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Hamiltonian analysis of the BF'C'G theory
for a strict Lie 2-group

ALEKSANDAR MIKOVIC, MIGUEL ANGELO OLIVEIRA,
AND MARKO VOJINOVIC

We perform a complete Hamiltonian analysis of the BFCG action
for a general Lie 2-group by using the Dirac procedure. We show
that the resulting dynamical constraints eliminate all local degrees
of freedom which implies that the BFCG theory is a topological
field theory.

1. Introduction

Two-groups, or crossed modules, represent a category theory generalization
of the concept of a group, see [I}, 2]. Beside their applications in topology, the
2-groups can be used to generalize the notion of a gauge symmetry [3]. The
2-groups can be also used to formulate state-sum invariants of 4-manifolds
[4], as well as state-sum models of quantum gravity [5, [6]. In applications
of 2-groups to gauge theories and gravity, the central role is played by the
BFCG topological field theory, which is a generalization of the usual BF
theory such that the Lie group of the BF theory is replaced by a Lie 2-group
[7, [8].

In this paper we will carry out the Hamiltonian analysis of the BFCG
theory for a general Lie 2-group. This analysis is important because it is
the only way to discover what are the physical degrees of freedom (DOF).
Also it is the first step towards a canonical quantization of a BFCG theory.
Understanding the canonical quantization of a BFCG theory is not only
important for formulating new quantum gravity theories, but it will have
important implications for constructing new manifold invariants, as well as
for the formulation of a Peter-Weyl theorem for a Lie 2-group, see [8]. Note
that the Hamiltonian analysis of a BFCG theory in the special case of the
Poincaré 2-group has been carried out in [9] [10], while the corresponding
canonical quantization has been discussed in [9].
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In section 2 we describe 2-groups and the BFCG action. In section 3 we
discuss the field equations and write the BFCG action in terms of the space-
time components of the relevant fields. We also present the Bianchi identities
which are important for the counting of the local degrees of freedom. In
section 4 we perform a gauge-fixed canonical analysis of the BFC'G action,
which is a generalization of the gauge-fixed canonical analysis introduced
in [9]. In section 5 we perform the complete canonical analysis by using
the Dirac procedure and in section 6 show that there are no local DOF. In
section 7 we present our conclusions.

2. 2-groups and BFCG theory

A category is an algebraic structure containing objects and maps between
the objects, called morphisms, where the morphisms satisfy the composition
rules associated to oriented curves (morphisms) joining points in space (ob-
jects), see [3]. A 2-category contains objects, morphisms and 2-morphisms.
The latter are maps between morphisms, and the composition rules are mod-
eled on the composition of oriented curves and the corresponding surfaces,
see [3]. Since a group is a category with one object where all the morphisms
are invertible, it is natural to define a 2-group as a 2-category with one
object where all the morphism and 2-morphisms are invertible.

The concrete realization of a 2-group is a crossed module (G, H, 0,>),
where G and H are groups, 0 : H — G is a homomorphism and > is an action
of G on H by automorphisms such that

(2.1) d(gvh)=gdhg™,  Ohvh =hh'h!

for all g € G and h,h’ € H. When G and H are Lie groups, one can also
construct the differential crossed module (g, b, d,>), where g and b are the
corresponding Lie algebras, see [§].

Given a smooth manifold M, a 2-connection can be defined as a pair of
forms (A, ) such that A is a g-valued 1-form and f§ is a h-valued 2-form.
One can associate to (A, 3) a curvature 2-form F and a curvature 3-form G
as

(2.2) f(A’,g):dA+AAA—aﬁ, Q(A,ﬂ):d,B—FA/\D,B.

Note that F4 = dA + A A A is the curvature on the principal bundle Pg (M)
and (A, () is a 2-connection on a 2-bundle associated to the 2-group (G, H).
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There are two types of gauge transformations for a 2-connection (A, 3).
Given a smooth map ¢: M — G, we can define maps

(2.3) A ¢ Ap+ o7 do, B o e B,

which will be called a thin gauge transformation.
Similarly, given a 1-form 1 on M with values in h, we can define maps

(2.4) A A+ 0n, B B+dn+AN n+nAD,

which will be called a fat gauge transformation.
The curvature F, the fake curvature F and the 3-form curvature G trans-
form under a thin gauge transformation as
(2.5)
Famr ¢ Fad,  Fap— ¢ Fapd,  Gusn—9o '>Gap,

while under a fat gauge transformation, they transform as

(2.6) Fa—=Fa+0(dn+ AN n+n1AD),

(2.7) Fap = Fapg,  Gap = Gap +Fas N n.

One can construct a topological theory of flat 2-connections by general-
izing the BF action to the Lie 2-group case, see [7, 8]. In the case when the
homomorphism 9 is trivial, the corresponding action was constructed in [7],
while the action for the general case was constructed in [§]. This action is
given by

(2.8) S = / (BAF(ap)e +/ (CNGap)e
M M

where B is a 2-form valued in g and C'is a 1-form valued in . The evaluations
(,)g and (,)p are G-invariant, bilinear, non-degenerate and symmetric forms
in the corresponding Lie algebras.

The BFCG action will be invariant under a thin gauge transfor-
mation if

(2.9) C—olsC, B — ¢ B¢,

while the invariance under a fat gauge transformation is achieved if the fields
B and C transform as

(2.10) B—=B+CATy, Cw—C.
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The antisymmetric map 7 : h x h — g is defined as
(2.11) (T (u,v),Z)g = —(u, Z>v)y, uwveh, Zeg.

Also note that C' AT 7 is the antisymmetrization of 7(C,n), see [§] for de-
tails.

3. Spacetime components of the action
In order to perform the canonical analysis of the BFCG action ({2.8]), we

need to write it in terms of the spacetime components of the relevant fields.

Let T, be a basis in g and 7, a basis in . The structure constants are
defined by

(3.1) (To, Ty = fCap Te, [T T8l = #7ap Ty -
The homomorphisms 0 and > then act as

(3.2) 0o = 00" To,  TuvTa =000 1s
and satisfy the following relations,

(3:3) a0 05" = 00" flac,  0a" B ap=¢"as.
Also, the following relation

(3.4) FbePaas = Pafply 7 198 »

will be useful, where X be] = Xbe — Xeb-
The structure constants satisfy the Jacobi identities

(3.5) Flac foe = [oapy [Yes 07068 5 = D afs) @751 -
We have also

(3.6) (XAY)g=XANYNT, T)g = X AYPQu,
and

(3.7) (UANVYy =UAVP(10,75) = U AV g
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The fake curvature can be written as

(3.8) Fiap) = %beTb dz' A dz”

where

(3.9) Flu = 0uA%) — 0, A + [P eaAy AT, — 06" B% -
The curvature 3-form can be written as

(3.10) Gap) = égo‘w/ﬂadw“ Adx? N dz”

where

(3.11) G wp = OB up) + A WB 0 > “ay -

Xuvp) denotes a total antisymmetrization of indices, given by

(3.12) D> (1P Xpup)

PES3

where p is a permutation and (—1)? is the parity of p.
The BFCG action then becomes

1 1
(3.13) S = / d*x etvre <4 B F e Qap + 6 Cu G po qaﬁ> :
M

To simplify notation we use @ and ¢ to lower g and h Lie algebra indices
respectively, for example,

(3.14) By=B"Qa, Bz =8%us-

We also use the same symbol for 0,% and 9%, = qaﬂaBbea and Dogy =
Dﬁmqga. This last quantity (that was in fact already defined in li is
antisymmetric in oy, that is bagy = — > 4aa, and we have as a consequence

COV B = C (BuBa + A% aarB7)
(3.15) = —(8,C0 + A, 0y C7) B + 8, (C%Ba)
=~V (C%) Ba + 0, (CBa)

where V'; is defined as the quantity in parenthesis.
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The equations of motion are obtained by equating to zero the variational
derivatives of the action with respect to all fields. The variational derivatives
with respect to B and C give

(316) fb,uy = O, gaullp = 07

while the variational derivatives with respect to A and § give

eHvpo (VMB,W + 8% > MBC%) =0,
(3.17) )
eHvpo (vzcay — 2aaaBaW> =0.

We will also use the Bianchi identities (BI) associated to the 1-form fields
A and C'. Namely, the corresponding 2-form curvatures

(3.18) FO=dA® + fY% AP NAC,  T® =dC* +%5 A" NCP |

satisfy the following Bianchi identities

Apv
(319) e e v,u,Favp =0,
and
(320) 6)\qu <VZTan - DaaﬁFaMVCﬁp> =0.

There are also the BI associated with the 2-form fields B and 5. The corre-
sponding 3-form curvatures are given by

(3.21) G® = dB® + %, A* A B¢, G = dB* + %y AN B,
so that
2
(322) GAMVP <3v)\ Ga,uup - fachbAu Bch) =0
and

2
(323) EAHVP <3V§ ga;u/p - [>aa’y Fa)\,u /B’yup) =0.
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4. A gauge-fixed canonical analysis

We will assume that M =3 x R and that t is a coordinate on R while
{x%|i = 1,2,3} is a local coordinate chart on . We can split the BFCG
fields into temporal and spatial components by using

(4.1) = (20, 2%) = (t, %)
and U, = (Uy, U;). For example
(4.2) 9,U, = (0oUo, 00Us, 0;Uy, 0;Uj)
and

P 9,U,0,Vy = 29%03U0, Vi, + €Y7%0,U00,Vj,
(4.3) + 1% Q,U; 00V + €7M00,U;0, Vi

— % (030,Vic = 0.Us0, Vi + U3V — B0 V0 )

where X = 9X and throughout the rest of the paper, €% = €0k,
The BFCG action can be then written as

(4.4) s— [ arrq.

t1

where the Lagrangian L is given by
. 1 .
(4.5) L= / a3z [w(A)alAai + 271'(/8)&”5&1‘]’] - H
X
and

H = —/ B3z {;EijkBaoiS(f)ajk + CaoS(g)"‘ + A“OS(BCB)a
(4.6) > | )
+B%%0S(CA) K + 8 (7(A)a" A% — 7(8)a" B%j0) ] .

The fields 7(A) and 7(3) are given by

(4.7) 74Ahu:§aﬂ3wk, m(B)a" = —éIkCyy,
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while
S(F)%j = F
S(0)" = Geitgo,
- S(BOB) = Vir(A)a* — r(8)a* > “as8
S(CB)* = %v;w(ﬁ)aﬂﬂ b Oy (A)

From these equations we see that the BFC'G Lagrangian has the form

(4.9) L= ZPQO —H= Z PQum — Z MG (P, Q).

According to the theorem proved in [9], such a Lagrangian is a result of the
Dirac procedure in the gauge P(\,) = 0 if the constraints G, (P, Q) are of
the first class with respect to the (P, Q) Poisson bracket, i.e. form a closed
algebra under the Poison bracket defined by

(410) {A’B}:Z<8A 0B 9A 8B>‘

oQ, 0P, 0P, 0Q,

It is straightforward to verify that the constraints from (4.8|) are of the
first class, by using the PB (4.10). The non-zero PB are then given by

{A% (@), T(A) (y) } = 68616@) (z — ) ,

4.11
( ) {/BQZJ<$) ’ Tr(/@)ﬁkl(y) } =03 6[16j]5(3)($ - y) )

where z = #, y = 7 and 6 (z — y) is the three-dimensional Dirac delta func-
tion.

The Poisson-bracket algebra for the constraints from (4.8)) is then given
by

{S(F)ij(x), S(BCB) (y)}—2f“bc (F)“i(2) 6@z — ),
{S(9)%(x), S(CB)s"(y) } = €7 > 5S(F)‘ij(x) (3)(w—y),
Ja( (y)}:2fcab8(BCB c($)5 Nz —y),
() }
()} =

(4.12)  {S(BCB)a(x), S(BCB)y )
{S(6)*(x), S(BCH)aly) } = 2> “45S(6)" (x) 6 (& - y) ,
{S(CB)a"(z), S(BCB)a(y) } = >70aS(BC)s" () 6P (z — ),
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which confirms that they are of the first class. Hence the constraints of the
action (3.13)) correspond to the constraints of the Dirac analysis in the gauge

(4.13) m(B%;) = m(C%) = w(A%) = 7(5%i) = 0.
5. The complete canonical analysis
The analysis in the previous section has an implicit gauge fixing. To see

this, we can perform the complete canonical analysis by using the Dirac
procedure, see [I1]. For this we consider the Lagrangian

(1 1
(51) L:/d?’xe‘“’p <4 Bauy./rbpaQab‘f‘6Caug6upU(Jo¢6> )
by

and calculate the momenta (the functional derivatives of the Lagrangian
with respect to the time derivatives of the variables) for all variables B*,,,
A%y, C%, and B%,,

6L
B)" = =Y,
m(B) 50087,
6L
m(C) = =0,
5.2 300C°,,
' oL 1
J7— — —Opvp
W(A)a (580Aau 26 Bal/p )
oL
Hy — _ Opvp
71'(/8)04 580570[/“/ € Cap

All of these momenta give rise to primary constraints since none of them
can be inverted for the time derivatives of the variables,

P(B),/* =n(B)"" =0
P(C) ! =7(0C)! =~
(5.3) B 1 0
P(A) ! =7(A)" — z€*P By, ~ 0,
P(B)M = m(B)a + eo“VPC'

We use the weak equality “~” for the equality that holds on a subspace
of the phase space, while the equality that holds for any point of the phase
space will be called “strong” and it is denoted by the usual symbol “=". We
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will also use the expressions “on-shell” and “off-shell” for strong and weak
equalities, respectively.
We will use the following fundamental Poisson brackets

[ B (@), w(B)" (y)} = 50,0560 (@ y)
[C%u(@), 7(C)5" () } = 353%0P (@ — ),
[A%(2), m(A)* (y)} = 510,60 (@ ),
{8 (@), 7(8)57 (y) } = 35 87,85 59 (x — ).,

to calculate the algebra between the primary constraints. We obtain

{P(B) (@), P(A)'(y) } = "7 Qup(2) 6 ( — ),

9.5 . .
59 {P(C)a"(x), P8 (y) } = =" gup(2) 6 (@ — ),

while all other Poisson brackets vanish.
The canonical on-shell Hamiltonian is defined by

H. = / d3”[ )a" 0By + 1(C)a06C*
(5.6) X
(A A" + 57(B)a 008 | — L.

By using and we can rewrite the Hamiltonian such

that all the Velocmes are multlphed by the first class constraints. Therefore
in an on-shell quantity they drop out, so that

ook [1 1
He =~ / 4’z * [QBaoZ-f“jk + 5 Ca0G%ji

1
iaaaBa ij)

+%Aao <Vz’Bajk — C% Paap 5%0} .

(5.7) + 5%k (V?Caj -

This expression does not depend on any of the canonical momenta and it
contains only the fields and their spatial derivatives. By adding a Lagrange
multiplier A for each of the primary constraints we can build the off-shell
Hamiltonian, which is given by
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Lhuzf@+—/}ﬁf{A«nawpana“4-xpgawp@®aﬂ
(5.8) . .
+5AB) wP(B)a"” + SAB)% i P(B)a"”

Since the primary constraints must be preserved in time, we must impose
the following requirement

(5.9) P={P,Hr}~0,
for each primary constraint P. By using the consistency condition (5.9) for

the primary constraints P(B),%, P(C).", P(8)a" and P(A),° we obtain
the secondary constraints S

S(F) k= fajk ~ 0,
S(g)a = 6 Oljkgawk ~ 0
(5.10)
S(CB)aij = (V5 Calj) — 9a"Baij) <0,
1
S(BCOB), = 560”’“ (Vz‘Bajk — C% Paag 5ﬁjk> ~0,

while in the case of P(B)./*, P(C).*, P(B)o’* and P(A),* the consistency
condition determines the following Lagrange multipliers

AA)Y = VA% — 04" B%0,
A(B) 55 = Vi 8% — B4 > apA%
(5.11) ANC)% = VECY + CP g, *A%,
A(B)%j =~ V1B — C% ba “ 745
+ e AP0 BC; — C%py o "B 70)) -

The consistency conditions of the secondary constraints (5.10) turn out to
be identically satisfied, and produce no new constraints. Note that the con-
sistency conditions leave the Lagrange multipliers
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undetermined.
By using (5.11)), the total Hamiltonian can be written as

Hy = /Z i [A(B)am 6(B)a’ + A(C)% 6(C)a
(5.13) +A(B)% d(B)a’ + A(A)* $(A)q — Baoi ¢(F)“
—~Ca0 9(G)* — Bavi (CB)* — Aqo (BCB)| ,

where
4(B),' = P(B),"
H(C)a = P(C)a’
S0’ = P(B)"
H(A)w = P(A),0
- B = S OURS(F) i~ Vi P(B),

BO)" = S(0)" + VEP(C)™ = s o PB),
P(CB)™ = %GOiij(CB)ajk — V5 P(B)*
— O P “P(B)¥ + 9%, P(A)*,
G(BCB)* = S(BOB)® + V; P(A)™ — %fachbijP(B)Cij

1 -
— 0% by “5P(e) — iﬂaij o 25 P(8)74

are the first-class constraints, while

(5.15)

are the second-class constraints.
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The PB algebra of the first-class constraints is given by

{6(G)%(z), B(CB)P(y) } = %45 $(F) () 6P (z — y),
{6(6)%(z), B(BCHa(y) } = 2505 $(G)P () 6@ (z — y)
(5:16) 1 4(BOYS (2), G(BCA)a(y) } = Pan S(BC) k(@) 6P (w — y),
(2), S(BCBY(y)
(2), S(BCBY(y)

X

{d(F)%;j(x), (BCB(Y) } = 2f % &(F)%sj(x) 6P (x — y),
{&(BCB)a(x), $(BCH)(y) } = 2fa d(BCB)c(z) 8P (z — y).

The PB algebra between the first and the second-class constraints is given
by
{(F) (), x(AW (1) } = = "be X(B) () 6 (2 — y)
{6(9)*(x), X(A)a' (W) } = =1 %ar X(C) () 8 (2 — y) ,
{6(9)*(x), x(B)87 (1) } = >%as X(B) (2) 6P (2 — y),
{6(CB)™(x), x(A)a? () } = — > %" x(B)y (2) 6P (x — y),
(517)  {S(CB)*(2), x(C) (v) } = >%ap X(B)* ()6 (x — y) ,
{$(BCB)* (), x(A)' (1) } = e X(A)7(2) 6 (2 —y),
{6(BCB) (z), x(B)a” (y) } =70 x(B),*(x) 6P (z —y),
{6(BCB) (z), x(C)a' () } = = > a5 x(C)(2) P (z —y),

{&(BCB) (z), X(B)s™ (y) } = — f*4e X(B) ¥ (z) 6 (z — ).

The elimination of the 2nd class constraints can be achieved by using the
Dirac brackets (DB). It can be shown that the DB algebra of the FC con-
straints is the same as the PB algebra .

Note that the constraints and the algebra reduce respec-
tively to and , if we consider the second-class constraints

as gauge-fixing conditions.
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6. The physical degrees of freedom

In this section we will show that the structure of the constraints implies that
there are no local degrees of freedom in a BFCG theory. In general case, if
there are N initial fields in the theory and there are F' independent first-class
constraints per space point and S independent second-class constraints per
space point, then the number of local DOF, i.e. the number of independent
field components, is given by

(6.1) n:N—F—g.

The formula is a consequence of the fact that S second-class constraints
are equivalent to vanishing of S/2 canonical coordinates and S/2 of their
momenta. The F first-class constraints are equivalent to vanishing of F
canonical coordinates, and since the first-class constraints generate the gauge
symmetries, we can impose F' gauge-fixing conditions for the corresponding
F' canonical momenta. Consequently there are 2N — 2F — S independent
canonical coordinates and momenta and therefore 2n = 2N — 2F — §.
In our case, N can be determined from the table

A" | B%w | C% | B
4p 6q 4q 6p

where p is the dimensionality of the Lie group G and ¢ is the dimensionality
of the Lie group H. Consequently N = 10(p + ¢). Similarly, the number of
independent components for the second class constraints is determined by
the table

X(B)ajk X(C)ai X(A)ai X(ﬂ)aij
3p 3q 3p 3q

so that S = 6(p + q).
The first-class constraints are not all independent, since they satisfy the
following relations

;1 1 ;

(6 2) VZ'¢<]:)@Z + 5 aazz ¢(g)a - 5 8aa VI;X(C)C!Z
. 1 .
- 5 Jabe aozb 5%‘ X(B)CU =0,
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(6.3)
1 X 1 -
v[;d)(CB)al - 5 Cﬁl > 'Baagi)("r)m + 8aaS(Bcﬂ)a + §Fbij D>aby X(B)’W]

+ TP 1 >80 X(B)**F — 00aVix(A)* = 0.
One can show that

. 1 1 .
vi¢(f)al + iaaagb(g)a - iaaav?X(C)al
1 o
- ifabcaabﬁain(B)cU = EZ]kviFajk )

(6.4)

which gives 1) because €* ViFj“k =0 is the A = 0 component of the BI
(3.19). Similarly

) 1 .
vlz?(b(CB)Oél - 5 CB’L > ﬁaa¢(f)al + aozaS(BCﬁ)a
1 . )
(65) + EFbij Daby X(/@)’YU + T/Bjk > Baa X(B)ajk

- aaaviX(A)ai = Eijk (vaTOéjk - Daaﬂfqukcf) :

The right-hand side of the equation is the A = 0 component of the
Bianchi identity , so that gives the relation .

As discussed in [10] for the case of the Poincaré 2-group, only the A\ =
0 components of the BI give new restrictions on the canonical variables,
because those BI do not contain the time derivatives of the fields. The BI
components with A # 0 will contain the time derivatives of the fields and
hence must be consequences of the equations of motion (EOM). Related to
this is the fact that the Bianchi identities associated to the 2-forms 5 and B
do not induce any new relations among the constraints, see [10]. Namely, the
corresponding BI and contain the time derivatives of the fields,
so that the equations and are necessarily consequences of the
EOM, and hence do not represent additional restrictions on the canonical
variables.

The number of components of the first-class constraints can be obtained
from the table

P(B)a" | #(Ca | ¢(B)a’ | 9(A)a | 9(F)™ [ ¢(G)* | o(CB)™ | $(BCB)"
3p q 3q p 3p q 3q p
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The number of independent components for the first-class constraints is
given by

F=8p+q)—-p—q=T(p+q),

where we have subtracted the p relations (6.2)) and the ¢ relations (6.3]).
Therefore,

6(p+q)

(6.6) n=10p+q¢) = 7p+9) - —

=0 ,

and therefore there are no local DOF in a BFCG theory. Hence the physical
DOF are global, and can be identified with the coordinates on the moduli
space of the flat 2-connections on the 3-manifold X, see [9] for the case of
the Poincaré 2-group.

7. Conclusions

Our canonical analysis implies that the BFCG action is a topological
field theory action, i.e. an action which is diffeomorphism invariant and
has no local DOF. The propagating DOF are global and the corresponding
configuration space is the moduli space of flat 2-connections for the BFCG
Lie 2-group on the spatial manifold X.

A quantization of a topological field theory can give a topological quan-
tum field theory, which can be then used to obtain manifold invariants, see
[12]. In our case, a natural next step would be a canonical quantization of
the Hamiltonian formulation of the BFCG theory. For this task it would be
important to better understand the PB algebra of the first-class constraints
(5.16]) and how it is related to the Lie 2-group differential crossed module.

The BFCG canonical formulation will be also the starting point for
constructing the Lie 2-group analogs of holonomy and flux variables from
canonical Loop Quantum Gravity (LQG), see [9]. These variables will be
important for the task of finding categorical generalizations of LQG with
matter, since the matter is described by the Standard Model Lie group.
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