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On the Wigner distribution of the
reduced density matrix

MAURICE A. DE GOSSON AND CHARLYNE DE (GOSSON

Consider a bipartite quantum system consisting of two subsystems
A and B. The reduced density matrix ofA a is obtained by taking
the partial trace with respect to B. In this work we will show that
the Wigner distribution of this reduced density matrix is obtained
by integrating the total Wigner distribution with respect to the
phase space variables corresponding to the subsystem B. The proof
we give is rigorous (as opposed to those found in the literature) and
makes use of the Weyl-Wigner—-Moyal phase space formalism. Our
main result is applied to general Gaussian mixed states, of which it
gives a particularly simple and precise description. We also briefly
discuss the purification of a mixed from the Wigner formalism point
of view.

1. Introduction

A quantum state is abstractly defined as a non-negative operator with trace
one on some Hilbert space [II, 3], [5, [7]. In this paper we will assume that this
Hilbert space is L?(R™) (the square integrable functions). We will deal with
a bipartite system consisting of two parts A and B with respective Hilbert
spaces L2(R™) and L?(R"?) (such systems play a central role in the study
of quantum entanglement). We denote by £1(L?(R™)) (resp. £1(L*(R™4)))
the spaces of trace-class operators on L%(R") (resp. on L?*(R")). Setting
n =n4 + np there exists [12] a unique mapping

TeP : £1(L3(R™)) —s L1(L*(R™))
pr—s A = T8 ()

such that for every Q4 € B (L?(R™4)) (the bounded operators) the identity
(1) Tr(p(Q" @ I7)) = Tr(p'QY)
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holds for all p € £1(L*(R")) where T8 is the identity on L2 (R™2) (the left-
hand side of (1)) is well defined since £1(L?(R")) is a two-sided ideal in
B(L*(R™))). The map Tr? is called “partial trace with respect to B”. Of
particular interest is the case where p has trace one and is positive semi-
definite: p > 0, because then p is a quantum density matrix and the operator
pA = TrB(p) is the reduced density matrix on L?(R"4).

The aim of this paper is to show that the reduced density matrix p*
can be determined in a very easy and explicit way if one applies the Weyl-
Wigner—Moyal phase space formalism [9] [I7] to the Wigner distribution [11]
of the full density matrix p. In fact, we are going to prove the following result,
where we use the notation z = (24, 2B), 24 = (v 4,p4), 2B = (zB, pp) for the
phase space variables:

Theorem 1. Let p € L1(L*(R™)) be a density operator and

2 p(2) = (k)" [ e la -+ bylple — oy

its Wigner distribution (x = (xa,xp)). If p decreases sufficiently fast at in-
finity (as described in Lemma 2) then the Wigner distribution of the reduced
density matriz p* = TrB(p) is

AZ = ZA, % ZB.
Q P = [ pleaza)dzs

As a simple illustration we will apply this result to Gaussian mixed
states. We also consider the purification of a density matrix p4 €
L1(L?(R™)); this will lead us to a new property of the Wigner function.
Namely, we show that for every normalized 1) € L?(R™) there exists an or-
thonormal basis (qb]A) of L*(R™) and numbers \; > 0, >_;Aj = 1, such that

(4) W(za, 25)dzg = § A WA (24) -
R2n,B .
J

2. Preliminaries

A density operator p on L?(R") is a compact self-adjoint operator hence the
spectral theorem ensures us of the existence of an orthonormal set of vectors
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(¢j) in L*(R™) and of positive constants A; summing up to one such that
(5) p=> Al ey -
J

Since for every index k we have p|yy) = Ag|t) the A; are the eigenvalues
of p and the |1;) the corresponding eigenvectors. Inserting this sum into
definition of the Wigner distribution we get

© e =GN [+ by wle — dubdy

(we are using in this formula the standard splitting = = (x4,25), p=
(pa,pB)). Since we have

(@ + 5yl = vi(z + 5y) . (Wil — 39) = ¥ (z - 39),
it follows that

(37)" /R TR (o Gyl (Ul — Jy)dy = Wps(z, p)
where
M W) = ()" [ i+ i - Sy

is the usual Wigner transform [4, 18] of ¢;. The Wigner distribution of the
density matrix p is thus a convex sum of Wigner transforms [5]:

z,p) = ZAJ‘W%‘(%M-

Let now W (¢,) be the cross-Wigner transform [I8] of ¢, € L?(R"™).
By definition [4]

B WD) = ()" [ I+ e ndy

hence, in particular, W (1, 1) = W1p. We recall the following classical for-
mula from Weyl calculus [3, @]: if Q is a bounded operator on L2(R™) then,
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setting z = (z,p),

(9) (6]0w) = / 4()W (6, 0)(2)d=

R2n

where ¢(z) is the Weyl symbol of @, that is,
(10) ae.p) = [ I+ 9lQle— oy

We will use he notation @ = Opw (q) to denote the Weyl operator with
symbol ¢; formally

(1) Opwla)vla) = (54)" [ i alhia+9).p)otu)dody

Comparison with formula (2)) shows that the Wigner distribution of a density
matrix is just the Weyl symbol of that density matrix divided by (27h)",
that is,

(12) 5= (27h)" Opy () -

We will use the following criterion due to Shubin ([14], p. 203) for deter-
mining whether a given function on phase space is the Weyl symbol of an
operator:

Lemma 2. Assume that ¢ € C®°(R?*") and that there exist for every multi-
index o € N a constant C,, > 0 such that

(13) 102q(2)] < Ca(1+ |27 leD/2,
If m < —2n, then @ = Opw(q) is of trace class and we have
(14) Tr(@) = (27r1h)n/R2 q(z)dz

where the integral is absolutely convergent.
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In particular, if p satisfies the conditions above then the operator p =
(2mh)™ Opw(p) is of trace class and its trace is given by the formula

(15) Te(p) = /R p(2)i:

(this formula is often sloppily used in the literature, but one should be aware
of the fact that it only holds under rather stringent conditions on p; see our
discussion and the references in [3, [5]).

3. Proof of Theorem 1

We will again use the notation z4 = (x4,pa), 2B = (B,pB), and z =
(24, 2B).

The partial trace operator can be explicitly calculated [12] using the
formula

(16) (M), = (¢ @ ¢P 15" @ ¢F))

J

where 4, ¢4 € L*(R™) and (gbjB ) is an arbitrary orthonormal basis of
L2(R™=); (-|), is the bra-ket on L?(R™4). Taking into account the rela-
tions p? = (27h)™ Opw(p?) and p = (27h)" Opw(p) we have, in view of
formula @,

A7) (@), = @Ry / PA ) WAD, 9)(za)dzs

R27A
(18)
@ 0 ol @ o)) = et [ W' @ 0f v @ of) ()i

where W4 (¢4, 1)4) is the cross-Wigner transform on L?(R™4). In view of
the obvious tensor product property

W(¢* @ o2, @ ¢P2) = WA (¢, ) @ WHeP

the identity becomes

(6" @ 6BIa(A @ 6B)) = (2nh)" /

]RQ"A

[/R2n5 p(2)WP o7 (zp)dzp
x WA, ) (z4)dza
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and comparison with the equality shows that we have
(2h)™ pt(z4) = (27h)™ Z/ s ZB)Wngf(zB)dzB )
- R27B
that is, since n = n4 + np,

(19) (ZA (2wh)™® Z/z p(za, 2B WB¢] (zp)dzp .

There remains to prove that the right-hand side of this equality is just the
integral fR%,B p(za,zp)dzp. Let us freeze the value of z4 and set f(zp) =
p(za, zB). Since we are assuming that p satisfies the Shubin estimates
we have, for some m < —n/2,

102 f(zB)] < Ca(1 + |za]* + |2p|2)™1P1/2
< Cp(1+ |ap ) 1912
The inequality m < —n/2 de facto implies that m < —np/2 hence it follows

from Lemma 2 that the operator F' = Opy (f) is of trace class on L2(R2"?)
and that its trace is the absolutely convergent integral

(20) Tr(F) = (g25)"” f(zg)dzp .

Ran

Returning to the identity we have, for every z4,

Z f ZB WB¢] (ZB)dZB

R2?"B
= Z ¢P|FoP)
J
= Tr(F)

the last identity being just the algebraic definition of the trace of a positive
semi-definite trace class operator [Il, 3] in terms of an (arbitrary) orthonor-
mal basis ((Z)JB ). Taking , , and the definition of the function f into
account, we get

pA(2a) = / p(2n, 25)dz5
R2"B

which was to be proven.
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4. Application to Gaussian states

A (centered) Gaussian quantum state has Wigner distribution

_ 1 e—%zTE*IZ
(21) plz) = (2m)7/det &

where the covariance matrix ¥ is symmetric positive definite and of di-
mension 2n x 2n (we will write for short ¥ > 0). The uncertainty principle
imposes that, in addition, ¥ must satisfies the condition [3} 10} [15]

ih

YX+-J>0

2
where J is the standard symplectic matrix in the phase space splitting z =
(z4,2B), that is, J = J4 & Jp with

JA — < OnAXnA InAXnA) ’ JB — < OnBXnB InBXnB> ]

_InAXnA InAXnA _InBXnB InBXnB

The purity of the corresponding state p is given by the formula ([3])
Tr(p%) = ()" (det 2)~1/2

and we have Tr(p?) =1 (e.g.. p is a pure state) if and only if ¥ = 287S
for some symplectic matrix S (i.e. STJS = J). We will write the covariance
matrix as

(22) 5= @22 §2§> with $pa = 25

the blocks ¥ 44, Xap, Xpa, X2pp having dimensions 2n4 X 2n4, 2n4 X 2npg,
2np X 2n4, 2np X 2np, respectively. A calculation involving Gaussian inte-
grals [2, 6] shows that the partial trace p” is a Gaussian state with Wigner
distribution

]_ 1T —1
23 — *TZA(EAA)ZA .
(23) pa(za) 2n) Y 7

This can easily be seen by reducing the problem to the case where the
covariance matrix is block diagonal

Yaa Zap\ _ (HY 0\ (¥4 O H 0
Ypa ¥/ \ 0 KT 0 Y/ \0 K
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with H € O(2n4), K € O(2np). In particular we have
Tr[(5*)?] = (4)" (det Daa) /2

hence p4 is a pure state if and only if det ¥ 44 = (5/2)?"; this is the case if
and only if ¥ 44 = %SZ;S A where S4 is a symplectic matrix in R?".

5. Purification

We recall the following: let p4 € £1(L?(R™)) be a density matrix of rank
r < 0o. Then there exists a Hllbert space Hp with dim Hg = r and a pure
state [1) such that [v)(y| € £1(L2(R™) ® Hp) and p* = TrB(|)(h]) (we
assume throughout that W1 satisfies the conditions of Lemma 2). The state
|4} (1|, which is not uniquely defined, is called a purification of p?. In what
follows we assume that p? has maximal rank r = co and we identify Hp
with L?(R™2). The purification is constructed as follows: one starts with the
spectral decomposition

= Nle el Y =1, A 220
J i

and one then defines ¢ € L?(R™4) @ L?(R"#) by its Schmidt decomposition
[12]

(24) =Y VAol wel ZA (Wly) =1.
J
‘We have

(25) = TP (|9) (&) ZA |61 (7]

so, by Theorem 1, the Wigner distribution p?(z4) of p4 is

(26) Wip(za,28)dzg = 3 \WA¢7 (24)
R27B -
J

which is formula .
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6. Concluding remarks

The main result of this work is the partial trace formula in Theorem 1.
While this formula is hardly surprising (and seems to be part of the “folk-
lore” in physics), its proof is not trivial, and we have been unable to find
a rigorous treatment thereof in the literature (mathematical or physical);
mentions of this result can be found in [8] 13| [16], however no proof whatso-
ever is given in these references. This result is particularly important when
one uses methods from harmonic analysis in phase space to study problems
in quantum mechanics. From our point of view, this approach is more fruit-
ful than abstract operator theory because it leads to quantities that can be
explicitly calculated (either directly, or using numerical algorithms). Theo-
rem 1 and its consequences (as shortly outlined in the rest of the article)
could be instrumental in advancing the study of entanglement and entropy
of partial states because it allows direct explicit calculations involving the
Weyl expression of these partial states (in [2] we used formula without
proof to study the separability of Gaussian States).
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