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Cluster transformations, the tetrahedron
equation and three-dimensional gauge
theories

XIAOYUE SUN AND JUNYA YAGI

We define three families of quivers in which the braid relations of
the symmetric group S, are realized by mutations and automor-
phisms. A sequence of eight braid moves on a reduced word for
the longest element of Sy yields three trivial cluster transforma-
tions with 8, 32 and 32 mutations. For each of these cluster trans-
formations, a unitary operator representing a single braid move
in a quantum mechanical system solves the tetrahedron equation.
The solutions thus obtained are constructed from the noncompact
quantum dilogarithm and can be identified with the partition func-
tions of three-dimensional A/ = 2 supersymmetric gauge theories
on a squashed three-sphere.
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1. Introduction

The Zamolodchikov tetrahedron equation [30] is a fundamental relation for
integrability of quantum field theories in 2 + 1 spacetime dimensions and
of statistical mechanical models on three-dimensional lattices, much in the
same way as its lower-dimensional analog, the Yang—Baxter equation, is a
fundamental relation in integrable (1 + 1)-dimensional quantum field the-
ories and two-dimensional lattice models. Compared to the Yang—Baxter
equation, however, our understanding of the tetrahedron equation is still
limited despite its obvious importance and relatively long history.

In this work we hope to shed some light on the tetrahedron equa-
tion by uncovering its connections to quantum cluster algebras and three-
dimensional supersymmetric gauge theories.

1.1. The Yang—Baxter equation and the tetrahedron equation

Graphically, the Yang—Baxter equation is represented as an equality between
two configurations of three intersecting lines in a plane. The tetrahedron
equation is likewise represented as an equality between two configurations
of four intersecting planes in a three-dimensional space. See Figure [1} Com-
binatorially, the Yang—Baxter equation and the tetrahedron equation can be
understood in terms of the reduced expressions for the longest elements of
the symmetric groups S3 and Sy, respectively. Basic notions regarding the
symmetric groups are recalled in section

Figure 1: Graphical representations of the Yang—Baxter equation (left) and
the tetrahedron equation (right).

A solution of the Yang-Baxter equation is associated with adjacent
transpositions. For concreteness let us consider a solution of vertex type.
This is a set R of linear operators

(1) Rypy: Vo@Vy =V, @V,

where V,, a € {1,2,3}, are vector spaces and a < b. (The operator Ry is
often denoted by R in the literature.) In the graphical representation, V,
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is the ath line and Ry, is the crossing of the ath and bth lines. Corresponding
to the two adjacent transpositions s, so of S3, the R-matrix R can act on a
tensor product V, @ V;, ® V. of Vi, Va, V3 in two ways, either by R, ® idy,
or idy, ® Rp.. (The identity maps are often suppressed in the notation.) The
longest element of S3 has two reduced expressions sises; and s9s1S9, and
the Yang—Baxter equation

(2) RosRi3R12 = Ri2R13R23

reflects the equality s1s051 = s95159 satisfied by the two reduced expressions
as elements of S3.

The tetrahedron equation lifts the above structure to one higher level.
Its solution is associated with braid moves

(3) SaSa+1Sa = Sa+1SaSa+1 5

as opposed to adjacent transpositions. A vertex-type solution is a set R of
linear operators

(4) Rape: Vap @ Ve @ Vae = Ve @ Ve @ Vi

where a, b, ¢ € {1,2,3,4} and a < b < ¢. Graphically, the vector space Vi
is represented by the intersection of the ath and bth planes and R is rep-
resented by the intersection of the ath, bth and cth planes. The tetrahedron
equation

(5) Ro34R134R124R123 = Ri23R124R134Ro34

corresponds to an equivalence between two sequences of braid moves on
reduced expressions for the longest element of Sy modulo far commutativity,
which takes $15953515951 ~ $15251535251 1O $35951535983 ~ $358953515253.
The relation between the graphical and combinatorial interpretations
of the Yang—Baxter equation and the tetrahedron equation can be made
manifest by use of wiring diagrams. A wiring diagram on n wires is a di-
agrammatic representation of a word for a permutation in S,,. The wiring
diagrams for the reduced words 121 and 212 for the longest element of Ss,
corresponding to the reduced expressions s15251 and sgs159, are

(6) 121:%, 212:%.

The equality between these wiring diagrams is topologically equivalent to
the graphical representation of the Yang—Baxter equation. To relate the two
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interpretations of the tetrahedron equation, for each side of the equation
we vertically juxtapose the relevant sequence of wiring diagrams and think
of these wiring diagrams as “time slices” of the surfaces swept out by four
moving wires [5]. The four surfaces correspond to the four planes in the
graphical representation, as illustrated in Figure 2] From the figure we see
the correspondence

segments of wires <> regions on planes,
(7) intersections of wires <+ intersections of planes,

regions in wiring diagrams <> regions in the three-dimensional space.

123121 121321
B234 l lﬁ123
123212 212321
B13a l lﬁ124
132312 . 213231
312132 231213
[3124l l5134
321232 232123
ﬁlQSl lﬂ234
321323 323123

Figure 2: The tetrahedron equation arises from two sequences of braid moves
with the isotopic start and end wiring diagrams on four wires. Each wiring
diagram represents a slice of four surfaces that bound (after flattened to
planes) a tetrahedron. The six intersection curves of these surfaces are drawn
in color. Each braid move (4. changes the local configuration of the surfaces
and acts downward. The corresponding R-matrix R acts upward.

A solution of the tetrahedron equation obtained by Kapranov and Vo-
evodsky [21] realizes the symmetric group structure with representations of
the quantized coordinate ring A,(As3) on g-oscillator Fock spaces. This is the
same solution as the one discovered by Bazhanov and Sergeev [2], as pointed
out in [20], and is expected to arise from a brane configuration in M-theory

[26].
1.2. Summary

In this paper we will construct three solutions of the tetrahedron equation
with a help of quantum cluster transformations and explain how these so-
lutions arise from three-dimensional supersymmetric gauge theories. Let us
summarize the main ideas.
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To each word for a permutation in .S, we assign three cluster seeds, or
equivalently three quivers, which we call the triangle, square and butterfly
quivers. Thus we obtain three families of quivers assigned to the words for
the permutations in .S,,. In each of these families, braid moves are realized
as transformations of quivers composed of mutations and automorphisms
relabeling vertices (Proposition . For the triangle quivers a braid move
is a single mutation followed by an automorphism, whereas for the other two
families a braid move involves four mutations.

The theory of quantum cluster varieties [8, [] tells us how to repre-
sent such quiver transformations in quantum mechanics. For every seed ¥,
there is a corresponding quantum mechanical system whose observables are
generated by pairs of variables indexed by the vertices of ¥ and satisfy
commutation relations determined by the way in which the vertices are
connected by arrows. The Hilbert space of states Hy. of the system is the
space of wavefunctions of half of these variables. A composition ¢ of muta-
tions and automorphisms that transforms ¥ to another seed ¥’ induces an
isomorphism K¢: Hyy — Hs, between the associated quantum mechanical
systems, which is constructed from the noncompact quantum dilogarithm.
The intertwiner K. transforms the observables by conjugation, the transfor-
mation known as the quantum cluster transformation c?. A crucial property
of K¢ is that if ¥’ =X and c? is the identity map, then K, itself is the
identity map (Propositions and .

The two sequences of braid moves that lead to the tetrahedron equation
can be concatenated (with one of them reversed) to form a loop of braid
moves from one reduced expression for the longest element of Sy to itself. By
construction, on each of the three quivers assigned to this reduced expression
the corresponding quiver transformation c acts trivially. A key observation
made in this paper is that ¢? is also trivial (Proposition .

Therefore, K. equals the identity map. This equality can be rewritten
as the tetrahedron equation solved by the intertwiner corresponding to a
single braid move. In this way we obtain three solutions of the tetrahedron
equation, associated with the triangle, square and butterfly quivers. They
define local Boltzmann weights for three-dimensional statistical mechanical
lattice models with continuous spin variables.

The triangle, square and butterfly quivers have appeared in connection
with gauge theories and the Yang—Baxter equation [3], 25, 29]. In that con-
text, these quivers describe supersymmetric gauge theories with four super-
charges, and the Yang—Baxter equation is interpreted as an infrared duality
[27]. Computing physical quantities that are invariant under these dualities,
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such as supersymmetric indices, one obtains solutions of the Yang—Baxter
equation.

The solutions of the tetrahedron equation constructed in this paper also
admit gauge theory interpretations. In section [5| we show that for any com-
position ¢ of mutations and automorphisms from a quiver ¥ to another
quiver ', the intertwiner K¢ can be identified with the partition function
of a three-dimensional N' = 2 supersymmetric gauge theory on a squashed
three-sphere. A similar observation was made for a closely related operator
in [24], and we adapt their computation to Ke.

1.3. Relations to other works

In [28], Yamazaki derived an equation of the form

(8) Lo3(723) L13(T13) L12(T12) = L12(715) L13(713) L23(723)

as an equality between the sphere partition functions of two-dimensional
N = (2,2) supersymmetric gauge theories described by the butterfly quiv-
ers assigned to the reduced expressions s;sses; and sgsiss. This equation
is almost the Yang—Baxter equation but not quite since L., depends on
a set of variables 7,. In the gauge theory language, these variables are
Fayet—Iliopoulos parameters and known to transform under quiver muta-
tions in the same way as classical X-variables do [I]. Yamazaki’s equation
can be understood as a classical limit of the tetrahedron equation of type
RLLL = LLLR:

9) LosgLi34L124R123 = R123L124L134L934 ,

where Rj23 is the R-matrix for the butterfly quiver constructed in this paper,
which transforms quantum X-variables by conjugation.

A classical limit of the RLLL relation @ with different L has been
obtained in [12], also from the butterfly quiver. The L-operator considered
in [12] is a classical limit of the L-operator constructed in [2], which satisfies
the RLLL relation with a g-oscillator-valued solution of the tetrahedron
equation [2] 2I]. This fact suggests that there is a close relation between the
R-matrix for the butterfly quiver and the R-matrix of [2, 21].

It appears that the three-dimensional gauge theory corresponding to
the intertwiner K.: Hy, — Hy is (an infrared description of) a domain wall
that separates two different parameter configurations of a four-dimensional
N = 2 supersymmetric field theory, for which the BPS spectra are encoded
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in ¥ and Y/, respectively. At least it is akin to such domain walls which
arise from pairs of Mb5-branes compactified on three-manifolds with bound-
ary [4, [7, 23], and it has been argued that in the infrared on the Coulomb
branch, the relevant sector of the four-dimensional theory on Sg’ is, essen-
tially, captured by the quantum mechanical systems assigned to ¥ and X'.
There are, however, differences between the construction of those domain
walls and our construction, namely we use twice as many cluster coordi-
nates and twice as many quantum dilogarithms.

2. Cluster transformations

In this section we recall relevant definitions and facts about cluster trans-
formations. We will mainly follow the conventions of [8, 9]. The main result
of this section is Proposition [2.5] which provides, for each trivial cluster
transformation, an identity satisfied by a product of noncompact quantum
dilogarithms. This identity will play a crucial role in the construction of
solutions of the tetrahedron equation in section

2.1. Cluster varieties

A cluster seed (or simply seed) ¥ is a pair (I,¢) of a finite set I and a skew-
symmetric integer matrix € = (&45)i jer, called the exchange matriz of the
seed. We will identify a seed with a quiver, a directed graph consisting of
vertices connected by arrows. The quiver corresponding to a seed ¥ = (I, ¢)
has |I| vertices, labeled by elements of I, and &;; arrows j — i between
vertices 4, j € I if ;5 > 0.

A seed X' = (I,€') is said to be obtained from a seed ¥ = (I,¢) by the
mutation py: X — X' in the direction of k € I if

—eij ifi=korj=k;
(10) 62]:{ €ij i or j

E€ij + %(\&‘k’&kj + €iklerj|) otherwise.

The quiver corresponding to Y is obtained from that corresponding to ¥ by
the following procedure:

1) For each pair of arrows i — k and k — j, draw an arrow ¢ — j.
2) Reverse the directions of all arrows incident to the vertex k.

3) Delete pairs of arrows ¢ — j and j — i (“2-cycles”).
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To a seed ¥ = (I,¢) we assign three algebraic tori. Let C* be the mul-
tiplicative group of complex numbers. The seed A-torus Ay is the alge-
braic torus (C*)!, and the standard coordinates A := (A;);c; of Ax are
referred to as the cluster A-variables (or simply A-variables). The seed D-
torus Dy is the torus (C*)! x (C*)!, equipped with the cluster D-variables
(X, B) := (X, B;)icr. The seed X-torus Xx is the torus (C*)! obtained from
Ds; by projection to the first factor and equipped with the cluster X -variables
X = (Xi)ier-

A mutation p: X — Y induces birational maps py: Ay, — Asy, g Xs—
Xs and pg: Dy — Dsy, all denoted by the same symbol pg. On the cluster
variables the pullback of py acts by

(11)

. ki —Ekj e
,MZ(A/.) = Ak (Hj€I|€kj>0 Aj + Hje[|5kj<0 Aj e > if 7 = k,
z A if i £k,
(12)
iy |5 =k
k A Xl(l + ngn(_sik))—gik if i # k7
(13)
:U'* (B’) — (Xk Hj‘akj>0 Bj’” + Hj‘gkj<0 B;Ekj)/Bk(]_ + Xk) ifi =k;
o b itk

Here sgn(a) = +1 for a > 0 and —1 for a < 0.

Mutations are involutive: applying uj twice leaves a seed invariant and
fy, © py. is the identity map on each of the seed tori.

For a permutation a: I — I, a seed X' = (I,¢’) is said to be obtained
from a seed X by the automorphism «: ¥ — X' if

(14) En(i)alj) = Eij -

On the seed tori a acts by relabeling coordinates:

(15) a’(Ay) = Ain (X)) =Xi, o' (By) = Bi.

ot

A cluster transformation c¢: ¥ — ¥/ is a composition of mutations and
automorphisms that takes a seed ¥ to a seed ¥'. We write

(16) PR )
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to mean that ¥’ is obtained from ¥ by a cluster transformation c. A clus-
ter transformation c: ¥ — ¥’ induces birational maps from the seed tori
assigned to X to those assigned to X', which are the compositions of the bi-
rational maps corresponding to the mutations and automorphisms consisting
of c.

Definition 2.1. A cluster transformation c¢: ¥ — X is said to be trivial if
it acts on Ay, Xy, and Dy, by the identity maps.

Remark 2.2. In fact, c is trivial if it acts trivially on one of Ay, As; and
Dsy. If ¢ acts trivially on Xs. or Dy, then it acts on the tropical X'-variables
trivially and hence is trivial by Theorem Suppose ¢ acts on Ay, trivially.
For each vertex i € I, add another vertex and connect it to the vertex 4
by an arrow; the resulting seed ¥ = (I,£) has det& = +1. Theorem 4.3 of
[22] (applied to the case in which the semifield PP is trivial) shows that the
cluster transformation & on ¥ corresponding to ¢ leaves X invariant and acts
on Ag trivially. Then, € also acts on X5 trivially because the isomorphism
Ps: As — A5 given by Pe Xk = [Lic; A;* commutes with €. Since € restricts
to ¢ on Xy, the latter acts on Xy trivially.

Let ¢: ¥ — Y’ be a cluster transformation from a seed ¥ = (I,¢) to a
seed X' = (I,€'). By definition there is a decomposition

(17) c=c[N]o---oc[2]oc[l],

where c[t] is either a mutation or an automorphism. This decomposition
defines a collection of seeds X[t] = (I,¢[t]), t =1, 2, ..., N + 1, such that

el o, clN]

(18) ¥ =:%[1] ¥[2] YN +1]:=%".
The cluster transformation c is trivial if and only if [N 4+ 1] = ¢, A[N + 1] =
A, X[N +1] = X and B[N + 1] = B.

Gluing the seed A-tori Ay assigned to all seeds Y/ related to 3 by cluster
transformations, we obtain the cluster A-variety Ajs,. Similarly, the cluster
X-variety X)s| and the cluster D-variety Djs| are constructed from the seed
X-tori X5 and the seed D-tori Dy assigned to all seeds ¥’ related to ¥ by

cluster transformations. The Poisson structure on Dy, given by

is invariant under cluster transformations and defines a Poisson structure
on D|E\ and X\EI
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2.2. Tropical X-variables

Sometimes it is convenient to introduce the cluster variables A, X and B
as formal variables assigned to a seed X. In this context, the pairs (X, A),
(3, X) and (X, (X, B)) are referred to as an A-seed, an X'-seed and a D-
seed, respectively, and a cluster transformation c¢: ¥ — X' is interpreted as
providing relations between variables A, X, B assigned to ¥ and variables
A, X', B’ assigned to ¥’ via formulas (1)), (12), and ([15)). For each
t in a decomposition of ¢, the variable A;[t] (pulled back by c[t — 1] o
-~ oc[2]oc[l]) is an element of the universal semifield Pyniv(A), which is
the set of nonzero rational functions in the initial variables A = (A;);ecs that
can be written as subtraction-free expressions, endowed with addition and
multiplication. Similarly, X;[t] € Puniv(X) and B;[t] € Puniv((X, B)).

For an I-tuple of variables v = (u;)icr, the tropical semifield Piop(u) is
defined as the abelian multiplicative group freely generated by u, endowed
with the addition @ given by

(20) H ul B H ubi = H u;nin(ai,bi) '
i€l i€l i€l

There is a semifield homomorphism 7irop : Puniv(#) — Perop(u), known as the
tropicalization map, such that

(21) Taop(UWi) =i, €1, muep(c) =1, c€Qsp.

The tropicalization of X-variables are called tropical X -variables.
For any t € {1,2,..., L}, we have

Qg t
(22) Xilt] = meop(X[t]) = [ X371
Jjel
with either a;;[t] > 0 for all j € I or a;;[t] < 0forall j € I (“sign coherence”).
The tropical sign €(X;[t]) of X;[t] is defined by

+1 if ai;[t] > 0 for all j € I;
-1 ifayft] <Oforall jel.

(23) e(Xift]) == {

If c[t] is a mutation in the direction of k € I, then

X [t] if i = k;

24 Xilt +1] =
(24) £+ {ximkaWk””a““” ik
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where [a]; = a for a > 0 and 0 for a < 0.
The following theorem provides considerable simplification of the crite-
rion for a cluster transformation to be trivial:

Theorem 2.3 ([15, Theorem 5.1]). A cluster transformation c: ¥ — %
from a seed ¥ = (I, ¢) to itself is trivial if and only if Top(c*(Xi)) = Ttrop (Xi)
for alli e 1.

2.3. Quantum cluster varieties

There is canonical deformation quantization of the algebra of regular func-
tions on Xy and that on Dz, which leads to the notions of quantum cluster
X-variety and quantum cluster D-variety.

Let ¢ be a formal parameter. For a seed ¥ = (I, ¢), the quantum torus
algebra DY, is the algebra over Z[q, ¢~ '] generated by variables (X4, BY) =
(X1, B!)icr subject to the relations

(25) ¢ U XIXT=q = XIX?, ¢ XIBI=¢"BIX!, B!B!=BIB].

We introduce an algebra over C generated by a formal parameter A and
variables 2" = (21,1, b" = (b[");er such that

(26) (2}, 2] = 2mihey;,  [af,b]] = 2mihd;;,  [b),0]] =0.
Then,
(27) q = exp(mih) , Xg = exp(x?) , Bf = exp(b?)

gives an embedding of DY, into this algebra.
We also introduce

(28) Zi‘lh = $? + E'Sz]b?
jer
and set
(29) X{:=exp(a]) = XI[[(BI)= .
jel

These variables satisfy the relations

(30) [, &) = —2mihe;;, [E],b)] = 2mihy;, [}, @0 =0
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and

=i X — 5 RIY Y9 — e
(31) ¢ JXqu—qEJ Xqu q XfB;?—q B;’Xf, XgXJ‘.]—XJ‘?Xiq.

Let qu be the skew-field of fractions of D%. For a cluster transformation
c: X — Y, we define the quantum cluster transformation

(32) c?: DL, — DL

as follows. (Note the direction; ¢? quantizes the pullback by c¢: Dy — Dxy.)
For ¢ = a, the map c? = a? is given by

(33) oﬂ(X;q(i)) = X7, aq(B(’j(i)) = BY.

For ¢ = g, the map c? = NZ is a composition of two maps:

(34) =l o = pf o)

The fact that /‘Z admits two decompositions will be important. In general,
c? is given by the composition ¢?[1] o ¢?[2] o --- o ¢?[N] of quantum cluster
transformations corresponding to a decomposition of ¢ into mutations and
automorphisms.

The “automorphism part” u ( ). : DL — DY of pf is defined by

o) _ _
(35) M= Ay xpyewa( K- € F
where

is the quantum dilogarithm. Using the difference equation
(37) V(g°z) = (1+ qz) ¥ (),

one can show that ,ui( )(X%) and uk(g)( B?) belong to D [8, Lemma 3.2].

)
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The “monomial part” uge): D%, — qu is given by

38) (XY = exp(m (=), V(B = exp(m? (B),

(2

_ - iti=k;

@l + [eea]al if i #£ K,

(40) m(e)(b’ﬁ) — —bj + Zje][_egkj]-i—b? ifi=k;
e o} iti k.

The transformations of 2" and b" are dual to each other: if we write m,(:) (zM)

= Yer(M{)ja! using a matrix M, then m ()=, bA(M7) ™).

For ¢ =1, the formula for c? reduces to that for the action of ¢ on
Ds. In particular, if the quantum cluster transformation c¢? induced from
c: X—> is the identity map, then c also acts trivially on Ds; and hence on the
tropicalization of X¥;, which implies that c is a trivial cluster transformation

by Theorem It turns out that the converse is also true:

Proposition 2.4. A cluster transformation c: ¥ — X is trivial if and only
Zf c! = iquE .

This proposition can be proved from Proposition 5.21 of [8] and Theo-
rem 4.3 of [22]. The proposition also follows from Proposition

2.4. Representations of quantum cluster varieties

From now on we take i to be a positive real number. For a seed ¥ = (I,¢),
let

(41) Hy := L*(AL)

be the Hilbert space of square-integrable complex functions on the set of
positive real points A; =~ R! of As;. This is the Hilbert space of states in
quantum mechanics of a particle moving in .A; . Coordinates of A; are given
by a; :=log A;, i € I.
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The differential operators

0 A
(42) i’i = Wihaa‘ - Z €ijayj , bZ‘ = 2&2'
v jer

on functions in Hy satisfy the commutation relations (26[), and their expo-
nentials

~

(43) X; = exp(#i), B;:= exp(by)
satisfy relations . The operators

2 . 0 = s
(44) By = miho— + > eijaj,  Xi=exp().
v jel

satisfy relations and .

Let Ly be the space of Laurent polynomials in the quantum variables
(X9, B?) assigned to X such that for any cluster transformation ¢’: ¥/ — ¥,
the quantum cluster transformation ¢/?: D — DY, maps them to Laurent
polynomials in (X’?, B'?). The operators corresponding to the elements of
Ly preserve a certain subspace Sy, of rapidly decreasing functions in Hy,
and they provide a representation of Ly; on Ss.

A cluster transformation c: ¥ — X/ gives rise to an isomorphism of al-
gebras c?: Ly — Ly. The representation of Ly on Sx; and that of Ly on
Sy are intertwined by a unitary operator K¢: Hy — Hx:

(45) K AKS! = ci(A), AclLy.

Here A denotes the operator corresponding to A.
For ¢ = «, the intertwiner is simply

(46) K, :=a",

the pullback by a considered as a transformation on R’:

(47) a: (ai)ier = (a})ier = (aq-1(i))ier -
The intertwiner K, for a mutation p; decomposes as

(9 K = KR = KK
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corresponding to the decompositions . The fact that K, admits these
two decompositions was observed by Kim [18]. We will show the equality of
the two decompositions in section

The monomial part K;E,f) : Hyy — Hy is the pullback by the transforma-
tion

_ N TE
(49)  (aier = (@)ier, = { T 2gerlmeenlea; =k
a; ifi £k.

( ) : Hy — Hy is given by

The automorphism part K,
(50) K = " (i) @ (eiy,) ¢

The function ®7(z), 7 € C, is the noncompact quantum dilogarithm. 1t is
defined for |Im z| < (1 4+ Re7) by the integral

(51) ¢7(2) = —1/ - @
R R0 Sinh(7w) sinh(r7w) w /)’

where the contour along the real axis going from —oo to oo and bypassing
the origin from above, and is analytically continued to the entire complex
plane. The unitarity of K, follows from the property that

(52) ®7(z) = 7(2)”"

if 7 is a positive real number or a pure phase.
For Im 7 > 0, we have

wi(e?) v,

T _ _ w7
(53) @ (Z) \I]l/qv (CZ/T) Y q €
and hence ®7(z) satisfies the difference equations
(54) Q7 (2 4 2mit) = (1 4 ¢€*)P7 (2),
(55) D7 (z + 27i) = (14 ¢Ve”/M)D7(2) .

€)

From the first of these equations we see that conjugation by Kﬁ(k acts as

uk(E) on X and B
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2.5. Quantum dilogarithm identities

Let ¢: ¥ — ¥ be a trivial cluster transformation. By Proposition [2.4] the

quantum cluster transformation c? is also trivial. The dual variables X7,
B?", defined by

\2 \2

(56) X9 :=exp(z"), B? :=exp(d™), 2" :=h7tz", " :=nTH",
commute with X9, B? and satisfy relations with ¢ replaced by ¢ =
exp(m/ h) The dlfference equation ([55)) shows that conjugation by K, acts
on X v, BY as ,uk , Whereas conJugatlon by K, acts in the same way on
XV BV and on X B It follows that K commutes with XV, BY since it
commutes with X B. The fact that K. commutes with both sets of variables
implies that K¢ = A\¢idy, for some complex number A\ with [A¢| =1 [8]
Theorem 5.4].

In fact, A¢ = 1, as was pointed out for important specific cluster trans-
formations by Kim [18].

Proposition 2.5. K. = idy,. for a trivial cluster transformation c: ¥ — 3.

We will demonstrate this proposition using quantum dilogarithm iden-
tities proved in [19], which we now explain.

Consider a decomposition of ¢ into mutations and automorphisms. The
positions of the automorphisms in the decomposition can be moved by the
relation

(57) [l © Q= QO fg-1(k) 5
hence we can decompose ¢ into the form

(58) c: ¥ = x[1] 2 p[g) 28 L B SL 1) S

Let X;[t] := mtrop(Xi[t]) be the tropicalization of the variable X;[t] of Xsyy.
For each ¢, the relation between X[t] and X = X[1] defines an I-tuple of
integers Y[t] = (vi[t])ier € Z' and a sign €[t] € {£} by

+1 ~ft]>0forallieI;

59) X X7l = ¢(X
(59) Xiplt] = ] | elt] = eult]) = {_1 vilt] <0 forallieI.

el

The noncompact quantum dilogarithm satisfies the following identity:
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Theorem 2.6 ([19, Theorem 4.5], [17, Theorem 5.16]).
(60) @ (e[1]7[1] - &)<ID" (e[2[2] - )2 - B (e[Ly[L] - )1 = idn, .

The operator [t] - & := Y ..;7vi[t] - #; appearing in the above identity
can be understood as follows. Comparing the transformation of X;[t]

under py and the definition of m,(;), we see that z!'[t + 1] transforms

(e[t])

under m Kt

in the same way as log X;[t + 1] does under pu,). Thus we have

1 e[2 t—1
(61) M)t = iy o w0 oy aly 1)
and [t] - £ is the corresponding operator obtained from &y [t] by conjuga-
tion by Kﬂ(k[gll])Kﬂ(k[L]Q]) o Klt(k Et 11])-
Proof of Proposition[2.3. Since ®h(z) = ®"(z)~! and Z; = —;, taking the
complex conjugate of identity and conjugating the resulting identity
with the map a — —a, we obtain

o (e[1]y[1] - &) Mo (e[2]y[2] - &) <P .- P (e[L]n[L] - &)<
(62) = idy,, -

Furthermore, a; transforms under KAE:[%D in the same way as bf' does
(e[t])

) , and the latter transforms in the dual manner to xf and hence
to the transformation of log X;[t] under fip). Since ¢ acts on X; trivially by
Theorem we have

under m

el el2 elL .
(63) ng[g DK;ng]D . ng[[L]DKa = idy,, .

Therefore,

K, = KiCWR/EDRICEIK/ D . gilelDRrelhK

k(1] Hk[1] Hk[2) Hk[2) ML) ML) @
= ®"(e[1]y[1] - &)@ (e[2[2] - )7 - - B (e[ L]y [L] - &)<
M (e[1]y[1] - 2) "M@ (e[2]y[2] - 2) <P .- D" (e[L]y[L] - )<
1 €2 L
(64) 'K;t(:[[u})K:i(k[[zl})”'K;L(:[[Ll]) o

is the identity map. O
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3. Trivial cluster transformations from the longest element
of S4

In this section we introduce the three families of quivers described in sec-
tion [1} which are assigned to the words for permutations in the symmetric
group Sp. A loop of braid moves on reduced expressions for the longest el-
ement of Sy yields trivial cluster transformations acting on the seed tori of
relevant quivers.

3.1. Symmetric groups and wiring diagrams

The symmetric group S, is the group of permutations of {1,2,...,n}. It is
generated by the adjacent transpositions {sa}g;ll satisfying the relations

(65) sa=1,
(66) SaSh = SpSq for |a —b| > 2 (far commutativity) ,
(67) SaSa+1Sa = Sa+1SaSa+1 (braid relation) .

A word for a permutation s € S, is a finite string ajas...ar of ele-
ments of {1,2,...,n} such that s = s4, 84, - - - Sa,- The length I(s) of s is the
minimal number such that s = s4, 84, - 84, for some aq, a9, ..., ays) €
{1,2,...,n}. The expression sg4,Sq, - Sa,,, and the string aiaz ... ay ) are
called a reduced expression for s and a reduced word for s, respectively.
A reduced expression for a permutation can be transformed to any other
reduced expression for the same permutation by a sequence of far commu-
tativity and braid relations (Tits’ lemma). The longest element of S, is the
order reversing permutation a — n —a + 1 and its length is n(n —1)/2.

To the end of constructing quivers corresponding to words for permuta-
tions in S, we represent words diagrammatically.

Definition 3.1. A wiring diagram on n wires is a union of n continuous
paths, called wires, inside the vertical strip {(x,y) € R? |0 <z < 1} such
that

1) the wires start from distinct points on the left boundary (z = 0) and
end at distinct points on the right boundary (z = 1);

2) no three wires intersect at a point; and

3) no two intersections of wires take place at the same horizontal position
(z-coordinate).
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Two wiring diagrams are identified if they are related by an isotopy that
preserves the horizontal ordering of the intersections of wires.

The words for permutations in \S), are in one-to-one correspondence with
the wiring diagrams on n wires. To represent a word ajas . ..ar by a wiring
diagram, we move rightward in the positive x-direction from the left bound-
ary of the vertical strip toward the right boundary, and let wires intersect
according to the letters appearing in the reduced word. Thus, we first let the
aith wire and the (a; 4+ 1)st wire intersect, counted from bottom to top in
the ascending order of the y-coordinates of the wires, and next let the asth
wire and the (az + 1)st intersect, again counted from bottom to top but at
a horizontal position right to the first intersection, and so on. Conversely,
given a wiring diagram on n wires, the corresponding word for a permutation
can be written down.

Definition 3.2. A wiring diagram is said to be reduced if no two wires
intersect more than once.

The reduced words are in one-to-one correspondence with the reduced
wiring diagrams. For example, the reduced word 123121 for the longest ele-
ment of Sy is represented by the reduced wiring diagram

As can be seen from this example, a wiring diagram for a reduced word of
the longest element of S, has the property that each pair of wires intersect
exactly once.

Given a wiring diagram on n wires, we name the wires 1, 2, ..., n
from bottom to top according to their positions on the left boundary of
the vertical strip. We need to label the segments and intersections of wires.
The segments of wire a is labeled, from left to right, ai, ao, ..., a,. The
intersection of wires @ and b with a < b is labeled ab.

A wiring diagram divides the vertical strip into chambers, i.e., connected
components of the complement of the wires, and we also need labels for
them. We label the chambers with subsets of {1,2,...,n} as follows. First,
we label the chamber extending to y = —oo the empty set (). Starting from
the chamber (), we can go to any other chamber by crossing some number
of wires. If we reach a new chamber from a chamber C by crossing wire a,
then we label that chamber C'U {a}.
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Figure [3]illustrates our labeling scheme with the wiring diagram for the
reduced word 121 for the longest element of Ss.

{1,2,3}
31 13
{1,2} 18 {2,3}
27 157 32 23
{1} 12 {2} 28 {3}
11 29 33
0
Figure 3: Labeling of the segments, intersections and chambers of the wiring

diagram for the reduced word 121 for the longest element of S3.

3.2. Quivers assigned to wiring diagrams

Definition 3.3. The triangle quiver, the square quiver and the butterfly
quiver assigned to a word for a permutation of S, is constructed as follows:

1) Around each intersection of wires of the corresponding wiring diagram,
place vertices and connect them with arrows according to the rule

(69) iy (X K%O

triangle quiver square quiver butterfly quiver

2) Label each vertex with the name of the segment, intersection or cham-
ber where the vertex is placed, and identify vertices with the same
labels.

3) Delete 2-cycles formed in the previous step.

4) For the triangle quiver and the butterfly quiver, add a vertex for each
subset of {1,2,...,n} if not present already. This vertex is discon-
nected from any other vertices.

The introduction of disconnected vertices in the last step is a technicality
that can be avoided if we allow either mutations or automorphisms to rename
the elements of the index set for a quiver. Figure 4] shows the three quivers
assigned to the reduced word 123121 for the longest element of Sy.
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Figure 4: The triangle, square and butterfly quivers assigned to the reduced
word 123121 for the longest element of S4. The vertex labels and the dis-
connected vertices are not shown.

The three quivers assigned to a wiring diagram depend only on the
isotopy class of the wiring diagram. For example, to the two wiring diagrams

the same quivers are assigned. Therefore, these quivers are really assigned
to an equivalence class of words with respect to far commutativity (66). Any
two equivalence classes of reduced words for the same permutation can be
obtained from one another by a sequence of braid relations, which translate
to a sequence of local moves in the wiring diagrams.

Definition 3.4. The braid move Bu. on a wiring diagram is the local
transformation

505 15

on wires a, b, c.

The braid move By on a wiring diagram transforms the assigned quiv-
ers. A key fact is that the transformations induced by a braid move can be
expressed as compositions of mutations and automorphisms:

Proposition 3.5. The braid move Bap. induces a cluster transformation
on the triangle, square and butterfly quivers assigned to a wiring diagram.

Proof. Since braid moves are local transformations, it is sufficient to check
the statement for wiring diagrams on three wires. (Although some arrows
can be canceled when more wires are added, the action of ux depends only
on €, ¢ € I, and for the mutations relevant to the braid move these integers
remain unchanged.)
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For the triangle quiver, 8123 acts on the reduced word 121 as
{1,2,3} {1,2,3}

{1,2}——>{2, 3} {1,2}-—>{1,3}—>{2,3}

(71) WA S

(7= 2 —21{3) {}——{3}

0 \OJ/

This transformation is the mutation pi9y at {2}, followed by relabeling of
the vertex {2} to {1,3}:

(72) Bia3 = aqoy,{1,3) © pi2y (triangle quiver).

Here «; ; denotes the automorphism given by the permutation interchanging
i, 7 € I. Note that the braid move changes the index set for the connected
vertices. To deal with this complication we have enlarged the quiver by
additional disconnected vertices.

For the square quiver, 123 acts as

31—)13 31—>22‘>13
(73) 21‘—312%32/—?23 % Jl 4732/—>'\12(;2i3
T AN LA /
lte——20«—33 lt<e<——33

This transformation can be written as a composition of four mutations and
one automorphism:

(74) B123 = 1,3, © f12, O 41, O H3, © fl2, (square quiver).

See Figure
For the butterfly quiver, we have

{1,2,3} {1,33}\A
{1,2}>13<{2,3} Bras {172}>23{{vl73r}>12<{2,3}
(75) (N — N
{1}&%%}»23«{3} {1}»13«{3}
0 0

This transformation can be written as

Bras = aya),11,3) © 23,13 © Q12,23
(76) 0 p13 © i2g © 112 © figgy  (butterfly quiver).
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31— 13 31— 13 31—1
H2, / H3y \ /\
21— XH324>23 — 21712\ /32*’25, — 214’12\ /32<23
2
1T1<722<733 11/ \‘\‘33 11é33

31— 25— 13 314>224>1 3J1—1
AT S VAN AT
21«—30—> x<*23 214712 4;23 21\1 e \3 /23
2 2
N
1 33 11‘733 11/ 33

Figure 5: The braid move (3123 for the square quiver is a composition of four
mutations and one automorphism.

Remark 3.6. In the context of supersymmetric gauge theories and the
Yang—Baxter equation, the triangle quiver appeared in [25], the square quiver
in [3, 25] and the butterfly quiver in [29]. The triangle quiver has also ap-
peared in relation to cluster algebras before, e.g. in [I1]. A connection be-
tween the butterfly quiver and cluster algebras was pointed out in [28§].

3.3. Trivial cluster transformations

Take the sequence of braid moves on the left-hand side of Figure [2| and con-
catenate it with the inverse of the sequence of braid moves on the right-hand
side. This creates a sequence of transformations on reduced words for the
longest element of Sy which starts with 123121 and ends with 121321. Let
Yaiasasasasas P€ any of the triangle, square and butterfly quivers assigned
to the reduced word ajagazasasag for this element. By Proposition [3.5], the
sequence of transformations in question induces the loop of cluster transfor-
mations

/8234 /8134 ﬁ124 ﬁ123
2123121 — 2123212 — 21132312 =2J312132 — > 21321232 — 21321323
(77) I I

—1 —1 -1

/81_213 /8124 6134 ﬁ234
2121321 ¢ 2212321 ¢ 2213231 = 2231213 ¢ 2232123 ¢ 2323123

This loop of cluster transformation turns out to be trivial:
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Proposition 3.7. For the triangle, square and butterfly quivers assigned
to the reduced word 123121 for the longest element of Sy4, the cluster trans-
formation

-1 -1 —1 -1
(78) 5123 o /8124 © /6134 o »8234 0 3123 © B124 © B134 © P234
18 trivial.

The proposition can be proved by Theorem and straightforward cal-
culations. The proof is given in Appendix [A]

4. Solutions of the tetrahedron equation from trivial cluster
transformations

Now we discuss the solutions of the tetrahedron equation arising from the
three trivial cluster transformations obtained in section [3

4.1. The trivial cluster transformations and the tetrahedron
equation

The triviality of the cluster transformation can be expressed as the
equality

(79) B123 © B124 © B134 © P23 = B234 © B134 © B124 © B123

between two cluster transformations from the seed tori for 3123191 = X121321
to those for 391303 = Y393123. This equation takes the form of the tetrahe-
dron equation.

By Proposition the corresponding quantum cluster transformations
for the same quivers also satisfy the tetrahedron equation

q q q q  _ pq q q q
(80) B34 © Biza © Biza © Biag = Biag © Biza © Biza © Pazy -

Furthermore, Proposition and the tetrahedron equation imply that
the unitary operator

(81) Rape = K,Ba.bc

solves the tetrahedron equation . This is an equality between operators
from the Hilbert space Hy,,,,,, to the Hilbert space Hs,, ..,
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Remark 4.1. For the triangle quiver, the tropical sign sequence (e[t])}_;
is given by (+,+,+,+, —, —, —, —) and one can use simpler quantum dilog-
arithm identities (Egs. (1.8) and (1.10) of [19]) to construct solutions of the
tetrahedron equation.

4.2. R-matrices and three-dimensional integrable lattice models

The R-matrix Rj23 may be regarded as the local Boltzmann weight of a
three-dimensional statistical lattice model with continuous spin variables.
Let us explain this point taking the square quiver case as an example.

Consider the cluster transformation (193: 3121 — Y212 between the square
quivers assigned to the reduced words 121 and 212 for the longest element
of S3. The vertices of the square quivers are placed on the segments of wires,
hence

(82) I:{11712713)21722723)31732733}

is the set labeling the vertices of 191 and 3j91. The quantum variables
(X7, B?) assigned to Y121 and (X'?, B'?) assigned to Y212 have representa-
tions on the Hilbert spaces Hy,,, = L?(R!) and the Hilbert space Hs,,, =
L%(RY), respectively. Let a = (a;)ic; and @’ = (a});es be the standard coor-
dinates for functions in Hy,,, and Hsy,,,. Then, the R-matrix Rj93: Hyx,,, —
Hs,,, can be expressed as an integral operator:

(83) (Ri23f)(a) = / da’ S123(a,d’) f(a').
RI
Here da’ := [],.; daj. Since Kg,,, (a}) = a; unless 123 contains the mutation

p; or an automorphism acting nontrivially on i, the kernel Sy23(a,a’) takes
the form

/
a, ai, ai a12

(84) Sias(a,a’) = S|az, a, az, ab, H §(a; —aj),

!/ .
az, as, as, a32 1€1\{12,22,32}

where S is a function of the indicated variables and § is the delta function.

In the lattice model, Rq23 resides at an intersection of three planes con-
stituting part of a lattice, as shown in Figure [6] Each vertex of ¥ and
Y912 corresponds to one quadrant of one of the three planes, separated from
the other quadrants by the intersections with the other two planes. To con-
struct a statistical lattice model, for each vertex i € I we place an R-valued
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spin variable a; or a} on the corresponding region, depending on whether
the vertex is from 3191 or o192, and identify a; = a] for i # 1a, 29, 3. Given
a configuration of the 12 spin variables thus prepared, we define the local
“energy”lﬂ E for that configuration by S = exp(—FE/kpT), where kp is the
Boltzmann constant and T is the temperature.

The tetrahedron equation translates to the equation

az, @z, ag, as, ai, a, ai, aj,
!/ / / / / / "
/4 day, day, dag, day, S|as, a3, a3, a3 |S|as, a3, a3, as,
R la4, a4, as, ay | |as, a1, ay, aj |
B / 7] PN / "7
ap, ai, ay, aj, ai, ay, a, aj,
xSlag, as, ah dy | S|ay, ay as, df
1 / 3 //2 //2 /3 //3
_a42 a/43 a44 a43_ _0/32 a33 CL34 a33_
ay, a1, a, a,| [a, a1, a,
= / day, day, dag, day, S |az, ag, az, ah | S|ay, az, az, af
R4 / /
_CL31 as, as, CL32_ _(141 a4, a4, a42_
B / " 17 r / 1 77
CL11 CL12 a13 a12 a/21 a22 CL23 a22
/ 2 / 12 "
(85) xSlaz, a3z, a3, a3 |S|a3, a3 a3 a3,
/ 2 !/ 2 "
_a42 a43 CL44 a43_ _CL41 a42 a43 a42_

This is the form of the tetrahedron equation appropriate for the local Boltz-
mann weight of a three-dimensional lattice model with spin variables placed
on the faces of the lattice [14] 21].

Remark 4.2. The Boltzmann weights for the lattice models corresponding
to the triangle and butterfly quivers can be determined in the same fash-
ion. The triangle quiver model has spin variables placed inside the regions
bounded by the planes making up the cubic lattice, and the butterfly quiver
model has spin variables in those regions as well as the edges of the lattice.
The tetrahedron equation for the former can be found in [14) 21].

The fact that the local Boltzmann weight solves the tetrahedron equation
is closely related to the integrability of the lattice model.

In Figure [0}, let us make the direction common to the first and second
planes periodic and replace the third plane with a stack of n parallel planes.
The resulting configuration of planes can be thought of as defining a local
Boltzmann weight W for a two-dimensional lattice model, which is obtained

'The quantity E is not real in the present case and cannot be interpreted as a
physical energy.
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from the three-dimensional lattice model by “dimensional reduction” on the
periodic direction. Schematically, we can write W as W = Tr(S"), where
each factor of S represents one of the n parallel planes. The tetrahedron
equation implies that W satisfies the Yang—Baxter equation.

For a solution of the Yang—Baxter equation to define a two-dimensional
integrable lattice model, it must also depend on a continuous parameter,
called a spectral parameter. A spectral parameter can be introduced to W
by “twisting” of the periodic boundary condition. Let

/
(86) Q2 = ay, —az,, Q12 1= a1, —ag,.

We can regard qior and ¢12 as “charges” assigned to the edges 12 and 12
of the lattice. As we will see shortly, these charges are conserved: the local
Boltzmann weight vanishes unless ¢12 = q12/. As a result, W(z) = Tr(z?25")
defines a solution of the Yang—Baxter equation with spectral parameter z.
The integrability of the corresponding two-dimensional lattice model implies
the integrability of the original three-dimensional lattice model.

Remark 4.3. A similar dimensional reduction for the solution of [2], 21]
was considered in [2], where it was shown that the resulting solution of
the Yang-Baxter equation is a trigonometric R-matrix associated with the
direct sum of symmetric tensor representations of sl,. In [26], this reduc-
tion was interpreted in string theory as a duality transformation to a brane
configuration studied in [0, [16].

31 15 13

121 21 1.212 32 95 23 Hxioy
11 22 33

/3123J ]Rws
3y 25 g 15

212 2 2Pa P2 Ha,
11 35

Figure 6: The braid move [S123: X121 — 2212 and the corresponding three-
dimensional lattice. The vertices i, and i, are identified for i =1, 2, 3 and
a=1,3.
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4.3. R-matrix for the square quiver

Let us calculate an explicit form of the function S for the square quiver. The
R-matrix

(87) Rigs = Kti( [1])K/(6[1})Kli( [2])Kﬁf”Kffff])KifigDK%fF])Kif§£4])Ka12,32
is independent of the choice of signs (€[1], €[2], €[3], €[4]) € {&}*, and different
choices lead to different expressions for Rio3. Let us take them to be the
tropical signs, which are all +. Then,

Rigy = ®"(7[1] - 2)@"(~[2] - 2)@"(v[3] - ) @"(v[4] - &)
M (y[1]- )T (4[2) - 2) @M (v[3] - 2) 'R (y[4] - 3)
(88) K (j)K,/u(zz)K;i(lg)K,/u(%)Kalwaz

The transformations of the tropical X-variables is listed in Table|ll Accord-
ing to the table we have

(89) ’7[1]'@2.@22, 7[2]'.f3:f22+i‘32, 7[3]'.f:§3‘12, ’)/[4]-@:@32.

Expressing the relation between Z[1] and Z[6] in the matrix form and tak-
ing the inverse transpose matrix, we find that KASQ )K;E;)K;fj; )K;L(;; 'K
maps

Q1y,35

! / /
(90) ay, = a1, — az, +az,, as, > az, +as, —as,, ag, — ay, — ay, +as, .
Thus we obtain

ay, a1, a1y ap, O (50 VDI (4 o VDR
Slaz, a2, a2, a'22 = Z2,) (%2, + ,) 12; E
1,)®

( (

; O (Tg,) DN (To, + &13,) DI
(all — a2, — a/12 + a23)5(a’23 a’2 + CL31)
( )-

z
T
as, as, as, a32

(91) ag, —ai, — as, + ai,

5. Cluster transformations and three-dimensional gauge
theories

Terashima and Yamazaki [24] observed that the sequence of quantum diloga-
rithms can be interpreted as the partition function of a three-dimensional



Cluster transformations, the tetrahedron equation and. .. 1093

l X11 [ﬂ X12 [t] xls [t] X21 [t] X22 [t] X23 [ﬂ X31 [t] X32 [t] x33 [t]
x11 x12 X13 X21 X22 x23 X31 X32 X33
X1, Xo, X1, X1y X, X3! Xog X3, X2, X3,  Xag

X1, Xa, x121 Xig  Xoy  Xzp  XoyXogXs, X3, x;%xg; X3q
Xi, X1, X2, X' Xiy Xop Xa, Xo,Xo,Xa,  Xi,Xs, X5, X3! X,
X1, X1, X, X' Xig  Xop X5, Xo,Xo,Xs, X1,X3,Xs, X3, X,
X1, X1, X, X3t Xig  Xoy X5, Xo,Xo,Xs, X1,X3,Xs, Xy, X,

S UL W N

Table 1: The transformation of the tropical X-variables under the cluster

29 39 1o 2o Q15,35
transformation X[1] a X[2] e Y[3] - Y[4] o X[5] ¥[6] from
the square quiver X[1] := X191 to X[6] := Yo1o.

N =2 supersymmetric gauge theory formulated on the squashed three-
sphere

(92) S§ = {(z1,22) € C? | blaa2 + b7z = 1},

where the squashing parameter b € R+ is related to the Planck constant h
as

(93) h=0b%.

In this section we rewrite the intertwiner K.: Hsy — Hs for a cluster
transformation c: ¥ — ¥/ as the partition function of a three-dimensional
N = 2 supersymmetric gauge theory on Sg’. This result shows that the R-
matrices obtained from trivial cluster transformations in section M can be
identified with Sg’ partition functions.

Let

(94) c: ¥ = 2[1] 2 w2) 22, s3] B L4 1] S S[L 4 2] = 3

be a decomposition of ¢ into L mutations and one automorphism. Following
[19], for each Hilbert space My, we introduce a set of position and momen-
tum operators (a;[t], p;[t])icr, a basis of position eigenstates {|a[t]) }4err and
a basis of momentum eigenstates {|p[t]) }err such that
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and

(97) (aftlpi) = 74, ()} )) = 5 0 (A1) 1) € P
The completeness relations read

(98) |, datilaleelel = | coltipit) ol = 1.

Inserting the completeness relations for the position eigenstates into the
expression K¢ = K, Ky, 1, -+ - Ky Ko, we can write the matrix elements
of K. as

(a[l][Kc[a[L +2])

(99) /(Hdat+ alt] K, |a[t+1]>>([ 1)K olall +2))

The last factor is a product of delta functions:

(100) (alL + 1)Kala[L +2]) = [] 6(ailL + 1] — ang) (L +2).
el

Let us calculate the remaining factors.
Using the completeness relations we can write

(a[t] Ky lalt + 11)
=/ plt]dalt)(alt)|®" (e[tldxy [tV |plt]) (p[t]| @™ (e[t]Zxpg (1))~ |alt))

x ()i, lalt +1])

/ apfeay &I 2262 pigt] — 3 er enpltlas ()
BN (e[t] (—2m202pypg t] + X e g eng; (11 1)
% 2mip[t]-(alt]-a[t]) H 8 (@ift] — as[t +1])
ieI\{k[t]}
(101 x o= lt) + D [~eltlew] ,@ilt) — awglt + 1)

Jel
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where we have chosen a sign €[t] € {£}. (Note that pyy) and >, expy;[tla;
commute.) Integrating over p;[t] for i # k[t] yields d(a;[t] — a;[t]). Then, in-
tegrating over alt] gives

1 (2mb(z[t] — €[t]ult])) “t
(alt] Ky lalt +1]) = — / dx[ﬂ(@(mmﬂ [t]u[t])))

(102) x 2] TT o §(aift] — alt + 1)
ieI\{k[t]}

where

(103)  z[t] :== —wbeltlpry ],
(104)  wlt] == 2%) S et
jel
(105)  wlt] := —675)] <ak[t] [t] + aplt + 1) =D [—eltleru;(t]] , a; [ﬂ) -

jel

The integration over z[t] can be performed with the formula [I0]

/ (ph( (:c—u)) 27riwzdx
r ®"(2mb(z + u))

(106) = sb<2u— §Q>sb<w+ %Q)sb<—2u—w+ %Q) .
Here

(107) Q=>b+b""

and

(108) sp(z) 1= e T/ 2ATR=QN /224G (97p2) Tl = g (—2) 7L

2This formula is valid for Im(—u +iQ/2) > 0 and Im(—2u) < Im(w) < 0. To sat-
isfy these conditions we can give a;[t] an imaginary part ieyp;[t]c[t] + id;d[t] with
some constants c[t], d[t]. In the corresponding three-dimensional gauge theory this
operation amounts to shifting the R-charges of the three kinds of chiral multiplets
to positive values that sum to 2.
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We obtain
(alt]| Ky lalt + 1))
1
= — (owy [t], owpg [t + 115 (0i[t]))ie n griy)
(109) < [T olailt] = ailt +11),
ieI\{k[t]}

with

_ailt]
(110) oilt] == —
and

Zy (o lt] owplt + 13; (0ilt)) e ngrey)

= s Eeunltontd - 50)

jel
X Sp <ak[t} [t] + oppglt + 1] — Z (et [t]]+aj [t] + ;Q>
jel
(111) X b <_0k[t] (1] = orglt + 1)+ D[y 8] o5l + ;Q> '
jel

This is independent of the choice of the sign €[t], as claimed before.

From this calculation we find that the matrix elements of K. are given
by

(a[1][Ke|a[L +2])

L
= /(H oyt + 1 Zp. (orm ), onlt + 1 (o4 ﬁ])z‘e[\{k[t]}))
t=1

(112) x [T0(alL + 1] = an@)[L +2]),

iel
where the variables are understood to satisfy the relation

(113) Gl =it +1], i#4Kk[t], t=1,2 ..., L.
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Let

L
(114) K = [ J{k[1]}
t=1
and write the product of delta functions in the above expression as

[ [6(aill +1] = aa@)[L +2))
el
(115)

= H 6(ak[L + 1] — aa(k)[L + 2]) H (5((1[[[1 + 1] — aa(l)[L + 2]) .
kEK leNK

For each k € K, let t; be the largest ¢ such that k = k[t]. The integration
over o[ty + 1] sets

(116) Uk[tk+1] :O'Q(k)[L+2], ke K.

By the relations (113]) and (116)), each variable a;[t] is now equal to either
ai[l], aq(i[L + 2] or one of the remaining integration variables. Finally, we
arrive at the expression

(a1]|KeclalL + 2])

= /< H doyg[s + 1]

€12 LN\Up e e {5}
L
< 1 Zuses (orit), onpn [t + 1); (o [ﬂ)ie[\{k[t]}))

t=1
(117) x (b)) T Slanll] = aaylL +2]) .
lel\K

The first line of the right-hand side of the matrix element (117]) coincides
with the integral formula for the partition function of a three-dimensional
N = 2 supersymmetric gauge theory on Sp [13]. This theory has

e abelian symmetry groups U(1),,1y,7 € I, ¢ € {1,2,..., L + 2}, with the
identification (113)) and (116, among which
UD) g, s+1) 8 € 11,2, L\ Ugex {tr )}, are gauged;

e a vector multiplet for each gauge group U(1),,  [s+1];
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e a background (i.e. nondynamical) vector multiplet for each global sym-
metry group U(1),,[ whose real scalar component is o;[t];

e achiral multiplet for each t € {1,2,..., L} with U(1),,y-charge gy, [t]
and R-charge 2;

e a chiral multiplet for each ¢ € {1,2,..., L} with U(1),,, [4-charge +1,

U(1) g, [t+1)-charge +1, U(1),,[g-charge —[eg;[t]]+ for j # k[t] and
R-charge 0;

e a chiral multiplet for each t € {1,2,..., L} with U(1),,, [4-charge —1,
U(l)akm[tﬂ]—charge —1, U(1)4,[4-charge [—5k[t]j[t]]+ for j # k[t] and

R-charge 0; and
e zero Chern—Simons levels and zero Fayet—Iliopoulos parameters.

The field content is almost that of an N' = 4 supersymmetric gauge theory
and is compatible with the cubic superpotential required for such a theory,
but the U(1),, g-charge assignment does not allow the fields to form N = 4
supermultiplets.

Acknowledgments. We are grateful to Hyun Kyu Kim and Mauricio
Romo for illuminating discussions and to Dylan Allegretti for helpful com-
ments.

Appendix A. Proof of Proposition

In this appendix we give a proof of Proposition For the ease of pre-
sentation we will employ different naming conventions for the vertices of
quivers.

The proof is based on calculations. For each of the triangle, square and
butterfly quivers assigned to ¥123121, we will decompose the cluster transfor-
mation into a sequence of mutations followed by automorphisms. Then,
for each step of the decomposition, we will list the tropical X-variables that
are transformed nontrivially and their relations to the initial tropical X-
variables (X;)icr. We will find that if X; is ever transformed, then the last
entry in which a variable X;[t] of any ¢ appears (emphasized in bold let-
ters) is always a relation X;[t] = X;. Therefore, the cluster transformation
acts on the tropical X-variables trivially, and Proposition follows from
Theorem 2.3
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A.1. Triangle quiver

There are 10 connected vertices in the triangle quivers assigned to reduced
words for the longest element of Sy. For the triangle quivers assigned to
123121, we label the vertices as

[9] >[10

. 6 \G\/?

(A1) ;\\\@/%&\y/<?
"\

The cluster transformation ((78)) has a decomposition

S R B R
B3 © B124 © Bi3s © Baza © B123 © B124 © S134 © B2z

(A.2) = 4,70 (3,7 O [17 O [14 O [13 O [47 O [14 O [13 O 17 O [14 .

Under this sequence of mutations and automorphisms the tropical X-variables
transform as follows:

Hq: X4[2] = 1/X4 M3 X3[7] = X3X4
X5[2] = XaXs Xs5[7] = Xs
X7[2] = X4X7 X7[7] = 1/Xs

1% X4[3] = X7 Hq: X4[8] = X7
X7[3] = 1/X4X7 Xs[8] = Xsg
Xo[3] = X4X7Xg Xo[8] = Xo

M3 X3[4] = 1/X3 1% Xg[g] = X4
X5[4] = X3X4Xs5 Xg[9] = X¢
Xe[4] = X3Xg X7[9] = X3

Hq: X4[5] = 1/X7 Qa3 7. X3[10] = X3
Xq7[5] = 1/X4 X7[11] = X4
Xg[5] = X7X

8[ ] T8 Qg7 X4[11] = X4

1% X3[6] = 1/X3X4 X7[11] = X7
X7[6] = X4
Xo[6] = X7Xg
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A.2. Square quiver

We label the 16 connected vertices of the square quiver assigned to the
reduced word 123121 for the longest element of S; as

6 m
/

‘7@
(A.3) ~
TS %%?

O<——

=
[

Under the cluster transformation

Bios © Bia © Bish © Baza © Bras © Bi2a o Pisa o Pasa
= (1,9 0 Qg7 0 (13,13 © (¥2,12 O [412 O [g © [7 © 412 O g O (43 O 2 O [ig
O 413 O g © e O (413 © fb7 O [2 O [412 O fb7 O g O 1413 O (43 O fig
(A4) O,MQO,MGONSON2OH7OH12OM13OM7OM3OM80M90M3

the tropical X'-variables transform as

M3 XQ[Q] = X2X3 H13: X [7] = X7X8X13
Xg[Q] = 1/X3 X7[7] X8X9X13
X9[2] = X3X9 X13[7] = 1/X7X8X9X13
po: X3[3] = Xg pa2: Xg[8] = XeX7X12
Xg 3] = 1/X3X9 X12[8] = 1/X12
X10[3] = X3X9X19 X15[8] = X12X15
MUK X2[4] = X2X3X8 o X [ ] 1/X8X9X13
Xs[d] = 1/Xg X13[9] = 1/X7
X13[4] = XsXi3 X15[9] = XsXoX12X13X15
M3 X3[5] = 1/X9 Mo Xl[l()] = X1X2X3X8
Xg[5] = 1/X3 X2[10] = 1/X5X3Xsg
X13[5] = X8X9X13 Xg[lO] = X2X3
o X6[6] = X6X7 MUK Xg[ll] = 1/X8
X7[6] = 1/X7 Xg[11] = 1/X5X3
X13[6] X7X8X9X13 XQ[ll] = Xg
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M2t

Mot

w3t

H13:

M9t

wr:

Hi12:

2t

ur:

H13:

Cluster transformations, the tetrahedron equation and. ..

X1[12] = X1X2X3X6X7X8X12
X6[12] = 1/X6X7X12
X12[12] = X6X7

Xa[13] = Xs
X6[13] = 1/X6X7X8X12
X13[13] = 1/X7X8

X3[14] = XoX7XgX13 H13:
Xs[14] = 1/

Xo[14] = 1/Xs

X3[15] = 1/XaX7XgX13 Hy:
X9[15] = X7XgX13

X14[15] = XoX7XsX13X14

X2[16] = 1/X7 o
Xg[lﬁ] = Xi3

X13[16] = X7Xg

X3[17] = 1/X2X7X8 M3
X7[17] = 1/XsXo

Xo[17] = 1/X13

X2[18] = 1/X7X8X9 M9t
X7[18] = XgXg

X15[18] = X12X13X15

X7[19] = XgX7XgXg H19:

X11 [19] = X6X7X11

X12[19] = 1/X6X7
X2[20] = X7XsXg 7
X7[20] = Xg
X13[20] = 1/Xg
Xg[21] = 1/X7XgX12 16
X7[21] =1/X¢
Xi12[21] = 1/X7
X2[22] = X7Xg 12
Xg[22] = 1/X3Xg
X13[22] = Xg
a2, 12:

He:

st

1101

X1[23] = X1 X2X5Xg
X2[23] = 1/X12

X6 [23] = X7X8X12
Xs[24] = X3Xg

X1[25] = X1 XoXg
Xs[25] = Xo

X13[25] = X3

X3[26] = 1/X2X7X8X13
Xo [26] = Xi3

X15[26] = X12X15

Xs [27] = X9

X6[27] = X7 Xs

X15 [27] = X15

X3 [28] = X9 X7 XgX13
Xo[28] = 1/XoX7Xs
X14[28] = X14

X3 [29] = X13
X6[29] = 1/Xs
Xo[29] = XoX7Xs
Xs[30] = 1/XoX7
X11[30] = X6X11
X12[30] = X7
X1[31] = X1 Xo
X7[31] = Xg
X11[31] = X11
X6[32] = XoX7
Xo[32] = Xg
X12[32] = 1/Xs
X1[33] = X4
Xs[33] = X7
X12[33] = Xy
X2[34] = X,

X12[34] = X12
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«3,13: X3[35] = X3 Qg 9: X3[37] = Xg
X13 [35] = X13 X9[37] = Xg
Qg 7: X6[36] = X6
X7[36] = X7

A.3. Butterfly quiver

For the butterfly quiver assigned to 123121, we label the vertices as

Under the cluster transformation

Bias © Bion © Biay © Bazy © Bi23 0 124 0 Bisa © Pasa
= (7,12 0 (5150046 © (X310 © e © 10 © 15 © H3 O 411 © H15 O W7 O U5
O 4 O [ O 412 O [411 © 43 O H10 © M6 © 15 © f5 O (7 O [ O (12
(A.6) O {11 © e © 43 O 4 O 415 O U5 O U10 © 11 © 12 © W7 © 5 © e

the tropical X-variables transform as

He: X5[2] = X5Xg H11: X5 6] = X11

X6[2] = 1/X¢ X10[6] = X5X6X10X11

X7[2] = X6X7 X11[6] = 1/X5X6X11
ps: Xs[3] = 1/X5Xg p1o: X1o[7] = 1/X5X6X10X11

Xs[3] = X5 X11[7] = X0

X11[3] = X5X6X11 X14[7] = X5X6X10X11X14
pr: Xg[4] = X5XeX7 ps: Xs[8] = 1/X11

X7[4] = 1/XeX7 X11[8] = X10X11

X13[4] = X6X7X13 X16[8] = X11X12X16
piz: Xe[b] = X5XeX7X12 pis: X11[9] = X10X11X15

X12[5] = 1/X12 X15[9] = 1/X15

X16[5] = X12X16 X17[9] - X15X17



4t

w3t

He:

Hi1:

H12:

He:

wr:

st

M15:

He:

H10:

Cluster transformations, the tetrahedron equation and. ..

X3[10] = X3X4 M3
X4[10] = 1/X4

X6[10] Xy X5 XeX7X12

X3[11] 1/X3X4 M1
X4[11] = X3

Xo[11] = X3X4Xg

X4[12] = XaXaX5X6XrX12 .
X6[12] = 1/X4X5X6X7X12

X12[12] = XyX5XgX7

X4[13] = X3X4X5XeX7X10X11X12X116°
X11[13] = 1/X10X11X15

X15[13] = Xq10X11

X6[14] = 1/X12 Jao
X7[14] = XaXs

X12[14] = 1/X4X5X6X7

X5[15] = 1/X11X12 M5t
X6[15] = X9

X11[15] = 1/X10X11X12X15

X7[16] = 1/X4X5 7

X12[16] = 1/X6X7
X16[16] = X4X5X11X12X16

X5[17] = X11X12

Xo[17] = 1/X1,

X7[17] = 1/X4X5X11 X412
]

X6[18 = X10
X10[18] = 1/X5X¢
X15[18] = 1/X10X11

Xs[19] = 1/Xq0
X11[19] = 1/X11X12X15
Xi5[19] = 1/X11

X3[20] = 1/XsX4X5Xs
X10[20] = X5X¢
X14[20] = X10X11X14

H15:

i1 X

u3:

H15:

1103
X3[21] = X5X4X5Xg
Xe [21] = 1/X3X4X5X6X10
X10[21] = 1/X3X4
X4 [22] = X3 Xy X5XgX7X10
X5[22] = 1/X15
X11[22] = X11X12X15
X4 [23] = X3X4X5X10
X12[23] = XgX7
X13[23] = Xi3
X3[24] = 1/X10
Xa[24] = 1/X
Xe [24] = X3X4X5XsX10
X4[25] = X
Xe [25] X3 X4 X5X10
X12[25] = X7
X5 [26] = Xi5
X11[26] = X11X12
X17[26] = Xi7
X7[27] = Xy X5X11X12

X11[27] = 1/X4X5
X16[27] = X16

X11[2 ] = 1/X4X5X11

X14[28] = X10X14
X15[28] = Xi1

7[29] = X2
X11[29] = X4 X5X11
X15[29] = 1/X4X5
X3[30] = Xio
Xs[30] = X5X4Xs
X14[30] = X14
Xs[31] = Xs
X11[31] = X11
X15[31] = X4 X5
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H10:

He:

310"

1]

[9]
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X6[32] = 1/X4 Q4 6: X4[35] == X4
Xg[32] = Xg X6[35] = X¢
X10[32] = X3X

10[3 ] 3/ 045’15: X5[36] = X5
X6[33] = X4 X15 [36] - X15
X =X
xm% % ariz: X7[37] = Xg

15 5 X12[37] = Xi2
X3[34] = X3
X10 [34] = X10
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