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Holder continuity of the integrated causal
Lagrangian in Minkowski space

MAarco OprPIO

It is proven that the kernel of the fermionic projector of regularized
Dirac sea vacua in Minkowski Space is L*-integrable. The proof is
carried out in the specific setting of a continuous exponentially-
decaying cutoff in momentum space. As a direct consequence, the
corresponding causal Lagrangian is shown to be L'-integrable.
Some topological features of the integrated causal Lagrangian are
analyzed. In particular, local Holder-like estimates are proved for
continuous regular variations of spacetime, of which a few examples
are discussed. Particular emphasis is placed on first-order pertur-
bations of Dirac sea vacua induced by external electromagnetic

fields.
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1. Introduction

In the theory of causal fermion systems spacetime and all the objects therein
are described by a Borel measure on a distinguished family of Hilbert-space
operators of rank at most 2n, where n is the characteristic spin dimension.
An important role is played by those operators which have maximal rank,
the so-called regular points. In a recent work [§], extending methods and
results from [6] to the infinite-dimensional setting, the authors were able
to demonstrate that such a distinguished family has the structure of an
infinite-dimensional Banach manifold. Some fundamental properties, such as
the chain rule, are then analyzed in the case of Hélder-continuous functions.
In particular, the examples of the causal Lagrangian and its integral over
spacetime are discussed and proven to satisfy local Holder-type inequalities.

The main objective of this paper is to study local Holder-continuity of
the integrated Lagrangian in the concrete example of Dirac sea vacua in
Minkowski Space. With this in mind, the preliminary and uppermost task
is to prove that the causal Lagrangian is in fact integrable on Minkowski
Space: such a proof boils down to proving the integrability of the fourth
power of the corresponding kernel of the fermionic projector. This is the
content of Propositions 5.4 and 6.4 and it is the main conclusion of Sections
5 and 6, where also explicit realizations in terms of Bessel functions are
carried out. The proofs of the aforementioned propositions are quite labo-
rious and for this reason postponed to Appendix B. In Section 2 the basic
preliminaries on causal fermion systems are provided, placing particular em-
phasis on their primary topological features, such as the continuity of the
eigenvalues and of the Lagrangian and the existence of continuous families
of pseudo-orthonormal bases of the spin spaces. To this aim, some general
results on the dependence of the eigenvalues on the corresponding operators
are recalled in Appendix C. In Section 3, we then provide and further elab-
orate on the necessary preliminaries on local Holder continuity from [§]. In
particular, we introduce the notion of an admissible point and prove local
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Lipschitz continuity on regular points of the generalized inverse function g,
which appears in the fundamental condition of Theorem 3.5. Such no-
tions are concretely implemented later on in Section 7, for the causal fermion
systems describing Dirac sea vacua in Minkowski space (whose construction
and some useful properties are compactly recalled in Section 4). More pre-
cisely, focussing on perturbations of spacetime which are realized as regular
variations of the local correlation operators, we are able to prove Holder-
type estimates of the integrated Lagrangian which are quantitative, in the
sense that they are expressed in terms of the L' norm of the wave func-
tions forming the spin spaces. As a conclusion of Section 7, we provide and
discuss a few examples, showing how the aforementioned variations can be
concretely realized in practice. In this respect, more emphasis is placed on
the general method of varying the regularization operators (see Example 4),
which is later analyzed to first order in the concrete example of variations of
Minkowski Dirac sea vacua induced by electromagnetic fields (Example 5).
In Appendix A some necessary properties of the Bessel functions of the sec-
ond kind are recalled. Finally, for the sake of readibility, several proofs of
the paper are postponed to Appendix D.

2. Basics on causal fermion systems
2.1. The general setting

We start with a brief summary of the basic mathematical objects in the
theory of causal fermion systems. We only recall those structures which will
be needed in this paper (for a more complete account see [5, Section 1.1]).

Definition 2.1. Given a separable complex Hilbert space (H,(.|.)), we
let F C L(H) be the set of all self-adjoint operators of finite rank which
(counting multiplicities) have at most n positive and n negative eigenvalues.

Note that the set F is not a linear space, because the sum of two op-
erators in F will in general have rank larger than four. In fact, F has the
structure of a closed double cone, meaning that F is closed in the sup-norm
topology and that for every A € F, the ray RA is also contained in F (see
[16, Theorem 4.2]).

Next, we let p be a Borel measure on &, where by a Borel measure
we always mean a measure on the Borel algebra on F (with respect to the
sup-norm topology).
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Definition 2.2. The triple (H,F, o) is referred to as a causal fermion
system.

The parameter n is called the spin dimension. A causal fermion sys-
tem describes spacetime together with all structures and objects therein.
Spacetime, denoted by M, is defined as the support of p,

M :=suppp C F.

Equipped with the sup-norm topology, M is a topological space. The fact
that spacetime points are operators gives rise to additional structures. For
every x € F we define

Spin space at x: Sy := z(H)

It is a subspace of H of dimension at most 2n. It is endowed with the spin
scalar product (at x),

(2.1) <= ]xe) P S x Sy = C,

which is an indefinite inner product of signature (p, q) with p,q < n.

Each spin space can be decomposed into the orthogonal direct sum (with
respect to the Hilbert scalar product) of the positive and negative spectral
subspaces of x (as an operator on H). More precisely,

(22) Se=5; &85 with S} :=x,(H)and S; =x_(H),

where x4t are the positive and negative components of the operator x, i.e.

(2.3) X=Xy +Xx_, Xy:= x+ [x] and x_ = il
2 2

We denote their dimensions by

(2.4) n(x) := dim SF < n.

By construction, on the subspaces S, S, the operator x is positive and
negative defined, respectively. More precisely,

x\s; = \st;r and x|5; = —’x||s;~

As a consequence, ST, S, define negative and positive definite subspaces
of (2.1)), respectively. Moreover, they are orthogonal to each other also with
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respect to the spin scalar product. In other words, the subspaces Sf de-
fine a canonical fundamental decomposition of the indefinite inner space
(Sx, { Tyt >‘x).

2.2. Continuity of eigenvalues and the Lagrangian

Many fundamental structures in the theory of causal fermion systems, such
as the Lagrangian or the corresponding causal action, are defined explicitly
in terms of the eigenvalues of (products of) operators in F. In order to
study the continuity of such functions, it is then primary to elaborate on
the topological interplay between operators in F and their eigenvalues. In
this section we review some of the most elementary results in this regard.

Let us first study the individual operators x € &F, we will then discuss
products of the form xy. Referring to Appendix C, we collect the correspond-
ing positive and negative eigenvalues (repeated according to their multiplic-
ities) into sequences

{)‘f(x)}keN C Ry,

where we adopted the convention that )\f (x) =0 for every k > ny(x) and
where the eigenvalues are enumerated by non-increasing absolute value.

Since every spin space is at most 2n-dimensional, it is convenient to
consider only the first 2n elements of the sequences above and reorder them
as follows:

X

{A,;(x) if1<k<n
k-

A () ifn<k<2n

With this definition, the A}, cover all of the spectrum of x (possibly up to
the eigenvalue zero in the case dim Sy = 2n), with its elements repeated
according to their multiplicities. Applying Proposition C.1, we then have
the following result.

Proposition 2.3. Let x,y € F. Then, for every k € {1,...,2n},
i =A< =yl

This result shows that, as long as the right ordering is chosen, the eigen-
values can be arranged to be Lipschitz continuous on F. It is important to
stress that it is in general not possible to carry out a similar arrangement
for the eigenvectors, so that they depend continuously on the operators, as
a famous example by Rellich shows (see Example 5.3 in [I3, Section II.5]).
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Nevertheless, continuous families of pseudo-orthonormal bases can always
constructed in neighborhoods of regular points (see Section 2.3).

As a next step, we study products of the form xy. Note that such opera-
tors are in general not self-adjoint, nor normal, for the two factors may not
commute.

The product operator has n(xy) < 2n non-zero eigenvalues. Let us in-
troduce

(2.5) Mo A € C with |2 > - > A,
where, repeating according to the algebraic multiplicity,

(1) XY for 1 <k < n(xy) are the non-zero eigenvalues of xy
(2) AY =0 for all n(xy) <k <2n (whenever n(xy) < 2n).

If the operator xy is normal, then (see Appendix C for the notion of a
singular value)

N = sp(xy) forevery k=1,...,2n.

However, as already mentioned above, the normality of the product zy is in
general not satisfied for arbitrary x,y € J.

At this point, using Theorem C.3 and the fact that the function
below is independent of the enumeration of the eigenvalues, we have the
following result.

Proposition 2.4. The Lagrangian defined by

2n
1 2
i,j=1

is symmetric, non-negative and continuous.

The mutual relations between the eigenvalues define a causal struc-
ture in spacetime. This notion will be briefly addressed in Section 6 in
the example of Dirac sea vacua in Minkowski space. Two spacetime points
X,y € M are said to be

(1) Spacelike separated if all the /\fy have the same absolute value
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(2) Timelike separated if the /\fy are real and do not have the same
absolute value

(3) Lightlike separated otherwise

Given this definition, we see that (2.6)) vanishes for spacelike separated
points. In this sense, the Lagrangian is said to be causal.
To conclude this section, we recall other two fundamental objects of the

theory. For any x,y € M we define the kernel of the fermionic projector
by

(2.7) P(x,y) = myls, : Sy — Sk

This is a mapping from one spin space to another, thereby inducing rela-
tions between different spacetime points. A connected concept is the closed
chain, defined as

(2.8) Ay = P(x,y)P(y,x) : Sy — Sk.

Note that both mappings can be understood as finite-rank operators on H:
one simply needs to extend them by zero on the orthogonal of the spin spaces.
The spectrum of the closed chain coincides with the non-zero spectrum of
xy (see [5, Section 1.1.3]). Therefore, the kernel of the fermionic projector
encodes the causal structure of spacetime.

It follows directly from the definition that, for any fixex x € &, the map-

pings
Ay, and P(x, )

are continuous as functions from F to B(H), with respect to both the op-
erator and the trace norms (the latter case can be proved similarly as in
Proposition 2.4). Although this is all we need in this paper, it should be
stressed that continuity in the first variable may in general fail, as the next
simple example shows:

Let e € Sg¢. Then x(t) =t{e, -)e — 0
but 7wy = (e, -)eA0=m as t\0.

As we will see in the next section, such counterexamples are ruled out once
we focus our attention on maximal rank operators.
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2.3. Local signature and regular systems

The situation in which the spin spaces have maximal rank 2n is of great

importance: this turns out to be the case for Dirac sea vacua in Minkowski

space and also in presence of particles and anti-particles (see [16], Section 5]).
Referring to , we define the local signature at a point x € F as

sign(x) := (n—(x),n4(x))
In particular, dim Sy = n_(x) + n4(x).

Definition 2.5. A point x € F is said to be regular if sign(x) = (n,n).
A Borel measure on F is said to be reqular if every point of its support is
reqular.

This condition is clearly equivalent to the requirement dim .S, = 2n. It
is convenient to give the set of these operators its own symbol:

Fre& .= {z € F|sign(x) = (n,n)}.
Note that this set fulfills RLF™8 C F™&, but it lacks closedness.
Proposition 2.6. The following statements hold true.
(i) For all x € F there is an r > 0 such that
nt(x) <ng(y) for ally € By(x).
(ii) The set 3™ is an open and dense subset of F.

The set F™ of regular points owns much richer structures than what we
are going to need and discuss in this paper. Of all the features, it is absolutely
worth mentioning that F™8& can be equipped with an infinite-dimensional
smooth Banach manifold structure (see [8, Section 3.2]).

For regular systems, it is convenient to consider families of pseudo-
orthonormal bases which also respect the signature. Let us introduce the
stgnature vector:

(2.9) s:=(1,...,1,=1,...,—-1).
n—times n—times

For any regular point x € 3™, we say that a linear basis {e;}; of Sy is
faithful if it is pseudo-orthonormal with respect to the spin scalar product
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and if it respects the decomposition into positive and negative spaces of x,
i.e. if it satisfies:
. Sy ifj<n
Foralli,j=1,...,2n <ejlej>, =s;0;; and e; € )
SH o ifj>n

Any faithful linear basis of Sy can be turned into an orthonormal basis
with respect to the Hilbert scalar product. Taking into account the definition
of spin scalar product and the fact that the definite spin spaces S are
invariant under the action of any bounded measurable function of |x|, it is
not difficult to see that

(2.10) & =/|xlej, jef{l,....2n}

is a Hilbert basis of S, with respect to the Hilbert scalar product, which
also preserves the sign decomposition . Such bases can be chosen to
continuously depend on the spacetime points, at least locally. More generally,
we have the following result, which can be proved by combining the proof of
Proposition 2.6-(i) with a Gram-Schmidt orthogonalization argument. Also,
bear in mind that the function

Fox—/|x| € B(H)
is continuous in the sup-norm topology (see for example (1.5.16) in [5])

Proposition 2.7. Let Q) be a topological space and ¢ : 2 — FT be contin-
uwous. Then, for every wy € ) there exist 2n-continuous functions

ej : Qu, = H on an open neighborhood Q. of wo
such that, for every w € €, the set
{ej(w)|j=1,...,2n} s a a faithful basis of S, .-
This is called a local spin frame of p. The corresponding family of Hilbert
bases
& =Vl]p(-)lej: Quy = H
is referred to as a local Hilbert frame of ¢.

As a special example, one considers 2 C F® and as ¢ the identity map.
In this case, one simply talks of local spin frame and local Hilbert frame. Note
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that, by construction, any local Hilbert frame respects the decomposition
into positive and negative subspaces of the spin spaces. Whether such
frames can be chosen globally on {2 depends of course on the topological
properties of the mapping . This is in fact true in the example of Minkowski
vacuum, as we will see later in Proposition 4.6.

To conclude this section, as already mentioned at the end of Section 2.2,
we stress that the kernel of the fermionic projector and the closed chain
are in fact continuous in both variables, when evaluated on F™&. This can
be seen, for example, exploiting Proposition 2.7, which yields, with obvious
notation,

n 2n
Tow = DG 6w) and wf = S (&) &(w).
Jj=1 Jj=n+1

The continuity of the local frames imply the continuity of the corresponding
projectors.

3. Holder continuity of the integrated Lagrangian

In [8, Section 5] the continuity properties of the causal Lagrangian are
analyzed in detail. In the present work, we are mostly interested in Remark
5.4-(2) therein, whose statement is summarized in the next theorem for
convenience. By my we denote the orthogonal projector on a closed subspace
U of H.

Theorem 3.1. FEach x € F\ {0} has a neighborhood U C F such that the
nequality

(3.1) LG, y) = L) < el syl 1 — 2I|°

holds for allz € U and for ally € F, where J := span{Sy, S} and the con-
stants ¢, a depend only on the spin dimension.

This estimate provides a Holder-like inequality for the Lagrangian. The
explicit form of the parameters ¢, can be found in the aforementioned
reference and it is not relevant for the purposes of this paper. We want
to exploit the inequality to analyze the Holder continuity of another
function, namely the integrated Lagrangian. First, we need to distinguish
the spacetime points for which such a function is well-defined.
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Definition 3.2. Given a Borel measure p on F, a point x € F is said to be
admissibile for p if L(x,-) € L*(M,dp). We denote the set of admissible
points by Adm(p). For such points, the following function is well-defined:

(3.2) ¢:Adm(p) 5 x — /M L(x,y)dp(y) € Ry

The function ¢ plays a crucial role in the analysis of the causal action
principle, for the corresponding FEuler-Lagrange equations demand that ¢ is
constant on the support of minimizers (see for instance [7, Section 2.2]). In
particular, for such minimizing measures, one has that M C Adm(p).

We now give a sufficient condition for a spacetime point x € M to be
admissible, which involves the integrability of the kernel of the fermionic
projector. To this aim, we first introduce the generalized inverse opera-

torsﬂ
0 ifx=0

For all x € F let g(x) ::{(x\s)_l@o if x £ 0

It readily follows that
g:F—=F, g(F™) CcTF and gx)x=xg(x) = my.

Moreover, g is continuous on F'°¢, as made clear by the following statement,
whose proof can be found in Appendix D.

Lemma 3.3. For every x € F™¢ there exists B,(x) C F' such that

le(w) — g@)|l < 6llg)I*[ly — x| for all y € By (x).

Thus, g is continuous on F™&. Moreover, g is everywhere discontinuous on
F\ Fres,

We now consider the following two inequalities, where the norms are
as always the operator norms. The first estimate follows directly from the
general properties of operators and eigenvalues (recall that the spectrum of
A,y coincide with the non-zero spectrum of xy), while the second one follows

Tn [§] the generalized inverse g(y) of y € F is denoted by Y !
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from the properties of the generalized inverse.

D) N < 1Ayl < IPCy)IIP(Y, x)l| - for alli=1,....2n,

i) [Py, )| = llmy x| = lle(y) y me x|
< llg@)lllxllllme yll = [l P eyl

The next result is a direct consequence of these estimates and the defini-
tion of the Lagrangian ({2.6)). For technical simplicity, we here make the the
additional assumption that the measure p is reqular, i.e.

M C Free,

In this case, the integral below in is well-defined, for the integrand is
continuous for any fized x € F (see the discussion at the end of Section 2.2
and Lemma 3.3). It should be stressed that this condition may in principle
be relaxed, because Proposition 3.4 applies in fact to every Borel measure
on whose support the generalized inverse is measurable. Note, though, that
regularity is indeed realized in the important example of Dirac sea vacua
in Minkowski Space. The last statement of Proposition 3.4 follows trivially
from P(0,y) = 0.

Proposition 3.4. Let p be reqular. Then, any x € F that satisfies the fol-
lowing condition is admissible:

(3-3) /M PG I s 1* doly) < oo

In particular, the trivial point x = 0 is always admissible.

Although being well-defined, the function £ may in general be discon-
tinuous on the set of admissible points and additional assumptions on the
measure must be given in order to achieve regularity of any kind. Here, we
state a strengthened version of condition (3.3)) which is sufficient to imply
local Holder continuity.

Consider an admissible point x € ¥\ {0} and let U be a neighborhood
of x as in Theorem 3.1. Let now

z € Adm(p) NU (# 0, as it contains x) .
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From , one then immediately infers that
) = £62) < [ 1£ey) = £zl dp(y) <
< ellx]* 7 flx — 2| /M 7wy y 7)1 dp(y),

Following the argument as in [8, Theorem 5.9], the integral on the right can
be estimates in terms of the kernel of the fermionic projector, namely,

/ Iy dpy) < 8 / PG )[4l doty)
M M
o / 1Py 4l doy).
M

As above, the integrands are continuous and hence the integrals are well-
defined. Having control on the L*-norm of the kernel of the fermionic projec-
tor, the above estimates provide Holder continuity conditions for the func-
tion £. In particular, the integrated Lagrangian is continuous. More generally,
one has the following slight generalization of [8, Theorem 5.9]. This result
follows directly from the estimates just proven and Proposition 3.4.

Theorem 3.5. Let p be regular. Let Q) be a topological space and let G €
C° (2, F) satisfy

(3.4) sup / IPG @) I )] doly) < oo.

Then, the following properties hold.
() G(Q) € Adm(p),

(ii) Let wo € Q satisfy G(wo) # 0. Then, there is a neighborhood Qy C
of wg and a constant K > 0 such that, for all w € Qg,

[6(G(w)) = £(G(wo))| < K [|G(wo) > |G (w) = Glwo) ||
In particular, ¢ o G is continuous at wy.

In the special case of translation invariant systems, such as Dirac sea
vacua in Minkowski space, the spacetime operators are unitary equivalent
to each other, ||g(y)| is then constant on the support of the measure (see
(iii) in Section 4.4) and can therefore be neglected from condition .
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In this paper we will see how the strategies explained in this section
can be implemented in the specific example of causal fermion systems in
Minkowski space. More precisely, we will consider perturbations of regular-
ized Dirac sea vacua, realizing the function GG above as a continuous trans-
formation of the local correlation function (see Section 7).

4. The Dirac equation in Minkowski space

In the present work we mainly focus on causal fermion systems obtained
by regularizing the vacuum Dirac sea in Minkowski space 4 as analyzed
in detail in [5], [9] and [16], where we address the interested reader for
more details. For notational simplicity, we work in a fixed reference frame
and identify Minkowski space with R"3. This is endowed with the standard
Minkowski inner product of signature convention (+, —, —, —), denoted here
by u-v. We denote spacetime indices by 4,5 € {0,...,3} and spatial indices
by «, € {1,2,3}. We use natural units & = ¢ = 1. The Minkowski metric
gives rise to a light cone structure: The sets

Lo={¢eM|s-§=0}, Ip={{cM[-£>0}, Jo={{ecM|S-&=0}

are referred to as the null cone, interior light cone and closed light cone,
respectively. By translation, we obtain corresponding cones centered at any
point € R'3. They will be denoted by L., I, and J,, respectively. Similarly,
one denotes by J(K) the closed light cone generated by a compact set K. An
index A or V will indicate the lower and upper half of the cone, respectively.

4.1. The equation and its solution space

The starting point is the free Dirac equation. Let us introduce the differential
operator

(4.1) D :=iy79; —m: C®(R* C*) — C®(R* C*).

From the theory of symmetric hyperbolic systems, it follows that, for every
t € R, the Cauchy problem

Df =0
2 {f(t, )= e Co(®S,CY

admits a unique smooth solution. Moreover, finite propagation speed ensures
that solutions with compactly supported initial data are spatially compact,
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i.e. they belong to the space
CX(RY,CY) = {f € C°([RY,CY | f(t,-) € C3°(R3,CY) for all t € R}.
This determines the following class of linear isomorphisms: For t € R,
E; : C3°(R3,CY) — H := ker D N C2°(R?, CY),
E(p)(X,-) = ¢,

which propagates the compactly supported initial data at time ¢ to all of
spacetime.

The linear space H¢ is independent of the chosen time ¢ in (4.3 and
can be given a pre-Hilbert space structure by equipping it with the L?-scalar
product on the initial data,

(4.3)

(4.4) (f,9) = £(0,%x)7g(0,x) d®x for all f,g € JC |
RB

where the dagger denotes complex conjugation and transposition. The in-
tegration over any other Cauchy surface {t = const} would give the same
result, due to current conservation.

The inner product makes the mappings E; linear isometries once we
endow C§°(R3,C*) with the standard L?-product. The one-particle Hilbert
space is defined as the Hilbert space completion of J(5¢. It coincides with the
topological completion of H}S within the space of locally square integrable
functions,

Hp := FC € L (R, CY).

loc

The corresponding scalar product will be denoted by (-|-),,. As a conse-
quence, the isomorphisms E; extend continuously to a unitary operators on
the space L2(R3,C*), which will be again denoted by E;. It is important to
stress these operators gives back the unique smooth solution of also
when they acts on smooth functions of L?(R3, C*) without compact sup-
port. This is a direct consequence of the energy inequalities and uniqueness
of weak solutions for symmetric hyperbolic systems.

The operators E; induce a time evolution on the initial-data space
L2(R,CY),

Uty : Rt E7VE, € B(LA(R3,CY)).

This mapping turns out to be a strongly-continuous one-parameter group of
unitary operators. Its self-adjoint generator is the Dirac Hamiltonian:

H = —in"04 + myo, D(H):=W"R*CY) (with Uy, = e 1)),
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The spectrum of H is purely continuous and given by {w | |w| > m}. This
form of the spectrum corresponds to an orthogonal splitting of L?(R3, C*)
into a positive and a negative spectral subspace of H. Through the isometries
E; this orthogonal decomposition can be lifted to a corresponding splitting
(which is independent of )

Hon = K @ 3.

To conclude, we note that the action of the operators E; can be merged
into the following function

(45) E: C®R3 CYnL*R3CY — CO(R* x R, CY),
‘ E[‘P](ta)(; 5) = ES(SO)<t7X)'

In the next section we will see how these mappings can in fact be represented
as distributions in spacetime.

4.2. The causal propagator and frequency splitting

In this section we recall the construction of the causal propagator of the
Dirac equation and its corresponding frequency (or energy) splitting. It
should be stressed that this is a general method, which applies also in pres-
ence of static electromagnetic fields.

In the remainder of the paper we will use the following notationﬂ

D(R",C™) := CL(R",C™), D'(R",C™) := B(D(R",C),C™),

where by B(X,Y) we denote the space of linear and continuous function
between the topological vector spaces X, Y. All spaces above are equipped
with the standard topologies of distribution theory. Notice that every
T € D'(R",C™) is equivalent to the assignment of a family (T,)e=1,. m C
D'(R™, C) determined by T, (¢) = T(¢),. For simplicity of notation, we omit
the symbol of the target space when m = 1.

2Similar conventions apply to the spaces of compactly supported and tempered
distributions.
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4.2.1. The causal fundamental solution. As a first step, we
rewrite (4.5)) in the following way:

(4.6) E:D(R3,C") 3 ¢ — E[g] € D'(R* x R, CY),

where the action of E[p], is given in terms of the standard L? product.
Exploiting current conservation and finite propagation speed, the following
result follows from a compontentwise application of the Schwartz Kernel
Theorem to ({4.6]).

By s we denote again the signature vector of the spin scalar product
(see ), which in the current case is given by

SH = (’Yo)uu n= 17 27 37 4.
Theorem 4.1. There exists a unique k € D'(R* x R* Mat(4, C)) such that,
(. Blheu),) o) = v kT @ B)  for all h € D(ES), | € DE),

and all indices pu,v =1,2,3,4. This is called the causal fundamental so-
lution.
Formally, for all ¢ € D(R3,C*),

E[g](t, x;5) = /R k(t,x;5,y) 7" o(y) dy.

Moreover, in the sense of distributions,
[idy, — m]k = 0.

Let u € D(R*,C*). Then, the following function k(-,u) belongs to I :

k(x,u) ::/E[u(s,-)](x,s) ds
R
Formally,
) = [ K)o uly) 'y
R4
Finally, supp k(-,u) C J(suppu).

We now consider the projection of this distribution onto the positive and
negative energy subspaces of the Dirac Hamiltonian. The negative compo-
nent plays a distinguished role in the theory of causal fermion system.
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4.2.2. Frequency splitting. Let I* € B(L?(R3,C*)) denote the orthog-
onal projectors onto the positive and negative spectral subspaces of the Dirac
Hamiltonian H. It can be shown that these operators maps compactly sup-
ported functions into smooth (Schwartz) functions (see [16, Section 2.2]).
Thus, similarly as in the previous section, we can define

(4.7) E*: D(R? CY) 3 ¢ — E[IT¢] € D'(R* x R, CY).

The following result can be proved with a similar argument as in Theo-
rem 4.1.

Theorem 4.2. There exists unique PT € D'(R* x R* Mat (4, C)) such that
(f7 Ei[heu]u)L2(R5) = Sy Pﬁ(?@ 90) for all h € D(R3)7 f € D(R5)a
and all indices u,v =1,2,3,4. P~ is called the kernel of the fermionic

projector.
Formally, for all ¢ € D(R3,C*),

EX[p](t,x;8) = | PE(t,x;5,y)7" oly) Py.
R3

Moreover, in the sense of distributions,
[231 - m}Pi =0.

Let u € D(R*,C*). Then, the following function PE( -, u) belongs to 3 :
PE(z,u) == /REi[u(sj')}(:E,s) ds
Formally, one writes
P = [ PE) b .

It should be stressed that the construction in Theorem 4.2 can be carried
out also in presence of a static electromagnetic field, although the function
(4.5) may in general be more complicated to handle. In our specific setting
of a free particle, the kernel of the fermionic projector has the following
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explicit representation

e [ e e e
(48)  Praw)i= [ (e m) 56 - m?) O(ko) -

It is important to note that the projection onto the positive or negative
energy spaces destroys localization. More specifically, solution with fixed sign
of the energy cannot have spatially compact support. This is the content
of Hegerfeldt’s theorem (see [12]; for the connections with causal fermion
systems in Minkowski space see [9]). In other words, the distributions P*
are not supported on the light cone. In particular, one sees that the kernel
of the fermionic projector is not causal, for it does not vanish for spacelike
separated points.

4.3. Regularization by smooth cutoff in momentum space
In the context of causal fermion systems, in order to take into account the
presence of a minimal length scale, an ultraviolet regularization is intro-
duced. This can be done in several different ways. For technical simplicity,

in this work we focus on simple cutoffs in momentum space. The starting
point is the following observation, whose proof can be found in the appendix.

Lemma 4.3. Let ) € L*(R3,C*) and e > 0. Then, e <Hlyp € C°(R3,C*).

Because smooth initial data evolve into smooth solutions, the com-
position of the propagating operator Eg with the contraction operator in
Lemma 4.3 provides a good candidate for a regularization operator:

(4.9) Re : Hpm 3 Eo(1) — Bo(e =) € H,p,.

This mapping fulfills the following properties, where I.= denote the orthog-
onal projectors in H,, corresponding to (4.5)):

(1) Re(IE (Hpn)) C LE(H,,) N O (R, CH).
(ii) MR is bounded, symmetric, injective and fulfills ||R.]| < 1

(iii) Reu — w as € N\, 0 for every u € H,,.
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(iv) There is C' > (] such that |R.u(z)| < C|ully for all u € H,, and
r € RL3.

(v) For all z € R? and § > 0 there is r > 0 such that
|Rou(x) — Reu(y)| < d||ully,  for all u € Hyy,, y € By(x).

For a proof of points (i)-(iii) see for example [9, Proposition 2.5]. Points (iv)-
(v) can be proved similarly working in momentum representation, where
the regularization operator corresponds to a multiplication operator
given in terms of a exponentially decaying Schwartz function (see for exam-
ple ([.15)).

The following definition will be exploited in Section 7.2, when the Holder
continuity of the integrated Lagrangian is studied under variations of the
regularization operator.

Definition 4.4. Let ) be a topological space and H C H,, a closed sub-
space. The space of (spinorial) evaluation operators of H on 2 is defined

by

£(Q,3,CY) = {A € G, B(H,CY)) | sup [|A(x) | 3e,c0) < oo} :
xef)

where C* is equipped with the standard FEuclidean scalar product.

By means of such operators, one can represent the vectors in H in terms
of arbitrary continuous spinor-valued functions on Q:

(Au)(x) := A(z)u € C*, foruec H, =€ Q.
The boundedness and continuity conditions will prove useful in Section 7.2.
Note in particular that A(x) € B(H,C?) for every x € Q. Therefore,

equipping the spinor space with the canonical

(4.10) Spin scalar product <a,b= = a'~4% for all a,b € C4,

3C may depend on the point z for regularizations of more general type (see [5,
Definition 1.2.3]).
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one can take the adjoint of A(z) with respect to the Hilbert scalar product
and the spin scalar product 1D

A(z)* € B(CHH), =<a,Alx)u- = (A(x)*a|u)m

(4.11) .
for all @ € C* and u € K,

where again the symbol B(C* H) refers to the Euclidean scalar product
of C*.

The regularization operator already provided us with a canonical
realization in terms of continuous wave functions. In fact, using points (i),
(iv) and (v) above, it is not difficult to prove that 2. fulfills the conditions
of Definition 4.4. More precisely, we have the following result.

Proposition 4.5. Let R.(z):= (R.-)(x) for v €RY. Then, R, €
E(RY, K, CH).

Such a regularization operator admits a corresponding regularized dis-
tributional kernel. To obtain this, we modify (4.7) to

EX : D(R?,CY) 3 ¢ = Ele (1T )] € D'(R* x R, CY).

Using again the Schwarz Kernel Theorem, one obtains a regular distribution
on R* x R%, called the regularized kernel of the fermionic projector,
which can be explicity represented as follows (cf. (4.8))),

(4.12) Pi(z,y) = /R (def)z&(kQ ) ©( ko) (K 4 m) el =ik o)

Such distributions fulfill the following properties (see [9] or [16]).

(i) P € C®(R* x R* Mat(4,C)) and |DYP5 || < oo for any multiindex
.

(ii) P5(-,z)a € HZ for all a € C*

(iii) Let v € L%(R3,C*) N L*(R3,C*). Then,

R(BE0)@) = [ Pilasy) "oy .

4The ordinary adjoint with respect to Euclidean scalar product of C* is A(z) =
A(z)*°
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The integral in (iii) is to be understood in the standard sense of Lebesgue’s
integration. By definition of P¢, if the function ¢ is smooth and has compact
support, the same identity can also be understood in the distributional sense.
In the next section we resume the construction of a causal fermion system
associated with the Dirac equation and the regularization operator.

4.4. Causal fermion systems in Minkowski space

From now on, we always restrict attention to the negative energy subspace
H,, =1 (Hn)

Given the regularization R, Proposition 4.3-(iv) and Fréchet-Riesz Repre-
sentation Theorem ensure the existence of a unique operator-valued function

Fe:RY — 9B(3())

which encodes information on the local behavior of the wave functions in .,
at any point € R via the identity

(4.13) (u|Fe(z)v) = —<Reu(z) | Rev(x)>  for any u,v € H,, .

The function F¢ is referred to as the local correlation map. The con-
struction and a few properties are summarized in the following (see [16] or

[90)
(i) F&(R*) is a closed subset of F8,
(ii) F€ is a homeomorphism onto its image.
(iii) F*(x) and F¢(y) are unitarily equivalent for all z,y € RS,
(iv) Fé(z)u =27 P%(-,z) (Reu)(x) for all u € H,,
(v) op(Fe(z)) ={0,v(¢),vT(e)} with v () >0 and v~ (g) <0

(vi) The vectors e}, (z) := P°(-,x) e, with p € {1,2,3,4} fulfill

o @ p=1.2
Fe(z) e}, (7) = {,ﬁ(g)eg(x) pw=3,4,

where {¢, | u € {1,2,3,4}} denotes the canonical basis of C*.
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(vii) 27 (P*(-,2)a| P*(-,yx)b) = —=<a| P*(z,y)b> for all a,b € C*.

The explicit form of the eigenvalues v* () in points (v)-(vi) can be found
in [9] (where it differs by a factor 27) and is not important for the purposes
of this paper. The only crucial observation is that they do not depend on
the point z, which is a consequence of translation invariance. Point (iii)
is another manifestation of this fact. Exploiting the rotation-invariance of
the converging factor exp (—ew(k)), the kernel of the fermionic projector
becomes (see for instance [9, Remark 2.10])

- 1 (v (e)l 0
P2 (:U,x):%( g 2 1[*‘(5)]12).

From (vi) we see that the vectors ej(x),e5(x) belong to the negative
spectral subspace of F¢(z), while e5(x),ej(x) belong to the positive one
(compare with Section 2.1). Moreover, it follows from (vii) that these four
vectors are orthogonal. Therefore, after a suitable renormalization, we get
the following result. The continuity of can be proved working in mo-
mentum space, using , and Lebesgue’s dominated convergence
theorem.

Proposition 4.6. The family {é1,é2, é3,é4} defined by
AE 4 27 15 —
(4.14) e RES 2= ——=P(-,2)e, € H,,
[vu(e)]

is a global Hilbert frame on R* in the sense of Proposition 2.7. The corre-
sponding global spin frame is

2
vu(e)]

The wave functions spanning the spin spaces have the following three-
dimensional representation, which can be obtained by carrying out the k°

integration in (4.12)),
d*k

3 - _ 0 —ew(k) i(w(k)(t:—t.)+k-(z—x))
@15 Plea) = [ G990 |

RY> 2

Pe(-,x)e, € 3,,.

where

+m
wk) = VE2 +m? and p-(k) = %2 L0 70’k0:—w(k)‘



3272 Marco Oppio

These wave functions are peaked around the light-cone centered at x and
decay faster than any polynomial at spatial infinity. More precisely, due
to the exponential converging factor in and the invariance of the
Schwartz space under Fourier transform it follows that

(4.16) PE(t,-,2)a € S(R®,CY) ¢ LY(R3,CY) forallt € R.

The e-scaling of these distinguished quantum states can be exploited to
recover the causal structure of Minkowski space, for details see [9)].

Exploiting the continuity of the function F¢, it is possible to take the
push-forward of the Lebesgue measure of R* into F. The causal fermion
system on I induced by

Prac = (F). (d4x)

is referred to as a regularized Dirac sea vacuum. Points (i) and (ii) below
(4.13]) imply a one-to-one correspondence between points in Minkowski space
and points in the support of the measure pya.. More precisely,

Myac := supp pyac = Fe(RL:i) C gree.

Moreover, for every x € R13 there is a canonical identification of the space of
Dirac spinors with the spin space at the corresponding point of F¢(x) € M,

(4.17) Dy 1= R (2)[Spe s, Oe(z) = Im F*(2) 3 u s Rou(x) € ct

(for details see [5, Proposition 1.2.6] or [16, Theorem 4.16]). This identifica-
tion is unitary, i.e. it is surjective and it preserves the spin scalar products.
As a final remark, we point out that the identification allows for an
explicit realization of the abstract kernel of the fermionic projector defined
in in terms of the regularized distribution introduced in (for
details see for example [16, Theorem 5.19)),

(4.18) &, P(F(z),F*(y)) @, = 21 P*(x,y)

The identification (4.18)) also provides us with a corresponding realization
of the closed chain (2.8]) in terms of the product of the two regularized
distributions,

(4.19) Aiy = (277)72 Qy Ape(2)Fe(y) @;1 = P2E(az, y)P2E(y, x).

The eigenvalues of this matrix will be briefly discussed in Section 6.
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5. The fermionic projector of the Dirac sea
in Minkowski space

In this section we analyze the explicit form of the fermionic projector of
Dirac sea vacua in Minkowski space and study its L*-integrability. As a
corollary, we will obtain integrability of the Lagrangian.

5.1. An explicit form in terms of Bessel functions

The starting point is identity (4.15)), which gives

3

P (z,y) = Zvj(af — )y 4+ B(x—y) forall z,y € RH3,
§=0

for smooth functions (with raised indices)

3
O(e) = -1 / TK _clle) gmi(-w(l)E k)
R

2 3 (27’1’)4

1 Pk k> ) 0
5.1 afey — = —ew(k) ,—i(—w(k)£"—k-§)
(5.1) vHE) =5 /R 2r)iwk) © ¢

1 d3k m e . 0

_1 (k) i~ w(E kE)
BLe) 2 /R3 (2m)* w(k) ¢ ¢
Note that
(5.2) v =198, j=0,1,2,3.
m

Using the results of Appendix A, it is possible to compute these expressions
explicitly in terms of the Bessel functions of the second type.

(i) The contribution B: Because this function is spherically symmetric in
the spatial variable, it is more convenient to evaluate it at & = (€9, se3),
for s > 0. In polar coordinates (r, 6, ¢):

m o0 r2 p— 4
= ——27 dr —— 67(5715 )m/ do Sineezrscosa
o) 2(2m) /o m? + r? 0

g sin(sr)

m 1 [ r (iR
= —— ; drﬁe sin(sr)

(27)3 s
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Introducing the notation

€ = (& + e, €),
the following result is a direct consequence of Lemma A.2.
Lemma 5.1. The contribution 8 in has the form

m?2 K (m —53)
N
Before moving on, we stress that the following function is analytic:

w2 Ky (my/?)
@ vz

(see Appendix A for details and notation). Moreover, notice that, for
all £ € RY3,

B(§) = for all € € RY.

(5.3) G:Qr2zm eC

(5.4) —& = (—& + & + &) — 2iely € Q.

With this notation, the contribution 8 can be rewritten more compactly
as

(5.5) B(&) =G(-€2)

Differentiating G, and exploiting the two identities in Lemma A.1, gives

2(27)3 \ 2 z (V7)?
m3  Ka(my/z)
2(2m)3 z

(ii) The contribution v?: Using (5.2)), (5.5) and (5.6) we can now compute

the integral expression defining the functions v7:

G'(z) = -

Lemma 5.2. The contribution v/ in (5.1]) has the form

m? Kj (m —53)

(2m)3 —& & for all € € RY3.

vi(E) =i
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Similar considerations as for 3 can be done for the functions v7: these
can be rewritten more compactly as

(5.7) V() =F(-€)¢, j=0,1,23,
where F' is the analytic function
2
(5.8) F:=—GG:Q,—C.
im
Putting all together, the following result follows.

Proposition 5.3. The kernel of the fermionic projector has the following
form:

Pe(x,y) = F(=&)§. + G(—€2)
(59) iy m2 Kg(m *63) m2 Kl(m\/*f‘?)
e —g Stew e
where F' and G are defined in and .

Now, we want to apply the asymptotics of the Bessel functions from
Appendix A in order to prove L*-integrability of the kernel of the fermionic
projector: this is the content of Proposition 5.4. To this aim, let us first
introduce the following notation:

For all M € Mat(4,C) we define | M|y := sup{|Ma||a € C*, |a] = 1}

The proof of finiteness of the right integral in (5.11]) is postponed to Ap-
pendix B, while the first inequality follows immediately from (4.19) and the

following identities (see (4.12])):
(5.10) =1 and P*(y,z) =~" P*(z,y)"7".

The independence of the integrals from the point x is again a manifestation
of translation invariance of the Dirac sea.

Proposition 5.4. Let x € RY3. Then,

2
(5.11) [ty < [Pl aty <

Moreover, both the right and the left integrals are independent from x.
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The proof of this proposition is based on several estimates which follow
from the asymptotics of the Bessel functions. Away from the light cone, the
regularized kernel converges locally uniformly to a smooth function
in the limit € N\, 0, which is obtained by simply setting € equal zero (see
[0, Section 1.2.5] or [9, Section 2.4]). This limit function clearly provides
a smooth representation of in this region. Therefore, away from the
lightcone, the same asymptotics of the regularized kernel apply to and
similar estimates can be carried out.

6. The Lagrangian of the Dirac sea in Minkowski space
6.1. An explicit form of the Lagrangian on Minkowski space

We want to obtain an explicit expression for the Lagrangian of the Dirac sea.
To this aim, we first need to compute the spectrum of the closed chain (4.19)

(6.1) AL, = P*(z,y)P*(y,2).

The explicit form of the eigenvalues of this matrix can be found in [5,
Lemma 2.6.1]. Here, we simply state the result.

Proposition 6.1. The spectrum of (6.1)) is formed by two eigenvalues N},
each with algebraic multiplicity two. Explicitly,

XY o= T + 68 £/ (07)2 — 1252 + (v + BT)?
E=z—y
where v, are the smooth functions introduced in (5.1)), with € replaced
by 2e.

The argument of the square root is a real number, but the sign can vary.
For negative arguments the eigenvalues form a complex conjugate pair. For
simplicity we henceforth use the notation A+ = a + /b, where a a,b are
real-valued.

By means of the homeomorphism

(6.2) Fe: R1’3 — MvaCa

we can pull the abstract structures on My,. back to Minkowski space RY3,
as was done for example with the kernel of the fermionic projector in (4.18))
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and the closed chain in (4.19). In particular, referring to (2.5)), we have

AT — )\11*“5(:13) Fe(y) _ )\gs(:v) F®) and A% = )\gg(m) Fe(y) _ )\4Fa(w) Fe(y)

In the same way, we can pull the abstract causal structure introduced after
Proposition 2.4 back to Minkowski Space and of course compare it with the
preexisting one. The corresponding causal relations between different points
are then determined by the sign of b. We can state it as a definition.

Definition 6.2. Two Minkowski Space points x,y € R such that
b(z,y) =0, b(z,y) >0 or bz,y) <0,

are said to be lightlike, timelike or spacelike separated (in the regular-
ized sense).

Accordingly, one can introduce corresponding (regularized) causal
cones

L : = {y e R | b(z,y) = 0}
I : = {y e RV |b(z,y) > 0}
J;:={y e R"? | b(z,y) > 0}

The regularized causal structure is connected to the values attained by
the Lagrangian. Note that the abstract Lagrangian as in Proposition 2.4
is defined on all of F x F. Restricting for the moment to spacetime points
which correspond to points in Minkowski Space through the local correlation
function , the Lagrangian reduces to the following function on R3 x
R13:

(6.3)
L5(x,y) == L(F(2), FE(y)) = (IA%] — [N))° = 2(a® + || — |a® — b)),

where in the last step we used the notation a + v/b for the eigenvalues. This
expression can be simplified even further. Indeed, note that

(v? = 8)(B° = 7%) = —|o? = | <0, hence
UQBz — %% + B%? < BQBQ, hence
b= (v0)? + v232 — 0?02 + 202 + 2BBvT < 5232 + (v0)? 4 26pBvT = a®.
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Therefore, a®> > b and hence |a? — b| = a? — b. As a consequence, (6.3)) re-
duces td’]

(6.4) Lo(z,y) = 2(|b(z, y)| + bz, y)) = 4[b(z, y) |+,

An explicit expression of (6.4) can be given using the Bessel func-
tions as in Proposition 5.3. Let us analyze the quantity b(x, y) in more detail.

(i) First, we show that (v0)? — v?0% = —4|F|*?|£|?, with F as in (5.8).
This follows from (5.7]), which gives, with £ :=y — x,

(UE)Q - U262 = ‘F‘4 [ gaj 5)2 - (fez gé) (feh 6?)]

I
=
W~
Py
o
+
.
O
no
|
~™
no
~—
no
|
—~
Iy
o
+
.
I
~—
[\
|
~™
[\
no
| IS

(

(
= |FI*[ (€2 +62)° - [¢2 - &2 + 2ieo ]
— ‘F‘4 [((52)2 —1—64 + 28252) o ((62)2 +€4 _ 25252 +4€2£3)]
= |F|* [46°¢® — 4°¢5] = —A|F|*e? (€]

(ii) The remaining contribution can be rewritten as follows, with G as in

(5-3).
(B + p1)? = 2Re((F G)*&2) + 2|F |G & - &
Summarizing, we have the following result.

Lemma 6.3. The Langrangian of the Dirac sea vacuum in Minkowski
Space has the following explicit expression on RY3:

L(F*(x),F*(y)) = 4|b(z,y)|+
b(z,y) : = 2Re((F G)?&2) +2|F]*|G|? & - & — 4| F|'*[¢]%,
where F and G are defined in (5.8), (5.3) and are evaluated at —&2.

As we already know from Section 2.2, the Lagrangian vanishes for space-
like separated points (in the regularized sense), and in this sense it is causal.

By |q|+ := (¢ + |q|)/2 we denote the positive part of the real number q.
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The features of the regularized light cone could in principle be analyzed
using the explicit expression for b as in Lemma 6.3. In particular,

ye L ifand onlyif ¢:=y—ax satisfies
AIF[*e?|€]* — 2Re((FG)?&2) = 2|FP|GP & - & =0

This, however, is not straightforward and only the behavior for small and
large vectors can be analyzed, exploiting the asymptotics of the Bessel func-
tions. Nevertheless, this goes beyonds the scope of the present paper and
will not be discussed here.

6.2. Integrability of the Lagrangian on Minkowski space

The integrability of the Lagrangian in Lemma 6.3 is a direct consequence
of, (6.3), Lemma 5.4 and the fact that

M| < A% (2, )], < |PF(,9)13,
which follows from ([5.10]) and general properties of matrices and eigenvalues.

Proposition 6.4. For all x € R?,

2 2

/ A2 gty = / A2V dty < oo

R4 R4

As a consequence,
L(F(x),F(y))d'y = | L(F(0),F(y))d'y < oc.

R4 R4

In particular, Myae C Adm(pyac) and £ o F€ is constant.
As in Proposition 5.4, the independence of the integrals above from the

point x is a direct manifestation of the translation invariance of the Dirac
sea.

7. Holder continuity in Minkowski space

Up to now, we have evaluated the abstract Lagrangian (2.6)) only on space-
time points of the form x = F¢(x). However, the Lagrangian contributes to
the causal action also through points which lie outside the support of the
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measure pyac. Studying which other points in F are actually admissible for
this measure is our next goal. The determination of all of these points is
out of reach, and hence one needs to tackle the problem in a different way.
We proceed in connection with Section 3 by studying the behavior of the
integrated Lagrangian under perturbations of spacetime points.

7.1. Regular variations of spacetime

The goal of this section is to study the admissibility of points of F which lie in
a neighborhood of M,,.. This is achieved by implementing variations of the
local correlation functions. Such variations can be obtained, for example, by
changing the regularization parameter € > 0. This and other few examples
will be discussed later in Section 7.2. In this paper we will be concerned
with the following type of variations.

Definition 7.1. A regular variation of the local correlation function is
a mapping

F e C%I xRY,F™8)  with I = (—6,8) CR and F(0, -) = F°.

Such a definition is quite general as we will see later in Section 7.2. In
principle, however, one could also include the following additional conditions:
Forall A e

(i) ImF(A, -) € F™8 is closed,
(ii) F(A, -) is a homeomorphism onto its image,

which hold true in the case of a Dirac sea vacuum (see (i)-(ii) in Section
4.4). Under these assumptions, one would obtain that

M)y :=supppy = F(\,RY),  where py :=F(\, - ). (d*z).
Moreover, the composition
(7.1) F(X, ) oF(0, )" : Myae = My,

would be a homeomorphism between Dirac sea vacuum spacetime and its
perturbation. Nevertheless, for the sake of generality, we will not assume
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such conditions at this stage. The drawback is that, in this case
My :=suppF(}, - ).(d'z) = F(\,R?),

and the function [7.I] between spacetimes may not be invertible.
To every regular variation F, a new class of spin spaces is assigned, which
depend continuously on the parameter A € I:

SF()\,z) = F()Ux)(j{r_n)a SF(O,J:) = SFE(J?)

From Proposition 2.7, we know that it is possible to find a local Hilbert
frame around any point (A, z). However, this is not needed for what comes
next and the following weaker notion will suffice for the goals of this section.

Definition 7.2. Let X be a set and f: X —TF™. A family e:=
{e1,e2,e3,e4} of functions e, : X — H such that

(7.2)  Aeu(z), p=1,2,3,4} is a Hilbert basis of Sy for all x € X,
1s referred to as a bare Hilbert frame of f.

Clearly, every Hilbert frame as in Proposition 2.7 is in particular a bare
Hilbert frame. The term bare was chosen with the intention of emphasizing
that, differently from (2.7), no topological assumptions are made on X, f
and e,.

Lemma 7.3. For any reqular variation F and any bare Hilbert frame e
of F,

4
(7.3) . IPEQ, z), F=()|I* d'y < CIP*(0,0)[5 Y %Re en(A, 2)[1,
pn=1

where the constant C' > 0 is independent of both F' and e.

Proof. Let us analyze the integrand. Let || - [[zs denote the Hilbert-Schmidt
norm. Then, there is C' > 0 which depends only the spin dimension such
that, for all A, x,vy,

IP(FN, 2), FE())I* = l|mp (0 FE ()12
< Cllrroun FE W) s = CIIF () mrom |l Fs-

At this point, using the fact that {e,(z), p =1,2,3,4} is by definition a
Hilbert basis of Sp(y,) and using the definition of Hilbert-Schmidt norm,
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we obtain:

4

||F6 (y)TrF()\,x) H%{S = Z<€H()‘¢ SL’) |7-‘-F5(>\,x)F€ (y)Fa (y)ﬂ-FE ()\,x)e,u(Aa m)>m
pn=1

4
= (2m)% Y (P(-,y)Reeu(A 2) ()P (-, y)Recu(A, 2) (9))m
pn=1
4

=21 ) [<Reeu(X 2) (1) P¥ (9, y) Re eu(A, 2) (y) -
pn=1

4
< 2m [P%(0,0)]2 D 1%z eu(A, 2) ()2,
pn=1

where we used the properties of F¢ in Section 4.4 and the fact that P*(y,y)
is constant in y, due to translation invariance. The claim follows from (a +
b)? < 2(a? + b?). a

We now improve these estimates, by showing that the L*(R*, C*) norm
of the wave functions in can be replaced by the L!(R3, C*) norm of the
corresponding initial data, giving in this way better control on the estimates.
To this aim, let us introduce the notation (see the beginning of Section 4.1)

wy = Eo(¥) € Hyny, o € LA(R3,CH).

We now focus our analysis on the space of solutions with integrable initial
data.

Lemma 7.4. The space of negative energy solutions with L' initial data
H(LY) = {uy € I, [ € L'(R?,C)}

is a dense subspace of H,,. Moreover, for all uy € H(L'),
(7.4) Reuy(x) = / P(x,0,2) Y0 (z)d®z  for all x € R*
RS

Proof. The denseness follows from the fact that (see for example [16, Lemma
2.17]).

I (S(R3,C*) c S(R3,C*) ¢ LY(R?,CY).
The second statement appears already at the end of Section 4.3. [l
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As a particular example, we see from (4.16)) that, for all 2 € R* and a € C*,
(7.5) PE(-,x)a € H(LY).

Remark 7.5. Note that the specific choice {t =0} in the definition of
H(L') has no relevance in what follows and was made out of mere sim-
plicity. The forthcoming analysis applies identically to any other choice of
Cauchy surface {t = const}. It is important to stress, however, that the def-
inition of H(L') depends on the choice made, in that the condition of being
L' is in general not preserved in time. As a consequence, different Cauchy
surfaces may correspond to different spaces H(L'). This ambiguity could be
removed by making additional assumptions: For example, notice that a solu-
tion is of Schwartz type at a given time if and only if it is of Schwartz type
at every time (see the general form in [16, Proposition 2.19]). Nevertheless,
the existence of a single instant of time with the above property suffices for
our purposes and the mentioned ambiguity will therefore no longer addressed
in this paper.

Lemma 7.6. For any u, € H(L') the following inequality holds,
[Reuy e <[P0, -)|[ze [l £r < oo
In particular, Re(H(LY)) € LR, CH).
Proof. From it follows that, for every uy, € H(L),
Sea@)l < [ du [ da | don [ @uloall) o))
X |P(2,0,21)|2| P (z,0,22)|2| P*(x,0,23)|2| P*(x,0, 24) |2

Thus, from Fubini Theorem, the generalized Holder inequality and the trans-
lational invariance of P¢,

4
R. 4t g( d3> Pe(z,0)[3 d*z,
[ mw@itdte< ([ w@ida) [ 1P

The last integral is finite, thanks to Proposition 5.4. (]

With this in mind, we now focus on trasformations of the local correlation
functions whose corresponding spin spaces are generated by L' initial data.
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Definition 7.7. A regular variation F is of L -type if for all X € I and
z € R4,

Srove = ImF(X, z) € H(LY).

For such transformations, one can combine Lemma 7.3 with Lemma 7.6
and improve estimates (7.3), getting better control on the L* norm.

Proposition 7.8. Let F be of L'-type and e a bare Hilbert frame of F with
(7.6) en( M) = uy, (ra) where Pu(\ x) € LY(R3).
Then, for all X € I and x € R?,
4
» PEN2), F)[* d'y < K D [lvu(r 2)|1:
pn=1

where the constant K can be chosen as C'|P?(0,0)|3 || P¢(0, - )||3..

This estimate can now be exploited in order to prove local Holder conti-
nuity of the Lagrangian along the continuous paths in F & generated by the
variation F. We first recall that, due to translation invariance, every F¢(x) is
unitarily equivalent to F(0). The factor ||g(F¢(z))|| in is then constant
and Theorem 3.5 applies. This, together with Proposition 3.4, gives the next
conclusive result.

Theorem 7.9. Let F of L'-type. Then, the following statements hold.
(i) F(\RY) € Adm(pyac) for all A € T

(ii) Let e be a bare Hilbert frame of F on an open set W C I x R* such
that, referring to notation ((7.6)),

(7.7) sup { [\ @)l | (N 2) €W, p=1...4} < co.

Then, every (Mo, xo) € W has an open neighborhood Wiy C W and C >
0, such that for all (\,x) € W7,

[L(F (X, 2)) = L(F(Xo, 20))| < CIIF (Ao, 20) ||~ [[F (A, 2) — F (Ao, o) [|*

In particular, the function £ o F is continuous on W.
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Condition can of course be taken as the starting point in the con-
struction of a transformation of the local correlation function, provided that
the defined varied wave functions 1,,(\, z) do generate Hilbert bases of the
spin spaces. This will be discussed in more detail in the next section.

7.2. A few examples

In this section we analyze in a few examples how variations of the local cor-
relation function can be implemented concretely and how the L'-condition
can be arranged.

Example 1:. Rescaling of the Regularization Operator. Let us
rescale the local correlation operators as follows:

F(\ z):=FF(2) with A € (—¢,¢).

The results in Section 4.4 do not depend on the parameter € > 0. In par-
ticular, the conditions (i) and (ii) after Definition 7.1 are fulfilled. From
Proposition 4.6 we know that

+)\< 1,)

2
=T P a)e,, withpe{l,..., 4}

VALCE PV

depend continuously on A and define pointwise Hilbert bases of the corre-
sponding spin spaces. Finally, note that, thanks to (7.5)),

en(A ) =¢;

eu(N,x) € H(Lq).

In conclusion, F is a regular variation of L' type.

Example 2:. One-Parameter (Semi-)Groups of Operators. Con-
sider a densely defined self-adjoint operator A on H,, and define a corre-
sponding variation of the local correlation function as

F(\ ) := eMF () e ™M,

The conditions (i) and (ii) after Definition 7.1 are trivially fulfilled. However,
F is not of L'-type in general. To arrange this, one needs to add additional
assumptions like

EM(H(LY)) € H(LY).

Operators of this kind are, for example, the translation generators P, in
R3 and the rotation generators .J, in R3. It should be noted, however, that



3286 Marco Oppio

these two examples only provide internal transformations of spacetime that
do not affect the support of the measure.

Similar transformations can be realized by replacing the operator A
above with A4, under the additional assumption that A > 0. In this case,
the family e=* defines a contraction semi-group. Note that both variations
are trivial at a point = whenever the corresponding operator F¢(z) commute

with A.

Example 3:. Variations of the Initial Data. Let us project the spin
spaces to the initial-data space

Gy :=Eg'(Sy) € L*(R?*,C*) for all x € F.
Let {é;}, be the global Hilbert frame as in (4.14). Then, the functions
Spea) 3 vu(z) =By (¢7) € SR, CY) € LI(R?, CY),

define an orthonormal basis of Gp-(;). One can modify these functions into
new wave functions 1,,(\, ), so that they depend continuously on (A, x),
remain orthogonal to each other and, most importantly, stay in L'(R3, C*).
This can always be done, at least locally. As an example, consider four
arbitrary functions

fu € EgH(3,) N LYR3, CY) with || fu]|z2 = 1,
and define, for any = € R?,
Y\, o) = () + My € By H(,) N LY (R, C*)

If A is chosen sufficiently small, the above functions are linearly independent
(see for example [16, Lemma 5.2]). By means of a Gram-Schmidt process,
the above functions can be turned into an orthonormal set which depend
continuously on both z and A.

Going back to the general case, given the functions 1, (x, A), the corre-
sponding transformed local correlation function can then be defined as

4

F(A,:L‘) = ZVM()V:CMEO(wM()‘?x))v >mE0(¢#()‘>x))

p=1

where v, are arbitrary continuous functions which preserves the signature
and reduce to v,(e) in the limit A — 0.



Holder continuity 3287

Example 4:. A General Method. We now discuss a method which
generalizes the examples discussed above. Thanks to Proposition 4.5, we can
reinterpret the regularization operator (restricted to H; ) as an evaluation
operator

M. € E(RY, K, CY, with R.(x) € B(IH,,CH.
In view of what comes next, it is also important to note that
(7.8) R(z): H,, — C* is surjective for all z € R,

which is a consequence of regularity (see end of Section 4.4, in particular
(4.17))). Referring to the spin scalar product in c* (see (4.11))), we have the
following characterization, which is a direct consequence of , and
(iv) in Section 4.4.

Proposition 7.10. For all x € RY and all a € C?,
(i) F*(z) = —Re(2)" Re ().
(ii)) Re(x)*a = 27 P°(-,x)a

Now, the idea is to modify the action of R.(x) at every point x € R3
and take point (i) in Proposition (7.10) as the definition of a new local
correlation operator. This approach is very general, as the following result
shows.

Theorem 7.11. Let F : R* — 78 be continuous. Then, for every xo € R4
there exists an open neighborhood Q,, C R* and an evaluation operator

(7.9) U e E(Qy,, H,,CH

such that, for every x € Q,, V(x) is surjective and satisfies

Assume further that F is bounded in the operator norm, it admits a global
Hilbert frame (as in Proposition 2.7) and it satisfies

(7.10) tr|[F(z)| > k>0 forallx € RL

Then, the mapping ¥ in (7.9) can be chosen globally on R*.
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In a few words, any continuous realization of Minkowski space in F'€ is
locally equivalent to a pointwise variation of the regularized vectors of J(..
Whether the evaluation operator ® can be chosen globally or not, depends on
the global topological and spectral properties of F. Note that the condition
of boundedness from below of the trace norm is fulfilled in examples
like Minkowski Dirac sea vacua. Therefore, for the applications in mind, it
seems sufficient to restrict attention to global transformation of this kind.

Definition 7.12. A variation of the regularization operator is a fam-
ily of evaluation operators of the form

U e &I xRYLH,, CH  with ¥(0,-) =R,
such that W(\, ) is surjective for every X € I and x € R*.

The last assumption in the definition above is needed in order to ensure
regularity. More precisely, we have the following result.

Proposition 7.13. Let ¥ be a variation of the regularization operator.
Then,

(7.11) F(\z):= U\ z)* U(\,z) € T  for every x € RS,
The function F : I x R* — B(H,) is continuous and bounded.

In this case, conditions (i) and (ii) after Definition 7.1 are not automat-
ically satisfied, and their validity needs to be checked case by case. Also
the L'-condition depends on how we modify the regularization operator.
From and point (ii) in Definition 7.10 we see that

R (2)*(CY) © H(LY).

In modifying PR.(z) one then needs to make sure that the adjoint of the
evaluation operator maps again into 3(L'). This needs to be checked case
by case.

Example 5:. Perturbation Theory. Although the general method pre-
sented in Example 4 could in principle be applied to most of the interesting
scenarios, a perturbative approach may sometimes be preferrable: This ap-
plies especially when only the first low-order terms of a variation are known.
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To understand this, let us assume that ¥(A, z) and F(\, z) from Propo-
sition 7.13 can be expanded in Taylor form around A = 0 up to order n € N,
i.e.

U\ 2) = > WP (@) + Ry (A z), 9O =%,

(7.12) P=0

F(A7 I’) = Z )\p F(p) (x> + Qn-‘rl()\a $)7 F(O) - FE;
p=0

where Ry41,Qni1 are remainder terms. The quantity X ) is called the p-th
order perturbation term of X . Such an expansion can always be arranged, as-
suming that the functions ¥ and F are sufficiently regular. The convergence
for n — oo is instead a trickier matter and may in general not hold.

An n-th order perturbation of Minkowski vacuum will then consist in
neglecting the reminder term in and focussing the analysis on the
truncated sum. It is important to stress, though, that such an approximation
of F(\, z) will in general no longer belong to F. One can nonetheless study to
which extent such a truncation fulfills the assumptions of a regular variation
of L! type.

Were we for example only interested in the first-order effects of a varia-
tion of spacetime, we would need to truncate to order p = 1, obtaining

(ef. (710)

F(\, 2) =2 FO () + AFD (2)

(7.13) = F5(2) + A(— Re()" ¥V (2) — 0O ()" Re(2)),

and the first-order perturbative analysis will then boil down to studying the
term between brackets in .

We will now see this in action in the concrete example of variations of
Minkowski Dirac sea vacua induced by electromagnetic fields. We will show
that is continuous and bounded for such perturbations and ranges
within H(LY).

Electromagnetic Fields in Minkowski Space. In presence of an electro-
magnetic field the Dirac operator is modified via the minimal coupling
0j — 0j —iA;, where A € C>®(R* RY) is a corresponding electromagnetic
potential, i.e.

D — D+ 4:C®R,CY — C®(R*,CY).
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The Cauchy problem with smooth initial data at time ¢ € R (4.2) becomes

D+A)f=
(7.14) { f(t,) =9 € C™R3CH’

As in the free case, it follows from the theory of symmetric hyperbolic sys-
tems that the Cauchy problem admits a unique global smooth solu-
tion.

Identifying the initial data at time ¢, it is possible to define a one-to-one
linear correspondence between smooth solutions of the free Dirac equations
and smooth solutions in presence of an external field:

(7.15) Pa:kerD 5 h — Palh] € ker(D+ A) with Pa[R](t,-) = h(t,-) .

This identification can be studied order by order in perturbation the-
ory by means of the following iterative method. Let us focus on the space
H,, N C®(R*, C*) of smooth solutions with L? initial data and negative en-
ergy. Assume for simplicity that the electromagnetic potential has compact
support and choose t sufficiently small so that the potential lies in the future
of t, i.e.

(7.16) AcCPRYRY) and supp A C {z e R |20 >t}
Starting from the unperturbed solution (see Section 4.1)
u, = Ey(p) € H;, NC®(R*, CY), e L*(R? CHNC™(R?CY,

one defines 775‘0) [u,] = u, and solves for p > 1 the inductive Cauchy prob-

lems
DPY ug] = —APY Vuy]

717
T PP lugl(t,-) =0

i

which again admit unique global smooth solutions. This gives rise to the
functions

(7.18) PP 30 nC®RY,CY 5 uy = PPuy] € C°RY,CYH, peN,.

A formal computation shows that the sum of all the contributions ([7.18|)
does indeed solve (7.14])). Without entering the mathematical details con-
cerning the convergence of such a series, we conclude from the uniqueness
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of the solution of the Cauchy Problem that ((7.15)) admits (at least formally)
the following perturbation expansio

(7.19) Pa 3 N OF(RY,CY) 3 up = Palug] = > PP luy).
p=0

In order to make a clearer connection with the perturbation expansion
(7.12]) we now multiply the electromagnetic potential by a coupling param-
eter:

A A, A e (=5,0).

By means of the identification ([7.15) and using that R.u e I N
C>(R*,C*) we can define a corresponding variation of the regularization
operator by setting

(7.20) U\, z): H, 3 u s Pya(Rou)(z) € C

(note that for A = 0 the variation ([7.20) does indeed give back the original
regularization operator). On the other hand, the uniqueness of the solution
of the Cauchy problem ensures that

73)(\12 = \P 731(41)) for all p € Ny.

Putting all together, we conclude that the p-th order perturbation term of
(7.20) is

(7.21) U@ (2): 3, 3 s PP [Rou(z) € C,

Some of the arguments carried out so far (as for example the conver-
gence of ) are just formal and would need a more solid mathematical
treatment. Moreover, whether fulfills the conditions in Definition 7.12
is not straightforward and will not be discussed here in full generality. We
will focus on the first-order perturbation term, of which a simple explicit
representation exists.

6This method is independent of the choice of ¢, as long as it lies in the past of
the support of the electromagnetic potential.
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A First-Order Perturbation Analysis. The starting point are the so-
called retarded and advanced Green’s functions of the Dirac equation,

sh, sy € D'(R* Mat(4, C)),

m»

which are defined as as the unique distributional solutions of
Dsy, = 5(4)114, with  suppsh, C Jov and supps,, C J{,

respectively (they are in fact tempered distribution: for an explicit form of
the kernel of these distribution see for example [, Section 2.1.3]). One can
check by direct computation that, in the distributional sense, the unique
solution of the Cauchy problem for p = 1 is given by the convolution

(7.22) PV ug) = —sf, * (Auy)

Note that this function is indeed smooth, being the convolution of a distri-
bution against a compactly supported smooth function. We then have the
first statement of the following result, where a formal integral representation
is used. The proof of points (i)-(v) is postponed to Appendix D.

Proposition 7.14. Let A be as in (7.16). Then, referring to (7.21)) and
(7.22) the first-order perturbation term is given by

(7.23)

D (z)u = —/ sh(x —y) Aly) Reu(y) d'y,  for x € RY3 and u € I,
Rél

Moreover, the following properties hold (cf. (7.13])).
(i) oM € (R, 3, CY),

(i) FO(x) := —R(x)* YD (2) = 0D (2)* R.(z) is bounded and self-
adjoint,

(iii) FW is continuous and bounded in the sup-norm topology,
(iv) FD(z)(FH) € H(LY). More precisely, for every t € R and u € I,

FO(@)u)(t, ) € S(R?,CY),

(v) FO(z) = 0 for every x ¢ JY (supp A).



Holder continuity 3293

As we know from Section 4.4, properties (iii) and (iv) are also satisfied
by the unperturbed local correlation function F¢. Let I = (—6,6) and let
us define the following first-order variation of the local correlation function

(ct. (713))
FI'(\, z) := F5(2) + AF)(z) forall z € R and A € I.

We see that F'*t is continuous and bounded in the sup-norm topology and
satisfies

(FISYN\, z)u)(t, -) € S(R®,C*) forallz € R4 N €T and u € I,

In summary, we have shown that external electromagnetic fields with
compact support generate to first order L'-type variations of the local cor-
relation function. Moreover, point (v) above shows that the support of the
vacuum measure is modified to first order only in the future causal cone of
the support of A, i.e.

FISt()‘> : )|Jv(suppA) = F€|Jv(suppA)'

This concludes our first-order analysis of the variation of the local correlation
function induced by external electromagnetic fields.

Appendix A. Modified Bessel functions of the second kind

In this appendix we review some basic properties of the modified Bessel
functions of the second type which will be used in the proof of Proposi-
tion (5.4).

Some Identities. We adopt the convention argz € (—m,x]. For any
a € (0, 7] we define the open set

Qy:={2€C\{0}]| argz € (—a,a)}.
In particular, o = 7 gives the standard cut along the non-negative real axis.
Let K, denote the general modified Bessel function of the second type

of order n € Ny on the cut plane Q.. More precisely, K, is defined as the
unique holomorphic function on 2, which solves the differential equation

2w (2) 4 zw'(2) — (2 +n*)w(z) =0
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and tends to zero in the limit 2 — oo in the region € /5. For more details we
address the interested reader to [2, Section 9.6]). In particular, the following
recurrence relations can be found in (9.6.26).

Lemma A.1. For any n > 1 the following identities hold:

1 2n
Kyll = _§<Kn71 + Kn+1) and Kpy1 = Kpo1+ 7Kn

These Bessel functions appear in the explicit form of the kernel of the
fermionic projector (see Section 5.1). In particular, the following identity
proves useful in their computation (see (3.914-6) in [I1]).

Lemma A.2. Letb,v € R and € C with v >0 and Re > 0. Then,

o0 T —B/T2F~2 . ’}/b
(A.1) / e VY in(br) dr = ———— K (/B2 + b2
0 Vr2+72 VB2 + b2 ( )
Consider g = 5, +i8; as in Lemma A.2. The argument of K7 in the
right-hand side of (A.1]) has the form

VB + b2 = \/(53 — B} + ) + 21, B;.

If B; = 0 then the argument of the square root is real and strictly positive,
as B, > 0. If, on the other hand, 5; # 0, the assumption 3, > 0 ensures that
the argument lies away from the semiaxis (—oo,0]. Therefore, taking into
account that also the square root is analytic in this domain, we see that the

function in ([A.1)) is analytic in f.

Asymptotics In this section we are interested in the asymptotic behav-
ior of the Bessel functions at the limit points zero and infinity.

Let us first fix the notation. Consider two continuous functions f,g on
a common open domain Q C C. Let zg € Q. We say that

f ~., g whenever f = g+ h for some h € C°(Q) satisfying:

For all € > 0 there is R > 0 such that |h(2)| < g|g(z)]| for all
z€ QN B(ZQ,R).

This definition applies also to zp = oo, with B(oo, R) := {|z| > R}. From
the above condition one infers the following estimate:

(A.2) If(2)] < (14¢e)|g(z)] for z € QN B(zo, R).
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We then have the following result (see (9.6.8), (9.6.9) and (9.7.2) in [2]).

Lemma A.3. The Bessel functions have the following asymptotic behaviors

s

Kp>0(2) ~co 4/ =— €% on Qp)9,
20(2) ~oo 1/ o /2
(A.3) n
I'(n) (2
Ko(z) ~o —lnz, Kp>1(2) ~o — 3 on Q.
= z

Such asymptotic behaviors are exploited in the proof of the L*-integrability
of the fermionic projector.

Appendix B. Proof of L*-integrability of the fermionic
projector

This appendix is entirely devoted to the proof of Proposition 5.4.

Let us start by noting from (5.9) and (a + b)? < 2(a? + b?) that, for some
C >0,

Ko (my/—2) | !
—¢£2

K1 (my/—€2)

Nz

In what follows we will exploit the asymptotic behavior of the Bessel func-
tions to estimate (B.1]). Because of translation invariance, there is no loss
of generality in assuming x = 0. Moreover, since the set {£° = 0} is a null
subset of R*, it suffices to restrict attention to the subset

(B.1)  |P(zyl<C ‘

\&!%‘

1,3
Ry = {€ € R"? [ [&] > 0}
From (j5.4) we know that, for any £ € Ré’g,

—€2 = —¢2 + &% — 2ie&y
arg(—¢2) = arg(—&2 + &% — 2iegp) € (—m, ™)

Therefore,
(B.2)

arg/—&2 € (—g, g) , or equivalently \/—§2 € Q/y forall £ € R(l]’?’,



3296 Marco Oppio

In the limit |{|gs — oo the complex number y/—&2 goes to infinity. This can
be seen from the inequality

€!§O\+\/l—£8+£2+62\

V=& = {f(~€2 + )2 ac2d > 5

We can therefore apply the asymptotics of the Bessel functions of Ap-
pendix A: using (A.2) and (A.3), we conclude that, for some A > 0 and
R >0,

e~ m Re(\/jfg)
(B.3)  [Kn(my =) < A—F—
V€]
Without loss of generality, we will henceforth assume that € < 1/2. For sim-
plicity of notation, we will denote |&| by r and || by t.

If decaying, the exponential in may prove useful in the proof of
integrability. Let us study in which directions this is indeed the case. Let
us write out the exponent explicitly: using we have, for any £ € Ré’?’
(see (3.7.27) in [2]),

Re(y/ €)= \/ |- +2Re<—£§> _

B \/\/(—tQ + 72 4 €2)2 4 4e2t2 + (12 4+ 12 + £2)

, forall &€ ]R(l)’s, |€|rs > R.

(B.4)

2 )
We have the following cases.

(1) Along the vertical » = 0 line (B.4)) is identically equal to . Along the
vertical lines r = rg # 0 (B.4) is not costant but it converges to ¢ in
the limit ¢ — oo. In conclusion, there is no decaying along any vertical
line.

(2) Let us consider non-vertical lines of the form r = ut, for p € (0,1). In
the limit of large times, (B.4]) converges again to a constant:

(B.5)

Re(v/~2) = \/ A D0 T (2 D )

t—o00 €
s

1—p2
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Therefore, the exponential factor is not decaying to zero along these
directions either.

Despite these negative assessments, we observe that the limit quantity in
does converge to infinity in the limit ¢ 1. The idea is then to consider
a region which intersects all the lines r = put, p € (0,1) as in point (2) but do
not contain any of them entirely. With this in mind, let us choose A € (1/2,1)
and define the sets

Cy:={¢eRy’[t>1and 0 <r < V12— 22}
Cyti={ee Ry |0<r <t ifte(0,1)or V2 -t <r<tifl<t}
Cy T ={eeRy® [t <r<A 1t}

C}={ceRy®|r>1"11}

cl=cytucy.

Let us analyze the upper boundary of C’i for large times ¢:

1 1
’I”(t) = \/t2 _t2)\ :t\/l _t2)\—2 Nt(l— 2t2)\—2> St~ §t2>\_1

Since 2\ > 1, the curves r = Vt2 — t2A and r =t go far apart as time in-
creases, i.e.

t1i>120 |r(t) —t| = oo.

In the set C) the exponent (B.4) in (B.3) is decaying. More precisely, we
have the following estimates.

Lemma B.1. For every A € (1/2,1) there is C > 0 such that,

B6) (i) Re(y/—€2) > Ct'A for all €€ C} with t> 1.
' (i) Re(\/—€2) > C (r++/t) forall € € C3.
In particular, there are constants A,k > 0 such that, for all ||grs > R,

4l
e kt

(i) [Kn(my/—€2)] < A

if € € Cy with t>1
(B.7)
(i) [Kn(my/ =€) < A ——e=—
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Proof. (i) Let us first focus on C}\’+ N{t > 1}. To start with, note that

For all a > 0 there exists b > 0 such that 1+ —1>bx
forall 0 < z < a.

We now note that expression is monotone 1ncreasmg in the variable r,
if ¢ is kept constant. Therefore from the definition of C and using that
22 — €2 >1—1/4=3/4 > 0 and the fact that, on C,"" N {t > 1},

2¢et 2¢et 2e 2e

< = <
t2A—e2 “t—e2 1-e2/t — 1—¢e%

we infer the existence of some b > 0 such that, for all £ € C’}\’Jr Nn{t>1},

Re(y/ ) > | VO T EPH A 4 (12 4 )

2
(t2>\ - 52) |:\/ 1+ (tﬁajfzy - 1} -
9 Vo _ 2

Inequahty - ) follows immediately. To conclude, let us now COHSlder £ e
/\’ N{t>1}. Usingthat t <rand 0 <1—- A< 1/2 identity (B.4)) implies

that
Re(v/—€2) > Vet > et' .
(ii) Let us now consider C3. From (B.4), we can infer that

Re(v/—€2) > 27Y2/2et + (1 - A2)r2 > C(r + V).
The final estimates (B.7)) follow from and (B.3)). O

We now prove the integrability of the fermionic projector. We split
the proof into two parts, in accordance with the two different estimates
of Lemma B.1.

Lemma B.2. There is A € (0,1) such that P*(0, -) € L*(CYUC})

Proof. We split the analysis into two separate calculations, in which the
two terms adding up in are treated separately. In the proof we
focus on the region |¢|gs > R, on which estimates can be used. The
complementary region |{|gs < R is compact and hence integrability thereon
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follows direcly from the continuity of P¢.

Integrability of the second term.

(i) CYN{|¢|gs > R}: In this set the exponential in the estimate (B.3]) does
not contribute. Nevertheless, this is not necessary to ensure integrabil-
ity, as we now explain. For some constant B, (B.3]) gives (note that

Rey/—&2 > 0)

4
Kl(m —562)

V€
From € < 1/2, we obtain 12 —r? — 2 > 2* — 2 >3/4 >0 for all £ €

CN{|¢|gs > R}. The integral of the left-hand side of (B.8) on this
region can then be estimated by

V=X 2
< C’/ dt/ 372 dr <
— e2 — y2)2 +452t2)

Vi3 ¢ 3
<c/q(n/ ﬁx_g) r<D/ﬁcﬁL%_€4,

for suitable constants C, D > 0. Assuming A > 2/3, the integral is finite.

B B

TIEP (2424 e2)? 4 ae22)?

(B.8)

(B.9)

(ii) C3 N{|¢|rs > R}: Choosing R large enough (in fact uniformly in A >
2/3), we can assume that ¢t > 1. In this region the exponential decay
(B.7)-(i) holds. Therefore, for some positive k, B,

K, (m _53) 4 —kt'=> ekt

The integral of the left-hand side of (B.10) on C} N {|¢|gs > R} can
then be estimated by

<B——-—=8B
&21° (=12 + 72 + €2)% 4 4e22)

(Bm)‘ -

1A / 2
<c [ aer | ’ G dr <
1 V2 —2x ((_t2 + 7.2 + 52)2 + 4€2t2>

o° Etl—=> t/AT‘Q o [N
§D/ dte "t / tgdrgK/ dteFt < o0,
1 0 1

for suitable constants C, D, K > 0.
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Integrability of the first term

We now study the first term in Using that |y7]o = 1 for any j = 0, 1,2, 3,
we get, for some constant C' > 0,

(B.11) ‘IM ' |K2(m —£2) ' (t2 + 12 + 2)2
& Ve Vet

In point (ii) above we chose R large enough to ensure that ¢t > 1 on Ci N
{|¢|gs > R} for any A > 2/3. On the set (CY U C3) N {|¢|gs > R} one then
has r < A1t and € < 1 < ¢ and therefore the factor on the right-hand side
of can be bounded from above by

#+rr+e?? o,
v-elr T veaer

Moreover, the Bessel functions Ko and K; have the same asymptotic be-
havior at infinity, as stated in . Therefore, to analyze the integrability
of the first term on (CYUCY) N {|¢|rs > R} we simply need to multiply
the estimates carried out in points (i) and (ii) above by the factor on the
right-hand side of . Adjusting the corresponding computations, we
obtain:

(B.12) for some constant A > 0.

(i) CYN{|¢|rs > R} : From (B.§), the integrals become, for suitable
A, B >0,

2 t7
<A/ dt/ t% 52) r<B/ &t oo

Assuming A > 4/5 > 2/3 the integral is finite.

t2 12X

(ii) C3 N{|¢|rs > R} : From (B.10)), the integrals (B.12) become, for suit-
able A, B > 0,

oo e //\ 2 o0 1—o
SA/ dte "t / dr<B/ dt t? et < 00.
1 o U 1

The proof is complete. O

To conclude, we prove integrability on the complementary region.

Lemma B.3. For every A € (0,1), P*(0, -) € L*(C3)
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Proof. Once again, let us study the two terms in (B.l)) separately.
From (B.7)-(ii), we obtain, for |{|gs > R,

4

Ki(my/—€2) ek ek (rHv)
(B_13> _f.? ’552’3 ((_tQ + r2 + 52)2 + 4€2t2)3/2
—k (r+v1t)
< B c < Be S e*k‘/ie*k’”,

T (1= A2)r2 +e2)3

Similarly, using (B.11) and (B.13]), the second term in (B.l)) gives, for
‘f‘R‘l Z R7

4

Ko(m+/—E£2
2( ‘Sa) |£a|421 < Ae—10 e—k\/ie—k;r (r2+t2—|—52)2

—&2

The exponential decays ensures integrability, concluding the proof. O

Appendix C. Basics on continuity of the eigenvalues

In this appendix we review some basic results on the continuity of the rela-
tion between eigenvalues and corresponding operators.

Let H be an infinite-dimensional separable Hilbert space and let A €
B(H) be a compact self-adjoint operator. For such operators,

0(A) =0.(A)Uoy(A), with o.(A) = {0},

where 04(A) is the discrete spectrum (in this case the set of non-zero eigen-
values of A) and o.(A) is the essential spectrum (see for example [3, Section
9.2]). The eigenspaces corresponding to the elements of o4(A) have finite
dimension. Now, let ny € No U {oco} denote the number of strictly positive
and strictly negative eigenvalues, respectively. Assume first that ny = oo,
then we arrange the strictly positive eigenvalues into a sequence

{AH(A)nen C Ry with AT(A4) > A, (A) foralln e N.
If, on the other hand, there is only a finite number 0 < n4 < 0o of them,

we define an analogous finite family for n € {1,...,n4} and complete it to
AE(A) =0 for any n > ny. If ny = 0, we define A} (A) = 0 for every n € N.
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Analogously, we construct

M (A)}peny CRo with — A (A) > =X, (A) foralln e N.
From the properties of compact operators, it follows that A\F(A4) — 0 as
n — o0o. With these conventions, the following identity holds for any n € N,
which is known as the Courant-Fischer (or Min-Maz) Principle (see for
example [3, Section 9.2]).

AE(A) = min{ sup (Aulu)
u€SNM+

M C K, dimM:n—l},

where S := {u € H | ||u|| = 1}. Exploiting this identity it is possible to show
that the eigenvalues, orderded according to the conventions above, depend
continuously on the operators in the operator norm (see [3, Eq. (9.2.19)]).

Proposition C.1. Let S, T be compact self-adjoint operators on H. Then,
INE(S) = XE(T)| < |S =T for every n € N.

Given a general (not necessarily self-adjoint) compact operator 7', one
can apply the above theorem to its absolute value A := |T'|. The correspond-
ing eigenvalues, ordered as above, form the so-called singular values of T (see
[3, Section 11.1]):

su(T) :== AF(IT|)  for all n € N.

By construction, s,(7T) — 0 as n — oo. Applying the Min-Max Principle to
|T|, a result similar to Proposition C.1 can be proven for the singular points
(see [3 (11.1.15)]).

Proposition C.2. Let S,T be compact operators on H. Then, for every
n €N,

|5n(S) = sn(T)| < IS =T

This is an important result, for it shows that the singular values are
continuous with respect to the sup-norm topology. Continuity results for
the eigenvalues of general compact operators can also be proved, although
not in the strong form as in Proposition C.1.

Let T be a compact operator. If the non-zero eigenvalues of T', repeated
according to their algebraic multiplicity, are infinitely-many, we enumerate
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them in an arbitary sequence {v,,(T') }nen (without any order prescription).
If there is only a finite number N > 0 of them, we define an analogous
family for n € {1,..., N} and complete it to a countable sequence by setting
vp(T) = 0 for any n > N. Finally, if T'= 0, we simply define v,(T") = 0 for
every n € N. Such sequences are called enumerations of the eigenvalues of
T and denoted simply by v(7"). With this conventions, the following result
holds (see [4, Lemma 5, Ch.X1.9.5]).

Theorem C.3. Suppose T, is a sequence of compact operators converging
to T in the sup-norm topology. Let v(T') be an enumeration of the eigenvalues
of T. Then there exist enumerations v(T,,) of the eigenvalues of the operators
T such that,

lim v, (1) = vp(T)  for every n € N.
m—0o0
This result is weaker than Proposition C.2, for it is not explicitly stated
how the enumerations v(7},) depend on the original enumeration v(7'). In
any case, this result is useful in the case of finite-rank operators and, in
particular, in proving the continuity of the Lagrangian (see Proposition 2.4).

Appendix D. Miscellaneous proofs

This appendix is devoted to the proof of Proposition 2.6, Lemma 3.3,
Lemma 4.3, Theorem 7.11, Proposition 7.13 and Proposition 7.14.

Proof of Proposition 2.6. Let us start with point (i). Assume that sign(xg) =
(po, qo)- If po = qo = 0, then there is nothing to do. So, assume that at least
one of pg, qo is finite. Let u; € Sy, withi=1,...,pp and u;r € Sj; with ¢ =
1,...,qo be orthonormal bases (with respect to the Hilbert space structure)
of S;'f) made of eigenvectors of xg, i.e.

g u;t = /\?E uzjE

The vectors xg uf[ are different from zero and are orthogonal to each other
in both the Hilbert scalar product and the spin scalar product. Next, let us
define for any = 1,...,po + qo the functions (cf. (2.3)))

(D.1)

Xu, — |x|u;
2
xu;lpn + [x|u

2

€Sy if 1 <p<po

fu:T o= fulx) = N

B e S ifpo < < po+ qo
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Note that the function x +— |x| is continuous in the operator norm: this

can be shown both using the functional calculus or exploiting the general

estimate

2 . 1AL+ 1B
0g

™ 7 |A-B]

which holds for any couple of different self-adjoint operators (see [14]). The

functions f, in (D.1)) are then continuous. Thus, for any € > 0 there is 7 > 0

such that

4
1A= 1Bl < | — + A= Bll,

1 fu(x) = fulxo)|| <& for all x € B,(xo).

Choosing € small enough so that

L =1+ a0)
2n ’

and using the fact that the vectors { fu(xo) u = 1,...,po + qo} are orthogonal
and that dim Sy < 2n, it follows that (see for example [16, Lemma 5.2]), for
every x € B, (xp),

{fulx)|p=1,...,p0+qo} C Sy are linearly independent.

By construction, they respect the decomposition of x. Putting all to-
gether, this means that n_(x) > pg and n4(x) > qo and the claim follows.
The proof of (i) is concluded. Let us not prove point (ii). Let xo € 8. From
point (i) we infer that there exists an open neighborhood Uy C F where the
local signature is (n,n), and therefore made of regular points. Therefore
Uy C F**8. This proves that F™°¢ is open in F. To prove denseness, let x € F
and U be any open neighborhood. If z € F*° then there is nothing to do.
Otherwise, by choosing k := 2n — dim Sy normalized vectors {e;}; C Sy one
can construct a regular perturbation of x, by defining

k
(D.2) x(e):=x+e¢ Z si (ei, - ye; € Fre8
i=1
where € > 0 is arbitrary and s; = £ are to be chosen depending on sign(x).

Now, note that ||x(¢) — x|| <e. Choosing € so small that B (x) C U, the
claim follows. O

Proof of Lemma 3.3. First, let us show that g is not continuous at any point
x € F\ Fre8. Because x is not regular, we can modify it in the orthogonal of
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Sy to x(e) € F as in (D.2)). For this proof, it suffices to consider k = 1, the
general case being analogous. By construction, we see that, for e sufficiently
small,

1

lg(x(e)] =

This shows that g cannot be continuous, because ||g(x(g))|| — oo, whereas
x(g) — x.

We now study g on F™&. In the following computations, we adapt some
results from [I7], in particular Theorems 2.1 and 4.1. As a first step, note
that, for any x,y € FJ*°,

3

1
x PR .
’g( )+ 515<el’ )e1

(1) glx) —gy) =g(x)(y —x)g(y) + g(x)m(I — my) — (I — 7))y g(Y)
(2) (I— WX)Wy = [ —m)(y —x)gy), m(l— Wy) =g(x)(x —y)(I - Wy)-

Identities (2) follow immediately from zg(z) = m,. Identity (1) follows by
multiplying out the identity g(x) — g(y) = (mx + (I — 7)) (g(x) — g(y)) (7, +
(- 7).

Consider the subspace X := Sy + S,. The spin spaces S, S, are both sub-
spaces of K of dimension 2n. Working on the finite dimensional space K,
a standard result for matrices (see [I7, Theorem 7.1] or [I8, Theorem 2.3])
yields

) I =) my|| = [I(T = my)me]| (= [ (L = 7y) 1)
Using identities (1),(2),(3) above, we immediately obtain that

(D.3) lg(x) —gW)ll < 3llg@)llIs®)llx — vl

To conclude, we now show how this estimate implies local boundedness of g.

Let x € F'° be chosen and let » > 0 be so small that (remember that F¢
is open)

1

B.(x) c F™ and 3| g(x)|r < 7

From this, (D.3]) and the reverse triangular inequality, we then obtain

%Hg(y)\l < llg@)IH + g Bllg@)llllx = yll = 1/2) for all y € By(x).

Putting all together we get the claim. O

Proof of Lemma 4.3. We here provide a proof which applies also in presence
of a regular static electromagnetic field. From the theory of semigroups of
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operators (see for example [I5, Section Remarks 10.20-(2)]), it follows that
Y. = e Ml e D(|H™) for all m € N,

On the other hand,

D(H[) = D(H?) = D(B) = {p € LX®,CY) | (1+ k) ¢ € LX®R?,CY)}.

As a consequence, for all m € N,

ve € DA™ = {p € L*R%) | (1+ k2" ¢ € L2(RS,C")}
— W4m’2(R3, C4)
The Sobolev embedding theorems ensure that 1. € C*(R?). O

Proof of Theorem 7.11. For simplicity of notation we here denote I by
H. Choose zg € R*. Referring to Proposition 2.7, let (f1, fo, f3, f1,Q) be a
local spin frame of F defined around xg. Referring to the corresponding spin
scalar products, we introduce the isometries

Vi i= Sey = C Valfu(@)) im e, fora e Q.
Then, we define
(D.4) U:Q— BH,CYH, V(2)u:=V, (tp@u).

Referring to the corresponding adjoints in the spaces C?, Sr(z) and H, we
have, for arbitrary u,v € H,

(u| W (z)" U (2)v) = U (2)u|¥(r)v= = Vo (Tp@)u) | Ve(Tpe)v) = =
= <Tp(e)UlTR@) V- F@) = —(ulF(z)v),

where the last identity follows by definition of spin scalar product (2.1)). The
arbitrariness of u and v implies that

F(z) = —U(x)*¥(z) for every z € R

The surjectivity of W(z) follows directly its definition and the fact that
the operator F(z) has rank four (it being regular).

Next, we need to show that ¥ € £(2,H,C?). Consider the same lo-
cal spin frame (f1, fa, f3, f1,§2) introduced above, then, for any v € H and
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x €,

<eu|W(z)ur = <eu|Va(mpyu)> = <fu(@)|mp@)u-r@) = —(fu(@)[F(2)u)

Using that {e,}, is a Hilbert basis of C*, we have

4 4
(D.5) U(r)u =Y sp=euU(@)us-e, = — > s, {fu(@)|F(x)u).
p=1 p=1

At this point, using that the functions f,, and F are continuous, by restricting
to a relatively compact open neighborhood €2 C Q of zg, we can assume
that, for some B > 0,

(D.6) | fu(@)]| + [|[F(z)|| < B forall z € Q.

Using this in (D.5)), we see that there is a constant C' > 0 such that |¥(x)u| <
C||lu|| for all uw € H and all x € ;. This gives

sup [[9(@)l|sssc.co) < C < ox.

e

To conclude, choose arbitrary z,y € 1 and u € H. Then, from (D.5)), the
triangular inequality and , we obtain

4
W (@)u—U(y)ul <Y [(ful@)[F@)u - F(y)u)]
pn=1

4

2 (@) = ful@)[Fy)w)]
"L 4

< CY NF@) = FWlllull +C Y l1fuly) = Fu(@)lllul.
p=1 p=1

The continuity of F and f,, implies that ¥ € C°(Q, B(H, C*)), concluding
the proof of the first part of the theorem.

The last statement of the theorem can be proved in the same way by
noting that one now has the stronger condition

1fu@l = V@) @) < IVIE@] | < 1/VEk for all z € RY,

which follows from (2.10)), condition ((7.10|) and the spectral theorem. O
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Proof of Proposition 7.13. For simplicity of notation we again drop the in-
dices m, —. By definition, the operator F(\,z) is a well-defined bounded
self-adjoint operator with rank no larger than four. From the surjectivity of
V(A x),

(D.7) P\, 2)(H) = T\, 2)* (T(\, 2)(H)) = T(A,2)*(CH.

Now, surjectivity of (A, z) also imply injectivity of W(\, z)*. This, together
with implies that F(\, z) has rank four.

To conclude, we need to show that F(\ ,x) € JF. Because of self-
adjointness, the operator F(\,z) vanishes on the orthogonal of its image.
Without loss of generality, let us assume by contradiction that F(\, x)
has (counting multiplicity) three strictly positive eigenvalues «a; > 0, i =
1,2,3, with corresponding eigenvectors u; € F(A, z)(H). Because of self-
adjointness, these eigenvectors can always be chosen to form an orthonormal
set. Therefore, for 7,7 = 1,2, 3,

@ 6ij = (ui| F(A, z)uy)
= — (¥ (N, )" U\, 2)uj) = —<U(N, 2)u [P (N, z)uj>.

The identity above implies that the vectors W(\, x)u;,i = 1,2,3 are orthog-
onal with respect to the spin scalar product of C*. In particular, <- |- >
has signature (3,1) or (4,0), which is a contradiction. Now, let us prove
continuity. For u € 3 and s,t € I x R,

[{(u|F(s)u — F(t)u)| < |<U(s)u|T(s)u — V(t)u|
+ [<U(s)u — U(t)u|V(t)u-|

<2 sup [|¥(m)lls@ecs) W) — U(s) o (ae,co llull?
melxR*

Because the operators F(s) are self-adjoint, it follows that

[F(s) =F(@)|l = sup [(u[F(s)u—F(t)u)|.

The claim follows by putting the last two formulas together, and using the
continuity and the boundedness assumptions on ¥. The boundedness of F
can be proved analogously. O

Proof of Proposition 7.14. Before entering the proof we prove the follow-
ing useful lemma, which applies with obvious changes also to vector-valued
distributions.
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Lemma D.1. Let U C R™ be open and f € C®(R" x U). For any T €
E'(R™) the function

(D.8) Usk—T(f(-,k)eC
is smooth, with
(D.9) DPT(f(-,k)) = T(D5f(-.k)).

Moreover, let f have the property that for every o € N there is go € L*(U)
such that, for all z € R?,

(D.10) |IDYf(z, )| < |ga|l almost everywhere on U.

Then, the following integral function is well-defined and smooth,
(D.11) F(x) ::/Uf(:c,k) d"k, zeR"™
Finally, 1s integrable and

7(F) = | T(C- )

Proof. Let R be large enough so that suppT C Bp and let n € C5°(R",R™)
be a bump function which vanishes outside Bor and is identically equal to
1 on Bgr. Then, T(p) =T(¢n) for any ¢ € C>*°(R"). Using [10, Theorem
4.1.1] we conclude that the function k +— T'(f(-,k),T) is smooth and satis-
fies . The fact that F' is well-defined and smooth follows from ,
Lebesgue’s dominated convergence theorem and the mean value theorem.
Now, using that D(Q) is dense in D’'(Q2) we can find a sequence T,, € D(R")
such that T,, — T in D'(R™). Thus,

(D.12) Tn(en) — T(en) =T(p) for all p € C°(R").

In particular, this applies to F' and f( -, k). The uniform boundedness prin-
ciple for Fréchet spaces (in our case D’(R™)) ensures the existence of C' > 0,
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N € N such that

(D.13) |Th(p) <C Z |D%¢l|o0,B,, for all ¢ € D(Bag) and n € N.
la|<N

Hence, using (D.13)) and (D.10]), we obtain

Ta(f(- k)M < C D aalga(k)| foralln €N,
lo|<N

and the function on the right-hand side is integrable on U. Thus, using
(D.12) and Lebesgue’s dominated convergence theorem, we conclude that
kw— T(f(-,k)) is integrable and that

(D.14) /UTn(f(-,k:)n)dmkﬁ/UT(f(',k:))dmk:.

To conclude, note that | f(z, k)n(z) T, (z)| < |go(k)||Tn(x)|. Therefore, Fubini
Theorem applies and yields

/ AR T, (f(- k) = / @k [ de f( k() To(z)
U

U R~
(D.15) = / " </ d™k f(a, k:)> ()T ()
n U
=Tn(Fn).
The claim follows from (D.14]), (D.15)), and (D.12). O

Let us now go back to the main proof. For the sake of clarity and simplicity
we will adopt formal integral expressions for vector-valued distribution
in what follows. In doing this one should bear in mind the conventions
introduced at the beginning of Section 4.2.

Point (i) Let us first fix some notation. For simplicity, we denote by s,
the distribution with kernel s, (y) := s/, (z — y). Given that A has compact
support we infer that

5. A € &' (R* Mat(4,C)).

Let us rewrite (minus-) (7.23) as (s, 4, Reu), with
(D.16)

(sz A, p) = /R4 M (x—y) Aly) ly) dty € C* forall p € C>®(R, Ch).
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In a similar style, one can integrate the distribution s, A against a scalar
function, which would then yield a matrix. We use the same notation, i.e.

(D.17) (sy A, h) € Mat(4,C) if he C®(R?).
With our notations,
(s A, hx) = (5. A,h) x for all b € C*®°(R*) and x € C*.

Next, we recall that for any u € X, there exists a unique ¢ € L*(R3, C%)
such that

(D.18) Rou(y) = / e~k iwy’ k) ) (k) Bk,
Ri}

Such a v is the three-dimensional Fourier transform of the initial data of
u (at 2° = 0). In particular, ||ul|,, = [|1] 2. Let us focus for a moment on
the dense subset D of solutions u € K, with ¢ € S(R?,C*) (for a proof
of D = K, see for example [16, Lemma 2.17]). In view of the exponential
factor e we can apply Lemma D.1 to the integrand of and get

(D.19) (sp A, Reu) = / e =) (s A w(- k) (k) d®k  for all u € D,
Rfi

where we defined w(y, k) := /@Ky’ +ky),

So far, we restricted attention to functions in D because they have a smooth

counterpart ¥ and this made it possible to apply Lemma D.1. Using a dense-

ness argument we now extend the above identity to arbitrary wave functions.

Before entering this, we state and prove the following lemmaﬂ

Lemma D.2. For every ) € C®(R*) there is C > 0 such that (cf. notation

©.17)
(D.20) (s A,0)| < C for all x € R

As a consequence, there are k > 0, N € N and a compact K C R* such that,
(D.21)

|(sz A, )| < k Z ID*P|lo.xc for all o € C(R*) and all x € R*.
lo|<N

"By |z| we denote the standard Euclidean norm in the corresponding space CV.
For simplicity of notation we do not indicate the dimension N in the norm symbol,
for it is clear from the context.
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Proof. In order to study the quantity (s, 4, 1) we make use of (2.2.6) in [5],
where an explicit form of the Green’s operators is given, namely

(D.22)

s = (i +m)Sp,  SME) = ad(e?) O(¢) +6%@<52>@<50>,

where o, 5 € R and Jy is the Bessel function of the first kind of order one
(see [2, Section 9.1]). Note that the second addend in the definition of S”
vanishes outside Jy and is continuous and bounded therein, as can be inferred
from the asymptotic behaviour of J;. For simplicity of notation we denote
this second term by f(£).

Absorbing A into ¢ and using (D.16)), (D.22) and the definition of dis-

tributional derivative, our task boils down to studying the z-dependence of
the following two expressions for general ¢ € D(R*) and |a| < 1,

D [ S8 (D) - &) d'e

_ (DY¢)(2° — €], x —€) 5,
B /BR(X) 2[¢| e = Mz)

) [ 16 (D) - '€ = N

where R > 0 was chosen so large that supp¢ C R x Br(0). We need to
show that both M and N are bounded functions of x.

1) Let x € R* fulfill |x|gs > R+ 1. For any & € Br(x) we then get ||gs >
|x|grs — R > 1. We conclude that

(D.23) |M(z)| < 27R?||DY}||e  for all z € R x (R*\ Bry1(0)).

Let us now consider the complementary region R x Br1(0). Note that the
only & contributing to M (z) are those sastisfying

(—1&l, —€) € (—x +supp ¢) N Lo.

However, being |x|gs < R+ 1 we see that the set on the right-hand side is
empty when |z°| is sufficiently large and therefore M (x) = 0. In summary,
there exists K > 0 such that M(x) =0 for all z € R x Bg;1(0) with |2°] >
K. Using that M is continuous on R*, being the convolution of a distribution
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and a compactly supported smooth function, we conclude that there is C' > 0
such that

|M(z)] < C forall z € R x Bgy1(0).

Taking the greater between the two upper bounds concludes the proof of
part 1).

2) We know that f is a bounded measurable function. Therefore, for some
C >0,

V@l <C [ Dola—g)ld'e

=C | |D%(w)|d*w < oo for all z € R%
R4

To conclude, recall that s, A € £&'(R* Mat(4,C)), and hence, from the prop-
erties of compactly supported distributions, for every = € R* there exist
k,N, K asin . The fact that these quantities can be chosen uniformly
in z is a consequence of and the uniform boundedness principle. The
proof of Lemma D.2 is concluded. O

Let us go back to the main proof. As a consequence of (D.21]), we infer that
(D.24) |(sz A, w(-,k))| < f(k) forall z € R*, k € R,

where f is a continuous polynomial function in the variables w(k) and |k%|.
Let now u € 3, be arbitrary (with corresponding v € L?(R3,C*)) and let
u, € D (with corresponding 1, € S(R3,C%)) be such that |1, — 1|/z2 — 0.
From this, and Holder inequality it is not difficult to see that

(D.25) | D*(Reu — Rewn)||oo — 0 for every multi-index o € N*,

Similarly, using (D.24]) and Holder inequality, it can be shown that
(D.26)

e (s, A w( - k) P (k) Pk — [ e 0 (s, A w( -, k) p(k) k.
RS R?

Putting (D.19)), (D.25) and (D.26|) together, we conclude that, for every

u e H,,

/]R 3 e (s, A, w( -, k) (k) d®k = Tim (s, A, Reun) = (50 A Rew).
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Using Holder inequality and ([D.24]) again, we then conclude that, for some
K >0,

1/2
(e el < olles ([ 1700 209 k)

< |lullm K for all uw € K, and all z € R%.

From this we infer the first important estimate on ((7.23]):

sup H\II(I)(QJ)H%(%;’,@) <K < oo.
rER?

To prove the second important estimate, let y € R* be arbitrary. Following
the same argument above, one can infer that, for every v € J,,,

(D.27)
1/2
(e = ) AR < ol ([ 20 (o, = 5,) Aol NP
< ||ullm H(x,y) for all u € I}, and x,y € R4,
which yields the second important estimate on ([7.23)):
v (z) — q;(l)(y)H%(g{;“@) < H(x,y) forall x,y € R%.

Estimate ensures that the integrand on the right-hand side of
is bounded from above uniformly in x,y by an integrable function. More-
over, for fixed x such an integrand is continuous in y. Applying Lebesgue’s
dominated convergence theorem we then conclude that

lim H(z,y) =0 for every x € R%.

Yy—x

Putting all together, we infer that ¥() € £(R* H, ,C*) and point (i) is
proved.

Point (ii) The fact that F())(z) is bounded follows immediately from the
fact that

R (z), ¥ (z) € B(H,,,C*) and hence R.(x)", ¥V (2)* € B(C*, H,,).

Self-adjointness is obvious from the definition.

Point (iii) Let us prove continuity first. It suffices to focus on the first
addend, the other one being analogous. Note that for every A € B(X,,, C*)
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it holds that A* = A9 (see footnote 4). Therefore, 4° being unitary on C*,
we get

14" | acz ) = 1A w35 0) = 1Al oc c0)-

Let now z,y € R Then, omitting for simplicity the indices indicating the
sup-norm,

198 (2)" 0V (2) = Re(y) WO (y )H

< [[Re (@) (B (@) = D @))]] + [[(Re () — Re () T ()]
< 1R ()" W 1)( ) = 1)(y)HJrH( =(z) = R(y))" HH‘P“( )
< R (@)W (@) = O ()] + [Re(@) = R 1L W)

The claim will then follow from point (i). In a similar way one can prove
boundedness.

Point (iv) To prove this point we first need to compute F())(z)u explicitly.
From Proposition 7.10-(ii) we know that

R (2) T () = =27 PE(-, 2) (T (2)u)
= P(oa) (2 [ sl =) A0) Reulr) 'y )
From it follows that, for any t € R,
(Re(2) TN (@)u)(t, -) € SR?,CY).

Let us now study the second addend U (z)* R, (z)u. To this aim, we need
to determine the explicit action of \If(l)(x)*. We give a formal argument, a
more rigorous statement can be carried out by testing the following identities
on arbitrary vectors and spinors. Let us write as the action of the
following formal operator,

W) = = [ b= ) Al Rt 'y

From identities (2.1.9), (2.1.10) in [5} Section 2.1.3] we see that s}, (z — y)* =
v
s

m(y — x). Using Proposition 7.10-(ii), we then obtain,

VO (@) x == [ R(n) (Aw) sy (y —2)x) d'y
(D.28) R’
=2 /R PE(- ) A(y) si(y — 2)x d'y
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We now want to show that the above function is smooth and that its restric-
tion to any Cauchy surface {t = const} belongs to S(R3, C*). For simplicity
of notation, let s, denote the distribution with kernel s,(y) := sy, (y — ).

Having A compact support, it follows that
As, € E'(RY Mat(4,C)).

The analysis of W) ()* boils down to studying the properties of the follow-
ing matrix-valued function:

(D.29) R? > 2+ (P%(z, -), As,) € Mat(4,C),
where we defined

(M, Asy):= [ M(y) A(y) sy, (y — x)d*y for all M € C®(R* Mat(4, C)).
R4

From Lemma D.1 we infer that the function is smooth. Moreover, it

solves the Dirac equation, as follows from and the fact that P¢ is itself

a solution.

We now prove that the restriction of this function to {z” = const} is a

Schwartz function. To this aim let us consider identity . In view of the

exponential factor e ** we can apply Lemma D.1 to the integrand of

and get

(D.30)

(P(z, ), Asy) = —(2m) " /R e (- k), Asy) 00T @

0

with w(y, k) := e (@’ +ky) 5 (k)40
Now, using and reasoning as in proof of (D.24) one infers that, for
any 3 € N3,

IDP(w(-,k), Ase)| = [(Dyw(-, k), As;)| < fP(k) for any k € R3,

where f? is a continuous rational function in the variables w(k) and |k%|.
Therefore, thanks to the exponential factor e *“, the mapping

K e—aw(k) <,w( . ,k), ASCC> eiw(k)zo

is a Schwartz function. We conclude from (D.30)) that, for any choice of
0
z° € R,

z — (P%(20,2, - ), As;) belongs to S(R?, Mat(4,C)).
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Restoring the spinor y from (D.28]) concludes the proof of point (iv).

Point (v) This is clear from the support properties of the retarded Green’s
operator. O
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