Condition (iv) excludes the power-law types
(1,1,1,...,1) from Definition 1. These stored energy functions correspond
to barotropic fluid models and will be discussed in a separate section, see
the last example in Section 2.2.

Remark. In [2] we have written in a slightly different form, namely
we expressed the exponents of n as 0; = %7]-. This notation was particularly
useful for the examples considered in [2] but here is no longer necessary.
Moreover in [2] we used the Lamé material parameters \, u instead of , v.
The relation between these two sets of parameters is

20 A
=+ -~
e R T )

Remark. The assumption that the system (2.1) must have non-zero so-
lutions for all v in some interval V C (—1,1/2] is required to exclude the
possibility that the stored energy function is defined only for isolated
values of the Poisson ratio. The latter seems rather artificial and would result
into unpleasant technical complications.

Remark. Examples of well-known hyperelastic models with power-law
stored energy function are the Saint Venant-Kirchhoff model, the Signorini
model, the John model and the Hadamard model, see [2] and Section 2.2
below.

Remark. For some applications, e.g., to study the homologous motion
of (self-gravitating) elastic balls [6], it is necessary to consider elastic stored
energy functions which do not satisfy the natural state condition .

If there are no values of 601,...,0,, Bi1,...,0n, m for which the sys-
tem (2.1) admits solutions «;; # 0 for all kK > 0,v € V, for some interval
V C (—1,1/2], then the corresponding power-law stored energy function is
inadmissible. To this regard we have the following simple lemma.

Lemma 1. There exist no power-law elastic stored energy functions of type
(1,2), (2,1) or (2,2)
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Proof. When m = 2 and (n1,n2) = (1,2), the system (2.1) is given by

1161 + 126z 4 aiafls = 0,

(%) 1107 + 1203 + 9063 = 1,
ai2(b2 — fr12) + aga(f2 — f22) = 0,
1103 + 1283 + 92835 = 3%%-

The system consisting of the first three equations has no solution when 64
or 0y is zero, while for (01, 602) # (0,0) has the unique solution

1 s 02 — B2
61(61 — 62)’ 2 02601 — 02) (P22 — Pi2)’
- P12 — b2
02(61 — 02) (P22 — b12)’

a1l =

which is non-zero provided 05 # (i, © = 1,2. Replacing in the fourth equa-
tion we obtain that the system (*) has no solutions, except possibly for an
isolated value of the Poisson ratio and thus this model is not a type (1,2)
power-law stored energy function. Similarly one proves that the types (2,1)
and (2,2) are inadmissible. O

Remark. From the simple proof of the previous lemma it is clear that a
power-law type is inadmissible if the subsystem of (2.1) consisting of
and the first two equations in has a unique solution. The special result
included in Lemma 1 will be used in Lemma 2.

2.1. Lamé type power-law stored energy functions

We shall say that a power-law stored energy function is of Lamé type if
the coefficients a;; in are uniquely determined by the exponents 6;, 3;;
and the Poisson ratio v through the system (2.1). Power-law stored energies
which are not Lamé type contain additional parameters besides the bulk
modulus x and the Poisson ratio v. We remark that these additional param-
eters are not genuine material constants, as they depend on having assumed
a specific type of stored energy function (while x and v only depend on the
postulate that all materials obey linear elasticity for very small strain). As
shown in the following lemma, there are only a few Lamé types power-law
materials.
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Lemma 2. The only possible elastic stored energy functions of Lamé type
are the following:

2:(1,3),(2,3) and permutations,
=3:(1,1,2),(1,2,2),(2,2,2) and permutations.

Proof. Let k be the number of n; = 1. As the system (2.1) consists of m +
3 — k equations and there are Z;n:l n; coefficients «;;, then a necessary
condition for a power-law material to be of Lamé type is that m +3 — k >

> iy mj. Using

f:njzm > oy =k+2(m—k)
j=1

n;>2

we find that m < 3. Hence the only possible Lamé types are (1,2), (1,3), (2,2)
and (2,3) for m =2, (1,1,2), (1,2,2), (2,2,2) for m = 3, and permutations
thereof. We have already shown that the types (1,2), (2,1) and (2,2) are
inadmissible, see Lemma 1, hence the proof is completed. O

Upon studying each of the types (2.9) separately, one can easily show
that they are all Lamé types except for some some special values of the
exponents 61, ..., 0,,. For instance, the most general type (2, 2,2) power-law
stored energy function is

5 B11 6 B21
o =i (an (2) " an (2)
n n
6 512 5 522
+1” | o <> + a2 ()
n n
( 5 Bis 5 Bas
+n” | a3 <> + a3 ()
n n

(2.10) — (a11 + @21 + a12 + a2 + a13 + ao9s).

The system (2.1) consists of 6 equations on aq1, a1, 12, 22, a13, (og. Defin-
ing

A229) = 0102(61 — 02)(B13 — 03)(B23 — 03)
+ 0203(02 — 63)(B11 — 01)(B21 — 1)
+ 6105(03 — 61)(B12 — 02) (P22 — 62),
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the system (2.1) for type (2,2,2) power-law stored energy functions has a
unique solution if and only if A3 9y # 0, namely

oy = 14(96111_—[32121)[(92(&3 — 03)(B13 — 03) — 03(B22 — 02) (12 — b2)
+ 20203(03 — 62) 11;2:]
12 = m [(61(Ba3 — 03)(Br3 — B3) — 03(Bar — 01)(B11 — 61))
+ 26103(03 — 01) 11;2:]
13 = M[(&(ﬁm — 62)(Br2 — 02) — 62(B21 — 01)(B11 — 61))
+ 260102(02 — 01) 1 +2U]
= PO Py Pzl
2 By —6; 0 B — 01 BT Ty 6y

From these expressions it is clear that the conditions on the exponents 0, 3;;
for the existence of the Lamé type (2,2,2) power-law stored energy function
are

(01,602,05) #(0,0,0), 6; # B, i=1,2, j=1,2,3.

Similar conditions can be found for the other types in (2.9). Moreover all
Lamé types can be derived from the types (2,2,2), (1,3) and (3,1) in the
limits given in Figure 1.

2.2. Examples
In this section we give some examples of power-law stored energy functions
for spherically symmetric bodies; the original Lagrangian form of these mod-

els without symmetry assumptions can be found in [8, 1T}, 17 20].

Saint Venant-Kirchhoff model. Saint Venant-Kirchhoff (SVK) materi-
als have the following Lamé type (3,2) power-law stored energy function

K gy (6,m) = n~*® < 8 3 ( > * 2(13—111—7/) (2) ) i 4(13+V)>

+
3/6\ 2% 3 9

23 _2(0) _9°)_"*?

(2.11) + 7 (4<n> 2)+8.
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B12="02
(2727 I)H(Qvlvl) (1,1)
B12:92 ,811:91 V:1/2

(2,2,2) =5 (2,1,2) == (1,1,2) (3,2)%2=% 3 1)

Bi2=0
BA / Remark. The same limits hold

(1,2, 2)ﬁ—:9> (1,2,1)by replacing S1; with Ba;.

Figure 1: Relation between the Lamé type power-law stored energy func-
tions.

(Quasi linear) Signorini model. Signorini materials have the following
non-Lamé type power-law stored energy function

36+8) —7(1+v) ()"
16(1 + v) 1 (n)

b (T(1+221_+3S+4y) <<z>—1 +% (g)))
-1 3
a0 50 )

31—-2v)+7(1+v)
2(1+v) ’

K sig(6,m) =

W=

+n

(2.12)

where 7 is a (dimensionless) constant. Except for some particular values of
7, this stored energy function is of type (1,2,3). The case 7 = 0 is known as
quasi linear Signorini model. We shall restrict to the latter case in the rest
of the paper.
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(Quasi linear) John model. John materials have the following non-
Lamé type power-law stored energy function

K wJohn(5 77)

(1+4W#M12y%71<6>4

(1+44v) n
_2+23+6(1+4V) J !
1+41/ 1+4v n
6+ €( 1+41/)
1+4v

61 +€(1 + 4v) §‘4_2a1+m+fu+4m
1+41/ n 1+4v

+/—\+/_\

e(1 + 4v) + 3(5 + 8v)
2.13
@13+ 3(1 + 4v) !

where € is a (dimensionless) constant. Except for some particular values of
€, this stored energy function is of type (1,3,2). From now on we restrict to
the case ¢ = 0, which we called the quasi-linear John model.

Remark. The John model discussed in this section is actually just a
special case of a larger family of stored energy functions, called harmonic,
introduced by Fritz John in [I1].

Hadamard model. Hadamard materials are hyperelastic materials with
the following Lamé type (2,1,2) stored energy function

5 Baa(8m) = 0 <2<1+V> <n> +4<1+V>>
_ 3(1—1/
L 1< - )

/ 3v 1) —2
~2/3 9
K ( 2(1+v) <77

3(1 + 2v)
4(1+v)’

(2.14) v>0.

Remark. Hadamard materials are defined up to an additive term h(J),

which was chosen h(§) ~ =1 in ([2.14).
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Affine models. In this section we derive the power-law stored energy
functions for which the Equation (1.3) satisfied by static self-gravitating
bodies admits self-similar type solutions.

Self-similar static solutions of (1.3) are solutions of the form d(r) =
cr®, for some ¢, € R. Positivity of the mass requires o > —3. Moreover
n(r) = 34%@5(7")' Substituting in (1.3), we obtain the following equation on
the constitutive equation:

(2.15)

a<5,35>a—3<5 5 5) @ AMy2 3 vagitre
3+«

'34+a Ja+3 3 3+a

A stored energy function that satisfies (2.15)) will be called affine.

Proposition 1. A necessary condition for a power-law material to sat-

isfy (2.15) for all 6 > 0 is that

(2.16) there exists a unique q € {1,...,m} such that I, # &.

When (2.16) holds, (2.15) is satisfied with o > —3, ¢ > 0 and for all § > 0
if and only if 6 :== 6, ¢ [1/3,1],

2 [1-0~( 3-30\ [ 3-—30
C(9>'_0—1[1—36?6(1’1—39)_a<1’1—39>]>0

and

2 3 \T01-30 1

Proof. 1f I; # @ for more than one value of j € {1,...,m}, the left hand side
of would contain two different powers of § and thus cannot be
verified for all § > 0. If I; # @ only for a unique j=g¢ € {1,...,m} and
setting ¢ = 0, we obtain

N 3 R 3 3\,
v — 1

a<5’3+a5> a<’3+a> <3+a> o

~ 3 ~ 3 3\,
v — 1

b<6’3—|—a5> b(’3+a> <3+a> "

hence a necessary condition for (2.15)) to hold for all § > 0 is that 6 =1 +
2/a, which gives the formula for a in (2.17)) as well as the condition 6 ¢
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[1/3,1]. Replacing in (2.15)) we find that (2.15)) holds if and only if ¢ is given
as in (2.17)), hence C'(6) > 0 must hold in order that ¢ > 0. O

The only example considered so far that satisfies the assumption ([2.16)) is the
John model, in which case the self similar solution becomes the one found
in [2]. Another interesting class of affine power-law stored energy function
is the following Lamé type:

1 1 3(1—-v) N
RTB0 ) = 13507 9+#<mﬁ—nu+uﬁwmﬁl

3(1—v) 1 _ 1 3(1—v)
(218) + (559~ 0) ™+ 5~ e )

Applying the result of the Proposition 1 to the stored energy function (2.18))
we obtain the self-similar solution of (1.3) given by d(r) = cr®, where a,c

are given by (2.17)) and

0
o, 18(E8) 6-20)
1+ (1 —30)2

if and only if 6 € (—o00,1/3)U(1,5/2).

C(0) >0

Remark. The stored energy function (2.18)) is a special case of the class of
polytropic stored energy functions introduced in [6].

Barotropic fluids. Power-law stored energy functions of type (1,1,...,1)
correspond to barotropic fluids. The most general stored energy function in
this case has the form

“_I@é?}i)d((s) = a6’ + 126” + - 4 @16 — (a1 + a1z + -+ arm),

where 01 < 03 < --- < 0,, are all different from zero and at least one is dif-
ferent from —1. The system (2.1) on the coefficients a;; reduces to

(2.19a) 11601 + 1262 + ... a1mbm =0
(2.19b) 04119% + Cllgeg + ... almﬁfn =1
(2.19¢) 1107 + 1203 + .. a1mb2, = 3(1 —v)/(1 +v).

We see that v = 1/2 must hold for the system (2.19) to admit solutions. For
m >3 (and v = 1/2) the system (2.19) has infinitely many solutions, while
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for m = 2 the system (2.19) admits the unique solution

1 1
Q11 = oy 2= T
91(91 — 62) 92(01 - 92)
Thus the type (1,1) is the only Lamé type power-law fluid stored energy
function. The constitutive functions for the principal pressures of these ma-
terials are

. 5(502 _ 561)

A1) ey AL oy
(2.20) Prag (6) = Dran (0) = & o — 01

s 92>91.

For 3 =+ — 1 and #; = 0, (2.20]) becomes the constitutive function of poly-
tropic fluids with polytropic exponent -y, see [6].

3. Numerical results

The purpose of this final section is to investigate numerically whether some of
the assumptions made in [2] to prove the existence of static self-gravitating
elastic balls are necessary or not. The results concern the Saint Venant-
Kirchhoff, John, Hadamard and Signorini model, each discussed in a sepa-
rate subsection. For each of these models, there exists (a necessarily unique)
A, € (1,00] such that O5prad(d,6) >0 for 0 < § < A, and if A, < oo then
OsDrad (Ay, Ay) = 0; in particular, if A, < co and d. = §(0) > A,, the hyper-
bolicity condition O5praq(d,n) > 0 is violated at the center.

For more numerical results on static self-gravitating solutions for the
models in this section, e.g., the mass-radius diagram and the existence of
multi-body distributions, we refer to [13].

3.1. Saint Venant-Kirchhoff materials

The Saint Venant-Kirchhoff material model is hyperelastic with stored en-
ergy function (2.11)), which yields the principal pressures

31—v /6\ " 3v [6\ ! 3 s\ !
—1~ _ 13 _2 9 _ . hPSVEN
K prad((i??) n ( 21+ v (77) 1+v (77> ) + 2"7 (77) s
3 v (o) * 3 ) 3 5
BN _-1/3 (2 o L 218 (Y
" Pran(Bim) =7 ( 21+ (n) 2(1+v) (n)) K (n)




2898 A. Alho, S. Calogero, and A. Liljenberg

At the center

3 (53/3 _ 1>
K_lﬁrad(éc? bc) = K‘_lﬁtan(50a bc) = o o5l/3
20,
Lo 3((1+l/)52/3+y—3)
K 85prad(5m 50) = — 173
2(1+ v)de

The pressures are positive at the center if and only if 0. > 1, and the constant

A, is given by
N3/2
Ab:<3 ”) .
14+v

The following theorem was proved in [2]:

Theorem 1. When the elastic material is given by the Saint Venant-
Kirchhoff model, the condition §.:= p./K > 1 is necessary for the exis-
tence of regqular static self-gravitating balls. When 1 < . < A, there ez-
ists a unique strongly reqular static self-gravitating ball with central density

p(0) = pc.

We are interested in the following question.
Open Problem 1. Do static self-gravitating elastic balls exist in the Saint
Venant-Kirchhoff material model when the strict hyperbolicity condition is
violated at the center?

We have found numerical evidence suggesting that regardless of the value

of v € (—1,1/2], finite radius solutions cannot be constructed when d. > A,.
The density and pressures blow up almost immediately, see Figure 2.

3.2. Quasi-linear John materials

Quasi-linear John materials are hyperelastic with stored energy func-
tion ([2.13])c=o, which yields the principal pressures

. 3 s\ ! 1 3(1—2
K Prad(6,m) = — n'/3 <<n> + 2) I LA TE u,

1+4v 1+4v 1+4v

o 3 5 1+v o 3(1 —2v)
K- Dran(00) = =7 <1+2<n>>+61+4u” <n>+ 1+4v
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4 . . 5000

& lprad r lprad .
—="="= R DPtan 4000 |77 *"Ptan .

P A PO N el A OO, 5 H
) 3000 .
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............. 2000 |
1000 HE

- |

------ I

0 0 3

0 0.2 0.4 0.6 0 0.05 0.1 0.15
Radius Radius
(2) 6. = 0.99A, (b) 6. = 1.O1A,

Figure 2: Elastic balls constructed in the Saint Venant-Kirchoff material
model with Poisson ratio v = 0.25 for center datum close to A, (= 3.26).

At the center

K Prad(0c, 6c) = K Pran(0c, 8c)
__3 (561/3 _ 1) ((2 )5 2w — 1) :

14+v
L 3(1—v
K 185prad(567 50) = (73/3
(l/+ 1)(58

The pressures are positive at the center if and only if 6. > 1 or 0 < §. < Ay,
where 5
1—-2
Ay = ( l/> <1
2—v

the constant A, is given by A, = oc.
The following theorem was proved in [2]:

Theorem 2. When the elastic material is given by the John model, for all
de := pe/KC > 1 there exists a unique strongly regular static self-gravitating
ball with central density p(0) = pe.

We are interested in the following question.

Open Problem 2. Is §. > 1 a necessary condition or can finite radius
elastic balls exist in the quasi-linear John material model when 0 < 0, < Ay ¥
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0.8 0.08
" iprad A,
_____ K™ Ptan _//
0.6 |=nermsress ",’ 0.06
‘/
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Figure 3: Elastic balls constructed in the quasi-linear John material model
with Poisson ratio v = 0.1 for center datum smaller than A, (=~ 0.0746).
Only in (b) does the ball have finite radius. There seems to exist a A, such
that when 6. = A, the radial pressure is tangent to the horizontal axis at
one point.

In our numerical investigations we have found evidence suggesting the
existence of a constant A,, dependent on v, such that finite radius balls do
exist when d. € [A,, A,) but not when J, < A,, see Figure 3. We have not
a found a closed expression for A,, but Figure 4 shows where in the (v, d.)-
plane finite radius balls could be constructed numerically. An interesting
property of these solutions is that the tangential pressure is increasing with
the radius rather than decreasing, as it appears to be the case for solutions
with center datum d. > 1, see Figure 5.

3.3. Hadamard materials

Hadamard materials are hyperelastic materials with stored energy func-
tion (2.14]), which yields the principal pressures
3v

3 71/3 5 _1 1/3 5 _1 ]._V
L (77 +1+un n 3

1+’
~ 3 a8\ (¢ 3v s (9 l-v
ptan(6an)— 2(1—|—V)77 ((77 + 1 + n - +31—|—I/

I/)\rad((sa 77) = -

1+v
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O e 2A.
Q Finite radius ball
@® No finite radius ball

Figure 4: The gray region indicates where finite radius balls have been found
numerically in the quasi-linear John model for 6. € (0, A,). The border be-
tween the black and gray regions approximates the proposed A, (v).
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Figure 5: Elastic balls constructed in the quasi-linear John material model
with center datum J. = 2. The tangential pressure decreases with the radius
as opposed to when §. < 1, see Figure 3.

and at the center we have
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The pressures are positive at the center if and only if 0. > 1, and the constant

A, is given by
3/2
A, = <1> .
v

The following theorem has been proved in [2]:

Theorem 3. When the elastic material is given by the Hadamard model,
the condition d. := p./K > 1 is necessary for the existence of reqular static
self-gravitating balls. For

1\3/2
1<6C<<2V> = Ay

there exists a unique strongly reqular static self-gravitating ball with central
density p(0) = pe.

We are interested in the following question.

Open Problem 3. Is the sufficient bound 6. < Ay in theorem 3 necessary
or can it be replaced by the weaker bound d. < A, ?

In our numerical investigations we have found evidence suggesting that
the bound indeed can be replaced. Figure 6 shows finite radius balls with
center datum both smaller than and larger than Ay. Furthermore, finite
radius solutions seem to exist for center datum in the entire interval from Ay
up to Ay, but not for §. > Ay, see Figure 7. When 6. > A, the hyperbolicity
condition is violated at the center and the numerical solutions in Figure 7(b)
blows up similarly to how they do in the Saint Venant-Kirchhoff model.

3.4. Quasi-linear Signorini materials

Quasi-linear Signorini materials are hyperelastic with stored energy func-
tion (2.12),;—0, which yields the principal pressures

2
ﬁrad(& 77) = 38((11—:-41/]/))772/3 <2 - <f]> )

(e () o)) 8
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Figure 6: Elastic balls constructed in the Hadamard material model with
Poisson ratio v = 0.25 for center datum close to Ay (= 2.83).
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Figure 7: Elastic balls constructed in the Hadamard material model with
Poisson ratio v = 0.25 for center datum close to A, (x 8).
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At the center

3 (52/3 _ 1) (353/3 8+ 5)
16(r+1) ’
3 (553/3 - 1)

4(v +1)5,1/3

K_lﬁrad(dca 56) = ﬁ_lﬁtan(6m 50) =

H_laﬁﬁrad((sc? 50) —

The pressures are positive at the center if and only if §. > 1 or, when v €
(—1,-5/8), for 0 < 0. < A, where

_5_ 3/2

Furthermore, the constant A, is given by A, = oco.

Remark. The hyperbolicity condition is violated at the center if 6. <
((4v +1)/5)3/2 but this only happens for invalid combinations of d, and v,
i.e., when the principal pressures are negative at the center.

The results in [2] do not cover the quasi-linear Signorini materials, so we
are interested in the following questions.

Open Problem 4. Do finite radius elastic balls exist in the quasi-linear
Signorini material model when (a) 6. > 1, (b) 0 < o, < A, ¥

Regarding question (a) we were able to numerically construct finite ra-
dius balls for every combination of v € (—1,1/2) and 0. > 1 that we tried, see
Figure 8 for examples. Regarding question (b), we found numerical evidence
suggesting the existence of a constant A,, dependent on v € (—1,—5/8),
such that finite radius balls do exist when ¢, € [A;, A,) but not when
dc < Ao, see Figure 9. We have not been able to derive a closed expres-
sion for A, but Figure 10 shows where in the (v, §.)-plane finite radius balls
could be constructed numerically.
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Figure 8: Elastic balls constructed in the quasi-linear Signorini material
model with center datum §, = 2.
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Figure 9: Elastic balls constructed in the quasi-linear Signorini material
model with Poisson ratio v = —0.7 for center datum smaller than A, (=
0.0894). Only in (b) does the ball have finite radius. There seems to exist a
A, such that when §. = A, the radial pressure is tangent to the horizontal
axis at one point.
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Figure 10: The gray region indicates where finite radius balls have been
found numerically in the quasi-linear Signorini model for 6. € (0,A,). The
border between the black and gray regions approximates the proposed A, (v)
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