ADV. THEOR. MATH. PHYS.
Volume 27, Number 3, 12231274} 2023

On the construction of fuzzy spaces and
modules over shift algebras

JOAKIM ARNLIND AND ANDREAS SYKORA

We introduce shift algebras as certain crossed product algebras
based on general function spaces and study properties, as well as
the classification, of a particular class of modules depending on a
set of matrix parameters. It turns out that the structure of these
modules depends in a crucial way on the properties of the func-
tion spaces. Moreover, for a class of subalgebras related to compact
manifolds, we provide a construction procedure for the correspond-
ing fuzzy spaces, i.e. sequences of finite dimensional modules of in-
creasing dimension as the deformation parameter tends to zero, as
well as infinite dimensional modules related to fuzzy non-compact

spaces.
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1. Introduction

Over the past decades, noncommutative geometry has emerged as a crucial
ingredient for physical theories describing the unification of quantum me-
chanics and general relativity. At small length scales, or high energies, there
are good reasons to believe that space itself becomes noncommutative (see
e.g. [12]). For instance, through the framework of spectral triples ([10]) the
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standard model of particles has been formulated in terms of noncommutative
geometry as the Spectral Standard Model [9)].

In parallel, the theory of “Fuzzy spaces” grew out of the quantization
of Membrane theory: a theory of quantum gravity built on the idea of de-
scribing fundamental particles as two dimensional surfaces, rather than one
dimensional objects as in String theory. To quantize the theory, one uses a
regularization procedure where functions are replaced by sequences of ma-
trices (of increasing dimension), enabling a straight-forward quantization
(cf. [16]).

Parallel to this, in string theory the so-called IKKT matrix model emerg-
ed, which can be derived via a matrix regularization of the worldsheet action
functional [I7] or can be seen as a compactification of ten-dimensional super
Yang-Mills theory to a point. Motivated by the IKKT model and other
matrix models, more complicated fuzzy spaces, also in higher dimensions,
were studied and used as physical models, such as emergent gravity ([L1], 19}
21423, 26]).

Hence, it becomes important to understand the geometry of such ma-
trix regularizations, as well as finding explicit examples. Although there
are general existence results (see e.g. [§]), showing that one may find ma-
trix regularizations for arbitrary (quantizable) compact Kéhler manifolds, it
does not provide a deeper understanding on how geometrical and topologi-
cal properties of the manifold are reflected in the regularization. Moreover,
for a long time, the fuzzy sphere and the fuzzy torus were more or less the
only known explicit examples. In [I], a one parameter class of surfaces was
considered, interpolating between spheres and tori (including the singular
point of topology change). For the first time, this allowed for the explicit
study of how geometrical deformation and topology change affect the ma-
trix regularization. It turned out the topology change implied a drop in the
dimension of the matrix representation. By now there are many more exam-
ples of fuzzy spaces, as well as a broader understanding of their geometry
(see e.g. [3, [l 6], 20, 211, 23] 25].

In many cases, matrix regularizations arise as finite dimensional repre-
sentations of a (noncommutative) algebra representing the noncommutative
space. For instance, this is the case in [1], where representations of an algebra
defined by cubic relations in the generators were considered. Fuzzy spaces
with a dimension higher than two can be constructed from representations
of finite dimensional Lie algebras, which are interpreted as fuzzy homoge-
neous spaces. For example, a fuzzy 4-hyperboloid is considered in [22] and a
”squashed” fuzzy hyperboloid is interpreted as space time in [24]. One of the
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main motivations for this paper is to provide a simple way of constructing
representations of fuzzy spaces with a dimension higher than two.

In this paper, we study a class of shift algebras defined as twisted crossed
product algebras via the action of Z” on a function algebra F consisting of
complex valued functions on RP. If F is chosen to be the algebra of contin-
uous functions, then one recovers a crossed product algebra related to the
noncommutative cylinder (cf. [27]) along with a particular choice of cocycle,
in analogy with the algebra constructed in [5]. However, for other choices
of F, one obtains fundamentally different algebras such as the noncommu-
tative torus, when F is chosen to be the algebra of constant functions. In
particular, we are interested in classes of modules over shift algebras and a
construction giving rise to fuzzy spaces; i.e. sequences of finite dimensional
modules of increasing dimension as the deformation parameter A tends to
Z€ro.

The paper is organized as follows: In Section [2| we define shift algebras
and present a few results on isomorphisms for different choices of parame-
ters. Section [3|introduces a class of modules, depending on a set of (matrix)
parameters, generalizing the construction in [5], and studies isomorphism
classes with respect to different choices of parameters. Moreover, for a sub-
class of modules, we classify all simple modules in the case when the function
algebra separates points. In Section [4] we study modules over a general class
of subalgebras and present a construction procedure to generate fuzzy spaces
related to compact manifolds as well as non-compact manifolds.

In Section {4.1] we consider one-dimensional shift subalgebras and moti-
vate that these algebras relate to two-dimensional fuzzy spaces. We explic-
itly show that the fuzzy sphere, a fuzzy catenoid and the fuzzy plane can
be reproduced with one-dimensional shift subalgebras. Section provides
examples illustrating the construction of fuzzy spaces with higher dimen-
sional shift subalgebras. In particular, we construct shift subalgebras which
can be interpreted as compact and non-compact four-dimensional level sets
immersed into R,

Section [5| is devoted to higher dimensional shift subalgebras related to
Lie algebras. We show that any Lie algebra with a finite dimensional repre-
sentation can be used to define elements in a shift subalgebra satisfying the
commutation relations of the Lie algebra. The corresponding modules can
be interpreted as fuzzy homogeneous spaces.
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2. Shift algebras

Let us recall some basic facts about crossed product algebras. Thus, let A
be a x-algebra and let G be a discrete group (of either finite or countably
infinite cardinality). Given a group action « : G — Aut(A), one can form
the crossed product algebra A x, G. Moreover, given a normalized 2-cocyle
w: G x G — U(1), satisfying

(1) Wg hWghk = Wg,hkWhk  Wge = Weg =1

for g, h,k € G, one can form the twisted crossed product algebra A x, ., G.
As a vector space, the twisted crossed product algebra A x,,, G is defined
as the set of functions G — A with compact support. When the group is dis-
crete, one may identify this set with the group ring A[G] and every element
a € A xq, G is written as a formal (finite) linear combination

2) 0= agg
geG
with a4 € A. Multiplication is then defined by
(3) a-b= (Z agg> : (Z bhh) = Z agay(by)wg ngh
geG heG g,heG
which may be written as

a-b= Z [Z apay, (bhlg)wh,hlg:| g

geG L hea

= Z Z Agh-10gh-1 (bh)wghl,h:| g.

geG - heG

Furthermore, the algebra A x, ., G' has an involution defined by
a* = (Z agg) = Z(wgfl,g)_lag(a;_l)g.
geG geG

In the following, we will be interested in twisted crossed product algebras
where A is a subalgebra F of the x-algebra F(RP C) of complex valued
functions on R?, and the group G is chosen to be Z”. For f € F(RP,C)
and h > 0, define Sy : F(RP,C) — F(RP,C) as

(Shka)(ul,... ,U,D) = f(ul,...,uk —i—h,. . .,uD),
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and, for A € R, set

(T)\f)(ul, e ,’U,D) = f(/\ul, - .,)\uD) .

The operators S, ;, allow one to define a group action
Sp 1 ZP — Aut(F(RP,C)) as

(Sh(k)f) (U1, s ,’UD) = (S’gjlslgz ce S;I;Dl)f) (Ul, e ,'U,D)
= f(u1 + kih,ug + koh, ..., up + kph)
for k = (ky1,...,kp) € ZP, and it is easy to check that Sy(k) is a *-autom-
orphism fulfilling Sp,(k)Sx (1) = Sk(k +1) for k,1 € ZP. For notational con-

venience we will write S¥ = S,(k). Let us now introduce a 2-cocycle on Z>.
For k = (k1,...,kp),l = (I1,...,lp) € ZP set

m—1

D
(4) N(k’l) = Z Z kmln,

m=2 n=1

with the convention that N(k,l) = 0 for D = 1, and for arbitrary g € C with
lg| = 1 define

wik, 1) = ¢V
Since N (k, 1) is linear in both arguments, it follows immediately that w fulfills
the 2-cocycle condition . For later convenience, we extend the definition

of N to RP x RP using for k,1 € RP.

Definition 2.1. A #-subalgebra F C F(R?, C) is called h-invariant if S f€
F forall k € ZP and f € F.

In the following definition, we introduce type of algebras that will be
studied throughout the paper.

Definition 2.2. Let h > 0, ¢ € C with |¢| = 1, and let F be a h-invariant
-subalgebra of F'(R”,C). The shift algebra A,?’q(]:) is defined as

AR (F) = F x5,,Z".

Note that when the function space JF consists of continuous functions,
the construction above is similar to that of the noncommutative cylinders
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found in [27] and [5]. However, due to the freedom in choosing the func-

tion algebra JF, Definition also contains compact manifolds, such as the

noncommutative torus (when F is the algebra of constant functions).
Following the notation in , we write a generic element f € Ag’ q(}" ) as

f= Z fk;Uk = Z fkl...kDUll '-'UE)D

kezZP (k1,....kp)ezP

with Uy, ...,Up being (multiplicative) generators of Z”. To simplify the
notation, we shall often omit the explicit summation symbol and assume
that any repeated index is implicitly summed over unless otherwise stated.
The algebra product is given as

(S a0t )(Sav)= 5 @ s(stat

kezP lezp k,l€zP
N(kn—k k
=> N f(SE g k) U
k,nezpP

Note that in the case when u; € F (for i = 1,2,..., D) the above product is
induced by the relations

U;U; = qU;U;  (for j > i) Uiuj = u;U;  (for i # j)
UiUj = UjUs; Uju; = (ul + h)Ul
for i,7 =1,2,..., D, perhaps providing a more intuitive understanding of

the product and the terminology shift algebra. The involution is computed
as

(5) ( > kak)* =Y NER(SEF)U",
kezp kezp

where the bar denotes complex conjugation, implying that U = U;l and

f* = f. Moreover, for convenience, we introduce u = (ug,...,up) and for
f € F(RP,C) we write f(u) = f(uy,...,up).

The shift algebra Ag p (F) depends on a choice of the parameters /i and q.
In the following we show that if the function algebra F has certain properties,
then the shift algebras for different choices of parameters are isomorphic.
First, let us show that if F is scale invariant then the value of & is irrelevant.

Proposition 2.3. Let A} (F) and Af (F) be shift algebras. If Tyf € F
for all f € F and X\ € R then Aqu(}") o~ A%q(}").
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Proof. The algebras .AD and .AD g consist of the same underlying vector
space, however with two dlfferent products which we denote by -5, and -p,.
Next, let us define a map ¢ : AP g AP hy.q DY setting

o( Y HUT) = 3 (T fi)U*,
kezZP kezP

which is clearly linear and invertible (and well-defined since Ty, /5, fr. € F
by assumption), with

(X AU = Y (T U
kezb kezbP

Now, let us prove that ¢ is an algebra homomorphism. First, compute (im-
plicitly assuming summation over k and 1)

O(feUF 1, qU') = o(¢V*D f.(SF g)UFH)
= qN(k’l) (Thl/hz fr) (Thl/hz Slgl gl) Uttt

Next, compute

¢(kak) “ho (b(glU ) (Thl/thk)U “ho (Tﬁl/ﬁzgl)
= ¢V R Thl/hsz (SEZThl/hzgl)U i
= d)(kak "Ry glUl) )
by using that S’,.;Thl Jhe = Thy /ng Slgl. Furthermore, in a similar way, one can

check that ¢ is a x-algebra homomorphism, showing that ¢ is indeed a *-
algebra isomorphism. O

Similarly, one can show that if 7 contains complex exponential functions,
then the shift algebras are isomorphic for all values of q.

Proposition 2.4. Let Ay 4(F) be a shift algebra such that e f € F for
all f € F and X € RP. Then AP (F) ~ AP, (F).

Proof. For ¢ = " (with 7 € R) define ¢, : .Ah — .Ah 1 as
¢q(kak) _ fkeiTN(u,k)Uk

Note that ¢q(f) € .A%Zl since, by assumption, e f;, € F for A € RP. Fur-
thermore, ¢, is clearly invertible. Let us now show that ¢, is an algebra
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homomorphism. To this end, we denote the products in Ag q and A{g 1 by -4
and -1, respectively.

b (FU" -4 aU') = g (¢V*D fr(SEg U
_ qN(k,l) eiTN(u’k+l)fk(Slggl)Uk+l

¢q(kak) q d)(glUl) _ fkeiTN(u,k) (Slggl)eiTN(u+kh’l)Uk+l

_ eihTN(k,l) eiTN(u,k—H) fk: (Slggl)UkH

bq(fU* g aU") .

Now, let us show that ¢, is also a *-homomorphism, denoting the involutions
by *, and 1, respectively:

60 (UF)) = 6 (NP SE(F_)U*)
— VR TN E) gk (7
G (fUF) = (fre™N@RITkYt = G )TNtk k) gk
— eiFLTN(k,k) ei‘rN(u,k) S}];:(f_k)Uk

= (;Sq((kak)*q) 9
and we conclude that ¢, is a *-algebra isomorphism. ([l

A particular example for which the above result does not apply is when F
is chosen to be the x-subalgebra of F(RP, C) consisting of constant functions.
For D = 2 one then recovers the algebra of the noncommutative torus, for
which it is well-known that there is a family of pairwise non-isomorphic
algebras for different choices of q.

3. Modules over shift algebras

Let us now introduce a class of left .Ag o(F)-modules. These modules provide
a generalization of the modules constructed in [5] for the noncommutative
cylinder, and there are several novel results which may be applied to that
case as well. As vector spaces, these modules consist of subspaces of F' (]RD X
7P, C) (the space of complex valued functions on R” x ZP”). However, one
needs a few assumptions on & which we present in the following definition.

Definition 3.1. Let F be a *-subalgebra of F(R”,C). A subspace S C
F(RP x ZP C) is called F-invariant if £ (z, k) € S implies that f(x)¢(w, k) €
S, &(x+\k+r) €S, and e ¢(x, k) € Sforall A € RP,r € ZP and fe F.
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Depending on the context (and the choice of F), one can for instance let
S be the space of continuous functions, or simply let S = F(RP x ZP,C). In
the next result, a class of left Ag q(]-" )-modules is introduced, parametrized
by a set of real and integer matrices.

Proposition 3.2. Let qu(}') be a shift algebra and let S C F(RP x ZP)
be a F-invariant subspace. If Ao, A1, E € Matp(R), R € Matp(Z) and 6 €

D such that AgE + AR =1, then S is a left qu(}')-module with the
module structure defined by

(&) (z, k) Zq &(,k,9), fn(®(2, k,0)R)E(x + En, k + Rn)

nezpP
for f = fU* € qu(}'), £eS and ®(x,k,d0) = Nox + Ak + 0.

Proof. The action is clearly linear, and it remains to show that

(U™ - gmU™)E) (@, k) = (fuU" (gmU™E)) (@, k) -
One computes

((faU" - gmUm) )(z, k)
= ("™ fu(SEgm)U™T™)E) (2, k)
= ¢Vt )qN( (BRI £ (D(, k, 5)) (ST gim)
x (®(z,k,6)h) x &(xz + E(n+m),k+ R(n +m))
:qN(n,m)qN( (z,k,0), n+m)f ( (CE k 5)h)
X gm (®(z, k,8)h +nh) x {(z + E(n+m),k+ R(n+m)) .

Next, one computes

(fﬁ(]n(gnlLﬂng))(xak)
= V@@ £ (@ (2, K, 6)h) ((9mU™)€)(x + En, k + Rn)
_ N @@EDN) (D, b, §)h)gN (@HEnk+Rn0) m)
X gm (®(z + En, k 4+ Rn,8)h)é(z + E(n+m),k + R(n+m))
— N ) N(@(@k,0)m) N @@k m) f (& (7. k. 5)h)
X gm (@ (2, k,6)h + nh)&(z + E(n+m), k + R(n+m))
= ((fnUn : gmUm)g) (z,k)

by using that ®(z + En,k + Rn,d) = ®(x,k,d) + n, since A\gE + AiR = 1.
Il
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A left AE’ o(F)-module defined as in Proposition will be denoted by
Sg(Ao, E, A1, R), or simply by Sg (tacitly assuming a choice of Ag, E/, A1, R).
Note that for Ay = R =0 and AgE = 1, one effectively obtains a represen-
tation acting on (a subalgebra of) F(RP,C) as

(6) (f&) (@) = Y gVt ((Aox + 8)h)E(x + En).

nezpb

Consequently, if F has the property that e*“f € F for all f € F and
A € RP, then one may choose (with a slight abuse of notation) S = F to
obtain a representation of Ag q (F). Note that, in this case, Proposition
implies that A,?’q(]:) ~ Agl(f). Similarly, for Ag=F =0 and A;R =1,
one obtains a representation on F(Z”,C) given by

(7) (fE) (k) = > gV MHFEM £ (Ayk + 6)R)E(k + Rn) .

nezr

In particular, for Ay = R = 1 one obtains

(8) (FO) (k) = > gNFHO™) £ ((k + 6)R)E(k +n) .

nezl

A qu(}")—module of the form SY(Ag, F, A1, R) is defined by matrices
Ao, A1, E € Matp(R) and R € Matp(Z) together with 6 € R”. In the follow-
ing, we try to understand how these parameters affect the isomorphism class
of the module. The first result in this direction provides an isomorphism be-
tween modules of the type SQ(AO, E, A1, R) for different § € R”. Note that,
in the following, when comparing modules of the form Sg(AO, E, A1, R) for
different choices of parameters, we will (unless otherwise stated) assume that
the underlying F-invariant subspace S is the same.

Proposition 3.3. If6,6' € RP and R € Matp(Z), such that R(§ — §')eZP,
then Sg(Ao, E, Al, R) >~ SEI(AQ, E, Al, R)

Proof. Define ¢ : SJ(Ag, B, A1, R) — S (Ao, B, A1, R) as
P(&)(x, k) = &(x + E(8 = 8),k + R(Y' —9))

for ¢ € S, which is well-defined since R(¢’ — &) € ZP. Then ¢ is clearly an
invertible linear map, and it remains to prove that it is a homomorphism.
Thus, one computes

(b((fnUn)é-) (l', k) — qN(CP(QH*E((S'f(S),k‘+R(5'7(5),6),n)
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X fu(®(z + B8 — 6),k + R(8' — 4),8)h)
x §(w+ E(n+06" —06),k+ R(n+0 - 9))
= N@E@EIN) £ (D (3, k, 8')h)
xE(z+ E(n+8 —0),k+ R(n+5 ~0))
= ((faU™)$()) (2, k) ,

by using that

b(z+ E( —6),k+ R(6 —9),9)
= Aoz + Mk + (A()E + A1R)(5/ - 5) +4
=Apx+Mk+8 —5+6=(x,k, )

since AgFF + A1R = 1.
We conclude that Sg(AO,E,Al,R) ~ Sg' (Ao, E, A1, R). O

In particular, if 6 — &' € Z” then Proposition implies that
S3(Ao, E, A1, R) ~ 8 (Ao, E, A1, R)
for any choice of Ay, E, A1, R such that AgF + A1 R = 1. Hence, up to mod-
ule isomorphism, one only needs to consider § € [0,1)”. Moreover, Proposi-
tion also implies that
Si(Ao, B, A1,0) = Sy (Ao, E, Ay, 0)
for arbitrary d,0 € RP. Having considered module isomorphisms related to

d, let us now focus on the matrices defining Sg(Ao, E, A1, R), and derive a
sufficient condition for isomorphic modules.

Lemma 3.4. Let Sj(Ao, E, A1, R) and Si(Ao, E, Ay, R) be left AP (F)-
modules. If there exist A € GLp(R) and B € GLp(Z) such that

(9) AoA = /~\0 AE =FE
(10) AMB=A, BR=R,

then AoE == 1~\0E~, AlR = [~\1R and Sg(Ao,E,Al, R) >~ Sg(Ao,E,Al, R) .

Proof. To distinguish the two different module structures on S, let us de-
note the action of f € qu(}") as p(f)¢ and p(f)¢ on Sp(Ag, E, A1, R) and
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Sg(/:\o,l?,/:\h{%), respectively. Define a linear map ¢ : S)(Ag, E, A1, R) —
Sg,(A()v E7 A17 R) by

¢(§)(z, k) = {(Az, Bk)

for £ € S; since A € GLp(R) and B € GLp(Z), ¢ is invertible. Let us show
that @ and imply that ¢ is a left module homomorphism. First, writing

®(z,k,0) = Aoz + Mk +6 and ®(x,k,0) = Aoz + Ak +6
for f = f,U™ € qu(}"), one notes that
®(Az, Bk, ) = AgAz + A1 Bk + 6 = Aoz 4+ Ak + 6 = ®(z, k, 0)
by using @D and . To show that ¢ is a homomorphism, one computes
o(p(f)E)(a, k) = ¢V P ATBEIM) £ (&( Az, Bk, 6)h)€(Ax + En, Bk + Rn)
= N@@kI)N) ¢ (& (z, k, 5)h)E(Az + AEn, Bk + BRn)
and

(B())$(&)) (w, k) = VPR £ (& (2, k, §)h)(Ax — AEn, Bk — BRn)
= o(p(f)E)(z, k),

by again using @D and (| . Hence, ¢ is a module isomorphism. Moreover,
multiplying AE = FE from the left by A¢ and using that AgA = Ay gives
AoE = AyE. Similarly, (10 implies that AR = AR. ([

Let us now use the above result to show that under certain regularity
conditions of the parameters defining the module, a sufficient condition for
S{ (Ao, E, A1, R) and 82(/10, E, A1, R) to be isomorphic, is that AgE = AgE
(or, equivalently, A1 R = /~X1R). More precisely, we start by introducing the
following compatibility conditions.

Definition 3.5. Let Ag,A;, F € Matp(R) and R € Matp(Z). The tuple
(Ao, E, A1, R) is called regular if Ay or E is invertible and R € GLp(Z).
Moreover, two tuples (Mj, My, M3, My) and (Ml,MQ,Mg,M4) are called
compatible if

M; invertible < ]\Zfi invertible

fori=1,2,3,4.
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Proposition 3.6. Let S)(Ag, E, A1, R) and S3(Ag, E, Ay, R) be left qu(}')
-modules such that (Ao, E, A1, R) and (Ao, E, Ay, R) are reqular and compat-
ible. If AgE = AgE then

Sp(Ao, B, A1, R) ~ Sp(Ao, E, A1, R).

Proof. Assume that (Ao, E, A1, R) and (Ao, E, A1, R) are regular and com-
patible. If Ao, Ao are invertible then one sets A = Ay Ag, and if E,F are
compatible then one sets A = FE~!. Since AgE = AOE these choices of A
satisfy @D in Lemma Note that, since AgE + AR =AoE+ AMR=1
and AgF = AgE, it follows that AyR = A;R. Since R, R are invertible, one
can set B = RR™!, which is seen to satisfy (10| . by using that Ay R = AR.
Lemma 4| then 1mphes that S2(Ag, B, A1, R) ~ SJ (Ao, E, A1, R). O

Recall that in the cases where Ag = F = 0 or A = R = 0 one effectively
obtains representations on functions on R” and ZP, respectively (cf. equa-
tions @ and ) Let us now examine these two cases in detail. The next
results implies that for Ay = R = 0, there is only one equivalence class of
isomorphic modules.

Proposition 3.7. Let S)(Ag, F,0,0) and S) (Ao, E,0,0) be left AP o(F)-
modules defined as in Proposztwn. Then S (Ag, E,0,0) ~ S (AO,E 0,0).

Proof. 1t follows directly from Proposition that
Sg/ (]\0, E~, 0, O) >~ 82(]\0, E, 0, 0)

(since R = 0). Next, let us show that SE(AO,E 0,0) ~ S)(Ag, E,0,0). Since
AoE + AR =AoE =1 and A()E + AlR AQE =1, it follows that Ag, A()
are invertible. Setting A = Ay 'Ap and B = 1 one can use Lemmam to con-
clude that Sg(Ao, E,0,0) and Sg(f&o, E,0, 0) are isomorphic which, together
with the previous argument, implies that Sg(AO, E,0,0) ~ SY (Ao, E,0,0).

O

Thus, for these modules one may always choose Ag = E =1 and § = 0,

giving

(11) = > VO fu(xh)é(w + nh)

nezpb

Let us now consider modules of the form Sg(0,0,Al, R). We note that
specifying such a module amounts to choosing § € RP and a matrix R €
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Matp(Z) with det R # 0, giving the module S9(0,0, R™!, R) (clearly satis-
fying A;R = R~'R = 1). Moreover, as previously discussed, in the case when
Ag = E = 0 one may consider S to be a subset of complex valued functions
on ZP and in the following, we will consider the case when S consists of all
compactly supported such functions. To emphasize this particular setup, we
introduce the notation

Si(R,0) = Sp(0,0,R™R).

Furthermore, we let Matp(Z) C Matp(Z) denote the set of integer (D x
D)-matrices with nonzero determinant. Note that a basis for (compactly
supported) complex valued functions on Z” is given by {|k)}rezr defined

as
lifk=n
‘k>(n)_{01fk7én

giving for f = f,U"

(12)  fle)y= > NEE g (R —n+ 6)h) |k — Rn) .

nezpP

Let us begin by deriving sufficient conditions for isomorphisms of the
modules Sy (R, J).

Proposition 3.8. Let R, R € Matp(Z) and 6,6 € RP. If
RRYe GLp(Z) and R(5—96) ez
then Sp(R,0) ~ Sp(R,9).

Proof. Under the assumption that Rﬁ_l € GLp(Z), it follows directly from
Lemma with A =1 and B = RR™', that Sp(R,§) ~ Sp(R, ). Further-
more, since R(§ — 0) € ZP, Propositionimplies that Sp(R,0) ~ Sp(R,J).

O

Next, let us show that the conditions in Proposition [3.8] are also nec-
essary if the function algebra separates points. Recall that a subalgebra
F C F(RP,C) separates points if for any two distinct points z,y € R, there
exists f € F such that f(z) # f(y).
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Proposition 3.9. Let qu(}") be a shift algebra such that F separates
points. Then Sy(R, ) ~ Sp(R,0) if and only if

RR™' € GLp(Z) and R(6 — &) € ZP .

Proof. The sufficiency of the conditions given follows immediately from
Proposition Now, to show the necessity of the conditions, assume that

¢ : Sp(R,6) = Sp(R, )

is a module isomorphism. With respect to the basis {|k) }rezp, let us write

= ok 1) 1)

lezpb

with ¢(k,l) € C. Note that, since ¢ is a vector space isomorphism, for each
k € ZP there exist ki, ky € ZP such that ¢(k1, k) # 0 and ¢(k, ko) # 0. Fur-
thermore, since ¢ is a module homomorphism one has ¢(f |k)) = fo(|k)) for
all f € F, giving

SR E+OR)S(k, D) =D FIR1+0)R)p(k, 1) |1)

lezP lezD

N (f((R—lk + o)) — f((R1+ 5)h))¢(/~c, ) =

for all k,1 € ZP and f € F. Thus, for each k € ZP it follows that there exist
k1, ko (as introduced above) such that

FI(R 'k +0)h) = f((R™ k2 +6)h)
F((B™ kL +6)h) = f((R™"k +6)h)

for all f € F. Since the algebra F separates points, it follows that

RY%4+86=R ks +0
R Y +6=R"k+94.

Multiplying the equations above from the left with R and R, respectively,
one obtains

(13) RRYk4+ R0 —6) =ky € ZP
(14) RRYk4+ R0 —0) =k 7P
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for all k € ZP. First let us show that R(§ — &) € ZP. If R(6 — ) ¢ ZP then
it follows from ) that RR™'k ¢ ZP for all k € ZP which contradicts the
fact that RR™! € MatD(Q) Hence, R() — 8) € ZP. It then follows from
that RR~'k € ZP for all k € Z”, which implies that RR~' € MatD(Z). A
similar argument using shows that RR~! € Matp(Z) from which we
conclude that RR~' € GLp(Z). O

The above result provides us with a necessary and sufficient condition
for modules of the form Sp(R,d) to be isomorphic. In the following, we
shall obtain a more concrete description of the equivalence classes of such
modules, by finding representatives for each equivalence class in a systematic
way. Specifying a module Sy(R, ) amounts to choosing R € Matp(Z) and
§ € RP implying that the set of all such modules can be parametrized by
Matp(Z) x RP. Let us now introduce a group action o on Matp(Z) x RP
that will induce equivalence classes corresponding to isomorphism classes
of modules. Namely, for the direct product of the groups GLp(Z) (with
multiplicative group structure) and Z” (with additive group structure), one
sets for U € GLp(Z) and n € ZP

ayn(R,8) = (UR,§ + R™'n)

for (R, ) € Matp(Z) x R”. One may readlly check that this is indeed a (left)
group action. With R = UR and § = 6 + R~ !n, Pr0p051t10n1mmed1ately
implies that

Si(R,6) = Sp(aun(R,0)) = Sp(UR,5 + R™'n),

showing that the isomorphism class of the module Sp(R,0) is preserved
by the group action. Hence, pairs (R,dJ) in the same orbit of the action
correspond to isomorphic modules. The group action « induces an equiv-
alence relation ~, on Matp(Z) x R”, and we denote the set of orbits by
Matp(Z) x RP/ ~y.

Proposition 3.10. Let Aj4(F) be a shift algebra such that F separates
points of RP. Then Si(R, §) ~ Si(R, 5) if and only if there exists UeGLp(Z)
and n € ZP such that R = UR and 6 = 6 + R~ 'n.

Proof. As already noted, if R = UR and 6 = § + R~ 'n then it follows from
Proposmonthat Sh(R,0) ~ Sh(R 8). Now, assume that S (R, §) ~Sp (R,
d). Proposition [3.9| implies that RR~' € GLp(Z), which implies that there
exists U € GLD( ) such that RR~' = U~', giving R=UR. Furthermore,
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Proposition implies that there exists n € ZP such that R(d —¢) = —n,
giving 6 = § + R~ 'n. d

Let M (Sy) denote the set of isomorphism classes of modules of the type
Sh(R,9), and let [Sk(R, §)] denote the equivalence class of Sy (R, d) in M (Sh).
Proposition implies that the map ¢ : Matp(Z) x RP/ ~y— M (Sp) given
by

L([(R,0)]) = [Su(R, )]

is well-defined and, moreover, a bijection. In view of this bijection, is it
possible to find a natural representative (R,d) for each isomorphism class
in M (Sp)? Let us recall the Hermite normal form of an integer matrix with
nonzero determinant (see e.g. [18]).

Definition 3.11. A matrix H € Matp(Z) is said to be in Hermite normal
form if

1) H is an upper triangular matrix,
2) H;; >0for1<:<D,
3) OﬁHji<Hiif0r1§j<i§D.

It is well-known that for any matrix M € Matp(Z) there exists a ma-
trix U € GLp(Z) and a unique matrix H € Matp(Z) in Hermite normal
form such that M = UH. Combining this result with Proposition [3.10] we
conclude that every equivalence class in Matp(Z) x RP/ ~, has a represen-

tative (R,0) with R in Hermite normal form. More precisely, we formulate
this as follows.

Proposition 3.12. Let

HRp = {(H,d) € Matp(Z) x RP : 5 € [0,1)”

and H is in Hermite normal form} .
The map i : HRp — M (Sp) given by i(H,§) = [Sy(H, H~16)] is a bijection.
Proof. Let us first show that ¢ is surjective. Let [Si(R,0)] € M(Sk), and

let H be the Hermite normal form of R implying that there exists U €
GLp(Z) such that R = U H. It follows from Proposition that [Sk(R,0)]=
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[Sk(H,0)]. Next, let dy9 be the fractional part of HJ; i.e. the unique dp €
[0,1)P such that HS = n + g for some n € ZP. Since

§=H 6+ H 'n,

Proposition gives that [Sp(H, 6)] = [Sxp(H, H'8)], implying i(H, &) =
[Sh(R,0)]. Next, let us show that  is injective. To this end we assume that
i(Hy,01) = i(Ha, 62), which is equivalent to S (Hy, H161) ~ Sp(Ha, H~163).
From Proposition it follows that there exists U € GLp(Z) such that
Hy =UH; and n € ZP such that H2_152 = Hl_lél + Hl_ln. Firstly, since
the Hermite normal form is unique, it follows that H; = Hy giving that
H 15y = H n s, + H 1 Ly which is equivalent to 6o = §1 + n. Secondly, since
61,02 € [0,1)P, it follows that n = 0 and &; = 2. We conclude that H; = Ho
and &1 = d2, which implies that ¢ is injective. O

Thus, the above result tells us that to every equivalence class of modules,
one may assign a unique matrix in Hermite normal form, together with a
unique element of [0,1)”. Conversely, it also gives a concrete way to deter-
mine whether the modules S;(R,d) and Sy(R,d) are isomorphic or not, by
comparing the Hermite normal forms H and H, of R and R respectively, as
well as the fractional parts of H§ and H4. As an illustration, let us apply
Proposition to a particular example. Namely, let us consider modules
Sr(R, ) such that R is diagonal; i.e.

R = diag(plap% cee apD)

with 0 # p; € Z fori =1,..., D. Note that, since R is diagonal, it is already
in Hermite normal form. First, we note that in order for Sp(R, 8) ~ Si(R, ),
with R = diag(q1,-...,qp), it is necessary that p; = ¢; for i = 1,..., D by the
uniqueness of the Hermite normal form. For fixed diagonal R, the isomor-
phism classes are parametrized by § = R™16q for 6y € [0,1)P, giving

S [0’ 1/]71) X [Oa 1/])2) X X [Ovl/pD)'

Moreover, for arbitrary R € GLp(Z) we note that Ss(R,d) ~ Si(1,0) since
the Hermite normal form of an invertible matrix is the identity matrix. Thus,
the isomorphism classes of such modules can be represented by Sp(1,0) with
§efo,1)P.

Now, having a more or less complete understanding of the isomorphism
classes at hand, let us study when the module S(R,d) is simple.
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Proposition 3.13. Let Aj4(F) be a shift algebra such that F separates
points of RP. Then the module Sp(R, 8) is simple if and only if R € GLp(Z).

Proof. A module is simple if and only if every element of the module is cyclic.
Let us start by showing that if R ¢ GLp(Z) then there exists an element
that is not cyclic. If R ¢ GLp(Z) then there exists [ € Z” such that Rn # [
for all n € ZP (i.e. R is not surjective). Hence, the vector |0) is not cyclic
since

D LU 10) =D VO 1 (0R) |~ Rn) # 1)

nez nezZ

for any choice of f, € F. The above argument shows that if Si(R,¢) is
simple, then R € GLp(Z).
Next, assume that R € GLp(Z) and let

v = Zvﬂk}

kezZP

be an arbitrary element of S;(R,d). Assuming v to be non-zero, there exists
ko € ZP such that vy, # 0. Since R € GLp(Z) one can form

FUR tho=0),,

(15) = ) NETRRRT R £ ((RTYE + 8)h) vy, [k — Ko + 1)) -
kezZp

for arbitrary f € F and | € ZP. Since F separates points, for every finite
set I CRP and RP 3 xq ¢ I there exists f € F such that f(z) =0 for all
xz € I and f(xg) = 1. Hence, there exists a function fy € F such that

fo((R kg +8)h) =1 and  fo((R™ 'k +0)h) =

for all k # ko such that vy # 0 (which, by the compact support of v, is a
finite set). From it follows that

1 -1 -1 —1
L NRT R4S R ko) B oDy — gy
Vko

implying that each v € Si(R, ) is cyclic and, hence, that S, (R, d) is a simple
module. O

Thus, combined with the previous remark that Sp(R,0) ~ Si(1,0) for
R € GLp(Z), all simple modules can be represented by Sy (1, 6) for 5 €1[0,1).
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Let us now show that for arbitrary R € Matp(Z), Sx(R,1) is in general a
direct sum of such modules.
For R € Matp(Z) we define an action ag of ZP on ZP:

ar(n)-m=m+ Rn,

and it is easy to check that this is indeed a group action on ZP. Hence,
ag splits ZP into N orbits. The integer Ng is approximately equal to the
number of integer lattice points in the parallelotope spanned by the column
vectors of R, and bounded from above by the determinant of R. In terms of
the action ag, one can formulate the decomposition of an arbitrary module
in the following way.

Proposition 3.14. Let R € Matp(Z) and § € RP. Then

Nr
Sn(R,6) ~ @D Sn(1,9).
k=1

Proof. Let fy,... 7N, € ZP be elements of the disjoint orbits of the group
action ap, respectively, and define for 6, = R~ '7y, + 6

Nr

¢ : @Sh(]l,ék) — Sh<R, 5)
k=1

Nr Ngr
o @ Z Vkom, [M) Z Z Uk | ok, + R)

k=1 mezP k=1mezP

where vi ., € C for 1 <k < Np and m € ZP. Let us now show that ¢ is a
module homomorphism. One computes

¢(fnvn-§ > i) )

k=1 mezP

Nr
= ¢<@ Z qN(m+5k,n)fn((m + 5k)h)vk,m Im — n))

k=1 mez>"

Nr
=> > VRN £ (A Gk R) Ok [P + R(m = n))
k=1 mezP
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and notes that

Nr Nr
fnU”-qs(@ > vkm ym>> =FU" DY Ok [P + Rm)

k=1 mEZD k=1 mEZD
Ngr

=30 S VB s b (RN 4 m ot 6)R) v
k=1 mgeZP

X |fu, + R(m — n))

=¢<fnU”-§ > vk,m\m>)

k=1 meZP

since 0, = R™'7y, + . Hence, ¢ is a left module homomorphism. Next, let
us show that ¢ is surjective. Let m € ZP and let kg € {1,..., Ng} be such
that 7, is in the same orbit as m, implying that there exists mg € ZP such
that m = ng, + Rmg. Then

P(0® - ®O® |mg) BOD - -+ ® 0) = |fug, + Rmo) = |m)

ko

implying that ¢ is surjective. Now, to show that ¢ is injective one assumes
that

NR NR
0=0(D 3wl ) =3 3 vom s+ o).
k=1 mezP k=1 meZP
Since the orbits of ap are disjoint, this implies that
> Vkm ik + Rm) =0
mezZP

for kK =1,..., Ngr. Moreover, since det R # 0, it follows that vy ,, =0 for
k=1,...,Nr and m € ZP, giving

Nr
@ Z Vkm |m) = 0.

k=1 mezZP

Thus, we can conclude that ¢ is a module isomorphism implying that

Ngr
Sn(R.8) ~ P Sn(L,6k) .
k=1
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Finally, we note that R(0y, — &) = 7 € ZP which implies (by Proposition
that Sp(1, k) ~ Sk(1,0); hence, we have shown that Si(R,0) ~ Si(1,0) &
- @ Sk(1,6). O

Proposition [3.14] shows that the basic building block of modules of the
type Sk(R,9) is given by Si(1,d). Moreover, it is natural to ask whether
or not these modules are free, or projective? The next pair of results show
that, under the hypothesis that F separates points, Sy(R,d) is never a free
module, and only projective if the function algebra contains a d-like function.

Proposition 3.15. Let Ap (F) be a shift algebra such that F separates
points of RP. Then the module Sp(R,d) is not free.

Proof. For an arbitrary set of elements v1,...,vx € Sp(R,0) write
vi =Y vf[k)
k7P
and set

Li={keZP:vf#0}.

Note that the I; are finite sets. Since F separates points, one can find non-
zero f; € F such that f;((R™'k + 6)h) = 0 for k € I;, implying that

fri="Y_ fi(R7 'k +0)h)vf k) =0
kezP

and, consequently

N
Z fivi=0.
i=1

Hence v1,...,vy do not form a basis of Sy(R,d). Since the set of vectors
was arbitrary, we conclude that Si(R,d) is not free. O

Proposition 3.16. Let Aj4(F) be a shift algebra such that F separates
points of RP. Then the module Sy(R,6) is a finitely generated projective
module if and only if there exists pg € F such that

o) {1 if u=Hho
T 0 ifutns
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Proof. We proceed by showing the statement for R = 1. It then follows from
Proposition[3.14]that the same statement holds for arbitrary R, since a direct
sum of modules is projective if and only if each factor is projective.

First, assume that py € F. Let us construct a map ¢ : Apg — Si(1,9)
by setting

¢(fnU"po) = fU™0) .

To show that ¢ is well-defined, one needs to prove that if f,U"pg =0
then f,U™|0) = 0. Assuming f,,U"py = 0 one finds that

fn(@)U"po(u) =0 = fu(w)po(u+nh)U" =0
= fa(w)po(u+nh) =0

for all n € ZP. By the definition of py it follows that f,((6 —n)h) =0 for
all n € ZP. Thus, one obtains

FuU™|0) = gV £ (8 = n)R) |—n) =0

showing that ¢ is indeed well-defined; moreover, ¢ is clearly a left module
homomorphism. To show that ¢ is injective, one assumes that ¢( f,,U"po)=0,
giving

qN(‘S*"’”)fn(((S — n)h) |-n)=0 = fn(((S — n)h) =0
for all n € ZP. Tt follows that
fr(W) U po(u) = fr(w)po(u+nh)U™ =0

since po(u + nh) # 0 only if uw = (6 —n)h. Hence, ¢ is injective. To prove
that ¢ is surjective one simply notes that

(ﬁ(qN(nJré,n)UfnpO) _ qN(nJré,n)qN(nJré,fn) ’TL> _ |n>

implying that ¢ is surjective. Thus, if py € F then Si(1, ) is isomorphic to
Apo, showing that S;(1,0) is a finitely generated projective module.

Next, let us assume that Si(1,9) is a finitely generated projective mod-
ule, and show that py € F. Thus, we assume that there exists a left module
isomorphism ¢ : Sp(1,9) — ANp for some N > 1 and p € Maty(A). Since ¢
is an isomorphism, there exists a non-zero mqg € AV p such that ¢(|0)) = mo.
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Let {e;}}¥, be a basis of AV, and write mo = mie; with m{ = (m),U™ for
i =1,...,N. Furthermore, since ¢ is a module homomorphism, one obtains

f(hd)mo = ¢(f(hd)[0)) = &(f10)) = f&(]0)) = fmo

for all f € F, implying that

(f(u) = £(18)) (mf)n(u) =0

for f € F,i=1,...,Nandn € ZP. Since mg # 0 there exist ig € {1,...,N}
and ng € ZP such that m = (mé”)no = (0. Since F separates points one can,
for every hd # ug € RP, find fy € F such that fo(ug) — fo(hd) # 0, implying
that m(u) = 0 for every u # hd. Since m # 0, one necessarily has m(hd) # 0.
Thus, one can define po(u) = m(u)/m(hd), proving that py € F. O

For instance, if F consists of continuous functions, Proposition [3.16]im-
plies that Sp(R,d) is not a finitely generated projective module. In fact,
for such function algebras, these modules are in some sense far from being
projective. This is made precise in the following result.

Proposition 3.17. Let A 4(F) be a shift algebra. The module Sp(R, ) is
a torsion module if and only if there exists f € F and ko € ZP such that
fg #0 for all nonzero g € F, and f((ko + 6)h) = 0.

Proof. The module Si(R, ) is a torsion module if for every v € Sp(R,9)
there exists a non zero divisor f, € Ap4(F) such that f,v =0. Now, let
[ € F be a function fulfilling the assumptions of Proposition [3.17] Defining

Fiw) = (S f)(w) = f (u+ (ko — k)h)

(which is clearly in F since F is assumed to be h-invariant) it follows that
fr((k + 8)h) = 0. Consequently, for any finite set I C Z” the function

fr=1]

kel

fulfills f7((k + d)h) = 0 for all k € I. We note that f; is not a zero divisor as
an element of Ay, ,(F) since frg # 0 for all 0 # g € F. Thus given arbitrary
v € Sp(R, 5) with

v= ka|k>

kezbP
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we let [ = {k € Z" : v}, # 0} (which is a finite set) and find that

frv= kafj((k +6)h) |k) =0.

kel

Since fr((k+ 6)h) =0 for all k € I. Since v was chosen arbitrarily, we con-
clude that Si(R,¢) is a torsion module.

Conversely, assume that Sp(R,J) is a torsion module. From Proposi-
tion it then follows that Sp(1,6) is also a torsion module. In particular,
for each k € ZP, there exists a non zero divisor f = fi,U" € Ap q(F) such
that

felky =" gVt f (k= n+ 8)R) [k —n) =0,

nezr

implying that
fin((k=n+8)h) =0

for all n,k € ZP. Now, since f; is assumed to be a non zero divisor there
exists ng € ZP such that fi,,g # 0 for all 0 # g € F. Hence, fi,, € F has
the desired properties, which concludes the proof. O

3.1. Bimodules

In the previous section we have studied the structure of a class of left
Aﬁ o(F)-modules. In the following, we shall give these modules the structure
of both a right module and a bimodule. Moreover, we will show that when
Ao € GLp(C) and R € GLp(Z), given certain conditions on the function
space S, the module Sg(AO, E A1, R) is a free module of rank 1.

Let us start by introducing a class of right Ag o(F)-modules in close
analogy with the left modules in the previous section.

Proposition 3.18. Let A o(F) be a shift algebra and let S C F(RP x ZP)
be a F-invariant subspace. If T'g,I'1, F' € Matp(R), P € Matp(Z) and § €
RP such that ToE +T1P =1, then S is a right Ap4(F)-module with

(&) (k)
(16) = Y Nk ¢ (W2, k, 6 — n)h)é(z — Fn, k — Pn)

nezpP

for f= f, U™ € qu, €S and V(x,k,0) =Tox +T1k +0.
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Proof. To show that defines a right module action, one needs to check
that £(fg) = (£f)g for f,g € Apq and £ € S. One computes

(£(f9)) (. k)
= (€@ ™™ fu(Shgm)U™ ™) (w, k)
= N N @ kd=n=m)ntm) ¢ (G (3 |, § —n —m)h)
X gm (¥ (2, k,6 — m)h)¢(z — F(m +n),k — P(n+m))
= g NOmn)=N(nn)=N(mm) N(¥(@k0)m+n) ¢ (§(z k5 —n —m)h)
X gm(¥(z,k,6 — m)R)é(z — F(m +n),k— P(n+m)),

as well as

((€)g) (x, k)
= N M g (W2, k, 6 — m)R) (£f) (@ — Fm, k — Pm)
_ qN(\I/(x,k,ﬁfm),m)qN(\I/(fom,kam,éfn),n)gm (\IJ(.%', k‘, 5 — m)h)

X fo(¥(z — Fm,k — Pm,§ — n)h){(z — F(m+n),k — P(m+n)).
Using that I'gF' 4+ ' P =1, giving
U(x — Fm,k — Pm,d) =V (z,k, 6 —m),
one obtains
((€)g) (=, k)
_ q—N(m,n)—N(n,n)—N(m,m)qN(\I/(a:,k,é),m-‘rn)gm (\IJ(J;‘, k, 5 — m)h)
X fn(¥(2,k,6 —n—m)h)&(x — F(m+n),k — P(m+n))

= (&(f9) (@, k),

and we conclude that is a right module action on S. U

Thus, an F-invariant subspace & carries both the structure of a left
module (as given in Proposition and the structure of a right module,
as given above. The next result shows that if the corresponding matrices
defining the module structure are compatible, then S is a bimodule. More
precisely, we formulate it as follows.

Proposition 3.19. Let AP (F) and Ap (F') be shift algebras and let
S C F(RP x ZP) be a subspace which is both F-invariant and F'-invariant.
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Furthermore, let Ao, A1, E,T9,T'1, F € Matp(R), R, P € Matp(Z) and J,e€
RP such that

(17) A()E + AlR =1 F()F + F1P =1
(18) ANF+MAMP=0 TyE+T1R=0.

Then S is a Af (F)-Ap ,(F')-bimodule with

(f&) (. k)
(19) =Y V@RI § (D(x, k,6)h)E(x + En,k + Rn)

nezr

(€g)(x, k)
(20) = Y (HNERe g ((, ke — n)H)E(x — Fn,k — Pn)

nezl

for f=fuU" € AP, g =g U € AR (F'), £ €S, ®(x,k,6)=Aox + A1k +
0 and ¥(z,k,e) =Tox +T1k + €.

Proof. We conclude from Proposition [3.2 and Proposition that S is a
left AD ¢(F)-module and a right AD ¢ (F")-module. Thus, it remains to show

that f(fg) (f€)g. One computes

((f&)g) (x, k)
= ()N @kem)m) g (U(z, k,e — m)I') (f€)(x — Fm,k — Pm)
=q N(®(z—Fm,k—Pm,d),n )(q )N(\I/(x,k,e—m),m)gm (\Il(x, k,e— m)h')
X fn(®(x — Fm,k — Pm,8)h)&(x — Fm+ En,k — Pm + Rn)
— qN(<I>(x,k,5),n) (q/)N(\I'(x,k,e—m),m)gm (\11(357 k, € — m)h’)
X fn(®(x, k,0)R)E(x — Fm + En,k — Pm + Rn)

by using that AgF 4+ A1 P = 0. On the other hand, one obtains

(f(€9)) (. k)
qN(cb(x’k"S)’”)fn (@(:c, k, 5)h) (&g)(z + En,k + Rn)
= V@@ (N(U G+ Enet Brcmm)m) £ (7 & 5)h)
X gm (¥(x + En,k + Rn,e — m)W)&(x — Fm + En,k — Pm + Rn)
— NE@RD) (N hemhm) ¢ (B2 k, 5)h)
X gm (¥ (z, k,e — m)R)&(x — Fm + En,k — Pm + Rn)
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= ((f&)g) (z, k)

by using that ToF + 't R = 0. We conclude that S is a qu(}')—AJ,?,’q,( ")-
bimodule. 0

An immediate question arising from Proposition [3.19] is whether or not
one can find matrices satisfying conditions and ? The next re-
sult gives an explicit solution to these equations in the case when Ag,I'g €
GLp(C) and R, P € GLp(Z).

Lemma 3.20. Let Ay, Ty € GLp(C), Ay,T'1,E, F € Matp(C) and R, P €
GLp(Z). Then

ANE+MR=1 I'yvF+IMP=1
AOF+A1P:O FoE—I—FlR:O

is equivalent to

I'o=—P 'RA Iy = P11 - RAy)
E=A'1-MR) F=-A'AP.

Moreover, if P = —R then the above system is equivalent to

Lo = Ao I'i=A —R!
E=A'"1-MR) F=A;'"\R.

Proof. Tt follows immediately from
MNE+MR=1 and AF+MP=0
that
(21) E=A'(1-AR) and F=-Aj'AP
since Ay € GLp(C). Inserting these equations into
I'yF+I'MP=1 and T'gE+T'MR=0
gives

Iy =P ' 4+ToA;"A; and ToA;'(1—AR)+T1R=0
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which are equivalent to
(22) Iy =P '(1—-RA) and Ty=-P 'RAg
proving the first part of the statement. Finally, equations and give

Ty = Ao ry=A —R!
E=A'(1-MR) F=A'AR.

when setting P = —R. O

Thus, with the help of Lemma [3.20] one can easily construct matrices
satisfying and ; eg for Ag=1, R=—-P=1and A; =2 1, one
finds that

(Ao, E,A1,R) = (1,-1,2-1,1)
(F07F7F17P) = (]172 : ]]-7]]-5 _]l)

define a bimodule structure on S. In Section [3| we studied the special cases
when Ag = F =0 or A; = R =0 in detail. In the context of bimodules, we
note that there are no solutions of and with Ag =Tg=0o0r Ay =
I’y = 0. As previously mentioned, when Ag € GLp(C) and R € GLp(Z), the
module Sg(Ao, E, A1, R) turns out to be a free module of rank 1. As a first
step in proving this statement, let us construct a module homomorphism
¢ AP (F) = Sp(Mo, E, A1, R).

Proposition 3.21. Let qu(}") be a shift algebra and let S C F(RP x ZP)
be a F-invariant subspace. If R € GLp(Z) and f(®(z,k,0)h) € S, for all
feF and s € RP, then the map ¢ : qu(f) — Sg(Ao, E, A1, R), defined as

(23) S(fuU™) (@, k) = ¢ NV E@RDETR ¢ b (B2, k, 0)R),

is a left module homomorphism. Moreover, if S is a Ap (F)-Af (F) -
bimodule, as defined in Proposition with P = —R and ¢ = §, then ¢

s a bimodule homomorphism.

Proof. Let us start by showing that ¢ is a left module homomorphism. To
this end we compute

o(f-g) (@, k)= > o(a" " fi(Shgn)U") (z, k)

n,leZP
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_ Z q N(®(z,k,0),R™'k) N( R=1k-1)
lez?
X fl(q)(x’kva)h)g—R—lk—l((I)(l‘?ka(s)h+ lh)a

as well as
(f - 6(9)) (=, >
= VOPEEDD £ (D (2, k, 5)h) ¢(g) (x + El k + RI)
lezP
_ Z q O(x,k,0) l)f( (1,7kﬂ5)h)qu(<I>(m+El,k+Rl,§),R—1(k+Rl))
leZP

X 9—R-1(k+Rl) ((I)(.’L' + El k+ RI, 5)h)
_ Z q—N(CD(z,k‘,é),R’lk’)q—N(l,R’lk-H)
lezP
X fl (q)(l', ka 6)h)g—R—1k—l ((I)(:L‘a kj, 5)h + lh)

by using that ®(z + El, k + Rl,0) = ®(x,k,0) + . Hence, ¢ is a left module
homomorphism. Now, assume that S is a bimodule as defined in Proposi-
tion [3.19 with R € GLp(Z), P = —R and € = 4. In this case, it follows from
Lemma [3.20 that

U(x,k,0) =Tox +T1k +0 = Aoz + Mk — Rk +0 = ®(z, k,0) — R k.

Let us now show that ¢ is also a right module homomorphism. One
computes

$g- )@ k) = > d(q " Dgu(Shfu)U™) (2, k)

n,leZP

= ) g NOE@R)ETR) ENERETRD g (2, K, 6) 1)
lezP
X fp-1h_1(®(z, k, 6)h + h)

as well as

(d(g) - )@, k) = > N@RIN £ (G2 k, 5 — n)h)
nezp
x ¢(g)(x — Fn,k — Pn)
_ Zq U (z,k,0—n n)q N(®(z—Fn,k—Pn,§),R~*(k—Pn))

nez
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X fn(¥(x, k6 —n)R)g_R-1(k—Pn)
x (®(x — Fn,k — Pn,6)h)

which, by using that AgF"+ AP =0 and P = —R, becomes

Z qN(\Il($,k,6—n),n)q—N(CID(;B,k,B),R’lk—&-n)
ne”Z

X fn(U(z, k8 —n)h)g_p-1k—n(®(2, k,6)N) .

By changing the summation index to I = —R~'k — n, and using that
U(z,k,0) + R~'k = ®(z,k,0), one obtains
Zq ((,h 6)H,— R k1) =N (@ (,h.6),~1)

lezP
Xf_ —1f— l( ( k,d)h-i‘lh)gl(q)(x,k,é)h)

—R1! _R1L_
_ Z N (@@ k), k)N (=R~ k)

lezP
X f_R—lk_l((I)((E, ]i?, (S)FL + lh)gl ((I)(.%', k‘, 5)77,)
= (g Nz, k),

showing that ¢ is indeed a right module homomorphism under the above
assumptions. O

In principle, one can now show that if Ag € GLp(C), then the homo-
morphism in Proposition [3.21]is in fact an isomorphism. However, there are
a few technical assumptions that one needs in order for the homomorphism
to be surjective. This statement is made precise in the next result.

Proposition 3.22. Let S be a F-invariant subspace such that

1) & has compact support for all § € S,
2) E(Au+A\n) € F forall€ €S, A€ Matp(C), A € RP and n € ZP,
3) f(®(x,k,0)h) €S, for all f € F and § € RP.

If Ag € GLp(C) then S)(Ag, E, A1, R) =~ qu(}") as a left module. Further-
more, if S is a AP (F) AD o(F)-bimodule, as defined in Proposition
with P = —R and ¢ = J, then S (Ao, E,A1, R) ~ qu(]:) as a bimodule.

Proof. Let us prove the statements by showing that the homomorphism
in Proposition is a left module (resp. bimodule) isomorphism under
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the given assumptions. Since Proposition shows that ¢ is a module
homomorphism, it remains to prove that ¢ is invertible.
For Ag € GLp(C) one can explicitly construct the inverse of ¢ as

61w = S WA (w/h+ A R — 6),—Rn)U",

nezr

and we note that the sum is finite since £ has compact support, by assump-
tion. Moreover, the above function is clearly in F since one assumes that
E(Au+\,n) € Fforall £ €S, A€ Matp(C), A € RP and n € ZP. O

Note that the hypotheses of Proposition [3.22] are fulfilled if, for instance,
F and S consists of all functions with compact support on their respective
domains.

4. Representations of shift subalgebras

From this section on we are interested in certain subalgebras of Ag ¢(F), and
their representations in order to construct fuzzy analogues of a large class of
level sets. We are particularly interested in finite dimensional representations
for which the vector space dimension increases as the parameter A for the
algebra decreases. Such sequences of representations can be associated with
a level set, i.e. a subset of the form

{(z1,...,2,) €R": f(x1,...,2,) =0}

where f: R"™ — R is a real valued function. We will also consider sequences
of infinite dimensional representations with a countable basis, where the
parameter h decreases.

For example, in the case D =1, one can associate algebra elements
3 fn(uw)U™ with functions Y, fn(u)e™¥. Then, we shall consider subalge-
bras generated by two elements of the form f(u)U and f(u)U~! and the
classical limit of such a subalgebra is a parametrized surface defined by

x = f(u)cosy
y = f(u)sinp
(24) z=u.

Since the coordinates x and y fulfill

(25) 2’ +y? = f(2)?,
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such equations describe an infinitely long cylinder immersed into R?, when
f(u) is real. We will see that for functions f(u), which become 0 at some
points and where the level set pinches off, it is possible to construct repre-
sentations, which restrict to an interval of R, where f(u) > 0 for u; < u < ug
(where possibly u; = —oco and/or us = +00). The classical limit of the con-
struction is an immersion of a finite cylinder or an infinite half-cylinder in
R3. Let us now start by defining the subalgebras we are interested in. As a
standing assumption, we assume that F separates points of R,

Definition 4.1. A x-subalgebra A C qu(}") such that fa € A for every
f € Fand a € A is called shift subalgebra.

In what follows, recall that {|n)},ezp is a basis of S;(1, ), which is also
a (left) module for every subalgebra of Ag 4(F), and that the action of an
algebra element is given as

(26) FaU" Ry = Y qVETHON £ (k= n+ 6)h) [k —n) .
nezpr

For a function f € F and the generators U™ this reduces to
FIE) = f((k+0)h) k) and U"|k) = gvE=ntom) |k —p)

In the case when F separates points, one can show that cyclic modules,
generated by a shift subalgebra acting on |k), are simple.

Proposition 4.2. Assume that F separates points and let A be a shift sub-
algebra of qu(}"). For k € ZP, let S3(|k)) C Sp(1,6) denote the A-module
generated by |k). Then S)(|k)) is a simple A-module.

Proof. Let us show that Sg(!k)) is a simple module by showing that every
vector is cyclic. We achieve this by showing that for every v € Sg(|k>), there
exists a € A such that av = |k).

To this end, let v € S(|k)) be an arbitrary (nonzero) element. Since the
module is generated by |k), there exists a, € A such that v = a, |k). Writing

ay = Z ay U"
nel
with I C Z” such that |I| < oo, one obtains

v = Z qN(k_”M’”)av,n((/{: —-n+ 5)h) |k —n),
nel
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and, since v # 0, there exists ng € I such that av,no((k‘ —ng+ 5)h) # 0.
Now, since F is assumed to separate points, there exist pi,p2 € F such
that

1 ifméeland m=ng

pl((k—m—l—é)h) = .

0 if m e I and m # ny,
1 ifmeland m=ng
0 ifmeland m#ng,

pz((k —ng +m+5)h) = {
giving
prv = Vot ((k = no + 8)h) [k — ng) .
Since A is a x-subalgebra, it follows that a) € A and

aypiv = qN(k*”“J“S’"O)aU,nO ((kz —ng+ 5)h)

x Y g NEmnotntomg, o ((k —no + 6)h) |k — ng + n)
nel
p2a:plv = q_N(no’no)mv,no ((k —no+ 5)h) ’2 ‘k> .

Thus, setting
a = qN(n07n0)|a,v’nO ((k — N + 5)h) ‘_2]92&:5]91 )

it follows that av = |k). Hence, we have shown that every v € SJ(|k)) is
cyclic and, consequently, that Sf(|k)) is a simple module. O

Recall that if the function algebra F separates points, then Proposi-
tion implies that the module SP(|k)) is not free. Furthermore, Propo-
sition [3.16[ implies that in the case when F separates points, the module
S{(|k)) is projective, if and only if there exists pg € F such that

{1 iT=no
u) =
bo 0 it whs.

In the case of shift subalgebras generated from a finite set of algebra
elements, we shall see that for particular choices, modules defined in Propo-
sition might be finite dimensional. Moreover, by carefully choosing A
in relation to the dimension of the representation, one can construct fuzzy
spaces, i.e. sequences of finite dimensional representations of increasing di-
mension as A tends to zero.
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4.1. Shift subalgebras for D =1

For f € F, we let Ax(F, f) denote the shift subalgebra generated by
Ay =f(u—3n)U" and A_=f(u+3n)U.

The generators A, and A_ satisfy

(27) [Ar, AL] = fu—5h)° — fu+ 3h)?

(28) AyAC+A_AL = f(u—30)% + flu+ ih)%,

and the action of Ay and A_ is given by

Ain)=f((n+%+0)h)|n+1) and
(29) Aln)=f((n—31+0)hn)In—1).

Proposition 4.3. For f € F and k € Z, let S)(|k)) denote the simple left
Aw(F, f)-module defined in Proposition [4.3

1) If f((N + % +8)h) =0 for some N € Z and f((n+ 3+ 6)h) #0 for
all integers n < N then
Sg(|N)):{Zvn|n> Lup € C and|n:vn7é0]<oo}.
n<N
2) If f((M —3+68)h) =0, for some M €Z, and f((n— 3+ 8)h) #0
for all integers n > M then
Sg(|M>):{ Z Un |n) t v, € C and |n: vy, # 0| <oo}.

n>M

3) If f((M —L+6)h) =0 and f((N + 3+ 6)h) =0, for some M,N €
7 with M < N, and f((n—l—%+5)h) £ 0 for all integers M <n < N
then

SiM) =SHN) ={ > waln) i va e},

M<n<N

Proof. Let us provide a proof of , since the other two cases are proved
analogously. The assumptions immediately gives that

ALINY = F((N + 5 +0)) [N +1) =0
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A_|M)=f((M—-%+40)n)|M—-1)=0.
Moreover,

Apn)=f((n+3+8)h)In+1)#0 for M <n<N
A_n)=f((n—3+8)h)|n—1)
=f((n—=14+3+6n)In—-1)#0 for M <n<N

since f((n + % + 5)71) # 0 for M <n < N, by assumption. It follows that
S(IM)) = Sh(IN)) = {ZMgnngnW U ec}. 0

Note that Proposition |4.2| implies that the modules in the above result
are simple. In the following we shall mostly be interested in the type of finite
dimensional representations described by in Proposition

Example 4.4. Let F be the polynomial functions on R and let f(u) =

% —u?. Let us now construct a three dimensional representation of An(F, f)

with h = 1. Since
(0 3) =1~ ) o

we choose § =0, M = —1 and N = 1 and SY(|1)) is spanned by |—1),]0),|1)
according to Proposition[].3 One finds that

Ap|=1) = f(=1+5)10) =2[0) A4 [0) = f(0+ 3)[1) = 2]1)
A1) = f(1=3)|0) =2]0) A_]0) = f(0~-3)|-1) =2[-1)

Identifying
0

1 0
=0~ (0], [0~ f1], [1~]0
0 0 1

gives the matriz representation

Ay =

oo
N O O
o oo
=
I
o oo
o oW
oo
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Moreover, g € F is represented as the diagonal matrix g, given by

g(-1) 0 0
g= 0 g(0) O
0 0 g(1)

Let us now describe how one can construct a sequence of algebras

A (F, £)y Ay (Fo f)y Ang (FL f) -

together with simple finite dimensional modules of increasing dimension,
providing a “fuzzy” analogue of the surface defined by . To this end,
assume that f € F such that f(u;) = f(u2) = 0, where u; < ug, and f(u)#0
for u; < u < ug. Furthermore, let N1, No, ... be an increasing sequence of
positive integers and set

Uz — Uy

30 h = .
(30) k N,

Choosing M}, € Z and dj, € [0,1) such that

UL = (Mk — % +5k)h
one checks that

F((My = 3 +6)R) = f(u1) =0
FUMy, 4+ Ng — 1+ 3 +8p)h) = fuz) =0

and Proposition implies that Sg’; (|My)) is a simple Nji-dimensional
Ap, (F, f)-module. Clearly, because of , hj, decreases as N, increases.

Example 4.5. As an illustration of the procedure given above, let us con-
struct a sequence of odd-dimensional modules related to the algebra given
in Example[.4 In the notation above, let uy = —3/2, uy = 3/2 giving ug —
u1 = 3. For a sequence of positive integers N1 < No < --- we set by, = 3/N,
and find My, € Z and 0y, € [0,1) such that

3

w=(M-Y+a)h & —5=(M b0

which results in

{Mk = =N 6, =0, for Ny, odd

My = —%, 0 = %, for Ny even.
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With these values, Sg: (|My)) is a simple Ny-dimensional Az, (F, f)-module
for k > 1. The matriz elements of the operators A4, A_ are easily deduced
from

Apln) = f((n+ 5+ 6k)hk) In +
= -(n+3 +6k)2Ni)) \n+1>
A !n>=f((n—§+5k hk) In —
9 _

It is interesting that we see a “spin” in dy, related to even and odd dimension
of the module.

In the classical limit, the algebra elements Ay and A_ are identified with
the complexified coordinate x + 1y and its conjugate. The coordinates x and

y then fulfill
2
2?4y = (Z—u2>

where u is restricted to the interval [u; = —%, Uy = %] The resulting surface
is spindle shaped with peaks at ui and ug (cf. Figure .

1.5

-1.5 3.0

3.0

3.0 -3.0

Figure 1: The level set related to the classical limit in Example

In the following, we will provide several examples, in which the genera-
tors have the form A; = /f,U" (no summation over n), where f, € F is a
real-valued function. However, f, is not assumed to be strictly positive and
we shall use the convention

Vo =iy/|z|, for z <0.
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Example 4.6 (Fuzzy sphere). We start with

Ar =R —u(u—hU', A =\/R2—u(u+h)U

where R is a real positive number. With this definition

[Ap, Al =2hu, —(ALA_+A_AQ)+2u* =2R?,

1

2

i agreement with the defining relations of the fuzzy sphere.
On the representation S)(|k)), this becomes

Apln) = VR2 =12 (n+6+1)(n+6) [n+1)
A =\R2-Rn+0n+6—-1)|n—-1).

The parameters R, § and h need not be interrelated for infinite dimensional
representations. However, if we demand that there exists subrepresentations
of S)(|k)) according to Proposition then this puts restrictions on the
parameters.

In particular, in the notation of Proposition[{.3

)=/~ (e By

where k is a natural number labeling the representation. Requiring Ay |Ni) =
A_ | M) =0 gives

RZ 1 1 Rz 1
k My, — =46, =% —k_Z

1
Ne+ 3548 =+ =2 -
FEg ok R4 2 R4

For the choice of different signs of Ny, and My, one can add the two equations
resulting in

N+ My + 20, =0.
Since Ny and My, are integers, Oy is either O or % Furthermore, we can set

N =k and My = —k — 26. If we set

Ny
Sk or Nj, even
. { .o

%, for Ny odd

we arrive at the spin-Si-representations of su(2).
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Example 4.7 (Fuzzy catenoid). Analogously to the previous example,
we start with

Ay =R +u(u—h)U™, A= /R2+ (u+h)juU

where R > h is again a real positive number. Due to the sign change com-
pared to the previous example, the subalgebra generated by these two elements

fulfills
AL Al = —2hu, 1 A A+ A A —u? =R,
2

In the classical limit one can identify Ay and A_ with x + iy and x — iy
and the second equation becomes x* +y?> —u®? = R?. We can think of the
subalgebra as a fuzzy version of a catenoid. The representations are infinite
dimensional, and one can choose arbitrary values for R, h and 6.

Example 4.8 (Fuzzy cone and fuzzy plane). In the previous examples,
one finds quadratic polynomials in the square root. Here, we investigate a
linear polynomial

Ay =Vu+heU', A = \/ut+h(c+1)U

where ¢ € R is a constant. This results in a constant commutator

1

1
[Ar, Al =~h, S(A+A-+A-Ay) =uthlcty).

In the classical limit the second equation becomes x> + y> = u. This is only
solvable for u > 0. In the representation So(|k)), the action of the generators
18

Agln) =Vhn+5+c+1)|n+1),

A_=+/h(n+d+c)|n—1).

When restricting the representation SJ(|k)) to vectors with n > N, where
N is an integer, it is necessary that h(d + ¢) = N. The non-integer part of
the constant ¢ has to compensate §. Let us assume that N =0, since any
other N can be reached by redefining n — n — N. In the case h(d + ¢) =0,
the representation is restricted to n > 0, where h can be arbitrary, and the
action of the generators becomes

Afn) =hA(n+1)|n+1), A =Vhn|n—1).
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The representation restricted to n > 0 can be seen as a fuzzy version of a
cone. Note that a single cone with an opening angle of 180° is a plane. Since

1 1
p= §(A+A, +A-Ay) [n) = h(n + 5) n)
we can identify p with r?, where r is the distance to the origin. In this way,

the representation can be viewed as a fuzzy plane.
4.2. Shift subalgebras for D = 2

In the case when D = 2, the algebra A%,q (F) is generated by Uy, Us together
with functions in an appropriate subalgebra F C F(R2,C). We write u = u1
and v = ug and consider the shift subalgebra generated by

(31) U+=f(u—’;v)U11, U_=f<u+’;v)U1,
A h
(32) Vi=g uv =g Uu,", Vo=g u,v+§ Us,

for some f,g € F. In analogy with the one dimensional case, we denote the
shift subalgebra of A%q(}“ ) generated by these generators and by f € F by
A3 (F; £, 9)-

The generators of A%yq (F; f,g) tulfill

h h
UJrUf + U;UYJr = fQ(’LL — 5,11) + f2(u—|- 5,1])

h h
ViV VoV = g0 — 5) + v+ ),
which can be seen as defining relations of a fuzzy space. Namely, in the
classical limit, when one identifies U ~ x + iy , V ~ a 4 ib, these relations
become

(33) 2’ +y? = fAluv), @+ =g (u,).

Thus, the algebra A%q(}" ; f,g) can be seen as a fuzzy version of a (gener-
ically four dimensional) level set immersed in R, defined by .

The representation Sp(|k)) of A%’q(}' ) has basis vectors |n,m), where
n,m € Z. As in the one dimensional case, it is possible to construct irre-
ducible representations of the subalgebra A%q(f ; f,g) by choosing f and g
such that their zero loci ”cut out” a part of the Z?-lattice. We will show
some examples of this in the following.
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Example 4.9. In this example, we shall construct a subalgebra of A%q(}_)
with finite dimensional representations. In particular, let N be a natural
number and let the generators of the subalgebra be defined by

U+—\/(u—h51)( (61 +0a+N+1)—u—v)f (u,0) U
=/(u—"h(61 + 1)) (h(01 + 02+ N) —u—0)f (u, U)Ul

V+f\/(v hd2) (h(01 + 62 + N +1) —u — v)§ (u,v) Uy *
= /(v —162) (h(81 + 62 + N) — u — v)§ (u,v) Ua,

where f,g € F denote arbitrary positive functions. The action of the above
generators is given by

Uy [n,m) = hy/(n +1)(N —n —m)

x f(h(n+1+61),h(m+6)) |n+ 1,m)
U_|n,m) = hy/n(N —1—n —m)

X f(h(n+61),h(m+ 52)) In —1,m)
Vi In,m) = hy/im + (N —n £ m)

x g(h(n+01), A(m +1+82)) [n,m + 1)
V_|n,m) =hym(N —1—n—m)

x §((A(n+ 61), A(m + 62)) In,m — 1) .

The important observations are now that U- |0,m) =0, V_|n,0) =0
and that Uy |n,m) = Vi |n,m) =0 for n+m = N. One sees that when one
starts with the generating vector |0,0) and applies a monomial in Uy, V.,
U_ and V_, it is not possible to leave the part of the lattice defined by n > 0,
m >0 and n+m < N. Thus, the irreducible representation generated from
0,0) is finite dimensional and has dimension (N + 1)(N +2). For the
classical limit, where N — oo, one assumes that AN = C for some C € R,
i.e. that when N increases then h decreases. This is analogous to the fuzzy
sphere, where the assumption that the radius should be constant also inter-
relates h with the size of the representation N.

In the classical limit, the algebra relations give two equations, which
define a four dimensional level set in RS as follows

2?4+ y? =u(C —u—v)f? >+ 02 =v(C —u—v)§.

For instance, when f =1, a section through the level set at constant v is a
sphere with radius (C —v)/2.
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Example 4.10. Let us now construct a subalgebra with infinite dimensional
representations. The generators of the subalgebra of A%q(}") are

Uy =/ (u—hé1) (v — hda) f (u,v) Ut
U_-=+/(u—h(1+06)) (v—hd)f (u,v) Uy
Vi = /v — hdeg (u,v) Uy !

Vo =+v/(v—"Hh(62+ 1)g (u,v) Us.

Again, f,§ € F denote arbitrary positive functions. We will now show that
the irreducible representation generated by |0,0) is restricted to {|n,m) : n >
0, m > 0}. To this end, let us calculate the action of the generators

Uy ln,m) = hy/(n+ 1)m f(h(n + 14 61),A(m+d2)) [n+1,m)
U_|n,m) = hv/nm f(h(n +61), i(m + 82)) [n — 1,m)
Vi|n,m) = /R(m+1) g(A(n+ 61), A(m + 1+ 62)) [n,m + 1)

) = Vhm g((A(n+ 61), A(m + 82)) [n,m — 1) .

V_|n,m
It follows that U_ |0, m) = 0 and that for n >0, U_ |n,m) # 0 . Vice versa,
for n >0, Uy |n,m) #0. In the same way, V_|n,0) =0 and for m >0
V_|n,m) # 0. Vice versa, for m >0 Vy |n,m) # 0. Starting from |0,0), ev-
ery vector In,m) for n >0 and m > 0 is reachable by applying U; and V.
On the other hand, the vectors |n,m) forn < 0 and m < 0 are not reachable
from |0,0), since it is not possible to move outside the linesn = 0 and m = 0
in 7Z2. Therefore, the representation Si(|k)) is infinite dimensional and has
basis vectors |n,m) with n,m > 0.

In the classical limit the algebra relations become

2?4+ y% = uvf(u,v), a’+ b = vg(u,v),

defining a non-compact level set in RS. Note that the restriction to n >0
and m > 0 in the representation restricts the coordinates in the classical
limit to u >0 and v > 0. This example is particularly interesting, since if
one sets u=r+z, v=r—2z and f: 1, then, in the classical limit, the
algebra relations become

x2—|—y2—|—22:r2, a2+b2:(r—z)§(r,z).

Since r = %(u +v), one may interpret v as a radius since it is non-negative
because of u > 0 and v > 0. Additionally, we can parametrize the coordinates
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a and b with a compact parameter T:
a=+/(r—2)g(r,z)cost, b=+/(r—=z)g(r,z)sint.

Thus, the level set can be parametrized by R3 x S*, where S* is a circle with
radius \/(r — 2)g(r, z), vanishing when r = z.

5. Representations of Lie algebras

In this section we show that, for any finite dimensional Lie algebra g, one
can define a shift subalgebra where the generators satisfy the commutation
relations of g. Consequently, one may construct irreducible representations
S(|k)) of g by using Proposition Moreover, the Lie algebra generators in
the shift subalgebra provide a natural set of inner derivations, suggesting the
interpretation of the shift subalgebra as a “noncommutative homogeneous
space”. A lot of literature exists, in which such fuzzy homogeneous spaces are
constructed. For instance, it is possible to use coherent states [14], highest
weight representations of Lie algebras [2], [7] or subspaces of Fock space
representations [13], [15]. In this section, we illustrate another way of arriving
at such fuzzy homogeneous spaces.

We start with a shift algebra Ag 4(F), and assume in this section that
g = 1. For notational convenience, we write S; = Sp; (cf. Section such
that (S;f)(ui,...,up) = f(uy,...,u;i +h,...,up).

Lemma 5.1. Let Agl be a shift algebra and let f; € F, fori=1,...,D,
such that Sy f; = f; for k #i. Then the shift subalgebra generated by

Ej = fU'uif;  (i,j=1,...,D)
(no summation over i and j) fulfills the commutator relations
(34) (Eij, Ey] = 08 Ey — 03 A; By
where A; = S;(f?) — f2.

Proof. By direct calculation one shows that for ¢ # j # k # 1
EijEw = EuEy; = [Biyj, Eux] =0
EiEj; = EjjEi = [Eu, Ejl=0
EijEy; = Ex;Ei;; = [Eij, Bg,] =0
EijEiyx = BBy = [Eij, Eix] =0
EijEjx = S;(f})Ei ,
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EixEij = ijEik = [Eij, Ej] = (Sj(ij) - ff) By,
Ei;Ej5 = S;(f7)Eij ,
EjEiy = [7Ey; = [Ey, Byl = (Si(f]) = 17) By
EijEji = [ Si(f]) = Si(f]) B
= (B, Ej] = (S;(f7) = £7) Bu — (Si(f7) — £2) By -
These relations can be summarized into . I

If A; is constant and independent of 4, then in Lemma the commu-
tator relations reduce to the Lie algebra relations of w(D). In this case,
the shift subalgebra generated by the Ej; is an enveloping algebra of u(D)
(but not the universal one). Setting A; = i can be achieved by choosing
fi = Vu; + ¢, for arbitrary ¢ € R. In the following we show that this can be
generalized to any finite dimensional Lie algebra g.

Proposition 5.2. Let Agl(}") be a shift algebra such that \/u; +¢; € F
forc,eRandi=1,...,D, and let g denote a finite dimensional Lie alge-
bra with basis {X*}"_, such that [X?, X?] = f% X¢. Furthermore, let (X3
denote the matrices of a N-dimensional representation of g. Then the ele-
ments

N
X = Z ij\/ui + ciUi_lUj\/uj +¢
ij=1
satisfy [X®, X = hfo _X¢ fora,b=1,...,n.

Proof. In the notation of Lemma [5.1} one finds that A; = u; + A+ ¢; — u; —
¢; = h. Defining

(35) Eij =\u; + CiUi_lUj\/Uj + ¢y
and setting

N
Aa p— a ..
Xe=3" XgE;,
i,j=1

it follows immediately from that

[Xa,Xb] — hfachC )
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Thus, Propositionimphes that the shift subalgebra generated by {X’ i
is an enveloping algebra of the Lie algebra g.

Let us now present the main result of this section, showing that one can
construct irreducible representations of an arbitrary finite dimensional Lie
algebra by considering representations of shift subalgebras.

Proposition 5.3. Let g be a n-dimensional Lie algebra, and let A be the
shift subalgebra generated by {X“}Zzl, as defined in Proposition . For
n=(ni,...,np) € ZP, the simple A-module S}(|n)) (cf. Proposition
is an irreducible representation of g. Moreover,

Si(|n1,...,np))

Cspanc{|ki,...,kp) k1 +---+kp=n1+---+np}.

If hé;+¢; =0 and n; >0 for i =1,...,D then Sg(]nl, ...,mp)) 1S finite
dimensional.

Proof. We know from Proposition 4.2 that Sp(|n1,...,np)) is a simple A-
module. Moreover, there it is shown that every vector is cyclic, which is
also the case for the X ¢  which represent the Lie algebra basis elements.
Therefore, Sp(|n1, - ..,np)) is also simple (or irreducible) as a representation
of the Lie algebra g.

Furthermore, the sum k1 + ko + - - - + kp is constant under the action of
the E;; of . Namely, for ¢ # j it follows that

Eijlka, .. kp) = \/hki + 8 + 1) + ci) (hlk; +85) + ;)
X |k1,...,ki+1,...,kj—1,...,k‘D>
E;; “ﬁ, RN kD> = (ﬁ(kl + (51) + Ci) ‘]{1, e ,k‘D> .
Consequently, the sum ki + --- + kp is also constant under the action
of an arbitrary element in the shift subalgebra, since the shift subalgebra is

generated by the X, which are linear combinations of the E;;.
Assuming that hd; + ¢; = 0, the action of the F;; becomes

Eij|k‘1,...,k'D> =h (ki—i—l)kj
><|]€1,...,k‘i—{—1,...,k}j—1,...,k‘D>
EZ‘Z‘|]€1,...,]€D>:hkz‘|k’1,...,ki,...,]€D> .

From this follows that if n; > 0, the module S2(|n1, . ..,np)) is restricted
to a subset of the basis elements |ki,...,kp) with k; > 0, since the factor
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w/(ki + 1)kj for the operators E;; with ¢ # j becomes 0, when applied to
a vector with k; = 0. In the case hd; + ¢; = 0 and n; > 0 this means that
S)(|n1,...,np)) is a subspace of the vector space spanned by |k, ..., kp)
where ky +---+kp =n1+---+np and k; > 0. These {k1,...,kp} form a
finite subset of ZP.

The shift subalgebra A generated by the X%is a subalgebra of the shift
subalgebra generated by the Ej;; , since the X are linear combinations of
the Ej;. Thus, because the module S)(|n1,...,np)) is finite dimensional for
the shift subalgebra generated by the E;;, this is also the case for A. O

It is an interesting observation that the hyperplane in Z”, which is
defined by k1 + - - - + kp = N with N some integer forms a triangular lattice.
The condition k; > 0 cuts out a regular D-simplex from this hyperplane.

Let us end with two examples as an illustration of the above results.

Example 5.4 (su(2) ~ so(3)). We explore the simplest non-trivial exam-
ple, the Lie algebra su(2) and its fundamental representation, which is pro-
vided by the Pauli matrices

/01 (0 —i /1 0
= 1 0) 27=\i o) %7 \o0 -1 )"

This is a two-dimensional representation, implying that the subalgebra de-
fined in Proposition is a shift subalgebra of A%?l(}'). The generators are
given by

X1 =+Vu + ClUl_lUQ\/UQ +co+ \/UQ + CQU2_1U1\/U1 +c
Xo = —i/ug + ClUl_lUQ\/'LLQ +co + i\/UQ + CQUQ_IUI\/Ul + 1

X3=uj+c1 —uy—cy.

We know from Proposition that the representation Sp(|n1,na)) is
restricted at least to the vectors |k, N — k) with N = nj + ny. The operators
become

A [k, N = k) =/ (R(k+1+8) + 1) A(N — k +62) + 2
¥ k+1,N—k—1)

A_|k:,N—l<:>:\/(h(N—k:+1+52)+02)(h(k+51)+01)
x|k—1,N—-k+1)

Z|k,N — k)= (h(k+61)+c1 — A(N — k+63) — ¢2)
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x |k, N — k)

where we have introduced the ladder operators

A, = %(XHY), A = %(X ), Z=Xs.

Depending on k, the expressions below the square Toots can be positive
and negative. As shown in Proposition we see that a restricted represen-
tation is only possible, when the expression below the square root can become
0 for some k, which is only possible, when the c¢; compensate the §;. Let us
therefore assume that hé; + ¢; = 0. We then arrive at

Aplb, N =Ky =hy/(k+ 1) (N k) [k + LN~k — 1)

A_|k,N —k)y=h/(N—-k+1)k|lk—1,N —k+1)
Z|k,N — k) =h(2k — N) |k, N — k) .

The expressions below the square roots are positive for 0 < k < N otherwise
they are negative. Furthermore, Ay |N,0) =0 and A_ |0, N) = 0. The irre-
ducible representations are the representations SJ(|N,0)) and are up to a
shift the representations of the fuzzy sphere.

Example 5.5 (su(D)). To generalize the previous example, for su(D)
we can directly use the algebra elements E;; from Proposition . From
this proposition we know that the representation Si(|n1,...,np)) can be re-
stricted to basis vectors |ki,...,kp) with ki +---+kp =ny +---+np=N.
Since for k; > 0, the factors under the square root of the E;; are all greater
than 0, the representation sweeps out the complete set k1 +---+kp =N
restricted to k; > 0. For the same N the representations are equivalent. For
every N, one obtains an irreducible representation of su(D).

The operators E;; in the representation are linearly dependent. They
correspond to the diagonal generator Z of the previous example. Since the
factors under the square root of the operators E;; with i # j are all non-
negative for all kyi,...,kp with k; > 0 it follows that the operators E;; are
conjugate to the operators E;;. These operators correspond to the conjugate
generators Ay and A_ of the previous example.

The representations generated in this way are usually denoted by

[N,0,...,0],
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where each of the numbers in the square brackets indicates a highest weight
vector of su(D). It is known that these representations are fuzzy complex
projective spaces; see e.q. [2,[7].
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