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The Einstein-Hilbert-Palatini formalism
in pseudo-Finsler geometry

MIGUEL ANGEL JAVALOYES, MIGUEL SANCHEZ,
AND FIDEL F. VILLASENOR

A systematic development of the so-called Palatini formalism is
carried out for pseudo-Finsler metrics L of any signature. Sub-
stituting in the classical Einstein-Hilbert-Palatini functional the
scalar curvature by the Finslerian Ricci scalar constructed with an
independent nonlinear connection N, the affine and metric equa-
tions for (N, L) are obtained. In Lorentzian signature with van-
ishing mean Landsberg tensor Lan;, both the Finslerian Hilbert
metric equation and the classical Palatini conclusions are recov-
ered by means of a combination of techniques involving the (Rie-
mannian) maximum principle and an original argument about di-
visibility and fiberwise analyticity. Some of these findings are also
extended to classical Riemannian solutions by using the eigenval-
ues of a Laplacian. When Lan; # 0, the Palatini conclusions fail
necessarily, however, a good number of properties of the solutions
remain. The framework and proofs are built up in detail.

(1 Introduction| 3564

2 Standard geometric objects| 3569

MAJ was partially supported by the projects PGC2018-097046-B-I00 and
PID2021-124157NB-100 funded by MCIN/ AEI /10.13039/501100011033/ FEDER
“Una manera de hacer Europa” and Fundacién Séneca project with reference
19901/GERM/15. This work is a result of the activity developed within the frame-
work of the Programme in Support of Excellence Groups of the Regién de Murcia,
Spain, by Fundacién Séneca, Science and Technology Agency of the Region de
Murcia. MS and FFV were partially supported by the project PID2020-116126GB-
100 funded by MCIN/ AEI /10.13039/501100011033, by the project PY20-01391
(PAIDI 2020) funded by Junta de Andalucia—FEDER and by the framework
of IMAG-Maria de Maeztu grant CEX2020-001105-M funded by MCIN/AEI/
10.13039/50110001103. FFV is partially supported also by an FPU grant (For-
macion de Profesorado Universitario) from the Spanish Ministerio de Universidades.

3563



3564 M. A. Javaloyes, M. Séanchez, and F. F. Villasenor

I3_Metric-affine variational calculus| 3581
[4  The affine equation| 3587
[5 (eneral results on proper solutions| 3601
|Appendix A Proof of Prop. 3.2 (Divergence formulas)| 3618
|Appendix B Proof of Th. 3.8 (Affine equation)| 3622
|Appendix C Proof of Th. 3.8 (Metric equation) | 3625
[References| 3627

1. Introduction

Recently, the interest in Finslerian modifications of General Relativity has
grown [0, 8H10, 14, 16, 19, 22| B2, B4, 37, 41, 47] motivated in part by the
role of Finsler Geometry in the Standard-Model Extension [13] [30] 31] and
Lorentz violation. The search for an extension of the Einstein equations to
this setting emerges as a fundamental issue. A first way to find them is
to consider Finslerian generalizations of the Einstein tensor G, having sev-
eral alternatives [35] 42, [48] 51l [54]. A second way is provided by Hilbert’s
variational approach, developed by Hohmann, Pfeifer, Voicu and Wohlfarth
[211, 22] [46], these authors take the natural generalization 8 of the Hilbert
functional. This § is given by the integral of the 0-homogeneized (Finsle-
rian) Ricci scalar of any Lorentz-Finsler metric L for a given manifold M
(see [23] for a general framework dealing with action functionals of arbitrary
homogeneous fields). The corresponding Euler-Lagrange equation leads to
a scalar which, when restricted to Lorentzian metrics, yields naturally a
tensor field; this tensor is not exactly equal to G, but it still leads to the
same vacuum equations for such metrics. The aim of the present article is
to deepen in the variational approach to the Einstein equations by consider-
ing the so-called Palatini formalisnﬂ for pseudo-Finsler metrics of arbitrary
signature, paying special attention to the Lorentzian and positive definite
cases. Let us notice that there are also some works that study Finslerian

IThis is the usual name in textbooks, even though the approach was actually
invented in 1925 by Einstein [15]. Anyway, the name is maintained here so that it
is distinguished from more general metric-affine formalisms.
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Einstein manifolds with a variational approach, such as [I1] (which over-
comes certain issues encountered inE| [1]). In particular, in [II] the authors
use a similar functional to that of [21, 46] but dividing by the total volume
in a positive definite setting. Another different approach is the one in [3],
where, indeed, the author explores several possibilities, using in particular
the concept of osculation. Finally, beyond pseudo-Finsler geometry, in [53]
variational equations for any Sasaki-type metric on the tangent bundle of
M are derived by taking the Palatini formalism into account.

Recall that the classical Palatini approach considered the affine connec-
tion V and the pseudo-Riemanian metric g as independent variables for the
Hilbert functional and, given g, it recovered its Levi-Civita connection V9
as the unique symmetric solution of the Euler-Lagrange affine equation for
V (the properties of the non-symmetric ones are also known [7]). This was a
milestone for the mathematical foundations of Relativity because it ensured
that the connection V which describes gravity is the same one as the connec-
tion V9 which provides the critical points of the length or energy functionals
for curves. Thus, light rays and free falling particles are unequivocally de-
scribed by this unique connection. In the Finslerian setting, to ensure such a
consistency is a much more prioritary task, because there is a huge freedom
when looking for associated (linear or nonlinear) connections.

Consistently, here we will maintain the functional 8 but its variables will
be the nonlinear connection N and the pseudo-Finsler metric L. Notice that
no other kind of (linear) Finsler connection is required for the construction
of the Ricci scalar. That is, (N, L) is enough for our functional and we remain
formally close to the classical Palatini setting, thus obtaining coupled affine
and metric Palatini equations. However, further functionals should
be tractable with the basic ingredients that we will develop.

The central question is, given L, to what extent its associated nonlinear
N’ is the unique affine solution N. In the pseudo-Riemannian case, a simple
argument shows that all of these can be written as VY + A ® Id, where the
arbitrary 1-form A = A;(z) (Id = 5; is the identity tensor) determines the
torsion [7]. In the Finslerian case, the torsion part of N becomes A ® C with
A= Ai(z,y) (C=y*0y is Liouville’s) and the problem is reduced to the
case of symmetric N. That is, as a first result (Th. 4.7, Cor. 4.12):

Theorem A. Given a pseudo-Finsler metric L, the solutions of
the affine equation have a fibered structure on the symmetric
solutions with fiber isomorphic to the space of anisotropic (0-
homogeneous) 1-forms A, so that, for each solution N, there is a

2See D. Bao’s report in Mathematical Reviews, MR1365208 (99m:53130).
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unique symmetric one 1™ (N) such that N = IIY™(N) + A ® C
for some A.

However, the symmetric case is not trivial, as N is governed by a PDE
at each p € M. Even more, the following subtlety appears for global unique-
ness at p: when L is indefinite, its domain A C TM \ 0 is naturally conic,
being Lya = 0, as the indicatrix (and some homogeneous elements) becomes
ill-defined at 0A. Notice also that, in Lorentzian signature, A would corre-
spond to the future-directed timelike directions, and the restriction to these
(including the future-directed lightlike directions as a limit) is well moti-
vated by physical interpretations [8]. However, we will develop (fiberwise)
global techniques which work for proper solutions, i.e., smoothly extendible
to OA (defns. 2.18, 5.1). The fibered structure in Theorem A is naturally
transferred to the proper solutions (Prop. 5.2) and we prove the existence of
a unique fibre in relevant general cases such as the following (see Th. 5.8):

Theorem B. Any analytic proper indefinite pseudo-Finsler met-
ric L admits at most one analytic proper symmetric solution N
of the affine variational equation .

The proof relies on an original divisibility argument which is developed in
full detail (Lem. 5.4). Moreover, we emphasize that the essential property
at this point is just fiberwise analyticity (Def. 5.6, Rems. 5.7, 5.12). This
is much weaker than analyticity and, indeed, it holds trivially for all the
smooth (non-analytic) affine and pseudo-Riemannian elements.

We also give other arguments, based on the maximum principle and the
eigenvalues of the Laplacian, which yield some extensions of Th. A without
fiberwise analyticity (Th. 5.14, Cor 5.15), as well as applications to the
positive definite case (Th. 5.17). These arguments provide also the proof
of the following result (Th. 5.18), which is relevant for the metric Palatini
equation.

Theorem C. Let L be a (properly) Lorentz-Finsler metric and N
any nonlinear connection smoothly extendible to 0A with Ricci
scalar Ric. If the Einstein-type scalar (n + 2) Ric — L ¢® Ric.q4
vanishes, then Ric vanishes too.

Indeed, when the mean Landsberg tensor Lan; vanishes, as it occurs in the
classical case, this equation agrees with the one obtained by the Hilbert
approach (i.e., the aforementioned in [2I]). So, the result above is relevant
for the consistency of the vacuum Einstein equations. In comparison with
the elementary pseudo-Riemannian case (Rem. 5.19), where it is valid in
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any signature, our result is technically more complicated and has a properly
Finslerian applicability. As the aforementioned results, it relies on Lem. 5.13,
also proven in full detail.

To complete the approach, one should check at what extent the natural
(Berwald) nonlinear connection N¥ associated with L plays a role similar
to that which V9 plays in the classical Palatini setting. Notice that N’ is
naturally associated with the geodesic spray of L, so this issue is related
to the Palatini physical interpretations about free falling observers. The
solution involves the Landsberg tensor Lan or, more precisely, the mean
Landsberg Lan; = Lan{; (see Cor. 4.12, Rem. 4.15, Prop. 4.18, Rem. 4.19):

Theorem D. Given a pseudo-Finsler L, its nonlinear Berwald
connection N’ is a solution of the affine variational equation (9]
iff Lan; = 0.

In this case, any other solution N shares its pregeodesics with
NZ iff it lies in the same fiber, i.e., N = NX + A ® C for some A;
then, it shares geodesics iff A, y* = 0.

Otherwise, when Lan; does not vanish identically, neither N*
is a solution nor any solution N can share pregeodesics with NZ.

In any case, when L and N are proper, any N-geodesic v has
constant sign of L(%). Moreover, in the Lorentz-Finsler case (no
matter how Lan; is), the causal character (timelike, lightlike) of
the N-geodesics does not change, the lightlike N-geodesics coin-
cide with the corresponding L-geodesics and, hence, the lightlike
N-pregeodesics are the cone (pre-)geodesics inherent to the L-
cone structure.

It is worth pointing out that the properties about sharing geodesics and
pregeodesics hold not only for the fiber of NZ but also for any other fiber
of solutions (with independence of Lan;). Moreover, further compatibility
conditions of V and L appear for connections differing only in some A ®
C from a symmetric one (not necessarily solutions), see Prop. 4.17. As a
summary of all these results:

When Lan; = 0, the fibered structure of the affine solutions, the
fact that NI determines one of such fibers, the uniqueness of this
fiber under mild conditions (properness, fiberwise analyticity), the
subsequent status of NL as the unique symmetric solution, and
the fact that all these solutions share pregeodesics (those of L),
recover and extend naturally all the conclusions of the classical
Palatini formalism for the connection (apart from those for the
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metric, at least in the vacuum case). However, no such extension
is possible when Lan; # 0.

As commented above in Theorem D, when Lan; ## 0, the solutions N of
the affine equation do not share pregeodesics with L. This fact can have
several interpretations. Taking into account that the main goal of the Hilbert
functional is to obtain the Einstein field equations, one could infer that the
solutions N are very suitable for computing them. Nevertheless, it is not
clear which is the best connection to compute the trajectories of the Finsler
spacetime. The connections N relate more closely the Jacobi equation to our
field equation, whereas the geodesics of L satisfy a variational principle.

From the technical viewpoint, we introduce detailedly all the elements
we need, which are spread in the literature under different viewpoints and
implicit frameworks. Full proofs of the results are also provided (including
straightforward but lengthy computations) to permit traceability.

With this spirit, in §2 the required ingredients on Finsler Geometry and
anisotropic calculus are introduced. The so-called Finslerian connections
[12, 139], i.e., pairs (N, V*) composed by a nonlinear N and a linear connec-
tion V*, the latter for the vertical bundle VA — A, do not really enter
into our work; instead, anisotropic connections [24], 25] will suffice and will
introduce a simple and intuitive Koszul derivative directly on M. Anyway,
any anisotropic connection V can be identified canonically with a vertically
trivial V* (see [28] for this and other results linking both approaches), so the
readers tied to this classical framework can rewrite our computations in the
way they prefer. In §3, the metric-affine (Palatini) variational calculus is de-
veloped. Here, independently, L yields the indicatrix {L = 1} and a volume
element, while N yields the Ricci scalar (Remark 3.1). Full details of the
proofs of the affine and metric equations, as well as of the crucial divergence
formula in the suitably projectivized space, are provided in the Appendices.
In §4, the study of the solutions for N is reduced to the symmetric case,
including the fibered structure of the space of solutions and the properties
shared by the elements of each fiber (Cor. 4.12). Moreover, a detailed study
of the different types of metric and geodesic compatibility for the solutions
is carried out (Props. 4.17, 4.18, 4.20). Finally, in §5, the main results on
proper solutions are distributed into two subsections, the first one on tech-
niques related to divisibility by L (eventually using fiberwise analyticity),
and the second one related to the maximum principle. Using both types of
results, the classical solutions are revisited in the last subsection.
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2. Standard geometric objects

The main aim of this section is to fix notation and conventions.

Let M be a connectedlﬂ smoot}ﬁ manifold of dimensiorﬁ n > 2. The
Finstein convention is employed, the indices a, b, ¢, d, e, %, j, k, [ run in
the set {1,...,n}, and for clarity, we use i, j, k as free indices and a, b, c,
d, e as summation indices. Charts (U, x = (z?,...,2™)) for M induce natural
charts (TU, (z,y) = (2, .. 2™yt ... y")) for TM. Putting 9; := 9/0z" and

0; = 0/0y", under a change (U,x) ~ (U, ),

= Ox° o, 0%z . = Ox®
Yo Mt gmen 0 9T o

as local vector fields on TM. Let A C TM be open with 7(A4) = M for 7 the
natural projection. The restriction m4 : A — M defines a fibered manifold
with fibers A, := ANT,M (p € M) and vertical distribution VA — A,

D

VWA = Ker TUﬂ'A = TU(AW(U)) = Span { (9@

Jera

(v € A, where T,m4 is the tangent map or differential of w4). The reader is
referred to [33] for the general theory of fibered manifolds. We shall employ
the framework of the anisotropic tensors [24) 25]; especially, the viewpoint
and conventions of [28] can be helpful for the reader. An r-contravariant
s-covariant A-anisotropic tensor is a section T of the pullback bundle

7) s)
TU(QRTM @ (RT*M) — A;
we denote by 7. (M 4) the space of such sections. They have locally the form

by
(v

A1,y Or bs
Tv = Tbl,...,bs (U) aa1|ﬂ_(v) ® ® 60br|7r(u) ® daj ) ® ® d.%‘ﬂ_(v)

for certain T (z,y)’s defined on AN TU that transform tensorially un-

VARGV E
der (U,z) ~» (U, z). There is a vertical isomorphism identifying anisotropic

30nly for simplicity. In general, all of our developments are valid on each con-
nected component of M.

4This will mean C> and all the objects will be smooth. Nevertheless, some results
may not need so much regularity. For instance, those of §5.2 only require a finite
number of vertical derivatives existing with continuity at each p € M.

°In dimension 1 our action functional would trivialize.
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with vertical vector fields on A:
(1) Xy = X0) Dalr(y) € TayM +— X)) = X%(v) 0a| €V, A

(notice that when the X%’s are constant on a fiber A,, this formula makes
explicit the identification between the vertical spaces at the different v € A4,).
In particular, the canonical anisotropic vector C € Tt (M4) defined by

(2) Cy = v =y"(v) Oalr

corresponds to the Liouville vector field CV [21}[39, 43] (note that in the last
two references C is used for what we denote CV). The vertical derivatives

a ’Ll, 7Z
i " 77'7‘ t ) 71 _ ] 7'--7]3
1};7 wJs Js+1 (CC y) 8]s+1T711,~.. ( 7y) - 8y1] 1 ($7y)

define a new anisotropic tensor: the vertical differential of T'; we denote it by
oT € T 1(M,) and by dOxT € T7 (M) its contraction with X in the new
index. For instance,

0T =y Tty 00, © . @ 0y, @ da® @ .. @ da®
i1, ﬂr (IE y)
T]lej“( x). This is equivalent to the constancy of the restrlctlon T to each
fiber A, (p € M). Hence, it means that 7' reduces to a tensor ﬁeld on M,
which we will not distinguish notationally from T itself.

An anisotropic tensor T can actually be isotropic, in that T

2.1. Homogeneous tensors

The following three notions of (positive) homogeneity are extracted from
[24] and [43, Defs. 1.5.2 and 1.5.3] respectively.

Definition 2.1. A is conic if ACTM\ 0 and Ave A forallve A, \ e
R™. In such a case, let a € R.

(i) T € T (My) is a-homogeneous if Ty, = A* T,. That is, its coordinates
are a-homogeneous (in y): T} ’“(:c Ay) =T “’ ’Z’ (@, y).

(ii) A vector field X on A is a-homogeneous if DCM = )\O‘ 1 (ThA.)v (Xy),
where hy : A — A, hy(v) = Av. That is, if X = X% 9, + X" 9,, then
Xi(x,y) and X"*i(x,y) are, resp., (o — 1)- and a-homogeneous.
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(iii) An s-form w on A is a-homogeneous if (Thy),, (wxy) = A% wy, (* means
pullback). That is, if w;, ;. 1j,.....;, is the component of w on dz™ A ... A
dz® Ady?t Ao Ady? (p+v =s), thenw;, i 15,5, (T, y) is (o —v)-

homogeneous.

Moreover, h®T7(M,) and h®F(A) := h*T?(M,4) will denote the space of
a-homogeneous anisotropic tensors and functions, resp.

Clearly, § : h*T7 (M) — ho—! ar1(My) is a well-defined linear mor-
phism. The items (i) and (ii) are consistent with the identification of
anisotropic and vertical vector fields in . In particular, both C and
CV are 1-homogeneous, whereas any isotropic tensor field (Tl (2,y) =

;11]“ (x)) is O0-homogeneous. The homogeneities of the coordinates of a
I-form w = w, dz® 4+ w), dy® are switched with respect to those of X =
xXe 9, + Xntae c% in concordance with the intrinsic meanings of X* = 0 and
wj; = 0. The above expressions in coordinates and Euler’s Theorem yield
directly the following characterizations (consistently with [24, (6)] and [43]
Ths. 1.5.2 and 1.5.3]).

Proposition 2.2. Assume that A is conic. Then:

(i) T € T7 (M) is in h*T7 (M) if and only if Oc¢T = T, i.e.,

Y T (@0y) = a T ().
(i) A vector field X on A is a-homogeneous if and only if its Lie derivative
along the Liouville field satisfies Lcov(X) = (o — 1) X.

(iii) An s-form w on A is a-homogeneous if and only if Lev(w) = aw.

The positive projectivization of the conic A plays the same role in our
variational calculus as in [21]. We denote it by PT A, so that P: A — PT A,
v — PT, is the natural projection. The 0-homogeneous s-forms on A in-
duce (s — 1)-forms on P+ A. This correspondence was implicitly taken into
account in the notation of [2I], but we state it in ours for the reader’s con-
venience.

Proposition 2.3. Assume that A is conic, and let w be a 0-homogeneous
s-form and X a 1-homogeneous vector field there. Then:

(i) The interior product X _w is 0-homogeneous as well.
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(i) In the case X = CV, this interior product is the pullback of a unique
(s — 1)-form on PTA. We denote this one by w, so that
(3) CVow=(P") w.

Moreover, w vanishes at PTv € PTA if and only if CV ow vanishes at
one, and hence all, representatives v of PTuv.

(iii) The exterior differential dw is 0-homogeneous too with

dw = —dw.

Proof. (i) This is clear from the expression in coordinates of X iw and Def. 2.1
(ii).

(ii) In order to define w at PTv € PTA, one has to specify how it acts
on s vectors in Tp+,PTA. As T,PT:T,A — Tp+,PTA is onto, those are
always of the form T, Ptuy, ..., T,PTu, for some uq,...,us € T,A. And as
must be satisfied, the only possibility is to define

wps o (ToP Ty, oo, TP ) (=2 { (PT) " w}, (u, .y us))
= (CVJW)U (ul, ceny u5>

:wv((CX,ul,...,us)

(where CY is just v under the natural identification TryM =V,ACT,A,
recall ) Finally, it is straightforward to see that this definition is con-
sistent: the property Ker TPt = Span{Cq\f} allows one to check that it
is independent of the representatives w, of T,P*u,, whereas the prop-
erties (Thy)" (wry) = wy and CY, = (Thy), (CY) allow one to check that
it is independent of the representative v of PTv. Finally, from the con-
struction with arbitrary {ui,...,us}, it is clear that wps, = 0 if and only
if w,(CY,—,...,—) =0.

(iii) Prop. 2.2 (iii), Cartan’s formula for the Lie derivative and L¢v (w) =
0 give the 0-homogeneity of dw:

Lev(dw) = CVddw + d(CY udw)
= d(CYLdw) = d(Lev(w)) — dd(CYw) = 0.

For the last assertion, it suffices to see that —dw satisfies the property that
defines dw. Using the same properties as above,

(P)" (—dw) = —d (PT)" w = —d(CY w) = —Lev (w) + CYadw = CY Ldw,
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so indeed —dw = dw. O
2.2. Homogeneous connections

There are a number of equivalent ways of defining the connections that we
work with; most of them were discussed in [28]. Here, motivated by the spirit
of the variational calculus, we choose alternative definitions that present the
connections as sections of certain affine bundles over A. Then we pass to their
coordinates, to ensure that we indeed are working with the same objects as
in [28] (5) and (12)]. This conveys notational differences: for instance, when
anisotropic connections are regarded as sections, we denote them by I', and
when they are regarded as Koszul covariant derivations, we denote them by
V. As a last comment, we will always work with homogeneous objects (even
if we keep mentioning their homogeneity), so from now onward we assume
that A is conic.

Consider affine connections on M (i.e., linear connections for TM —
M). Their Christoffel symbols Ffj(az) have the transformation cocycle

_ ozk 0%x¢ ok 9z | Oxb
k _ c
(4) FZ] (I) - orc (1") %t OFI (l‘) + oz (SU) o7t (LE) % ab(x)

under changes of charts. Using an analogous of [29] §6.4], one can check that
this cocycle determines an affine bundle CM — M, which is so that its
sections are precisely the affine connections on M E|

Definition 2.4. A homogeneous A-anisotropic connection is a section I
of the pullback affine bundle 7% (CM) — A (hence amapv e A+—T, €
CrvyM) subject to I'x, = Ty,

Remark 2.5. The construction of CM — M guarantees that such a
I' has natural coordinates I‘fj(x,y), while the condition T'y, =T, trans-
lates into the 0-homogeneity of those. This means that a (homogeneous)
anisotropic connection in the sense above is equivalent to a collection of
(0-homogeneous) functions I‘f]- on ANTU associated with each chart such

that, under changes (U, ) ~ (U, %), is satisfied with ff}- (z,y), TSy (x, )

6A more specific presentation of this affine bundle is given as follows. Given
p € M, say that two affine connections on M are equivalent at p if when they act
on any vector fields on M, the results coincide at p for both connections. Then the
equivalence classes are the elements of the fiber C,M. Hence, it is clear that an
affine connection yields such an element at each p.
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in place of ffj(x), I'¢,(x). By [28, Prop. 1 (2)], it is also equivalent to a
(homogeneous) anisotropic connection V in the sense of [28, Def. 4], [24]
Def. 3.1]. Hence, as announced, the viewpoint here is unified with the one
of those references and all the developments in [24] 28] can be applied.

Consider now the 1-jet prolongation J'A — A — M; one is referred
to [29, §12] for a systematic treatment of jets. Recall that for p € M, two
local A-valued vector fields V', V/ on M determine the same 1-jet at p if
they and their first order partial derivatives (on any chart) coincide at p.
These 1-jets (equivalence classes) j}DV are the elements of the fiber J 119A of
J'A — M, but also ]},V — V), is a well-defined projection and one obtains
J'A — A, which is an affine bundle. The following definition is standard
in the theory of fibered manifolds, see [29, §17.1] for instance.

Definition 2.6. A homogeneous nonlinear (or Ehresmann) connection for
A — M is a section N of J'A — A (hence a choice of 1-jet N, = j}r(v)V
with V() = v at each v € A) with the requirement that if N, = j}T(U)V, then

N/\v = -771r()\v) ()\ V)

Remark 2.7. (A) Knowing that V) = v, the 1-jet N, = ]}r(v)V is de-
termined by the partial derivatives N¥(v) = —3;V*(7(v)); these are func-
tions N¥(z,v), while the condition Ny, = ]}r()\v) (AV) translates into their
1-homogeneity. This means that a (homogeneous) nonlinear connection is
equivalent to a collection of (1-homogeneous) functions N¥ on AN TU asso-
ciated with each chart such that, under changes (U,z) ~ (U, ), the trans-
formation cocycle

- ok 92xc ozk ox®
k _ —b c
() NEw) = O @) s (@) 5+ o () S () N, )

is satisfied. By |28 Rem. 3], it is also equivalent to a (homogeneous) nonlin-
ear connection in any of the usual senses; for instance, that of an (invariant
by homotheties) horizontal distribution HA — A, where
(6) H,A:=Span {0;|,} C T,A, &), = 8|, — N¢(v) Oq

v
Hence, the perspective here is unified with the one of references such as |28,
§4], [39, §3], [12, §4] and [43, Ch. 2][] The N-horizontal distribution provides

"Even though the N¥’s in this reference are not the same as ours (see the different
cocycle [43, (2.8)]), they necessarily are in correspondence with ours.
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the N-horizontal isomorphism
(7)) X = X%0) Oalre) € TawyM +— X3 := X*(v) dal, € HyA,

which identifies h®7;'(M4) with the space of (a + 1)-homogeneous horizon-
tal vector fields on A.

(B) From the cocycles (@) (for I'¥,(z,y)) and (F]), the affine structures of
the spaces of homogeneous anisotropic and nonlinear connections are given
respectively as follows. For a fixed 'y and Q € h°T;H(M4), T := Ty + Q has
coordinates (F())m + Qw’ while for a fixed Ny and J € h'T{H(Ma), N := Ng +
J has coordinates (NO) + JE.

Definition 2.8.

(i) By [28, Th. 2 (1)], any homogeneous anisotropic connection I" induces
canonically a homogeneous nonlinear connection of coordinates Nf =
Ffa y®. We call it the underlying nonlinear connection of I'.

(ii) By [28, Th. 2 (2)], any homogeneous nonlinear connection N induces
canomcally a homogeneous anisotropic connection of coordinates F
Nf = (9 Nk We call it the vertical differential or Berwald amsotmpzc
connection of N and denote it by ON.

Given any homogeneous anisotropic connection I', the corresponding
covariant derivative V maps h*7] (M) to h*T[ {(Ma). For T € h® T (My),
VT is given in coordinates by

(©)

Gyl 117 2 117 o @yl
<8) ng‘*'l]-j]l: 7]5 : 6*‘*'1 .]17 7]5 +ZF.7 +1Q .]17 Js

_ § 11, ﬂr
.78+1.7u ]1’ oGy cys?
u

where the d; are those of @ for the underlying nonlinear connection
(and thus underlying horizontal distribution) N of I'. In particular, for
f € h®F(A) and X € h*TH(Ma), Vx f = XU(f) only depends on that un-

derlying nonlinear connection.

Proposition 2.9. For any anisotropic connection, VC = 0, i.e., iji =0.
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Proof. C =y» 9, € h'T;} (M), so by (8), VC has coordinates

Viy' =0y + Ty = 05" — N9y’ + T y* = =N 6L + T, y* =0,
where 8¢ is the usual Kronecker’s and only the fact that N is the underlying
nonlinear connection of I' was used for the last equality. O

The curvature, the (Finslerian) Ricci scalar and the torsiorﬁ of a homo-
geneous nonlinear connection N can be regarded as homogeneous anisotropic
tensors R € h!T,H(M4), Ric € h2F(A) and Tor € hOT;} (M) respectively,
with coordinates

(9)  RE =§;NF — ;NF, Ric = 3’ RY,, Torf; = NF, — Nk,

(recall ) We say that N is symmetric when Tor = 0. By direct computa-
tion, one has the following commutation formulas:

(10)  Dud] =RES 0,0, =NEjO, [8,8)] =0,

Remark 2.10. Anisotropic connections I' can actually be isotropic, in the
sense that Ffj(:c, y) = Ffj(a;), while nonlinear connections N can actually be
linear, in the sense that N¥(z,y) = Tk (2) y®. In either case, the Fi-“j (x)’s are
some functions that necessarily define an affine connection (as a section of
CM — M, see and ) and I" or N is homogeneous. Hence, there is
a natural identification between affine connections on M, isotropic I'’s and
linear N’s. Under this identification, each isotropic I' gets identified with
its underlying N, which turns out to be linear, and then I' = ON. This is
consistent with [28, Th. 2 (4)].

Remark 2.11. Let V5, Vy 0; — Vy, Vp, 0; = Réjk(aj) 0, define the classical

curvature of an affine connection I" : M — CM with the convention of [45].
If, as above, one identifies this with a connection N of curvature R, then it

8Note that when defining, as in [28, Def. 5], the torsion of any homogeneous
anisotropic connection I' by I‘fj — I‘;’?Z-, the torsion of N turns out to be just that
of ON. However, in this work we will reserve the notation Tor for the torsion of
a nonlinear connection. Compare with more abstract references such as [39, §3.3],

[, §7).
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is straightforward to prove that

(11) ya Rfljk<x) = ’R’ék<$7y)7 ya yb (czbc(x) = Ric(xay)v

so the symmetric part of the classical Ricci tensor is

1 1 b 1.

5 (REu(2) + Ru(@) = 5 (1" Ripo(0)) | = 5 Ricay(@.0)
and the scalar curvature constructed with any pseudo-Riemannian metric g
on M is

(12)  Seal(@) = 5 6(r) (Rope(w) + Riel)) = 5 6% (a) Ric.ua ().

Observe that we follow the same sign convention for R as in [46], §II A], [21]
§II B] but our sign for Ric is the standard one in Riemannian Geometry and
thus opposite to that of the cited references.

2.3. Sprays

In this subsection, we will present the sprays as sections of an affine bundle,
unifying later this viewpoint with the more classical one discussed in [28]
§6.1].

TA has natural coordinates (x,y, z,w), where (z,y) are the natural co-
ordinates of any v € A and then we write z* 9, + w® 9, for the elements of
T, A. The vertical distribution VA is described on them by {zZ = 0}, which
implies that it is a vector subbundle of TA — A. Analogously, it follows
that the set SA described by {zi = yi} is an affine subbundle of TA — A.
In [39, §2], this is referred to as the symmetrized bundle.

Definition 2.12. A spray on A is a section G of SA — A, 2-homogeneous
as a vector field on A (see Def. 2.1 (ii) and Prop. 2.2 (ii)).

Remark 2.13. (A) These are exactly the fields of the form

G=y"9,—2G*0,

for certain 2-homogeneous coefficients G*(z, y). This means that a spray is
equivalent to a collection of 2-homogeneous functions G*¥ on AN TU asso-
ciated with each chart such that, under changes (U, z) ~ (U, Z),

Gk . 1 8.i'k 82$C _a gb + ajk

=2 9ac oze ozt ! 9z &

(13)
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(B) From the cocycle , the affine structure of the space of sprays is
given as follows: for a fixed spray Go and Z := 229, € h?T(Ma), G = Go —
2 Z has coordinates G§ + Z*. The cause of this discrepancy is that we have
decided to maintain the standard convention that G (and not —2 G) equals
y* 9, —2G* 3(1, whereas the anisotropic vector with coordinates —2 Z° is
—2 7 (and not Z).

Definition 2.14.

(i) By [28, Prop. 3 (1)], any homogeneous nonlinear connection N induces
canonically a spray of coordinates G' = N/, y*/2. We call it the under-
lying spray of N.

(ii) By [28, Prop. 3 (2)], any spray G induces canonically a symmetric ho-
mogeneous nonlinear connection of coordinates N¥ = G* = 9;G*. We
call it the wertical differential or Berwald nonlinear connection of G
and denote it by 9G.

The (projections to M of the) integral curves of a spray G are its
geodesics. Its pregeodesics are those curves in M that can be (positively)
reparametrized to be geodesics.

Proposition 2.15. A spray G = Gg — 2 Z shares pregeodesics with Gq if
and only if Z = pC for some p € h' F(A).

For a proof see [49, Lem. 12.1.1].

2.4. Pseudo-Finsler metrics

Definition 2.16. A (conic) pseudo-Finsler metric defined on the open and
conic A C TM \ 0 with 7(4) =M is an L € h2F(A) whose fundamental
tensor g = 0*L/2 € hOT(M,) is non-degenerate at every v € A.

Remark 2.17. Taking into account the nature of the variational problem
that we will pose, we shall assume that our pseudo-Finsler metrics do not
have lightlike directions in the fixed A, namely L(v) # 0 for all v € A.

We always denote F := \/|L| € h!F(A); indices of tensors are lowered
and raised with g;; and g% respectively. By direct computation, one has the
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following identites:

L;=2y(:=2giy"), Yi-j = Gij>

p _ sen(l) (&) _ Y 2%&_(%)
‘1 j L z.

F 9 L T ‘L

From these and the 2-homogeneity of L, it follows that
1
L=5Lavy"y" = gay"y" =y’

Definition 2.18. (A) We say that a pseudo-Finsler metric L defined on A
is proper if

(i) Each fiber A, (p € M) is connected with L > 0 on A,

(i) L extends smoothly to A C TM\ 0 with L(v) =0 and g, non-
degenerate for v € 9A := A\ A.

Then ¢ has a constant signature on A.

(B) When that signature is Lorentzian (4, —,...,—), L is (properly)
Lorentz-Finsler. A Finsler spacetime is any triple (M, A, L) with L Lorentz-
Finsler.

(C) When the signature is positive definite, necessarily A = TM \ 0 and
L is Finsler.

Remark 2.19. Let us comment the parts of the last definition:

(A) g has constant signature on A because the connectedness of M to-
gether with (i) implies that A is connected. Moreover, the indicatriz {L = 1}
and (thanks to (ii)) the lightcone 0A = {L = 0} are smooth hypersurfaces:

dLv(uV) =u"L.,(v) =2u"y,(v) = 2u® gop(v) Wb = 2 gy(u,v)

for u € Tr(y)M, so dL, never vanishes identically for v € ACTM\O.

(B) We want such an L to be defined only on future causal vectors (so
L > 0 together with (4, —, ..., —) as the Lorentzian signature is a choice of
convention). There is a Physics motivation for this assumption [8 §1], but it
also has interesting mathematical implications. For instance, A7p CT,M\O
is contained in an open half-space: there is a vector hyperplane I, that
does not intersect A7p; thus, A already determines a time orientation. For
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this and other geometric consequences (such as convexity) for A of L being
Lorentz-Finsler, see [27], Props. 2.6 and 3.4].E|

(C) The positive definiteness of g together with (ii) implies that actually
OA = (), so necessarily A =TM \ 0.

A key geometric object associated with a pseudo-Finsler metric L defined
on A is its metric spray GL,

i 1 i c
(14) (GL) = Z g (2 OcGab — 8agbc) yb Y.

The Berwald NX := 9GL is the metric nonlinear connection. From now on,
given any anisotropic connection T', it will be convenient to write V! instead
of just V for its corresponding covariant derivative, VN in case that I' = N
for a nonlinear connection N, and V% in case that T' = ONF (this is the
Berwald anisotropic connection of L [24], §4.3], [49, Ch. 7]). Due to Defs. 2.14
(ii) and 2.8 (ii), the notions of I'-(pre)geodesics and N-(pre)geodesics make
sense, and due to , so does that of L-(pre)geodesics. When using N,
which is always symmetric, the curvature and the Ricci scalar in @ will be
denoted RY and Ric” resp., as they can be associated wit L.
The Cartan tensor is

1 .
Ci= 3 dg € b7 T (Ma).

It is symmetric, so it makes sense to define the mean Cartan tensor as its
metric trace, with components

. ,ab
C; := g Capi-

By vertically differentiating g;q g** = 51]-“, one obtains the following identities:
. 1 . ) 1 .
k k
C" = 59?1‘ ’ CJ——§9.](§1-

The Landsberg tensor is

1
Lan := 3 Vig e hOTP(My)

9 Additionally, in [40] it is proven that one can actually extend L to a pseudo-
Finsler metric with Lorentzian fundamental tensor on the whole TM \ 0 (in a highly
non-unique way in contrast to the extension to A).

19For a Finsler L (g is positive definite), Ric” coincides on {L = 1} with the Ricci
scalar defined as a sum of n — 1 flag curvatures as in [B, (7.6.2a)].
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(it can also be defined in terms of the Berwald tensor [24, (37)], however,
Lan = Vlg/2 is the way in which it will arise in this work). Note that here
it has the same sign as in [24, 25, 46] and the opposite in [5, 21] 49]. The
Landsberg tensor is symmetric too, so it makes sense to define the mean
Landsberg tensor, with components

Lan; := ¢* Lang,.

Remark 2.20. A pseudo-Finsler L is equivalent to a symmetric and non-
degenerate g € hT(M,) with totally symmetric Cartan tensor [2, Th.
3.4.2.1]. This justifies being able to identify L with g whenever it is needed.
For instance, L can be pseudo-Riemannian, in the sense that g is such kind
of metric. This is equivalent to g being isotropic and to L being quadratic,
namely L(z,y) = Uup(z) y* y° /2 for some isotropic and symmetric tensor ¥/2
that then necessarily equals g.

3. Metric-affine variational calculus

For the remainder of the manuscript, N and L are, respectively, a homo-
geneous nonlinear connection and a pseudo-Finsler metric defined on the
open and conic A with L > 0 there. Our metric-affine formalism is akin to
the metric formalism of [21]. Its steps are: determination of a volume form
on A, divergence formulas, choice of a Lagrangian function, induction (ac-
cording to Prop. 2.3) of forms onlE P+ A to construct an action there, and
variation of this with respect to N and with respect to L.

Given (N, L), there is a natural way of constructing a 0-homogeneous
volume form on A. The N-horizontal and vertical isomorphisms allow us to
define scalar products on H,A and V,A:

QE(X}){?Y;;H) = gv(Xm}/v)a

X, X,
F(v)" F(v)

(15) N gv(Xva}/v)

A% V yVy .
9 (X, YY) = )=

for X,Y € T3 (Ma). Each one has its own volume form:

dut! == \/}detg},{ (6il, » 5j|v)‘ dzl Ao Ada? = /|det gij(v)] day,

Hntegrating on this projectivization as in [21], instead of the indicatrix {L = 1},
solves the technical issue of the integration domain depending on the variable L,
present in [46].




3582 M. A. Javaloyes, M. Sanchez, and F. F. Villasefior

dpy = \/’detgvv (32

where the dzf and dy! := dy! + N (v) dz? are restricted to the horizontal
and vertical subspaces respectively. A 2n-form is induced on T,A = H,A &

V,A:

|det gi;(v)]
F(o)n

U,C{)j’v))csyi/\.../\éyg = Yo,

|det gi;(v)|

1 duy = duft A dpY =
(16) 1 fhy A dpy Fo)n

dzy A dyy.

Remark 3.1. Even though we used N and L to construct du, this turns
out to depend on L alone, as

dz Ady = daz' A Ada”™ A (dy' + NG, dz™) A A (dy” + N da®)
=dz' A AdZ® Adyt A A dy”
=dz Ady.

Taking the nature of our variational approach into account, it was of the
most theoretical importance to define our volume form a priori in terms
of both the connection and the metric. On the other hand, by , du is

1L
the volume form of the Sasaki-type metric gt @ gy, and by the previous
observation, it also coincides with the volume form of the Sasaki metric of

1L
g (that is, g/l @ gY for N = N%). Note that the definition of gY¥ dividing by
F asin is what guarantees the 0-homogeneity of du.

This du allows us to define the divergence of any vector field X on A as
div(X) dp == Loy (dp) = d(Xodp).

In the case of a 1-homogeneous X, by Prop. 2.3 (iii), one has the property
that justifies discarding the divergence terms in the variational calculus:

div(X) dps = —d(Xodp).

The following divergence formulas, generalizing [21, (24) and (25)], are the
key to the derivation of our equations. Their proof is in Appendix A.

Proposition 3.2. For X € T (M),
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1
(17)  div(x®) = x° { <gab — g 7 y* yb> V2 gab + Torga} + VN X,
oV _Ya\ ya, ya
(18) div(XY) = (2Co —n ) X + X5,

If X € hOT¢ (M), then div(X™) dp = —d(XModp) on P+ A, and if X €
W7 (Ma), then div(XY) du = —d(XY adp).

Definition 3.3. Let D C P+ A be a relatively compact subset. Along this
article and relative to D, the action functional will be

SPIN, L] ::/ L™ Ricdp
D
and the alternative action functional will be
SPIN, L] := / g® Ric.q.p dp.
D

The relation between these two is due to |21, Lem. 3]. We state it in our
notation.

Proposition 3.4. For f € h%F(A), one has
{g“b (Lf).qp — 2nf} dp = div(XY) dp,
where XV is the wertical field corresponding to X := Lg% f40, €

h1TH(My). As a consequence, the functionals that we are considering are
equal up to a factor of 2n and a boundary term:

SPIN, L] —2n 8PN, L] = — [ XV.dpu.
oD

12, defines a global orientation on A, the one making (81, ..., 9, 01, ..., On) posi-
tive, regardless of the ones that we chose for dut, duV and without requiring M to
be orientable. As du is again a volume form (see the comment at the end of Prop.
2.3 (ii)), an orientation on P* A is inherited.
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Proof. As in the proof of [2I, Lem. 3], using the 0-homogeneity of f, one
directly computes

9 (Lf) gy = 20f + L g™ f.qu

On the other hand, by ,

div(xV) = (2 Co—n yf) Lg®™ fy+ (L g% f.b>
-a
— 2L CP fy + (2 Ya 9™ fo+ Lg% fo+ Lg™ f-a-b>
=L gab f-a-bS

the 0-homogeneity of f was used twice and g% = —2 Cb (§2.4) was used
once. 0

We shall work with 8P, as it is of first order on N and second order
on L while 8P is of third order on N. The advantage of the latter, on the
other hand, is that it is closer to the Einstein-Hilbert-Palatini action, the
functional of the classical metric-affine formalism [7] (compare with [21],
Prop. 6]).

Proposition 3.5. Suppose that N is linear, L is (positive definite) Rieman-

nian and D = |J PT(TM \ 0), for a relatively compact Dy C M. Then
pEDy

SPIN, L] = 2Vol(S"™ 1) / ScaldV,
Dy

where Scal is the scalar curvature constructed with N (regarded as an affine
connection) and g, dV is the g-volume element on M, and Vol(S"™1) is a
universal constant.

Proof. A standard argument with a partition of the unity on P*(TM \ 0)
induced by one on M allows us to use Fubini’s Theorem to obtain the fol-
lowing;:



The Einstein-Hilbert-Palatini formalism 3585

SPIN, L] = g RlCabdMP+U

/IPweD o)) Ric.ap(m(v) ..,

/ p) Ric.q.(p) (/ dpp, ) vy,
pEDo P+UGDP P

— Vol(s™ ) / ) Ricwp)av,

\

= 2Vol(S" 1) / Scal(p) dV,,
p€Do
where we used and the fact that each fiber D, = PT(TM \ 0),, inherits a
metric that makes it isometric to the round sphere S*~!. Indeed, P*(TM \ 0)
is naturally identiﬁed with the sphere bundle {L = 1}, where the metric is

induced by gH GB gV, the Sasaki metric of g. Moreover, the induced d,u is
the volume form of the round metric on D, because du is the volume form

of gH EB gV (see Rem. 3.1). O

In the non-definite case, it is not possible to integrate on a compact
fiber with universal volume at each p € M. Hence, one does not seem to
be able to actually recover the Einstein-Hilbert-Palatini action in general.
Nonetheless, the positive definiteness of g and the compactness of the fibers
are superfluous when it comes to our variational calculus, for all of it is local
on P*A and formally the same in every signature. Thus, Prop. 3.5 indeed
guarantees a priori the consistency of our equations with the (vacuum) EHP
ones.

Remark 3.6. Let us sum up the reasons for choosing L~! Ric as our metric-
affine Lagrangian function.

(i) It is the first and most natural (0-homogeneous) curvature scalar that
is derived from N.

(ii) The second most natural scalar, g Ric.4.3, turns out to be variationally
equivalent to it.

(iii) Moreover, g® Ric.,.;, reduces to the EHP Lagrangian in the classical
case.

(iv) The metric Lagrangian of [21} 46] is L~ Rick.
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Definition 3.7. (A) A wvariation of N is a smooth one-parameter family
of homogeneous nonlinear connections N(7) with N(0) = N. Its variational
field is

v 2

—| N en' T

=0

(see ) Analogously for a variation of L, whose variational field is

L= —

g L(7) € h?F(A).

7=0

(B) Given a relatively compact subset D C PTA, we say that a vari-
ation N(7) is D-admissible if the projectivized support of its variational
field, P*({v e A: N, # O}A), is contained in D. In such a case, without
loss of generality, we shall assume that D is open with smooth boundary
dD C Pt A. We say that N(7) is admissible if it is D-admissible for some D.
Analogously for L(T).

In terms of the metric connection, we write
N=N'+7, Jeh'T'(My).
The computations needed to derive our equations are in Appendices B and C.

Theorem 3.8 (Metric-affine Finslerian Einstein equations).

(i) (AFFINE EQUATION) The equality

0 D B
87’7' T:(]S [N(T)7L] =0

is fulfilled for all admissible variations N(7) of N if and only if the
equality of homogeneous anisotropic tensors

{ZLanb tnt2) yf Ty =2Ca Ty = (Fga + Jﬁ.b)} (‘% y =y 55)

R N

is fulfilled on A.
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(ii) (METRIC EQUATION) The equality

or| . SPIN, L(7)] =0

is fulfilled for all admissible variations L(7) of L if and only if the
equality of homogeneous anisotropic scalars

(20) (n + 2)Ric — L g® Ric.qp = 0
1s fulfilled on A.
4. The affine equation

Along this section, L (and thus its associated N¥) is fixed.

Definition 4.1. Soly(A) will be the space of solutions of the affine equation
(T9). That is, the set of those N’s such that J := N — N € h 73! (M) solves

@) @Lan+287) (50y —y" o) — (57, - T1.) v =0
on A (but not necessarily the metric equation ); here,

n+2 y,
22) BY = za
( ) I3 2 [

1
\jia_CaLZ‘a_ §(~7ia-a+\7£-i)7 BJ €h07_10(MA)‘

Soliym(A) will be the space of symmetric solutions of the affine equation.

Remark 4.2. When nonempty, Sol;,(A) is an affine space directed by the
space of solutions of

(23) 287 (58 =y &) = {(T]. — (TN f =,

while Sol3¥™(A) is an affine subspace of Soly,(A4). N” is in Soly,(4) (and thus
in Sol?™(A)) when J = 0 solves (21)), i.e., precisely when the mean Lands-
berg tensor vanishes (Lan; = 0). Notice that the vanishing of this tensor
does not imply the vanishing of the whole Lan, see [36].

Remark 4.3. Recall that the affine connections solving the classical
metric-affine formalism (see [7, (17)] and references therein) are a Levi-
Civita V9 (with Christoffel symbols (I'9 )fj (x)) plus any tensor of the form
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A ® Id with A an isotropic 1-form. These affine connections can be regarded
either as isotropic I'’s or linear N’s (Rem. 2.10); from the latter viewpoint,
they are of the form N + A ® C. In other words, the isotropic connec-
tion (I'9 )f] () + Ai(x) 5;“ is identified with its underlying linear connection
(Fg)fb (z) y® + Ai(z) y*). Thus, the map N — N+ A® C is a translation
on the space of solutions of the classical formalism whenever A is isotropic.
Here we shall prove the extension of this result to our formalism stating a
previous lemma for further referencing.

Lemma 4.4. Let N =Nt + 7 with J € h'TH(M4). Then:

(i) The torsion of N is given by
(24) Torf; = JF; — TF.

(ii) The curvature of N is given in terms of that of N* by

k

() R = RV + (VETE = 75 7) - (VRIS - TF.T0).

29 e Ruicer scalar o 18 given wn terms of that o Y

i) The Ricci scal N is gi ' h NE b
(26)  Ric = Ric" —y V} T + VI (514" ) +4' Te T = o T T

(iv) The N-covariant derivative of g is given by
(27) Vi gij = 2Langj, — 2 Cijo T — T 9aj — Tij Gia-
Proof. (i) This comes from the definition @ together with the symmetry of
NL.

(ii) Using (6],
. k
3Nk = (5} e aa) {(NL)Z. + jﬁ}

=5t (NB)Y v ok gk — (N)Y g0 — gk, 78,

i-a Y
and completing 5JL‘7f to V]L jzk (see (),
k a
GNf = o0f (NF), + ViTF + (NF)T, T
k a k " o
- (NL)j.a N (NL)i,a u7] —\Z-k.a[]j .

Hence, again by the symmetry of N, @ yields .
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(iii) This also comes from the definition (9], this time together with
and the fact that V¥y/ = 0 (Prop. 2.9).

(iv) Again using (8) and (6),
Vi gij = 0k9ij — Niv.i 9aj — Niv.j ia
= 6491 — T Dagis — (N")y . 9aj — T 9aj — (NV)y s Gia = Tij Gias
from where the definitions C = dg/2 and Lan = VXg/2 yield 7). O

Lemma 4.5. For any A € hT?(My), the map N — N + A ® C preserves
the Ricci scalar of all homogeneous nonlinear connections. As a consequence,
such a map is a translation on Soly(A), i.e., (\7*)1C = A; y¥ solves (23)).

Proof. For N =: NZ 4+ 7, the Ricci scalar of N, := N + A ® C can be com-
puted with by putting J, := J + A® C in place of 7. Using VZLyJ =0
(Prop. 2.9), the 1-homogeneity of 7 and the 0-homogeneity of A,

WVE(T)E =y VETE + 4P VE (Auy®),
VEWT)s o =VE(T") +u  VE (A).,
Y (T)e o (T = (TEq + Aca ¥ + AcS) (T + Apy®)
YV TEa T+ Aea  TE+ A TE+ TE A+ Aay® Ap)

W (T 0 (T)E = Y (Tfq + Abay® + Ay 05) (T2 + Acy®)
= yb (\7l;c-a jca + -Ab~a yc jca + -Ab jcc + \750 Ac + .Aa ya .Ab) .
Putting these together,

Ric, = Ricl —y* VE 72 + VE (Jb“ y”) P T TS =Y Ta T
— P VE (Agy®) +y* VE (Ab yb)
+ yb (-Ac-a yc jba + -AC jbc + jcc Ab + Aa ya Ab)
— 4P (Apa v TE+ Ay TS+ T Ac + A y® Ap)
= Ricl —y? VL g2 + VE (j,f yb> P T T = T T
= Ric.

Having established that the translation by A ® C preserves the Ricci
scalar, recall Th. 3.8 (ii) and Def. 3.3. Clearly, S°[N + A® C, L] = §”|N, L]
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for any nonlinear connection N, so, as it is standard in Variational Calculus,
the translation maps critical points of the action to critical points. Indeed,
if N € Soly(A), then every (D-admissible) variation of N 4+ .4 ® C is of the
form N(7) + A ® C for a (D-admissible) variation of N, so

9
or 7=0

SPIN(T) + A®C, L] = ;T _OSD[N(T),L] = 0;

by Th. 3.8 (ii), N + A ® C solves too and so A ® C solves (23)). O

4.1. Reduction to the symmetric case

Keep in mind that a homogeneous nonlinear connection is symmetric if and
only if it is the vertical differential (also called Berwald nonlinear connection)
of a spray, see [28, Prop. 3 (4)]. This is the case for N, so a homogeneous
nonlinear connection is symmetric if and only if it is of the form N~ + 92 for
some Z € h?T;(My). The next result provides the geometric invariants of
the type of non-symmetric connections that will be relevant when reducing
the affine equation to the symmetric case.

Proposition 4.6. Suppose that N=NL+9Z+ A®C for some Z €
h27H (M) and A € WOT(Ma). Then:
(i) Its torsion, underlying spray and covariant derivative of g are given

respectively by

(28) Torl = (Aij — Aj.i) ¥ + Ai 6F — A; 6F,

ij

(29) G'=(Gh)' + 2"+ 3 Aoy,

Vi gi; = 2Langj, — 2Cijq 25 — (25 gaj + 25,5 9ai)
= (A iy + Ak ¥i) — 29i5 Ag.
(i) The torsion of N determines A as

(30)

(31) 2(n—1) A yk =(n-1) Torfb yb — (Torf;b yb) . yk — Tor%, yb 5;-“.

(i1i) N shares pregeodesics with another Ny = NL + 025+ Ag® C if and
only if Z = Zy+ oC for some o € h!F(A).
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Proof. (i) Formula is obtained by substituting J* = 2% + A; y* in Lem.
4.4 (i) and using that Z% = Z_lj- ;- Formula follows from Def. 2.14 (i)
and the 2-homogeneity of Z (the underlying spray of N* is GF). Finally,
formula is obtained by substitution in Lem. 4.4 (iii) of the term

2Lanijk — QCZ'ja J,? - \7131 Gaj — j]g-j Gia
= 2Lanijk -2 Cija (Z?C + -Alc ya)
— (2% + Ap y" + Ap 07) gaj — (Zﬁvj + Ak gy + A 5;) Gia;

using C;jq y* = 0 yields the result.
(ii) From (28), one computes

(32) Torfb yb =—-Ap; yb yk + A; yk — A yb 521»6
= (Abyb> Y24y — Ay,
7

Tord, yb =—(n—1)A yb

(the 0-homogeneity of A and the 1-homogeneity of Ay y® were used). Substi-
tuting Ay 3 back in , multiplying everything by (n — 1) and rearranging

produces .
(iii) This follows from applying 2.15 to sprays G and G of the form
29). O

Theorem 4.7. N € Sol.(A) if and only if it is of the form N = NL +0Z +
A®C for some Z € h?T (M) such that Nt +0Z € Soliym(A) and A €
hOT2(My). In such a case, (Z,A) is unequivocally determined by N as

) 1 . )
(83) 2 =5Jy' -Bly'y.  A=Lan+ B+ (B] v,

where J := N — N and B7 is defined by .

Proof. We observe that, using the 1-homogeneity of J, the affine equation
can be rewritten as

, . N1,
J? = (Lan, +B;17) (5?.@] —y” 53) Ty (7).,
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and that this allows one to derive the form of the general solution. Indeed,
using that Lang y* = 0,

: : , 1,
J! =Lan; ¢’ + By — B y* 5! +§ (7 y")

=Lan; y/ + BY v/ — (B y* ) .+ (B y*) ;v + % (T2 y*)

1 . . :
N (2 Jd y“—Bzfy“y]) + {Lan; + B + (B y°) ,} v/,

(2

R

which tells us that 7 = (N — NF) = 92 4+ A ® C together with (33). Lemma
4.5 ensures that N = NX 4 92 + A® C is in Soly,(A) if and only if the sym-
metric part NZ + OZ is.

We derive the uniqueness of the pair (Z,A) from Prop. 4.6 (ii): the
torsion of N =NL + 9Z + A® C determines A, which in turn determines
dZ, and from here Z is determined due to its 2-homogeneity. O

Now we characterize the elements of Sol3Y™(A).

Proposition 4.8. NX 492 ¢ Soliym(A) if and only if Z solves

2 Ya i
(34) Lanﬁiy*Z%—CaZ‘i—{(n+2)y—za—zcaza} _o,

2 L L q
(35) (n+2)%za—2caza—zg:o,

Proof. We restrict the affine equation (21f) to symmetric connections (see
Lem. 4.4 (i)). As for these connections J7, — J] . = Tor], = 0, using also
Lan, y® = 0, the equation reads

(36) 0 = (Lan, + B;Z) <5f Y —y° 55) = (Lan; + Bg) y — B 2 (55

This is trivially implied by Lan; + 857 = 0, but the converse is also true, for
taking the trace of yields — (n — 1) BY y* = 0. Thus, recalling (22)) and
writing jlk = ZE, 28 .+ 2%, =22% . the equation describing SolLym(A)
is

2
nt yfz@-cazg—zg_i (= Lan; +BY) = 0.
Clearly, + are sufficient for this. However, they are also necessary:
(35)) is obtained by contracting with 4° and using Lan, y* = 0, the 2-
homogeneity of Z, and the 1-homogeneity of Z¢. O

(37) Lan; +
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In Prop. 4.8, we have obtained two torsion-free affine equations with
somewhat complicated expressions. Next, we are going to formulate them in
a way that it is much more convenient for our main results (those of §5).

Definition 4.9. For Z € h27;(M,), we denote

9(Z2,C)

Z ya a 1
= — Z = h A
(38) o . 7 €hlF(4)
and
2
(39) KZ:=- (2C,i 2°4+Co 2%, K2 eh®TP(My).

! n+ 2

Remark 4.10. Thanks to the (—1)-homogeneity of the mean Cartan tensor
and the 2-homogeneity of Z, one has the important property

KZy* =0,
exactly the same as for the mean Landsberg tensor.

Lemma 4.11. NE 492 e Soliym(A) if and only if Z solves

‘ . A 2 ‘
(40) Z2'=20%y' — Lg" (o2 + KZ) + ?L Lan’,
n

(41) (n+2)0% —2C, 2% — 2% = 0.

Moreover, when assuming the form for Z, reads
zZ ab zZ Z 2
(42) (’I’l— 2)0' — Lg U~a-b+’Ca~b — mLana.b =0.

Proof. In the notation introduced in Def. 4.9, becomes . For the
reexpression of as , recall from §2.4 that

(2&) _ Y5 _ oYY
(2

L L “LL



3594 M. A. Javaloyes, M. Sanchez, and F. F. Villasefior

By completing L™y, Z% to a derivative of 0% = L™y, Z% and simplifying,
the left hand side of becomes

2
Lan; + 2 e gr-coza-{(n+2) %z -20,2}
2 L L 4
2 2
:Lani—I—n;— a:j?—”;r (L) 22— Co2i— (n+2)0% +2(Ca 27,
7
n+2 giqg Ya Yi n+2 2
_— Jia za 9) Y za¥i _ :
R A Gy sy S S
+2C4.i 24 Cy 2% + Lan,,
n+2gz‘a z Yi n+2 zZ
- _ Jia za N gZ L _ :
5 I +(n+2)o T 5 T
2
—n—2|_ ICZZ-l—Lanl

Thus, after multiplying by 2(n + 2)71 L and raising the index, be-
comes .
Let us reexpress as . For Z of the form

Z;=20%y; — L(0cF +K7) + niQL Lan,,
using y;.; = gij and L.; = 2y;, one has
2.5 =2y; 0%; +20% gij — 2 (O',Z'; + /sz) y; — L (af,j + lej)
+ n:l_2 Lan; y; + ni2LLani.j

Using now the 1-homogeneity of ¢Z, KZy® =0 (see Rem. 4.10) and
Lan, y* =0,

2
g% 245 =207 +2n0% —20% — Lg?¥ (Ji,b + Kf,b) + s L g™ Lan, 4

2
= 2710'2 — Lgab <O’§,b + ]Cf,b - MLana.b> .

On the other hand, it is also true that

gab Za b = gab (gac ZC).b = gab (2 Cabc Z° + Gac Zcb) =2 Ca z° + Z-LZ;-
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Taking into account the last two formulas, the left hand side of becomes

(n+2)0% —2C, 2¢ - 2¢

2
=(n+2)o% — {QnUZ — Lg® <Uf§,b+/Cf_b - MLana.b>}.

Thus, after simplifying and rearranging, becomes . O

4.2. Pregeodesics and Ricci scalar of solutions
Corollary 4.12. There is a well-defined projection

TI5Y™ : Soly,(A) —» SolPY™(A),
N=N'49Z4+A®Cr— N 402,

with the following properties:

(i) For N 492 ¢ Soliym(A), the only symmetric representative of the
fiber (I18Y™)™H(NE + 9Z) is NV + OZ itself.

(ii) Two elements N,Ng € Soly(A) share pregeodesics if and only if they
are on the same fiber.

(iii) The pregeodesics of N € Solp(A) are those of L only in case that
II5™(N) = N-.

(iv) All the representatives of a fiber share Ricci scalar.

Proof. TISY™ is well-defined due to Th. 4.7. |§|
(i) By Prop. 4.6 (ii), if N = NV 4+ 92 + A @ C is symmetric, then A = 0.
(i) N=NE+9Z+ A®C and Ny = NL 4+ 925 + Ay @ C being on the
same fiber of II®Y™ means that Z = Zg, from where Prop. 4.6 (iii) tells us
that they share pregeodesics. Conversely, if this happens, then Z = Zy + oC
with NE 4+ 92 N + 92, € Sol ™ (A) and ¢ € h'F(A). By Lem. 4.11, both

131t could be defined on any connection of the form N = NL 4+ 9Z + A ® C with
Z e h?T8(My) and A € hOTP(M,), for the argument that we used to prove the
uniqueness of (Z,.A) is independent of N being in Soly(A) (see the proof of the
mentioned theorem).
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Z and Zy solve , SO

0=(n+2)oc%-2C, 2% - 22
=(n+2) 0% +(n+2)0—2C(20)" — (20)%, — (0:ay* + 00%)
=(n+2)0™ —2C,(20)" — (20)% + 0
=9

(the definition of 0%, Cqy® = 0 and the 1-homogeneity of o were used).
Thus, Z = Zj, which means that N and Ny are on the same fiber.

(iif) Suppose that N = N* + 9Z + A ® C shares pregeodesics with N”.
This time, Prop. 4.6 (iii) gives us Z = ¢ C and analogous computations to the
previous item yield ¢ = 0. From here, 1™ (N) = [I™(N* + A ® C) = N%.

(iv) This is due to Lem. 4.5. O

Remark 4.13. Despite the notation, this projection IISY™ is not the same
as the canonical one of (always homogeneous) nonlinear connections onto
symmetric nonlinear connections; the latter is N = 9G + J — 9G with G
the underlying spray of N. While N and dG actually share geodesics, they
do not necessarily share Ricci scalar.

Let us focus briefly on those N € Soly (A) with II3™(N) = N* (i.e., 0Z =
0 and, by homogeneity, Z = 0).

Definition 4.14. We refer to the elements of

(Irsv™) ! (v — NI+ A®C: Aeh®TP(M4)} if Lan; =0,

0 otherwise,
as formally classical solutions of the affine equation . Consistently,
in case that L is pseudo-Riemannian, we refer to those elements of
(Hsym)_l (N%) with A isotropic as classical solutions.

Remark 4.15. (Hsym)_1 (N%) being nonempty is equivalent to N* being
in Sol3"™(A) and, in turn, to Lan; = 0 (see Rem. 4.2), which in particular
happens in case that L is pseudo-Riemannian. When (1‘[53’““)_1 (NE) £ 0, its
elements have the form of the (underlying linear connections of the) solutions
of the classical Palatini formalism (see Rem. 4.3). The difference is that our
formalism allows for a non-pseudo-Riemannian L and an anisotropic A,
hence the distintion between formally classical and classical solutions.
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In Cor. 4.12, we have seen that the formally classical solutions are ex-
actly those that share pregeodesics with L. Their Ricci scalar is the metric
one Ric? and, when they do exist, the only symmetric one among them is
N itself. Their importance can be recognized also from the Physics view-
point. If one wants to model the free fall of particles in a Finsler spacetime
equipped with N, in principle they could choose between two different pos-
tulates: either particles follow N-geodesics or they follow L-geodesics. When
N is formally classical, at least the trajectories and measured proper times
coincide for both options.

For these reasons, in the case Lan; =0 it is natural to ask whether
actually all solutions are formally classical. In general, one can ask if there
is only one fiber (equiv., only one symmetric solution). This is studied in §5,
where a positive answer is provided in many cases of interest.

4.3. Metric compatibility conditions

When g and I' are isotropic, the compatibility of the connection with the
metric just means Vggij = 0. When one further restricts to solutions of the
classical metric-affine formalism, either one of the conditions of vanishing
torsion or Vggij = 0 suffices to select the Levi-Civita connection; moreover,
g% V¥ ga = 0 also suffices [7, (18)].

In the general Finslerian setting, vanishing torsion together with Vg 9ij =
0 determines I" as the Levi-Civita—Chern anisotropic connection of g [24]
20, 28] 49]. Nevertheless, there are at least seven nonequivalent concepts
of metric compatibility that one could think of. Each one is given by the
vanishing of one of the following tensors, where we assume that N is the
underlying nonlinear connection of I':

\N Vi, ViYi = Vidaj ¥ Viyi = Vigai y",

Vigary*y’ = ViL=VEL =V} guy" v, Y Vi gijy ye VY gis;

keep in mind that always Viy’ = 0 (Prop. 2.9), but Viy; := Vi (gja y*) #
Jja Viy®. When restricting to solutions of our affine equation, some metric
compatibility conditions select a single element of each fiber (Hsym) - (NE 4
32), much like Torfj =0 selects NL + 9Z. This, in turn, has important
consequences.

Until the end of this section, we use that N is of the form NX + 92 + A ®
C for some Z € h*T(My) and A € hOT?(M4), which in particular holds
true whenever N € Solz(A).
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Lemma 4.16. For N =Nt 4+ 92 + A® C, one has

(43) vyyk’(: Vi\lgbk yb) = - (Z% Gak + Ya Z%k) — LAzk — 2./41 Yk
(44) VIL(= Viyey®) = —2ua 29 — 2L A;,

(45) (VRL) , =2V} yp.

Proof. In Prop. 4.6 we showed formula , from where follows by
contracting with yJ and using Langy, y® = 0, Cpri 4° = 0, the 1-homogeneity
of 27 and the 0-homogeneity of A. Formula follows from by doing
the same. Finally, from comparing the vertical differential of with ,
and using y;.x = gjx and L., = 2y, formula follows. ([

Proposition 4.17. The following are equivalent:
(i) VNL = 0;

(i) N is the underlying nonlinear connection of some anisotropic con-
nection I' for which Vggij = 0. In this case, one can choose Ffj =

N,’f,j + ij with ij = g* VNg;a/2;
(iii) Vyp = 0;
(iv) Aj = —ya Z%/L.

Proof. (i)=(iii) By (48)), 2V}y, = (VNL), =0.

(iii)==(ii) The condition VNy, =0 implies that the chosen Q above
fulfills be y? = 0, so the underlying nonlinear connection of T' = N + Q is
N. Then, V£ gij = 0 is obtained just by substituting our choice in the general
expression

Viij = 0k9i5 — Ui 9aj — T gia = Vi 9ij — Qfi 9aj — QL Gia-

(see (8)).

(ii))==(i) Note that for any I', such as the one above, the covariant
derivative of a function only depends on the underlying nonlinear connection
N. Together with L = gq,y®y® and V47 = 0, this provides V?IL = V{L =
Vgt ye = 0.

(i)<=>(iv) This is clear from ([44). O

1 Notice, thus, that (iii)==(ii)==(i) is true for connections of arbitrary form.
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Proposition 4.18. L is constant along N-geodesics if and only if A, y* =
—2y, 2%/ L. In particular, this is the case if V%\IL =0.

Proof. Let v(t) be an N-geodesic, so that it solves

dAk dAk

7 T260 ) = NGO A5
G being the underlying spray of N. Then, using that v solves the above

equation,

d diy® .
ZL(7, ) = A0 L(7, %) + —— 0 L(7, %
” (7,9) = "0 L (v, 5) + gr (7, %)

= §°0aL(v.%) = N2(1, )1 0aL(7,) = 4"V L.
Moreover, from and the 2-homogeneity of Z,
YVIL = —dy, 2 — 2L Ay,

which concludes the first equivalence. In case that V%\IL =0, by Prop. 4.17,
one has A; = —y, Z%/L, and by the 2-homogeneity of Z, also A,y* =
—2yq 2%/ L. 0

Remark 4.19. From the beginning we assumed that the connections are
defined on A, where L does not vanish; however, L and N could be defined
further, on some set with vanishing L (as in the case of Def. 2.18). Then
Prop. 4.18 still applies to it. The conclusion is that the tangent vectors to the
N-geodesics starting at {L = 0} remain in {L = 0} (and so the N-geodesics
starting at {L > 0} or {L < 0} remain in these sets as well). In fact, this
is true for the pregeodesics of N = NX + 9Z + A ® C with arbitrary A, for
all of these N’s share pregeodesics with another one that is of the form of
Prop. 4.17 (see Cor. 4.12 (i)). In the case of proper solutions, this result will
be improved by Th. 5.11.

Next, we will not only use the form of N, but also that it is a solution of
the affine equation (so II®™(N) := Nl + 92 ¢ Soliym(A) and Z solves
([34)+(35), see Cor. 4.12 and Prop. 4.8 respectively).

Proposition 4.20. For any N =N! 4+ 902 + A® C € Soly,(A), the follow-
g are equivalent:

(i) gab V%\Igab = 07
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(i) Ay = —(n+2)y, 2%/ (2n L).
Proof. Contracting with ¢%,

g VNG =2Lan; —2C, 22 —22%, —2nA; = — (n+ 2) %Z‘; —2n A;
(the 0-homogeneity of A and the fact that Z solves were used). O

Proposition 4.21. Let n >3 and, for any N=NL4+9Z+ A®Ce
Sol(A), consider the following conditions: Torf’j =0, VYL=0,
g Vfgab =0. If two of them hold, then actually N =NL and the
three of them hold. In particular, this is the case when Vggij =0.

Proof. Due to Props. 4.6, 4.17 and 4.20, the conditions are equivalent to

42y 4,

Y
A; =0, A= -2 28 A; = o T 2

L

respectively, so combining any two of them results in
0=A; = % Z45,
and, by the 2-homogenity of Z,
va 24y = 2ya 2.
With this, recall form §2.4 that

<&> _ i _ oYY
K3

L L "LL

SO

1

Ya Ya Ya Gia Ya Yi Gia
0=Y2 za _ (—Za> - (7> Z“z—(——2——) za— Y za
L L i

L/ L L L L

As both Z and A vanish, N is the metric connection NZ. O

Remark 4.22. Imposing two conditions is required to select N among
Solz,(A), whereas in the classical Palatini formalism only one suffices. While
Vggzj = 0 is enough to select the metric connection, in the Finslerian setting
this should be viewed as a fairly strong requirement, for not even N always
fulfills it (VEg;; = 2 Lan;;z).
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5. General results on proper solutions

The standard theory on differential equations is applicable to the local exis-
tence of solutions of our affine and metric equations (Theorem 3.8), see for
example [52] in the analytic case. So, generically, one would expect a high
multiplicity of solutions, but these solutions would be defined only on a
neighborhood of some directions in the tangent bundle. However, a more in-
teresting behaviour occurs if one focuses on the global problem which arises
when all the elements can be properly extended at 0A. Notice also that,
apart from its mathematical interest, this assumption will be relevant from
the Physics standpoint in order to consider lightlike geodesics.

We will use two different types of techniques for these uniqueness results.
The first one relies on a weak hypothesis of analyticity and the second one
in the maximum principle. In both cases, the behavior of L at 0A (or the
fact that 9A = () in the positive definite case) becomes crucial.

Along this section, we will work essentially in dimension n > 3, which
will be required for different reasons, and we will assume the existence of
a prescribed proper L (recall Def. 2.18 and Rem. 2.19). So, N* and the
other metric objects, such as GZ, Ric” and Lan, are also smooth at the
boundar Accordingly, we work with the solutions N = N 4+ 7 of the
affine equation that extend smoothly to A (that is, such that J does).

Definition 5.1. Given the proper pseudo-Finsler metric L, we say that N
is a proper solution of if N € Solr,(A) and it smoothly extends to all of
A. The set of these solutions will be denoted Soly,(A).

As a synthesis of §4, keep in mind that the elements of Soly,(A) are of the
form N =N’ +9Z + A® C for some Z € h*T (M), A € hOT2(My) and
that then II3™(N) := N 4+ 92 is in Soly(A) as well. In case that Z and A
extend smoothly to A, we will write Z € h*7} (M), A € hOTP(M5), and
analogously for anisotropic tensors of all types. The following result justifies
restricting further our study to symmetric (A = 0) proper solutions.

Proposition 5.2. Given N=NL+40Z+ A®Ce€Soly(A), it is in
Sol.(A) if and only if Z € h®T (M) and A € hOT’(M5). Consequently,
II8Y™ : Soly (A) — Soliym(A) maps Solr,(A) onto Sol3¥™ (A) N Sol,(A).

15This is checked just by looking at the coordinate expression of GI' and
recalling that N*, Ric” or Lan are constructed with derivatives of it). Note, however,
that the assumption of non-degeneracy of g at A becomes essential.
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Proof. Trivially, the smoothness at 0A of Z and A suffices for that of N.
Conversely, if N is smooth on A4, then so is its torsion, from where shows
that so is A (this uses that the canonical C = y® 9, never vanishes on A).
As now N, NZ and A are smooth on 4, so must be 92 = N — N- — A® C;
by homogeneity, the smoothness of 0Z anywhere is equivalent to that of Z
(because 2 2" = Zi y9). For the last assertion, if N=NL +9Z + Ao C e
Soly(A), we have seen that the symmetric solution II8Y™(N) = N* 4+ 92 is
smooth on A as well. (]

Remark 5.3. The space of proper solutions of the affine equation is the
affine space Soly(A), which is equal to the proper solutions of . Its
associated vector space given by the proper solutions of , that is, the
equation obtained from dropping the Landsberg term (recall Def. 4.1
and Rem. 4.2). From Prop. 5.2 only the space Sol3¥™(A) N Soly,(A4) will be
relevant for the issues of uniqueness. As this is also an affine space, our aim
will be to prove that W := Z — Z; will vanish whenever N+ Z NL 4 2, ¢
Sol3™(A) N Soly, (A). Taking into account Lem. 4.11, the problem is reduced
to the uniqueness of VW = 0 as a solution of both eqn. setting Lan; = 0

and either or .

5.1. Fiberwise analytic solutions

Taking into account Rem. 5.3, let us study the uniqueness of W on each fiber
A, CT,M, pe M. Let W€ h?T(M4) and define o"V € htF(4), KV €
hOT(My) exactly as in (38), recalling K}V y* = 0 (Rem. 4.10), so that
W satisfies:

(46) W' =20"y' — Lg (o) +K),

(47) (n+2)c”" —2C, W* = W2 =0,
the latter interchangeable with
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Lemma 5.4. Suppose that W solves , on A, it extends smoothly
to A and n > 3. Then, W is divisible up to the boundary by all the powers
of L, that is, W = L* W for all v € N with W smooth 0 A.

Proof. Reasoning by induction, let v = 1. As the metric and W are smooth
on A, so are K" (because of its definition (39)) and ¢V (because of (7).
Using this and n > 3, shows that ¢"V is divisible by L: 6"V = L 0"V with
0" smooth on A. Substituting this in ([46):

12K :L{2;Wyi — g (al/lv—l—ngv)} = LW

with W smooth on A. Let us suppose that W is divisible by L and prove
that W is actually divisible by L**!. We do this in five steps.

Step 1 : K" is divisible by L¥~!. Indeed, if we substitute W = L¥ W on the
definition of K" and use that L.; = 2 Yi,

Ky = —ni2 {arrcoome+c, () |
o) _ _ni2 {2L” Coi WO+ Cy (2VL”—1W“ yi + L Wé)}
_ 2 <2L Cai W+ 20 C, Wy, + L C, VNV.%)
n+2

_ LV—l ICWz

with K smooth on A. From K y® =0 (Rem. 4.10), it follows that
(50) KW,y = 0.
Step 2 : oV is divisible by L”. First, it is divisible by LV~
W _Yayra Yo run  oru—1_w
== ==17L =1L
o 7 w T w o

(by the definition and the induction hypothesis). It follows that oW is
smooth on A and (3 — 2v)-homogeneous. Now, rewrite the terms appearing

16Whenever an anisotropic tensor is said to be “divisible by L””, we mean that
the quotient by this is a tensor that extends smoothly to A = {L = 0}, as it is
trivially smooth on A = {L > 0}.
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in , first /L\g“b ICZYb and then L g% U-](/Xb- For the former, we use in
the form ¢* KW, vy, = 0 and again L.; = 21;:

Lg® KW, = Lg® (Lu—l IfCVVa) .

(51) - Lg“b{2(1/— 1) L2 WaberL”*lEVVa.b}
— IV gab /EVvVa.b-

For the latter,

oW = (L”_1 cffW) =2 —-1) LV 20w yi + L7 oW,

‘1 .
1

oWy =2 —1) (120 y,) Lt (! }W)]
=20 =) {200 = LW gy + L2y oW 5 + L7200 g5}
+2 (I/ — 1) LV_2 ;\WZ Yj + Ly_l ;\Vv.i.j,

and using that ¢® 5, y» = L and the (3 — 2v)-homogeneity of o"V,
Lg®o", =2(v-1)L {2 (v — 2) LY 20W + (3 — 20) L 20V + nLH}W}
+2(r—1)(3—20) LV 1oV + LY g oW o,
= —4(v—1)? L' oW 4 2n (v—1) LV oW 4 L g ;W-a-b-

(52) = Aw—-1)2c"+2m@w -1 + LV g (ff\ﬁ.a.b.
Substituting and in and rearranging yields
{4(V 1)’ =2n(v—1)+ (n— 2)} oW =LV g (;W/.a.b +/€V‘}a.b) .

The polynomial 4X? — 2nX + (n — 2) on X has no integer roots whenever
n # QE Thus, as required,

(53) oW = LVgW

with o smooth on A. Tt also follows that oV is (1 — 2v)-homogeneous.

/m2 — . . .
1Tts roots are X = %, so if either of them was an integer, then n? —

4n + 8 would be a perfect square, say n? — 4n + (8 — m?) = 0 with m integer. This
would mean that n = 2 £ v/m2 — 4, so m? — 4 and m? would be two perfect squares
differing by 4. This is impossible unless m? = 4, which corresponds to n = 2.
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Step 3 : KW is divisible by L. From the penultimate equality on ,

2
n+ 2

(54) KW =__=_pr1 <2L Cps WP+ 20 Cy WPy + L Cy Wz) .

So, it suffices to show that C, We is divisible by L. Rewriting using
induction,

W w Y’ w w
Wz: v =20 ﬁ_Lljflgza (O',a +ICCL )
As C,y* =0,
—~ 1 1
CoW* = Ccto¥V — ——Ccol.

- _Lu—l a Lu—l

Now we need to check that both C%¢?Y and C* K}V are divisible v times.

For the former, we use and C%y, = 0:

oW — (e (LV ﬁ) — Qo <2uL”—1;Wya Ty ;W.a> — LYW,
-a

-a

For the latter, again we use and C%y, = 0:

CofW = -2 (20,07 Cha WP 4 20 O WP € gy + LCOCy Y, )
n+2
_ 2 v a YA D a YA D
=L (20 Cpa W+ C cbw.a).

Going back, these substeps and Rem. 4.10 prove the divisibility

(55) KW =L'KW  with KW, y® = 0.

Step 4 : a’//vvis divisible by L¥*!. Now that we know that ¢"V = L¥ ;\W and

KW =L¥ ]6/71 , we turn our attention back to . The analogous computa-
tion to that on , this time using , shows that

L™ Ky = L g™ KW,

The analogous computations to those leading to , this time using the
(1 — 2v)-homogeneity of oV, shows that

Lg® o, = 420" + 2nva”V + LV g% oW ..
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Substituting these in and rearranging yields

{41/2 —2nv 4+ (n — 2)} oV = [Tl g <;\V§.a.b + /Cwa.b> ,

and the inexistence of integer roots of 4X? — 2nX + (n — 2) yields the di-
visibility

oWV = LV TigW.

Step 5 : W is divisible by LT, Subst1tut1ng UW L”+10W KW = LY KW

in (46)) and computing, one gets Wi = L¥*+1 W with W smooth on A, which
completes the proof. O

Remark 5.5. Assume that N- + 92 e Sol3¥™(A4) N SolL,(4) (so that Z €
h?7;! (M) solves (40), (1)) and that Lan; is divisible up to A by L”, where
v € NU{0}. Then the argument above proves that Z is divisible by L**!.
In particular, Z always is divisible by L.

Definition 5.6. We say that an anisotropic tensor 7' € h® 7] (M) is fiber-
wise analytic on A if it is analytic when restricted to every A, C T, M.
Remark 5.7. In coordinates, T is fiberwise analytic when all T“’ (x Y)
are analytic in y. In particular, this property holds for most exphclt pseudo—
Finsler metrics, L = L(x,y), such as pseudo-Riemannian or Randers ones.
This notion does not require of any additional analytic structure to be well-
defined: each T, M has a canonical one as a vector space. By contrast, the
notion of being analytic on A does. Anyway, obviously, “analytic” implies
“fiberwise analytic”.

Theorem 5.8. Assume that the proper pseudo-Finsler metric L is of non-
definite signature and n > 3. Then there exists at most one N = NL + 9Z €
Sol3Y™(A) N Sol,(A) such that the spray difference —2 Z = G — GL (equiv.,
the connection difference 0Z = N — N%) is fiberwise analytic on A.

Proof. The analyticity (resp., fiberwise analyticity) of —2 Z is equivalent to
that of dZ because this is constructed with fiber derivatives of Z but also
—2Zt = —Z 4.

Let Ng = NL + 92 be another solution with the same properties. Then
W = Z — Z; is fiberwise analytic on A too. By Prop. 5.2, W is smooth
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there, and by Lem. 4.11, it solvegv—i—. For all v € N, Lem. 5.4 al-
lows us to write W = LY W with W smooth on A. After restricting this to
each pr, when one computes the vertical derivatives of the functions W?
by induction, it becomes clear that W?jyjz...-ju,l = LT]?'IH_]-%1 with T;l.__jWI
a smooth function on A,. This shows that all derivatives of all orders vanish
on 0A, = {v €A,: L(v) = 0}. Now we develop W' in Taylor series on an
open subset of A, around some v € JA,, (this exists due to the signature be-
ing non-definite). Clearly the analytic YW vanishes on that open set and, as
A, is connected, it vanishes on all of A,. Thus, Z, = Z| p P W = 2| .

Corollary 5.9. With the hypotheses of Th. 5.8, in case that L (equiv., g)
is analytic on A, there exists at most one symmetric_and proper solution
N = N + 0Z of the affine equation analytic on A.

Proof. The analyticity of L is equivalent to that of g by the analogous
reasoning as in the theorem above. In case that L is analytic, so are G
and NL = 9GL (recall the coordinate expression (|14))), so the analyticity of
N = NZ + HZ becomes equivalent to that of dZ and implies its fiberwise
analyticity. Thus, Th. 5.8 applies. g

Remark 5.10. The techniques above can be used to obtain nonexistence
results for fiberwise analytic solutions in some cases. Namely, if Lan; is
not 0 but it is divisible by all the powers of L (what implies that Lan; is
not fiberwise analytic on A), then no proper solution N = N* + OZ with Z
fiberwise analytic can exist (indeed, by Rem. 5.5 such a Z would be divisible
by all the powers of L too and the same argument of Th. 5.8 would prove
that Z = 0, contradicting Lan; # 0).

A relevant issue is whether the N-geodesics will be defined on all the
L-lightlike directions, which becomes obviously important for physical in-
terpretations in Lorentzian signature. We will take advantage of the fact
that Z is always divisible by L (Rem. 5.5) to prove that every symmetric
and proper solution of the affine equation shares its lightlike geodesics
with L, notably with their parametrizations included. In the Lorentz-Finsler
case, they are the cone geodesics of the cone structure naturally associated
with L [27, Th. 6.6] with distinguished parametrizations. Recall that the
tangent vectors to the L-geodesics starting at 04 = {L = 0} remain in A
(this, for instance, follows from Prop. 4.18 by taking Z = 0 and A = 0).
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Theorem 5.11. Let N =NF 4+ 3Z e SolS"™(A) NSoly(A). Then the
unique N-geodesic starting at each v € 0A coincides with the corresponding
(lightlike) L-geodesic.

Proof. We saw that Z = L Z with Z smooth on A. Let ~(t) be the unique
L-geodesic with initial condition 4(0) = v, so that it solves
5’
dt

+2 (G (3(t) = 0.
Then L(§(t)) = L(v) = 0 and Zs ) = L(¥(t)) Z:/(t) = 0, allowing us to write

dA?
dt

_

0= " +2(G") (1) +22'((1) = " +2G'(3(0)).

Recall that G is the underlying spray of N, so ~(¢) turns out to be the
N-geodesic with initial condition v. U

Remark 5.12. Although we have been working with proper metrics, as
far as the results of this section 5.1 are concerned, this assumption can
be somewhat weakened. Indeed, assume only: (i) each fiber A, (p € M) is
connected and L # 0 on it; (ii) L extends smoothly to some conic B with
ACBCACTM \ 0 and ¢ is non-degenerate therein; (iii) each B, \ A, is
nonempty and formed by L-lightlike directions. Accordingly, consider those
N=NL49zZ¢ Soliym(A) that extend smoothly to B. Then Ths. 5.8 and
5.11, as well as Rem. 5.10, still hold true. Moreover, Lem. 5.4 and Th. 5.8
could straightforwardly be stated for a single fiber B),. Summing up, the
point here is that the techniques of this subsection do not really require of
any global hypothesis at the boundary of each A,, but only the existence
at each point of a lightlike direction to which L and N can be smoothly
extended. By contrast, those of the next subsection will actually require of
solutions defined on the whole Ip.

5.2. Results from scalar elliptic PDEs
Inspired by and , we consider the equation
(56) kf —Lg® fap=0

with parameter x € R. This time we emphasize its study on each single
fiber A, (p € M) and we work in coordinates adapted to its homogeneity.
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Thus, regard (by restriction) f as an a-homogeneous smooth function on A,
and take another positive 1-homogeneous function r there (in particular, we
will take r = F, = /L, later). Consider the smooth ['¥| hypersurface £* =
{r = 1}, so that

r _ v
Ap =RT x X7, U:(r(v),r—v)).

The indices ¢ d will run in the set {1,..,n —1}. Take coordinates
(2%, ..., 227 1) on ¥, Together with the natural coordinate on R*, they in-
duce coordinates on A,. These turn out to be (r,z}, ...722_1), where the

29’s are the z§'’s extended by 0-homogeneity:

We refer to (r,z}‘, 2 1) as generalized polar coordinates.
By the 1-homogeneity of r and the 0-homogeneity of the 25’s

CV =y 0,0 =y (;‘;a gzgla ):mr

on A, For wygeX¥, omne straightforwardly  checks  that

(vo, 0.1 ‘UO eees 82;71 UO) is the dual basis of (dry,, (dz}‘) (dz”_l)v ), SO
6Z§ = 85‘ " . From now on we will not distinguish between the zy and

the z4, denotlng either of them by z. For f, being a-homogeneous means
that

f(r’ 217 .”7an1) — fzr(217 ceny anl) ra,

so O,z f is a-homogeneous as well.

Lemma 5.13. Let n > 2. Any a-homogeneous solution f of on A,
must be f =0 in any of the following two cases:

(A) L is Lorentz-Finsler, f extends smoothly to A,, k# 0, a <2, and
k < a(a+mn—2) with one of these inequalities being strict.

(B) L is Finsler (thus A, = A, =T,M\0) and k> a(a+n — 2).

18Regarding (also by restriction) (y',...,y™) as linear coordinates on T, M D A,,

by homogeneity one has dr,(CY) = y®(v)r..(v) =r(v) =1 # 0 for v € E‘" C A,.
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Proof. Case (A) . First, rewrite on A, in terms of F' = VL(> 0),
(57) fira = F2 9™ fan =0,

and this expression in terms of

Using F; = y;i/F, g yayp = F? (§2.4) and the 0-homogeneity of 1,

fi= (Faf> = aF fy o+ PO,
7
fij =« {(04 —2) FO A fyyy + FO 2y i+ Fa_Qfgij}
+aFo2 fiy + F fa,
Frogby v =ala+n—2) ]7—{— F? 4ab fwb.
Substituting this and rearranging, reads

(58) —Lg® far—{a(a+n—2)—kK}f=0.

Now, rewrite in generalized polar coordinates (r, z', ..., 2"~1) with
r = F), so that ¥' is the indicatrix of L at p and (2!,...,2""1) are global
coordinates on X* with values in a relatively compact domainlE D C R !
which then are extended to A, by 0-homogeneity. Using 0r = r~'CV and

CY(f) = 0 (0-homogeneity of f),
~ ~ Or _ ~ 0z°_ ~ 02°_ ~

Using that 8zafis 0-homogeneous too,

~ 02° . ~ 0?%2¢ ~
f J Y (ayl f) 8yZ 8y] f+ 8yl
2,¢ _ ¢ n.d

oyt 0y? oyt O0y?

azazaif

19Ag A7p is contained in an open half-space determined by some vector hyperplane
I, C TyM (Rem. 2.19 (B)), any hyperplane =), contained in that half-space and
parallel to I1, will be intersected exactly once by each ray in A,. These points give
D C E)}, and its boundary 0D, which is the intersection of the cone 04, with =,.
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From these,
~ 0%2° ~ 026 024 ~
L ab - =T ab 82«5 L ab 2E ;
%2 ~ 02¢ 924 ~
S Oy f + L g Hdy®, dyP 0%
g 8ya 8yb f + g ( y ) y ) 6ya ay zfzrf
L o Fr Dy e T
- g 83/“ 8yb z° g ) 2Cydd -

Substituting this, reads
8226 -
0ye
oy oy =7
—{a(a+n—-2)—kr}f=0.

. 71d57dJ82EJ~_L ab
(50) g (dz%,dz") 0. af — Ly

To check that the matrix g~1(dz% dz%)s. is negative definite, notice that,
for each vy € X¥, g, is of signature (+,—,...,—), the radial direction vy
is positive deﬁnlte and gy, -orthogonal to TfU0 Zp = Span {01 |y ey On—1]u,
and the g,,-flat 1somorphlsm maps Ty,Xp into Span {dz - dzj}o s

The restriction fgr satisfies on its domain D with L = 1:

1 d ~ 02%2° ~
-1 dz¢.d d r@Q—J . ab Y <~ 836 .
g ( z Y z )Z 2%z fE g aya ayb - fZ

—{a(a+n—2)—k} fo=0.

(60)

This equation is uniformly elliptic on compact subsets, as —g~*(dz°, dzd)gr
is continuous and positive definite (see [I8, Ch. 3]). Moreover, one of our
hypothesis is — {a (a +n — 2) — k} <0, thus, the classical maximum prin-
ciples [I8, §3.1 and 3.2] will be applicable to its solutions. In particular,
a standard application of the weak maximum principle [18, Th. 3.3] shows
that fgr and fo =0 are equal if fgr is continuous and vanishes on 9D. These
conditions follow from when « < 2 (recall that F2~% vanishes on 04,
and f is smooth therein by hypothesis), while if & = 2, still implies that
f is smooth on A, and the result follows from using the hypothesis of
strict inequality for k.

Case (B). Now, the coordinates (zl,.:, 2"~1) cannot cover the whole
indicatrix ¥* (which is compact) but, if fsr is not constant, we can take
them around any maximum v,, € 3" where fsr is not locally equal to ¢, :=
fsrx(vm). Reasoning as in the case (A) , one arrives at (59)) and (say, after
an overall change of sign) strict uniform ellipticity follows from the new
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hypothesis on . If ¢;, > 0, a direct application of the strong maximum
principle [I8, Th. 3.5] shows that fs» has to be locally equal to ¢p,. So, Fsr
must be constant and, by (59)), equal to 0. If ¢,,, < 0, reason with fz;r O

In Th. 5.8, we obtained a general uniqueness result for solutions of the
torsion-free affine equations , under the hypothesis of fiberwise-
analyticity. As a first application of Lemma 5.1, this hypothesis is dropped
in some particular cases.

Theorem 5.14. Assume that L is Lorentz-Finsler andn > 3. If N = NE 4
dZ € Sol¥Y™(A) N SolL,(A) and

(61) 2C,.: 24 Cq 25 + Lan; = 0,
then actually Z = 0 and thus Lan; = 0.
Proof. Using the notation , the hypothesis (61)) means

zZ

T aI Lan;.
Thus, the equations , , read, respectively,
(62) Zi =902y — Lg" 02,
(63) (n +2) 0% = —Lan;,
(64) (n—2)o% —Lg®0Z, =0.

The function f := af , which is smooth on A7p by , solves on A, with
parameters a = 1, k = n — 2 (by (64)). Applying Lem. 5.13 (recall s # 0 as
n > 3) yields af =0, for all p € M. Thus, yields Z = 0. Finally, recall
Rem. 4.2: N% being in Soly,(A) implies Lan; = 0. O

Corollary 5.15. If L is Lorentz-Finsler with vanishing mean Cartan ten-
sor (C; =0) and n > 3, then its associated nonlinear connection NZ is the
unique element of Sol3¥™ (A) N Sol,(A).

Proof. As the mean Landsberg tensor can be written as a derivative of C;
(see [49] (6.37)]), the hypothesis follows trivially and Th. 5.14 applies.
O
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Remark 5.16. In [39, Remark 5.3], the relevance of the condition C; = 0
in the study of alternative Finslerian Einstein equations is stressed, namely,
it guarantees the symmetry of certain Ricci tensors. In the positive definite
case, Deicke’s Theorem [5, Th. 14.4.1] establishes that the only Finsler met-
rics with C; = 0 are the Riemannian ones. The Berwald-Moor metrics [4] are
improper Lorentz-Finsler counterexamples, as they cannot be properly ex-
tended to 0A; as far as we know, no proper Lorentz-Finsler counterexamples
appears in the literature.

In Lem. 5.13, the case (B) provided a positive definite version of the case
(A). However, it did so for k > « (a + n — 2), which is the opposite inequality
arising in the proof Th. 5.14; this prevents a result for Finsler instead of
Lorentz-Finsler metrics. However, we are going to prove that the uniqueness
of solutions in the Riemannian case can be obtained by means of a further
study of the Laplacian of f, that is, the solutions in the Riemannian Palatini
approach agree with those in the Finslerian Palatini one. For the following
result, recall that in the case of Finsler metrics, A = TM \ 0; hence, all the
corresponding solutions of the affine equation are trivially proper.

Theorem 5.17. Assume that L is (positive definite) Riemannian and n >
3. Then N is the only element of Sol3’™(A) = Sol?Y™(TM \ 0).

Proof. Let N =NV 4+ 3Z € Sol3"™(TM \ 0). By using, in Lem. 4.11, the
vanishing of the mean Cartan and Landsberg tensors, Z solves

(65) 2t =207y — Lg" 02,

(66) (n—2)o% - Lg*®0Z,=0.

When rewritting in terms of
~ 52
0% = - € hF(TM \ 0)

(put @ =1 and K = n— 2 in (58)), one gets
(67) Lg®oZ 4 +0Z =0,
which in turn can be restricted to each T,M \ 0. This time, g, is just a

positive definite scalar product on T, M, its indicatrix being a round sphere:
Y ={veT,M\0: L(v) =1} =S""!. Thus, g? 8§a ,» is the Laplacian
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of the Euclidean R" and, as (;%p is 0-homogeneous, it is well-known [50),
Prop. 22.1] that

(gab Uf\é.a.b) Gt = Agnflof'\é.
Because of this, restricted to S*~! becomes
(68) —Agi10Z = 02,
The set of eigenvalues of —Agn-1 is
Spec(—Agn-1) ={v(v+n—-2): v e NU{0}}

([50; Th. 22.1], we follow the conventions of this reference). As n > 3, then
1 ¢ Spec(—Agn-1) and 02 = 0, as it solves . Thus, Z = 0 from , as
required. O

The following last consequence of Lem. 5.13 is relevant for the consis-
tency of the metric equation .

Theorem 5.18. Let L be Lorentz-Finsler and N any nonlinear connection
(non-necessarily in Soly,(A) ) which extends smoothly to A. If the Ricci scalar
Ric of N satisfies, for some k < 2n,

kRic — L ¢ Ric.qp = 0,

then actually Ric = 0. In particular, if n > 3 then the variational metric eqn.
0], (n + 2) Ric — L g® Ric.q.p = 0, implies Ric = 0.

Proof. f :=Ric, is a-homogeneous for a = 2, smooth on A, (due to the
hypothesis on N) and solves on A, for k. Thus, Lem. 5.13 applies for
the chosen «. O

Remark 5.19. (A) This result can be applied to pairs (N, L) which solve
the variational equations. Recall that the Ricci scalar is equal for the solu-
tions obtained starting at one N and making an A-translation in the space
of solutions N+ .A4® C (Prop. 4.6). This ensures the consistency of such
solutions as in the classical Palatini case [7]. In particular, when N” is a

solution (i.e., when Lan; = 0), Ric becomes Ric”.
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(B) In any dimension n > 3, the classical vacuum Einstein equation for
pseudo-Riemannian metrics L(z,y) = gap(x) y®y° can be expressed as

4Ricl — L g Rick , =0

(contract both of its indices with C, and use and with the Levi-
Civita connection). Thus, when interpreted as an equation for pseudo-Finsler
metrics, this one would be the most direct extension of the Einstein equa-
tion. Notice that Th. 5.18 also applies to it, so for any proper Lorentz-Finsler
metric it is equivalent to Ric” = 0 as well. From a technical viewpoint, it
is quite remarkable that this is a nontrivial Finslerian result which requires
Lorentzian signature, while in the classical pseudo-Riemannian case an ele-
mentary algebraic argument suffices in any signature.

(C) The variational equation studied by Hohmann, Pfeifer, Voicu and
Wohlfarth [21] [46] agrees with our metric equation when Lan; = 0 (in any
dimension)m The discrepancy when Lan; # 0 may be interesting, at least
from a mathematical viewpoint. As we have seen, in this case no solution
N of our affine equation can have the same pregeodesics as N¥ and it is
not clear the role of N¥ then. However, no matter the affine solution one
chooses, our metric equation is the vanishing of its Ric. For the cited authors,
however, it is a more complicated one which involves L and Lan.

(D) Th. 5.18 also complements previous results obtained for the metric
nonlinear connection of certain Berwald metrics [I7, Th. 3], [20, Prop. 4].
The conclusion of our theorem holds even though the metrics there cannot
be extended to 0A as properly Lorentz-Finsler.

(E) Previous comments strongly support that the natural generalization
of Einstein vacuum equations must be the vanishing of the Ricci scalar
for some solution N of the affine equation. When Lan; = 0, N would be
a distinguished solution which, in fact, it would be the unique symmetric
one under the mild conditions studied before. Let us point that Ric” = 0
as a vacuum equation was first proposed by Rutz [48] and has been further
studied in some cases [3§].

2Formulas (77) and (79) in [2I] are immediately generalized from dimension
4, yielding the terms — (n + 2) Rict and L g Ricz,b respectively, while it can be
checked that (78) there still yields only terms that vanish when the mean Landsberg
tensor does.
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5.3. Recovery of the classical solutions

Finally, let us restrict our attention to pseudo-Riemannian metrics and affine
connections (or, equivalently, linear N’s, N¥(z,y) = I'} (z) °). Then the so-
lutions of the Finslerian metric-affine formalism (described by (L19), (20))
are exactly those of the classical one. This fact will be proved directly, even
though we will give some hints to regard it as a corollary of our results in
§5.1 and §5.2, which go way beyond the classical case. Keep in mind that
the isotropic I'’s solving the classical metric-affine formalism [7, (17)] can be
identified with their underlying linear N’s, so in Def. 4.14 we refer as clas-
sical solutions to those N = N + A ® C with L pseudo-Riemannian and A
isotropic.

Theorem 5.20. Assume that L is pseudo-Riemannian, N is linear and
n > 3. Then one has N € Soly,(A) if and only if

N=Nf1A®C

for some isotropic A. For these connections, Ric = Ric” and (N, L) solves
also the metric equation if and only if L solves the classical (vacuum,)
FEinstein equation

Ricl = 0.

Proof. L being pseudo-Riemannian, Lan; = 0, so N* € Sol;(A4) (Rem. 4.2)
and N* + A® C € Sol;(A) (Lem. 4.5). Let us establish that these, with A
isotropic, are all the linear elements of Solz(A).

Again because L is pseudo-Riemannian, N’ is linear ((NL)ZC (z,y) =
(9 )fb (z) y® with T'9 the isotropic Levi-Civita connection), and because N =
N +9Z 4+ A®C e Soly(A) is assumed linear too, A must be isotropic.
Indeed, from the definition it is clear that the torsion of the linear N is

isotropic, and from ,

2(n—1)A4; ylc =(n—-1) Torfb yb — Tor, yk — Tor%, yb 65,

2(n—1) (AZ' Gy A 5;‘3) =(n-1) Torfj — Tor%; (5?” — Torg; oF,
2n (n—1) A; = (n — 1) Torj, — n Tory; — Tory; = —2n Tory,

(we vertically differentiated, contracted the indices k with j, and used the
0-homogeneity of A and the antisymmetry of Tor).
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As A is isotropic, it follows that Z is quadratic: Z%(z,y) = &, (z) y* y/2
for some isotropic and symmetric (1, 2) tensor @. Indeed, formula for
the underlying spray G of N = N/ + 9Z + A ® C can be written as

1 .
SThy () y"y’ =

7 a 7 1 1,..a
5 (T () y* 4" + Z'(2,9) + 5 A(2) 65" '

N | =

and the symmetric part of I‘;k — (Y );k — A; 8t is an isotropic tensor.

Now, recalling that NL + 92 e Soliym(A), one has two options. In a
direct manner, using that Z solves , (41)), and the vanishing of the
mean Cartan and Landsberg tensors,

(n+2)JZ:Z“ a yb,

-a = Fab
0=(n—2)o% ~Lg"0Z,
1
=(n—-2)o” - Lg® (n+2q5gdyd>
.a-b
=(n—-2)o%,

Zi=20%y' —Lg“0Z, =0

(as n > 3). Alternatively, one can use that, as N is linear and Z quadratic,
also N 4+ 92 e Soly,(4) and Z is fiberwise analytic on A, so either Th. 5.8
or Th. 5.17 (depending on the signature and again becuase n > 3) can be
applied Y to conclude that NX 4+ 92 = NL.

We have proven that if N € Solp(A), then N =N+ A® C with A
isotropic. As this N shares fiber in Soly(A) with N Cor. 4.12 iv) gives
Ric = Ric”. The metric equation for (N, L) thus reads

(69) (n + 2) Rick — L ¢g®Rick , = 0.

However, once again as L is pseudo-Riemannian, Ric” is quadratic too.
Indeed, Ricl = ¥, y*y®/2 with ¥/2 being the (isotropic and symmetric)

2IThere would be the technical issue that in non-definite signature, one can re-
gard a pseudo-Riemannian g as a proper pseudo-Finsler L only locally in general.
Namely, under Def. 2.18 one chooses a certain connected A, at each point, but the
usual pseudo-Riemannian setting includes cases (i.e. non time-orientable Lorentzian
metrics) where such a choice cannot carried out. Anyway, the former approach of
direct computations avoids this issue altogether.
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classical Ricci tensor of L (use (L1]) with the Levi-Civita connection). Thus,

becomes

n+2 1
0= "2 o)y - Do) ) (3 Wate) o)
-a-b
n+2

=~ V(@) y"y’ — L(z.y) g () V()

_ (” 2 g(a) — ¢(a) Tp(a) gcd@:)) s,

2
which is clearly equivalent to

n+2
2

Uij — 2 gij = 0.

By taking metric trace (and once again as n > 3), one sees that this one is
equivalent to ¥ = 0, but this is also true for the classical Einstein equation
Ric = 0. This completes the proof. O

Remark 5.21. As a last remark, recall that, apart from the classical so-
lutions, a pseudo-Riemannian L admits also the formally classical ones,
N =N’ 4+ A® C with A anisotropic and 0-homogeneous. No other proper
solutions can appear in the Lorentzian and Riemannian cases, by Cor. 5.15
and Th. 5.17 resp. For general non-definite signature, Th. 5.8 establishes that
there cannot appear other proper solutions with fiberwise analytic symmet-
ric part TI5Y™(N).

Appendix A. Proof of Prop. 3.2 (Divergence formulas)

In order to prove , we will lift the anisotropic connectio N to a linear
(Koszul) connection VN for TA —» A. For this, recall [28, Th. 3], [24), §4.4],
and the N-horizontal and vertical isomorphisms @ and respectively.
One can regard the anisotropic IN as a vertically trivial linear connection

22This construction works for any anisotropic connection I' in place of ON. In
particular, taking I" as the Levi-Civita—Chern anisotropic connection of the metric
[24], 26, 28] [49], this justifies regarding Chern-Rund’s as a connection for TA — A.
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for VA — A as in [28, Th. 3], resulting in
SN Y4 Ny VY
for X,V € T3 (M,). Imposing also
SN H Ny H

and maintaining the vertical triviality, VN extends unequivocally (by linear-
ity) to act on any vector fields on A. Then, by construction,

(A1) VYo, =N, 0, VN =N, 0,  Vie =0, VY9 =o.
The torsion of VN is defined, for vector fields X, Y on A, by
Tor(X,Y) = VAY — UNX - [X,Y].

Along the proof, the indices 7, j, k will run in the set {1,...,2n} (i, j, k
remain in {1,...,n}) and the local frame (d1,...,0n, 01, ..., 0y) is denoted by
(E1, ..., Eay,) with the dual coframe (dz?, ..., dz", <5ylA7 .., 0y™) being denoted
by (E',..., E?"). Putting, accordingly, V%%Ej. =: r'fj E; and taking (A.1)
into account, it follows that

NES it (4,5, k) = (6,4,k) or (i,,k) = (i,n+j,n+k),
0 otherwise,

(A2) TE = {

— A A /\fg
while putting Tor(X, ) =: X* Y’ Tor;; Ej, it follows that

e I N S ) R
(A.3) Tory; =TL —Th — B ([EZ.,E]}).

In a standard manner, we can express any Lie derivative
Loc(dp) = Loc(dp)(Ey, ..., Bop) EY A .. A E*™ =: L (dp)p E* A ... AN E*"

where

_ |det gi;(v)]

(A.4) du Flo)

F'AANE*™=dupE'A...NE*™
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in terms of VN. Indeed,

LDC(du)E = LX(dM(Elv ey E2’n)) - Zdlu’(Ela ey 'CDCE.}? ey E2n)

X(dpg) — Zdu (B, ey [ ] yeery Bop)

X(dpg) — Zdu (Br, .., VXE; = VR X = Tor(X, B3), ..., Fan)

2n
= X(logdug)dug — Z:du(...,f)C2 I’Z E;,...)
J=1
2n .
+Zdu xz E: +rk X' Epy )+ Y dp(..., X Tor; By, ...)

- {x(log dug) — X rgj, + (Ej.(:xf ) + f; :x) L T&%} s,
SO

(A.5)
div(X)dp = Lo (dp)g EY A ... N E*

_ {x(log dug) — X fﬂj + (Ej(xﬁ') + f; x) o T&{;} dup EYA ... A B
- {x(log dug) — X ffj + (Ej(ij) + fgﬁg x) o T&Jj} dp
(and note that (DC(log dug) — i fz]) dp = ﬁgdu).
One has the identities
E;i(det g) = det(g) g §;gap = det(g) (gab V3 gab + 2 N?,a)

(using Jacobi’s formula for the derivative of a determinant and (g))),

T N 4
oF 2F op Vidabyy

By~ D) 5 se(L) o sen(D)

(using F' = \/|L|, L = gap y* y? and Vyyj =0),

Eyti(det g) = 2det(g) C,
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(using again Jacobi and the definition of the mean Cartan tensor), and

sgn(L
Enyi(F) = PE )Z/i

(using again F' = /|L| and L.; = 2y;). From them and (A.4)), it follows that

Ei(dug) y ol o\ ox
A' E’L l d = — = ab __ .0 N g 2NCL ,
(A.6) (log dup) i 9" =5 7"y ) Viga +2NE,
Enyi(dpr) Yi
A. E,i;(logd = ———=2C;, —n=.
(A7) +i(log dup) din Ci—n 7

We take X = X = X E,. Using (A.6), (A.2), (A.3) and the commuta-
tion formulas , we have

n 1
X(logdug) = X° <gab A yb> Vigaw +2XN2,

_ TV, — i T _ i Pt
%J ia

a
in+a

= —X°N%, — X°N¢, = —2X°N¢

c-a’

E:(X7) + F% X' =Eo(X") + Epya(X") +T% X" 4 e, X
=0, X+ N¢ _X°©
=V, X,

iTor — i (V. -1 _ Bi([E. B
X Tory; = %° (T4, ~ TV - BV(|E;, B5)))

=0 (Pg, + Tove Do, T BY([E,, Ba]) — E"([B;, Buta)))
= X (N + N, = Noo = ([0, 6a]) = 3y°([ 60 D))

= X“(2Ng., —Ng.. —Ng.,)

= X“Torg,.

Putting these together, (A.5) proves .
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Now we take X = XV = X E,,,,. Using (A.7), and again (A.2)), (A.3)

and the commutation formulas ((10)), we have

X(logdug) = <2 Ce—n %) X,

_xi fgj _ _xi f?a B \rxﬁ f:r'z—l—a - _x¢ fa _ X¢ fn—l—a =0,

inda n+ca n+cn+a

E:(X7) + I, X' = Ba(X) + En4a(X"%) + T8 X 4 T2 X = DX = X9,

- /\i o (7 =j - e
X Tory; = % (T4, — T, - BI(| B, B5)))

=i (B, Prte T Do BB, B]) ~ BB, o)

a al n+ai
= X (—da"([ e, 0]) — oy°([ 0. 0u]))
=0.
Putting these together, (A.5)) proves E and yields the proposition.
Appendix B. Proof of Th. 3.8 (Affine equation)
When varying N by N(7), taking Rem. 3.1 into account, it is immediate to
check that

0| o o an
— N L= — L
57| 8N, 1 | & L Ric(r)dy

0
= [ L' =
/D or

(B.8)
. Ric(r) dp.

Using @ and (@,

Ric(r) = 0(r)NG(r) (029" — et
6;(PINE(r) = 9;NE(7) = NJ(7) BN (7);

here, 62 is Kronecker’s, in contrast to §;(7), which comes from N(7).

23Notice, however, that is a purely vertical identity independent of N. So,
it could also have been proven by direct computation without any connection for
TA — A.
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Let us express the derivative of 5j(T)N,’f(T) in terms of VN and Torfb Yt =
(Ni-c.b - Nf.z-) yb = N’;-b (5f yb — o (55). We do this by commuting 9-|, with
8]- and 8d,

0

5| BN} =05 (V)] = (N)] NE, - N (V)]

()] = (N) N

7=0

Il
=S

and then adding and substracting —N‘}_i (N’)]:l + N;‘?,d (N’)? so as to obtain
the same terms as in ,

7 BN} = V) NG (V) = N (V) - NE (V)]
With this,
(B.9)
Lt ;T » Ric(7)

= L7V (N 4 N (V) = Npa (V) = Nag (V)5 } (00 = vt
= L7V (V); (029! — y" 0t) + NiL (320 — v 0) (N3}
=L VY (N) 9y — L1 VY (N))S g — L7 Tord, o (N')©.

Recall that, by Prop. 2.9, V%\IL = V?Igab y*yP. Calling X :=
Lt (N/)g y© 0. € hO7'(M4) and using (17)),

(B.10)
LTI VN (NG o
= VNI (N y) — V(LY ()] o
d

. H - a1y N a c
=div(X") - L 1{(9 _§fy y>vcgab+T0rca}y (Nl)d

_ d
+ L7y Vigayy® (V)]

. B n+21 d
= div(x™) - L 1{<g“b— 5 Lyayb> chgab+T0rga}yc(N/)d'
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Analogously, calling Y := L™} (N')§ y? 9, € hOT (M),

(B.11)
L7Vl (N') y?

) - n+21
= le(YH) — L' { (gab 9 I y” yb> vcNgab + Tor(cla} yd (N/)Z'

Substituting (B.10)) and (B.11)) in (B.9),

0
1 - .
| Ric(7)

= div(XH) — div(YH)
_ n+21 d
L1{<g“b : Ly“yb>VcNgab+T0rZa}yc(N’)d
121
L—l ab_n -
* {<g 2 L
C
<.

I-

Y yb) Vo gab + Toria} v (N');
— L7 Tord, y* (N')

Prop. 3.2 also guarantees that, upon integration on PTA, the divergence
terms can be discarded. Indeed:

/div(XH)dp:—/ dXHadp) = - [ XHadp
D D oD

(analogously for div(YH)du) and, by the fact that N(7) is D-admissible
(Def. 3.7), X and Y vanish on (PT) ™" (D), so X" dy and YH _dy vanish

on 9D (see the comment at the end of Prop. 2.3 (ii)). The remaining terms,
substituting back in (B.8)), can be expressed as

0

E =0
_ @ n+21 a a c c e
= /DL 1{(9 P Ty yb) VfgawTorca} <5eyd—y 53) (N')5 dp

- / L~ Tord, ¢ (N’)z dp.
D

8P[N(), L]

The field N’ € h! 71 (M) with P+ (Supp N') relatively compact in PT A is
arbitrary: for any such N’, there exists a variation N(7) that has it as its vari-
ational field (for instance, N(7) = N + 7 N’). Thanks to this, the standard
argument of the calculus of variations can be applied (on a D around each
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P*v € PTA). We conclude that the vanishing of all the 0,|, SP[N(7), L]’s is
equivalent to

(B.12)
21 j ' /
{(gab B n‘zi‘ fya yb> VN gap + Torga} (5fyj —y° 523) — Tor], y* =0
on A.

The only thing that remains is to reexpress this in terms of J := N — NZ,

Substituting and in (B.12)) yields the required equation ((19)).
Appendix C. Proof of Th. 3.8 (Metric equation)

When varying L by L(7), it is immediate that

9 D _ [ 9 “1p
5e| 8PN L) = | M) Riedu(r)
) e
(C.13) :/Daq_ {L(r) 1Rlcd,u(7')}
7=0
Ric 0
=— [ L7'=1I'd +/L‘1Ric du(r).
/DLM D or 7=0 w)
By (16)),

d (T):de/\dy.
)2

We compute the derivative of this taking into account that

9
or

1 0
i(r) ==L . -
i =g ke

7=0

T=

by Jacobi’s formula for the derivative of a determinant,

L |det gij| op . n |det gij| »_y ,
T:od“(”_<2 7z 9 bar— g e LU jdendy

_ 1 ab 1/ n 1 /

Substituting in (C.13) and putting Ric:= L !Ric € hYF(A),

9
or

(C.14)
2 o L v
o PN = 2 [ L R du g [ Rieq™ Ky di
or 7=0 2 b : b
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Calling X := Ric g% L', 0y € h'TH(M4) and using (18), g% = —2 C¢, and
the 2-homogeneity of L,

Ricg® L' , = X% — ¢®Ricy L', — Ricg® L',
= div(x") — Ric g (2 Cp—n %) L,
— g™ Ricy Ly + 2RicCO L,
= div(XV) + 2nL ' Ric L' — ¢® Ric, L',

Calling Y := L/ g% f{\ig.b 6,1A€/h1761(MA) and again using (18)), ¢’¢ = —2C?,
and the 0-homogeneity of Ric,

Ricg® L', , = div(XV) + 2nL ™' Ric L’ — Y + g® Ricy L' + g* Ric.q L'
= div(XV) 4+ 2nL~ ' Ric L' — div(Y")
+ g (2 Co— 1 %) Ricy L' — 2CPRicy L' + g® Ric.qp L'
= div(XV) = div(YV) + 2nL ' Ric L' + g® Ric.qp L.

Substituting this back in (C.14) and dropping the divergence terms (by the
analogous reasoning as in Appendix B),

0
5r|_ SPIN.LE)

2 —
__nt /L‘lRicL’du—i—n/
2 Jp D
_9 __ 1 __
= / L7 'RicL d,u+/ g Ric.qp L' dp.
D 2Jp

— 1 —
L~ 'RicL' du+ 5 / g® Ric.qp L' dp
D

2

The field I’ € h2F(A) with P*(Supp L') relatively compact and small
enough in PT A is arbitrary: for any such L/, there exists a variation L(7)
that has it as its variational field (for instance, L(7) = L + 7 L’). Again, the
standard argument of the calculus of variations can be applied around each
Ptv € PT A, concluding that the vanishing of all the 9.|, 8PN, L(7)]’s is
equivalent to

(n — 2) L™ Ric 4 g* Ric.q = 0.

Finally, one straightforwardly rewrites

(n—2)L~! Ric + ¢g* Ric.qp = — (n +2) L2 Ric + L ¢® Ric.q4;
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indeed, the right hand side of this becomes the left hand side by the same
computations as in the beginning of the proof of Lem. 5.13, yielding the

required equation .
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