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geometry and graviton scattering

TiMm ADAMO, LIONEL MASON, AND ATUL SHARMA

We reformulate the twistor construction for hyper- and quaternion-
Kahler manifolds, introducing new sigma models that compute
scalar potentials for the geometry. These sigma models have the
twistor space of the quaternionic manifold as their target and en-
code finite non-linear perturbations of the flat structures. In the
hyperkahler case our twistor sigma models compute both Plebanski
fundamental forms (including the Kéhler potential), while in the
quaternion-Kéahler setting the twistor sigma model computes the
Kahler potential for the hyperkéahler structure on non-projective
twistor space.

In four-dimensions, one of the models provides the generating
functional of tree-level MHV graviton scattering amplitudes; per-
turbations of the hyperkéahler structure corresponding to positive
helicity gravitons. The sigma model’s perturbation theory gives
rise to a sum of tree diagrams observed previously in the litera-
ture, and their summation via a matrix tree theorem gives a first-
principles derivation of Hodges’ formula for MHV graviton am-
plitudes directly from general relativity. We generalise the twistor
sigma model to higher-degree (defined in the first case with a cos-
mological constant), giving a new generating principle for the full
tree-level graviton S-matrix.
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1. Introduction

Twistor theory provides a unified perspective on integrability [I], with its ap-
plications to hyperkahler and quaternion-Kéhler geometry arising from Pen-
rose’s non-linear graviton construction [2l 3] and its various extensions [4-
6]. These constructions give a correspondence between deformed complex
structures on twistor spaces and hyperkéhler or quaternion-Kéhler metrics,
which are encoded in certain scalars that satisfy non-linear PDEs. In the
hyperkéahler setting, these are the Plebanski scalars/forms, subject to the
‘heavenly equations’ [7]. One of these is the well-known Monge-Ampeére equa-
tion for a Kahler potential with respect to a choice of complex structure on
the hyperkéahler manifold.

These geometries and their description in terms of such scalars have
played an increasingly important role since their original discovery in the
1970s. There are too many applications to give a systematic list, but on the
physics side the scalars provide generating functions that count the num-
ber of BPS states in N = 2 supersymmetric theories in three- and four-
dimensions, where the vacuum moduli spaces are hyper- and quaternion-
Kéhler manifolds [8HIT]. The scalars play an analogous role in algebraic ge-
ometry as generating functions for Gromov-Witten and Donaldson-Thomas
invariants [12414]. In this sense, the scalars provide analogues for quater-
nionic geometries of the tau-functions for two-dimensional integrable sys-
tems (cf., [I5HI8]) that give generating functions for the original Gromov-
Witten invariants and intersection theory of the moduli space of Riemann
surfaces (cf., [19, 20]). More generally, these scalars arise naturally for mod-
uli spaces of Higgs bundles, which are hyperkahler with a natural choice of
complex structure (and hence Kéhler potential) [21].
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While we hope that the twistor sigma models of Sections 3 and 4 might
be of relevance to some of the broader applications mentioned above, the fo-
cus in the rest of the paper is on scattering amplitudes. The twistor approach
to scattering amplitudes of four-dimensional gravity has up to now made no
use of such scalar potentials; it does exploit the integrability of the self-dual
sector of the theory to provide a derivation of tree-level scattering in terms
of perturbations around self-duality [22H25]. The first non-trivial amplitude
in this expansion is the mazimal-helicity-violating (MHV) amplitude, which
has two anti-self-dual and arbitrarily many self-dual external gravitons (i.e.,
linearised gravitational modes). In [24] a generating functional for the tree-
level MHV amplitudes was proposed by expanding an exact calculation for
two anti-self-dual gravitons on a non-linear self-dual background using in-
tegrability. While a correct formula for the amplitude was obtained with
these methods, neither the generating functional nor its twistor description
is manifestly gauge (diffeomorphism) invariant, and the resulting amplitude
formulae are not in (what we now know to be) their simplest form.

In particular, the optimal formula for tree-level MHV graviton scattering
(in the sense of being manifestly permutation invariant without a permu-
tation sum) is that given by Hodges [26], where the kinematic information
is compactly packaged in a determinant. Hodges’ formula can be related to
earlier expressions [27, 28] constructed from an explicit sum over certain
tree diagrams via a matrix tree theorem [29]. The determinant structure
of the Hodges formula led to the discovery of the Cachazo-Skinner formula
for the full tree-level S-matrix of gravity (i.e., with arbitrary numbers of
anti-self-dual and self-dual external gravitons) [30], which can in turn be
obtained from a twistor string theory for Einstein (super-)gravity [31]. The
validity of the Hodges and Cachazo-Skinner formulae can be proved using
on-shell recursion relations [32] or worldsheet factorization [33], but a di-
rect construction from general relativity is lacking — although the Hodges
formula can be constructed somewhat indirectly as a limit via the twistor
description of conformal gravity [25, B34]. Nevertheless, the tree diagrams
underlying the determinant structures of these formulae suggest a tree-level
expansion of some action formulation at least of some appropriate sector of
Einstein gravity.

The twistor sigma models that we develop for general hyper- and
quaternion-Kéahler manifolds, restricted to four-dimensions, allows us to pro-
vide a direct explanation of these tree-diagram formulae and hence deter-
minants. Firstly, we find a new form of the generating functional for grav-
itational MHV amplitudes which is linear in the Kéhler potential (or first
Plebanski scalar), and as a consequence, does not require the problematic
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gauge choice built into [24]. Second, we show that the classical perturba-
tive expansion of this Kéhler potential gives a sum over tree diagrams that
arise from the perturbation theory for our twistor sigma model. This gives
(via a matrix tree theorem) Hodges formulaﬂ providing a first-principles
derivation of the MHV formula from general relativity.

In general, our twistor sigma models describe the embeddings of holo-
morphic rational maps from a Riemann sphere into twistor space, but unlike
twistor string theories [31], 35, B6], they do not use dual twistor variables so
the target space is purely twistorial. They also differ from twistor strings by
being defined only as semi-classical sigma models, rather than fully quantum,
anomaly-free string theories. They are simplest to express in the quaternion-
Kaéhler case (i.e., with cosmological constant).

For a 4k-dimensional quaternion-Ké&hler manifold (M, g), we express the
twistor space P.7 as a subset oﬂ P2+1 with homogenous coordinates Z4 €
C?*+2 but with almost complex structure determined by h € Q%1(P.7, O(2)),
a (0, 1)-form of homogeneity degree +2, together with a non-degenerate holo-
morphic symplectic form I4p on the non-projective space. Denoting the
background Dolbeault operator on P?**1 by 9, the deformed almost com-
plex structure defined by h is integrable when Oh + 1{h,h} = 0, where {, }
denotes the Poisson bracket corresponding to I4p.

Points in the quaternion-Kéahler geometry of M correspond to holomor-
phic curves in the twistor space, represented by rational maps Z4 : P! — P.7
constrained to pass through two points, 24 and Z4 in twistor space. The
condition that the curve be holomorphic arises as the equations of motion
of the action

do ~

(1) [(Z(0), 0Z(0)) + 20 h(Z(0))] +(Z, Z(0)) + (2, Z(c0)),

Pt 47

where ¢ is an affine coordinate on P!, (Zy, Z5) := IBAZf‘ZQB and A is pro-
portional to the scalar curvature of M. The terms in the action proportional
to Z and Z provide sources for the model, ensuring that there is a unique
non-trivial solution to the equation of motion of the form

(2) ZA(O) = i4+éA+MA(J),

In contrast, the twistor string of [31] produces the Hodges determinant formula
directly from a fully quantum fermion correlation function, but lacks a direct con-
nection to general relativity.

2We work in the complex category for projective spaces, so that P denotes CP".
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for M4 smooth and vanishingﬂ at o = oo.

One of our main results is that when this action is evaluated on the solu-
tions to its equations of motion (with source terms included and Z identified
with the complex conjugate of Z) it computes the Kéhler potential associ-
ated to the Swann hyperkéhler structure on twistor space [37]. A hermitian
form of the quaternion-Kéhler metric on M can be recovered from this scalar
potential by restricting Z to lie on a holomorphic hypersurface in P.7, from
which one obtains a scalar potential first constructed by Przanowski in the
four-dimensional case [38].

In the A — 0 limit, M is a hyperkdhler manifold, and o can be identi-
fied with an affine coordinates on the P'-base of the twistor fibration. The
P! components of Z4 (o) must be rational to satisfy the equations of mo-
tion implied by the O(A%) terms in the action (1); the remaining O(A) part
of the action determines the 2k remaining components of the holomorphic
map. Evaluated on these solutions, the O(A) action defines a Kéhler poten-
tial — also known as the first Plebanski form or scalar [7] — for M in the
corresponding complex structure. It is this scalar potential that underpins
our derivation of the Hodges formula in four-dimensions. The second Ple-
banski form or scalar potential for the hyperkéhler geometry [7] is obtained
by choosing source terms with a double pole structure for the twistor sigma
model.

The paper is organized as follows. Section 2 begins with a review of
hyperkahler manifolds, their description in terms of Plebanski scalars sat-
isfying ‘heavenly’ equations, and the associated twistor theory. In section 3
we construct two twistor sigma models for holomorphic curves in the twistor
space of a hyperkahler manifold, showing that they compute the Plebanski
scalars (and thus determine the hyperkdhler geometry) when evaluated on-
shell. We also provide explicit non-linear integral formulae for the scalars as
solutions of the heavenly equations in terms of the twistor data.

Section 4 generalises the twistor sigma model to the quaternion-Kéahler
setting; this extension of the hyperkahler case uses the Swann bundle con-
struction that realizes the twistor space as a hyperkéhler manifold. After
a brief review of quaternion-Kéahler geometry and the associated twistor
theory, we define a twistor sigma model, essentially , and prove that it
computes a Kahler potential for the Swann hyperkahler structure on the
non-projective twistor space. With a choice of holomorphic hypersurface in

3The homogeneous coordinates, Z4 (o) will take values in the spin bundle on P!
i.e., to be of weight —1 in homogeneous coordinates.
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twistor space, we show that this defines a hermitian form of the underlying
quaternion-Kéhler metric, generalizing the Przanowski form [3§].

In section 5, we specialize to four-dimensions, where hyperkéahler man-
ifolds correspond to self-dual vacuum space-times. We first show that the
MHYV amplitude has generating function given by the integral of a Kahler
potential (first Plebanski form). This allows us to use the twistor sigma
model to derive a new expression for the generating functional of gravita-
tional MHV amplitudes, and to use its tree expansion to obtain a derivation
(via a matrix-tree theorem) of Hodges’ formula for tree-level MHV scattering
directly from general relativity. Section 6 extends the twistor sigma model
for the Kahler potential to higher-degree curves, and we give a new formula
for the generating functional of tree-level graviton scattering amplitudes in
any helicity configuration. While we do not have a first-principles derivation
for this generating functional beyond the MHV sector, we show that its per-
turbative expansion correctly reproduces the Cachazo-Skinner formula (as
well as certain integral kernel formulae when A # 0 [39]). Finally, section 7
concludes with a brief discussion of interesting future directions in integra-
bility and scattering amplitudes including the relationship of these formulae
those from twistor and ambitwistor strings. Appendix A reviews the gener-
ating functional for MHV amplitudes on space-time, and appendix B gives
alternative formulations of the twistor sigma models in positive degree.

2. Hyperkahler manifolds and twistor theory

In this section, we review hyperkahler manifolds and their description by
Plebanski scalars. We then describe the twistor spaces associated to hy-
perkahler manifolds via the non-linear graviton construction.

2.1. Hyperkahler manifolds and their Plebanski forms

A Riemannian manifold of dimension 4k with metric (Myy, g) is hyperkéhler
when the holonomy of the metric connection lies in Sp(k). In general, we
will work in a complexification of this structure so that g is a holomorphic
metric with holonomy in Sp(k, C). This holonomy reduction can be expressed
as an isomorphism TM = S ® S where S has rank two with a flat SL(2, C)
connection and S has rank 2k with an Sp(k, C) connection which combine to
give the metric connection of g. One can introduce indices for these bundles,

a=1,2for S and & =1,...,2k for S, and corresponding frames e®® on
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T* M so that the metric on M takes the form
(3) ds? = Eap Eap e PP €af = Elaf])  €ap = Elaf)

for which e,5 and ¢ af are covariantly constant. In particular, e, is the

SL(2, C)-invariant Levi-Civita tensor and £, is the symplectic form as-

sociated to Sp(k,C). We denote their inverses by e 48 with the sign

conventions 50‘5557 = —0F and e‘wsm = —63‘. These are used to raise and

lower indices: A* = ¢*8 A8, ps =48 Ig, ete. Similarly, the symplectic inner

products over S and S will be denoted by (A k) = Akq, [1p] = upa, ete.
The frame of S is chosen to be constant so that the 2-forms

(4) 2P = e pefy,

are covariantly constant and hence closed. Therefore one can find coordinates
(2%, 2%) so tha

Ellzdszdzgeﬁ-d,

22 _ 1s& A 158

(5) Yh =dz¥Adz €44

N2 -0 . d¥AdSP
ap

where the form of X!! and ¥?? is made possibly by Darboux’s theorem and
their rank; on a Euclidean signature real slice, they can be chosen to be
complex conjugates. The closure of 32 implies that

2
(6) Q.- ¢
N Pt

by the usual argument for the existence of a local Kahler potential.
This (2%, 2%) is often referred to as the first form, or first Plebanski
scalar, for the hyperkahler metric. In terms of §2, the hyperkéhler condition

4Here, ¢ and & are indices of the same frame over S and their distinction is purely
for notational clarity.
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reduces to

WO ... — e,
(7) £ Qd‘%QBS_E%S'

This equation is known as Plebanski’s first heavenly equation [7], and follows
by chosing the co-frame

®) % — (dzd, e édié) ,

along with and the definition of ¥?? = ¢ Bde%‘ A e,

A second form for the hyperkéhler geometry follows by keeping the def-
inition of z%, but now using Darboux’s theorem to find coordinates wg so
that 12 = dz% A dwg. With these coordinates one deduces that

(9) e = (dza, dw® — 0%, dzﬁ) , Ous = Op)

so the closure of ¥?2 now implies the existence of a second form, or second
Plebanski scalar, ©(z%, w®) such that
0’0
w*ows
The hyperkéhler condition is now encoded in Plebanski’s second heavenly
equation [7]:

(10)

9’0 1
——— + =07 0,. =0
9zl owP 3% =0
and one can verify that there is sufficient coordinate freedom to choose ©

to reduce the equation to this form. The first and second forms are related
by noting that wg = 0,42 and @dﬁ = 0,40,

(11)

Let V,s be the dual frame of vector fields to e*®*. The two heavenly
equations arise as the integrability of the Lax system

(12) La = A Vig
(13) =)\ ng a; + Ao i
938 0z
0 0 ; 0
_ )\ _— B_Z
(14) Mo+ e (o + 0600

In Euclidean signature, the Lg provide the (0, 1)-vectors of a complex struc-
ture that varies as A, thought of as homogeneous coordinates, range over
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the Riemann sphere P'. This provides a natural segue into the twistor cor-
respondence for hyperkéhler manifolds.

2.2. The twistor correspondence

For flat hyperkihler space (i.e., C** with its natural hyperkihler structure),
we have e = dz®“, where the flat coordinates are given following the above
by

(15) T = (2%, 59) .

Let Z4 = (1%, Aa), A=1,...,2k + 2 be homogeneous coordinates on P2k+1
and define the ‘flat’ twistor space to be PT = P26+l — P2k=1 where the P21
corresponding to {\, = 0} is removed to give the fibration

(16) Ao : PT — P!,
Each point z € C** corresponds to a section of this fibration given by
(17) pt = N, .

In addition, there is a degenerate Poisson structure {, } defined by the bivec-
tor
0 0 .5 0 0
18 =18~ N —_ =¥ A — |

(18) 074" 078 = ops " 9,8
taking values in O(—2).

The key result is that there is such a twistor space for every hyperkéahler
manifold:

Theorem 1 (Penrose et al. |2, [40]). There is a one-to-one correspon-
dence between:

e suitably convex regions of hyperkihler 4k-manifolds (M, g), and

e (2k + 1)-dimensional complex manifolds P that are complex defor-
mations of a neighbourhood of a line in PT which preserve the fibra-
tion Ao : P.7 — P! and degenerate Poisson structure I with values in

O(—2) (pulled back from P') that annihilates \y.

As in the flat twistor correspondence, each x € M corresponds to a
Riemann sphere X C P given as a section of the fibration A. Each such X
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has normal bundle O(1) ® C?* and, by a theorem of Kodaira [4T], 42], allows
M to be reconstructed as the 4k-dimensional moduli space of such sections.
The curved twistor space P.7 encodes the conformal structure of (M, g): two
twistor curves X,Y C P.J intersect if and only if the corresponding points
x,y € M lie on a null geodesic of the conformal class [gq]. The conformal
scale can be reconstructed from A and 1.

Following the k = 1 construction of [43] for self-dual gravity, one can use
an explicit presentation of the complex structure on P as a deformation
of the complex structure on PT. From Theorem 1, we can always introduce
Ao as homogeneous coordinates on the base of the fibration of P over
P!'. Complex, but not necessarily holomorphic, coordinates u® can also be
chosen which are Poisson up the fibres so that

(19) 1::5dﬂiAi,
o™ ub
is the weighted holomorphic Poisson structure.

The almost complex structure of the curved twistor space P is then
represented with (0, 1)-vectors spanned by the operator V = 0 + V, where
0 is the flat complex structure on PT C P?**! in homogeneous coordinates
(1%, A\) and V € Q%Y (PT, Tpr) for Tpr the holomorphic tangent bundle of
PT. Integrability of this almost complex deformation can be expressed as
V2 =0. For A\, and I to be holomorphic in the complex structure V =
0+ V, V must be a bundle-valued Hamiltonian vector field with respect to
the Poisson structure I:

0 _ ap b 0

20 V=Vy_——
(20) ou™ ous 3u5

h e QYYPT,0(2)),

for some bundle-valued Hamiltonian function h. Denoting the Poisson bracket
induced by I as in by {,-}, the Dolbeault operator on P.7 is thus
V =39+ {h,-}. With these additional structures, the integrability require-
ment V2 = 0 becomes

(21) 5h—|—%{h, h} =0,

with h encoding the data of the hyperkahler manifold.

It is easy to see that such a h generates the generic linear perturbation
to the flat hyperkihler structure as these are generated by H'(PT,O(2))
and h can be taken to be a representative for such a class in the linearized
limit. A natural gauge fixing that extends to the fully non-linear regime is
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to take the (0,1)-form part of h to be a multiple of A*d),; in this gauge
the second term of Vanishesﬂ One can also introduce complex conju-
gations on P.7 appropriate to real Euclidean signature [4] [6, 40, 47H49] or
split-signature [50} 51], although we will not concern ourselves with reality
conditions here.

Now, characterize the holomorphic Riemann spheres X C P.7 as sec-
tions of the fibration 7 : P.7 — P! by

(22) (1 = F3(z,)), Aa) : P! 5 BT,

where F%(x,\) is homogeneous of weight 1 in A but not, at this stage,
holomorphic. Using , X is holomorphic with respect to V if V(u® —
F(z,)))|x = 0, which gives

= : oh

23 0 XF @ x, A= — .
23) xFé@ ) = |
The hyperkéhler space M is the moduli space of such curves.

Reconstruction of the hyperkihler metric on M. Under our as-
sumptions, Kodaira theory [41] 42] guarantees the existence of solutions F'¢
of . To reconstruct the hyperkahler metric on M from P77, observe that
the 2-form

(24) Y= szd A szd

is holomorphic up the fibres of 7w, where d, denotes the exterior derivative
along M. This is confirmed by a brief calculation using :

5 a N _oq (9
8&@J‘A%Qy_2¢<&w

> A dg Fy,
X

2
Oh /\dxFB/\ddeZO.

-2~
8Ha3M3NX

Thus, d,F* A d,F4 is a holomorphic 2-form of homogeneity 2 in A,; by an
extension of Liouville’s theorem to functions valued in O(2), there exists a

5This can be done for a generic perturbation at least locally by constructing h
from the characteristic data for a hyperkahler metric perturbation on a light-cone
(cf., [44H46]).
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triplet of 2-forms %% = 2(28) on M such that
(25) Ao FY A dpFy = Ao Mg 2% (2) .

It follows by construction that the 2-forms X% obey dX*? = 0 and that X,
and hence X! and Y22 have rank 2k.

This implies the existence of a frame e®® on M for which the %% are
[52):

(26) $B = % APy

With this frame, the hyperkiihler metric on M is recovered with ds? =
€aBEyp e®@ @ e8P the holonomy reduction follows as a consequence of A2 =
0. Cartan’s structure equations then give the reduction of the structure group
of the connection to Sp(k, C).

Plebanski potentials and Lax formulation. Direct contact with the
Plebanski scalars €2, © can now be made via the twistor correspondence.
Following [53, 54] from the k =1 case, this can be done via expansions of
F% as follows. Choose a SL(2, C) basis (K1, K24) satisfying Eaﬁlilalizlg =1
— in the Euclidean real case this can be taken to be a standard SU(2) basis
— and write

(27) Aa =AM Kla +A2k2q .

For the second form, expand around A9 = 0 to write

. . N VA
(28) Fo(z, ) = A 2% 4+ A w® + 72 0% +0()\3).
1

With this, expanding the 2-form ¥ around Ay = 0 gives X! = dz® A dzs,
Y12 = d2% A dwg and

(29) Y2 = dw® A dwg +2d2* A dOy .

By requiring the vanishing of the O(A\{!) and O(A\[?) parts of ¥, one obtains
B4 = 0,40 and .
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The equations for ) are obtained similarly by expanding around both
/\1:0and)\2:0:

F(z, ) = A\ 2%+ 2 Q% + O(\3),

(30) ~ ~ ~ 2
Fa(l', )\) =X 2% =N Q¥+ 0()\1) ,

and using the global nature of 3. Firstly, one finds
(31) $12 = dz% A dQy = —d2® A d

with the first equality from expanding around Ay = 0 and the second from
expanding around Ay = 0. This gives Q4 = 0,42 and Q; = 9_;Q. The first
heavenly equation @ then arises by equating %22 obtained by expanding
around Ay = 0 to its value at A\; = 0.

Now, from and it follows that e®® can be identified from F¢
up to Sp(k,C) rotations on the dotted index:

(32) Ao FO (2, A) = H% (2, \) ¢ (2) A

This defines H%(az,)\) € Sp(k,C) of homogeneity 0 in A,; it provides a
holomorphic frame of the bundle Ny ® O(—1) 2 O ® C?* of dotted spinors
over X. On flat space, one can choose Hdﬁ- = (52‘, as F'Y = 22\, in this
case.

The Lax description for the hyperkéahler equations can be seen by con-
tracting the dual frame of vector fields V4 into to obtain

(33) Mo HYy =V, 5 1d, F¢ =V, 3F%.
The Lax operators Lg = A*V,4 are compatible because F® solve
(34) Lo FP = NV FP =0.

The Levi-Civita sp(k, C) connection 1-form fa,@ = 6wadﬁ? can be obtained
from

$ BB ¥ _ T ;
(35) NV Hoq = =XN'Toss” H, de®® =T%; ne?.
In this way, all of the data of the hyperkéhler geometry of (M, g) is encoded
through its twistor space.
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3. Sigma models for hyperkahler twistor spaces

In this section, we introduce sigma models governing maps from a Riemann
sphere to the curved twistor space P7 of a hyperkdhler manifold. The vari-
ational equations of these twistor sigma models yield , which determines
the holomorphic curves in twistor space whose moduli define the hyperkéhler
manifold. We define two such twistor sigma models, adapted to two different
boundary conditions on the twistor curves: the on-shell action of the first
model computes the Kéhler potential © (the first Plebanski scalar), while
the on-shell action of the second model computes © (the second Plebanski
scalar) and so directly determines the hyperkéhler manifold (M, g).

In the twistor construction, the usual description of the holomorphic
curves is in terms of maps from the Riemann sphere to twistor space of
degree one as in , consequently F%(x,\) is of homogeneity degree one.
However, one can equivalently consider the problem in terms of holomor-
phic curves in twistor space with prescribed boundary conditions; for each
of the two Plebanski scalars the relevant boundary conditions reduce the
normal bundle of the holomorphic curves to O(—1) & O(—1). This strategy
is common in the study of (pseudo-)holomorphic curves in algebraic geom-
etry: for instance, the generating functions of Gromov-Witten theory count
such curves (cf., [59]).

While this approach is less usual in twistor theory, it incorporates the
choices we are making, leading to a more universal description of the twistor
sigma models, with manifest Mobius invariance on the holomorphic curves.
It is straightforward to translate back into the more standard degree-one
language, as we make clear in appendix B.

3.1. Sigma model of the first kind (for €2)

Observe that provide boundary conditions that generically yield a
unique solution F® to (23)) given (2%, 2%). These boundary conditions are
precisely that

(36) Fi(om) = 2%, Fi(a,kp) = 3%,

in terms of the SL(2, C) basis (27)). The solution F%(x, \) can be expressed
as a rational map of degree —1 by introducing M%(z,\) € Q°(X,O0(-1) ®
C?%), so that

24 34

(37) FYx, M) = S + 5 + M%x,\),
Ao A\
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which can be obtained by rescaling by 1/A1\a. Here M (x, \) is uniquely
determined as a smooth function of weight —1 in A, by ‘boundary conditions’
(2%, 2%) (i.e., when A or Ao vanishes) and (23], which gives the equation

- & _ Oh
(39) M@ A = ot
where h|x = h(F(x,\), \). The uniqueness of M% (at least for small data h)
follows from the invertibility of d|x on O(—1)-valued functions over X = P
Moreover, the boundary conditions imply that M is analytic around A\; = 0
and Ay = 0.

Note that there is a slight abuse of notation here, as now (A1, A2) is only
related to the A, on P.7 (which provides the holomorphic fibration over P!)
by a projective rescaling. In particular,

Rla R2 o

(39) Ao = N N
so that that all components of the twistor coordinates scale with the same
homogeneity. We continue to treat A, as homogeneous coordinates on the
holomorphic curves X in P.7, with the understanding that by A\, elsewhere
we mean the (A1, A2) appearing in (39).

We now take M? to be the dynamical field of a sigma modeﬂ with
action:

(40) SQ[M]:;/XD)\([Mé\XM] +2hx) ,

which yields as its variational equations of motion. Here, DA := (A d)\) =
X*d)\, gives a trivialization of the canonical bundle of X = P! and £ is a
formal bookkeeping parameter (analogous to o’ in string theory) whose role
will become apparent in later sections. Note that in Sq, h|x = h(F®, \,) is

expressed in terms of M% by .

5Here, we use the term ‘sigma model’ in a slightly more general context than
usual, meaning any theory whose fields are maps from one projective variety to
another, without the requirements of a Riemannian metric on either side of this
map.
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One advantage of working with the rational maps of homogeneity —1 is
that the appropriate boundary conditions can be implemented by extend-
ing to a sigma model for F'“ with source terms:

(41)

SQ[F]:;i/}(DA([F@\XF]+2h\x+47ri[zF]5()\2)+47ri[2F]5()\1)>,

where §(z) = (27i)71d(z7!) for any z € C*. These source terms lead pre-
cisely to the structure of upon solving for the homogeneous part of the
F® equation of motion, leaving .

The key result for this twistor sigma model is its relation to the first
fundamental form of the hyperkahler manifold:

Proposition 3.1. The (complexified) Kihler potential Q of M is given up
to a constant by

(42) Qz,2) =e:. 2% 2% = So[M]]

on-shell

where Sq[M]|onshen denotes the action Sq[M]| evaluated on the solution to
its equations of motion.

Proof. Note that rescaling by 1/A1A2 and comparing with gives
the relations

o o
(43) @_ZQ—’_Ma(qu/l)) ag& = - d_Md(fE7f€2).

These can be used to compute 9Sq/0z% for a M® satisfying the equation of

motion :

hasf?_/ ([aM 8|XM] [M&XaM]JrzaF.B ah.‘ )D/\

0z% 024 9z up
OM oM 52 oMb
:/<[aaa\XM} [8|X M} 2(A2+ ad)a\XMB>D>\

——/a\X oM D/\—2/ DA 51,
X 820‘ )\2

= —4mi Md(:c, Rl)

(44) = 4nmi (za - gji) .
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In going from the first to the second line, we used along with the
equation of motion in the last term. In the penultimate line, we in-
tegrated by parts and used 9|x\; ' = 27id(\2) along with DA = (Ad\) =
A2dA; — ApdAg. .

This gives the 9/02%derivative of (42), and the §/9z%-derivative can
be obtained similarly. O

An alternative formula for € can be obtained as follows: on-shell, one can
eliminate M@ by expressing as an integral equation using the Green’s
function of the d-operator acting on sections of O(—1) over P!:

. 1 DN dh
4 Mé(z.\) = — Oh
(45) @2 =55 /X ONY Opg

?
X’

where X’ denotes the substitution u* = F%(x, \'), etc. Inserting this in
yields

~ - 1
V(z,2) = e4,2°7 — o XD/\ hly

o e
2(2m)? Jxxxr (AN) [Op|x Oplx ]’

which is a non-linear Penrose integral formula for the (complexified) Kéhler
potential of M in complex coordinates (2%, %).

3.2. Sigma model of the second kind (for ®)

The twistor sigma model can also be adapted to the boundary conditions
appropriate to the second Plebanski scalar ©, giving an expression for ©
in terms of the corresponding on-shell action. While we will not use this
model in subsequent sections to study scattering amplitudes, it may have
application elsewhere in the study of hyperkahler manifolds.

To solve for the holomorphic curves in P.7, we now impose bound-
ary conditions consistent with :

OF¢
02

&

(47) F(x, k1) = 29,

(x,k1) =w

The curve associated with these boundary conditions is given by the homo-
geneity —1 functions

. A wt
48 Foz,\) = 2220 0 2 4 Nré(a, ),
(48) () = 53 2% + 5+ MY
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where M® is weight —1 in A\, and also depends on the coordinates (2%, w?)
on M. This M“ satisfies the same equation of motion as M“:

A 2ra oh
49 O x MYz, \) = —| .
(49) N @) = 5]

Here h depends on M¢ via , and M¢ is simply required to be a smooth
solution to this equation of the given weight that is analytic around Ay = 0.
Again, we abuse notation by treating A\, = (A1, A2) as homogeneous coordi-
nates on the twistor curves although

A1 R2 o

50 )\Oc ) o N

for the curves with the homogeneity —1 parametrization.
The twistor sigma model of the second kind has the same action

(51) S@[M]:;/XD)\<[]\Z5|XM}+2h|X),

which reproduces as its classical equation of motion. Once again, this
can be extended to a twistor sigma model for the full F'* with sources:

SelF] = % /XD)\( [FO|xF] +2h|x

(52) —4mi\ [z F] 0’ (A\2) + 47i [w F) S(AQ)),

where §(2) = —(2mi) 10(272) for any 2 € C*.
The key result for this model is:

Proposition 3.2. The on-shell action So computes the Plebanski scalar
o,

h

(53) 0= " i Se[M] ‘on—shell'

This determines the hyperkdhler metric by @D and solves the second heavenly

equation .
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Proof. Rescaling by 1/A3 and comparing with yields
(54) 0% (z,w) = M%(x, K1)

The proof of now follows the same lines as for the Kahler potential.
On a solution of the equation of motion , one finds

8Se M
P e _/ <[a 7 OlxM| +
oM _ OM -
B ./X (lawa 8|XM] lalxawd M]
57 aMﬁ

oM
/ 8‘X law

B
oir] | yort on |\,
owe 8MBX

m_z/ DA o)t
X A2

(55) = —4mi Mg(z, k1),
which matches the value of ©4 up to the prefactor of —4i. O

An alternative formula for © is found by eliminating M% using the in-
tegral equation following from (49):

- 1 DX 0Oh
Moz \) = — [ > 9
(56) @A =55 /X N Oa |

This gives a non-linear Penrose integral formula

O(z,w) = —QL DA h!X

™ Jx
(57) 11 / DADN [ah oh ]
2(27m)2 Jxux: ON) [Ou|y Oulx |’

for the second Plebanski scalar, mirroring .

4. Sigma models for quaternion-Kahler twistor spaces

In this section, we show that the twistor sigma model is perhaps most nat-
urally expressed in the context of non-zero scalar curvature: quaternion-
Kahler manifolds in 4k-dimensions for k > 1, and self-dual Einstein mani-
folds with non-zero cosmological constant in four-dimensions. In this context
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the Poisson structure on nonprojective twistor space is non-degenerate, and
so the model has a more uniform description. Here, there is no longer a
natural Kéahler potential to compute on the quaternion-Kéahler manifold.
However, the nonprojective twistor space is itself hyperkéhler [37] and given
the canonical choice of complex structure is determined by a Ké&hler poten-
tial. This is the scalar that is computed by the twistor sigma model. There do
exist hermitian formulations of the metric that reduce to a differential equa-
tion for a scalar (due to Przanowski in 4-dimensions [38]). Following [I1],
we see that the twistor space Kéhler potential yields the Przanowski scalar
on restriction to a complex hypersurface.

4.1. The geometry of quaternion-Kahler and self-dual
Einstein manifolds

The geometry of a quaternion-Kéhler manifold can be described as follows.
In this section, we will work with Euclidean signature reality conditions,
although later we will allow the metric to be complexified. A quaternion-
Kéhler manifold (Myg,g) is a 4k-dimensional real manifold with positive
definite metric with holonomy group contained in Sp(k)-Sp(1)/Zs for k > 1.
When k = 1, this condition is always satisfied, so further conditions are im-
posed in this case: the metric is self-dual and Einstein with a non-vanishing
cosmological constant (scalar curvature). Hyperké&hler manifolds sit inside
this class as the case when the Sp(1) part of the holonomy is trivial so the
holonomy is in Sp(k); for k = 1 this is when scalar curvature vanishes.

Following [56], we introduce an index notation for quaternion-Kéhler
manifolds parallel to the 4-dimensional case whereby an orthonormal coframe
is represented as e*®, a = 1,2 and & = 1, ..., 2k so that the metric is

(58) ds? = EapEap et @ PP €af = E[af])  Eap = Elaf)>
and the s are in standard form and can be used to raise and lower indices.

Here the « indices carry the Sp(1) holonomy and the ¢ indices carries the
Sp(k) holonomy, so that the structure equations read

(59) dead:F“5A66d+deAea5,

for connection 1-forms ('3, f‘g) taking values in sp(1) and sp(k), respectively.
We will assume that the underlying topology is such that the construction of
the C2-bundle S of un-dotted objects in the fundamental representation of
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the Sp(1) is unobstructedm When k£ = 1, we refer to these as anti-self-dual
(ASD) spinors.
As in the hyperkéahler case, one can introduce the 2-forms

(60) I N P

However, in the quaternion-Kéhler setting the bundle S is not flat so these
2-forms will not, in general, be closedlﬂ They are nevertheless covariantly
closed: they satisfy the structure equation

(61) 0=Dx* :=dx* —2r* A 27,

It follows from the holonomy condition and D?%*? = 0 (or the SD Einstein
condition for k = 1) that the curvature of I'2 takes the form

(62) Raﬁ = dFaﬂ + T A F’Y/B =1iA Eaﬁ ,

for a constant A. When k = 1, 24A is the scalar curvature.
4.2. The quaternion-Kéihler twistor space

While the symmetric space model for the twistor space of a quaternion-
Kéhler manifold remains PT C P?**1 the key difference with the hyperkihler
case is that instead of a P!-fibration, twistor space is now endowed with a
non-degenerate weighted contact structure. This can be represented in terms
of the usual homogeneous coordinates Z4 = (u®, o) via an ‘infinity twistor’
I4B which is now of rank 2k + 2 rather than of rank 2k as in the hyperkahler
case . Explicitly, define the bundle-valued Poisson bivector

[a a}_IABa )

AR YARE 0ZA " 9zB
25 0 0 0 0
= AN~ AP AN —
(63) € 3/1""/\8u5+ € 8)\6“/\8)\5’

of rank 2k + 2, with its inverse defining the contact structure

(64) T:=(Z,dZ) := Iy Z2dZ8 = (\d\) + A [pdy],

"When such a topological obstruction exists, following Swann [37], one can work
on a Zso quotient of S. This makes little difference in what follows.

8The 2-forms 2P are also not uniquely defined and on a generic quaternion-
Kahler manifold will not be globally defined.
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where A is defined by (62) (in 4-dimensions, the cosmological constant).
As for €,4, note that I ABTpen = —A 5é in our convention. These structures
clearly degenerate to those appropriate for the hyperkéhler case in that limit.

In the curved case, we follow the Euclidean signature approach [4], [56]
to define the twistor space as follows:

Definition 4.1. Let non-projective twistor space 7 be the total space of
the complex rank-2 bundle S — M, and projective twistor space P.J be its
projectivisation PS.

This nonprojective twistor space 7 is essentially a double cover of the
Swann bundle [37].

The differential geometry of .7 can be expressed in terms of an indexed
coordinate o, up the fibre of S. There is a SU(2) = Sp(1)-invariant quater-

nionic complex conjugation o, — 6, = (72, —01) satisfying (o) = ||o||?
and 6, = —o, [4, 47]. We also have the covariant exterior derivativi
(65) Doy, := dog, + I',” o3 .

This allows us to introduce the 1-form and Euler vector fields

0
(66) 7= (0D0):= 0°Doy= 0%dog — 0%’ Ty, YT =04—.

0oy
Since 7 annihilates the Euler vector field, it descends to P.7 to define a
contact structure. Working on 7, the 2-form

(67) dr = (Do Do) — iAo, 0557

is complex and has rank 2k + 2, and defines an almost complex structure
on .7 that is integrable as a consequence of the closure of dr (following
from or its being exact).

The key result is the converse statement of this construction: that the
quaternion-Kahler manifold (M, g) can be reconstructed from P.7 as a com-
plex manifold in the complex structure determined by 7.

Theorem 2 (Ward [5], Salamon [6]). There is a one-to-one correspon-
dence between:

9The distinction between the covariant derivative D and the weight +2 holomor-
phic 1-form on P! (e.g., Do = (0 do)) should always be clear from the context.



Twistor sigma models 645

o suitably convex regions of 4k-manifolds (M, g) with holonomy Sp(k)-
Sp(1) for k>0 or, for k=1, self-dual Weyl curvature, vanishing
trace-free Ricci curvature and cosmological constant A # 0, and

e 2k + 1-dimensional complex manifolds (P77, 1) that are complex defor-
mations of a neighbourhood of a line in PT which preserve the contact
structure T = (Z,dZ) = Iga ZAdZB. P.T is further required to admit
an anti-holomorphic conjugation”: P.7 — P.7 without fized points that
restricts to the antipodal map on the line and pulls back T to T.

Here the condition that P.7 be equipped with the anti-holomorphic
conjugation ensures that the resulting quaternion-K&hler manifold has a
positive-definite metric. Relaxing this condition enables the construction to
be applied to complexified quaternion-Kéahler manifolds in the obvious fash-
ion.

4.3. From the twistor complex structure to its Kéahler potential

The non-projective twistor space .7 is itself a hyperkéhler space [37]. With
respect to the complex structure on .7 induced by (67), a Kahler (1, 1)-form
can be identified:

(68) w=(DoD&) —iAo,b5%%.

Together (dr,w) endow .7 with a hyperkéhler structure [37] whose first
Plebanski scalar (Kéhler potential) is given by (o ) in the complex structure
determined by dr:

(69) Q:=(0a), w=00(cd).

This can be verified directly using (Doq, 0,e%%) as a basis of the (1, 0)-forms
of the complex structure together with the structure equations (62)).

The twistor correspondence reflects the complete integrability of the
equations for a quaternion-Kéhler manifold since the deformed complex
structure on P.7 can be expressed freely for local solutions (as in the orig-
inal non-linear graviton construction [2), [5]). As in the hyperkéhler case,
reconstructing (M, g) requires solving for the holomorphic rational curves
of degree one that will form the fibres of PS — M. Rather than construct
the quaternion-Kahler structure on M directly, we first construct the Kéhler
potential 2. Although given trivially on S by (o ), in order to construct {2
in holomorphic coordinates one must construct the holomorphic curves in
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P.7. The metric on M is then determined by a Przanowski-like scalar [3§]
from €.

Complex structure & holomorphic curves. The presentation of the
complex structure of (P.7,7) as a finite deformation of a region in (PT, 1)
follows as in , but now using the non-degenerate infinity twistor :

(70) V=0+V, V=1{h-}= h e QYL (PT,0(2)).

With this almost complex structure, one can check that
(71) 7:=(0Do) = (Z,dZ) +2Ah,  h=hsdZ",

is a (1,0)-form, where (Z,dZ) = IgaZ4 dZP. Integrability of the almost
complex structure follows from

(72) oh + %{h, h} =0,

where 0 is the flat background complex structure. The almost complex struc-
ture is generated from this by demanding that d7 be a (2, 0)-form. This leads
to the basis of (1, 0)-forms

oh
A AB
(73) =zt + 1Y

obtained by requiring that
(74) dr = (dZ,dZ) +2Adh = (DZ,DZ) € Q*°(P.7,0(2)),

which follows from ([72)).
The equation for holomorphic curves X C P.7 given by Z : P! = P
becomes

oh
A BA
(75) OxZA =1 577, -

which reduces to as A — 0.

From rational curves to Kahler potential. In order to construct the
Kahler potential, we will first construct the holomorphic curve passing
through two fixed points, say Z and Z in P.7 (later, we identify Z=Z



Twistor sigma models 647

for Euclidean signature); this has expansions in twistor coordinates near Z
and Z respectively of the form

ZNZ,2,0) =102, 2)": FNZ,Z,0),
2
~ o
(76) FA(Z,Z,O')2012A+UQQA+£NA+O(U§)

2
:UQZA—019A+%NA+O(U%),
2

where at this stage Q, Q4, N4, Q4 and N4 are some functions of Z,Z
determined by h. Note that the F4 have homogeneity degree +1 in the
homogeneous coordinates o, on the rational curve.

These o, can be identified with the fibre coordinates introduced earlier
on the bundle S: the GL(2,C) freedom in the choice of o, is fixed by re-
quiring that —iv/Q Z4(c) = Z4 for o4 = (1,0) and —ivVQ Z4(0) = Z4 for

o = (0,1). The factor of v/Q is needed to accommodate the normalization
implicit in (7I). This is seen by computing 7 = (Z,DZ) from the two ex-
pansions and requiring it to equal (o do) = oydo; — o1 dog at fixed
(Z,2):

T‘ (2,2)=const. <U
Q-
Q-

( ) (0do) +2(Z,N) 02 doy + O(03))
1(2 +2(2,N) 01y +0(0}) )

(77)

By Liouville’s theorem, the values of the coefficients at o1 = 0 are equal to
those at o9 = 0; this gives

(78) Q=(2,Q)=(Z,0), 0=(Z,N)=(Z,N),

to further constrain the various functions appearing in (|76]).

At this point, the identification of the Kéhler potential (o &) = Q
from (69) becomes clear. For Z4 (o) = 24 we must have ¢, = (—ivQ,0),
while for Z4(0) = 24 we have o, = (0, —iv/Q). The latter is the conjugate
of the former when Z = Z as required.

Using Liouville’s theorem, further equations underpinning the hyper-
kéhler structure on twistor space can be derived by identifying the coeffi-
cients of 0102,0%,03 in 7 at o1 = 0 with those at o9 = 0. As a result one
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obtains respectively

= (Z,dQ) + (Q,dZ) + (Z,dQ) + (Q,dZ)
(79) (Z, > (Q,dQ) + (Z,dN) + (N,dZ)
(2,dZ) = (Q,dQ) + (Z,dN) + (N,dZ) .

Using the exterior derivative of , the first of these yields

B o0 o, T4 00

_ Z O A _
(80) d2=(d2, )+ (d2.Q) = 0'="F 75, T

Substituting these in the second and third equations in , taking exterior
derivatives, and comparing the (2,0) and (0, 2) parts gives

jan 0% 0%Q) s 0% )

81 _ [ =B ! .
(81) 02A92C gzBozp P 0Z2492C 9ZBHZD

This is in fact the first heavenly equation (7)) for the Kéahler potential of
twistor space 1tselfm

4.4. The sigma model and Kahler potential
Following our previous strategy, the rational curve corresponding to z € M

passing through the points Z, Z can be parametrized by rational maps of
homogeneity —1 as

(83)  ZAx,0)=iQ": FA(z,0) = — ( + 2 + M%,@) ,

where M4 is a homogeneous function of weight —1 in ¢, which is uniquely
determined by the boundary conditions of . In particular, it obeys the

0From one can further identify the ASD spin connection in our frame on
P as

(Z,d2) (Z,d2)
'y = ) Pao = ,
(82) & Q@
Iy (2,d0) +(,d2)  (2,d9) +(Q,d2)

20 o 20
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equation of motion

4 Oh

3 A _ 1B
(84) OlxM* =174 =

(F),

where the right-hand-side is evaluated at F# instead of 102 FA. Substi-
tuting in and noting that 0h/0Z” has homogeneity +1 in Z (and
hence —1 in o), this is easily verified to be the expected equation satisfied
by holomorphic curves.

Now, the twistor sigma model which produces as its equation of
motion is

(35) SalM] = /X Do (i<M,5\XM> +2hrx> ,

where Do := (0 do) is the weight +2 holomorphic differential on the curve
X = P! and, crucially, h|x = h(F(z,0)) as in (84). Working with the —1-
curve description means that this model is equivalent to a sigma model for
the full F4 with delta function sources:

SA[F] = ;/X Do [i (<F, BF) + 4mi (2, F) 3(0y) + 4ni (2, F) 5(01))

(86) +2 h(F)] ,

analogous to the hyperkéhler twistor sigma models. The key result for this
twistor sigma model is:

Proposition 4.1. The on-shell action Sx computes the Kdhler potential )
on 7,

(87) VZ,2)=(Z,2) - g SAIM]| 0 gpen -

Proof. Comparing with and applying tells us

[%9]
9ZA

00

(88) 0ZA

=Ipa(2% + MB(2,k1)), = —Ipa(ZP + MP(2,k2)) .
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The rest of the proof proceeds along the lines of Proposition 3.1. Using the
equation of motion , the on-shell action of the sigma model gives

- (o) 2
231”—;&(17))1)0
=S5 (e ) 3 {oegza )
— QIACB (?EJF %Zf) ayXMC>Da
=—/Xa\x<§2]‘,£, M>Do—2';CA/X]3§8|XMC
4

(89) = A IoaM€(z, k).

It is straightforward to check that the correct derivative with respect to Z4
is also obtained in this fashion. O

4.5. The Przanowski scalar and quaternion-Kéhler metric

We can give a local representation of the metric on an open set U C M
by choosing a holomorphic hypersurface ¥ C P.7 that forms a section of
the fibration over P.7 |y — U. With respect to the complex structure on
U, the metric is Hermitian and determined in terms of a scalar function K
originally introduced by Przanowski [3§] (cf., the treatments in [, 11} [57]).
This is obtained from the Kahler potential on twistor space derived above
as follows.

The projective twistor space P.7 also has a Kahler structure in the
complex structure for which 7 A d7" are holomorphic forms [0, [58]. This is
related to the Kéhler structure on 7 in the same way as the Fubini-Study
Kahler metric on P" is related to the flat one on C™. Thus it has Ké&hler

potential log(o &) and this can be checked via (62, and to yield
the Kahler form

TAT iAo, GNP
90 wpg = —
(90) P T 5 6)2 (0 6)
This restricts to give a Kahler metric on our holomorphic hypersurface
¥ C P77, but is not quite the quaternion-K&hler metric on M. Our metric
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restricted to U is Hermitian in the complex structure on ¥ with Hermitian
2-form

0a 65X i TAT
1 B ; _
(1) (@6) A (“M“E <o&>2> ’

and when expressed in holomorphic coordinates on X, this determines the
metric on M.

More explicitly, we can choose Y to be the hypersurface Ao = 0 and holo-
morphic coordinates 2% = u®/A|s from amongst the original coordinates
ZA assuming that h = 0 near ¥ so that they are holomorphic. Then
gives 7 explicitly as 7|y, = A2 [zdz].

The Przanowski scalar K is defined in terms of 2 = (0 &) restricted to
this hypersurface by

(92) K(z %) = —% log<A(‘Z)’\?|2> .

working with the reality condition 2% = 2%. Now yields

006558

(06)

(93) =i (85[{ + % M [2dz) A [z dz]) .

where § = d2% 9,4, 9 = d3% Oz+. From this, one reads off the hermitian met-
ric on M
PK 4.5 1
94 ds? = ——dz2%dz°% + — M2 d2] [2d7],
(94) o Lo (2] 52

which is Przanowski’s form for quaternion-Ké&hler metrics [3§].
5. MHYV scattering

At this point, we restrict our attention to four-dimensions where the hy-
perkahler condition is equivalent to a manifold being Ricci-flat and self-dual,
and gravitational perturbations are classified by whether their linearized
Weyl curvatures are self-dual (SD) or anti-self-dual (ASD); these are the
positive and negative helicity gravitons. The semi-classical (tree-level) grav-
itational scattering amplitudes are therefore classified by the number of neg-
ative (versus positive) helicity external gravitons; integrability of the purely
SD sector means that amplitudes with all positive or all but one positive
external gravitons vanish.
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The first non-vanishing configuration as one moves away from self-duality
is the maximal helicity violating (MHV) amplitude: two negative helic-
ity and arbitrarily many positive helicity external gravitons. Explicit, all-
multiplicity formulae for tree-level gravitational MHV amplitudes in flat
space have been known for decades [27, 28| 59], with the optimal formula (in
terms of compactness and explicit permutation symmetry) due to Hodges [26].
While the veracity of these formulae is easily established through unitarity
techniques (e.g., Berends-Giele or BCFW recursion), a direct first-principles
derivation of Hodges’ formula from classical general relativity has proven
elusive [

In this section, we show how the twistor sigma model of the first kind
together with a new generating functional leads to such a first-principles
derivation. In the first subsection we review linear gravity momentum eigen-
states in twistor space. Next we give a brief review the the MHV generating
function of [24] (with details in appendix A), before expressing the
generating functional directly in terms of the first Plebanski scalar in
and hence in terms of our sigma model . We then obtain the amplitude
as a tree expansion via the standard field theory tree expansion of the sigma
model, making contact with the formulae of [27, 28]. A matrix-tree theorem
then gives an equivalence with Hodges’ determinant formula, following [29].

5.1. Twistor theory of linearized gravity

The twistor construction for general 4k-dimensional hyperkahler manifolds
restricts to kK = 1 in the obvious way, with some special features. One such
feature is the isomorphism sp(1,C) = sl(2,C), which means that the rank-
2 spinor bundle S now carries another SL(2,C) connection. For instance,
spinors in complexified four-dimensional Minkowski space-time M = C* are
defined via the isomorphism so(4, C) ~ sl(2) @ s[(2). The spinor components
x® of a point € M are given by

29+ 23 ! —ig?
33‘1 + iIE2 ZEO _ 1133 )

(95) o = \2 (

which can be realised explicitly via the Pauli matrices.
On a general complexified four-dimensional space-time M with metric
g, one has TM = S ® S, where the two SL(2, C) spinor bundles are referred

to as the ASD (S) and SD (S) spinor bundles. Spinors in the curved setting

A derivation of Hodges’ formula from the unitary truncation of tree-level con-
formal gravity was given in [25].
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are defined with respect to a tetrad (frame of the cotangent bundle) {e®®}
along with the dual basis of vector fields denoted by {V,4}. The connection
I-forms T ;55 = (Fa)adﬁB dz® in this frame can be decomposed via their
antisymmetry properties into SD and ASD parts:

(96) Fad,@B :5a51“d6+6d6-1“a5,

with 'y g and r o symmetric in their spinor indices and defining connections
on the ASD and SD spinor bundles, respectively. The Weyl tensor Cypeq has
a similar spinor decomposition,

(97) Coapinios = €apeys Yypss T 45455 Yapys -

The complexified 4-manifold (M, g) is called self-dual (SD) if the ASD part
of its Weyl tensor vanishes: ¥,g,5 = 0. It is straightforward to show that
self-duality combined with Ricci-flatness are equivalent to the hyperkéahler
condition in the special case of k = 1.

Thus, the twistor construction of Theorem 1 applies to all 4-dimensional
SD spaces (M, g). For example, the twistor space of complexified Minkowski
space M is PT = P3 \ P!; it has homogeneous coordinates Z4 = (u®, \y),
having excised the projective line P! : {)\, = 0}. The twistor correspondence
relates points € M and linear, holomorphic projective twistor lines X =2
P! ¢ PT by mapping %% +— X : {u® = 2°*)\,}. Each line X has normal
bundle Nx = O(1) ® O(1) — X in PT. Using this data, one can conversely
reconstruct M and its metric up to conformal rescalings as the moduli space
of such twistor lines.

As in the general hyperkahler construction, the conformal scale of the
metric is fixed by the additional information encoded by the degenerate
Poisson structure I, or equivalently through the infinity twistor 148 = [1AB],
which gives the Poisson bracket by {-,-} = I1B04 A 05.

Gravitational perturbations. To compute graviton amplitudes in flat
space, we will be concerned with the case when the SD 4-manifold M is a
small SD perturbation to M. Metric perturbations h_, 84 (z) on M have two
on-shell degrees of freedom, corresponding to positive and negative helicity
(i.e., SD and ASD) modes. The SD modes can also be thought of in terms
of the deformed twistor space P.J of M as described above, while the ASD
modes are thought of as linear fields propagating on an SD background.

A negative helicity graviton on M can be characterised by 80‘0"1%575 =0,
where 13,5 is the perturbation’s linearised ASD Weyl spinor. The Penrose
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transform on PT associates negative helicity gravitons with Dolbeault coho-
mology classes:

(98) HYH(PT,0(—6)) 2 {hay on M |9*%tup5 = 0} .

Civen some h € Hg’l(IF"]I‘, O(—6)), the field on M is recovered from the inte-
gral formula

(99) Vaprs(x) = / DA A Aa Mg Ay As | x -
X

where DA = (A d\) gives a trivialization of the canonical bundle of X = P!,
Since )\aaadfz] x = 0 due to the incidence relations (u® = z%)\,), it follows
that this solves the linear field equation 9*9),z46(z) = 0.

The Weyl curvature perturbation of a positive helicity graviton on M is
self-dual: ¥o5,6 = 0. The Penrose transform then provides the isomorphism,

(100) Hy (PT, 0(2)) 2= {hay on M | gy = 0},

The SD perturbation to the curvature is determined by the Penrose integral
formula,

) o
(101) ¢a,876 () P% OpouP o ous | x

which is easily seen to obey the linearised equation of motion 80“"1/; &b via
the incidence relations.

Momentum eigenstates. We consider graviton perturbations that have
on-shell momentum ks = KaRa (i-€., k2 = 0) in M. For a positive helicity
graviton, the twistor representative h € Hg’l(IP"]I‘, O(2)) of the momentum
eigenstate is given by

(102) h:/*;L;?(/i—s)\)eis[“a.

In this expression, the holomorphic delta function is defined as

Pemon) = A (7o)

a=0,1
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For a negative helicity graviton, the representative h € Hg’l(PT, O(-6)) is
taken to be

(103) iL—/ ds s 0%(k — s A) el s Al
(C*

The integral formulae , (101) are easily evaluated on these representa-
tives, with all integrals done trivially against the holomorphic delta func-
tions.

5.2. MHYV generating functional

On a general 4-manifold M, Plebanski’s chiral formulation of general rela-
tivity in four-dimensions is expressed in terms of three ASD 2-forms con-
structed from the tetrad, 27 = 2 A €8, and an ASD spin connection Lop
which is a priori independent of the tetrad [52], 60-62]. The condition that
»8 arise from a tetrad is equivalent to the algebraic constraint:

(104) CENS ML

On the support of this constraint, one can work directly with the ©%% and
I'np; the classical action functional is:

1 1
(105) S[®, T = — /M NN (AT g +T0? ATs,) — 5 Yapys S AT

where k = v/ 167G is the gravitational coupling constant. The field equations
of this action are

(106) DY =0,  dlapg+Ta" AT, = Uaps X7,

where D is the covariant derivative with respect to the ASD spin connec-
tion (i.e., DX = dxf + ZF(O‘7 A X7, and V845 is a Lagrange multiplier
that is identified with the ASD Weyl curvature spinor of the metric associ-
ated with the tetrad. The equation of motion associated with this Lagrange
multiplier is simply (104]). It is straightforward to show that together
with the constraint (104]) are equivalent to the vacuum Einstein equations,
and thus the Plebanski action is perturbatively equivalent to the usual
Einstein-Hilbert action of general relativity.

Denote by S the (infinite dimensional) space of (X, I') that solve the
field equations subject to the constraint . A SD solution obeys
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V,gys = 0, which implies that I',g is pure gauge and can be set to zero,
and thus d¥* = 0. Let (X,0) € S be such a SD solution; denote this SD
4-manifold by M. The MHV helicity configuration for scattering on flat
space, M, involves two negative helicity gravitons and an arbitrary number
of positive helicity gravitons. This configuration can be realized as a two-
point function of the negative helicity gravitons on a SD background M
viewed as a superposition of the positive helicity gravitons [24]. This two-
point function then serves as the generating functional for all MHV tree-
amplitudes by perturbatively expanding M in positive helicity gravitons on
flat space.
This generating functional was determined on space-time in [24] to be

(107) g(1,2) = 12/ Eaﬂ/\'ylav/\’mvﬁa
K= Jm

where now 71,3 and 72,43 are regarded as linearized ASD fields propagating
on the background determined by . In appendix A we provide a self-
contained derivation of for completeness, although a naive argument
can be given directly from the Plebanski action. Without the second term
in , the action describes the purely SD sector with ¥,g.s a linear ASD
field on the background, so provides the leading correction about the
SD sector.

From generating functional to twistor sigma model. Let the two
negative helicity gravitons be represented by momentum eigenstates; the
corresponding perturbations of the ASD spin connection are:

(108)  Yiap = k1akipglbrdz]e Py = koakap by dz] el

where (2%, 2%) are the complex coordinates on M, [z1] := 2% &14, [22] :=
2% Kq g, and by 4, by 4 are arbitrary reference spinors normalized with respect

to the momenta so that [b 1] = —2 = [by 2]. These reference spinors amount
to a choice of gauge for the perturbations. For instance, it is easy to see that

AV ap = i K1kl gl ks e 21 D70
(109) = ¢1 afyé 276 ,

which is independent of 51@, and an identical statement is true for dvysag-
With these choices, the MHV generating functional (107 can be expressed
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as:
! aB A Y 1 2,423 S IR ERIREIED)
K2 ME /\%a/\’mw:m MdZszd&bleG ,

_ i/ 422 d22 Q, bo ellz HlE2

2 K2 M 1 ’

4
(110) _ {12 / 422425 oz )
K2 M )

upon integration by parts in Z, then in z. In the final line, the appropriate
power of (12) = k{ k2, has been reinstated to give the correct little group
scaling weight.

It is now straightforward to lift the entire MHV generating functional
to twistor space, using Proposition 3.1. Applying , the result is

4 . s~
M

47i k2

where Sq is the twistor sigma model of the first kind given by .
5.3. Feynman tree diagrams and the matrix-tree theorem

To extract the n-point tree-level MHV amplitude on M from the generating
functional , one must express the SD background M as a superposition
of positive helicity gravitons. In terms of the twistor data, this means taking
h to be a sum of cohomology classes on PT of the form (102). Our task
is then to extract part of the generating functional which is multi-linear
in these positive helicity gravitons. This problem is easily translated into
extracting a connected, tree-level correlation function from the field theory
on P! defined by the twistor sigma model:

Proposition 5.1. Let h =", ¢;h;. When M is a solution to its equa-
tion of motion, there is an equivalence

(112) (l:[;q)/XDA([MélxM}Jr?hIX)

where the ‘vertex operators’Vy,, are defined as

= (Vi Vi, - Vi, )2

n/tree ?
€4 =0

(113) Vhi:/ 2 hilx DA;,
X
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and {...)D .. denotes the correlation function obtained using connected, tree-
level Feynman diagrams of the twistor sigma model with trivial background

h=0.

Proof. The generating functional of connected correlation functions of such
vertex operators is the effective action
(114)

Wi(e;)) = —h log/DM exp (—; /X [Mé]XM] D\ — % ZeiVm) ,

as can be inductively confirmed by differentiation with respect to the ;.
Contributions of the connected tree-level graphs can be extracted through
the A — 0 limit. Using the saddle point approximation, this reduces to the
corresponding on-shell action

Wtree(ei) = Ilili% Wi(e;) = /X [M 5‘XM] DA+ Zethi

on-shell

)
on-shell

(115) = /XDA([M5|XM] +2h|x)

where now h =), €;h;. O
At this point, the computation of this connected tree correlator follows
straightforwardly by an application of the weighted matrix-tree theorem.

Proposition 5.2.

(116) <Vh1vh2...vh”>2ree_/ L‘j‘ [T () D,
A i=1

where: M; = M(\;); Vi, are as defined in (113); the n x n matriz £ has
entries

<)\711>\_,‘> [BMi BM]} , i F 7,
(117) Lij =

1 o _0 L.
= Dt ) [TMi 8MJ , =17

and ]L’;] is the determinant of H with one row and column removed, corre-
sponding to any j € {1,...,n}.
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Proof. Viewing the {V}, } as insertions at n points on X = P!, each labeled
by homogeneous coordinate A;, we must extract the sum of connected tree-
level Feynman diagrams in the theory defined by the background twistor
sigma model with h = 0. The relevant kinetic term in the twistor sigma
model is [M 9|xM], which means that the propagator is determined by
inverting the O-operator on sections of O(—1). This gives the propagator
between insertions of M at \; and \; as:

M8y = €
(118) < ‘ j>_<>\z~Aj>'
Wick contractions between any two vertex operator insertions are deter-
mined by this propagator by acting with M-derivatives in the appropriate
way.

The weighted matrix tree theorem of algebraic combinatorics (cf., [63-
65]) states that the sum of all connected tree-level Feyman diagrams is given
by the determinant of the weighted Laplacian matrix for the configuration
of vertex operators with a row and column corresponding to any one of
the vertex operators, say j € {1,...,n} removed. The theorem guarantees
that the sum is independent of this choice. From , it follows that the
weighted Laplacian matrix is given by £ with entries as in , meaning
that the connected tree correlator takes the claimed form. g

When momentum eigenstates are used, yields a factor of [ij]/(ij);
this was the propagator for the tree-diagram formalism of [27, 28]. The
vertices similarly provide simple weight factors that can be identified with
those of [27, 2§]. See [25, 29, [66] for analogous usages of the matrix tree
theorem to sum these tree diagrams.

5.4. MHV amplitudes

Here on inserting momentum eigenstates as wave functions into our general
formulae (112), our sum of tree diagrams reduce to those of [27, 28]. Its sum
via a matrix tree argument is reduces to Hodges’ determinant formula
[26] following [29].

Proposition 5.2 combined with provides an explicit twistorial for-
mula for the n-point, tree-level graviton MHV amplitude in (complexified)
Minkowski space:

(119) (12) / dtg el he)

J . .
Ej‘ ‘| [ DA,
Mx X7 =3
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where an extra factor of (1 2)2 has appeared upon converting from the com-
plex coordinates (z%,2%) to the Cartesian 2%¢ on M. Each of the twistor
wavefunctions is a momentum eigenstate of the form ; before substi-
tuting these expressions into a small subtlety must be accounted for.
In particular, since we parametrize the twistor lines in terms of weight —1
rational maps , it follows that the explicit momentum eigenstates are
rescaled accordingly:

1 dsi Iy is T,N;) 1
(120)  hi(Z(z, \;)) = N Z N 2)2 /(C 752(& — 5 ) elsilp@A) ]

x 8

That is, for the degree —1 parametrization, h; of weight +2 in twistor space
must have homogeneity —2 in the homogeneous coordinates \; on the twistor
line.

Consequently, (119)) is equal to

(12) / dty el ko)
MxXn

(121) X / % 5_2(,,_% — )\z) ol i [u(z,A;) 1] :

i 1
Eﬂ') ZH3 (A1) (X 2)?

3
55

when evaluated on momentum eigenstates. Now, using the fact that

(122) aja\[‘j‘ =1is;Ria,

1

when acting on momentum eigenstates, it follows that

)

(123) ] k}:[z D)2 2) 72 = |11
y45]

where H is the n X n matrix whose entries are

8iSj &f{\}ﬂ ; P F 7
ik A1y (A 2 . .
—8; Zk# Sk ()L' )\]k> <</\i 1; g)\i 2>> 7 i=7,

and \Hgg\ is the determinant with the rows and columns corresponding to
gravitons 1,2 and j removed.

On the flat background, u$ = 29%)\;,, and all integrations over X = P!
can be performed against holomorphic delta functions in the momentum
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eigenstate representatives, which set s; A; = ;. The remaining scale integrals
over the s; parameters are also trivially performed against the holomorphic
delta functions in the representatives. The final result is:

(125)

(12 H12 4 4
<1]>72 12;’ d*z exp |i Zk x| =9 Zkz (12)8 det’(H) ,
where the n X n matrix H — sometimes called the Hodges matrix — has entries

W P47,
(126) Hy =

ik k2 . .
= Dt [zk] i1;§'2)>’ t=17-

This is precisely Hodges” formula for the n-point graviton MHV ampli-
tude [26], where gravitons 1 and 2 are negative helicity and all others are
positive helicity. Note that in this final momentum space expression, the fact
that det’(H) is independent of the choice of positive helicity graviton j used
to define the reduced determinant follows from 4-momentum conservation.

6. Higher degree and full tree-level S-matrix

Formulae for the full tree-level S-matrix of gravity in flat space were first
found by Cachazo and Skinner [30, [32] as integrals over the moduli space of
rational maps from the Riemann sphere to twistor space. As in the analogous
formula for the tree-level S-matrix of Yang-Mills theory [35, [67], a degree
d rational map corresponds to a scattering amplitude with d + 1 negative
helicity external gravitons, also referred to as a N 'MHV amplitude. When
d = 1, the Cachazo-Skinner formula reduces to Hodges’ formula for the
MHYV amplitude. A worldsheet derivation of the Cachazo-Skinner formula
from twistor string theory was given by Skinner [3I]. An alternative world-
sheet model [68] gives a simpler but equivalent formula with fewer moduli
integrals and a more direct expression for the determinants.

Despite the twistorial nature of the Cachazo-Skinner formula, the world-
sheet theories [31], [68] that have been used to generate it have target spaces
that are much bigger than twistor space; both the models contain conjugate
pairs (Z, W) consisting of both a twistor and a dual twistor, i.e. ambitwistor
space. They further have a worldsheet supersymmetry that doubles up the
variables with those of opposite statistics. From this perspective, the twistor
sigma models of Section 3 are novel in the sense that they require only
twistor space as their target. Furthermore, in Section 5 we showed that the
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twistor sigma model of the first kind (i.e., the model corresponding to the
Kaéhler potential or first Plebanski scalar ) computes the MHV amplitude
— albeit as a classical sigma model rather than a string theory which would
use the full quantum correlator on the worldsheet.

The question naturally arises: can the twistor sigma model be extended
to compute the full tree-level S-matrix of gravity? We provide a partial an-
swer to this question by extending the twistor sigma model to higher-degree
maps and then conjecturing an appropriate generating functional based on
the model. This construction is most easily formulated for a non-vanishing
cosmological constant, with A — 0 taken at the end of the computation and
can be proved in that limit by comparison to the Cachazo-Skinner formula.

6.1. Twistor sigma model at higher degree

When dealing with holomorphic maps Z : P! — P.7 of arbitrary degree d >
0, it is convenient to introduce homogeneous coordinates o, = (01,02) on
P!; at degree d, Z(o) is homogeneous of degree d in o. Rather than working
with unconstrained curves of degree d (as in the original Cachazo-Skinner
formula or its gauge theory predecessor), we again follow the strategy of
parametrizing Z (o) by a rational map of homogeneity —1 by removing 4(d +
1) of the map moduli with boundary conditions.

A n-point tree-level N¥~2MHV amplitude will contain k negative helicity
gravitons{El, indexed by a set h with |h| = k; the remaining n — k positive
helicity gravitons are indexed by the set h, so that hUh = {1,...,n}. In
twistor space, this should correspond to degree k — 1 curves passing through
k points (one for each negative helicity graviton):

(127) ZMo,) =24, Vren.

These conditions can be understood as arising from ‘elemental states’ for
the negative helicity gravitons supported at fixed twistors Z,.. These arise
from elements of H%(PT, O(—6)) of the form|"|

5(Z(00), 20) = / S dsdh(sZ(00) — 2.)
(128) € H*'(PT,0(-6)) ® H**(PT,, 0(2)).

12In this section, k always denotes the number of negative helicity gravitons in a
four-dimensional scattering process, and should not be confused with the k entering
into the dimension of a hyper/quaternion-Kéahler manifold in earlier sections.

13The overall cohomology degree of this holomorphic delta function is (0, 3), but
is understood to be projected as a (0, 1)-distribution in Z and a (0, 2)-distribution
in Z,.
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An amplitude constructed from such wave functions will take values in
®rH 02(PT,,, O(2)), so one can multiply by arbitrary twistor wave functions
h, € H%(PT,,O(—6)), such as the momentum eigenstate

(129) he(2r) =/ % ds 8% (s A — i) €2 ]
C*

and integrate against D3Z, to obtain a generic amplitude valued in the
complex numbers (cf. [34]).

Imposing ((127)) is equivalent to reducing Z (o) to a rational map valued
in O(—1) on P! passing through the k fixed points {Z,} associated to the
negative helicity graviton insertions:

A
(130) ZMo) = Z (‘j’;ﬁ) + M4 (o),

rch

where (o 1) := ebg,0,p, each fixed twistor Z, carries homogeneity +1 with

respect to o, and M4 is a smooth section of @(—1). Then the higher-degree
generalisation of the twistor sigma model with cosmological constant is

(131) SMM] = /IP Do (i (M, dM) + 2h(Z(a))> :

where Do := (0 do) trivializes the canonical bundle of P!. As usual, the
homogeneity —1 parametrization makes it easy to view this sigma model
as arising from another model for Z (o) itself with delta function sources at
each o,

(132)

SMZ(0)] = / Do % (Z,0Z) + 471 (2, Z(0))0(0r) | +2h(Z(0)) ]|,
i r€h
from which it is immediately clear that classical solutions to the equations
of motion take the form (130]).

For k = 2, this model is clearly equivalent to the twistor sigma model
for quaternion-Kéhler geometry of — (where we have set & = 1 and
renamed F4 (o) to Z4(o) for ease of notation).

The A — 0 limit. In the limit of vanishing Ricci scalar curvature (i.e.,
A — 0), the leading term in (131]) is proportional to A~!, which gives the free
quadratic action for the un-dotted spinor part of M. On-shell, this means
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that the un-dotted components of M must be holomorphic. But since M
takes values in O(—1) and there are no globally holomorphic sections of this
bundle, the un-dotted components of M will vanish on-shell in the A — 0
limit, leaving

A
(133) Aal0) =D 50
reh
for the A-components of the rational map Z(o). The remaining part of the

action in the A — 0 limit is smooth, giving
(134) SPM| = / Do ([M OM] +2h(Z(0))) ,
P1

for the dotted components of M. When |k| = 2, the GL(2,C) freedom in
the choice of homogeneous coordinates o, allows us to identify them with
(A1, X2), at which point it is clear that (134) agrees with S given by ([40).

6.2. The full tree-level graviton S-matrix

Our goal now is to obtain a formula for all tree-level graviton scattering
amplitudes on M at any N¥~2MHV helicity configuration from the higher-
degree twistor sigma model. To this end, we define a generating functional:

T S I~ N
(135) Gilh, h] = / T OL(Z.T) S Hh ) Do, d*Z,

where £ is a k x k matrix whose entries correspond to the negative helicity
gravitons:

Znll, r#s,
(136) Lrs = .
- Zq;ﬁf < (;’q)q> ) r=Ss,
gch

for all r,s € h. The object |£ | appearing in the generating function is the
reduced determinant of E with one row and column corresponding to any
p € h removed. The fact that |£D| is independent of the choice of p € h
follows from the matrix tree theorem. The quotient by the (infinite) volume
of GL(2,C) accounts for the SL(2,C) x C* redundancy in the description of

the map Z4(o) given by (130).
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While most of the ingredients in _are dictated simply by require-
ments of homogeneity, the appearance of |£h| should be viewed as the pri-
mary conjectural input for the generating functional. When & = 2, this factor
is equal to unity, and in the A — 0 limit it is easy to see that this generating
functional is equal to (111)).

At this point, the perturbative expansion of the twistor sigma model
proceeds along the same lines as propositions 5.1 and 5.2, using the OPE

IAB
(ij)’

where 45 is the (non-degenerate) infinity twistor (63). The resulting
weighted Laplacian matrix £ is (n — k) x (n — k) with entries

(137) MA(0;) MP () ~

1 0 9 o
(@) [aZ(aiy W{,j)} ; i£7,
(138) Lij =

1 0 0 C_
_Ellzé@l G k) [82(@)7 8Z(ak)} ; t=17J
for all 4, € h. The weighted matrix tree theorem then gives the (n — k)*™-
order term in the generating functional:

25| 12|
(139) M{}’k:/ml 0. Hh 2,)Do, d*2, [ hi(Z(04)) Do,

i€h

where |E;| denotes the reduced determinant of £ with one row and column
corresponding to any j € h removed; independence of the choice of this j € h
follows by the matrix tree theorem. o

The A — 0 limit is easily taken by simply replacing £ — L and £ — LL
with

- <)(\;2)> ’ r#s,
Lrs -
o)
(140) T2 Ga e TS
L o) ) .,
(ig) [au(cn) 6u(aj)} ’ 1 75 7,

1 o) 9 =
D kti TR [WW} )
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leaving the formula

Al
(141) Mg’k:/vol GLG.0) Hh 2,)Do, d*2Z, [ hi(Z(04)) Do,
i€h

for the n-point tree-level N¥=2MHV amplitude.

This can be reduced to the Cachazo-Skinner formula as follows. First,
convert the weight —1 parametrization used here to a degree £ — 1 holomor-
phic map. In particular, the weight —1 maps are projectively equivalent
to the degree k — 1 holomorphic maps

(142) => z! +MA0) [J(or),

rch 8757“ rch

where M4 remains a smooth section of O(—1). Performing this projective
rescaling in the formula ((139]), where A # 0, gives
(143)

|nf® 4
B et/(H) det'( hw(Z,) Doy d'2, T ha Do; ,
/volGL(Q,(C) ¢ et (#) [1+(2:) Do []7i(2(e:) Do

reh i€h
with the Vandermonde determinant |h| on P! is defined by

(144) =[] (rs).

nseﬁ
r<s

The two reduced determinants det’(H), det’(#) are defined by

hU{p)
’%hu{i}

(145) det'(H) := ()2

with 7:2 the n X n matrix with entries:

(146) Hij =
__igig%%%?QZQl, =7,
and
Hhu{]}
(147) det!(H) = i

hU {5}
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with H the n X n matrix with entries:

1 o 9 o
@[WW} i F 7,
(148) My =

o) o) rk .
— s By | 575y ) e 53, 6=

It is straightforward to show that this formula is projectively well-defined;
for instance, the reduced determinant det’(#) is homogeneous of degree zero
in each {o,} and has no singularities in o, [31]; it therefore depends only on
the map moduli {Z,}.

The expression for Mﬁk has appeared in the literature before,
as the degree k — 1 formula for the ‘bulk integral kernel’ of the tree-level
‘amplitudes’ of gravity in (A)dS, found in [39]@ While the precise interpre-
tation of this bulk integral kernel in relation to the usual notions of (A)dSy
boundary correlators is not yet clear, when k£ = 2 the formula can also be
derived by taking the Einstein truncation of conformal gravity in twistor
space [25], 34].

In any case, the A — 0 limit of is straightforward. In this case, the
entries of the matrices # and H become

R O U
(149) /1\1£r1>07_lw H;; (i7) [Ou(o;) 8'“(0],)} )

limﬁ~-:ﬁ--:M

A—0 Y g (Z]) ’

for the off-diagonal entries, with diagonal entries following similarly by tak-
ing the degenerate limit of the infinity twistor. The result

. N
M) 4= / vol(li'(z,(:) det’ (H) det’ (H)
(150) x [[7w(2:) Do d*2, [] hi(Z(0:)) Doy,

re€h i€h

is the Cachazo-Skinner formula for the tree-level N¥~"2MHYV graviton ampli-
tude on flat space [30]. Equivalently, this can be obtained directly from (141))
by performing the projective rescaling to degree k — 1 maps after setting
A=0.

“4More precisely, (143)) is equal to the (A)dS, formula of [39] with no super-
symmetry in a particular twistor gauge, corresponding to equation (2.17) in that

paper.
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7. Discussion

Following on from these results, there are many avenues for further investi-
gation in the study of scattering amplitudes, integrability and twistor con-
structions more generally.

Amplitudes. Despite arriving at equivalent formulae, the twistor sigma
models of this paper are quite distinct from the twistor string theory for
N = 8 supergravity [31] or the four-dimensional ambitwistor string [68]@
In those models, gravity amplitudes arise from fully quantum correlation
functions of a worldsheet theory, generating the complete tree-level S-matrix
from the worldsheet CF'T — albeit in a fashion in which the connection to
general relativity is perhaps not entirely clear. By contrast, the amplitudes
in our models are computed via the classical tree expansion of the sigma
model action. In the MHYV sector, this gives a derivation of the amplitudes
which is directly connected to general relativity; however, for generic helicity
configurations a portion of the generating functional (roughly corre-
sponding to the negative helicity gravitons) had to be inserted by hand.

Another distinction between our sigma models and twistor or four-
dimensional ambitwistor strings lies in the underlying geometry. The latter
theories have twice as many bosonic worldsheet fields as our sigma models,
including both a twistor and a dual twistor which make up an ambitwistor
parametrizing the space of null geodesics in space-time. Furthermore they
have worldsheet supersymmetry doubling the worldsheet fields with those
of opposite statistics. Our sigma models have only twistor space as their
target, and are purely bosonic.

This more direct connection with the underlying twistor geometry has
some powerful consequences. In [70], we gave a new formula for semi-classical
MHYV graviton scattering in a strong self-dual gravitational plane wave back-
ground, derived using a combination of twistor string theory and a gener-
ating functional from [24]. As a consequence, the resulting formula was not
manifestly gauge (diffeomorphism) invariant. In forthcoming work, we use
the novel expression of the MHV generating functional given here to substan-
tially improve this formula, in particular making gauge invariance manifest
and extending it to any self-dual radiative gravitational background.

There are several other related topics for future investigation. Clearly,
an important challenge is to derive (directly from general relativity) all in-
gredients of the all MHV-degree generating functional , and thus give

15The original twistor strings of [35, [69] yield conformal gravity [36] rather than
Einstein gravity.
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a space-time derivation of the formula for the tree-level S-matrix. One
could hope that this might correspond to a fully non-linear twistor con-
struction, perhaps following some of the ideas in [71l [72], or completing the
sigma model to a fully consistent string theory in its own right. It should
also be possible to extend the principles underlying this construction to
Einstein-Yang-Mills amplitudes, and thereby improve upon the calculations
of Yang-Mills amplitudes in strong self-dual background fields in [73]. In ad-
dition, the formula with non-vanishing cosmological constant requires
significant further interpretation to ascertain whether it can be related to
conventional tree-level observables (i.e., boundary correlation functions) in
(A)dSy.

Finally, one can ask the following naive question: what is produced by
the fully quantum, disconnected correlation functions of the twistor sigma
model? That is, what if we considered the full correlation function on the
right-hand-side of , rather than extracting connected trees? While there
is no reason to expect this to produce anything of physical significance, a
surprisingly compact momentum-space formula emerges for the A-deformed
MHYV ‘amplitude’:

(151)

54 (f: kr) (12)%"
r=1

- 1
Lz ip Rl

(2

The exponential factors in this formula resemble ‘holomorphic’ versions of
the Koba-Nielsen factors familiar from string theory scattering amplitudes
(though all worldsheet integrals have been localized), and it would be inter-
esting to know if there is any physics lurking in this formula.

Tau functions and integrability. One aspiration for this paper was to
extend the twistorial understanding of tau-functions for integrable systems
developed in [74] [75]. In those papers, the well-known tau-functions for the
KdV equations and its relatives (including the Painlevé and Ernst equations)
were related to the Ward construction for the appropriate symmetry reduc-
tions of the self-dual Yang-Mills equations. Tau-functions can be understood
both as correlation functions in a 2-dimensional quantum field theory (cf.,
[17]) and as sections of a determinant line bundle over an infinite-dimensional
Grassmannian (cf., [I8]). In [75] the tau-functions were expressed as Quillen
determinants associated to the J-operator on a Ward bundle restricted to
a line in twistor space; this was also expressed in quantum field-theoretic
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language via Chern-Simons and WZW theory. In [74] the section of a de-
terminant line on an infinite-dimensional Grassmannian was introduced via
the Riemann-Hilbert problem for the Ward construction.

By identifying the Plebanski scalars with the action of twistor sigma
models, we have provided an analogous construction for hyper- and
quaternion-Kéahler geometry, connecting with two-dimensional field theory
(albeit classical in this instance). Comparison with twistor string theory
(as described above) suggests an alternative and distinct connection to a
worldsheet quantum field theory, based on either of [31), [68]. Indeed, one
can imagine constructing the Kéhler potential in those models by taking
the worldsheet theory on the full cotangent bundle of the non-projective
curved twistor space and computing the worldsheet correlation function for
two negative helicity gravitons (perhaps in the limit of zero momentum to
avoid extra plane wave factors).

There is also an interesting twistor theory for moduli spaces of integrable
systems in two dimensions; in particular, moduli spaces of Higgs bundles are
hyper-Kahler manifolds with preferred complex structures [21], [76l, [77]. Re-
cently, a natural ‘energy’ functional on sections of the associated twistor
space was constructed with connections to many other twistorial struc-
tures [78]. It would be intriguing if there was an alternative understanding
of these energy functionals in terms of the scalar potentials studied here.

Connections to 4d Chern-Simons theory. The degree 1 versions of
our sigma models presented in , and are also interesting
from the perspective of recent reformulations of integrable systems in terms
of 4d Chern-Simons theories. The latter are defined on P! x R? (and also on
more general products of Riemann surfaces and topological planes) whose
actions utilize the same principle of inserting poles along P! and interpreting
them as 2d surface defects in the theory. On compactification along P!, they
give rise to a host of 2d integrable systems [79] (see also [80, [R1]), many of
which are also obtainable as symmetry reductions of self-dual Yang-Mills. As
a result, many 4d Chern-Simons theories are directly related to symmetry
reductions of holomorphic Chern-Simons actions on twistor space [82], [83].
Our sigma models can also be coupled to background fields occurring in
these holomorphic Chern-Simons theories in a variety of ways. This hints at
the possibility of obtaining these twistor actions as effective actions — possi-
bly after topological twists — of our models. Moreover, symmetry reductions
of our models when coupled to SD Einstein-Yang-Mills may also find ap-
plications to Beltrami-Chern-Simons theory [84]. Additionally, performing
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the symmetry reductions directly on our sigma models might lead to new
stringy descriptions of 4d Chern-Simons theories.

Acknowledgments. TA would like to thank Markus Roser for helpful
discussions. TA is supported by a Royal Society University Research Fellow-
ship. AS is grateful to Roland Bittleston and David Skinner for discussions.
AS is supported by a Mathematical Institute Studentship, Oxford. LJM is
grateful for partial support from the EPSRC grant EP/M018911/1 and the
STFC grant ST/T000864/1.

Appendix A. Review of the MHV generating functional

Here we provide a summary of the derivation of the generating functional
(107) from [24] for completeness. The boundary term of (105) induces a
2-form on §:

(A.1) w = ig SXP AT 5,
K= Jo

where § is the exterior derivative on & and C is a Cauchy surface. It is
straightforward to show that w is independent of the choice of Cauchy surface
and descends to the quotient R of S by the action of (orientation-preserving)
diffeomorphisms and spin-frame rotations [24) [34] where it gives a symplectic
form. Thus (A.1l) induces a skew inner product on the vector space V =
T(5,0)S of linearised fluctuations (X + o, ) around the SD background. If
Hi o = (01,2, 71,2) are two such linearised fluctuations, then

1
(A.2) w(Hy, Hy) = HQ/ (U?ﬁ/\’maﬂ —035/\71&,3) )
C

is this skew inner producﬂ
The linearised field equations around the SD background M, obeyed by
any fluctuation (o,7) are

(A3) o@PARD =0, do® =27, AT dyes = Yaps 277,

where the linearisation of the constraint (104)) is included and a5 =
Y(apys), and d is the exterior derivative on M. By acting with d on both sides

16T his determines a Hermitian inner product on positive frequency fields by
(H2|H1) = iw(Ho, Hy). Such a positive frequency projection will generically differ
between Cauchy surfaces or at '+,
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of the third of these equations, it is easy to see that d(%ﬁwm&) = 0; this
is the linearised spin-2 field equation associated with an ASD perturbation
of the metric on M.

Using there is a natural splitting of V' by a short exact sequence

(A.4) 0=V =SV -V =0,

where

VT ={(0,0) €V},

A5
(A-5) Vo= {’Yaﬂ € Q' [dyag = 1/1(045%)275} /{dfas},

are respectively the space of linearised SD solutions and linearised ASD spin
connections. The SD curvature of M means that the space of linearised SD
metrics are defined directly, whereas the ASD degrees of freedom are defined
only via the appropriate variation in the ASD spin connection.

It is now clear that the inner product vanishes upon restriction to
VT (i.e., VT is a Lagrangian subspace with respect to w) as then both v;45 =
0 for ¢ = 1,2. This can be used to define a splitting of , V=V-gV"
at a generic Cauchy surface C' in M by defining V'~ C V according to:

Definition A.1. Let C C M be a Cauchy surface in the SD background.
A linearised fluctuation Hy € V is ASD at C if

(A.6) / % A g = 0,
C

for all Hy € V.

However, it is easy to check that this definition is not conserved from
one Cauchy hypersurface to another.

The geometric picture of MHV scattering is as the perturbative expan-
sion of a two-point function of negative helicity gravitons on a SD back-
ground M, thought of as composed of positive helicity gravitons. Thus,
M is naturally viewed as asymptotically flat in the sense of [85, 86], with
asymptotic past and future null infinities .#* upon conformal compactifi-
cation. The relevant two-point function is between linearised fields in V ~:
Hj which is ASD at .# ~ and H, which is ASD at .# . Evaluating the inner
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product at .# T and using definition A.1 gives
1

w(Hz, H1) = —— o7 Nzag
K g+
1 1
=—= (dafﬁ/\’ygaﬁ—i-a?’g/\d’ygaﬁ) —2/ O’?B/\’}/Qa/j
K M K -
1
(A7) =3 Mzaﬂ/\’ﬂa/\’mvﬁ-

Here, the second line follows by Stokes’ theorem with the boundary of the
SD background OM = . — .#~; the boundary term at .# ~ vanishes since
Hy is ASD at .#~. The final line follows by applying the linearised field
equations (|A.3)). This expression for w(Hs, Hy) serves as the MHV generating
functional on M, upon perturbatively expanding M as a sum of positive
helicity gravitons in flat space.

Appendix B. Expressions in terms of positive degree maps

In our twistor sigma models we have described the holomorphic curves in
twistor space in terms of rational maps of homogeneity —1; however, in the
twistor literature (particularly when applied to scattering amplitudes) it is
more usual to use holomorphic curves of homogeneity degree +1. In this
appendix we provide the translation between these two pictures for each
twistor sigma model.

It is easy to see that the rational map of homogeneity —1 defined by
is projectively equivalent to a degree +1 holomorphic map, as

AL Ao FO (2, 0) = Ay 2% + Mo 2% + mf(x, \) |
where we have defined the degree +1 field
(B.8) m(x, ) = A\ o M%(z, \).

Working with the positive degree holomorphic map introduces various poles
in the action of the twistor sigma model, which becomes

(B.9) Solm] :;/XA?%([mmxm} L 2hlx) |

where now h|x = h(A1\2F'), etc. These poles break manifest M&bius invari-
ance on the twistor curves, clarifying the breaking of local Lorentz invariance
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when working with an explicit choice of complex coordinates (2%, 2%) on M.
The conditions m® =0 at \; = 0 and Ao = 0 arise as boundary conditions
required for a well-defined variational principle. To construct finite on-shell
actions, one must also impose that h vanishes to second order at both A\{ =0
and Ay = 0. This highlights the advantage of reformulating the degree one
holomorphic map as a curve passing through two fixed points.

For the model of the second kind, the translation into degree +1 again
follows by taking

(B.10) A3 F(z,0) = A 2% 4+ Ao w® + m%(z,\),
but now in terms of the degree +1 field
(B.11) m&(z,\) = A3 M%(x, \)

that vanishes to second order at Ay = 0. The action of the twistor sigma
model becomes

(B.12) Selm| = % /X ]/)\; ([mo|xm] +2h|x) ,

with h|x = h(A3F), etc. In this case, to avoid singularities one must impose
that h vanishes to fourth order at Ay = 0.

Similarly, in the quaternion-Kahler case a projective rescaling to degree
+1 is given by

(B.13) o109 ZMx,0) =iQ 72 <01 ZA 4 09 24+ mA(x, 0)) ,

defining the degree +1 field m?(x, ) = 01 09 M4 (x, ). The twistor sigma
model becomes

(B.14) Salm] = ;/}(]2)"2 (i(m,@]xﬂ@ +2hyx> ,

01035

with h|x = h(o102F (z,0)). To avoid singularities we require h = 0 to second
order at both 01,09 = 0.



Twistor sigma models 675

References

[1] L. J. Mason and N. M. J. Woodhouse, Integrability, Selfduality, and
Twistor Theory, Oxford University Press, 1996.

[2] R. Penrose, Nonlinear gravitons and curved twistor theory, Gen. Rel.
Grav. 7 (1976), 31-52.

[3] R. Penrose, The nonlinear graviton, Gen. Rel. Grav. 7 (1976), 171-176.

[4] M. F. Atiyah, N. J. Hitchin, and I. M. Singer, Selfduality in four-
dimensional Riemannian geometry, Proc. Roy. Soc. Lond. A 362 (1978),
425-461.

[5] R.S. Ward, Self-dual space-times with cosmological constant, Commun.
Math. Phys. 78 (1980), 1-17.

[6] S. Salamon, Quaternionic Kdihler manifolds, Invent Math 67 (1982),
143-171.

[7] J. F. Plebanski, Some solutions of complex Einstein equations, J. Math.
Phys. 16 (1975), 2395-2402.

[8] S. Alexandrov, F. Saueressig, and S. Vandoren, Membrane and fivebrane
instantons from quaternionic geometry, JHEP 09 (2006) 040.

[9] D. Gaiotto, G. W. Moore, and A. Neitzke, Four-dimensional wall-
crossing via three-dimensional field theory, Commun. Math. Phys. 299
(2010), 163-224.

[10] D. Gaiotto, G. W. Moore, and A. Neitzke, Wall-crossing, Hitchin Sys-
tems, and the WKB Approzimation, Adv. Math. 234 (2013), 239-403.

[11] S. Alexandrov, B. Pioline, and S. Vandoren, Self-dual Einstein spaces,
heavenly metrics and twistors, J. Math. Phys. 51 (2010), 073510.

[12] D. Joyce, Holomorphic generating functions for invariants counting co-
herent sheaves on Calabi—Yau 3—folds, Geom. Topol. 11 (2007), no. 2,
667-725.

[13] T. Bridgeland and I. A. B. Strachan, Complex hyperkdhler structures
defined by Donaldson-Thomas invariants, arXiv:2006.13059.

[14] M. Dunajski, Null Kdhler geometry and isomonodromic deformations,
arXiv:2010.11216.



676 T. Adamo, L. Mason, and A. Sharma

[15] M. Sato, Soliton equations as dynamical systems on infinite dimensional
Grassmann manifolds, Kokyuroku, RIMS, Kyoto Univ. 439 (1981), 30—
46.

[16] M. Jimbo, T. Miwa, and K. Ueno, Monodromy preserving deformations
of linear differential equations with rational coefficients. 1., Physica D
2 (1981), 407-448.

[17] M. Jimbo and T. Miwa, Solitons and infinite dimensional Lie algebras,
Publ. Res. Inst. Math. Sci. Kyoto 19 (1983) 943.

[18] G. Segal and G. Wilson, Loop groups and equations of KdV type, Inst.
Hautes Etudes Sci. Publ. Math. 61 (1985), no. 1, 5-65.

[19] E. Witten, Two-dimensional gravity and intersection theory on moduli
space, Surveys Diff. Geom. 1 (1991), 243-310.

[20] M. Kontsevich, Intersection theory on the moduli space of curves and
the matriz Airy function, Commun. Math. Phys. 147 (1992), 1-23.

[21] C. Simpson, The Hodge filtration on nonabelian cohomology, in: Alge-
braic geometry — Santa Cruz 1995, vol. 62, pp. 217-281. Proc. Sympos.
Pure Math., AMS.

[22] L. J. Mason, Twistor actions for non-self-dual fields: A New Foundation
for twistor-string theory, JHEP 10 (2005) 009.

[23] R. Boels, L. J. Mason, and D. Skinner, Supersymmetric Gauge Theories
in Twistor Space, JHEP 02 (2007) 014.

[24] L. J. Mason and D. Skinner, Gravity, twistors and the MHV formalism,
Commun. Math. Phys. 294 (2010), 827-862.

[25] T. Adamo and L. Mason, Conformal and Einstein gravity from twistor
actions, Class. Quant. Grav. 31 (2014), no. 4, 045014.

[26] A. Hodges, A simple formula for gravitational MHV amplitudes, arXiv:
1204.1930.

[27] Z. Bern, L. J. Dixon, M. Perelstein, and J. S. Rozowsky, Multileg one
loop gravity amplitudes from gauge theory, Nucl. Phys. B546 (1999),
423-479.

[28] D. Nguyen, M. Spradlin, A. Volovich, and C. Wen, The tree formula for
MHYV graviton amplitudes, JHEP 07 (2010) 045.



Twistor sigma models 677

[29] B. Feng and S. He, Graphs, determinants and gravity amplitudes, JHEP
10 (2012) 121.

[30] F. Cachazo and D. Skinner, Gravity from rational curves in twistor
space, Phys. Rev. Lett. 110 (2013), no. 16 161301,

[31] D. Skinner, Twistor strings for N =8 supergravity, JHEP 04 (2020)
047.

[32] F. Cachazo, L. Mason, and D. Skinner, Gravity in twistor space and its
Grassmannian formulation, SIGMA 10 (2014) 051.

[33] T. Adamo, Worldsheet factorization for twistor-strings, JHEP 04
(2014) 080.

[34] T. Adamo, Twistor actions for gauge theory and gravity, PhD thesis,
University of Oxford, 2013. arXiv:1308.2820.

[35] E. Witten, Perturbative gauge theory as a string theory in twistor space,
Commun. Math. Phys. 252 (2004), 189-258.

[36] N. Berkovits, An Alternative string theory in twistor space for N =4
superYang-Mills, Phys. Rev. Lett. 93 (2004) 011601.

[37] A.Swann, Hyper-Kdihler and quaternionic Kdahler geometry, Math. Ann.
289 (1991), no. 3, 421-450.

[38] M. Przanowski, Locally hermite Einstein, selfdual gravitational instan-
tons, Acta Phys. Polon. B 14 (1983), 625-627.

[39] T. Adamo, Gravity with a cosmological constant from rational curves,
JHEP 11 (2015) 098.

[40] N. J. Hitchin, A. Karlhede, U. Lindstrom, and M. Rocek, Hyperkahler
metrics and supersymmetry, Commun. Math. Phys. 108 (1987) 535.

[41] K. Kodaira, A theorem of completeness of characteristic systems for
analytic families of compact submanifolds of complex manifolds, Ann.
Math. 75 (1962), 146-162.

[42] K. Kodaira, On stability of compact submanifolds of complex manifolds,
Am. J. Math. 85 (1963), 79-94.

[43] L. J. Mason and M. Wolf, Twistor actions for self-dual supergravities,
Commun. Math. Phys. 288 (2009), 97-123.

[44] E. T. Newman, Heaven and its properties, Gen. Rel. Grav. 7 (1976),
107-111.



678 T. Adamo, L. Mason, and A. Sharma

[45] R. O. Hansen, E. T. Newman, R. Penrose, and K. P. Tod, The metric
and curvature properties of H space, Proc. Roy. Soc. Lond. A363 (1978),
445-468.

[46] M. Eastwood and P. Tod, Edth — a differential operator on the sphere,
Math. Proc. Camb. Phil. Soc. 92 (1982), 317-330.

[47] N. M. J. Woodhouse, Real methods in twistor theory, Class. Quant.
Grav. 2 (1985), 257-291.

[48] C. LeBrun, Quaternionic-Kahler manifolds and conformal geometry,
Math. Ann. 284 (1989), 353-376.

[49] R. S. Ward and R. O. Wells, Twistor Geometry and Field Theory,
Cambridge Monographs on Mathematical Physics. Cambridge Univer-
sity Press, 8, 1991.

[50] C. LeBrun and L. J. Mason, Nonlinear gravitons, null geodesics, and
holomorphic disks, Duke Math. J. 136 (2007), no. 2, 205-273.

[51] M. Dunajski and S. West, Anti-Self-Dual Conformal Structures in Neu-
tral Signature, in: Recent Developments in Pseudo-Riemannian Geom-
etry (D. V. Alekseevsky and H. Baum, eds.), pp. 113-148. EMS, 2008.

[52] R. Capovilla, T. Jacobson, J. Dell, and L. J. Mason, Selfdual two forms
and gravity, Class. Quant. Grav. 8 (1991), 41-57.

[53] S. Chakravarty, L. Mason, and E. Newman, Canonical structures on an-
tiselfdual four manifolds and the diffeomorphism group, J. Math. Phys.
32 (1991), 1458-1464.

[54] M. Dunajski and L. Mason, HyperKahler hierarchies and their twistor
theory, Commun. Math. Phys. 213 (2000), 641-672.

[55] D. McDuff and D. Salamon, J-Holomorphic Curves and Symplectic
Topology, American Mathematical Society, 2 ed., 2012.

[56] T. N. Bailey and M. G. Eastwood, Complez paraconformal manifolds—
their differential geometry and twistor theory, Forum Math. 3 (1991),
no. 1, 61-103.

[57] M. Hoegner, Quaternion-Kaehler four-manifolds and Przanowski’s
function, J. Math. Phys. 53 (2012) 103517.

[58] N. J. Hitchin, Kdhlerian twistor spaces, Proc. London Math. Soc. (3)
43 (1981), no. 1, 133-150.



Twistor sigma models 679

[59] F. A. Berends, W. T. Giele, and H. Kuijf, On relations between multi-
gluon and multi-graviton scattering, Phys. Lett. B211 (1988), 91-94.

[60] J. F. Plebanski, On the separation of Einsteinian substructures, J.
Math. Phys. 18 (1977), 2511-2520.

[61] L. J. Mason and J. Frauendiener, The Sparling 3-form, Ashtekar vari-
ables and quasi-local mass, vol. 156, LMS Lect. Notes, CUP, 1990.

[62] K. Krasnov, Plebanski formulation of general relativity: a practical in-
troduction, Gen. Rel. Grav. 43 (2011), 1-15.

[63] R.P. Stanley, Enumerative Combinatorics, vol. 2, Cambridge University
Press, 1999.

[64] J. H. van Lint and R. P. Wilson, A Course in Combinatorics, vol. 2,
Cambridge University Press, 2001.

[65] R. P. Stanley, Topics in Algebraic Combinatorics, http://www-math.
mit.edu/~rstan/algcomb.pdf, (2012).

[66] T. Adamo and L. Mason, Twistor-strings and gravity tree amplitudes,
Class. Quant. Grav. 30 (2013) 075020.

[67] R. Roiban, M. Spradlin, and A. Volovich, On the tree level S matriz of
Yang-Mills theory, Phys. Rev. D70 (2004) 026009.

[68] Y. Geyer, A. E. Lipstein, and L. J. Mason, Ambitwistor strings in four
dimensions, Phys. Rev. Lett. 113 (2014), no. 8, 081602.

[69] N. Berkovits and E. Witten, Conformal supergravity in twistor-string
theory, JHEP 08 (2004) 009.

[70] T. Adamo, L. Mason, and A. Sharma, MHV scattering of gluons and
gravitons in chiral strong fields, Phys. Rev. Lett. 125 (2020), no. 4,
041602.

[71] R. Penrose, Palatial twistor theory and the twistor googly problem, Phil.
Trans. Roy. Soc. Lond. A 373 (2015) 20140237.

[72] M. Marcolli and R. Penrose, Gluing noncommutative twistor spaces,
arXiv:2012.02823.

[73] T. Adamo, L. Mason, and A. Sharma, Gluon scattering on self-dual
radiative gauge fields, arXiv:2010.14996.

[74] L. J. Mason, M. A. Singer, and N. M. J. Woodhouse, Tau functions
and the twistor theory of integrable systems, J. Geom. Phys. 32 (2000),
no. 4, 397-430.


http://www-math.mit.edu/~rstan/algcomb.pdf
http://www-math.mit.edu/~rstan/algcomb.pdf

680

[75]

[76]

[77]

[78]
[79]
[30]
[81]
[82]
[83]
[84]
[85]

[36]

T. Adamo, L. Mason, and A. Sharma

L. J. Mason, M. A. Singer, and N. M. J. Woodhouse, Tau functions,
twistor theory, and quantum field theory, Commun. Math. Phys. 230
(2002), 389-420.

N. J. Hitchin, The Geometry and topology of moduli spaces, Lect. Notes
Math. 1451 (1990), 1-48.

1. Biswas, S. Heller, and M. Roéser, Real holomorphic sections of the
Deligne—Hitchin twistor space, Commun. Math. Phys. 366 (2019), no. 3,
1099-1133.

F. Beck, S. Heller, and M. Roeser, Energy of sections of the Deligne-
Hitchin twistor space, Math. Annalen (2020).

K. Costello and M. Yamazaki, Gauge theory and integrability, III,
arXiv:1908.02289.

K. Costello, E. Witten, and M. Yamazaki, Gauge theory and integrabil-
ity, I, ICCM Notices 06 (2018), no. 1, 46-119.

K. Costello, E. Witten, and M. Yamazaki, Gauge Theory and Integra-
bility, II, ICCM Notices 06 (2018), no. 1, 120-146,

R. Bittleston and D. Skinner, Twistors, the ASD Yang-Mills equations,
and 4d Chern-Simons theory, arXiv:2011.04638.

R. F. Penna, A twistor action for integrable systems, arXiv:2011.
05831.

K. Costello and B. Stefaniski, Chern-Simons origin of superstring inte-
grability, Phys. Rev. Lett. 125 (2020), no. 12, 121602.

R. Penrose, Asymptotic properties of fields and space-times, Phys. Rev.
Lett. 10 (1963), 66—68.

R. Penrose, Zero rest mass fields including gravitation: Asymptotic be-
havior, Proc. Roy. Soc. Lond. A284 (1965) 159.



Twistor sigma models 681

SCHOOL OF MATHEMATICS

AND MAXWELL INSTITUTE FOR MATHEMATICAL SCIENCES
UNIVERSITY OF EDINBURGH, EH9 3FD, UK

FE-mail address: t.adamo@ed.ac.uk

THE MATHEMATICAL INSTITUTE, UNIVERSITY OF OXFORD
WoobnsTtocK RoaDp, OX2 6GG, UK
FE-mail address: 1mason@maths.ox.ac.uk

CENTER FOR THE FUNDAMENTAL LAWS OF NATURE
AND BLACK HOLE INITIATIVE, HARVARD UNIVERSITY
CAMBRIDGE, MA, 02138, USA

E-mail address: atulsharma@fas.harvard.edu






	Introduction
	Hyperkähler manifolds and twistor theory
	Sigma models for hyperkähler twistor spaces
	Sigma models for quaternion-Kähler twistor spaces
	MHV scattering
	Higher degree and full tree-level S-matrix
	Discussion
	Appendix Review of the MHV generating functional
	Appendix Expressions in terms of positive degree maps
	References

