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On the equivalence of the KMS condition
and the variational principle for
quantum lattice systems with
mean-field interactions
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We extend Araki’s well-known results on the equivalence of the
KMS condition and the variational principle for equilibrium states
of quantum lattice systems with short-range interactions, to a large
class of models possibly containing mean-field interactions (repre-
senting an extreme form of long-range interactions). This result is
reminiscent of van Hemmen’s work on equilibrium states for mean-
field models. The extension was made possible by our recent out-
comes on states minimizing the free energy density of mean-field
models on the lattice, as well as on the infinite volume dynamics
for such models.
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1. Introduction

As is widely accepted in theoretical and mathematical physics, the equilib-
rium state of a given finite quantum system is the Gibbs state associated

2909



2910 Bru, Siqueira Pedra, and Yamaguti Miada

with its Hamiltonian. Among other things, this state is stationary with re-
spect to the dynamics generated by the Hamiltonian. In general, Gibbs states
are ill-defined for infinite systems and, thus, several notions of thermody-
namic equilibrium were proposed for these systems, based on properties of
finite volume Gibbs states, like free energy minimization, complete passivity,
Kubo-Martin-Schwinger (KMS) and Gibbs property, to mention the most
commonly used. All the listed properties uniquely define Gibbs states of any
finite quantum system. In particular, they are all equivalenlﬂ to each other
for finite systems, but that is not the case for infinite systems. It is therefore
important, from both the mathematical and the physical viewpoints, to un-
derstand the relation between these mathematical definitions of equilibrium
states of infinite quantum systems. In this scope, here we focus on fermions
and quantum spins on infinite lattices and analyze the relation between the
minimization of the free energy density and the KMS property of space-
homogeneous states, in presence of mean-field, or long-rangeﬂ7 interactions.

Because of their elegant definition and good mathematical properties
(see, e.g., [I Sections 5.3-5.4]), KMS states certainly constitute the most
popular notion of equilibrium states for infinite systems. For instance, they
provide the Kelvin-Planck statement of the 2nd law of thermodynamics with
a precise mathematical meaning, the complete passivity of these states [2].
The KMS property refers to a dynamical notion of equilibrium. By con-
trast, a static notion of thermodynamic equilibrium can also be given by
defining equilibrium states via the minimization of the free energy density
of the quantum system under consideration. In opposition to the dynamical
viewpoint, this approach requires some space homogeneity of states. On the
other hand, the static approach has the big advantage of getting around the
problem of the existence of quantum dynamics in the infinite volume limit.
Moreover, the existence of equilibrium states in the static sense can, in gen-
eral, be easily ensured (by standard compactness and lower semi-continuity
arguments), whereas, in many cases, the mere existence of KMS states is an
issue, even if the infinite volume dynamics exists and is continuous in the
appropriate sense.

Giving a precise and convenient mathematical meaning to the infinite
volume dynamics of quantum systems can be highly non-trivial: On the

'More precisely, in contrast to the other conditions, the complete passivity does
not fix the temperature of the system, i.e., this condition only implies that the state
is Gibbs for some temperature.

2We frequently prefer the term “long-range” instead of “mean-field”, because
the latter can refer to different scalings and has thus some ambiguity, whereas the
former is precisely defined later on.
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one hand, the Green-function method (see, e.g., [I, Section 6.3.4]) allows
one to implement, under very general conditions, the infinite volume limit
of quantum dynamics as a strongly continuous group of unitaries acting in
some abstract Hilbert space. Note however that this approach needs (ini-
tial) states to be fixed. On the other hand, the KMS approach requires a
strongly continuous group of #-automorphisms of the (original) C*-algebra
of the given quantum system. Such a group of *-automorphisms should, in
principle, not depend on the particular choices of states for the system. In
fact, for lattice fermion and quantum spin systems with short-range inter-
actions, such a continuous group of x-automorphisms is well-defined in the
infinite volume limit, independently of some choice of states. See [3], 4] for
the fermionic case and [I} 5] for the quantum spin one. For short-range in-
teractions, the notion of KMS states naturally applies and the equivalence
between the KMS condition and the minimization of the infinite volume free
energy density (at the same inverse temperature) can be proven for space-
homogeneous states: Inspired by works of Dobrushin and Lanford-Ruelle on
classical spins, Araki contributed in 1974 [6] such an equivalence proof for
quantum spins with short-range interactions on a (infinite square) lattice of
arbitrary dimension. The case of lattice fermions (with short-range interac-
tions) was only studied in detail much later, in 2003, by Araki and Moriya
[4].

Quantum many-body systems in the continuum are expected to have,
in general, no such dynamics in the thermodynamic limit, but only a state-
dependent Heisenberg dynamics (see, e.g., [I, Section 6.3]). To get around
this issue in the continuum, in presence of interactions, one may use a UV
cut-off of some kind, as it is recently discussed and proven in [7]. The same
issue is also expected for interactions slowly decaying in space, even in the
lattice case. For instance, as already remarked in the seminal work [§] on
the mathematics of the BCS theory, in presence of mean-field interactions,
the finite volume quantum dynamics does not generally converge within the
(original) C*-algebra of the given system, when the volume diverges. See
also [9, Section 4.3].

From the sixties to the nineties, there were a lot of studies on infinite vol-
ume dynamics of lattice fermion and quantum spin systems with mean-field
interactions, by Béna, Duffield, Duffner, Haag, Hepp, Lieb, van Hemmen,
Rieckers, Thirring, Unnerstall, Wehrl, Werner, and others. Mathematically
rigorous results were obtained for models that are permutation-invariant,
almost exclusively for quantum spins (except, e.g., in [8, [10]). In this case,
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the infinite volume dynamics refers to an effective time-evolution on a finite-
dimensional Hilbert spauceﬂ7 whereas the KMS theory were proposed to deal
with infinite systems, the finite (lattice) case being trivial from the point
of view of this theory. During the last two decades, many studies on the
dynamics of fermion systems in the continuum with mean-field interactions
were also performed, by Benedikter, Elgart, Erdos, Jaksi¢, Petrat, Pickl,
Porta, Schlein, Yau, and others, but (positive temperature) thermal states
were not considered. In this context, the KMS condition is irrelevant. For a
detailed discussion on this subject, see [9, Section 1] and references therein.

In 2013, [II] contributed the complete characterization of space-
homogeneous free-energy-density-minimizing states of quantum lattice sys-
tems with mean-field interactions, in terms of free energy density minimizers
of their so-called Bogoliubov (short-range) approximations. In fact, in con-
trast to the short-range case [I], [4, 5], note that strict minimizers of the
free energy density may not exist, but the (weak*) limits of minimizing se-
quences of states offer a good, more general, notion of equilibrium states, in
the long-range case.

In 2021, [9 [12] derived the infinite volume dynamics of space homoge-
neous quantum lattice systems with mean-field, or long-range, interactions
in great generality. In fact, it was shown that the infinite volume dynamics
of such systems is always equivalent to an intricate combination of classi-
cal and short-range quantum dynamics. A simple illustration of this general
result is given in [I3], 14]. [I2] shows in particular that, within the cyclic
representation associated with the initial state, the infinite volume limit of
dynamics is well-defined in the o-weak operator topology and corresponds
to a state-dependent Heisenberg dynamics.

Combined with [II], the outcomes of the recent papers [9, [12] pave the
way to a study of the relations between static and dynamical notions of equi-
librium, respectively characterized by the minimization of the free energy
density and the KMS conditions, for very general infinite quantum lattice
systems with mean-field interactions. This is the main objective of this pa-
per. In particular, the precise status of the KMS condition in presence of
mean-field, or long-range, interactions will be examined.

Our main results are summarized as follows: To simplify discussions,
we take a translation-invariant]l model m for fermions on the lattice with
mean-field interactions, within a very general class of models. Fix once and

3The one-site Hilbert space for quantum spins and the fermionic Fock space
associated with the one-site Hilbert space for lattice fermions.
4See Remark 1.5.
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for all the (non-zero) temperature of the system. By [I1, Theorem 2.12], the
infinite volume (grand-canonical) pressure P of the model m is given by the
following variational problem

(1) P=—inff(E)eR,

where f: Fqy — R is the free energy density functional associated with m,
defined on the (metrizable weak*-compact) convex set E of all translation-
invariant states of the system. Define the (metrizable weak*-compact) convex
set {2 C Ej of so-called generalized equilibrium states as being the set of all
weak*-limit points of minimizing sequences of this variational problem. We
then have two observations at this point:

Observation 1: As explained above, there is no state-independent Heisen-
berg dynamics in infinite volume, but a state-dependent one actually exists,
in relation with the ergodic decomposition of translation-invariant states.
See [12 Theorem 4.3] or Equation below.

Observation 2: By [I1, Theorem 2.39], the set £({2) of extreme points of
the weak*-compact convex set {2 belongs to the set

M= U M.
g 2@

of strict minimizers of the free energy densities associated with effective
translation-invariant short-range interactions ®(d), d € C, which refer to Bo-
goliubov approximations of the full interaction of the model m [I1], Section
2.10.1]. In other words, £(£2) C M C E;. The set C (of parameters d) and
the corresponding Bogoliubov approximations strongly depend on the par-
ticular choice of the model m and will be precisely defined in the sequel.

By [6, Theorem 1] (quantum spins) and [4, Corollary 6.7 and Theorem
12.11] (lattice fermions), the elements of Mg gy are KMS states with respect
to a well-defined dynamics on the underlying C*-algebra U, since the inter-
actions ®(d), d € C, are short-range. By Observations 1 and 2, this suggests
that one should decompose arbitrary generalized equilibrium states of m
in terms of extreme ones, in order to understand the status of the KMS
condition in presence of mean-field interactions. In fact, one can apply the
Choquet theorem (see, for instance, [11, Theorem 10.18]) to the metrizable
and weak*-compact convex set {2 C E1: Any generalized equilibrium state
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w € {2 is the barycenter of a unique probability measure v,, which is sup-
ported on the set £(£2), i.e.,

(2) w() = /g L EOv)

There are two caveats in relation to this strategy:

Problem (a): By [11, Lemma 9.8], there are uncountably many translation-
invariant lattice fermion or quantum spin systems with mean-field interac-
tions such that £(2) € E(E), where E(E1) is the set of extreme points of
F4. This is problematic because it prevents us from using the ergodicity of
extreme states of Ey. See [I1, Theorem 1.16].

Problem (b): We prove in Theorem 4.6 the existence of uncountably many
models with mean-field interactions having generalized equilibrium states
w € §2, whose Choquet measure v, is non-orthogonal. This is problematic
because it prevents us from using the Effros Theorem [15, Theorem 4.4.9], in
the scope of the theory of direct integrals of measurable families of Hilbert
spaces, operators, von Neumann algebras, and C*-algebra representations.
See [12], Sections 5-6] for more details.

However, one can also apply the Choquet theorem [I1, Theorem 10.18]
to the metrizable and weak*-compact convex set E1 O {2 of all translation-
invriant states of the system: Each generalized equilibrium state w € {2 is
again the barycenter of a unique probability measure p,, which is supported
on the set £(E1), i.e.,

(3) w() = /S O (D)

This time, yu,, is always an orthogonal measure, as stated, for instance, in [12,
Theorem 5.1]. Compare with Problem (b). There is however an accessory
problem in decomposing generalized equilibrium states in the set £(E7) of
extreme points of F1, instead of decomposing them in £({2), i.e., in terms
of extreme generalized equilibrium states of m:

Problem (c): Being solution to the variational problem (], extreme gener-
alized equilibrium states satisfy a sort of Euler-Lagrange equation in relation
with the approximating interactions ®(d), d € C, also called gap equations
in the Physics literature. See [11, Theorem 2.39]. If £(2) € E(E1) (cf. [11)
Lemma 9.8]) then the above probability measure p,, is supported on a set
of states that do not a priori satisfy these equations, which turn out to be
essential in the present study.
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Problems (a)—(c) are direct consequences of the presence of mean-field
interactions. To properly deal with all of them, Theorem 4.7 is a key technical
result showing that the unique orthogonal probability measure u,, represent-
ing a generalized equilibrium state w € 2 C Fj in terms of ergodic states,
via Equation , is supported on the set M (of minimizers of the free energy
density functional of short-range Bogoliubov approximations), i.e.,

(4) peo (E(E1) NM) = 1.

See Observation 2.

Recall now Observation 1, i.e., the fact that, in presence of mean-field
interactions, there is generally no well-defined infinite volume dynamics on
the corresponding C*-algebra, but rather a state-dependent one. A first very
natural way to get around this problem is to weaken the KMS property by
imposing it only “fiberwise”, in the ergodic decomposition . By doing
so, Problems (a)—(b) are solved. In order to solve Problem (c), we consider
the set B of all Bogoliubov states of the given long-range model, which are
defined here as being states p € E; satisfying the above mentioned Euler-
Lagrange equations “fiberwise”, i.e., for any p € E; these equations are fi,-
almost surely satisfied for some dj € C. In this way we get an extension
of [6, Theorem 1] (quantum spins) and [4, Corollary 6.7, Proposition 12.1,
Theorems 7.5 and 12.11] (lattice fermions) to a very general class of quantum
lattice systems with mean-field, or long-range, interactions:

Theorem 1.1. 2NB=KnNB, where K C E; is the set of states p € £
such that p € Ey is py-almost surely a KMS state for the strongly continuous
group of x-automorphisms generated by the approximating interaction ®(d;)
for some d; € C.

This assertion corresponds to Theorem 5.4. Meanwhile, Theorem 4.7, i.e.,
Equation , allows us to identify a very large subclass of quantum lattice
systems with mean-field interactions for which the Choquet decompositions
of generalized equilibrium states w in {2 and E; are identical, i.e., v, =
and £(2) C £(E) in Equations (2) and (B):

(5) w() = /g PO (02 = / & () p (d2) |

£(92)

In this case, Problems (a)—(c) disappear and one then obtains the following:

Corollary 1.2. 2 =KnNB.
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This assertion refers to Corollary 5.5 and shows that generalized equilibrium
states are “fiberwise” KMS states. The subclass of quantum lattice systems
used in this corollary basically includes all lattice fermion and quantum spin
systems of condensed matter physics with mean-field interactions — at least
to our knowledge.

In order to get the usual (global) KMS property for generalized equi-
librium states one shall first use the cyclic representations associated with
these states, to make sense of the infinite volume dynamics, by [12, Theorem
4.3]. We apply this procedure to the above subclass of quantum lattice sys-
tems. In this case, for any generalized equilibrium state w € {2, whose asso-
ciated cyclic representation of the C*-algebra U is denoted by (H, 7w, W),
we show in Proposition 5.7 the existence of a o-weakly continuous group
A¥ = (AY)ter of x-automorphisms of the von Neumann algebra m,(U)”,
which results from the infinite volume limit of the full (long-range) dynam-
ics in this representation. Then, we get the following statement:

Theorem 1.3. The normal extension & of the generalized equilibrium state
w € N to the von Neumann algebra m,(U)" is a KMS state for the o-weakly
continuous group A“.

This assertion refers to Theorem 5.8. It represents another natural extension
of [6], Theorem 1] (quantum spins) and [4, Corollary 6.7 and Theorem 12.11]
(lattice fermions) to quantum lattice systems with mean-field, or long-range,
interactions.

In our opinion, these results improve the mathematical status of mean-
field quantum models, like the BCS model of (conventional) superconduc-
tivity theory, as they allow to use well-known powerful machineries, like the
Tomita-Takesaki modular theory [15, Section 2.5] and the KMS theory [I],
Sections 5.3-5.4]. For instance, by Corollary 5.9, in the cyclic representation
(Hy, Tw, ) of any generalized equilibrium state w € 2, the infinite volume
limit of the full dynamics is nothing else than the (time-rescaled) modular
x-automorphism group associated with (the cyclic and separating vector)
Q, and the von Neumann algebra m,,(U/)”, just as in the short-range case.

To conclude, the paper is organized as follows: Section 2 presents the
general mathematical framework. Observe that we focus on lattice fermion
systems. See Remark 1.4. In Section 3, we give a brief account on the theory
of fermion systems on the lattice with short-range interactions, which is used
as a springboard to introduce the theory of mean-field, or long-range, models
in Section 4. Note that the mathematical setting used in the current paper
is — up to minor modifications — the one of [9] [11], including the notation.
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We thus provide it in a concise way. The main results, i.e., Corollary 5.5,
Theorems 5.4 and 5.8, are finally given in Section 5.

Remark 1.4 (Quantum spin systems).

Our study focuses on lattice fermion systems, which are, from a technical
point of view, slightly more difficult than quantum spin systems, because of
a non-commutativity issue at different lattice sites. However, all the results
presented here hold true for quantum spin systems, via obvious modifications.

Remark 1.5 (Periodic quantum lattice systems).

Our study focuses on lattice fermion systems that are translation invariant
(in space). However, all the results presented here hold true for space-periodic
lattice fermion systems, by appropriately redefining the spin seﬂ A similar
argument holds true for quantum spin systems.

Remark 1.6 (Inverse temperature of quantum lattice systems).
In all the paper, we fix once and for all the inverse temperature of quantum
systems wvia the strictly positive parameter 3 € RY. This parameter is usu-
ally not referred to in the notation, unless it is important for the reader’s
comprehension.

2. Algebraic formulation of lattice fermion systems
2.1. CAR algebra for lattice fermions
2.1.1. Background lattice. For some dimension d € N, which is fixed
once and for all in the sequel, let £ = Z% and Py C 2% be the set of all non-

empty finite subsets of £. In order to define the thermodynamic limit, we
use the cubic boxes

(6) ALi{(fL'l,...,CCd)ESZ‘.’L'l’,...,‘xd|§L}€’Pf, LeN,

as a so-called van Hove sequence. We also fix, once and for all, a positive-
valued symmetric function F : £2 — (0, 1] satisfying F (z,2) = 1 for all x €

5In fact, one can see the lattice points in a (space) period as a single point in an
equivalent lattice on which particles have an enlarged spin set.
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£,
(7) ¥l o =sup Y F(z,y) €[1,00) ,
y€2$€£
as well as
. y)
8 = sup <00 .
( ) xyELZ

Examples of functions satisfying all these conditions, are given by
F(z,y) =e P14z —y)" ™9, zyeg?
for every positive parameter ¢ € R(T and e € RT.

2.1.2. The CAR C*-algebra. For any subset A C £, Uy denotes the
universal unital C*-algebra generated by elements {a,s}zen ses satisfying
the canonical anti-commutation relations (CAR):

Ay syt + Ay tQ = 0
{ ZsTy,t T Tyt x,y €A, s,t €S,

* * _ )
ax,say7t+ayytax,s = 5567y657tl

where 1 stands for the unit of the algebra, ¢.. is the Kronecker delta and S
is some finite set (representing an orthonormal basis of spin modes), which
is fixed once and for all. We use the notation

(9) A = A*A,  AelUy, ACE,

to shorten the equations, in particular in the context of long-range models.

By identifying the generators {ass}zeana’ses of both C*-algebras U
and Up, {Ur}acoe is a net of C*-algebras with respect to inclusion: For all
subsets A, A’ C £ so that A C A/, one has Uy C Up:.. For A = £ we use the
notation U = Ug. Observe additionally that the subspace

(10) U= | h CU=Use
AePy

is a dense x-algebra of the CAR C*-algebra U of the infinite lattice. In
particular, U is separable, because Uy has finite dimension for all (finite
subsets) A € Py and the set Py is countable. Elements of Uy are called local
elements of Y. The (real) Banach subspace of all self-adjoint elements of U

is denoted by U® ¢ U.



Equivalence of the KMS condition 2919

The local causality of quantum field theory is broken in CAR algebras
and physical quantities are therefore defined from the subalgebra of even
elements, which are defined as follows: Given a fixed parameter § € R/(27Z),
the condition

(11) g@(a:v,s) - eiieaz,s 5 x € Zd, S S,

defines a unique x-automorphism gy of the C*-algebra U. Note that, for
any A C £, gg(Up) C Uy and thus gy canonically defines a x-automorphism
of the subalgebra Uy. A special role is played by g,. Elements A, B € U,
A C £, satisfying g-(A) = A and g.(B) = —B are respectively called even
and odd. (Elements A € U, satisfying gg(A) = A for any 6 € R/(27Z) are
called gauge invariant.) The space of even elements of U is denoted by

(12) Ut ={Acl:A=g (A} CU .

In fact, it is a C*-subalgebra of the C*-algebra /. In Physics, U™ is seen as
more fundamental than U, because of the local causality in quantum field
theory, which holds in the first C*-algebra, but not in the second one. See,
e.g., discussions in [9, Section 2.3].

2.2. States of lattice fermion systems

2.2.1. Even states. States on the C*-algebra U are, by definition, lin-
ear functionals p : U — C which are positive, i.e., for all elements A € U,
p(]A\Q) > 0, and normalized, i.e., p(1) = 1. Equivalently, the linear func-
tional p is a state iff p(1) =1 and ||p[jz~ = 1. The set of all states on U is
denoted

(13) E= ({peU :p(x) =1, p(|A]2) = 0} .
AeU

This convex set is metrizable and compact with respect to the weak® topol-
ogy. Mutatis mutandis, for every A C £, we define the set E of all states
on the sub-algebra Uy C U. For any A C £, we use the symbol pp to denote
the restriction of any p € F to the sub-algebra U, . This restriction is clearly
a state on Uy.

Even states on Uy, A C £, are, by definition, the states p € E satisfying
p o gr = p. In other words, the even states on U, are exactly those vanishing
on all odd elements of Uy. The set of even states on U can be canonically
identified with the set of states on the C*-subalgebra U™ of even elements,
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by [9, Proof of Proposition 2.1]. As a consequence, physically relevant states
on U are even.

2.2.2. Translation-invariant states. Lattice translations refer to the
group homomorphism z — a from (Z%, +) to the group of *-automorphisms
of the CAR C*-algebra U of the (infinite) lattice £, which is uniquely defined
by the condition

(14) am(ay,S) = ay—‘,—m,s ) Yy S '27 ERS S.

This group homomorphism is used to define the translation invariance of
states and interactions of lattice fermion systems.

The state p € F is said to be translation-invariant iff it satisfies p o ap, =
p for all 2 € Z¢. The space of translation-invariant states on ¢/ is the convex
set

(15)  Ex= () {peU :p(1)=1, p(|AP) >0, p=poas},
zeZd, AeU

which is again metrizable and compact with respect to the weak* topology.
Any translation-invariant state is even, by [11, Lemma 1.8]. Thanks to the
Krein-Milman theorem [16, Theorem 3.23|, E; is the weak*-closure of the
convex hull of the (non-empty) set £ (E7) of its extreme points, which turns
out to be a weak*-dense (Gy) subset [9, [17]:

(16) Ey =€ (E1) = & (By) ,

where ¢6(K) denotes the weak*-closed convex hull of a set K. This fact
is well-known and is also true for quantum spin systems on lattices [I5]
Example 4.3.26 and discussions p. 464].

Since Ej is metrizable (by separability of &), the Choquet theorem ap-
plies: We denote by X the (Borel) o-algebra generated by weak*-open sub-
sets of the set F of all states. £ (E1) is of course a Borel set for it is a Gs.
Recall meanwhile that any positive functional p € U7 is associated with a
unique (up to unitary equivalence) cyclic representation (#,,7,,2,) of U.
Two positive linear functionals p1, po € U™ are said to be orthogonal when-
ever

(le S sz ) 7rp1 S 7Tp27 Qpl D sz)

is the cyclic representation of U associated with the positive functional p; +
p2 € U*. A probability measure 1 on E is called orthogonal whenever p,,,,
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and p, , are orthogonal for any B € Y, where

Pus, (A)i/% p(Ap(dp) , AclU, BpeXp.

See [15, Lemma 4.1.19 and Definition 4.1.20]. With these definitions we are in
a position to state [12, Theorem 5.1] for translation-invariant states, which
provides a (stronger) version of the Choquet theorem (in this particular
case):

Theorem 2.1 (Ergodic orthogonal decomposition).
For any p € E1, there is a unique probability measunﬁ iy on E such that
iy (€ (1)) = 1 and

p)= [ pnlap) . Acu.

Moreover, pi, is an orthogonal measure on (E,Xg).

In particular, E; is a Choquet simplex. In fact, up to an affine homeomor-
phism, F; is the so-called Poulsen simplex [I1], Theorem 1.12].

The unique decomposition of a translation-invariant state p € Fy in
terms of extreme translation-invariant states p € £(E1), given in Theorem
2.1, is also called the ergodic decomposition of p because of the following
fact: Define the space-averages of any element A € U by

(17) Ap=——> a,(4), LeN.

(18) lim p(|AL") = [p(A))?,  AecU.
L—oo

(Recall Equation @) By [1I, Theorem 1.16], any extreme translation-
invariant state is ergodic and conversely. In other words, the set of extreme
translation-invariant states is equal to

(19)

(B = 5 B pisengodic) = () {p € B1+ Jim p(ls) = o)}
Ael

5For F is a metrizable compact space, any finite measure is regular and tight.
Thus, here, probabilities measures are just the same as normalized Borel measures.
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Remark 2.2 (Periodic states).

For any given €= ({1,...,0q) € N, et (Zg, +) C(Z%,+) be the subgroup
defined by ZZA =07 X -+ x Lyl.. Any state p € E satisfying po a, = p for
all x € Z;ﬁ 1s called Z—pem’odz’c. All properties given above on translation-
invariant states hold true for E_:pem'odic states, via obvious modifications.
In particular, the weak®-compact convex set of £-periodic states is again the
so-called Poulsen simplex [11, Theorem 1.12]. By [9, Proposition 2.3], the
union of all sets of (-periodic states, { € N?, is a weak*-dense subset of the
set of all even states, the physically relevant ones.

3. Infinite volume short-range models
3.1. Short-range interactions

A (complex) interaction is, by definition, any mapping ® : Py — UT from
the set Py C 2% of all non-empty finite subsets of £ to the C*-subalgebra
ur of even elements such that ®, € Uy for all A € Py. The set V of
all interactions can be naturally endowed with the structure of a complex
vector space (via the usual point-wise vector space operations), as well as
with the antilinear involution

(20) B s B = (D) rcp, -

An interaction ® is said to be self-adjoint iff ® = ®*. The set V¥ of all
self-adjoint interactions forms a real subspace of the space of all (complex)
interactions.

The (normed) space of short-range interactions is defined by

(21) W= (@ eV:||ay < oo} |

its norm being defined by

: [P lles
z.yel AePy, AD{z,y} Y

where F is the positive-valued symmetric function introduced in Section
2.1. W, |I-[lyy)) is a separable Banach space. The (real) Banach subspace of
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self-adjoint short-range interactions is denoted
WE=VEnw,

similar to U® ¢ U and VR ¢ V.
By definition, the interaction ® € V is translation-invariant iff

(23) Doy =y (Py) , z€Z% AePy,

where {ay },ezq is the family of (translation) x-automorphisms of U defined

by , while
(24) Adrz={y+zecl:ycA}, zcZ AecP;.

The (separable) Banach subspace of translation-invariant and short-range
interactions of V is denoted

(25) Wi= [ {2eW: o= (RR)IEWEV.

T€Z*, AN€Py

Finally, the (real) Banach subspace of interactions that are simultaneously
self-adjoint, translation-invariant and short-range, is denoted

(26) Wi =VEnw, c Wk |

similar to U® G U, VR ¢V and WR ¢ W.

3.2. Dynamics generated by short-range interactions

3.2.1. Limit derivations. Local energy elements associated with a given
complex interaction ® € V correspond to the following sequence within the
C*-subalgebra U™ of even elements:

(27) UP = Y ®pyely,nU", LeN,
ACA;,

where we recall that Ay, L € N, are the cubic boxes @ used to define the
thermodynamic limit. If ® € VR is self-adjoint then (Ug)pey is a sequence
(of local Hamiltonians) in U¥. By straightforward estimates using Equations
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and , note that, for arbitrary short-range interactions ®, ¥ € W,

@) |[UF - UF[l, = [0R7|, < ALlIFll e @ - ¥l . LeN.

e
The sequence (6%)pen C B(U) of local derivations associated with any
given interaction ® € V is then defined by

SP(A) =i (U, Al =i (UPA—-AUP) , AcU, LeN.

If ® € VR is self-adjoint then (5%) Len is a sequence of symmetric derivations
(or #-derivations). By [9, Corollary 3.5], for any short-range interaction ® €
W and every local element A € Uy, the limit

(29) 5 (4) = Tim 5 (4) = A;; (@, A

exists and defines a (densely defined) derivation d® on the C* algebra U,
whose domain includes the dense x-algebra Uy C U of local elements defined
by . Additionally, 6® is symmetric (or a *-derivation) whenever ® is
self-adjoint, i.e., ® € WK,

3.2.2. Limit short-range dynamics in the Heisenberg picture. We
now consider time-dependent interactions. Let ¥ € C(R; ) be a continuous
function from R to the Banach space W of short-range interactions. Then,
for any L € N, there is a unique (fundamental) solution (Tt(,?\ll))s,tem in B(U)
to the (finite volume) non-autonomous evolution equations

(30) Vs,t eR: 857'15(’5’\11) = —5211(8) o Tt(’i’\y) , Tt(’f’\l}) =1y,
and
31)  VWsteR: grV=rtYost® W =1,

In these equations, 1 refers to the identity mapping from U to itself. Note
also that, for any L € Nand ¥ € C (R; W), (7't(7§’\1]))s’tER is a continuous two-

parameter family of bounded operators that satisfies the (reverse) cocycle

property
LY LU LY
Tt(,s ) = T?ES’ )Tt(,r ) ’ S,T,t € R.
If ¥ € C(R;WR) then 55“’) is always a symmetric derivation and thus, in
this case, Tt(L’\II)

s,t € R.

s/ 1s a x-automorphism of ¢ for all lengths L € N and times
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By [9, Proposition 3.7], in the thermodynamic limit L — oo, for any
fixed ¥ € C(R; WR), (Tt(ﬁ"l}) )s,ter converges strongly, uniformly for s,¢ on
compacta, to a strongly continuous two-parameter family (TE’S) siteR Of *-
automorphisms of U, which is the unique solution in B(i) to the non-auto-
nomous evolutions equation
(32) Vs,t e R: 8t7'1§ls = Tt‘i 06v® Tgs =1y,
in the strong sense on the dense *-algebra Uy C U of local elements defined
by . In particular, it satisfies the reverse cocycle property:

(33) Tt\?s = T,‘,lfsTtg , s,r,t e R
This refers to a non-autonomous limit dynamics in the Heisenberg picture of
quantum mechanics. Taking a constant self-adjoint short-range interaction

d e WE C C(R; WF)
and fixing s = 0, we obtain a Cy-group 7 = (th))te[g of x-automorphisms of
U. This refers now to an autonomous limit dynamics, again in the Heisenberg
picture of quantum mechanics.

3.3. Equilibrium states of short-range interactions
3.3.1. Energy density functional on translation-invariant states.
The energy density of a state p € FF with respect to a given interaction

® € V is defined by

eq (p) =lim supw + ¢ lim supw

€ (—o0, 00| + i(—o0, 00|,
Lsoo AL L—oo AL ( e |

Ap, L € N, being the cubic boxes @ Observe from Inequality that

(34) lea (p) —ew (p)| < |F

ell® -l . B TEW.

By [9, Proposition 3.2], for any translation-invariant state p € E; and
each translation-invariant short-range interaction ® € Wy,

)]
(35) o (p) = lim © |(AULL|)

= p(ea) ,
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where ¢() : W — U is the continuous mapping from the Banach space W to
the CAR algebra U, defined by

0]
(36) ¢y = Z ?ZEU, dew.
ZG'Pf,ZSO‘ ’

In particular, for any fixed ® € W, the mapping p — eg(p) from Ey to C is
a weak*-continuous affine functional. Given any fixed translation-invariant
state p € Eq, the linear mapping ® — eg (p) from W; to C is continuous,
by (B4). Note also that, for all p € E1, es(p) is a real number, whenever the
interaction ® € V is short-range, translation-invariant and self-adjoint, i.e.,
d € W}

3.3.2. Entropy density functional on translation-invariant states.
The entropy density functional s: F; — Rg is the von Neumann entropy
per unit volume in the thermodynamic limit, that is,

1
s(p) = — lim {‘A |Trace (dps, 1ndpAL)} ; pe€kEr,
L

where we recall that pa, is the restriction of the translation-invariant state
p € Ej to the finite-dimensional CAR algebra Uy, of the cubic box Ap de-
fined by @ Here, dy, € Uy, is the (uniquely defined) density matrix rep-
resenting the state p, via a trac

pa, (-) = Trace (-d,, ) .

By [1I, Lemma 4.15], the functional s is well-defined on the set E; of
translation-invariant states. See also [4 Section 10.2]. By [11, Lemma 1.29],
the entropy density functional s is a weak*-upper semi-continuous affine
functional.

3.3.3. Equilibrium states as minimizers of the free energy density.
Equilibrium states of lattice fermion systems are always defined in relation to
a fixed self-adjoint interaction, which determines the energy density of states
as well as the microscopic dynamics. Here, we define equilibrium states as
minimizers of the free energy density functional, in direct relation with the
notion of (grand-canonical) pressure: For a fixed 8 € R, the infinite volume
pressure P is the real-valued function on the real Banach subspace Wit (26))

"For A € Py, the trace on the finite-dimensional C*-algebra U, refers to the usual
trace on the fermionic Fock space representation.
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of interactions that are self-adjoint, translation-invariant and short-range,
defined by

® — Py = lim In Trace(e #UL) .

1
L—oo ﬁ ’A L|
Recall that the parameter 8 € RT is the inverse temperature of the system.
It is fixed once and for all and, therefore, it is often omitted in our discussions
or notation, see Remark 1.6. By [11, Theorem 2.12], the above pressure is
well-defined and, for any ® € W,

(37) Pe = —inf fo(E1) < o0,

the mapping fs : F1 — R being the free energy density functional defined
on the set F; of translation-invariant states by

(38) fo=ep— B 's.

Recall that eg : E1 — R is the energy density functional defined in Section
3.3.1 for any ® € Wy, while s: By — ]Rar is the entropy density functional
presented in Section 3.3.2.

As explained in Sections 3.3.1-3.3.2, the functionals eq, ® € WE, and
—p~1s, B € RT, are weak*-lower semi-continuous and affine. In particular,
the functional fg is weak*-lower semi-continuous and affine. Therefore,
for any ® € WY, this functional has minimizers in the weak*-compact set
FE of translation-invariant states. Similarly to what is done for translation-
invariant quantum spin systems (see, e.g., [I, [I8]), for any ® € WY, the set
Mg of translation-invariant equilibrium states of fermions on the lattice is,
by definition, the (non-empty) set

(39) My ={w € Ey : fo (w) =inf fo(E1) = —Po}

of all minimizers of the free energy density functional fg over the set Fj.
By affineness and weak*-lower semi-continuity of fe, Mg is a (non-empty)
weak*-closed face of E; for any ® € W{.

Recall that this is not the only reasonable way of defining equilibrium
states. For fixed interactions, they can also be defined as tangent functionals
to the corresponding pressure functional or via other conditions like the
local stability, the Gibbs condition or the Kubo-Martin-Schwinger (KMS)
condition. All these definitions are generally not completely equivalent to
each other. For instance, the free energy density minimizing property and
the tangent property assume translation invariance (or, at least, periodicity),
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whereas other conditions like the KMS one are independent of the space
invariance of states. We discuss a well-known partial result on this question
in the following section. For more details, we recommend the paper [4].

3.3.4. Equilibrium states as KMS states. The KMS condition was
introduced in 1957 by Kubo and Martin, and by Schwinger in 1959, in the
context of thermodynamic Green’s functions. It has led to the notion of
KMS' states. There are various equivalent definitions of KMS states, see,
e.g., [1, Sections 5.3-5.4]. Here we use the following one: Given a Cy-group
7 = (7¢)ter of *-automorphisms of U and an inverse temperature 8 € RT, a
state p € E'is a (1, )-KMS state iff

(40) / £t — i8)p (An(B)) dt = / F(H)p (r(B)A) dt

for all A, B € U and any function f being the (holomorphic) Fourier trans-
form of a smooth function with compact support. See, for instance, [5, Equa-
tion (13) and Lemma II1.3.1 in Chapter III].

Given any fixed # € R* and self-adjoint short-range interaction ® € W=,
the set of translation-invariant (7%, 3)-KMS states associated with the Cp-
group 7® = (72)er of *-automorphisms of U defined in Section 3.2.2 is
denoted by

(41) Ko = {w€ By twisa (1%, 8)-KMS state} .

One big advantage of the KMS property, as compared to other notions
of equilibrium states like the one presented in Section 3.3.3, is that the
translation-invariance of states and interactions is not needed. However, as
we are dealing with translation-invariant equilibrium states only, this gen-
eralization is not further considered here.

The set Kg is non-empty, weak*-compact and convex, for any ® € WE,
In fact, following [4], we show below that equilibrium states, as minimizers
of the free energy density functional fg, are exactly the translation-invariant
(7%, B)-KMS states.

Theorem 3.1 (Equilibrium states as KMS states).
For any ® € WY, Mg = Kg, see Equations (@) and .

Proof. Fix ® € WY. From Equation ,

> 1®allu < [|1@fhw < oo
A€P;, AD{0}
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and it follows from the translation invariance of the interaction ® that

HY = > ®y, LeN,
AEP;, ALNAHD

is well-defined and
5¢(A):Z[H(Ll>a‘4] ) AGMAL >

thanks to Equation , keeping in mind that ®, € Uy NUT for A € Py.
Then, ® is a (translation covariant) general potential in the sense of [4]
Section 5.5, which comes from the dynamics (i.e., Co-group) 7®. From [4}
Theorem 5.13], there is a unique standard potential ®, in the sense of [, Def-
inition 5.10], which is associated with the same dynamics 7®. Additionally,
since

1 1
AL |UF — HEHU < Azl Z 1@ally >
AEPAF AL ANAL£D

with the right-hand side of this inequality going to zero as L — oo, thanks
to Equation , we use now [4, Theorem 9.5] to deduce that this standard
potential ® defines the same free energy density functional and, conse-
quently, the same equilibrium states (defined as minimizers of the free energy
density functional). We can then directly apply, on the one hand, [4, Corol-
lary 6.7 and Theorem 12.11] to conclude that Mg C Kg, and, on the other
hand, [4, Theorem 7.5 and Proposition 12.1] to conclude that Ko C Mg. O

Recall that a state p € E on U is called faithful iff p (JA[?) > 0 for all
nonzero elements A € U. It is, by definition, modular iff 2, is separating for
the von Neumann algebra 7,(U)" C B(H,), where (H,,m,,,) is the cyclic
representation of U associated with p. KMS states on simple C*-algebras like
U are modular and faithful. We thus deduce the following from Theorem 3.1:

Corollary 3.2 (Equilibrium states as faithful states).
For any ® € W, translation-invariant equilibrium states w € Mg are faithful
and modular.

Proof. The modular property of translation-invariant equilibrium states is a
direct consequence of Theorem 3.1 and [1l Corollary 5.3.9]. Given ® € W, it
follows that a translation-invariant equilibrium state w € Mg with associated
cyclic representation (H,, Ty, ) is faithful whenever 7, is a *-isomorphism
between U and 7, (U). The C*-algebra U is a UHF (uniformly hyperfinite)
algebra and is thus simple, i.e., the only closed two-sided ideals of I/ are the
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trivial one, {0}, and U itself. See, e.g., [I7), Section 8] or [I5], Corollary 2.6.19].
As a consequence, 7, must be a x-isomorphism between U and (i), for,
clearly, m,(1) # 0 (being the identity operator on H,,). O

4. Infinite volume long-range models
4.1. Long-range models

Let
S={®eW;: H(I)Hu =1}

be the unit sphere of the Banach space W; of translation-invariant
short-range interactions. Denote by &1 the space of signed Borel measures
of bounded variation on S, which is a real Banach space whose norm is the
total variation of measures

lalls, =1al(S) ,  aedi.

We are now in a position to define the space of long-range models. It is
the separable (real) Banach space

(42) M={meW* xS ||m|,, <oo} ,

whose norm is

(43) Il = 120y + llalls, . w= (@) €M

The spaces WR and S are canonically seen as subspaces of M, i.e.,
(44) WECM  and S CM.

In particular, ® = (®,0) € M for ® € W*® and a = (0,a) € M for a € S;.
We define the dense subspace

(45) Mo = My,

LeN

of the space M of long-range models, where, for any finite subset A € Py,

(46) My = {(®,a) € M: lalls, =[al(S) = [a] SN WA)} ,



Equivalence of the KMS condition 2931

Wh being the closed subspace of finite-range translation-invariant interac-
tions defined by

(47) Wy ={® e W, : Pz =0 whenever ZZ A, Z >0} .

(If 0 ¢ A € Py then W) = {0}, but this is of course not the case of interest
here.)

Long-range models m = (®, a) are not necessarily translation-invariant,
because their short-range component ® is not required to be translation-
invariant. We thus define

(48) M =WE xS ¢ M
as being the (real) Banach space of translation-invariant long-range models.

Remark 4.1 (Equivalent definition of long-range models).

[11] and [9, [12] have different definitions of long-range models. We use here
the formalism introduced in [9,[12]. Compare [48) with [11, Definition 2.1].
However, [9, Section 8] shows that the results of [11] apply equally to all
translation-invariant long-range models m € M.

4.2. Purely repulsive and purely attractive long-range models

By the Hahn decomposition theorem, any signed measure a of bounded
variation on the unit sphere S of the Banach space W has a unique decom-
position

(49) a= ay - a
~ ~

long-range repulsion  long-range attraction

a4+ being two positive finite measures vanishing on disjoint Borel sets, respec-
tively denoted by S+ C S. Recall that such a decomposition is called the Jor-
dan decomposition of the measure of bounded variation a and |a| = ay +a_.
Long-range attractions are represented by the measure a_, whereas a, refers
to long-range repulsions. A long-range model m = (®,a) € M is said to be
purely attractive iff ay = 0, while it is purely repulsive iff a_ = 0.
Distinguishing between these two special types of models is important
because the effects of long-range attractions and repulsions on the struc-
ture of corresponding sets of (generalized) equilibrium states can be very
different: By [11, Theorem 2.25], long-range attractions have no particular
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effect on the structure of the set of (generalized, translation-invariant) equi-
librium states, which is still a (non-empty) weak*-closed face of the set E;
of translation-invariant states, like for short-range interactions. By contrast,
long-range repulsions have generally a geometrical effect by possibly break-
ing the face structure of the set of (generalized) equilibrium states (see [11],
Lemma 9.8]). This feature of long-range repulsions leads us to introduce the
notion of simple long-range models, in Definition 4.4 below.

4.3. Dynamics generated by long-range models

4.3.1. Local derivations and long-range dynamics. The local Hamil-
tonians associated with any long-range model m = (®,a) € M are the (well-
defined) self-adjoint elements

1
(50) Uﬁ‘iU‘Lb—i—‘AL‘/SWE’}Za(d\I/), LeN,

where we recall that |A|? = A*A for any A € U, see @ Note that U'*?) =

U‘LI’ for any self-adjoint short-range interaction ® € W® (cf. 1) and
straightforward estimates yield the bound

(51) U e < IALHF[ g llmllye »  LeN, meM,

by Equations and .
The sequence (0}') Len of local (symmetric) derivations of the C*-algebra
U, associated with any fixed long-range model m € M, is defined by

(52) of(A) =4 [UM A =i (UMA - AUTY) AeUd, LeN.

Note that 5(L¢’0) = 5%) for every length L € N and any self-adjoint short-

range interaction ® € W= (cf. ) For any m € M and L € N, the local
(Lym)

long-range dynamics is defined to be the continuous group (7, )ter Of *-
automorphisms of U generated by the bounded derivation 07'. Equivalently,

(53) 7™ (A) = UE ATUE | AeU, teR.

Note that Tt(L’(CD’O)) = Tt(L’(D) for any self-adjoint short-range interaction ® €

WR  every length L € N and all times t € R. See Section 3.2.2.

4.3.2. Dynamical self-consistency equations. Generically, long-range
dynamics in infinite volume are equivalent to intricate combinations of a
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classical and short-range (infinite volume) quantum dynamics. This fact
results from the existence of a solution to a (dynamical) self-consistency
equation. In order to present this equation, we need some preliminary
definitions: For any long-range model m = (®,a) € M and every function
c = (cy)wes € L2(S; C; |al), we define a so-called approximating (self-adjoint,
short-range) interaction by

(54) Pp(c) =@+ 2/Re {cg¥}a(dl) e WE .
S

The integral in the last definition, which refers to a self-adjoint interaction,
i.e., an element of the space W&, has to be understood as follows:

(55) </8Re{ay\11}a(d\ll)>Ai/SRe{c\p\I/A}a(d\ll) . AeP;.

Note that the integral in the definiens is well-defined because, for each A €
Py, the integrand is an absolutely integrable (measurable) function taking
values in a finite-dimensional normed space, which is Uy.

Then, by [9, Theorem 6.5], if m =(®, a) € M (see (45)—(46) for the def-
inition of the dense subspace My C M) there is a unique continuou&ﬂ map-
ping @™ from R to the space of automorphismﬂ (or self-homeomorphisms)
of E such that

(56) @™ (tip) =porty"”, teR,pel,

where (™) ¢ C(R; WR) is defined for any m € Mg and p € E by
(57) oMA(t) = (@™ (tp) (¢())) ,  tER,

the mapping ¢() : S — U being defined by , while the strongly contin-
uous two-parameter family (Tt‘?;m’p)) steR is the unique solution to for
¥ = ®(™#) For any fixed t € R and p € E, note that @™ (¢; p) (e(y) is a con-
tinuous bounded function on S. In particular, it belongs to L%(S; C; |a|) and
thus, at fixed ¢t € R and p € E, the right-hand side of is an approximat-
ing (short-range) interaction, as defined by Equation . The continuity

8We endow the set C'(F; E) of continuous functions from E to itself with the
topology of uniform convergence. See [9, Equation (100)] for more details.

9Le., elements of C (F; E) with inverse. Note the inverse (in the sense of functions)
of an element of C' (F; E) is again an element of this space, i.e., it is continuous, by
(weak*) compactness of F.
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of ®(™~) is a consequence of the continuity of the mappings
w":R—C(E;E) and O (+) : LA(S; C; |a]) — WE.
Equation is named here the (dynamical) self-consistency equation.

4.3.3. Limit long-range dynamics in the Schrédinger picture. Any
long-range model m € M leads to a sequence of finite volume dynamics
(™)), cp, L €N, defined by (53). At length L € N, the time-evolution

(pEL))teR of any state p € E is given by

(58) ot = porm

Equation refers to the Schrodinger picture of quantum mechanics.

At fixed A € U and t € R, the thermodynamic limit L — oo of Tt(L’m) (A)
does not necessarily exist in U, but the limit L — co of ng) can still make
sense: Fix once and for all a translation-invariant long-range model m €
M1 N My. Recall that Ey denotes the set of translation-invariant states,
with set £(E7) of extreme points, and that, for any p € Eq, there is an
orthogonal (unique) probability measure p, on E; with support in £(E1)

such that

pl)= [ 5 duyp) . Acu,
E(En)

by Theorem 2.1. By the ergodicity property of extreme translation-invariant
states (see ([19))), one can prove that, for any time ¢ € R and every element
Aecl,

L—oo

(59) im o (4) = [ T A ()

_ / pork™ (4) du, () |
E(EL)

w™ being the solution to the self-consistency equation . See [12, Theorem
5.8]. This result is not restricted to translation-invariant states but it can
be extended to all periodic states, which form a weak*-dense subset of the
set of all even states, the physically relevant ones. See Remark 2.2 and [9,
Proposition 2.3].
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4.4. Equilibrium states of long-range models

4.4.1. The space-averaging functional. In addition to the energy den-
sity and entropy density functionals, respectively defined in Sections 3.3.1—
3.3.2, we need the so-called space-averaging functional in order to study
the thermodynamic properties of long-range models. This new density func-
tional is defined on the set E; of translation-invariant states as follows: For
any A € U, the mapping A4 : E; — R is (well-)defined by

p Balp) = lim p (140l € [Ip(A)2 A1)

where |AL|? = A%} AL (see @) and Ay, is defined by for any L € N. Com-
pare with Equation (18). See also [11} Section 1.3]. By [L1, Theorem 1.18], the
functional A4 is affine and weak*-upper semi-continuous. Thanks again to
[T1, Theorem 1.18], note additionally that, at any fixed (translation-invariant
state) p € En,

|84 (p) = Ap(p) | < (|Alle + 1 Ble)l|A = Bllw A, Bel .

For any signed Borel measure a of bounded variation on S, we define the
space-averaging functional A, : F1 — R on translation-invariant states by

(60) pHAJM£éAW@mmm,

the continuous mapping e(.y : W — U being defined by Equation . By [111
Theorem 1.18], A, is a well-defined, affine and weak*-upper semi-continuous
functional on the set E; of translation-invariant states.

4.4.2. Generalized equilibrium states. We give here the extension of
the notion of equilibrium states of Section 3.3.3, to general long-range mod-
els, by using again the variational principle associated with the infinite vol-
ume pressure. An important issue appears in this more general situation,
because of the lack of weak*-continuity of the free energy density functional
in presence of long-range repulsions (Section 4.2), as explained below in more
detail.
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We start by giving the (grand-canonical) pressure in the thermodynamic
limit: At any given inverse temperature 3 € R, the infinite volume pres-
sure P for translation-invariant long-range models is, by definition, the real-
valued function on the Banach space M of translation-invariant long-
range models, defined by

1
P. = i
R TN

In Trace(e PUL')

By [11], Theorem 2.12], this mapping is well-defined and, for any m = (®,a) €
Mla

(61) Pn = —inf fiy (El) eER,
where fu : E1 — R is the free energy density functional defined by
(62) fo =Dat fo=0ateo— B 's.

See Equation , defining the free energy density functional fp for any self-
adjoint translation-invariant and short-range interaction ® € W¥. Observe
that Equation is an extension of — which refers the space W§ of
short-range models only — to the space M; 2 WY} of long-range models.

Similar to , for any translation-invariant long-range model m € My,
one might define the set of equilibrium states by

(63) My = {w € b1 fm (w) = inf fu (1) = _Pm} :

Note however that the free energy density functional f, is in general not
weak*-lower semi-continuous on E; and it is thus a priori not clear whether
M, is empty or not. In fact, by Equation , for any translation-invariant
long-range model m = (®,a) € My,

fm = Aa+ + (_Aa, + f@)
~— ————
weak*-upper semi-cont.  weak*-lower semi-cont.

Therefore, instead of considering My, we define

(64) On = {w € By : Hpn}tpey € Ey weak™ converging to w

such that lim fu(pn) = inf fm(El)}
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as being the set of generalized equilibrium states of any fixed translation-
invariant long-range model m € M; (at inverse temperature 8 € RT). Ob-
serve for instance that, under periodic boundary conditions, the accumula-
tion points of (finite-volume) Gibbs states associated with any long-range
model m € M; and § € R always belong to {2, but not necessarily to My,
by [11, Theorem 3.13].

Obviously, by weak*-compactness of Fy, the set (2, is non-empty and
2w 2 M,,. This definition can be expressed in terms of the graph of fy:

On x {inf fu(E1)} = (E1 x {inf fu(E1)}) N Graph(fm) ,

where the closure of the graph of f, refers to the product topology of the
weak® topology on F; and the usual topology on R. It follows that (2 is
weak*-closed and convex, by affineness of fi,,. Thus, (2, is a weak*-compact
convex subset of Fj. See [11, Lemma 2.16]. If ay =0 then 2, = My is a
(non-empty) weak*-closed face of the Poulsen simplex FEj. By contrast, as
already mentioned above, a long-range repulsion a; has generally a geomet-
rical effect on the set 2, by possibly breaking its face structure in Fy. This
effect can lead to long-range order of generalized equilibrium states. See [11,
Section 2.9].

4.4.3. Thermodynamic game. Through a version of the approximat-
ing Hamiltonian method [I1} Section 2.10], [I1, Theorem 2.36] shows that,
for any long-range model m = (®,a) € M, the pressure Py, is given by a
(Bogoliubov) min-max variational problem on the Hilbert space L%(S; C;|a|)
of square integrable functions on the sphere S, which is interpreted as the
result of a two-person zero-sum game, as it is explained in this section.

For any translation-invariant long-range model m = (&, a) € My, recall
that functions ¢ = (cy)wes € L2(S; C;|a|) are parameters of approximating
interactions @, (c) € Wi, which are defined by . By Equation , the
energy observables associated with ®,(c) equal

Uzbm(c) :UE’+/2R€{C\1,U2’}a(d\II) , LeN.
s
One then deduces from Equations f that

(65) P, = —inf fo (o) (E1) , c € L*(S;C; |a) ,

where, for any translation-invariant state p € Eq,

foue)(P) = /S2Re {cwew(p)} a(d¥) +ea(p) — 67's(p) -
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As compared to the pressure P, for translation-invariant long-range models
m € My, Pg_ () is, in principle, easier to analyze, because it comes from a
purely short-range interaction ®(c) € Wi.

Recall Equation : a = a; —a_ with ay being two positive finite mea-
sures vanishing on any subset of St, respectively, where St are Borel sets
referring to the Jordan decomposition of a. Then, we define two Hilbert
spaces corresponding respectively to the long-range repulsive and attrac-
tive components, a; and a_, of any translation-invariant long-range model
me My:

(66) Li(S;C) = L*(S; C; az) -
Note that we canonically have the equality
L2(S;C; |a]) = L2 (S;C) @ L% (S; C) .
The approximating free energy density functional
fm 1 L2(S;C) x L2(S;C) — R
is defined by

o (coven) = — legl 4 lel3 — Poe sy« cx € LASC) .

The thermodynamic game is the two-person zero-sum game defined from f,,
with one of its conservative values being equal (up to a minus sign) to the
pressure Py, (see [11, Theorem 2.36 (%)]):

Pn=— inf sup  fm (c—,cy) me M.
T e elr (0 eris0)

Compare this equality with Equations —. The sup and inf in the
above optimization problem are attained, i.e., they are respectively a max
and a min and the set

(67) Cnm = {d— € L2(8;C): O —Pm}

(of conservative strategies of the “attractive player”) is non-empty, norm-
bounded and weakly compact, by [11, Lemma 8.4 (#)]. In the particular
case of purely repulsive long-range models, i.e., when a_ =0, C, = {0} =
L2 (S;C), which is in this case the unique equivalent class of all complex-
valued functions on S, as fy, is independent of c_.
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Note that, in general, there is no saddle point, since the sup and inf do
generally not commute. See [11, p. 42]. In [11, Lemma 8.3 (§)] it is proven
that, when a; # 0, for all functions c_ € L2 (S;C), the set

0 {aeBEO: m inlec) =il d)]

has exactly one element, which we denote by r4(c_). By [L1, Lemma 8.8], if
ar # 0 then the mapping

(69) ry e =1y (e)

defines a continuous functional from L2 (S;C) to LZ (S; C), where L2 (S;C)
and Li (S; C) are endowed with the weak and norm topologies, respectively.
This mapping is called the thermodynamic decision rule of the translation-
invariant long-range model m € M;. In the particular case of purely attrac-
tive long-range models, i.e., when a; = 0, fy, is independent of c; and one
trivially has r = 0, since L% (S;C) = {0} in this case.

4.4.4. Self-consistency of generalized equilibrium states. The
structure of the set (2, of generalized (translation-invariant) equilibrium
states can be now discussed in detail, with respect to the thermodynamic
game.

For any translation-invariant long-range model m = (®,a) € M; and ev-
ery function ¢ € L%(S;C; |al), we define the (possibly empty) set

(70) 20 (C) = {w S M@m(c) IO (w) = C} C Fy,

where, for any fixed translation-invariant state p € E;, the continuous and
bounded mapping e (p) : S — C is defined from — by

(71) ev(p)=plew), PES,

while Mg () is the set of equilibrium states associated with the approx-
imating interaction ® = ®,(c) € WE defined by . Recall that Mg, () is
a weak*-closed face of E;. Then, we obtain a (static) self-consistency con-
dition for generalized equilibrium states, which says that any extreme point
of 2, must belong to the set

(72) O (A +14(d_))

for some d_ € Cy,, where r is defined by , and Cy, is the non-empty,
norm-bounded, weakly compact set defined by @ This self-consistency
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condition refers, in a sense, to Euler-Lagrange equations for the variational
problem defining the thermodynamic game. More precisely, we have the
following statements:

Theorem 4.2 (Self-consistency of equilibrium states [11]).
Let m € My be any translation-invariant long-range model.

(i)
2 =70 (dLeJcm O (d- + r+(d))> :

(ii) The set E(f2m) of extreme points of the weak*-compact convex set 2y is
included in the union of the sets

g (Qm (d* + r+(d*))) ’ d— € Cn )

of all extreme points of Oy (d— +14(d_)), d— € C, which are non-empty,
convex, mutually disjoint, weak*-closed subsets of Ey.

Assertion (i) results from [I1, Theorem 2.21 (i)] and [1I, Theorem 2.39 (i)],
while (ii) corresponds to [11, Theorem 2.39 (ii)].

Theorem 4.2 implies in particular that, for any extreme state w € £({2y)
of (2, there is a unique d_ € Cy, such that

(73) d=d +1i(d)=e(@).

In the Physics literature on superconductors, the above equality refers to
the so-called gap equations. Conversely, for any d_ € Cy,, there is some gen-
eralized equilibrium state w satisfying the condition above, but w is not
necessarily an extreme point of (2. In the case of purely attractive long-
range models m = (®,a) € My, i.e., if a; = 0 (see Section 4.2, in particular
(49), we get a stronger version of Theorem 4.2 (ii) as a direct consequence
of (its previous version and) the following proposition:

Proposition 4.3 (Self-consistency of equilibrium states [11]).
If m € My is purely attractive then, for all d_ € Cn, one has

O (d- +14(d-)) = Mo, (d_4r.(d_)) -

In particular, the sets {2 (d— +14(d_)) are weak*-closed faces of Ej.
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See [11l Proposition 7.4]. By [I1, Remark 2.40] and Theorem 2.1, if m € M,
is purely attractive then (2 is a Choquet simplex with

(74) E(n) = | U, (O (d+12(d-)) C E(EY)

Compare with Theorem 4.2 (ii) and see Lemma 4.9 below. This result also
holds true for long-range models which are not necessarily purely attractive,
but have instead the following property:

Definition 4.4 (Simple long-range models).
We say that the long-range model m € M is simple iff, for all d_ € Cy,, the
set Mg (d_4r,(d_)) consists of one single point.

This definition means that the effective interactions describing a sim-
ple long-range model, via the so-called Bogoliubov approximation, refer to
fermion systems without (first-order) phase transitions, i.e., with a unique
equilibrium state. Remark that this property is always true for long-range
models leading to approximating (short-range) interactions that are quasi-
free, like in the BCS theory. Such a property is relevant here because it
prevents the long-range repulsion from breaking the face structure of the
set of generalized equilibrium states (see also [I1, Lemma 9.8]). This is a
consequence of the following assertion, which is similar to Proposition 4.3
for purely attractive models:

Proposition 4.5 (Self-consistency — simple models).
If m € My is simple then, for all d_ € Cy, one has

O (d- +14(d-)) = Ma,, (d_4r.(d_)) -

In particular, the sets 2y (d— +14(d-)) are (trivially) weak*-closed faces
Of El.

Proof. For any model m € My,
0# OQn(d-+14(d-)) € My (@ v, ),  d- €Cu,
by Theorem 4.2 (ii). Hence, if m is simple, i.e., My (4_4+, (4_)) consists of one

single point for every d_ € Cy,, then the equality stated in the proposition
must be satisfied. O
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By Proposition 4.5, similar to purely attractive long-range models, 2,
is a Choquet simplex and Equation also holds true for all simple mod-
els m € M;. See also Lemma 4.9 below. This is another improvement of
Theorem 4.2 (ii) in the case of simple long-range models.

4.4.5. Extreme decompositions of generalized equilibrium states.
By [11, Lemma 2.16], for any long-range model m = (®,a) € M, the non-
empty set 2, C Ep is weak*-compact and convex. If the model is purely
attractive, i.e., ay = 0, or simple then (2 is a face of F, by Equation .
Nevertheless, in general, 2, may not be a face (see [1I, Lemma 9.8]) and
we would like to know whether, despite of this fact, the Choquet measures
representing elements of (2, are orthogonal measures. This is important in
order to be able to use the theory of direct integrals of measurable fam-
ilies of Hilbert spaces, operators, von Neumann algebras, and C*-algebra
representations, as described in [12, Sections 5-6], together with the Effros
Theorem [I5] Theorem 4.4.9]. Unfortunately, as soon as we have long-range
repulsions, the orthogonality property can be lost:

Theorem 4.6 (Non-orthogonality of extremal decomp. in (2y,).
Assume that |S| > 4. Then, there are uncountably many models m = (®,a) €
My, with a = ay (i.e., the long-range model is purely repulsive), having a
generalized equilibrium state w € 2y, whose (Choquet) decomposition on the
set E(2m) of extreme points of (2 is non-orthogonal.

Proof. Given any fixed 0 € R/(27Z), recall that gp is the unique x-
automorphism of the C*-algebra U defined by Equation . Pick a (non
self-adjoint) local element A € Uy satisfying ||All,, = 1 and

(75) A= —gp,(A) = —gp,(4)

for some 61,60, € R/(277Z), 61 # 65. Assume also that, for some translation-
invariant state po € Eq, one has po(A) # 0 as well as

(76) Po © 8o, 7 Po © 8o, -
For instance, for all A € C and any (x1,s1), ..., (z4,84) € Z¢ x S,
g—7r/4 (Aawl,Sla$2732a$3783a14784) = _)\azl,sl Qxy,50Axg,53 Ay sy

= 8r/4 ()‘aa?l7S1az2752azs753az4784) :

Note that

A = Aaﬂ?usla$2732a$3733a$4154 7é 0
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if A # 0 and (z1,s1), (z2,82), (x3,83), (x4,84) are different from each other.
If [S| > 4 and s1,s9,s3,84 € S are different from each other, then there is a
product state pg € E; such that, for all € Z¢,

ﬁO(az,Slax,SQGx,s_gaw,m) = ﬁO(a:r,sla:E,Sz)ﬁO(az,&az,&;) 7& 0,

because on-site states separate the elements of the on-site C*-algebra Uygy
and ag g, @0,s,@0,5,00,5, € Uppy is a non-vanishing eveﬂ element. Observe
that, in this case, Equation holds true for 6; = —7/4 and 0 = 7/4,
i.e., o © 8_x/4 F P0 © &r/4, because

$00 8 r/a(a0s,a0,s,) = €™ % po(a0s, a0s,) # €™ po(aos, aos,)

= po © 8r/a(@0s, A0s,)
since po(aos, aos,) 7 0. Note also that
{Aa0s, 005,005,005, : A € C, [[Aags, -~ aos, lly, =1} U

is an uncountable set.

We can also assume that pg € E(E1), i.e., pg is ergodic. In fact, note
that the above example already corresponds to this special case, for product
states are always ergodic. By Equation ,

(77) po(A) = —p1(A)=—p2(A) #0,

where p; = pgogp, and p2 = pg o gp,. Since gy is a *-automorphism of U
and gg, # go,, P1 # Po and p2 # po are two different states, see . As
po € E(E), by using the relations o, o gg = gg o o, for all § € R/(27Z) and
x € Z%, we infer from Equations f that the states p; and po are also
extreme states of E1, i.e., p1 € E(E1) and pg € E(E).

As explained in the proof of [I1, Lemma 4.18], for any local element
A € Uy, there exists a finite-range translation-invariant interaction 4 e Wy
such that

(78) 124w, =llAlly  and  p(A)=eanlp),  pe€ B,

with ega : E1 — C being defined by Equation for ® = ®4. For instance,
assuming that [S| > 4, if A = Aags,a0s,00,,00,s,, Where s1,s2,83,84 € S are

1°0n the one hand, a product state is constructed from an even on-site state,
by [, Theorem 11.2]. On the other hand, there is a on-site state separating 0 and
0,5, 00,5, 00,5500,5, and, since ag s, o,s,00,5,00,5, 1S €ven, one can assume that this
on-site state is even.
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different from each other and A € C is such that ||Allyy = 1, then ®4 € W,
is the interaction defined by

A d A .
@{x} = Ngs, Oz 5, 0g,5,0z,5,, T € L7, and &4 =0 otherwise.

Observe that the constant A € C is fixed in such a way ®4 € S C W, i.e.,
@4y, = ||Ally = 1. Let ay be defined, for all Borel subset 8 C S, by

as (B) =1 [0 € B] .

Since po, p1,p2 € E(E1) are all extreme states, thanks to [I1, Lemma 9.7],
there is ® € W{R such that po, p1, p2 € Mg, see . Let my = (®,a4) €
My, which is a purely repulsive translation-invariant long-range model. By
convexity of Mg,

.1 1 1 1
(79) w1 = po+5p1 € Mg and  wy = -po+ ;P2 € Mo .
2 2 2 2
By assumption, p; # po and thus, wy # ws.
Consider the convex and weak*-lower semi-continuous functional gy, :

FE7 — R defined by

gma(p) = p(A))*+ folp),  p€ Er

It turns out that the generalized equilibrium states of m4 are exactly the
minimizers of this funct10nal by [1I, Theorem 2.25 (+)]. From Equations
. ., . ., and . ., it follows that wi,ws € 2y, and
any minimizer w € F Of Jm , satisfies ega(w) = 0. Thus, generalized equilib-
rium states w € (2, , have to satisfy the equality ega(w) = 0. Observe that
this refers to the (static) self-consistency of generalized equilibrium states
of long-range models. See, for instance, Theorem 4.2 (ii) with C,, = {0} and
r1(0) =0.

Now, using and Theorem 2.1 (in particular that F; is a Choquet
simplex), we deduce that

wi,wa € E(2m,) C By,

by construction of the long-range model m 4. In fact, if wy,ws were not both
extreme in (2, then we would have states wi,w],wh,wl € O, , Wi # wf,
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wh # wh, such that

1 1
Wy and wo = §w§ + iwg .

1, 1
w1 = 50&)1 + 5
In this case, as pg, p1 € E(F1), the supports of the (Choquet) measures
po; and g decomposing wi and wi in E; are contained in {po, p1}. This
means that w] is a convex combination of py and p;. But, because of the
above (static) self-consistency condition for generalized equilibrium states,
the unique convex combination of pg and p; which is an element of (2, ,, is w1
itself. From this we would conclude that w} = w; and, hence, w] = w{. Using
exactly the same argument for the state wa, we would arrive at wh = w7.
Finally, by [15, Lemma 4.1.19 and Definition 4.1.20], w; and wy, which
are two different elements of £((2y, ), are not orthogonal because po/2 < wy,
po/2 < wy and pp/2 is a non-zero positive functional (as pg is a state). In
particular, the state

1 1 1 1 1
= —wy = =po+ =p1+ —p2 € 20, \E(L2
wo = w1 + 52 2P0+ 1P + P2 € ma \E(2my)
has a non-orthogonal (Choquet) decomposition on the set £((2y) of extreme
points of (2. O

By Theorem 4.2 (i), note meanwhile that, for all translation-invariant
long-range models m € My,

(80) 24 C @(Mm) C Fq with M, = d_LéJCqu)m(d7+r+(d’)) C E; .
Therefore, we can alternatively decompose generalized equilibrium states
within the weak*-compact convex set ¢o (My,). In contrast to the (Choquet)
decomposition within (2, in this situation the decomposition of an arbitrary
generalized equilibrium state is always orthogonal, for it coincides with its
ergodic decomposition:

Theorem 4.7 (Ergodic decomposition of equilibrium states).

For any m € My, ©0 (My,) is a weak*-closed face of E1 and, for any w €
2n € (My,) C Ey, the unique Choquet probability measure pi, on o (My,)
(or E1) representing w (see Theorem 2.1) satisfies

Hw (E(El) N Mm) =1.

Proof. Fix without loss of generality any long-range model m = (®,a) € M,
such that ax # 0. (The cases a_ = 0 or ay = 0 are clearly simpler.) Assume
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that the set My, is weak*-closed. By the Milman theorem [11, Theorem
10.13 (ii)], £(c0 (Mn)) € My,. Thus, since, for any ¥ € W, the non-empty
convex set My is a (weak*-closed) face of Ej, one has

(81) E(co (M) C 2 € (M, (d_+r,(a_y) € E(Er) -

Hence, ¢6 (M,,) is a weak*-closed face of the simplex E;. Therefore, by The-
orem 2.1, for any w € 2, C ¢ (My,), there is a unique probability measure
L on My, such that

(82)

polE@ (M) = 1 and ()= [ o B () Acu

By Equation , H, is supported on E(E4). Therefore, the theorem follows
from , provided one proves the weak*-closedness of the set M.

In order to prove that My, is indeed weak*-closed, take any sequence
(wn)22; € My, converging in the weak*-topology to we € Ei. (Note that
FEy is weak*-closed, being even weak*-compact, and the use of nets is here
not necessary, as the weak* topology of E; is metrizable.) Then, by Equa-
tion , for every n € N, there is an element d(_n) € Cy, such that

Wp, € M<I>m(d(f)+r+(d(f))) .

Since Cy € L2(S;C;a|) is a (non-empty) norm-bounded and weakly com-

pact set [1I, Lemma 8.4 (#)]], the sequence (d(f));’f:l converges (along a

subsequence again denoted by (d(,n))zo:l) in the weak topology to an ele-

ment d*) ¢ Crm within a ball Bg (0) C L2(S;C; |a|) of sufficiently large ra-
dius R > 0. Since, by [11, Lemma 8.8], the thermodynamic decision rule
defines a continuous mapping from L% (S;C) to L2 (S; C) with L2 (S; C) and
Li(S; C) endowed with the weak and norm topologies, respectively, we then
infer from [11l Proposition 7.1 (ii)] that

(83)  lim P

n—o0

—P T e WR .

Do (A 41y (d))+T Do (A 414 (d))+0

(Recall the notation given by (65)).) Now, by [11, Theorem 2.28] applied to
models with vanishing long-range components, for any n € N,

R
P o (@ 4y @ )+w ~ Pon @@y = —ewlwn) , Y eWr,
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which, combined with — and , implies that
R
P (@ 11 (@) 10 ~ P @4, @) 2 ~ev (W) vewr.
Finally, again by [I1, Theorem 2.28], we deduce that
Weo € M(b(d(_oc)+r+(d(_oc))) with d(_oo) S Cm .

It follows from Equation that wee € My,. In other words, My, is weak*-
closed. 0

Corollary 4.8 (Equilibrium states as faithful modular states).
For allm € My, generalized equilibrium states w € (2 are faithful and mod-
ular.

Proof. Let m € M. Since p,, is an orthogonal measure (Theorem 2.1) for
any w € {2y, one can use the theory of direct integrals of GNS represen-
tations of families of states described in [12], Section 5.6]. Since, in each
fiber, the corresponding state w € £(¢0 (My,)) is faithful and modular, by
Corollary 3.2 and Equation , the corollary easily follows. O

The property of generalized equilibrium states of translation-invariant long-
range models stated in Corollary 4.8 is important, because it allows to use
the Tomita-Takesaki modular theory [15, Section 2.5].

Note that the situation is much simpler for purely attractive or simple
long-range models (see Section 4.2 and Definition 4.4), because Theorem 4.2
combined with Propositions 4.3 and 4.5 directly yields the following asser-
tion, which is merely a reformulation of Equation .

Lemma 4.9 (Choquet decompositions of equilibrium states).

If m € My is purely attractive or simple then 2y =06 (My,), the set My,
being defined by . In particular, the Choquet decomposition in {2y of any
generalized equilibrium state of m coincides with its ergodic decomposition.

Proof. Let m € Mj be a purely attractive or simple translation-invariant
long-range model. From Proposition 4.3 or 4.5, in both cases,

On(d- +14(do)) = M<I>m(d_+r+(d_)) , d_ €Cny .

The assertion then follows from Equation and Theorem 4.2 (i). O



2948 Bru, Siqueira Pedra, and Yamaguti Miada

To sum up, there are two natural ways to perform Choquet decom-
positions of generalized equilibrium states w € 2, C E;, for any fixed
translation-invariant long-range model m € M;:

e We can decompose w in the weak*-compact convex set (2, of all gen-
eralized equilibrium states of the long-range model m. The advantage
of doing so is that the extreme states of (2, always satisfy the (static)
self-consistency condition . A drawback, however, is that the de-
composition may not be orthogonal (Theorem 4.6) and the Effros The-
orem [I5 Theorem 4.4.9] cannot be used. See [12, Section 5.6] for more
details.

e We can decompose w in the weak*-compact convex set €6 (M, ), which
turns out to be equivalent to decompose it in E; (Theorem 4.7). In this
case, in contrast to the previous strategy, the decomposition is always
orthogonal while the extreme (ergodic) states of €6 (M) are still equi-
librium states of approximating (short-range) interactions. The draw-
back is now that elements of £(¢6 (My,)) may not anymore satisfy the
(static) self-consistency condition (73), which turns out to be essential
in the present study, as it is apparent in the next section.

If m € M is purely attractive or simple then the situation becomes simpler
because the Choquet decompositions of generalized equilibrium states in
2y coincide with those in €6 (My,). Thus, we have, in this case, all the
good properties of both types of extreme decomposition. In this situation,
we obtain in Section 5 two extensions of Theorem 3.1 to long-range models:
Corollary 5.5 and Theorem 5.8.

5. Main results: generalized equilibrium states and KMS
conditions

Recall that in Section 3.3.4, we assert that equilibrium states of lattice
fermion systems with short-range interactions, as translation-invariant min-
imizers of the free energy density functional, are KMS states associated with
the (well-defined) infinite volume dynamics on the CAR C*-algebra U. See
Theorem 3.1, which is a direct consequence of results of [4]. Here, we aim at
contributing an extension of this result to generalized equilibrium states of
long-range models.

Note first that, for a %e eral long-range model m € M, at fixed A € U
and t € R, the sequence T, L’m)(A), L € N, where (the finite volume dynam-
ics) Tt(L’m) is defined by , does not necessarily converge in the C*-algebra
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U, in contrast to the short-range case. See Sections 3.2.2 and 4.3.3. In other
words, for a general long-range model, we do not have at our disposal a
well-defined infinite volume dynamics on the CAR C*-algebra U. There are
two ways to get around this problem:

e The first one is to relax the (global) KMS property by considering
it only “fiberwise”, using the ergodic decomposition of Theorem 2.1.
This is performed in Section 5.1.

e The second approach is to use a faithful representation of the C*-
algebra U in order to make sense of the infinite volume long-range
dynamics, by considering a different topology from the one associated
with the norm, typically the strongiﬂ or the o-weak operator topology.
This is performed in Section 5.2.

Note in this context that Theorem 4.7 is absolutely crucial to obtain the
main outcomes of the present section, for general long-range models, while
Theorem 4.6 (and its proof) is pivotal to understand the restriction of our
study to long-range models that are either purely attractive (Section 4.2)
or simple (Definition 4.4). Moreover, we only consider long-range models
within a dense subspace of translation-invariant models, that is, Mg N M;
(see Equations and ), but this is a very mild technical restriction,
which is related to the well-posedness of (dynamical) self-consistency equa-
tions ([56]).

5.1. Invariant self-consistently KMS states

As explained above, in this section we relax the (global) KMS property
by considering it with respect to the ergodic decomposition of translation-
invariant states. This leads to the concept of self-consistently KMS states of
translation-invariant long-range models.

Definition 5.1 (Self-consistently KMS states).

Take any p € By and let pu, be the unique (Choquet) measure (Theorem 2.1)
on ergodic states, whose barycenter is the translation-invariant state p. We
say that p is a (translation-invariant) self-consistently KMS state of m € My

112, Theorem 4.3 and Corollary 4.5] show that, within the cyclic representation
associated with the initial state, the infinite volume limit of dynamics is well-defined
in the o-weak operator topology. Using stronger norms on interactions together with
additional estimates, one could improve [I2] Theorem 4.3 and Corollary 4.5] to get
the convergence in the strong operator topology.
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iff p € Ev is py-almost surely a KMS state for the strongly continuous group
of automorphisms generated by the approzimating interaction ®w(ey(p))
(see and ), at inverse temperature 3 € RT. We denote by Ky C Fy
the set of self-consistently KMS states of m € M;.

The above notion is reminiscent of van Hemmen’s approach [10] to infinite
volume equilibrium states for mean-field models. If the long-range compo-
nent of m is trivial, i.e., m = (®,0) for some ® € Wf, then @ (e(y(p)) = @
for any p € E1 and one thus has K(g) = Ko in this case, see Equation
(41). Therefore, the above definition generalizes the notion of KMS states
to long-range models.

Note that, even for purely attractive long-range models, a self-
consistently KMS state is not necessarily a generalized equilibrium state. To
see this explicitly, one may use, for instance, the strong-coupling BCS model
explained in [I3] and consider the equilibrium states of the same model
without its mean-field component. These states are always ergodic, gauge-
invariant and self-consistently KMS (for the original model with mean-field
interactions), but they violate the gap equations at sufficiently large
(inverse temperature) . This fact leads us to introduce the notion of Bogoli-
ubov states, which is crucial in order to establish a relation between the self-
consistent KMS condition and generalized equilibrium states of translation-
invariant long-range models.

Definition 5.2 (Bogoliubov states).

Take any p € Ey and let pi, be the unique (Choquet) measure (Theorem 2.1)
on ergodic states, whose barycenter is the translation-invariant state p. We
say that p is a Bogoliubov state of m € My iff the gap equation e y(p) =
d_ +r4(d-) holds true for some d_ € Cu, p,-almost surely for p € Ey. We
denote by By, C E7 the set of all Bogoliubov states of m € M.

Compare with Equation , recalling that ry is the thermodynamic de-
cision rule of m € My, while e (p): S — C is the continuous and
bounded mapping defined from — by Equation for any state
pE Fy.

Note that if the long-range component of m is trivial, i.e., m = (®,0)
for some ® € Wi, then the equality e()(p) =d- +ry(d-) holds trivially
true for any p € Ey, since L2 (S; C) = L2 (S; C) = L*(S; C) = {0}, the unique
equivalent class of all complex-valued functions on S. Thus, B(g ) = F1 in
this case. Recall that, by Lemma 4.9, if m € M; is purely attractive or
simple then the Choquet decompositions of generalized equilibrium states
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in {2y, coincide with those in @ (M, ). In this case, all generalized equilibrium
states are Bogoliubov states:

Lemma 5.3 (Equilibrium states as Bogoliubov states).
If m € My is purely attractive or simple then (2, C By,.

Proof. Let m € Mj be a purely attractive or simple translation-invariant
long-range model. Suppose that w € {2,. From Theorems 4.2, 4.7 and
Lemma 4.9, for u,-almost all p € Ey, p € 2yn(d— +14(d_)) for some d_ €
Cm, thatis, p € My (4 4r,(a_)) and e.y(p) = d— +14(d-). See Equation
and Definition 5.2. U

From the proof of Theorem 4.6, note that, in general, generalized equilib-
rium states of long-range models are not Bogoliubov states of these models.
This results from the fact that one can construct (uncountably many) mod-
els m € My whose set {2, of generalized equilibrium states is not a face
of Ej. See [11, Lemma 9.8]. This singular case is however still important,
since it is also related to long-range order of equilibrium states, as shown in
[T1, Section 2.9]. In fact, in the general case, we have the following result
on the relation between self-consistently KMS, Bogoliubov and generalized
equilibrium states:

Theorem 5.4 (Self-cons. KMS, Bog. and equilibrium states).
For any translation-invariant long-range model m € My, 2, N By =K N
B

Proof. Let m € M. Assume that 2, "By # 0 and take w € 2y N B
From Theorem 4.7, for pg-almost all p€ Ei, p€ My, (a_4r,(a_)) =
Ms (e, (p)) for some d_ € Cy. Then, thanks to Theorem 3.1, p € Kg_ (¢, (p))
te-almost surely. Therefore, w € Ky,.

Assume that Ky, N By, # 0 and take w € Kiy N By. By Definition 5.1,
it means in particular that, for pg-almost all p € Ev, p € Ko (e (p)) and
e(y(p) =d- +r14(d-) for some d_ € Cy. Thanks again to Theorem 3.1, it
follows that, for p,-almost all p € E1, p € My (4 4+, (a_)) and p € On(d- +
r4(d_)) for some d_ € Cw, by Equation (70)). We then conclude from Theo-
rem 4.2 (i) that w € O2y,. O

In the case of purely attractive or simple long-range models we have the
following improvement of Theorem 5.4:

Corollary 5.5 (Equil. states as self-cons. KMS and Bog. states).
If m € My is purely attractive or simple then 2y, = K N By
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Proof. The assertion directly follows from Lemma 5.3 and Theorem 5.4. [

For any self-adjoint translation-invariant and short-range interaction
® € WY, recall that B@,0) = E1, K@) = Ko and g ) = Mg. It means
that Corollary 5.5 is an extension of Theorem 3.1 to translation-invariant
long-range models. This result is complemented by Theorem 5.8 below,
which asserts that (under the mild technical condition that m € M) the
elements of 2, = Ky N By, are KMS states in the usual (or global) sense,
with respect to the infinite volume dynamics generated by the long-range
model m in a given representation of the CAR C*-algebra U.

5.2. The modular group of generalized equilibrium states

Recall that Mg is the dense subspace of the Banach space M of long-
range models defined by Equation , while M; C M is the Banach space
of all translation-invariant long-range models defined by Equation . A
long-range model m = (®,a) € M is purely attractive whenever a; = 0, see
Section 4.2. Simple models are defined by Definition 4.4. Both situations are
important here because in these cases, when m € M1, the Choquet decom-
position in {2, of any generalized equilibrium state of m is the same as its er-
godic decomposition (in E7), by Lemma 4.9. In particular, £(FEy) N 2y # 0.
For such long-range models, we first prove the stationarity of generalized
equilibrium states, in the Schrodinger picture of quantum mechanics (see

Equation ).

Proposition 5.6 (Stationarity of generalized equilibrium states).
If m € Mo N My is purely attractive or simple then

lim wlSL) (A) = lim wo Tt(L’m) (A)=w(4) , Aecl, we 2y .
L—oo L—o0
Proof. Let m € MognN M; be a purely attractive or simple translation-
invariant long-range model. If @ € £(FE1)N 2y, is an ergodic generalized
equilibrium state, then we infer from Lemma 4.9 the existence of a unique
d_ € Cn such that

(84) d=d_+ry(d-) = e (@) =w(e)) and ©we Mg, ()

recalling that ey (p) : S — C is the continuous and bounded mapping de-
fined from f by Equation for any state p € E1. Thanks to The-
orem 3.1, @ € Kg_ (q), -6, @ is a (7% (D) 3)-KMS state, keeping in mind
that 8 € RT is fixed in all the paper. It is well-known that KMS states are
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stationary, see, e.g., [I, Proposition 5.3.3]. In particular, the KMS state w is
T‘I’m(d)—invariant, i.e.,

(85) G=aor™?  teR.

It follows from Equation and [9, Lemma 7.2] that, for all ¢ € R,

(86)  @™(Hd) =&  and  B™O(l) = By (@(e()) = Pm(d) ,

where w™ is the unique continuous mapping from R to the space of auto-
morphisms of E satisfying and ®(™%)(¢) is defined by Equation
with p = @. The proposition then follows from Equations and . O

The stationarity of the state of a given physical system is the minimal
requirement characterizing the thermodynamic equilibrium of that system.
In this section, we contribute a much stronger result, which complements
Corollary 5.5. In fact, we show below that generalized equilibrium states
of purely attractive or simple long-range models can also be seen as KMS
states, in the usual sense. We first need to provide a well-defined infinite
volume dynamics for long-range models, in order to be able to study the
KMS property of their (generalized) equilibrium states.

Proposition 5.7 (Long-range dynamics for equilibrium states).

If m € MgonN M is purely attractive or simple then, for any w € 2 with
cyclic representation (Hy,Tw,Qy), there exists a unique o-weakly contin-
uouﬂ group (AY)ier of *-automorphisms of the von Neumann algebra
7w (U)" such that, with respect to the o-weak topology,

lim 7, (TISL’“‘) (A)) —AY(m,(4), Acl, teR,

L—oo
where, in the special case of ergodic generalized equilibrium states,
A9 (g (A)) = g ot @O 4y | Acu, teR, & e E(E)N O .
Proof. Let m € MgnN M; be a purely attractive or simple translation-

invariant long-range model. In the special case @ € E(FE1) N 2y, with as-
sociated cyclic representation (Hg, 7g, 2y ), we infer from [12], Theorem 5.8]

2This means here that, for any fixed t € R and A € 7, (U)”, the mappings A% (-) :
T (U)" = mu(U)" and Af)(A) : R — m,(U)" are o-weak continuous.
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and Equation that

lim 7 (Tt(L’m)(A)> =Ty (th)"'(a(e(')))(A)) , AelU,teR,

L—o0

with respect to the o-weak topology. To study general (possibly non-ergodic)
generalized equilibrium states, one applies the theory of direct integrals of
measurable families of Hilbert spaces, operators, von Neumann algebras and
C*-algebra representations, as already done in [12]. In fact, we consider the
C*-algebra 4 = C(F;U), whose norm is

flly = maxc [ f (), fed.

The CAR C*-algebra U/ is canonically identified with the subalgebra of con-
stant functions of 4, i.e., & C . Fix now, once and for all in the proof,
w € 2y C Ey. From [12 Proposition 4.2], there exists a unique represen-
tation II, of & on H,, such that II,|;; = 7, and (H, I, Q,) is a cyclic
representation associated with the state w, seen as a state of 4l via the defi-
nition

(7) w(f) = /g g, U@ ) e

See Theorem 2.1 and Lemma 4.9. Moreover, one has
(88) I, (W) = m,(U)" .

From [12, Theorem 4.3] and Equation (86), for any time ¢ € R and all ele-
ments A el C U,

(89) lim 7, (Tt@v“‘) (A)) —T0, (S™ (A)) € B(H.)

L—oo

with respect to the o-weak topology, where T™ = (T{").er is a strongly con-
tinuous group of *-automorphisms of 4 defined by

T () =7 (f(p) . peEy, fed, teR,
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the interaction ®(™#) being defined by . We deduce from combined
with f that, for any ¢t € R and f € 4,

W (TR (f)) = /5 o, DUEED @) s 02)

= [ 2 (" @) o
[ e @) =u ().
E(E1)N2m

In other words, w € 4U* is T™-invariant. By [15, Corollary 2.3.17], there exists
a unique strongly continuous family (Uy)er of unitary operators on B(H,,)
such that

(90) I, (TP (A) = U, (A) U7, AclU, teR.
For any time t € R, define
(91) AY (A) = U AU, Acm,U).
Observe in particular that, for any fixed ¢ € R,
A7 () mo(U)" = B(H.)
is o-weakly continuous. Note from Equation that
AY (m,(U)) C IO, (U) C m, (U)", teR.

Since the bicommutant ,,(U)" is the closure of 7, () in the o-weak topology
and A¥(-) is continuous in this topology at any fixed ¢ € R, we arrive at
AY (m,(U)") C 7y (U)". Then, from the strong continuity of (Uy)ier, (AY)ter
is a o-weakly continuous group of x-automorphisms of the von Neumann
algebra 7, (U)". Finally, note from Equations and that any o-
weakly continuous group of x-automorphisms of ()" implementing the
infinite volume dynamics should be equal to (A% )ier on 7, (U), and thus on
T, (U)", by the o-weak density of m,(U) in 7, U)". O

Having an appropriate and natural notion of infinite volume long-range
dynamics, as given by Proposition 5.7, we can now study the (global) KMS
property of generalized equilibrium states for a fixed translation-invariant
long-range model m = (®,a) € M; N M, that is either purely attractive
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or simple. The KMS property is in this case defined as follows: Given
a generalized equilibrium state w € (2, with associated cyclic representa-
tion (Hw, Ty, ), we define w = (€, (-))4, , which is the unique nor-
mal extensionlﬂ of w to the von Neumann algebra m,,(i)"”. Considering the
o-weakly continuous group A = (A¥)ier of x-automorphisms of the von
Neumann algebra m,, (/)" of Proposition 5.7, for a fixed inverse temperature
B € RT, we say that @ is a (A“, 3)-KMS state if

(92) / £ (t—iB)@ (AAY (B))dt = / f (1) (AY (B) A)dt

for all A, B € m,(U)"” and any function f being the (holomorphic) Fourier
transform of a smooth function with compact support. Compare this defi-
nition of KMS states with the one related to Equality on the CAR C*-
algebra U. Note that the integrals of Equation are well-defined since,
for any A, B € m,(U)", the functions

D(AAY) (B)),&(A%) (B) A) : R — C

are clearly continuous and bounded. We can now see generalized equilibrium
states of long-range models as KMS states in the following sense:

Theorem 5.8 (Generalized equilibrium states as KMS states).

Fiz 8 € RY and a translation-invariant long-range model m € My N My
that is purely attractive or simple. Given w € 2, with associated cyclic
representation (Hy, 7w, Qw), let & be the normal extension of w to w,(U)"
and AY = (A¥)ier be the o-weakly continuous group of *-automorphisms of
7w (U)", whose existence and uniqueness are stated in Proposition 5.7. Then,
@ is a (AY, B3)-KMS state.

Proof. Fix all parameters of the theorem. Like in the proof of Proposi-
tion 5.7, consider first an arbitrary ergodic generalized equilibrium state
w € E(F1) N 2. By Equation combined with Theorems 3.1 and 4.7,
w € Kg, (0(c.,)) Recall that the strong convergence of a net of bounded op-
erators implies the boundedness of this net (by the Banach-Steinhaus uni-
form boundedness principle), as well as its o-weak convergence. Thus, from
the strong density of 74 (U) in 7, (U)”, by Lebesgue’s dominated convergence

13Tn fact, we say here that the (generalized equilibrium) state w, which is a
state on the C*-algebra U, has an extension to m,(U)", because, by Corollary 4.8,
the representation m,, is faithful and the C*-algebras U and m, () can thus be
canonically identified with each other.
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theorem and the o-weak continuity of A® (Proposition 5.7), it follows that
the normal extension of & € £(E1) N 2y to 4 U)" is a (A%, B)-KMS state.
To study general (possibly non-ergodic) generalized equilibrium states, one
applies again the theory of direct integrals of measurable families of Hilbert
spaces, operators, von Neumann algebras and C*-algebra representations,
as in [I2, Sections 5-6] and in the proof of Proposition 5.7: The ergodic de-
composition p, of any translation-invariant state p € E; is an orthogonal
measure (Theorem 2.1) and, thanks to the Effros theorem (see, e.g., [12|
Corollary 5.14]), for any p € E1, the direct integral

(93)

7-[;9 E/ My (dp), 7129 E/ Tptp(dp), Qf? E/ Qﬁup(dﬁ)>
E(En) E(En) E(EL)

of the GNS representations (Hp,m5,€2;) of U associated with the extreme
states p € E(Ey) is a cyclic representation of the C*-algebra U, associated
with the state p € Ey. Moreover, from [12, Equation (158)], one has the
inclusion

W' [ m . pe B

In particular, any element A € 7,(U)"” can be identified with an element
(Ap)per, of

[ s ngtan).
B

Fix now w € 2, C E;. From Lemma 4.9 and Proposition 5.7,
A% (4) = / AP(Apo(de),  AemU), teR.
E(E1)N2m

Note that this identity follows from the uniqueness of the o-weakly continu-
ous group (AY);cr stated in Proposition 5.7 together with general properties
of direct integrals that can be found, for instance, in [12], Section 6]. Since in
each fiber the normal extension of & € E(E1) N 2y to w4 (U)" is a (A, B)-
KMS state, again denoted by @ to simplify the notation, it follows from
Lemma 4.9 and Fubini’s theorem that, for all A, B € 7, (/)" and any func-
tion f being the (holomorphic) Fourier transform of a smooth function with
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compact support,
[ 1 =isaanzma

~ [ ra-io < / w(AaAi’(Bw))uw(d@)> at
(E1)N2m
-/ - ( [ i) Ao B ) nfa)
_/Elm (/f(t)@(Af(B@)A@)dt> e (dw)
- [ ( / . A(Af(B@)A@)uw(d@O dt
/ F () B(A2(B)A)dt .

In other words, the normal extension @ of w to m,(U)"” is a (A¥, 3)-KMS
state. g

Theorem 5.8 is an(other) extension of Theorem 3.1 to translation-invariant
long-range models, which complements Corollary 5.5. These results pave the
way to the use of the Tomita-Takesaki modular theory [I5, Section 2.5] and
the KMS theory [I, Sections 5.3-5.4] in the study of mean-field models, like
the BCS model of (conventional) superconductivity. For instance, by Corol-
lary 4.8, recall that, for m € M1, any generalized equilibrium state w € (2,
with associated cyclic representation (H,, 7, ), is a modular state, i.e.,
the vector Q, € H,, is cyclic and separating for the von Neumann algebra
7o (U)" C B(H,,). Therefore, the modular x-automorphism group associated
with €, and the von Neumann algebra 7, ()" is well-defined. See, e.g.,[I5,
Section 2.5.2]. By Proposition 5.7 and Theorem 5.8, it is directly related to
the limit long-range dynamics within the cyclic representation (H,,, 7, Q)
of the corresponding generalized equilibrium state:

Corollary 5.9 (Long-range dynamics as a modular group).

Fiz B € RT and a translation-invariant long-range model m € M1 N My that
is purely attractive or simple. Given w € (2, with associated cyclic represen-
tation (Hy, 7w, D), let (0¥ )ier be the modular x-automorphism group asso-
ciated with Q,, and the von Neumann algebra m,(U)". Then, with respect to
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the o-weak topology,

lim 7, (Tt(Lv‘“) (A)) — 0“5, (mu(A) .  A€U, teR.

L—oo

Proof. Fix all parameters of the corollary. By Theorem 5.8, the unique nor-
mal extension @ of the generalized equilibrium state w € 2, is a (AY, §)-
KMS state. As a consequence, @ is also a (Aw,—l)-KMS state with re-
spect to the rescaled (o-weakly continuous) group Av = (A‘jﬁt)teR of *-
automorphisms of 7, (U)”. From [I Theorem 5.3.10], it follows that

By combining this equality with Proposition 5.7 we arrive at the assertion.
O
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