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The case against smooth null infinity II:

A logarithmically modified Price’s law

Leonhard M. A. Kehrberger

In this paper, we expand on results from our previous paper
“The case against smooth null infinity I: Heuristics and counter-
examples” [1] by showing that the failure of “peeling” (and, thus,
of smooth null infinity) in a neighbourhood of i0 derived therein
translates into logarithmic corrections at leading order to the well-
known Price’s law asymptotics near i+. This suggests that the non-
smoothness of I+ is physically measurable.

More precisely, we consider the linear wave equation □gϕ = 0
on a fixed Schwarzschild background (M > 0), and we show the
following: If one imposes conformally smooth initial data on an
ingoing null hypersurface (extending to H+ and terminating at
I−) and vanishing data on I− (this is the no incoming radiation
condition), then the precise leading-order asymptotics of the solu-
tion ϕ are given by rϕ|I+ = Cu−2 log u+O(u−2) along future null
infinity, ϕ|r=R>2M = 2Cτ−3 log τ +O(τ−3) along hypersurfaces of
constant r, and ϕ|H+ = 2Cv−3 log v +O(v−3) along the event hori-

zon. Moreover, the constant C is given by C = 4MI
(past)
0 [ϕ], where

I
(past)
0 [ϕ] := limu→−∞ r2∂u(rϕℓ=0) is the past Newman–Penrose
constant of ϕ on I−.

Thus, the precise late-time asymptotics of ϕ are completely de-
termined by the early-time behaviour of the spherically symmetric
part of ϕ near I−.

Similar results are obtained for polynomially decaying timelike
boundary data.

The paper uses methods developed by Angelopoulos–Aretakis–
Gajic and is essentially self-contained.
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1. Introduction

This paper is concerned with the study of the precise late-time asymptotics
of solutions to the wave equation

(1.1) □gϕ = 0

on the exterior of a fixed Schwarzschild (or a more general, spherically sym-
metric) background (MM , gM ) with mass M under physically motivated
assumptions on data. The most important of these assumptions is the no
incoming radiation condition on I−, stating that the flux of the radiation
field on past null infinity vanishes at late advanced times.
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We initiated the study of such data in [1], where we constructed two
classes of solutions1 satisfying the no incoming radiation condition (as a
condition on data on I−). The first class had polynomially decaying bound-
ary data on a timelike boundary Γ terminating at i−, whereas the second
class had polynomially decaying characteristic initial data on an ingoing null
hypersurface Cin terminating at I−. The choice for these data was in turn
motivated by an argument due to D. Christodoulou [2], which showed that
the assumption of Sachs peeling and, thus, of (conformally) smooth null
infinity, is incompatible with the no incoming radiation condition and the
prediction of the quadrupole formula for N infalling masses from i−. Indeed,
we proved that the solutions from [1] described above are not only in agree-
ment with the quadrupole formula (which predicts that ∂u(rϕ) ∼ |u|−2 near
i0), but also lead to logarithmic terms in the asymptotic expansion of ∂v(rϕ)
as I+ is approached, thus contradicting the statement of Sachs peeling that
such expansions can be expanded in powers of 1/r. Roughly speaking, we
obtained for the spherically symmetric mode ϕ0 that if the limit

(1.2) lim
Cin,u→−∞

|u|rϕ0 := Φ−

on initial data is non-zero (or if a similar condition on Γ holds), then, for
sufficiently large negative values of u, one obtains on each outgoing null
hypersurface of constant u the asymptotic expansion

(1.3) ∂v(rϕ0)(u, v) = −2MΦ− log r − log |u|

r3
+O(r−3).

On the other hand, we will show in upcoming work [3] that higher ℓ-
modes, under similar assumptions, decay slower, ∂v(rϕℓ) ∼ r−2, with loga-
rithmic terms appearing at order r−3 log r (or at a later order, depending
on the setting).

The above results give a complete picture for the situation near I−.
Naturally, one may then ask how the early-time asymptotics (1.3) translate
into late-time asymptotics when one smoothly extends2 the data on Cin (or Γ)
all the way to the event horizon H+. In this work, we shall provide a detailed
answer to this question. Let us already paraphrase the main statement (see
also Figure 1):

1In fact, we also constructed solutions to the non-linear Einstein-Scalar field
system in [1].

2It turns out that the leading-order asymptotics will not depend on the extension.
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Consider solutions ϕ to (1.1) which arise from the no incoming radi-
ation condition and from smooth data on Cin that satisfy (1.2). Then
their leading-order asymptotic behaviour towards i+ is determined
by the spherical mean ϕ0 and contains logarithmic terms. Thus, the
non-smoothness of null infinity near i0 propagates and translates into
logarithmic tails near i+.

Γ

rφ|Γ=
C
t +

φ
=
C
′′
lo
g
v

v
3
+
. .
. rφ

=
C ′′ log uu 2 +

. . .

rφ
I
−
=
0

rφ|C
in = C ′

u +C
in

H+

H−

I+

I−

i0

i+

i−

Figure 1: Schematic depiction of the results of the present paper. We can
either impose data rϕ|Γ = C/t+ . . . , which will, by our previous results [1],
lead to behaviour on Cin as depicted, or we can directly impose data on Cin.
In both cases, we obtain logarithmic late-time asymptotics near i+ provided
the data are extended to H+.

1.1. The relation to Price’s law

Showing a statement like the above is closely related to the task of proving
Price’s law. We recall that Price’s law [4, 5] roughly states that the evolu-
tions of compactly supported Cauchy data under (1.1) satisfy the following
asymptotics: ϕ|H+ ∼ v−3 along the event horizon, ϕ|r=const. ∼ t−3 along hy-
persurfaces of constant r, and rϕ|I+ ∼ u−2 along future null infinity.

A rigorous proof of these asymptotics has only recently been obtained by
Angelopoulos, Aretakis and Gajic [6, 7] (see also the works [8], [9] and [10,
11], as well as [12] for refined asymptotics). They, in fact, show that the
leading-order asymptotics are determined by the ℓ = 0-mode, as higher ℓ-
modes decay at least half a power faster. Their proof is split up into two
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parts. In the first [6], they derive almost-sharp decay estimates with an
ϵ-loss, based on an extension of the rp-method introduced in [13]. In the
second part [7], they then use these almost-sharp estimates, together with
certain conservation laws along null infinity I+ and a clever splitting into
different spacetime regions, to obtain the precise leading-order asymptotics
of the spherical mean. The upshot of this is that all the results in the first
part [6] are, in some sense, blind to logarithmic corrections; the ϵ-loss in
the almost-sharp decay estimates “swallows” the log-terms. Therefore, in
order to find the late-time asymptotics of solutions coming from initial data
satisfying (1.3), we only need to suitably adapt the second part of their
proof [7] and can use the results of [6] as black box results.

Let us give some more detail on this second part: In a first step, they con-
sider spherically symmetric initial data on a hyperboloidal slice Σ0 (which
extends to H+ and terminates at I+) and assume that the following limit
exists and is non-vanishing:

(1.4) lim
r→∞

r2∂r(rϕ0)(u = 0, r, ω) =: I0[ϕ] <∞.

Now, the crucial observation is that the quantity

(1.5) lim
r→∞

r2∂r(rϕ0)(u, r, ω) =: I0[ϕ](u) ≡ I0[ϕ]

(called the Newman–Penrose constant) is, in fact, conserved along null infin-
ity. It is this conservation law which is then exploited to derive the asymp-
totics of rϕ0 in spacetime.

In a second step, they then consider spherically symmetric data for which
I0[ϕ] = 0, and require that, in the spirit of peeling (i.e. smoothness in the
conformal variable s = 1/r),

(1.6) lim
r→∞

r3∂r(rϕ0)(u = 0, r, ω) <∞.

There is no conservation law directly associated to this quantity. This diffi-
culty is overcome by constructing the time integral ϕ(1) of ϕ (which satisfies
Tϕ(1) = ϕ, where T is the stationary Killing field on Schwarzschild). It is
shown that, generically, this time integral has a non-vanishing Newman–
Penrose constant I0[ϕ

(1)], which moreover can be computed from data for
ϕ. The authors of [7] call this quantity the time-inverted Newman–Penrose
constant :

(1.7) I0[ϕ
(1)] =: I

(1)
0 [ϕ].
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If this quantity is non-vanishing (which it is, generically), then one can
apply the methods from the first step to ϕ(1) in order to find its precise
asymptotics, and then convert these asymptotics of ϕ(1) to asymptotics of ϕ
by commuting with T . This then proves Price’s law. If, on the other hand,

I
(1)
0 [ϕ] = 0, then one can construct the time integral of ϕ(1) and proceed
inductively to obtain faster decay.

Now, the conservation law (1.5) is, in fact, a special case of the more
general statement that, under suitable assumptions,

(1.8) lim
r→∞

f(r)∂r(rϕ0)(u, r, ω) =: I
f(r)
0 [ϕ](u)

is conserved along I+ if finite initially and if f(r)/r3 → 0 as r → ∞.
We will be interested in the cases f(r) = r−i log r, i = 2, 3: Recall

that the initial data we are interested in are to satisfy (1.3). The mod-

ified Newman–Penrose constant associated to (1.3) is given by I
log r

r3

0 [ϕ] ≡
−2MΦ−. Even though this quantity is itself conserved along null infinity, it
turns out to be easier to work with the associated modified Newman–Penrose
constant of the time integral instead. We have the following relation:

(1.9) I
log r

r2

0 [ϕ(1)] = −I
log r

r3

0 [ϕ].

In the main body of this paper, we will then present a modification of the
argument in [7] that replaces (1.4) with the condition

(1.10) 0 ̸= lim
r→∞

r2

log r
∂r(rϕ0)(u = 0, r, ω) := I

log r

r2

0 [ϕ] := I log0 [ϕ] <∞.

This will allow us to show a logarithmically modified Price’s law for the
ℓ = 0-mode, see Thm. 1.1.

Remark 1.1 (Higher ℓ-modes). Recall from the above that it was shown
in [6] that, in the setting of compactly supported Cauchy data, higher ℓ-
modes generally decay at least half a power faster towards i+ than the
ℓ=0-mode. However, the setting we are interested in (motivated by our
results in [1] and the upcoming [3]) is such that, on Σ0, the ℓ > 0-modes
decay to leading order like ∂v(rϕℓ) ∼ r−2, whereas the ℓ=0-mode decays
like ∂v(rϕ0) ∼ r−3 log r – more than half a power faster than the ℓ>0-modes
– so one might think that the ℓ=0-mode does not determine the leading-
order asymptotics in our setting. However, recent work by Angelopoulos,
Aretakis and Gajic [14] indicates that, even in this setting, one can still
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expect higher ℓ-modes to decay slightly faster. In particular, one can still
expect the asymptotics of the ℓ>0-modes to be subleading compared to the
asymptotics of the ℓ=0-mode obtained in this paper. This will be discussed
in detail in [3], see also the remarks below Theorem 1.1. For now, we restrict
our presentation to the ℓ=0-mode.

1.2. The main result

Let us now state a rough version of the main result of this paper (see §2.1
for our choice of coordinates). The precise statement is written down in
Theorems 6.1 and 7.1.

Theorem 1.1. Let Cin = {v = v0} be an ingoing null hypersurface starting
from I− and extending to H+, and let ϵϕ > 0. Assume spherically symmetric
initial data ϕ for (1.1) on a Schwarzschild background which satisfy3

(1.11)
∂u(rϕ)

∂ur
(u, v0) =

I
(past)
0 [ϕ]

r2
+O4(r

−2−ϵϕ)

for u < 0 and I
(past)
0 [ϕ] ̸= 0, and which also satisfy the no incoming radiation

condition

(1.12) lim
u→−∞

rϕ(u, v) = 0

for all v ≥ v0. Assume further that the data smoothly extend to H+ (or
that an appropriate energy norm of ϕ is finite) on {v = v0}. Then, for all
u, v > 0, the solution satisfies the following asymptotics near i+:

∣∣∣∣ϕ|H+(v) + 8MI
(past)
0 [ϕ]

log(1 + v)

(1 + v)3

∣∣∣∣ ≤ C(v + 1)−3,(1.13)
∣∣∣∣ϕ|r=const.(τ) + 8MI

(past)
0 [ϕ]

log(1 + τ)

(1 + τ)3

∣∣∣∣ ≤ C(τ + 1)−3,(1.14)
∣∣∣∣rϕ|I+(u) + 4MI

(past)
0 [ϕ]

log(u+ 1)

(u+ 1)2

∣∣∣∣ ≤ C(u+ 1)−2,(1.15)

3If f and g are functions depending only on one variable x, we say f = Ok(g) if
there exist uniform constants Cj > 0 such that |∂jxf | ≤ Cj |∂

j
xg| for j = 0, . . . , k.
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where C > 0 is a constant completely determined by data. Moreover, we have
for all u <∞ that

(1.16) lim
v→∞

r3

log r

∂v(rϕ)

∂vr
(u, v) = −2MI

(past)
0 [ϕ].

We believe that a few remarks are in order:

• The appearance of logarithmic terms in higher-order asymptotics is well-
known (see, e.g., [12, 15, 16]). Similarly, modifications to Price’s law have
also been derived for spacetimes with different asymptotics than Schwarz-
schild (see, e.g., [17, 18]). In contrast, the statement of Theorem 1.1 is
that, under physically motivated assumptions (rather than assuming com-
pact support or conformal smoothness on a Cauchy hypersurface), there
are logarithmic corrections to Price’s law at leading order.

• The above theorem is obtained for the wave equation on a fixed Schwarz-
schild background. However, it is easy to see that the proof generalises
to other spherically symmetric spacetimes, most notably the subextremal
Reissner–Nordström spacetimes. Moreover, the methods presented in this
paper can easily be applied to [19] to also obtain similar results for ex-
tremal Reissner–Nordström spacetimes. In this case, however, the asymp-
totics would depend crucially on the extension of the data to H+, in view
of the Aretakis constant along H+. See also [20]. The generalisation to
Kerr, on the other hand, will be the subject of future work (see also the
recent [21] and [8]).

• The above theorem is formulated for initial data on an ingoing null hyper-
surface Cin, however, by the results of [1], an entirely analogous statement
holds for boundary data on a past-complete timelike hypersurface Γ as
considered in [1] (see section 5.8 therein) which are suitably extended to
H+.

• The above theorem is obtained for spherically symmetric solutions ϕ. How-
ever, as was mentioned before, the results of [14] indicate that, even with-
out symmetry assumptions, Theorem 1.1 gives the precise asymptotics
since the higher ℓ-modes can be expected to decay faster. We will discuss
the precise early- and late-time asymptotics of higher ℓ-modes in detail in
the upcoming [3]. In fact, we will find various different scenarios in [3]: In
the case of polynomially decaying boundary data on a timelike hypersur-
face Γ, one can expect to recover a logarithmically modified Price’s law
(rϕℓ|I+ ∼ u−2−ℓ log u) for each ℓ-mode. In the case of polynomially decay-
ing data on an ingoing null hypersurface Cin, however, we will find that all
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higher ℓ-modes decay like rϕℓ|I+ ∼ u−2 along null infinity, i.e. one loga-
rithm faster than the ℓ=0-mode. Finally, in the case of smooth compactly
supported scattering data for rϕ on I− and for ϕ on H−, we will find that
rϕℓ|I+ ∼ u−2 for all ℓ! While the usual belief that higher ℓ-modes decay
faster towards i+ is hence violated on I+ in these settings, it still holds
true away from I+, e.g. on hypersurfaces of constant r. See [3] for details.

• The above theorem, in principle, gives a tool to directly measure the non-
smoothness of future null infinity. (See also [20, 22] in this context.)

1.3. Structure of the paper

This paper is structured as follows: In §2, we shall introduce the geometry of
the Schwarzschild spacetime and write down useful foliations of it. In §3, we
then import the necessary theory for the wave equation and, in particular,
the almost-sharp decay results of [6]. In §4, we shall derive the precise late-
time asymptotics for ϕ in the case I log0 [ϕ] ̸= 0. We then derive the time

inversion theory for the case I log0 [ϕ] = 0 and I
log r

r3

0 [ϕ] ̸= 0 in §5. Combining
§4 and §5 then allows us to derive the precise late-time asymptotics for ϕ

in the case I log0 [ϕ] = 0 and I
log r

r3

0 [ϕ] ̸= 0 in §6. We finally connect the results
of §6 to our results obtained in [1] and, thus, prove Theorem 1.1 in §7. We
conclude the discussion of the linear wave equation by discussing higher-
order asymptotics in §8.

Note that all the results of this paper are obtained for the linear wave
equation on Schwarzschild, despite the results of [1] having been obtained
for the coupled Einstein-Scalar field system as well. We therefore give two
brief comments on potential extensions of the results of the present paper
to the coupled Einstein-Scalar field system in §9.

2. The geometric setting

2.1. The Schwarzschild spacetime manifold

We closely follow [6], with some minor adaptations:
The Schwarzschild family of spacetimes (MM , gM ), M > 0, is given by

the family of manifolds with boundary

MM = R× [2M,∞)× S
2,
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covered by the coordinate chart (v, r, θ, φ) with v ∈ R, r ∈ [2M,∞), θ ∈
(0, π) and φ ∈ (0, 2π), where (θ, φ) denote the standard spherical coordinates
on S2, and by the family of metrics

(2.1) gM = −D(r) dv2 + 2dv dr + r2(dθ2 + sin2 θ dφ2),

where

(2.2) D(r) = 1−
2M

r
.

Note that the vector field T = ∂v is a Killing vector field. We denote the
boundary {r = 2M} = ∂MM =: H+ as the future event horizon.

Next, we introduce the tortoise coordinate r∗ as

(2.3) r∗(r) := R+

∫ r

R
D−1(r′) dr′

for some R > 2M and define

(2.4) u := v − 2r∗.

This gives rise to a covering (u, v, θ, φ) of MM \ H+ with u ∈ (∞,∞), v ∈
(−∞,∞). The horizon is then “at u = ∞”. The metric in these double-null
coordinates reads

(2.5) gM = −D(r) du dv + r2(dθ2 + sin2 θ dφ2).

We will drop the subscript M from now on.
With respect to the (u, v)-chart, we define the null vector fields

L := ∂u, L := ∂v.

We then have that

T = L+ L

and, in (v, r)-coordinates,

L = −
D

2
∂r, L =

D

2
∂r + ∂v.

Remark 2.1. We can generalise our results to spacetimes which, instead
of (2.2), have D(r) = 1− 2M

r +Ok(r
−1−γ) for γ > 0 and for sufficiently
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large values of k, subject to the condition that these spacetimes satisfy cer-
tain Morawetz (integrated local energy decay) estimates (see sections 2.4.1
and 2.4.2 in [7]). Note that the sub-extremal Reissner–Nordström space-
time is such a spacetime, so the results of the present paper also apply to
sub-extremal Reissner–Nordström spacetimes.

2.2. The spacelike-null foliation

Let h : [2M,∞) → R≥0 be a non-negative, piecewise smooth function satis-
fying

(2.6) 0 ≤
2

D(r)
− h(r) = O(r−1−η)

for some constant η > 0. Let further v0 > 0, and define vΣ0
(r) as well as the

spherically symmetric hypersurface Σ0 via

vΣ0
(r) := v0 +

∫ r

2M
h(r′) dr′, Σ0 := {(v, r, θ, φ) | v = vΣ0

(r)}.(2.7)

By construction, Σ0 is a spacelike-null hypersurface which crosses the event
horizon and terminates at future null infinity (condition (2.6) ensures that
v (or u) is monotonically increasing (or decreasing) in r along Σ0).

For the sake of simpler notation, we will from now on restrict to examples
of Σ0 which moreover satisfy the following condition: There exist 2M < rH <
4M < rI and v0, u0 > 0 such that

Σ0 ∩ {r ≤ rH} = NH
0 := {v = v0} ∩ {r ≤ rH},

Σ0 ∩ {r ≥ rI} = NI
0 := {u = u0} ∩ {r ≥ rI},

and such that, moreover, the part Σ0 ∩ {rH < r < rI} is strictly spacelike.
Furthermore, after potentially redefining u and r∗ from eq. (2.3), we can
choose u0 = 0 and rI = R.

Now, given Σ0, we define a time function τ : J+(Σ0) → R≥0 via the flow
of the stationary Killing field as follows:

τ |Σ0
= 0, T (τ) = 1.

Let Fτ denote the flow of T , and define Στ := Fτ (Σ0). This gives rise to a
spacelike-null foliation of J+(Σ0) (see Figure 2). Adapted to this foliation,
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I−
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H−
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−
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=
0

v
=
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r
=

R

r
=

r
H

Figure 2: Depiction of the spacelike-null foliation of the Schwarzschild man-
ifold MM by the hypersurfaces Στ .

we can cover J+(Σ0) with coordinates4 (τ, ρ, θ, φ) with ρ|Σ0
= r|Σ0

and ρ
being constant along integral curves of T . In these coordinates, we have
T = ∂τ , and the spherically symmetric vector field Y tangent to Στ is given
by

Y = ∂ρ = ∂r + h∂v = −
2

D
L+ hT.

We can then define the red-shift vector field N as follows:

N := T − Y in {2M ≤ r ≤ rH}, N := T in {r ≥ rI},

with the additional requirement that the smooth matching in rH ≤ r ≤ rI
is such that N remains time-invariant and strictly timelike.

2.3. Notational conventions

We use the notation dµΣτ
for the natural volume form on Στ with respect to

the induced metric, where, on the null parts of Στ , this volume form is chosen

4Note that, for τ ≥ 1, we have τ ∼ v for r ≤ rH, τ ∼ v ∼ u for rH ≤ r ≤ rI , and
τ ∼ u for r ≥ rI .
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to be r2 dω du, r2 dω dv, respectively, with dω = sin θ dθ dφ. Similarly, we
denote the normal to Στ by nΣτ

, where we take the normals on the null
parts to be L, L, respectively.

We also say f ∼ g (or f ≲ g) if there exists a uniform constant C > 0
such that C−1g ≤ f ≤ Cg (or f ≤ Cg), and we use the usual algebra of
constants (C +D = C = CD . . . ).

3. Preliminaries

In this section, we recall the almost-sharp decay results obtained in [6, 7].
We will first need to import some language.

3.1. The Cauchy problem for the wave equation

We recall the following standard result:

Proposition 3.1. Let Φ ∈ C∞(Σ0), Φ
′ ∈ C∞(Σ0 ∩ {rH < r < rI}). Then

there exists a unique smooth function ϕ : J+(Σ0) → R satisfying

ϕ|Σ0
= Φ, nΣ0

(ϕ)|Σ0∩{rH<r<rI} = Φ′,

and

□gϕ = 0.

3.2. The modified Newman–Penrose constants I0[φ], I
log
0 [φ] and

I
log r

r3

0 [φ]

Let ϕ be a solution to the wave equation in the sense of Proposition 3.1. Let
moreover f be a smooth function such that limr→∞ r−3f(r) = 0. Then we
define

(3.1) If0 [ϕ](u) :=
1

4π
lim
r→∞

∫

S2

f(r)∂r(rϕ)(u, r, ω) dω.

It is shown e.g. in5 [6] that this quantity, if finite initially, is, in fact, inde-
pendent of u. In this case, we can write

(3.2) If0 [ϕ](u) = If0 [ϕ](u0) =: If0 [ϕ].

5The proof there is only written for f = r2, but it works for any smooth f as
specified above.
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We moreover introduce the following notation:

I
log r

r2

0 [ϕ] := I log0 [ϕ], I
1

r2

0 [ϕ] := I0[ϕ].

The past Newman–Penrose constant. We finally define the past ana-
logue of the Newman–Penrose constant I0 for scalar fields ϕ which solve
□gϕ = 0 on all of M:

(3.3) I
(past)
0 [ϕ](v) :=

1

4π
lim
r→∞

∫

S2

r2∂r(rϕ)(v, r, ω) dω.

3.3. The main energy norms

In the sequel, we will refer to several initial data energy norms EN
k [ϕ],

Eϵ
0,I log

0 ̸=0;k
[ϕ], Ẽϵ

0,I log

0 ̸=0;k
[ϕ], Eϵ

0,I log

0 =0;k
[ϕ] etc. These energy norms, which are

defined on Σ0, measure the almost-sharp decay (with an ϵ-loss) and the
regularity of the initial data on Σ0, see already Propositions 3.2 and 3.3.
Since they are only used for the black box results of §3.4, their definitions
are deferred to appendix A. We remark already that, in the context of the
scattering data we are ultimately interested in (which satisfy (1.3)), these
energy norms will always be finite if enough regularity is assumed.

3.4. The almost-sharp decay estimates

We have now introduced all the necessary baggage to finally quote the fol-
lowing two black box results (these correspond to Proposition 5.2 and Corol-
lary 7.6 from [7], respectively):

Proposition 3.2. Let ϕ be a spherically symmetric solution of (1.1) in the
sense of Proposition 3.1, let k ∈ N0, and assume that Eϵ

0,I log

0 ̸=0;k+1
[ϕ] <∞

for some ϵ ∈ (0, 1). Then there exists a constant C(R, k, ϵ) such that, for all
τ ≥ 0:

|T kϕ|(τ, ρ) ≤ C
√
Eϵ

0,I log

0 ̸=0;k+1
[ϕ](1 + τ)−2−k+ϵ,(3.4)

√
ρ+ 1 · |T kϕ|(τ, ρ) ≤ C

√
Eϵ

0,I log

0 ̸=0;k
[ϕ](1 + τ)−

3

2
−k+ϵ,(3.5)

ρ · |T kϕ|(τ, ρ) ≤ C
√
Eϵ

0,I log

0 ̸=0;k
[ϕ](1 + τ)−1−k+ϵ.(3.6)

Proposition 3.3. Let ϕ be a spherically symmetric solution of (1.1) in the
sense of Proposition 3.1, let k ∈ N0, and assume that Ẽϵ

0,I log

0 ̸=0;k+1
[ϕ] <∞
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for some ϵ ∈ (0, 1). Then there exists a constant C(R, k, ϵ) such that, for all
τ ≥ 0:

√
ρ+ 1(|NT k(rϕ)|+ |Y T k(rϕ)|)(τ, ρ)(3.7)

≤ C
√
Ẽϵ

0,I log

0 ̸=0;k+1
[ϕ](1 + τ)−

5

2
+ϵ.

4. Asymptotics I: The case I
log
0 [φ] ̸= 0

In this section, we derive the precise late-time asymptotics for spherically
symmetric solutions ϕ to (1.1), evolving from initial data as in Proposi-
tion 3.1, which have finite I log0 [ϕ] ̸= 0. Let us from now on denote the causal
future of Σ0 as R, J+(Σ0) =: R.

We follow very closely section 8 of [7]. Even though the methods are
essentially identical, all of the proofs in [7] require some adjustments in
order to work in the case I log0 [ϕ] ̸= 0 (remember that in [7], it is assumed that
I0[ϕ] <∞). Since those parts which do not require adjustments usually make
up for just a few lines, we here opt for a mostly self-contained presentation
rather than frequently referring to [7]. Nevertheless, certain parts of our
proofs will have a more detailed explanation in [7], in which case the reader
will be informed of the precise reference.

4.1. The splitting of the spacetime and the region Bα

We define, for α ∈ (0, 1), the following subsets of M:

Bα := {r ≥ R} ∩ {0 ≤ u ≤ v − vα}.

We moreover denote

γα := {v − u = vα} ∩ {u ≥ 0};

this is a timelike hypersurface which contains part of the boundary of Bα.
Without loss of generality, we assume that vγα

(u) ≥ vr=R(u) for all u ≥ 0,
where vγα

(u) is the unique v such that (u, v) ∈ γα, and we similarly define
vr=R(u) and uγα

(v).
In the sequel, we will split up R into the regions Bα for some suitable α,

R∩ {r ≥ R} \ Bα, and R∩ {r ≤ R}. See Figure 3 below. For the reader’s
convenience, we here collect a few relations between u, v and r which will
frequently be used in the following: We have, throughout Bα, for sufficiently
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large R:

r ≳ v − u ≥ vαγα
(u) ≳ (u+ 1)α,(4.1)

r ≳ v − u ≥ v − uγα
(v) = vα,(4.2)

v ≥ u+ 1 ≥
vγα

(u)

2
≥
u+ 1

2
.(4.3)

Moreover, we have throughout all of R∩ {r ≥ R} that τ ∼ u and that:

|(v − u− 1)− 2r| ≲ log r ≲ log v,(4.4)

and thus, in particular, r ∼ v − u. These relations can easily be checked
using the definition of Bα and eq. (2.3). The implicit constants in ∼ and
≲ depend only on M and R. Since R > M , they can, in fact, be chosen to
depend only on R.

4.2. Asymptotics for v2∂v(rφ) in the region Bα

Throughout the rest of this section, we assume that ϕ is a smooth, spherically
symmetric solution arising from initial data on Σ0. In addition to assuming
that I log0 [ϕ] <∞, it will be convenient to also assume that the following limit
is finite on initial data:

(4.5) lim
r→∞

r2
(
∂r(rϕ)(u0, r)− I log0 [ϕ]

log r − log 2

r2

)
:= I ′0[ϕ].

i
0

H+

v
=
v
0

I+

i
0

i
+

Σ0 u
=
0

r
=

R

Bα

v − u = v
α

R

Figure 3: Depiction of R := J+(Σ0) and its subsets Bα (to the right of the
blue curve), R∩ {r ≥ R} \ Bα, and R∩ {r ≤ R}. The blue curve, in turn,
corresponds to γα.
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Let us then introduce the following L∞-norm on Σ0 for β > 0:

(4.6) PI log

0 ,I′
0,β

[ϕ] :=

∣∣∣∣∣

∣∣∣∣∣v
2+β

(
∂v(rϕ)− 2

I log0 [ϕ] log v

v2
− 2

I ′0[ϕ]

v2

)∣∣∣∣∣

∣∣∣∣∣
L∞(Σ0)

.

Our first proposition then concerns the asymptotics of ∂v(rϕ) in Bα:

Proposition 4.1. Let α ∈ (23 , 1), ϵ ∈ (0, 3α−2
2 ), and assume that

Eϵ
0,I log

0 ̸=0;0
[ϕ] <∞. If there exists β > 0 such that

(4.7) PI log

0 ,I′
0,β

[ϕ] <∞,

then we have for all (u, v) ∈ Bα that there exists a constant C(R,α, ϵ) > 0
such that

|v2∂v(rϕ)(u, v)− 2I log0 [ϕ] log v − 2I ′0[ϕ]|(4.8)

≤ C
√
Eϵ

0,I log

0 ̸=0;0
[ϕ]

1

v3α−2−2ϵ
+ PI log

0 ,I′
0,β

[ϕ]v−β .

Proof. The proof follows by integrating the wave equation for rϕ,

(4.9) ∂u∂v(rϕ) = −
DD′

4r
rϕ

(
∼ −

rϕ

r3

)

(which is implied by (1.1) and where ′ denotes r-differentiation), in u from
initial data. This gives

|v2∂v(rϕ)(u, v)− v2∂v(rϕ)(0, v)| ≤ Cv−(3α−2−2ϵ)

∫ u

0
r−3v3α+2ϵ|rϕ|(u′, v) du′

≤ C
√
Eϵ

0,I log

0 ̸=0;0
[ϕ]v−(3α−2−2ϵ)

∫ u

0
(u′ + 1)−1−ϵ du′,

where we used the estimates (4.1), (4.2) and the almost-sharp decay estimate
(3.6) for rϕ with k = 0 (recall that τ ∼ u in Bα). (Compare with the proof
of Proposition 8.1 in [7].) □

4.3. Asymptotics for the radiation field rφ in Bα

We will now use the asymptotics for ∂v(rϕ) obtained above to obtain decay
for rϕ:
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Proposition 4.2. Under the assumptions of Proposition 4.1, with addi-
tionally α ∈ [57 , 1) and ϵ ∈ (0, 16(1− α)), we have for all (u, v) ∈ Bα that

∣∣∣∣rϕ(u, v)− 2I log0 [ϕ]

(
log(u+ 1) + 1

u+ 1
−

log(v) + 1

v

)
− 2I ′0[ϕ]

(
1

u+ 1
−

1

v

)∣∣∣∣

≤ C

(√
Eϵ

0,I log

0 ̸=0;0
[ϕ] + I log0 [ϕ] + I ′0[ϕ]

)
(u+ 1)

α

2
− 3

2
+2ϵ

+ CPI log

0 ,I′
0,β

[ϕ](u+ 1)−1−β ,

(4.10)

where C = C(R, ϵ, α) > 0 is a constant. In fact, if we further impose 1−α
2 <

β + 2ϵ, then the estimate above provides asymptotics for rϕ in the region
Bδ ⊂ Bα, where δ is chosen such that 1 > δ > α+1

2 + 2ϵ > α+ 2ϵ.
In particular, setting v = 0, the estimate (4.10) provides us with asymp-

totics for rϕ along I+.

Proof. Using the fundamental theorem of calculus, we write

(4.11) rϕ(u, v) = rϕ(u, vγα
(u)) +

∫ v

vγα (u)
∂v(rϕ)(u, v

′) dv′.

The boundary term can be bounded by writing rϕ = r
1

2 r
1

2ϕ, writing r
1

2 |γα
∼

v
α

2
γα

∼ (u+ 1)
α

2 by virtue of (4.4), (4.3) and the definition of γα, and finally
using the almost-sharp decay estimate (3.5) with k = 0. We thus obtain:

|rϕ(u, vγα
)| ≤ C

√
Eϵ

0,I log

0 ̸=0;0
[ϕ](u+ 1)

α

2
− 3

2
+ϵ.

In order to estimate the integral term, we plug in the result from the
previous Proposition 4.1, resulting in the estimate:

∣∣∣∣∣

∫ v

vγα

∂v(rϕ)(u, v
′) dv′ − 2I log0 [ϕ]

(
log vγα

vγα

−
log v

v

)
(4.12)

− 2(I log0 [ϕ] + I ′0[ϕ])

(
1

vγα

−
1

v

)∣∣∣∣∣

≤ C
√
Eϵ

0,I log

0 ̸=0;0
[ϕ](v−3α+1+2ϵ

γα
− v−3α+1+2ϵ)

+ CPI log

0 ,I′
0,β

[ϕ](v−1−β
γα

− v−1−β).
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We first bound the terms from the LHS above. We write

vγα
(u)−1 − v−1 = (vγα

(u)−1 − (u+ 1)−1) + ((u+ 1)−1 − v−1)

and estimate, using (4.1),

|vγα
(u)−1 − (u+ 1)−1| ≤ (u+ 1)−1vγα

(u)α−1 ≤ C(u+ 1)−2+α.

Similarly, we write

log vγα

vγα

−
log v

v
=

(
log vγα

(u)

vγα
(u)

−
log(u+ 1)

u+ 1

)
+

(
log(u+ 1)

u+ 1
−

log v

v

)

and estimate

log vγα
(u)

vγα
(u)

−
log(u+ 1)

u+ 1
= log vγα

(u)

(
1

vγα

−
1

u+ 1

)
+

1

u+ 1
log

vγα
(u)

u+ 1

≤ C
log(u+ 1)

(u+ 1)2−α
+

1

u+ 1
log

(
1 +

vγα
− u− 1

u+ 1

)
≤ C

log(u+ 1)

(u+ 1)2−α
,

where, in order to obtain the last inequality, we used

log

(
1 +

vγα
− u− 1

u+ 1

)
≤
vγα

− u− 1

u+ 1
≤

vαγα

u+ 1
≤ C

(u+ 1)α

u+ 1
.

On the other hand, we estimate the terms on the RHS of (4.12) via

vγα
(u)−1−β − v−1−β ≤ vγα

(u)−1−β ≤ (u+ 1)−1−β ,

and identically for the (v−3α+1+2ϵ
γα

− v−3α+1+2ϵ)-term.
Finally, we can insert the estimates above back into (4.12) to find

∣∣∣∣∣

∫ v

vγα

∂v(rϕ)(u, v
′) dv′ − 2I log0 [ϕ]

(
log(u+ 1) + 1

u+ 1
−

log(v) + 1

v

)

− 2I ′0[ϕ]

(
1

u+ 1
−

1

v

)∣∣∣∣∣

≤ C

(√
Eϵ

0,I log

0 ̸=0;0
[ϕ] + I log0 [ϕ] + I ′0[ϕ]

)
(u+ 1)

α

2
− 3

2
+2ϵ

+ CPI log

0 ,I′
0,β

[ϕ](u+ 1)−1−β ,
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where we used that, for α ≥ 5
7 , we have

max(−2 + α, 1− 3α+ 2ϵ) ≤
α

2
−

3

2
+ 2ϵ.

This concludes the proof of the first statement (4.10).
To see that (4.10) indeed gives the asymptotic behaviour in the region

Bδ, we observe that, if ϵ ∈ (0, 16(1− α)), we have α
2 − 3

2 + 2ϵ < −1− ϵ. Fur-
thermore, we have in the region Bδ that

∣∣∣∣
1

u+ 1
−

1

v

∣∣∣∣ ≥
∣∣∣∣

1

u+ 1
−

1

vγδ

∣∣∣∣ =
∣∣∣∣∣

vδγδ

vγδ
(u+ 1)

∣∣∣∣∣ ∼ (1 + u)−2+δ.

Thus, if 1 > δ > α+1
2 + 2ϵ > α+ 2ϵ, and if moreover 1−α

2 < β + 2ϵ, we have
−2 + δ > −1− β, and (4.10) indeed gives the asymptotic behaviour in Bδ.

□

4.4. Asymptotics for T k(rφ) in the region Bαk

We will now derive the asymptotics for T k(rϕ), k > 0. This will be crucial
later on when going back from the time integral of a solution to the original
solution.

In order to obtain the asymptotics for T k(rϕ) (Prop. 4.5), we again first
derive the asymptotics for ∂v(T

k(rϕ)) (Prop. 4.4). In turn, to derive the
asymptotics for ∂v(T

k(rϕ)), we will write ∂vT
k(rϕ) = ∂k+1

v (rϕ) + . . . , where
the . . . -terms denote terms which, by the wave equation, decay faster. We
will therefore first derive the asymptotics for ∂k+1

v (rϕ) in Proposition 4.3.
In analogy to (4.6), we define the following higher-order analogues of the

norm PI log

0 ,I′
0,β

for k ≥ 0:
(4.13)

PI log

0 ,I′
0,β;k

[ϕ] := max
0≤j≤k

∣∣∣∣∣

∣∣∣∣∣v
2+j+β∂jv

(
∂v(rϕ)− 2

I log0 [ϕ] log v

v2
− 2

I ′0[ϕ]

v2

)∣∣∣∣∣

∣∣∣∣∣
L∞(Σ0)

.

We then have

Proposition 4.3. Let k ∈ N0, αk ∈ (k+2
k+3 , 1), let ϵ ∈ (0, 12(k + 3)α− 1

2(k +
2)), and assume that Eϵ

0,I log

0 ̸=0;0
[ϕ] <∞. If moreover there exists β > 0 such
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that PI log

0 ,I′
0,β;k

[ϕ] <∞, then we have for all (u, v) ∈ Bαk
:

∣∣∣∣∂
k
v

(
∂v(rϕ)(u, v)− 2I log0 [ϕ]

log v

v2
+ 2I ′0[ϕ]

1

v2

)∣∣∣∣(4.14)

≤ CPI log

0 ,I′
0,β;k

[ϕ]v−2−k−β

+ C

(√
Eϵ

0,I log

0 ̸=0;0
[ϕ] + I log0 [ϕ] + I ′0[ϕ]

)
v−(k+3)α+2ϵ,

where C = C(R, ϵ, αk, k) > 0 is a constant.

Proof. This proof proceeds in the same way as the proof of Proposition 4.1,
with the only difference being that we now inductively commute the wave
equation (4.9) k times with ∂v, multiply it with vk+2, and only then integrate
in u. See the proof of Proposition 8.3 of [7] for details. □

Proposition 4.4. Fix k ∈ N. Under the assumptions of Proposition 4.3
and the additional assumption that Eϵ

0,I log

0 ̸=0;k
[ϕ] <∞, we have that

∣∣∣∣∂vT
k(rϕ)(u, v)− ∂kv

(
2I log0 [ϕ]

log v

v2
+ 2I ′0[ϕ]

1

v2

)∣∣∣∣(4.15)

≤ CPI log

0 ,I′
0,β;k

[ϕ]v−2−k−β

+ C

(√
Eϵ

0,I log

0 ̸=0;0
[ϕ] + I log0 [ϕ] + I ′0[ϕ]

)
v−(k+3)α+2ϵ

+ C

(√
Eϵ

0,I log

0 ̸=0;k
[ϕ] + I log0 [ϕ] + I ′0[ϕ]

) k−1∑

l=0

r−3−l(u+ 1)−k+l+ϵ

for all (u, v) ∈ Bαk
, where C = C(R, ϵ, αk, k) > 0 is a constant.

Proof. This proof is a consequence of the fact that

∂vT
k(rϕ) = ∂k+1

v (rϕ) +

k−1∑

s=0

∑

l,m≥0;
l+m=k−1−s

O(r−2−s)∂lvT
m(rϕ),

combined with the results of the previous Proposition 4.3 and the estimate
(3.5) from Proposition 3.2. See the proof of Proposition 8.4 in [6] for details.

□
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Before we move on to the next proposition, we define a set of constants ck
via the relations

(4.16) ∂k−1
v

(
log v

v2

)
=: (−1)kk!

ck + log v

vk+1

for k ≥ 1 and set c0 := 1. Note that c1 = 0.

Proposition 4.5. Fix k ∈ N. Under the assumptions of Proposition 4.4
and the additional assumptions that αk ∈ [2k+5

2k+7 , 1) and ϵ ∈ (0, 16(1− αk)),
we have that, for all (u, v) ∈ Bαk

,

∣∣∣∣T
k(rϕ)(u, v)− 2(−1)kk!

(
I log0 [ϕ]

(
log(u+ 1) + ck
(u+ 1)k+1

−
log(v) + ck

vk+1

)
(4.17)

+I ′0[ϕ]

(
1

(u+ 1)k+1
−

1

vk+1

))∣∣∣∣

≤ C

(√
Eϵ

0,I log

0 ̸=0;k
[ϕ] + I log0 [ϕ] + I ′0[ϕ]

)
(u+ 1)−

3

2
−k+

αk
2
+2ϵ

+ CPI log

0 ,I′
0,β;k

[ϕ](u+ 1)−1−k−β ,

where C = C(R, ϵ, αk, k) > 0 is a constant and ck is defined in (4.16).
In fact, if we further impose 1−αk

2 < β + 2ϵ, then the estimate above
provides the asymptotics for rϕ in the region Bδk ⊂ Bαk

for 1 > δk >
αk+1

2 +
2ϵ > αk + 2ϵ.

In particular, we obtain the following asymptotics along I+:

∣∣∣∣∣T
k(rϕ)(u,∞)(4.18)

− 2(−1)kk!

(
I log0 [ϕ]

log(u+ 1) + ck
(u+ 1)k+1

+ I ′0[ϕ]
1

(u+ 1)k+1

)∣∣∣∣∣

≤ C

(√
Eϵ

0,I log

0 ̸=0;k
[ϕ] + I log0 [ϕ] + I ′0[ϕ]

)
(u+ 1)−1−k−ϵ

+ CPI log

0 ,I′
0,β;k

[ϕ](u+ 1)−1−k−β .

Proof. The proof proceeds similarly to the proof of Proposition 4.2. We
already proved the case k = 0 and can therefore restrict this proof to k ≥ 1.
We again apply the fundamental theorem of calculus in the v-direction,
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integrating from γαk
:

(4.19) T k(rϕ)(u, v) = T k(rϕ)(u, vγαk
(u)) +

∫ v

vγαk
(u)
∂vT

k(rϕ)(u, v′) dv.

We use the result of Proposition 4.4 to estimate the integral term:
∣∣∣∣∣∣

∫ v

vγαk
(u)
∂vT

k(rϕ)(u, v′) dv′ − 2

(
∂k−1
v

(
I log0 [ϕ] log v

v2
+
I ′0[ϕ]

v2

))∣∣∣∣∣

v

vγαk
(u)

∣∣∣∣∣∣

≤ C

(√
Eϵ

0,I log

0 ̸=0;k
[ϕ] + I log0 [ϕ] + I ′0[ϕ]

)
(v1−(k+3)αk+2ϵ

γαk
− v1−(k+3)αk+2ϵ)

+ CPI log

0 ,I′
0,β;k

(v−1−k−β
γαk

− v−1−k−β)

+ C

(√
Eϵ

0,I log

0 ̸=0;k
[ϕ] + I log0 [ϕ] + I ′0[ϕ]

) k−1∑

l=0

∫ v

vγαk

r−3−l(u+ 1)−k+l−ϵ dv′.

We deal with the terms arising from the LHS by appealing to (4.16) and
using

|vγαk
(u)−k−1 − (u+ 1)−k−1| ≤ C(u+ 1)−2−k+αk

as well as

|vγαk
(u)−k−1 log(v)− (u+ 1)−k−1 log(u+ 1)| ≤ C(u+ 1)−2−k+αk log(u+ 1).

Estimating the first and the second term on the RHS is done as in the proof
of Proposition 4.2; we are hence left with the third term: Recalling (4.1), we
find

k−1∑

l=0

∫ v

vγαk

r−3−l(u+ 1)−k+l+ϵ dv′ ≤

k−1∑

l=0

C

(u+ 1)k−l−ϵ+(2+l)αk

≤ C(u+ 1)−1+ϵ−(k+1)αk .

On the other hand, to estimate the boundary term in (4.19), we appeal
to (3.5). This shows that the boundary term is bounded by (cf. (4.11))

|T k(rϕ)(u, vγαk
)| ≤ C

√
Eϵ

0,I log

0 ̸=0;k
[ψ](u+ 1)−

3

2
−k+

αk
2
+ϵ.

The first statement of the proposition, (4.17), now follows since, in view
of αk ≥ 2k+5

2k+7 and ϵ ∈ (0, 12(k + 3)α− 1
2(k + 2)), all the relevant exponents

of (u+ 1) appearing above are dominated by −3
2 − k + αk

2 + 2ϵ.
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On the other hand, to see that (4.17) provides asymptotics for rϕ in
the region Bδk as specified, one proceeds as in the proof of Proposition 4.2.
Compare with the proof of Proposition 8.5 in [7]. □

4.5. Global asymptotics for the scalar field φ

In this section, we propagate the asymptotics obtained for rϕ in Bα into all
of R and, in particular, into the region where r ≤ R. In the region where r
is large, this requires another splitting into different spacetime regions. On
the other hand, in the region where r is small, we exploit that ∂ρϕ exhibits
good decay properties.

Proposition 4.6. Let ϵ ∈ (0,min( 1
98 , β)), and assume that ϕ satisfies

PI log

0 ,I′
0,β

[ϕ] <∞

as well as

Ẽϵ
0,I log

0 ̸=0;1
[ϕ] <∞.

Then we have for all (u, v) ∈ R ∩ {r ≥ R}:

(4.20)

∣∣∣∣∣ϕ(u, v)−
4I log0 [ϕ]

v − u− 1

(
log(u+ 1)

u+ 1
−

log v

v

)
− 4

I log0 [ϕ] + I ′0[ϕ]

(u+ 1)v

∣∣∣∣∣

≤ C
(√

Ẽϵ
0,I log

0 ̸=0;1
[ϕ] + I log0 [ϕ] + I ′0[ϕ] + PI log

0 ,I′
0,β

[ϕ]
)
(u+ 1)−1−ϵv−1,

where C = C(R, ϵ) > 0 is a constant. On the other hand, we have, for an-
other constant C = C(R, ϵ) > 0, in all of R∩ {r ≤ R}:

(4.21)

∣∣∣∣ϕ(τ, ρ)− 4I log0 [ϕ]
log(τ + 1)

(τ + 1)2
− 4I ′0[ϕ]

1

(τ + 1)2

∣∣∣∣

≤ C
(√

Ẽϵ
0,I log

0 ̸=0;1
[ϕ] + I log0 [ϕ] + I ′0[ϕ] + PI log

0 ,I′
0,β

[ϕ]
)
(τ + 1)−2−ϵ.

Proof. Let us first look at the case (u, v) ∈ Bα, with

(4.22)
5

7
< α < 1− 6ϵ

for some ϵ ∈ (0,min( 1
21 , β)) (which is four times the ϵ in the proposition). We

essentially want to divide the estimate (4.10) (which is not an asymptotic
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estimate in all of Bα!) by r. Recalling (4.4), we have

∣∣∣∣
1

2r
−

1

v − u− 1

∣∣∣∣ ≤ C
log v

(v − u− 1)2

and, using also (4.3),

∣∣∣∣
1

r

(
1

u+ 1
−

1

v

)
−

2

(u+ 1)v

∣∣∣∣ ≤ C
log v

r(u+ 1)v
≤

C

(v − u− 1)(u+ 1)3/2
.

Dividing now (4.10) by r and making use of the two estimates above and
also the fact that β > ϵ, we obtain that

(4.23)

∣∣∣∣∣ϕ(u, v)−
4I log0 [ϕ]

v − u− 1

(
log(u+ 1)

u+ 1
−

log v

v

)
− 4

I log0 [ϕ] + I ′0[ϕ]

(u+ 1)v

∣∣∣∣∣

≤ C

(√
Eϵ

0,I log

0 ̸=0;0
[ϕ] + I log0 [ϕ] + I ′0[ϕ] + PI log

0 ,I′
0,β

[ϕ]

)
(u+ 1)

α−3

2
+2ϵ

v − u− 1

+ CI log0 [ϕ]
log v

(v − u− 1)2

(
log(u+ 1)

u+ 1
−

log v

v

)
.

In order to estimate the RHS, we need to restrict the region under consid-
eration, namely Bα, to a smaller one, namely Bα+6ϵ, and, moreover, parti-
tion this smaller region Bα+6ϵ into a region where v is large and one where
v ∼ u+ 1:

Asymptotics in Bα+6ϵ ∩ {v − u − 1 > v
2
}. In the region Bα+6ϵ ∩ {v −

u− 1 > v
2}, we estimate the first term on the RHS of (4.23) as follows:

(u+ 1)
α−3

2
+2ϵ

v − u− 1
≤ 2

(u+ 1)
α−3

2
+2ϵ

v
< 2v−1(1 + u)−1−ϵ.

Here, we used (4.22) in the last estimate. Similarly, we estimate the second
term of the RHS in (4.23) via

log v

(v − u− 1)2

(
log(u+ 1)

u+ 1
−

log v

v

)
≤ C

log v

v2
log(u+ 1)

u+ 1
≤ Cv−1(1 + u)−1−ϵ,

where we converted some v-decay into u-decay in the last estimate. This
proves (4.20) in the region Bα+6ϵ ∩ {v − u− 1 > v

2}.
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Asymptotics in Bα+6ϵ ∩ {v − u − 1 ≤ v
2
}. In the region Bα+6ϵ ∩ {v −

u− 1 ≤ v
2}, we have, in particular, that v ∼ u+ 1. Thus, using also that

v − u− 1 ≳ vα+6ϵ by definition of Bα+6ϵ, we can estimate the first term on
the RHS of (4.23) according to

(u+ 1)
α−3

2
+2ϵ

v − u− 1
≤ Cv−1v1−α−6ϵ(u+ 1)

α−3

2
+2ϵ ≤ Cv−1(u+ 1)−

1+α

2
−4ϵ.

If we, in addition to (4.22), also require that 1− α ≤ 7ϵ, then we in fact
have6

(u+ 1)
α−3

2
+2ϵ

v − u− 1
≤ Cv−1(u+ 1)−1− ϵ

2 .

As for the second term on the RHS of (4.23), we simply write

log v

(v − u− 1)2

(
log(u+ 1)

u+ 1
−

log v

v

)

≤ C
1

v2α+12ϵ

log2(u+ 1)

u+ 1
≤ Cv−1(1 + u)−1−ϵ.

This proves (4.20) in the region Bα+6ϵ ∩ {v − u− 1 ≤ v
2}.

Asymptotics in R ∩ {r ≥ R} \ Bα+6ϵ. We will use the fundamental
theorem of calculus, integrating inwards along Nτ := {r ≥ R} ∩ {u = τ}
from γα+6ϵ, recalling the almost-sharp decay estimate

r
1

2 |∂vϕ| ≤ C
√
Ẽϵ′

0,I log

0 ̸=0;1
(1 + u)−

5

2
+ϵ′

for ϵ′ = ϵ/4, which follows directly from (3.7). Fixing moreover now

α = 1− 7ϵ,

we can then follow the exact same steps of the proof of Proposition 8.6,
pp. 59-60 in [7] to show that

|ϕ(u, v)− ϕ(u, vγα+6ϵ
)| ≤ C

√
Ẽϵ′

0,I log

0 ̸=0;1
v−1(1 + u)−1− ϵ

4 .

Plugging in the asymptotics for ϕ(u, vγα+6ϵ
), which we have obtained already,

and also noting that Eϵ
0,I log

0 ̸=0;0
[ϕ] ≤ Ẽϵ′

0,I log

0 ̸=0;1
[ϕ] for ϵ > ϵ′, we conclude the

proof of (4.20) (notice that the ϵ in the proposition corresponds to ϵ′ in the
proof).

6Note that this calculation would not have worked in the region Bα, hence the
restriction to Bα+6ϵ.
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Asymptotics in R ∩ {r ≤ R}. We finally extend the asymptotics into
the region where r ≤ R. We first need to convert the u- and v-decay from
(4.20) into τ -decay on r = R. By definition, we have on r = R that v − u = R
and τ = u. Therefore, we have on r = R:

1

v − u− 1

(
log(u+ 1)

u+ 1
−

log v

v

)

= log(u+ 1)
1

v(u+ 1)
−

log(1 + R−1
u+1 )

v(v − u− 1)

=
log(τ + 1)

(τ + 1)2
−

1

(τ + 1)2
+O

(
log(1 + τ)

(1 + τ)3

)
,

where we used a standard estimate for log(1 + x) in the last line. By the
asymptotic estimate (4.20), we thus have

(4.24)

∣∣∣∣ϕ|ρ=R(τ)− 4I log0 [ϕ]
log(τ + 1)

(τ + 1)2
− 4

(
(1− 1)I log0 [ϕ] + I ′0[ϕ]

) 1

(τ + 1)2

∣∣∣∣

≤ C
(√

Ẽϵ
0,I log

0 ̸=0;1
[ϕ] + I log0 [ϕ] + I ′0[ϕ] + PI log

0 ,I′
0,β

[ϕ]
)
(τ + 1)−2−ϵ.

Finally, we have, by Proposition 3.3, that

ρ
1

2 |∂ρϕ| ≤ C
√
Ẽϵ

0,I log

0 ̸=0;1
(1 + τ)−

5

2
+ϵ.

Therefore, integrating along Στ ∩ {r ≤ R} (recall that we set rI = R), we
find

(4.25) |ϕ(τ, ρ)− ϕ(τ,R)| =

∣∣∣∣
∫ R

ρ
∂ρϕ(τ, ρ

′) dρ′
∣∣∣∣

≤

∫ R

r
ρ−

1

2 ρ
1

2 |∂ρϕ(τ, ρ
′) dρ′| ≤ C

√
Ẽϵ

0,I log

0 ̸=0;1
(1 + τ)−

5

2
+ϵ.

Combining (4.24) and (4.25) completes the proof of the proposition. □

4.6. Global asymptotics for T kφ

In order to apply our results to time derivatives of time integrals, we once
again need to commute the global asymptotics of Proposition 4.6 with T .

Proposition 4.7. Let k ∈ N0. There exists an ϵ > 0 suitably small such
that, under the assumptions Ẽϵ

0,I log

0 ̸=0;k+1
[ϕ] <∞ and PI log

0 ,I′
0,β;k

[ϕ] <∞ for
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some β > ϵ, we have that, for all (u, v) ∈ R ∩ {r ≥ R}:

(4.26)

∣∣∣∣∣T
kϕ(u, v)− 4(−1)kk!

(
I log0 [ϕ]

v − u− 1

(
log(u+ 1)

(u+ 1)k+1
−

log v

vk+1

)

+
(
ckI

log
0 [ϕ] + I ′0[ϕ]

) 1

(u+ 1)k+1v


1 +

k∑

j=1

(
u+ 1

v

)j





∣∣∣∣∣∣

≤ C
(√

Ẽϵ
0,I log

0 ̸=0;k+1
[ϕ] + I log0 [ϕ] + I ′0[ϕ] + PI log

0 ,I′
0,β;k

[ϕ]
)
(u+ 1)−k−1−ϵv−1,

where C = C(R, k, ϵ) > 0 and ck = ck(k) are the constants defined in (4.16).
In particular, c1 = 0.

On the other hand, we have throughout R∩ {r ≤ R} the estimate

∣∣∣∣∣T
kϕ(τ, ρ)− 4(−1)kk!

(
I log0 [ϕ]

log(τ + 1)

(τ + 1)2+k

(4.27)

+ ((ck − 1)I log0 [ϕ] + I ′0[ϕ])
k + 1

(τ + 1)2+k

)∣∣∣∣∣

≤ C
(√

Ẽϵ
0,I log

0 ̸=0;k+1
[ϕ] + I log0 [ϕ] + I ′0[ϕ] + PI log

0 ,I′
0,β;k

[ϕ]
)
(τ + 1)−2−k−ϵ,

where C = C(R, k, ϵ) > 0 is a constant.

Proof. The proof follows the same structure as the proof of Proposition 4.6,
now based on Proposition 4.4 instead of Proposition 4.2. The only additional
ingredient required is the identity
(4.28)

1

(u+ 1)k+1
−

1

vk+1
=

1

(u+ 1)k+1vk+1(v − u− 1)


1 +

k∑

j=0

(u+ 1)jvk−j


 .

We refer the reader to the proof of Proposition 8.7 in [7] for more details. □

5. Time inversion for I
log
0 [φ] = 0 and I

log r

r
3

0 [φ] ̸= 0

In the previous section, we have derived the precise late-time asymptotics for
solutions with I log0 [ϕ] ̸= 0. We now want to consider solutions with I log0 [ϕ] =

0 and I
log r

r3

0 [ϕ] ̸= 0. As explained in the introduction, we can reduce to the
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case I log0 [ϕ] ̸= 0 by considering the time integral ϕ(1) of ϕ. The purpose of
this section is thus to extract the conditions needed on ϕ so that we can
apply the results of the previous section to its time integral ϕ(1).

5.1. Construction of the time integral φ(1)

The approach of [7] does not allow one to directly construct the time integral

for data with I
log r

r3

0 [ϕ] ̸= 0. Therefore, we follow the more elegant approach
of [19]:

Definition 5.1. Let ϕ be a smooth, spherically symmetric solution to (1.1)
in the sense of Proposition 3.1, with I log0 [ϕ] a well-defined limit. We then
define the time integral ϕ(1) of ϕ to be the unique spherically symmetric
function ϕ(1) : J+(Σ0) → R s.t.

Tϕ(1) = ϕ, □gϕ
(1) = 0,

lim
v→∞

ϕ(1)(u0, v) = 0, lim
u→∞

Lϕ(1)(u, v0) = 0.

Proposition 5.1. If ϕ is as in the definition above, then its time integral
ϕ(1) satisfies along NI

0 the following relation:

(5.1) 2r2Lϕ(1)(u0, v) = C ′
0[ϕ] + 2

∫

NI
0 ∩{v′≤v}

rL(rϕ)(u0, v
′) dv′,

where the constant C ′
0[ϕ] is given by (writing Σ0 ∩ {rH ≤ r ≤ rI} = Σ∗

0)

4πC ′
0[ϕ] := 2

∫

NH
0

rL(rϕ) du′ + 2

∫

Σ∗
0

nΣ0
(ϕ) dµΣ0

(5.2)

+ 4π(rϕ|Σ0∩{r=rH} + rϕ|Σ0∩{r=rI}).

Let us moreover assume that I
log r

r3

0 [ϕ] = limr→∞
r3

log r∂r(rϕ) <∞, and

define 4πC0[ϕ] := 4πC ′
0[ϕ] + 2

∫
NI

0

rL(rϕ)(u, v′) dω dv′.

Then we obtain the following additional relations along NI
0 :

ϕ(1)|NI
0
(r) = −C0

∫ ∞

r

1

Dr′2
dr′(5.3)

+ 2

∫ ∞

r

1

Dr′2

∫ ∞

r′
r′′∂r(rϕ)(u0, r

′′) dr′′ dr′,
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∂r(rϕ
(1))|NI

0
(r) = C0

(
1

Dr
−

∫ ∞

r

1

Dr′2
dr′
)

(5.4)

+ 2

∫ ∞

r

1

Dr′2

∫ ∞

r′
r′′∂r(rϕ)(u0, r

′′) dr′′ dr′

−
2

Dr

∫ ∞

r
r′∂r(rϕ)(u0, r

′) dr′,

∂2r (rϕ
(1))|NI

0
(r) = −C0

D′

D2r
+ 2

D′

D2r

∫ ∞

r
r′∂r(rϕ)(u0, r

′) dr′(5.5)

+
2

D
∂r(rϕ0)|NI

0
(r).

Proof. A proof of the first statement is provided in Proposition 10.1 of [19].
We rewrite it as

Lϕ(1)(u0, v) =
C0[ϕ]

2r2
−

1

r2

∫ ∞

v
rL(rϕ)(u0, v

′) dv′.

We then switch to (u, r)-coordinates and integrate (recall that L = D
2 ∂r)

the above equality from I+, where ϕ(1) vanishes by definition, to obtain the
second statement. The last two statements are then obtained by multiplying
by r and acting with ∂r, ∂

2
r , respectively. (Recall that D

′ = d
drD(r) etc.) □

5.2. The time-inverted Newman–Penrose constant I
log,(1)
0 [φ]

The following proposition expresses the Newman–Penrose constant I log0 [ϕ(1)]
in terms of ϕ:

Proposition 5.2. Let ϕ be a smooth, spherically symmetric solution in the
sense of Proposition 3.1, and let β ∈ (0, 1) and J be constants. Assume that,
on initial data, ϕ satisfies for some constant P :

(5.6)

∣∣∣∣∂r(rϕ)|NI
0
(r)− I

log r

r3

0 [ϕ]
log r

r3
−
J

r3

∣∣∣∣ ≤ Pr−3−β .

Then there is a constant C(R,P, β) such that the time integral ϕ(1) of ϕ
satisfies

∣∣∣∣∣∣
∂r(rϕ

(1))|NI
0
(r) + I

log r

r3

0 [ϕ]
log r

r2
+
J + 1

2I
log r

r3

0 [ϕ]−MC0[ϕ]

r2

∣∣∣∣∣∣
≤ Cr−2−β ,(5.7)



✐

✐

“6-Kehrberger” — 2024/2/15 — 0:26 — page 3663 — #31
✐

✐

✐

✐

✐

✐

The case against smooth null infinity II: 3663

∣∣∣∣∂
2
r (rϕ

(1))|NI
0
(r)− 2I

log r

r3

0 [ϕ]
log r

r3
−

2J − 2MC0[ϕ]

r3

∣∣∣∣ ≤ Cr−3−β .(5.8)

In particular, we have the following identities (recall the definition (4.5)):

I
log,(1)
0 [ϕ] := I log0 [ϕ(1)] = −I

log r

r3

0 [ϕ],(5.9)

I ′0[ϕ
(1)] + log(2)I log0 [ϕ(1)] =MC0[ϕ]− J −

1

2
I

log r

r3

0 [ϕ].(5.10)

More generally, we can also show that if the asymptotics for ∂r(rϕ) above
commute with ∂k−1

r on data, then the asymptotics for ∂r(rϕ
(1)) commute

with ∂kr on data.

Proof. We obtain (5.7) by plugging the estimate (5.6) into identity (5.4) and
using that

1

Dr
−

∫ ∞

r

1

Dr′2
dr′ =

M

r2
+O(r−3).

Similarly, we obtain (5.8) by plugging (5.6) into identity (5.5), noting that
D′ = 2Mr−2. □

We thus have as a direct corollary:

Corollary 5.1. Under the assumptions of Proposition 5.2, we have that

(5.11) PI log

0 ,I′
0,β

[ϕ(1)] <∞

for I log0 [ϕ(1)] and I ′0[ϕ
(1)] as in (5.9), (5.10). Moreover, we have

(5.12) PI log

0 ,I′
0,β,k

[ϕ(1)] <∞

for k = 1, where the norms PI log

0 ,I′
0,β

, PI log

0 ,I′
0,β;k

have been defined in eqns.
(4.6) and (4.13), respectively.

5.3. Initial energy norms for φ(1)

Finally, in order to apply the results from section 4 to time integrals ϕ(1) of

initial data with I
log r

r3

0 [ϕ] <∞, we need to estimate the relevant energy norms

(namely Eϵ
0,I log

0 ̸=0;k
and Ẽϵ

0,I log

0 ̸=0;k
) of ϕ(1) in terms of initial data energy

norms for ϕ. As these energy norms are blind to logarithmic corrections, we
can simply quote the following result from Proposition 9.6 in [7]:
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Proposition 5.3. Let k ∈ N0, and let ϕ be a solution to the wave equation
such that

(5.13) Ẽϵ
0,I log

0 =0;k
[ϕ] +

∫

Σ0

JN [N2ϕ] · nΣ0
dµΣ0

<∞

for some ϵ > 0. Then there exist a constant C = C(R,Σ0, ϵ, k) > 0 such that
the time integral ϕ(1) of ϕ satisfies

Eϵ
0,I log

0 ̸=0;k+1
[ϕ(1)] ≤ C ·

(
Eϵ

0,I log

0 =0;k
[ϕ] +

∫

Σ0

JN [Nϕ] · nΣ0
dµΣ0

)
,(5.14)

Ẽϵ
0,I log

0 ̸=0;k+1
[ϕ(1)] ≤ C ·

(
Ẽϵ

0,I log

0 =0;k
[ϕ] +

∫

Σ0

JN [N2ϕ] · nΣ0
dµΣ0

)
.(5.15)

6. Asymptotics II: The case I
log
0 [φ] = 0 and I

log r

r
3

0 [φ] ̸= 0

We can now combine the results of sections 4 and 5 to derive the precise late-
time asymptotics for solutions coming from smooth spherically symmetric

initial data with I
log r

r3

0 [ϕ] <∞. This is done by simply writing ϕ as a time
derivative of its time integral ϕ(1),

rϕ = T (rϕ(1)),

for which then Propositions 4.4, 4.5 and 4.7 hold, assuming that the relevant
energy and L∞-norms (PI log

0 ,I′
0,β

etc.) of ϕ(1) are finite. This latter assump-
tion can in turn be shown to hold using Proposition 5.3 and Corollary 5.1,
respectively.

We summarise our findings in

Theorem 6.1. Let ϵ > 0 be sufficiently small. Let ϕ be a spherically sym-
metric solution to the wave equation arising from smooth initial data on Σ0

(in the sense of Proposition 3.1) with I
log r

r3

0 [ϕ] <∞, and assume that

(6.1) Ẽϵ
0,I log

0 =0;1
[ϕ] +

∫

Σ0

JN [N2ϕ] · nΣ0
dµΣ0

<∞.

Assume moreover that there exist constants J , P and β ∈ (ϵ, 1) such that on
initial data, for all r ≥ R:

(6.2)

∣∣∣∣∂r(rϕ)|NI
0
(r)− I

log r

r3

0 [ϕ]
log r

r3
−
J

r3

∣∣∣∣ ≤ Pr−3−β .
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Then the time integral ϕ(1) satisfies

I log0 [ϕ(1)] = −I
log r

r3

0 [ϕ],(6.3)

I ′0[ϕ
(1)] =MC0[ϕ]− J −

(
1

2
+ log 2

)
I

log r

r3

0 [ϕ],(6.4)

and
(6.5)

PI log

0 ,I′
0,β

[ϕ(1)] + PI log

0 ,I′
0,β;1

[ϕ(1)] + Eϵ
0,I log

0 ̸=0;2
[ϕ] + Ẽϵ

0,I log

0 ̸=0;2
[ϕ(1)] <∞,

where the P -norms have been defined in (4.6) and (4.13), respectively.
Moreover, we have the following asymptotic estimates for ϕ: For all

(u, v) ∈ R ∩ {r ≤ R}, we have:

(6.6)

∣∣∣∣ϕ(τ, ρ) + 4

(
I log0 [ϕ(1)]

log(τ + 1)

(τ + 1)3
+
(
I ′0[ϕ

(1)]− I log0 [ϕ(1)]
) 2

(τ + 1)3

)∣∣∣∣

≤ C
(√

Ẽϵ
0,I log

0 ̸=0;2
[ϕ(1)] + I log0 [ϕ(1)] + I ′0[ϕ

(1)] + PI log

0 ,I′
0,β;1

[ϕ(1)]
)
(τ + 1)−3−ϵ.

On the other hand, we have that, for all (u, v) ∈ R ∩ {r ≥ R}:

(6.7)∣∣∣∣∣ϕ(u, v) +
4I log0 [ϕ(1)]

v − u− 1

(
log(u+ 1)

(u+ 1)2
−

log v

v2

)
+

4I ′0[ϕ
(1)]

(u+ 1)2v

(
1 +

u+ 1

v

)∣∣∣∣∣

≤ C
(√

Ẽϵ
0,I log

0 ̸=0;2
[ϕ(1)] + I log0 [ϕ(1)] + I ′0[ϕ

(1)] + PI log

0 ,I′
0,β;1

[ϕ(1)]
)

× (u+ 1)−2−ϵv−1.

In particular, the following asymptotics hold along I+:

(6.8)

∣∣∣∣rϕ(u,∞) + 2

(
I log0 [ϕ(1)]

log(u+ 1)

(u+ 1)2
+ I ′0[ϕ

(1)]
1

(u+ 1)2

)∣∣∣∣

≤ C

(√
Eϵ

0,I log

0 ̸=0;1
+ I log0 [ϕ(1)] + I ′0[ϕ

(1)] + PI log

0 ,I′
0,β;1

[ϕ(1)]

)
(u+ 1)−2−ϵ.

In each case, C = C(R, ϵ) > 0 is a constant.

Proof. By Proposition 5.3 and Corollary 5.1, the statements (6.3), (6.4) and
(6.5) for the time integral ϕ(1) of ϕ follow. The remaining statements then
follow by applying Propositions 4.5 and 4.7 to ϕ(1) and k = 1, recalling that
ck = 0 for k = 1. □
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7. Proof of Theorem 1.1

We finally apply our results to the data of [1] and, thus, prove the main
theorem (Thm. 1.1):

Theorem 7.1. Consider smooth, spherically initial/scattering data for
(1.1) as in [1], that is, assume that, on Cin := {v = v0},

(7.1) ∂u(rϕ)(u, v0) =
2I

(past)
0 [ϕ]

(1 + u)2
+O4((1 + u)−2−ϵϕ)

for u < 0 and some ϵϕ > 0, and that

(7.2) lim
u→−∞

rϕ(u, v) = 0

for all v ≥ v0. Moreover, assume that the data on {v = v0} extend smoothly
to the event horizon H+.

Then there exist constants J , P > 0 and β ∈ (0, ϵϕ) such that the arising
scattering solution satisfies

(7.3)

∣∣∣∣∂r(rϕ)|NI
0
(r)− I

log r

r3

0 [ϕ]
log r

r3
−
J

r3

∣∣∣∣ ≤ Pr−3−β ,

where I
log r

r3

0 [ϕ] is given by

(7.4) I
log r

r3

0 [ϕ] = −2MI
(past)
0 [ϕ].

Moreover, we have on Σ0 that

(7.5) Ẽϵ
0,I log

0 =0;1
[ϕ] +

∫

Σ0

JN [N2ϕ] · nΣ0
dµΣ0

<∞.

In particular, Theorem 6.1 applies to ϕ.

Remark 7.1. An almost identical statement holds for the boundary value
problem with polynomially decaying data on a spherically symmetric past-
complete timelike hypersurface Γ as considered in [1], see Theorem 2.1
therein. Moreover, a more detailed analysis shows that β can be chosen to
equal ϵϕ if ϵϕ < 1, and that the RHS of (7.3) can be replaced by Pr−4 log r
if ϵϕ ≥ 1. Lastly, it suffices to assume finite regularity for the data on v = v0
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and to assume that the energy expression

∑

i≤8,j≤1

∫

{v=v0}

(
JN [T iϕ] + JN [NT jϕ] + JN [N2ϕ]

)
· L du

remains locally finite in a neighbourhood of H+.

Proof. We will, in this proof, change coordinates (ū, v̄) = (u2 ,
v
2 ). Moreover,

to match with the notation of [1], we will also write Φ− := I
(past)
0 [ϕ]. By the

results of [1] (Theorem 2.4 or, more precisely, Theorems 4.1 and 4.2 therein),
a unique smooth solution assuming the initial/scattering data exists up to
Σ0, and we have, for sufficiently large negative values of u, that

(7.6)

∣∣∣∣rϕ(u, v)−
Φ−

|ū|

∣∣∣∣ ≤ C|ū|−1−ϵϕ

for some uniform constant C.
In order to prove (7.3), we need to re-examine the steps of the proof of

Theorem 4.2. By inserting the above estimate into the wave equation (4.9)
and integrating the latter from past null infinity, we obtain that

∣∣∣∣∂v̄(rϕ)(ū, v̄) + 2M

∫ ū

−∞
D

Φ−

r3|ū′|
dū′
∣∣∣∣ ≤ Cr−3|ū|−ϵϕ

for sufficiently large negative values of u. Consider now the expression

(7.7)

∂ū

(
r3∂v̄(rϕ) + 2Mr3

∫ ū

−∞
D

Φ−

r3|ū′|
dū′
)

=2MD

(
Φ−

|ū|
− rϕ

)

︸ ︷︷ ︸
≤C|u|−1−ϵϕ

− 3Dr2
(
∂v̄(rϕ) + 2M

∫ ū

−∞
D

Φ−

r3|ū′|
dū′
)

︸ ︷︷ ︸
≤Cr−1|u|−ϵϕ

,

and, after estimating, say, r−1+β against |u|−1+β for some β < ϵϕ, integrate
it from −∞ to some fixed value ū to obtain the more precise asymptotic
expression:

(7.8)

∣∣∣∣r
3∂v̄(rϕ)(ū, v̄) + 2Mr3

∫ ū

−∞
D

Φ−

r3|ū′|
dū′

− 2M

∫ ū

−∞

(
Φ−

|ū′|
− rϕ(ū′, v̄)

)
dū′
∣∣∣∣ ≤

C

rβ
.
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As in the proof of Theorem 4.2 in [1], we evaluate the integral on the LHS
by using |v̄ − ū− r| ≲ log r and decomposing into partial fractions. We then
have, for fixed ū,

∫ ū

−∞

D

r3|ū′|
dū′ =

∫ ū

−∞

1

(v̄ − ū′)3|ū′|
dū′ +O

(
1

r3+β

)

=
log r

r3
+
J(ū)

r3
+O

(
1

r3+β

)

for some function J(ū).
Inserting this estimate back into (7.8) gives the asymptotics for ∂v(rϕ)

for fixed, sufficiently large negative values of ū. However, in view of the
wave equation for the radiation field (4.9), we can, in fact, propagate them
for any finite u-distance; in particular, we can propagate them up to Σ0.
This proves (7.3).

It is left to prove (7.5). Proving the finiteness of the JN -based energies
contained in the definition of Ẽϵ

0,I log

0 =0;1
[ϕ] is standard. On the other hand,

to show the finiteness of terms like e.g.

∫

NI
0

r5+2k−ϵ(∂1+k
r (rϕ))2 dr

for k = 1, we use the asymptotic expression (7.3) as well as the fact that the
asymptotics obtained in Theorem 4.2 of [1] commute with ∂v: For instance,
we have that ∂2v(rϕ) ∼ r−4 log r (see Remark 4.5 in [1]). Lastly, we similarly
deal with terms such as

∫

NI
0

r4−ϵ(∂1rT
3(rϕ))2 dr

by writing T = ∂u + ∂v and using the wave equation (4.9) for ∂u∂v-terms
and the improved estimates mentioned above for ∂v∂v-terms etc. □

8. Comments on higher-order asymptotics

In this section, we shall briefly discuss the issue of deriving higher-order
asymptotics for ϕ.

In the settings where the solution is conformally smooth on u = 0, i.e.,

(8.1) ∂r(rϕ)(0, r) =
I0
r2

+O(r−3)
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or

(8.2) ∂r(rϕ)(0, r) =
J0
r3

+O(r−4)

for some constants I0, J0, the next-to-leading-order asymptotics for ϕ have
been derived in [12]. It was found there that these next-to-leading-order
asymptotics contain logarithmic terms which, on the one hand, have con-
tributions from the leading-order asymptotics of the solution itself. On
the other hand, they have contributions from the simple fact that, on
Schwarzschild, assuming smoothness in the variable s = 1/r is incompat-
ible with assuming smoothness in the variable s′ = 1/v. (This is because
r + 2M log r − (v − u)/2 = O(1).) In other words, the above initial data as-
sumptions imply

(8.3) ∂v(rϕ)(0, r) =
2I0
v2

+
16MI0 log v

v3
+O(v−3)

for (8.1) and, similarly, for (8.2):

(8.4) ∂v(rϕ)(0, r) =
4J0
v3

+
48MJ0 log v

v4
+O(v−4).

These logarithmic higher-order asymptotics on initial data then lead (to-
gether with the contribution coming from the leading-order asymptotics of
the solution itself) to logarithmic higher-order corrections in the asymptotic
expansion of ϕ near i+.

Now, from the viewpoint of [1], the asymptotics (8.1), (8.2) are of course
inappropriate since they assume conformal smoothness or compact support:
Instead, the results of [1] motivate the following asymptotics on u = 0, where
J0, J

′
0 and J ′′

0 are constants:

(8.5) ∂r(rϕ)(0, r) =
I

log r

r3

0 [ϕ] log r

r3
+
J0
r3

+O(max(r−3−ϵϕ , r−4 log r))

or

(8.6) ∂r(rϕ)(0, r) =
J ′
0

r3
+
J ′′
0 log r

r4
+O(r−4),

where the latter expansion was obtained by e.g. considering the scattering
problem on Schwarzschild with smooth compactly supported scattering data
on I− and H− (and is also the generic case if the past Newman–Penrose
constant vanishes and the data on v = 1 are conformally smooth), see The-
orems 1.5 or 6.2 in [1].
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In the latter case (8.6), the situation is similar to (8.2), with the differ-
ence being that, now, there are two contributions to the logarithmic correc-
tions on data, so, in principle, there could be cancellations in the higher-order
late-time asymptotics (this would depend on the extension of the data to
H+):

(8.7) ∂v(rϕ)(0, r) =
4J ′

0

v3
+

(8J ′′
0 + 48MJ ′

0) log v

v4
+O(v−4).

On the other hand, in the former case (8.5), we have

∂v(rϕ)(0, r) =
4I

log r

r3

0 [ϕ](log v − log 2)

v3
+

4J0
v3

(8.8)

+
48MI

log r

r3

0 log2 v

v4
+O(max(v−3−ϵϕ , v−4 log v)).

From this, one already sees that, if one were to suitably adapt the methods
of [12], and if one assumes that ϵϕ ≥ 1, then one would find corrections to the
asymptotics of ϕ near i+ which contain log2-terms. (Again, there would also
be a contribution coming from the leading-order asymptotics themselves.)
For instance, for the radiation field along future null infinity, we would obtain
a correction at order u−3 log2 u. We leave the details to the reader.

9. Comments on the non-linear problem

We have shown in this paper that, in the case of the linear wave equa-
tion on a fixed Schwarzschild background, the logarithmic terms obtained
near spacelike infinity in [1] can be translated into leading order logarithmic
asymptotics for the radiation field near i+, rϕ|I+ = Cu−2 log u+O(u−2).
Now, the results of [1] were, in fact, derived for the non-linear Einstein-
Scalar field system and then obtained for the linear problem as a corollary.
It is therefore interesting to ask if one can show analogous results to the
ones obtained here for the non-linear case. We here only make two brief
comments on two works which are related to this problem.

The black hole case. If we consider the Einstein-Scalar field system
under spherical symmetry, with assumptions as in [23] (in particular, we
assume that an event horizon exists), and the additional assumption that,
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on some outgoing null hypersurface,

(9.1) |∂v(rϕ)| ≤ Cr−3 log r

then we are in the realm of the non-linear proof of (almost) Price’s law
by Dafermos–Rodnianski [23] (again with the exception of the logarithmic
terms). Carefully following their arguments, one finds the following results
(with a choice of coordinates as in [23], see their Thm. 1.1): Along the event
horizon, one obtains

(9.2) |ϕ|+ |∂vϕ| ≤ Cϵv
−3+ϵ,

whereas, along null infinity, one has

|rϕ| ≤ Cu−2 log u, |∂u(rϕ)| ≤ Cϵu
−3+ϵ,(9.3)

for any ϵ > 0 and a constant C > 0. Cϵ is a constant that blows up as ϵ→ 0.
Note that these are only upper bounds. In particular, we expect that one
can replace the ϵ-growth in (9.2), (9.3) with a logarithm.

The dispersive case. If we consider the Einstein-Scalar field system un-
der spherical symmetry and, instead of assuming that a black hole forms,
assume that the solution disperses (and has a regular centre r = 0), then,
under the assumptions of [24] and the additional assumption that

(9.4) ∂v(rϕ) ∼ C(r + 1)−3 log(r + 1)

on an outgoing null ray, we are in the setting of the proof of Luk–Oh [24]
(except for the log-term). A very slight adaptation of their methods then
gives the following sharp rates near timelike infinity: There exist positive
constants A,B such that, near i+:

Amin{u−3 log u, r−1u−2 log u} ≤ ϕ(9.5)

≤ Bmin{u−3 log u, r−1u−2 log u},

Amin{u−3 log u, r−3 log r} ≤ −∂v(rϕ)(9.6)

≤ Bmin{u−3 log u, r−3 log r},

Au−3 log u ≤ ∂u(rϕ) ≤ Bu−3 log u.(9.7)

See also Thms. 3.1 and 3.16 in [24]. To obtain the corresponding results for
the logarithmic terms, one needs to slightly change the proof of Lemma 6.6
as well as the proof in section 10.
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Appendix A. Definitions of the main energy norms

A.1. The basic energy currents

We define, with respect to any coordinate basis, the following energy mo-
mentum tensor for any scalar field ϕ:

Tµν [ϕ] := ∂µϕ∂νϕ−
1

2
gµν∂

ξϕ∂ξϕ.

Note that if ϕ is a solution to the wave equation, then T[ϕ] is divergence-free.
For any vector field V , we further define the energy current JV [ϕ] ac-

cording to

JV [ϕ](·) := T[ϕ](V, ·).

A.2. Definition of the energy norms

We work in (u, r, θ, φ)-coordinates, where ∂r =
D
2 L.

Let ϕ be a spherically symmetric solution to □gϕ = 0 in the sense of
Proposition 3.1, and let ϵ > 0. Then we define the following initial data
energy norms on Σ0, where the subscript “0” of the energy norms below
denotes the fact that these are the energy norms for the ℓ = 0-mode.

EN
k [ϕ] :=

∑

i≤k

∫

Σ0

JN [T iϕ] · nΣ0
dµΣ0

,(A.1)

(A.2) Eϵ
0,I0 ̸=0;k[ϕ] := EN

3+3k[ϕ] +

∫

NI
0

r3+2k−ϵ(∂1+k
r (rϕ))2 dr

+
∑

i≤2k

∫

NI
0

r3−ϵ(∂rT
i(rϕ))2 + r2(∂rT

1+i(rϕ))2 + r(∂rT
2+i(rϕ))2 dr

+
∑

m≤k;
i≤2k−2m+min(k,1)

∫

NI
0

r2+2m−ϵ(∂1+m
r T i(rϕ))2 dr,
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(A.3) Eϵ
0,I0=0;k[ϕ] := EN

5+3k[ϕ] +

∫

NI
0

r5+2k−ϵ(∂1+k
r (rϕ))2 dr

+
∑

i≤2k

∫

NI
0

r5−ϵ(∂rT
i(rϕ))2 + r4−ϵ(∂rT

1+i(rϕ))2 + r3−ϵ(∂rT
2+i(rϕ))2

+ r2(∂rT
3+i(rϕ))2 + r(∂rT

4+i(rϕ))2 dr

+
∑

m≤k;
i≤2k−2m+min(k,1)

∫

NI
0

r4+2m−ϵ(∂1+m
r T i(rϕ))2 dr.

We further define

(A.4) Ẽϵ
0,I0 ̸=0;k[ϕ] := Eϵ

0,I0 ̸=0;k[ϕ] +
∑

i≤k

∫

Σ0

JN [NT iϕ] · nΣ0
dµΣ0

and

(A.5) Ẽϵ
0,I0=0;k[ϕ] := Eϵ

0,I0=0;k[ϕ] +
∑

i≤k

∫

Σ0

JN [NT iϕ] · nΣ0
dµΣ0

.

In an abuse of notation, we finally define

(A.6) Eϵ
0,I log

0 ̸=0;k
[ϕ] := Eϵ

0,I0 ̸=0;k[ϕ], Ẽϵ
0,I log

0 ̸=0;k
[ϕ] := Ẽϵ

0,I0 ̸=0;k[ϕ]

and

(A.7) Eϵ
0,I log

0 =0;k
[ϕ] := Eϵ

0,I0=0;k[ϕ], Ẽϵ
0,I log

0 =0;k
[ϕ] := Ẽϵ

0,I0=0;k[ϕ].

This notation reflects the fact that the energy norms above “are blind” to
logarithmic terms.
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