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Instanton counting and Donaldson—Thomas

RICHARD J. SZABO AND MICHELANGELO TIRELLI

We study rank r cohomological Donaldson-Thomas theory on a
toric Calabi-Yau orbifold of C* by a finite abelian subgroup I' of
SU(4), from the perspective of instanton counting in cohomological
gauge theory on a noncommutative crepant resolution of the quo-
tient singularity. We describe the moduli space of noncommutative
instantons on C*/I" and its generalized ADHM parametrization.
Using toric localization, we compute the orbifold instanton parti-
tion function as a combinatorial series over r-vectors of I'-coloured
solid partitions. When the M-action fixes an affine line in C*, we
exhibit the dimensional reduction to rank r Donaldson-Thomas
theory on the toric Kéhler three-orbifold ©3/I. Based on this
reduction and explicit calculations, we conjecture closed infinite
product formulas, in terms of generalized MacMahon functions,
for the instanton partition functions on the orbifolds €2 /Z,, x C?
and ©3/(Zgy x Zy) x C, finding perfect agreement with new math-
ematical results of Cao, Kool and Monavari.
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1. Introduction

The counting of BPS states in string theory and quantum field theory of-
ten leads to deep mathematical insights into counting problems of enumera-
tive geometry. Of particular interest are vacuum moduli spaces of D-branes
and instantons, which often provide alternative contructions of the relevant
moduli spaces that are otherwise technically difficult to define rigorously in
geometrical approaches. Looking in the other direction, mathematical con-
structions of enumerative geometry can shed light on structural properties
of the BPS spectrum of particles in string theory and quantum field theory.

In this paper we are concerned with the connections between BPS state
counting problems and Donaldson-Thomas theory [I} 2]. Donaldson-Thomas
invariants are virtual numbers counting sheaves on a complex variety. They
are defined as integrals of cohomology classes over virtual cycles of moduli
spaces of sheaves. Their best understood physics connection is to type II
string theory compactified on a Kéhler threefold M, where BPS states pre-
serve half of the A/ = 2 supersymmetry and correspond to bound states of
D-branes. The vacuum degeneracies are computed by the Witten index and
the corresponding partition function reproduces the generating function for
the Donaldson-Thomas invariants of M (see e.g. [3, [4] for reviews).

The enumeration of D-brane bound states on M can be equivalently re-
formulated as an instanton counting problem in a six-dimensional Ny = 2
cohomological gauge theory on M. The computation of Donaldson—Thomas
partition functions from this perspective has been studied in great detail
by [5H8] in the case where M is a toric Calabi-Yau threefold. For this, the
moduli space of U(r) instantons is compactified in two ways: by deform-
ing the first order partial differential equations defining BPS states to op-
erator algebraic equations for noncommutative instantons, and by a local
{2-deformation of M which preserves its SU(3)-holonomy.

For the simplest example M = €2, the Donaldson-Thomas partition
function enumerates BPS bound states of Dp-branes inside r D(p+6)-branes.
A six-dimensional version of the ADHM construction in four dimensions [9]
establishes that, from a geometric point of view, the compactified instan-
ton moduli space is isomorphic to a moduli space of torsion-free sheaves on
complex projective space P3 with suitable characteristic classes and framing
conditions [6l [7]. The Coulomb branch instanton partition function can be
written in a simple compact form as |5} 6]

(1) Zis(q) = M((-1)"q)" ,
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where M(q) =[[,;>; (1 —¢™)™" is the MacMahon function and q is the
Boltzmann weight parameter for instantons. See [I0, [I1] for reviews of vari-
ous physical and geometrical aspects of this correspondence.

General Dp-Dp’-brane systems can be considered after turning on fluxes
for the Neveu-Schwarz (NS) B-field, in such a way that supersymmetry is
restored in the vacuum [12, [I3]. In this paper we are interested in the codi-
mension p’ — p = 8. Many new features appear in eight dimensions. The cor-
responding eight-dimensional cohomological gauge theories were constructed
and studied in the late 1990s [I4HI6]. They are in many respects similar to
their four-dimensional counterparts, namely Donaldson-Witten theory [17]
and Vafa—Witten theory [I8] on complex surfaces. The equivariant instanton
partition functions on C* were recently studied by Nekrasov and Piazzalunga
in [19] 20].

The renewed interest in these eight-dimensional quantum field theo-
ries has been sparked by recent mathematical advances in the Donaldson—
Thomas theory of Calabi—Yau fourfolds, starting with the seminal work of
Cao and Leung [21] which constructed a virtual fundamental class in special
cases. Subsequently, virtual cycles of the Donaldson—-Thomas moduli spaces
for fourfolds were developed more generally by Borisov and Joyce [22] in the
setting of derived differential geometry, as well as by Oh and Thomas [23] in
the setting of algebraic geometry. The virtual cycle is defined via a suitable
choice of a local orientation at each point of the moduli space. This corre-
sponds to a choice of signs, a well-known phenomenon in eight dimensions
that does not arise in lower dimensions. These signs are the most impor-
tant and non-trivial aspects of the theory, while at the same time presenting
one of the major difficulties. The computations of Cao and Kool [24] show
that the choice of signs seems unique (up to overall orientation), and that
they always give the simplest answer for the Donaldson—Thomas partition
functions.

In the following we shall elaborate on several aspects of the construction
of noncommutative instantons in eight dimensions and the evaluation of their
partition functions. We give a new derivation of the equivariant instanton
partition function on C* that carefully incorporates the correct sign choices.
Our sign choice differs from other choices that have appeared so far in the
literature.

The central achievement of this paper is a detailed systematic study and
computations of the rank r degree zero cohomological Donaldson—Thomas
invariants of the toric Calabi-Yau four-orbifolds €*/I, extending the flat
space treatment on C*. These have so far received only limited attention
in both the physics and mathematics literature. The analogous instanton
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counting problem in six dimensions has been studied in detail in |7 §];
see [4] for a review with comparisons to the instanton counting problems in
the Donaldson—Witten and Vafa—Witten theories. In eight dimensions, only
the instanton partition functions for some simple cyclic orbifolds have been
briefly discussed in [25] 26]. A thorough mathematical treatment of the rank
one K-theoretic Donaldson-Thomas theory of Calabi—Yau four-orbifolds ap-
pears in parallel to our work in [27], complementing the results of the present
paper, as we discuss further below.

In this paper we construct and study rank r cohomological gauge theory
on quotient stacks [C*/I'], where [ is a finite abelian subgroup of SL(4, C).
This is equivalent to the gauge theory on a noncommutative crepant reso-
lution of the quotient singularity C*/I" provided by the path algebra A of
a generalization of the McKay quiver determined by representation theory
data of ', with relations given by a generalized ADHM parametrization of the
orbifold noncommutative instanton equations. The topological gauge theory
localizes by construction on [-equivariant instanton configurations. Using
toric localization, the orbifold instanton partition function can be reduced
to the fixed points of the moduli space under the action of the maximal
torus of SU(4) which are also -invariant. These are classified by r-vectors
of I-coloured solid partitions whose Boltzmann weights depend on the rep-
resentations of I'; this was also mentioned by [25] and is analogous to the
combinatorial description of orbifold instantons in six dimensions in terms
of plane partitions [7]. We assert that the BPS partition function on [C*/I]
conjecturally provides the corresponding orbifold Donaldson—Thomas invari-
ants.

Noncommutative Donaldson-Thomas invariants of four-Calabi—Yau al-
gebras already appear in the seminal work of [21]; see also [28] for the example
of the local resolved conifold. Our path algebras A are always four-Calabi—
Yau, and in fact they are Koszul since I' C SL(4, C). In the three-orbifold
case, this fact was used repeatedly in [7] to establish the relation between
equivariant sheaves on C? and BPS states in the noncommutative resolution
chamber of resolved Calabi-Yau singularities. The wall-and-chamber struc-
ture of the Kéhler moduli space is discussed in [28] for the example of the
local resolved conifold, building on the standard threefold case [29].

If there exists a toric crepant resolution X of the quotient singularity
C*/T, we can expect an analogous relation, as well as a version of the
McKay correspondence which would establish an equivalence between the
derived category of A-modules and the derived category of X, when the for-
mer admits a tilting object. This should then relate the instanton partition
functions in the ‘orbifold” and ‘large radius’ phases by changes of variables
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and wall-crossing formulas. As such an analysis is out of reach with our
current techniques, we defer it to future investigations.

Summary of results. Before starting a systematic study of our main
topic, we first review in some detail the analogous problem on the flat space
C4, in order to set the stage as the extension to orbifolds is then relatively
straightforward. We elaborate on the analysis of noncommutative instantons
in U(r) cohomological gauge theory on C* with SU(4)-holonomy and their
generalized ADHM parametrization. They are realized in a dimensional re-
duction of N'= 1 supersymmetric Yang—Mills theory from ten dimensions,
and also in type II string theory where the noncommutative deformation
corresponds to turning on a non-zero constant background B-field in the
flat ten-dimensional target spacetime [30]. The instanton partition function
on an f2-background is then regarded as an equivariant integral over the
instanton moduli space [31] and can be evaluated using toric localization
techniques as a combinatorial expansion in random solid partitions.

We evaluate the equivariant instanton partition function of the U(r) co-
homological gauge theory on C* with 7 massive fundamental matter fields.
It can be expressed in an exact closed form as (Conjecture

__rmejp €3 €23

® Zpalas&m) = M(-q)” 5505

T

(3) mI%Z(mz—az),

=1

where a; and m; are the Coulomb and mass parameters associated to the
maximal tori of the global U(r) colour and flavour symmetry groups, respec-
tively, while €, are coordinates on the maximal torus of SU(4) satisfying the
Calabi—Yau constraint €; + - - - 4+ €4 = 0; we use the notation €., = €, + €.
The formula for the equivariant Donaldson—Thomas partition func-
tion on €C* is well-known and has appeared many times before in the litera-
ture. We sketch a possible alternative analytic proof which, while incomplete
and lacking conceptual insight, highlights the symmetries of the theory which
are not evident in other approaches and can be potentially extended to the-
ories on more complicated spaces, like some of our orbifolds. It is based on
the fact that in six dimensions the Coulomb branch instanton partition func-
tion is known for generic {2-deformation of €3 [32H34] and is recovered from
the eight-dimensional theory through the mass specialization m; = €4 + q;
(Proposition . The idea then is to show that is the unique expression
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determined by the instanton deformation complex which correctly reduces in
the six-dimensional limit and preserves all symmetries of the cohomological
matrix model representation of the instanton partition function.

Moving on to our orbifold theories, we prove an orbifold version of Propo-
sition [78 which relates the equivariant instanton partition function on an
orbifold of the form C3/I x €, where I' C SL(3, C), to the noncommutative
Donaldson-Thomas partition function for the toric Kihler orbifold C3/I
through mass specialisation (Proposition . In the rank one case r =1,
the noncommutative Donaldson-Thomas partition function on C3/T is ex-
pressed by a closed formula precisely for the the Kleinian group I = Z,, in
SL(2,C) and the orbifold group I' = Zy X Zs in SL(3, C) at the Calabi-Yau
specialization €; + ez + €3 = 0 on €3 |7, 35].

For I' = Z,, the infinite product formula is extended to generic triples
(€1, €2,€3) in [36]. From this we assert that our proposed proof of Conjec-
ture should be possible to adapt to show that the equivariant instanton
partition function of the cohomological U(1) gauge theory with massive fun-
damental matter on [C%/Z,] x C? is given by (Conjecture

M €12 €13 €23 n?2-1m €12

Z[C2/Zn]xcz(q;€,m) = M((—l)" Q)—n lezezea i es
(4) X H M((—l)pﬂ“qms],(—l)” Q)’EM :

0<p<s<n

where Q =qo Q1" qn—1, Qpp,s] = A Ip+1 "~ ds—19s, and we weigh the frac-
tional instanton contributions with fugacities qs indexed by the irreducible
representations of I = Z,. The infinite product M (z,q) = [[4>; (1 — 2 ¢*)7*
is the generalized MacMahon function and we have set B

M(z,q) = M(z,q) M(z™", q).

For I = Zsy X Zo we do not yet have available results for a generic §2-
deformation of C3, but we provide strong evidence in favour of the closed
formula of Conjecture 267} It seems unlikely that there are any other orbifolds
C*/T for which exact infinite product expressions for the instanton partition
functions are even conjecturally possible; see [27] for a geometric explanation
of this.

For higher rank theories we formulate various conjectural closed formulas
for orbifold instanton partition functions with particular framing decompo-
sitions 7 of the rank r according to the irreducible representations of T,
for the orbifolds ©?/7Z,, x C? and C3/(Zy x Zs) x C (Conjectures
and . These conjectures are developed from the I'-equivariant instanton
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deformation complex associated to the ADHM-type parametrization of the
orbifold instanton moduli space. From this we obtain a combinatorial expres-
sion for the orbifold instanton partition function as a sum over r-vectors of
-coloured solid partitions, from which we deduce its symmetries and proper-
ties that are enforced in our conjectures. Then we require that they correctly
reduce to the known expressions on C3/T.

One of the novelties in eight dimensions is that, contrary to the standard
noncommutative Donaldson-Thomas invariants [29], our invariants depend
explicitly on the framing vector 7, and contrary to the invariants of [7, 8], the
7 dependence here is genuine and cannot simply be encoded in a multiplica-
tive factor. In the case of the orbifold €2/Zs x C? we obtain a conjectural
formula for the equivariant instanton partition function of type 7= (rg,r1)
for the rank r cohomological gauge theory with r massive fundamental mat-

ter fields on [C2/Z3] x ©2. It is given by (Conjecture [247)

_gmrejgeize3 3 mrejg

Zige ) xe2 (@ €M) = M(Q) 7 ez 2 e

— _mo TQ €12 —~— _ml T1 €12

(5) x M(—q1,90q1) =< M(—qo,qo0q1) <= ,

where m = (m°,m!) is the F-module decomposition of the center of mass

parameter .

As offsprings of our conjectures, we obtain predictions for the rank r
Donaldson—Thomas partition functions on the Kéhler three-orbifolds C? /Z,,x
C and ©3/Zy x Zo with generic U(3)-holonomy, in the cases where they are
not yet known. See Propositions [242] 250] 269 and 275]

The f2-deformation also enables the definition of the “pure” cohomologi-
cal gauge theory on C* without the massive fundamental matter fields. The
instanton partition function for the pure gauge theory is related to by
the infinite mass limit of Proposition which decouples the fundamental
hypermultiplet. For rank r = 1 this gives (Corollary

(6) Zga (A; €)PUC = exp ( A w> ’
€1 €2 €3 €4

where A is the ultraviolet scale of the quantum field theory, whereas for
higher rank » > 1 the instanton contributions all vanish.

Analogously, we define the “pure” gauge theory on orbifolds. The orb-
ifold instanton partition function for the pure gauge theory is related to the
orbifold instanton partition function of the cohomological gauge theory with
massive fundamental matter by the infinite mass limit of Proposition 225]
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For rank 7 > 1 the orbifold instanton contributions also all vanish (Proposi-

tions and .

Remark 7. As the writing of this paper was nearing completion, a related
work by Kimura appeared [26], which writes down the same matrix integral
expression from a different perspective for the instanton partition func-
tion on the orbifold C*/T, in the special case where [ = Z,, is a generic cyclic
subgroup of SU(4). Kimura also gives a free field representation of the orb-
ifold instanton partition function in that case, in the spirit of the BPS/CFT
correspondence [37], but does not discuss the explicit evaluation of the con-
tour integrals nor the geometrical applications to Donaldson—Thomas theory.

Relation to the work of Cao, Kool and Monavari. Our work is com-
plementary to new independent mathematical work by Cao, Kool and Mon-
avari [27] who consider Donaldson—Thomas invariants of general Calabi—
Yau four-orbifolds using an algebro-geometric approach. In the local toric
model, they compute rank one Donaldson—Thomas invariants using equiv-
ariant localization and a vertex formalism on quotient singularities C*4/I,
where [ is a finite abelian subgroup of SL(4,C). When I is the Kleinian
subgroup Z,, C SL(2,C) or the subgroup Zs x Zo C SL(3,C), they also con-
jecture closed formulas for the equivariant K-theoretic partition functions,
generalizing the Nekrasov—Piazzalunga partition function [20]. They recover
the cohomological invariants as well as three-orbifold invariants via the di-
mensional reduction of [38].

They also consider the Pandharipande—Thomas invariants of the crepant
resolutions of C*/I (when they exist), including the cases of non-abelian orb-
ifold groups I'. They again conjecture closed formulas for the equivariant K-
theoretic partition functions, as well as relate the Donaldson—Thomas invari-
ants for orbifold groups Z,, and Zs X Zo with the Pandharipande—Thomas
invariants of the corresponding crepant resolutions by certain changes of
variables.

Their work complements ours by developing the rank one K-theory ver-
sion of the story from a rigorous purely algebro-geometric perspective, whereas
we also develop the higher rank cohomological Donaldson-Thomas invariants
of toric Calabi—Yau four-orbifolds from the viewpoint of quantum field the-
ory. Up to slightly different conventions, our results perfectly match. More
precisely, we can summarise the main agreements as follows:

° Conjectureagrees with the cohomological limit of [27, Conjecture 5.13]

(see [27, Corollary 6.6]).
e The rank one case of Proposition agrees with [27, Corollary 6.10].
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° Conjecture agrees with the cohomological limit of [27, Conjecture 5.14]

(see |27, Corollary 6.6]).
e The rank one case of Proposition agrees with [27, Corollary 6.10].

Outline. Throughout our presentation we gloss over numerous technical
subtleties without comment. The organisation of the remainder of this paper
can be briefly summarised as follows:

e In Section[2]we provide an elaborate review of the construction of an eight-
dimensional cohomological gauge theory for the holonomy group SU(4). We
study its instanton solutions, discuss properties of the instanton moduli
space and define an ADHM-type parametrization. We evaluate the equiv-
ariant instanton partition function using a quiver matrix model for the
ADHM data and the tangent-obstruction complex of the instanton mod-
uli space. We discuss the relations to Donaldson-Thomas invariants of C*
and the analogous enumerative theory in six dimensions.

e In Section [3| we study instantons on orbifolds C*/I" with I a finite abelian
subgroup of SL(4, ©). We extend the results of Section [2|to the cohomolog-
ical gauge theories on quotient stacks [C*/T] for generic M-actions, provid-
ing numerous explicit examples. We also give a supplementary overview
of crepant resolutions of C*/I as well as their relevance to the BPS state

counting problems for D-brane bound states and instantons.

e In the final two Sections |4 and [5| we focus on two examples of orbifolds
where it appears possible to explicitly sum the instanton series, namely
©? )7y, x ©? and C3/(Za x Z3) x C. We conjecture closed infinite prod-
uct formulas for the orbifold instanton partition functions in terms of com-
binations of generalized MacMahon functions.

e Appendix [A] presents some details of the generalized ADHM construction
of the instanton moduli space, while in Appendix [B| we sketch possible an-
alytic proofs of the closed expressions for the instanton partition functions
on C* for general rank r, as well as on the orbifold C?/Z, x C? in the
rank one case.

Acknowledgements. We thank Yalong Cao, Martijn Kool and Sergej
Monavari for helpful discussions and correspondence, and for sharing a draft
of their manuscript [27] with us prior to submission. M.T. is particularly
grateful to Sergej Monavari for valuable comments on our manuscript and
enlightening conversations. We thank an anonymous referee whose comments
prompted us to clarify various aspects of our presentation. R.J.S. is grateful
to the Mainz Institute for Theoretical Physics (MITP) of the DFG Cluster of
Excellence PRISMA™ (Project ID 39083149) for its hospitality and support
during the completion of this work. The work of R.J.S. was supported in



1674 R. J. Szabo and M. Tirelli

part by the STFC Consolidated Grant ST/P000363/1. The work of M. T. is
supported by an EPSRC Doctoral Training Partnership grant.

2. Eight-Dimensional cohomological gauge theory

In this section we review and elaborate on several well-known aspects of gen-
eralized instantons and their equivariant partition functions in cohomological
gauge theory on C*. We do this in some detail, as the treatment is needed and
is parallel to the set-up used in discussing the orbifold theories. In particular,
we discuss in detail Spin(7)-instantons in noncommutative gauge theory and
their ADHM parametrizations, which also figure in the generalized gauge
theories of [39, 40], where some explicit solutions are also discussed. It is
instructive for the reader to keep in mind the analogous treatments in lower
dimensions; see [4I] for a review and comparison of instanton counting the-
ories in four, six and eight dimensions, and [42] for the analogue discussion
of ADHM-type quiver matrix models.

2.1. Spin(7)-Instanton equations

Let M ~ R® be an oriented eight-dimensional real vector space endowed
with the standard flat Euclidean metric. Instantons on M are solutions to
first order self-duality equations for gauge fields, which are preserved by a
holonomy group H € SO(8) [15} [I6]. The largest possible holonomy group is
Spin(7) € SO(8) [43], where the Spin(7)-structure is specified by the closed
non-degenerate Cayley four-form ®. It can be expressed in an oriented or-
thonormal coframe {e}5_; of M ~R®, where the metric is d,, e’ ® €,
as [44]

P — 61256 + 61278 + 83456 + 63478 + 61257 _ 61368 _ 62456

(8) | Q2468 _ 1458 _ 1467 _ 2358 _ (2367 | 1234 | 5678

)

where we generally use the shorthand notation e#1"#» := et A ... A efn. The

four-form @ is self-dual, * ® = &, where * : AFR® — A3 F RS is the Hodge

duality operator on the space of k-forms associated to the metric on M.
The generalized instanton equations can be written as

9) AF =% (®AF),

where F' = dA + A A A is the curvature two-form of a U(r) gauge connection
A on M. The eigenvalues A = —3 and A = 1 correspond respectively to the
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two eigenspaces of the self-adjoint operator % (& A —) in the decomposition
of the 28-dimensional space of two-forms A?R® into two irreducible repre-
sentations 28|spin(7y = 7 @® 21 of Spin(7). In this paper we focus on solutions
of ([9) with A = 1, which are called Spin(7)-instantons and form the basis of
Donaldson—Thomas theory in eight dimensions [11 2].

The Bianchi identity DF = dF + AA F = 0 together with (9 for A =1

imply
(10) D« F=D®ANF)=®dADF =0,

where we used d® = 0. Thus every solution of the Spin(7)-instanton equa-
tions is a solution of the second order Yang—Mills equations. A typical solu-
tion has moduli parametrizing the center of the instanton in R® and its scale
¢ € Rsg (see e.g. [45]). Thus the instanton moduli space IM,., i.e. the space
of smooth solutions to @ for A =1 modulo gauge transformations, is not
compact because instantons can be shrunk to zero size (¢ — 07) where they
become singular. Deforming the equations @D to noncommutative instanton
equations provides an ultraviolet regularization which resolves these small
instanton singularities.

The noncommutative deformation amounts to quantizing a constant Pois-
son structure on R® defined by a bivector § of maximal rank. After using
an SO(8) rotation to transform 6 into its Jordan canonical form and a suit-
able rescaling of coordinates, it defines a complex structure on R®. Con-
versely, we can choose one of the seven complex structures on R®, consider
the associated Kahler form w corresponding to the metric d,, e/ ® €”, and
set = Cw™!, where ¢ is a positive real parameter. The noncommutative
deformation introduces an additional length scale ¢ which serves as a min-
imum size for the instantons, so it resolves the moduli space singularity
as instantons can no longer reach the singularity where their size vanishes.
The introduction of a complex structure J breaks the holonomy group to
SU(4) ~ Spin(6) C Spin(7), so that the instanton equations are now defined
on the Calabi-Yau fourfold C*.

Let ©% =271 +ie?® and ©% = ©% be a coframe on M = C* which
forms a basis of (1,0)-forms and (0, 1)-forms with respect to J, that is

(11) JO*=i6° for a € 4:={1,2,3,4}.

Then there is a non-degenerate (4,0)-form € and a (1,1)-form w defined
by [46]

N=0'7r02r6%A6" and
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(12) w=4(©'ret+e2ne?+einedrethel),
which obey
(13) QAw=0 and Q/\Q:%w4:16vol.

The pair (w, §2) defines an SU(4)-structure on M and there is a compatible
Spin(7)-structure determined by

(14) ®=1wAw—Re,

which coincides with the Cayley four-form . The corresponding Kéhler
metric is wo J = §,5 O ® O,

We can write the field strength F' in the basis of (1,0)-forms and (0, 1)-
forms as

F=F*" 4 Fbl 4 F0?
(15) —1F,0° NP+ F ;0 N0+ L 00 n00.

When the Spin(7)-structure is determined by an SU(4)-structure via (14),
the Spin(7)-instanton equations (9 can be reduced via the inclusion SU(4) C
Spin(7) to the equations [I}, 2]

(16) Fop=3%eqealsg  and 8% Fm=0,

for a,b € 4, where ¢,,,; is the Levi-Civita tensor in four dimensions.

The Spin(7)-instanton equations are weaker than the Hermitian
Yang—Mills equations that appear in the analogue instanton equations in
four and six dimensions, which amount to replacing the first equation of
(16) with F,;, =0 and describe semistable holomorphic vector bundles on
M. Any solution of the Hermitian Yang—Mills equations is automatically a
solution of the Spin(7)-instanton equations, but not conversely in general.

2.2. Cohomological gauge theory

The cohomological Yang—-Mills theory which describes the instanton moduli
problem in eight dimensions corresponding to the SU(4)-structure defined
by was constructed in [14, 47] using the BRST formalism to gauge fix
the topological action functional

(17) So = / QAT (FO? A FO?),
M
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where Tr denotes the trace in the fundamental representation of the (com-
plexified) gauge group. It can be equivalently obtained by dimensional reduc-
tion from ten-dimensional A/ = 1 supersymmetric Yang—Mills theory with
gauge group U(r) [48], whose field content consists of the gauge field A and
a Majorana—Weyl spinor in the adjoint representation of U(r). This also iden-
tifies it as the low-energy effective field theory on D-branes in type II string
theory.

One starts by compactifying the time dimension and the ninth spatial
dimension of R"Y on a square torus TH! = Rb! / 21 R7Z? of radius R. Ac-
cordingly, the field theory is defined on the spacetime R® x T!!, and in the
limit R — 0 the unbroken global symmetry group is

(18) SO(1,9) > SO(8) x SO(1,1).

The components of the gauge field Ay and Ag become a pair of adjoint scalar
fields on M = R® after dimensional reduction. The reduced field theory has
a non-compact R-symmetry group SO(1, 1) which in the bosonic sector acts
only on these scalars. The Majorana—Weyl spinor field reduces according
to the decomposition of the positive chirality real spinor representation of
SO(1,9) into irreducible representations of the subgroup given by

(19) 16+‘SO(8)XSO(1,1) = (8, +1) @ (8, 1),

where 8¢ and 8. are respectively the chiral and antichiral real spinor repre-
sentations of SO(8).

With the reduced holonomy group SU(4) C Spin(7), the ambient space
becomes the Calabi-Yau fourfold C*, characterized by a complex structure
J and a compatible SU(4)-structure (w,Q) from (1I)—(13). The doublet of
real scalars are naturally grouped into a complex Higgs field ¢. Under SU(4)
the curvature two-form F' decomposes as in .

The SU(4) holonomy preserves two supercharges. Under SU(4) the spinor
representations 8¢ and 8. branch into irreducible representations as

1361 ~NC* o N20C* ¢ A CH,
=4pda~ N0t @ N3O

85’5u<4)
(20) 80‘5U(4)

Accordingly, in the fermionic sector the spectrum consists of a complex scalar
and a (2,0)-form, along with (1, 0)-forms and (0, 1)-forms. This matches the
field content of the bosonic spectrum, which consists of the complex gauge
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field
(21) A=A 4 A% = 4,0+ A, 0°

and Higgs field ¢ along with their complex conjugates. This recovers the field
content of the holomorphic Ny = 2 topological Yang-Mills theory in eight
dimensions [14], 47].

Here we shall focus on the purely bosonic sector of the dimensionally
reduced field theory on C*. For this, let * : ABLEt — ANTLAR 04 be the
map induced by the Hodge duality operator. Together with the holomorphic
four-form (2, it defines an anti-linear operator *q : NOF 5 NOAR by
*q B :=*(BAQ) for 5 € AYF €4 With g := gl(r, ©), this operation has the
property that the standard inner product of «, € AR T4 g can be
expressed as

(22) (o, B) = /M Tr(a A *BT) = /M QATr(aAxq ).

There is a related gauge-invariant complex quadratic form defined for a €

A2 T*Ct @ g by
(23) (o, ) = / QANTr(aAa).
M

The Yang-Mills Lagrangian density on M can be written as vol Tr( —
: Fiy) = L Tr(F A +F), and so the Yang-Mills action functional is expressed
in terms of the norm induced by the inner product as  ||F||*. This may
be rewritten for gauge fields with suitable boundary conditions at infinity
and vanishing first Chern form (i.e. F € A?T*R® ® su(r)) using the useful

identity [49]

(24) LIFI? =2||[FO2|° + L lw o FI? + K

where w1 F =% (w A * F') is the contraction of the two-form F with the
(1,1)-form w, while K =6 [, w? A Tr(F?) is a topological term. This en-
ables us to write the purely bosonic part of the dimensionally reduced action
functional in the form

2 _
(25) S =2||F%?|" + i lwa FI* + |1 De|l* + V(e,0) + K,

where V (¢, ) = 3 [, vol Tr([p, ¢]?) is the Higgs potential.
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The involution xq : A%? C* — /\70’2 C* enables an orthogonal decom-
position of the field strength F%? = 9A%! 4 A1 A A%L = F_?’z + F*? into
eigencurvatures as

(26) FP? =1 (F%? £ 5o FO?)  with %q Fy* =+ FY2.

This self-duality condition arises from the reality of the representation 6 in
the branching of 8¢ from , which yields a splitting

(27) N2t = N2t o N2 Ot

into real +1-eigenspaces /\i2 C* of xq, since (xq)? = 1.
The quadratic form is maximally positive /negative definite on

AP T*C 0 g.
This enables us to write the topological action functional as
(28) So = (FO2, ) = [[E22) = |70

From HF0’2H2 = HFE’QHQ + HF9’2H2 =2 HF9’2H2 + So we can then bring
to the form

(29) S=4||F2%|* + L |w s FI? + | Dol + Ve, @) + 250 + K.

In particular, it follows that S > 2S5y + K.

Since SU(4) C Spin(7), and dimensional reduction of ten-dimensional
N = 1 supersymmetric Yang—Mills theory on a manifold of Spin(7)-holonomy
is equivalent to a topological twist of the resulting eight-dimensional super-
symmetric gauge theory [I4], this field theory is cohomological and has a
BRST symmetry. Hence in the topological sector with 2.5y + K fixed, it lo-
calizes onto the moduli space of solutions of the BRST fixed point equations
given by

(30) F?2=0, woF=0 and Dp=0.

The first equation implies Fpp, = %%bég =g>» while the second equation gives
0% Foz = 0. In other words, the gauge theory localizes on the instanton equa-
tions on the Calabi-Yau fourfold C*. The solutions of these equations
minimize the action functional . When Sp =0, the Spin(7)-instanton
equations are equivalent to the Hermitian Yang—Mills equations.
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2.3. Equivariant gauge theory

We shall now describe the moduli space M, of solutions to the Spin(7)-
instanton equations , and use this to compute the instanton partition
function of the eight-dimensional cohomological gauge theory. We begin with
an informal discussion of ‘integration’ over instanton moduli spaces, and
then quantify how to compute these formal expressions practically in the
remainder of this section through a generalized ADHM parametrization of
M,

Generally, the BRST symmetry of a rank r cohomological gauge theory
localizes its path integral (in a fixed topological sector) to an integral over
a virtual fundamental class [90,]V"", which is represented by a coarse moduli
space I, and a vector bundle Ob, — 9N, called the obstruction bundle,
whose fibres are spanned by the antighost zero modes; it is non-trivial when
there is a quadratic Kuranishi map obstructing the extension of first order
deformations, parametrized by the fibres of the tangent bundle T9%, — M,
to second order. If 9, is smooth and oriented (which is seldom the case),
then [9,]¥I" is the Poincaré dual of the Euler class ¢(Ob,.). Partition functions
of the topological field theory are then defined geometrically by integrating
the Euler class (%) of a ‘matter bundle’ #~ — 9, whose rank equals the
virtual dimension of the moduli space, i.e. the rank of the virtual tangent
bundle TV, = TN, © Ob,..

In our eight-dimensional theory, we let P, = % (1 —%q): A2 ¢t —
A% ¢4 be the projection to the —1-eigenspace of the involution xq induced
by the Kéhler metric and the holomorphic (4, 0)-form © on the Calabi-Yau
fourfold M = C*. The local geometry of the instanton moduli space I, is
captured by the instanton deformation complex [14]

31) 0= A'T"Cleg 2 AT Cle g 2 ATt g g — 0,

where the first arrow is an infinitesimal complex gauge transformation, while
the second arrow with 5;‘ =P o 04 is the linearization of the first equa-
tion in . Associated to this complex is a local cyclic Lo-algebra which
describes the full cohomological field theory in the BV formalism and 91, as
the corresponding Maurer—Cartan moduli space.

The cochain complex is elliptic and its degree one cohomology repre-
sents the (complex) tangent space to the moduli space 9, at a fixed holomor-
phic self-dual connection A. We assume that the degree zero cohomology van-
ishes, i.e. ker (5,4) = 0, which amounts to restricting to irreducible connec-
tions with only trivial automorphisms. There is also a non-trivial degree two
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cohomology which defines the real self-dual obstruction bundle Ob,” — 9t,,
whose fibre over A is given by coker (52) c A2 T4 @ g.

This is the starting point for the construction of a corresponding (real)
virtual fundamental class [90,]"" in [21H23] [50H53]. We consider the strati-
fication of the moduli space 9, into its connected components 9, ;, which
are labelled by the instanton number (fourth Chern class)

1

9 -
(32) 38474

/ Te(FAFAFAF).
M

The obstruction bundle correspondingly restricts to real vector bundles
Ob; k — mnk R

which are orientable. The real virtual dimension is 27 k and the virtual fun-
damental class [90,x]Y"" depends on the choice of an orientation o of Ob,;.

The Euler class of the self-dual obstruction bundle, which is naturally
induced by integration over the BRST antighost fields in the cohomological
gauge theory, can be thought of as defining a square root Euler class for the
complexification Ob,. j, := Ob;,k ®r C through

(33) Ve(Ob, ;) := e(Ob;,).

In [23] an alternative definition of the square root Euler class is given as
follows. The complex vector bundle Ob, ; carries a natural quadratic form
induced by (23)), which restricts to a metric on Ob, ;. Then \/e(Ob, ) can be
defined using a maximally isotropic holomorphic sub-bundle of Ob, ; with
respect to this quadratic form, which is isomorphic to Ob ) S 2 real bundle.
This comes with a sign determined by the choice of orientation. It has the
advantage of yielding a class that lifts to Chow cohomology (with Z[z]
coefficients) and provides a construction of [, ;|¥" as an algebraic cycle.
A natural choice of ‘matter bundle’ £ in this case is provided by the bun-
dle 7, — M, whose fibre over a gauge orbit [A] is the complex vector
space V' entering the generalized ADHM parametrization of 9, in Sec-
tion below; this is a complex vector bundle of rank &, and taking r tensor
powers of it gives a vector bundle J# of the desired real rank 2r k. To in-
corporate masses m = (myq,...,m,) for the matter fields we use the Chern
polynomial of the vector bundle %, which is defined by the formula

(34) rk, Z m C— z r s
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where ¢;(7; 1) is the i-th Chern class of #; .. The Euler class is the top Chern
class e(7; 1) = ci(Vrk)-

The instanton partition function of the eight-dimensional cohomological
gauge theory then schematically has the form

r

o0
(35) Zestm) =Y a" [ ] elhaim).
k=0 (LS

where the counting parameter q weighs the instanton number and is deter-
mined by the couplings of the gauge theory.

To make sense of the symbolic expression , we will work in the setting
of equivariant gauge theory and define it via an equivariant integral over the
instanton moduli space. The global symmetry group of the cohomological
field theory with matter is

(36) G= U(T)col X SU(4) X U(T)ﬂay

where the colour symmetry U(7)qo acts by rotating the framing of the gauge
bundle at infinity in C*, and the flavour symmetry U(r)q, acts on its vector
representation r. This group can be rotated into its maximal torus

(37) T=Tg x Te x Ty,

where we label the torus factors by the corresponding complexified Cartan
subalgebra elements, which we assume to consist of generic complex param-
eters in the following.

The framing rotation parameters @ = (aq,...,a,) are vacuum expecta-
tion values of the complex Higgs field ¢, while € = (€1, €2, €3, €4) satisfy

(38) €1 +est+e3st+es=0

and correspond to the natural complex scaling action of the three-torus
Tz on €* This couples the gauge theory to Nekrasov’s f2-background [31]
through an SU(4)-invariant deformation of the BRST supercharges. The (2-
deformation does not change the instanton equations , but it confines
their solutions to the fixed point 0 € C* and so provides an infrared regular-
ization of the singularities of 9, ;, due to instantons that escape to infinity.
The flavour rotation parameters m = (my,...,m,) are masses of r funda-
mental matter fields.

The torus T acts on the moduli space M, ;. and its obstruction bundle
Ob, 1 (with Ty acting trivially), as well as on the vector bundle 7, ® 7
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(with T, acting trivially on % and Tzz:= Tz x Te acting trivially on r).
The product of Chern polynomials in can be regarded as the equiv-
ariant Euler class eT(7.r ®r). The integrations are then interpreted as the
pushforwards f M, 5 eT(77.r ® 1) to a point in the T-equivariant Chow co-
homology of zmT ks ‘whose coefficient ring is Cld, €, m] /(€1 + - - - + €4). The £2-
deformation localizes the moduli space 9., onto its isolated T-fixed points
ge sm . The virtual localization formula of [23], [54] computes the integrals
in as a sum over these fixed points, giving the instanton partition func-
tion as a combinatorial expansion in q whose terms are rational functions of
the equivariant parameters (a, €, 7). It reads as

oo O rkla) € FOT
(39)  Zpa(asd, &)= q" Y i i)~93TT(k) e )'

The fixed points of the instanton moduli spaces have a combinatorial sig-
nificance that we discuss below. The square root Euler class /eT ((Ob,"k),;)
in is defined up to a sign which depends explicitly on the orientation
of Ob_k at the fixed point &. The formula assumes that the spaces
T390, and (Ob, 1)z carry only non-zero Welghts for the action of the torus
Tze, so that the equivariant Chow cohomology classes et(T73M, ) and
V€T ((Oby.1,)7) are invertible. We shall elaborate further on these points later
on in this section.

The equivariant theory also allows for the definition of the instanton par-
tition function of the cohomological gauge theory without matter [19], that
is, the “pure” holomorphic Ny = 2 topological Yang—Mills theory in eight
dimensions defined by integrating 1 over [ﬂﬁnk];’ir. This is analogous to the
definition of the Nekrasov partition function for the pure N' = 2 supersym-
metric Yang—Mills theory in four dimensions [31]. The field theory is now
equivariant with respect to the torus Tz~ C T, and the localization theorem
gives

Tae

2 (A; @, €)Pure = ZAk/ |
k=0 [

m ]vnr

a

(40) i Ak \/a((ObT,k) ) ]

i €T (chg'n k)

k= GeEM]

[e=]
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2.4. Noncommutative field theory

As we discussed in Section [2.I] the noncommutative deformation is equiv-
alent to the choice of a complex structure on R®, which induces a Poisson
bivector § = (w™! that we wish to quantize, where ¢ € R and w is the
corresponding Kihler form of R®. The quantization map sends the local
complex coordinates z,, Z; of M = C* to operators with the commutation
relations

(41) [2a; 2] = 0 = |73, 25] and [2a; EB] = (04p s

for a,a,b,b € 4. We write A for the noncommutative algebra generated by
these operators over C. The unique irreducible representation of this algebra
is given by the Fock module

(42) H=Clz,%,2,2]0) = @ Cli),

AEZL,

with vacuum vector |0).

Let W ~ C" be the fundamental representation of the colour symmetry
U(7)col, regarded as a Hermitian vector space. Using the quantization map,
we send all fields of the eight-dimensional cohomological gauge theory to
operators acting on the separable Hilbert space H" := W ® H, i.e. to ele-
ments of the algebra Mat,,(A) := Endc(W) ® A of rxr matrices valued in
A. This turns the gauge theory into an infinite-dimensional matrix model.
The fixed point equations become operator algebraic equations for the
noncommutative fields given by

Za, Z0) = § e aeq [ 21, Z1) |

4
(43) S [ZhZ) =Cly  and  [Ze,g] =0
a=1
for a,b € 4, where the operators Z, := % (zq +1Az) are called covariant co-

ordinates. The (2-deformation leaves unchanged the instanton equations but
alters the last equation of (43) to

(44) [Zaa 90] = ¢€q Za -

It follows that charge £ noncommutative U(r) instantons in eight dimen-
sions are described as elements of the algebra Mat, ., (A) acting on the free
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A-module A" := W ® A. Through the natural isomorphism of A-modules
Erk ~ A" they can be related to connections V : EMF — EMF @ 4 QA on
the projective modules ™% := H* @ A" over A, where H¥ :=V @ H for a
Hermitian vector space V ~ CF and Q}4 is the bimodule of one-forms over

the algebra A. This induces a decomposition of the covariant coordinates
Z, € End4(E7F) as

(B L _ (By I}
Zl - (j{ Rl) ’ ZQ - (fg Rz) )
_ (By I} _ (Bs I
(45) 3 — (j3 R3> and 4 = <j4 R4> 5

where the diagonal blocks consist of linear maps B, € Endg (V') and opera-
tors Rq € End4(W ® A), while the off-diagonal blocks are operators

I, Iy, 14, I € Homa (W ® A, V) and
(46) I, Iy, 13,1y € Homu(V,IW ® A).

We can set .f(’l = 0 for a € 4 thanks to the freedom of gauge choice.
Using the isomorphisms

(47) Hom (W @ A, V) ~ Homg(W, V) ® End 4(A")
and
(48) Hom 4(V, W ® A) ~ Homg(V, W) ® End 4(A")

we decompose the operators from asl, = I, ® 1a, where I1 € Homg (W,
V), Io € Homg(V, W) for a € {2,3,4} and the operators

Yo € Endy(A") =~ Mat,«,(A)
satisfy 11 Yo = 1 4-. Relabelling I := I1 and J, := I441, it is then straight-

forward to see that the first and second equations of yield the matrix
equations

[B1, B H” 3 €103 (B B

0,
[Bon B/B] Elaﬁ’y ([Bi BI] - JlL IT) 0,

(49) Z Ba, B + 117 - ZJTJ = (1,
a=1
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for av, 8,7 € {1,2,3}, along with other relations which are not relevant here.

We observe that the space of solutions to the system of equations
is independent of the value of ¢ > 0 as a consequence of the scaling symme-
try By = kBa, I = k1, Jo — kJy and ¢ — k% for k € R. If the Spin(7)-
instanton equations reduce to the Hermitian Yang-Mills equations (i.e. Sy =
0), then the first instanton equation of would reduce to the holomor-
phic equations [Z,, Zp] = 0 and the non-holomorphic terms in the first two
matrix equations of would drop out. In this instance one can repeat
the stability argument of [6] to infer that, in the equivariant gauge theory of
Section one may set J, = 0 for o € {1,2,3}. In fact, it is the equations
[Ba, Bp] = 0 that arise for the vacua in the string theory setting discussed
below, which we shall see are equivalent to the non-holomorphic equations
with J, = 0 that retain the information of the original Spin(7)-instantons.
With this in mind, we restrict the solutions of to the closed subvariety
defined by the condition

(50) Ja=0 for ae€{l1,2,3}.

Altogether we have shown that the noncommutative instanton equa-
tions can be reduced to the ADHM-type equations

1% = [Ba, By] — % €apeq [ BL, B = 0
4
(51) and ,uR = Z [BavBEH + 11T = Clg.

a=1

In Appendix |A| we describe how to explicitly construct an SU(4)-instanton
connection A from the generalized ADHM data. For later considerations, it
is convenient to encode the ADHM data in a framed representation of the
four-loop quiver Ly:

31Q1 OBQ
(52) —
O

Physical interpretation. The ADHM equations describe supersym-
metric bound states of k coincident D1-branes along R!! with r D9-branes
filling RYY ~ RV x €% in the low energy limit of type IIB string theory
(or the T-dual DO-D8 and D(—1)-D7 systems), with a large constant Kalb—
Ramond field preserving % of the supercharges [19] 20, B9l 40, 55H57]. The
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massless spectrum of D9-D9 strings yields ten-dimensional N =1 Yang—
Mills theory with gauge group U(r), and the noncommutative instanton
equations describe D1-D9-brane bound states from the perspective of
the D9-branes. Our choice of vanishing first Chern form in Section 2.2] ex-
cludes D7-D9 bound states, while the restriction of vanishing second Chern
form, i.e. Sg = 0, also excludes D5-D9 bound states.

From the point of view of the D1-branes, the D9-branes are heavy and the
degrees of freedom supported on them are frozen to their vacuum expecta-
tion values. Then the Chan—Paton gauge symmetry becomes a global U(r)
colour symmetry on the D9-branes. The parameter ( is determined by the
constant background B-field along C* and it plays the role of the coupling of
a Fayet-Iliopoulos term in the low energy N = (0, 2) field theory with gauge
group U(k) on the D1-branes. The arrows B, of the ADHM quiver represen-
tation for a € 4 are the lowest components of chiral superfields on R!
that arise from quantizing the D1-D1 strings which generate four complex
scalar fields in the adjoint representation of U(k), while the arrow I is the
lowest component of a chiral superfield on RY! associated to the massless
spectrum of D1-D9 open strings in the Neveu—Schwarz sector which give rise
to a complex scalar field transforming in the bifundamental representation
of U(k) x U(r)col.

The ADHM equations are the equations for the classical Higgs
branch of the D1-brane theory [39, [40]. Since

(53) Tr(p®™) =Te(I17) = (k,

and the term in the middle is non-negative, a solution to pu* = ¢ 1;, exists
only if ¢ > 0. If { = 0 then I = 0, which corresponds to the two-dimensional
N = (8,8) supersymmetric Yang-Mills theory with gauge group U(k) on
R associated to the massless spectrum of D1-D1 strings alone. It can be
obtained as the dimensional reduction of ten-dimensional N' = 1 supersym-
metric Yang-Mills theory with gauge group U(k).

Thus the interesting case for us is ¢ > 0; in this case the D1-D9-brane sys-
tem is tachyonic and unstable [13], so it decays to a supersymmetric vacuum
via tachyon condensation. The presence of the Fayet—Iliopoulos term with
coupling ( in string theory corresponds to a noncommutative deformation of
the U(r) gauge theory on the D9-branes |30} [58], and this is why one has to
work with noncommutative instantons. Thus the situation here is somewhat
different from the four-dimensional case: for instantons on R* ~ C? a similar
analysis, now done for a D1-D5-brane system, leads to a theory where { =0
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is a permitted and non-trivial choice, though ¢ # 0 prevents the system from
entering the Coulomb branch through the small instanton singularity [58].

Finally, as discussed in Section [2.3] the partition function of the topologi-
cal field theory is defined by adding r fundamental fermions whose functional
integration brings down the Euler class of the matter bundle 7}, ® r —
M, . In string theory language this is conjecturally equivalent to adding
r anti-D9-branes to the interacting system of D-branes [19] 20], with the
masses m = (myq,...,m,) corresponding to the equivariant Chern roots of
the Chan-Paton bundle on the D9-branes. Similarly to the D9-D9 strings,
the degrees of freedom supported on the D9-D9 strings are frozen to their
vacuum expectation values, leaving a global U(r)g, flavour symmetry on the
D9-branes. Although the D9-branes and anti-D9-branes need not annihilate
completely to a supersymmetric vacuum in the background of a B-field [59],
any remaining open string ground states will be invisible to the D1-branes.

Altogether the spectrum of stable states (free from tachyonic modes)
in the presence of r anti-D9-branes involves reversed GSO projections and
changes only the Fermi field content in the N' = (0, 2) field theory on the D1-
branes, adding to the ADHM data an antichiral spinor on R>! in the bifun-
damental representation of U(k) x U(r)g, associated to the D1-D9-strings
from the Ramond sector, whose lowest component we denote by I. It does
not modify the form of the ADHM equations nor the non-trivial values
of the Fayet—Iliopoulos coupling (.

Geometrical interpretation. The moduli space M, ;, of U(r) noncom-
mutative k-instantons can be described as the ADHM moduli space, that
is, the space of quintuples (Bg,I)qeca satisfying the ADHM equations
modulo the action of the unitary group GV = U(k) of the vector space V
given by

(54) g- (BmI)aE& = (g Ba g_lagI)aeﬁ with g e U(k),

which leaves invariant the ADHM equations . In this parametrization,
the vector space V' descends to 9, ;, as the vector bundle 7/ ;. discussed in
Section 2.3

Let us consider the complex moment map equations in , given by
p& =0 for 1 <a < b<4. As noted by [19], there is an identity

(55) o lu@lle= > lBa Bl
1<a<b<4 1<a<b<4

where || — ||p is the Frobenius norm on Endg (V). From it follows that
the equations ufb = 0 are equivalent to the equations [B,, By] = 0. Instead,
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the real moment map equation p* = ¢ 1 in for > 0 is equivalent to a
stability condition: There is no proper subspace S C CF such that B,(S) C S
for a € 4 and im(I) C S. The stability condition is equivalent to the condition
that the operators B, for a € 4 acting on im(/) generate the vector space V =
C[B1, B, Bs, By) I(W); it can be interpreted physically as the requirement
that all D1-branes are bound to D9-branes.

Writing B85 for the space of stable quintuples, it follows that the in-
stanton moduli space has an explicit holomorphic parametrization as the
geometric invariant theory (GIT) quotient

(56) My = {(Ba,)aca € B* | [Ba, By =0, 1 <a<b<4}/GL(k,C).

From this one easily sees that the real virtual dimension of 9, 5, is (8 k2 +
2rk) —6k%—2k*=2rk.
As a consequence, by results of [60, 6I] the instanton moduli space M, j,

is isomorphic to the Quot scheme Quot®(C*) of zero-dimensional quotients
of the free sheaf O%Z with length k,

(57) M1 ~ Quoth(C),

which parametrizes framed torsion free sheaves £ on complex projective space
P* of rank 7 and chy(€) = k. Any such sheaf sits in a short exact sequence

58 0—E&— 0% — Sz —0,
(58) P

where Sz is a pure torsion sheaf of length k£ supported on a zero-dimensional
subscheme Z C P4,

Remark 59. In the rank one case r =1, it follows from that the
instanton moduli space is isomorphic to the Hilbert scheme of k points on
C4,

(60) My j, ~ Hilb*(Ch),

which is parametrized by ideals J of codimension k£ in the polynomial ring
C|z1, 22, 23, z4]. The correspondence follows from defining the k-dimensional
vector space V = C[z1, 29, 23, 24] /J for an ideal J € Hilb®(C*). We then take
B, € End¢(V) to be given as multiplication by z, mod J and I € Homg(C, V)
as I(1) =1 mod J.
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2.5. Quiver matrix model

From the perspective of D9-branes, the noncommutative field theory of Sec-
tion computes the instanton partition function for the cohomological
field theory of Section [41]. Here we shall study the theory from the per-
spective of the D1-branes. Following [6l 7], this uses the generalized ADHM
parametrization of the instanton moduli space M, ;. to construct a matrix
model representation of the integral in , which is based on the fields of
the quiver . The construction of the cohomological matrix model pro-
ceeds analogously to the construction of the eight-dimensional cohomological
gauge theory from [14] [47].

The symmetry group of the quiver matrix model is U(k) x U(7)co X
SU(4). The gauge and global framing symmetries act on the ADHM vari-
ables (Bg, I)aca as

(61)
(9,h) - (BayDaca = (g Bag ', gTh aca for (g, h) € U(k) x U(r)cor -

We work equivariantly with respect to the (complex) maximal torus Tz of
SU(4), which acts on the ADHM data as

(62) (ta)aeé‘ (Baa I)aeé - (tgl BmI)aG& for (ta)aéé = (eiga)aeﬂ € Te.

The BRST multiplets are (Bq, ¥q)qca and (I, p) with the BRST transforma-
tions

QBa :%, Q% = [</>7 Ba] — €q Bav

for a € 4, where ¢ is the generator of U(k) gauge transformations and a =
diag(aq,...,a,) is a background field which parametrizes an element of the
(complex) Cartan subalgebra of U(7)co1.

The matrix fields (Bg, I)qea are required to satisfy the seven constraints
. Note that the complex moment map equations uf?b =0, for a,b € 4 with
a < b, only contribute three independent constraints, which we choose to be

(64)  phz=0  with (a,8) € 3t :={(1,2), (1,3), (2,3)}.

To implement the equations and u® = (¢ 1; in , we add the Fermi

—

multiplets (, H), where \ = (Xgﬁ,X]R)(aﬂ)egl are the antighost fields in
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Endc (V) and H= (Haﬁ,H )(a,8)e3+ are the auxiliary fields. Their BRST
transformations are

Qxes = Hip, QHJ 5 = [, Xop] — €a Xog »
(65) B =H,  QH® =g\,

for (o, B) € 3+, where generally we abbreviate €q... := €4 4 €, + - - - through-
out. Finally, we add the scalar gauge multiplet (¢, ¢, n) to close the algebra
of BRST transformations as

(66) Qp=0, Qp=n and Qn=[p, 4.

We also add matter fields to the theory, associated to the matter bundle
Yy @ 7, which transform under a U(r)g, flavour symmetry. Corresponding
to r anti-D9-branes, in the cohomological matrix model we include the Fermi
multiplet (I, 9) of fields in Homg (7, V) with the BRST transformations

(67) Ql =0 and Qo=o¢l—Im,

where the masses m = diag(my, ..., m,) parametrize an element of the (com-
plex) Cartan subalgebra of U(r)g,

The action functional which corresponds to this system of fields and
equations is given by

SZQTr( > xod (g0 Ho — nls) + X5 (gr H® — i — ¢ 1)
(o, B)€3*
+> va[6.Bl + 1160+ T do+n[0.6] +cc) + 9 QT ()
acd
(68)
+ngTr(Z(Bawl—waBl)+IQT—@IT+I_@*—§I_T),
acd

where c.c. means complex conjugate and we introduced appropriate coupling
constants for convenience. The last two terms have been added by hand to
respectively give a nondegenerate mass matrix for Yy as well as kinetic terms
for 1., 0 and g. After dividing out by the volume of the gauge group, the
path integral form of the equivariant integral over the ADHM variables can
then be written symbolically as

P(fields] _
(69) /vol(U(k)) e .
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To evaluate the integral , we follow the technique employed in [6].
The first step is to use the U(k) gauge invariance to diagonalize the gauge
generator ¢. This produces a measure on R* with Vandermonde determinant

k k
1 de;
(70) k! L1l 27i H (i -
i= i,j=1
i#]

where k! is the order of the Weyl group of U(k).

By construction of the cohomological theory, the path integral is
independent of the coupling constants g, gr, g1 and go. Taking the limit
g1 — 00, the relevant part of the action functional is Tr(H® ¢ 4 x® 1), which
shows that the fields (H R & xR, 1) can simply be integrated out and do not
contribute non-trivially to the path integral.

Sending g — 00, the relevant part of the action functional is

(71) > T (H 3 Hys + Xog (16 X55] — €ap Xaﬁ))
(a,B)e3*

This shows that the auxiliary fields HSB do not contribute non-trivially. On
the other hand, integrating the antighost fields ng produces

(72) H T (¢ ¢ —eap),

7] 1 (Oé ﬁ 63L

which contributes to the equivariant Euler class of the self-dual obstruction
bundle Ob;k, with global orientation corresponding to the choice and
our choice of ordering of antighosts in the Grassmann integration measure.

Finally, for go — oo the contribution of the ADHM fields (Bg, I)aea to
the path integral is

<73) H H ¢2 ¢J — €q

i,j=1 a€c4

11— 1¢2_al

1=

while the contribution of the matter fields I is

r

k
(74) H H (@Z)z -
=1 =1
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Putting everything together we arrive at the matrix model representation
of the equivariant integral in given by

T k
—1 €19 €13 € k
ng(d’,?,m): / er(Yp@1) = (1) ( 12 €13 23)
rk]vlr

k! €1 €2 €3 €4
de; Pr(¢ilm) .
75 R i
( ) frk U 27[_1 rP (z)z‘a Hl ¢]’€>
- 2,]
i#]j

at a generic point € of the {2-deformation, where

Pr(z|w) = H (x —wy) and
=1
X (:C — 612) (m — 613) (x — 623)

(76) R(zl€) = (x—e1)(x—e)(x—e3)(x—eq)

The instanton partition function is then the generating function for the
integrals , obtained from a weighted sum over all the instanton sectors:

(77) Z5(q; 1+ g a,em).

k=1

The polynomial P, (z|w) encodes the S,-invariants for the action of the
Weyl group S, of U(r) by permutations of the entries of & = (wy,...,w,).
There is also a symmetry under the group Zgy which acts on the {2-deformation
parameters € by permuting €; <> €4 = —e123. Note that the action of the cen-
ter U(1) C U(r)co on the partition function can be absorbed into an ac-
tion of the center U(1) C U(7)ga: an overall shift a; — a; + a of the Coulomb
parameters can be absorbed by a simultaneous overall shift ¢; — ¢; + a of
the integration variables and redefinition m; — m; + a of the masses. Hence
there is a natural action of P(U(r)eo X U(r)ga) on Z(E{f(c‘i, €,Mm).

The integral also appears in |20} 26, 56| 57] from different perspec-
tives. It is ill-defined as a Lebesgue integral over R* because its integrand
does not converge to zero at infinity. Instead, as suggested by the notation,
it should be interpreted as a contour integral where the sum of residues re-
produces the sum over T-fixed points in (39)). However, assigning a choice
of contour I5., C CF to the integral directly is not straightforward. We
shall discuss this point further below.

Dimensional reduction. From we may immediately deduce
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Proposition 78. The equivariant instanton partition function of the coho-
mological gauge theory with a massive fundamental hypermultiplet on C*
is related to the Coulomb branch partition function Zgs(q;d, €1, €2, €3) for
Donaldson-Thomas theory on the toric Kihler threefold €3 through the
mass specialisations

Zga(a;d@, & my = ap + e1) = Zgs (1) qy €1, €2, €3)
__Tre€12 €13 €23

(79) = M(—q)” I

(80) M) =] ——

is the MacMahon function.

Proof. Using the Calabi—Yau condition €4 = —€123 on C* one finds that the
matrix integral gives

ks o _ 1 s enneizens \F
Zga(d, €my=a; —€123) = — (————

k! \€1 €2 63 €123
d¢z ¢z + 6123|a
81 R : — .
o) xf 121 2 H ~ yler, 2,5, —)
1753

Up to an overall sign (—1)(’"“) k this is exactly the charge k integral contri-
bution Z@f(d, €1, €9, €3) from [0l eq. (5.23)] to the rank r instanton partition
function on C3 at a generic point (e1,€o,€3) of the 2-deformation. This
proves the first equality in .

In the rank one case r = 1, the second equality in was originally
proven in [32, Theorem 1|, where quj’f (€1, €2,€3) computes the equivariant
volume of the Hilbert scheme of k points on C3:

Te

(82) qujf(e m=a— €93) = quj’f(el, €2,€3) = / L.
[Hilb* (€3)]vir

The general higher rank result for » > 1 was conjectured in [33] [62] and
proven in [34], where Z@ (@, €1,€2,€3) computes the equivariant volume of
the Quot scheme Quot®(C?) of zero-dimensional quotients of Ogh of length k.

U
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Remark 83. From the string theory perspective, Proposition [7§] superfi-
cially supports Sen’s conjecture [59]: it implies that the specification m; =
a; + €4, which corresponds to the diagonal coordinates for the maximal torus
U(1)g, x U(1)L,, of the global symmetry group U(r)ga X U(7)co1, can be in-
terpreted as a particular configuration of D9-branes and anti-D9-branes that
decay into D7-branes, whose bound states with D1-branes correspond to in-
stantons on 3. This was noted in the K-theory version of the theory for
r = 1 by Nekrasov [19]. The rank one version of the dimensional reduction
of Proposition [78| was also studied rigorously by [24] and its K-theory coun-
terpart by [38].

Fixed points and solid partitions. Starting from the integral di-
rectly, we can identify the combinatorial enumeration problem computed by
the sum over residues. The integrand has poles along the hyperplanes

(84) (Z)i—gZSj—Ea:O and qﬁi—al:O.

These are exactly the fixed points of the equivariant action of Tz on the
ADHM variables, which are given by

(85) taBy=¢gB,g ' and I=gIh™!,

fort, =e'® € Tz g = exp(i¢) € U(k) and h = exp(ia) € U(7)co1. These equ-
ations define a group representation Tz x Tz — U(k), and they are equiv-
alent to

(86) (Ba)ij (¢z — (Z)j — Ea) =0 and Iil ((Z)Z — al) =0.

Together with g;; = 0, these are the equations for the fixed points of the
BRST charge Q, onto which the path integral of the topological field theory
localizes.

The fixed points have a standard combinatorial description. A sub-
tlety here is that the fixed point equations are given for the equivariant
action of the (complex) maximal torus T of SU(4), rather than the maximal
torus Tz of U(4). Following Nekrasov’s approach from [19], one can argue
that the two sets of fixed point equations are equivalent: The gauge trans-
formations generated by ¢ can be replaced with U(k) gauge transformations
generated by ¢ such that

(87) [Ba,d'] = €, By,
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for a € 4 and generic €' = (€}, €, €4, €y). Clearly if holds generically,
then it holds in particular at the Calabi—Yau specialisation with €4 = —e793.

Conversely, if [Ba, (b] = €, B, with €1934 = 0, then X := By By B3 By is
nilpotent, that is, [X, ¢] = 0. By the Jacobson—-Morozov theorem, it follows
that X can be extended to an sl(2, C) triple (X,Y, H) in Endc(V):

(88)  [X,H]=2X, [HY]=-2Y and [X,Y]=H,

where Y is nilpotent and H is the generator of the associated Cartan sub-
algebra. Given arbitrary €’, we define ¢ = 3 €}yqq H With €|y3, # 0. Then
(X, ¢'] = €]934 X, and in particular

[B1,¢'| B B3 By + By [Ba, ¢'| B3 By + By By B3, ¢'] By
(89) + B1 By B3 [By, ¢'] = €934 X .

It follows that [Bg,¢']| =€, B, (up to relabelling of the entries of €’), as
required. A geometric proof of this fact (at the level of fixed points of Hilbert
schemes of points on C*) is found in [24].

With this equivalence in mind, we write a generic fixed point by
setting the eigenvalues of ¢ to

(90) Playp) = a1+ P+,

where [ € {1,...,r} and p'= (p1,p2,p3,pa) € Z3, is a quadruple of positive
integers; here and in the following we denote p'- €:= ) -, Pa €a and we used
the Calabi—Yau condition . In other words, a fixed point is parametrized
by a set of tuples (a;;p). There are k different tuples, because there are k
eigenvalues. Given an instanton number k, we can partition it into integers
k = k1 + -+ k, such that for fixed [, and hence fixed a;, k; > 0 is the total
number of quadruples p of integers.

Since the quadruple (1,1,1,1) is always present, the collection of tuples
(ai;p) for fixed [ may be represented by a solid partition oy = (04 jn)ijn>1,
that is, a sequence of non-negative integers o; ; , € Z>q satisfying

91)  Oijn 2 Civ1jn,  Cijn = Oigyim  and  Gijn > Oijnil,
for all 4, j,n > 1. The size of the solid partition o; is

(92) o= D oijn =hi.

i,j,n=>1
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It follows that there is a one-to-one correspondence between fixed points
(a;7) and solid partitions oy = {p'€ Z% | 1 < ps < 0p, pops}s and there-
fore one may associate to any fixed point an array of solid partitions & =
(01,...,0.) whose total size is the instanton number:

(93) 6= ol =D ki=k.
=1 =1

Note that here the only role of the ADHM field I, which arises from D1-D9
strings, is to assign a ‘colouring’ of the solid partitions into the r-tuple &.

Remark 94. Recall that a plane partition is a collection of triples of positive
integers (p1,p2, p3) where the pairs (p1,p2) define a Young diagram A and
P3 < Tp, py, With m a Zsg-valued function of (4, j) € A such that m; ; > w41
and m; ; > m; j11. The rank one instanton partition function for the N =2
cohomological gauge theory on €2 at the Calabi-Yau specialisation of the £2-
deformation, or equivalently the MacMahon function , is the generating
function for the number of plane partitions 7 of fixed size |7 = _, .~ i ;:

(95) Zi (e enes). o= M(—a) =3 (—a).

™

More generally, Zg. (q; €1, €2, 63) ’6123:0 = M((—l)T q) is the generating func-
tion for r-tuples @ = (m1,...,m,) of plane partitions.

Given a solid partition o = (0 n)ijn>1, We can view it as a stack of
plane partitions, with cubes piled in the positive 16-multiant (1, x2, x3,24) €
Zém where o; ;. is the height function of the stack of hypercubes defined
on the (x1,x2,x3) hyperplane.

2.6. Instanton partition function

We shall now discuss the explicit evaluation of the equivariant partition
function as a combinatorial expansion based on the generalized ADHM
parametrization of the instanton moduli spaces 9, ;. As discussed in Sec-
tion the partition function receives contributions from the fixed
points [(By, I)eea) € MT, of the ADHM moduli space. Thus we need to de-
scribe the local geometfy of the instanton moduli space M, ;, around these
fixed points, and suitably incorporate the moduli of the matter fields.
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Let ¢ be a fixed point, corresponding to an r-tuple of solid partitions,
and consider the ADHM deformation complex

End@(V5—‘) ®Q
(96) 0 —» Endg(Vy) 21 o & Ende(Vs) @ A2 Q — 0,
Homg(Ws, V)

where @ ~ C* is the four-dimensional fundamental Tz-module with weight
decomposition

(97) Q=t'+t;' +13 + 1!,
and the weights t, = el satisfy the Calabi-Yau condition
(98) titatsts =1.

The map d; is an infinitesimal GL(k, C) gauge transformation, while dg is the
linearization of the holomorphic ADHM equations [B,, Bg] = 0; explicitly

B,
di¢p = <([¢’ ¢_T])a€4> and
(99) dy [ (badace) _ ([bas Bg] + [Ba, bg))
2\ o PRI Pe 81 (a, et
By construction, the first cohomology of the cochain complex is a lo-
cal model for the tangent space T3, at the fixed point ¢, while the second
cohomology parametrizes the local obstruction space (Ob,_,)s. We assume

that ker(d;) = 0. Then the equivariant index of this complex computes the
virtual sum

(100) Vehr (Tigf My ) = Exty, (€,€) © Ext}y (€,€)

of cohomology groups, where [£] is the isomorphism class of a framed torsion
free sheaf on P corresponding to the fixed point &. This gives

Vehr (TE M) = Vi Vy (7 +t3t + 3+ + Wi @ Vs
(101) —VEeV:(1+t t + et w11t ).

Recalling that the fibre of the matter bundle (7;.;)7 ® r at the fixed
point & is Homg (7, Vz), the total index we wish to compute is

Xo := Vehr (T3 M, i) — chr ((Vp)s © 1)
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=-VieV;(1—t7' =ty =gt =t v e e e e g
(102)
+ (Wi —r")®Vs.

In these expressions we regard the various vector spaces in ({101 and (102)
as elements of the representation ring of the torus T=Tgz X Tz x T, i.e.

as polynomials in t, for a € 4 as well as in ¢; :=e!® and f,:=e!™ for
I =1,...,7. The dual involution acts on the weights as t* = ¢, e] = el_l
and ff = f L.

As the notation suggests, the character (101]) can be identified as a square
root of the character of the virtual tangent bundle at the fixed point &:

chr (T3 M, ) = Vi Vs [[ (1—t.") + Wi Vs + Vi @ Ws
ac4

(103) = \/ehr (T¥™ M, 1) + /ehr (T3 M) "

The choice of square root is not unique and different choices will produce
contributions to the k-instanton partition functions ng(d, €, m) below which
coincide up to a sign +1 which we fix by hand, see e.g. |20} 24, 27, 38| 63].
Every sign choice is equivalent to a choice of local orientation at each Tz -
fixed point & of the instanton moduli space [23], and it produces a sign factor
(—1)0.

With suitable choices of bases we can decompose the U(r).,-module
W at a fixed point & and the U(r)g,-module r into one-dimensional vector
spaces for the Tz-action and the Tj-action, respectively, with the weight
decompositions

r

(104) Wg,' = Z €] and r = ZT: fl .
=1

=1

On the other hand, from the fixed point equations and the stability
condition (cf. Section [2.4) it follows that the Tz z-module decomposition of
the vector space V' at the fixed point & is given by

r

(105) Va=> e Y thibehehe

=1 pEo

Hence each term in the weight decomposition of the vector space Vz corre-
sponds to an element in the collection of solid partitions & = (o1, ...,0.).



1700 R. J. Szabo and M. Tirelli

After inserting the decompositions ((104]) and ((105]) into (102), we can use

the equivariant characters xz to evaluate the instanton partition function
(39) by using the operation

(106) a[z meWI] =TT wy
7 W10

that converts the additive Chern characters to multiplicative (top form) Eu-
ler classes. Then wy(d, €,m) gives the weights of the T-action on the virtual
tangent bundle and on the matter bundle.

Altogether this leads to the general combinatorial formula

Zgh(@em) = > (=1)% &[—xs

|o|=k
r #0 ool
d Pr(ai + pi - €|m)
o _1 00 r L 1uC
;::k( ) 11;11 ﬁgl Pr(ar + pi - €]a)

r #0
(107) X H H R(al —ay + (ﬁ’l _ﬁ*ll/) . g‘g)
I'=1 ﬁll/EUl/

for the partition function , where the polynomial P, and the rational
function R are defined in . The superscripts 70 on the products indicate
the omission of terms with zero numerator or denominator from the for-
mula , according to the prescription in . The sign factors (—1)%

are given by sums of cardinalities
(108)

.= y TR (P)a # (P)a H
05 =) H(pz,pl) €0 x 0y ’ e — o0 e € {123}

=1

The full partition function , including all instanton sectors, is given
by

(109) Zea(gd.em) =3 (—1)% ¢ 84,

c
where the sum runs over all r-tuples ¢ = (o1,...,0,) of solid partitions o;
(including the empty solid partitions of sizes |o;| = 0).

Remark 110. The expression for 0z in (108]) differs from the sign factor
conjectured by Nekrasov and Piazzalunga in [20], which is proved by Kool
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and Rennemo in [64], and also from those of [23] 27 B8], because our choice
of square root is different. It was found by comparing the character
Vehr (T¥"9M,. 1) in with the character of |27, Section 5.7| and [64]:
they differ in the sign factor (—1)* ("=D+rankAs given by

(111) Az = (VieVst;)™,

where the superscript ¥ stands for the Tz z-fixed part. This is tantamount
to counting the zeroes of a; — ay + (P} — p,) - € — €4, for p; € oy and P}, € oy.
Then the sign factor is calculated as the difference of and the
sign factor from [27].

Since our choice of square root differs from the square root of [27] by
conjugation of a finite number of terms, which is shown to be movable in [20],
our square root is movable as WGHE That is, each term contains weights t,
and e;.

With our choice of square root /cht (Tgirﬁﬁnk) in , and subse-
quently of the index ygz, the first term affected by the sign (—1)% appears
at instanton number k = 16.

The formula makes evident the evaluation of as a sum over
residues; the signs (—1)% should then come from a careful residue calcula-
tion. From this perspective the dimensional reduction of Proposition [78| can
be seen to arise through the introduction of extra fixed parts to the index yz
from terms involving fl_1 e; t4, which keeps only contributions to from
solid partitions & with (p;)4 = 1 for all p; € oy, Il = 1,...,r; these correspond
to arrays 7 of plane partitions (cf. Remark and the sign factors
become 0z = |7|. In fact, it is possible to “uplift” the result of Proposition
to infer

Conjecture 112. The equivariant instanton partition function of the co-
homological gauge theory with a massive fundamental hypermultiplet on C*
is given by
rmeynerscos
Zga(q: @, €m) = Zga(qs€,m) = M(—q) e with

T

(113) = (i - )
=1

Remark 114. We checked explicitly that the order q and g2 terms of the
series ((109) agree with (113]) in the rank one case r = 1, as well as with an

[y

<

'We thank an anonymous referee for pointing this out to us.
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elementary Cauchy residue evaluation of the contour integrals in if one
considers contours I, C C* which enclose all singularities of the integrand.
The rank one case of Conjecture [I12] was conjectured by Cao and Kool
in [24]. The k-instanton contributions with k > 1 give the rank r equivariant
Donaldson-Thomas invariants of C*:

)
/ er(Yip @)
RusSie

(115) :Z%(w)n 3 szfl-éiékn_

. €1 €9 €3 €
n—1 A ko> i=1 d|k,

byt ko =k '

Following [65] [66], one can write a well-defined general integration pre-
scription starting from which calculates the partition function

7 (@, )

by uplifting the theory to an 8+1-dimensional theory on C* x S/g, where Sé is
the circle of circumference 5. This defines the K-theory version of the gauge
theory, wherein the eight-dimensional instantons are viewed as constant loops
on C* x Sk: the original theory is recovered in the cohomological limit 3 — 0
where the circle shrinks to a point. We choose as integration contour for the
uplifted integral any contour large enough to enclose all singularities of the
integrand, and finally we apply a residue theorem to evaluate the contour
integrals.

Nekrasov and Piazzalunga propose a plethystic exponential formula in [20]
for the uplifted instanton partition function on C* x S}g, generalizing the
rank one conjecture of [19]; in their approach, the sign factors arise from
evaluation of the Jeffrey—Kirwan residue formula. Their conjectured formula
is proven by Kool and Rennemo in [64]. It is straightforward to show that this
formula reproduces Conjecture[112]in the cohomological limit (see |19} 20, B8]
for the rank one case).

In Appendix [B:I] we sketch the steps of a direct but less conceptual proof
of the formula using the combinatorial evaluation of the quiver
matrix model , which is based on the dimensional reduction of Propo-
sition We believe that such an argument, while presently incomplete,
provides useful insights into the symmetries of the theory, which are not ev-
ident through other approaches. These arguments can also be extended to
more general settings, such as some of our orbifold theories below, for which
rigorous results are not yet available.
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2.7. Pure N = 2 gauge theory

As we discussed in Section [2.3] Nekrasov’s §2-deformation permits the def-
inition of the equivariant partition function for the eight-dimensional
cohomological gauge theory even in the absence of fundamental matter fields.
It should come as no surprise that the only difference from our previous cal-
culations is the absence of the matter bundle 7; ;, ® 7, i.e. the theory is based
entirely on the generalized ADHM data. The same BRST construction from
Section applies by dropping the matter field contribution to the path
integral, giving the equivariant integral

Tae
Zgh (@ e = / 1
[

mrk}v}r
k
(—1)% 612613623 f{ do; 1
11 =
(116) k! <61€263€4 o 11:[27r173 (pi]@) H )
gy

from the field theory perspective.
The contour integral (116)) can be computed from the Chern charac-
ter (101)) alone, giving the combinatorial expansion into solid partitions

Zgi (@, eype = Z H H az+pz &1a)

|o|=k =1 preo;

ro#
(117) <IT II R(a—ar+@—57)-€€).

U=1 p€oy

The instanton partition function is then given by
o0

(118) Zia(A@ @Pre =1+ ARz (@, @)
k=1

From the field theory perspective, we expect that reduces to
in a suitable infinite mass limit which decouples the fundamental matter
hypermultiplets [19]. This physical expectation is confirmed by

Proposition 119. The equivariant instanton partition function for the pure
cohomological gauge theory is related to the partition function with a massive
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fundamental hypermultiplet on €* through the double scaling limit

(120) Zga(A;a@,€)P™ = lim  lim Zgu(q; @, € m)

mi,...,m,—00 q—0

A=(-1)"my-m,q '

Proof. From ([107)) the relevant terms of the combinatorial expansion ((109))
in the limit of large masses are given by

,
7 — 150, Mp>1 e
q7 H H Prlag + Py - €]m) S gl H "y My
=1 Z}}EO’L =1 ﬁe
(121) = ((=1)"my - -m, )7
and the result now follows from ([117)) and (118)). O

Corollary 122. Assume Conjecture [112]is true. Then the equivariant in-
stanton partition function of the pure cohomological gauge theory on C* is
given by

exp(_Aw> for r—=1,
(123) Za(A; €)PHre = €1€2€3€4

1 for r>1.

Proof. We combine Propositions and Conjecture [112] using the series
representation

mn

124 log M (q -
(124) 0g = - D
n=1
for the logarithm of the MacMahon function , which converges for any
q# 1. For q < 1 this yields the behaviour log M(—q) = —q + O(g?). For
r = 1 the result follows by fixing A = —m q in the limits m — oo and q — 0.
For r > 1, the partition function is identically equal to one in the double

scaling limit m; — oo and q — 0 with (—1)"mq---m, q = A fixed. O

Remark 125. We checked explicitly that the order A and A? terms of
the series (118) agree with (123) in the rank one case r = 1, and that the
contributions for r = 2 with £ = 1,2 and for » = 3 with k =1 are trivial:
ZT k(—' —')pure =0.
@4
Geometrically, the large mass limit of Proposition[I19]defines the insertion-

free equivariant Donaldson-Thomas invariants of C* [38]. The rank one for-
mula of Corollary was originally discussed in [24] [38]. It implies that the
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equivariant volume of the Hilbert scheme of k points on C* is given by

Te (=1)% re1g €13 €23\ *
[ -G ey

Hilb (C4)]y €1 €2 €3 €4

whereas the equivariant volume of the Quot scheme Quot?(C*) of zero-
dimensional quotients of O%Z with length k vanishes for all » > 1. This is
in marked contrast to the equivariant volumes of the Quot schemes of zero-

dimensional quotients of O%g and O%g, which are all non-zero.
3. Orbifolds of the Eight-Dimensional theory

In Section [2| we have studied eight-dimensional noncommutative instantons
on flat space. As a natural non-trivial generalization beyond flat space C*,
on the way towards local Calabi—Yau fourfolds, in this section we will extend
these considerations to quotients C*/I" by a finite group I acting linearly on
C*. In order to preserve the holonomy group SU(4) of the cohomological
gauge theory, the group I' has to be a subgroup of SU(4). To define the
equivariant instanton partition functions, we will further restrict to toric
Calabi-Yau orbifolds €*/I', which requires that I is abelian and that the
l-action commutes with the action of the maximal torus Tz C SU(4) on C*.
This restricts to orbifold groups of the form I = Z,,, x Z,, X Zy,,, with order
n = njng2nz. Such an orbifold theory was studied in [25, 26] for a specific
example; here we will vastly extend and generalize their considerations using
the framework of Section 2|

3.1. Noncommutative gauge theory on C*/T

A conventional quantum field theory on an orbifold C*/I is singular. How-
ever, an orbifold field theory can be constructed by allowing fields to be
equivariant under the action of ' and gauging the -action, together with a
subsequent projection to I-invariant states of the cohomological gauge the-
ory of Section Such a construction incorporates “twisted sectors” into
the theory, analogously to string orbifolds, and can be thought of as a coho-
mological gauge theory on the quotient stack [C*/I]. It is naturally realised
in noncommutative field theory.

Suppose that the generators of the orbifold group I" act on the coordinates
of C* as

(127) <21722723724) (6271'151/71, Z17e27r152/n Z2,€27“S3/n 2’3,627“54/n 24) 7
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where n is the order of I'. This induces a decomposition of the fundamental
representation Q ~ C* of SL(4,C) as

(128) Q = ps, D ps, D ps;, D ps,

where p;, denotes the irreducible representation of I with weight s,. The
Calabi-Yau constraint implies ps, ® -+ ® ps, >~ po, Where pg is the trivial
representation of weight zero.

Let I' denote the finite abelian group of irreducible representations of
I'; since each representation ps for s € I' is one-dimensional, we can regard
elements of I as characters x5 : [ — C* of I'. Then the decomposition of
@ also defines a '-colouring Z@é — [ through the identification [ ~ I by

(129) (n1,n2,n3,14) — pE™M @ pE @ pE @ pE .

Via this colouring, the M-action on C* induces an isotopical decomposition
of the Fock space (42) into irreducible representations as

(130) H = @ Hs  with M, =Spang{|ii) | pS™" @ - @ p2M ~ p,}.
sel

Consequently, in the rank one case r = 1 the covariant coordinates Z,
decompose into maps Z =D, ¢ (Z5)aca : H — Q@ H with Z; : Hs —
Hs+s, for a € 4, and the Higgs field ¢ into maps ¢ =@ ¢ ¢* : H — H
with ¢° : Hs — Hs. The operator algebraic equations now read as

Zngsb Zs Zs+sa Zs o 2 ade(Zs Sq— scTZs sat Z;—_Sd_SCTZéS_SCT) 7
4
Yoz zo - zyee 2T = G
a=1
(181)  Zig" -t 2 — e 22,

where the Fayet—Iliopoulos parameters (s > 0 for s € T are determined by
the decomposition of the B-field into NS-NS twisted sectors of type II string
theory on C*/I'. Note that the first equation of makes sense because
of the Calabi-Yau condition ps,,,, >~ po.

The generalization of the set of equations (131]) to higher rank r > 1
involves an action of the orbifold group I' on the Chan—Paton space W ~
C" that we describe below, which is defined by a homomorphism N —
U(r)cor. This breaks the colour symmetry to the centralizer of the image
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of I'. Solutions of these equations describe noncommutative U(r) instantons
on the orbifold C*/T.

The splitting of the covariant coordinates induces an equivariant de-
composition of the ADHM data (Bg,I)qea from . With respect to the
decomposition of the orbifold group action into irreducible representations,
the vector spaces on which the ADHM variables are defined decompose as

(132) V=P V.ep: ad W=EHW.xp.

SEF SEF
The multiplicity spaces Vs = Homgr(ps, V') and W = Homgr(ps, W) con-
sist of -equivariant homomorphisms, where C[I] is the group ring of I

over C. The dimensions k = dim¢ V' and r = dimg W correspondingly de-
compose as

(133) k=) ki=> dimgVi and r=>» ro=)» dimeWs,

SEF SEF SEF sEF

which define arrays of fractional instanton charges k = (k) = with ranks

sel
7= (rs),r in Z|>r(|), whose size is |k| =) ¢ ks =kand [F] := ) prs:=r1.
By Schur’s lemma this implies the decompositions

(134)
B =D (B)aca € Homer(V,V® Q) with Bj: Vi — Vi, ,
sel
(135) I=@I° € Homgr(W,V)  with I°: W, — Vi

SEF

Starting from the equations (131)), the same argument from Section then
defines the orbifold version of the ADHM equations :

WS = By By — Byt B
. %Eabéi (Bg—sd—sﬁr B;—Sﬂ _ Bg_sd_su'i- Bg—sc’r) =0,
4
(136)  pRee=d" (B By - BB 4 I I =Gy

a=1

foreachsefand1§a<b§4.
The N = (0,2) gauge theories on Dl1-branes at Calabi-Yau orbifolds
of C* are also obtained by orbifold projection and have been studied by
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e.g. [67H69] (in the absence of D1-D9 strings). This theory is anomaly-free
with suitable Chern—Simons couplings to background R—R chiral scalars. It
consists of four types of chiral superfields on RY!, transforming in the bi-
fundamental representation of U(kstq) X U(ks) for a € 4 and s € I', whose
lowest components are the linear maps B;,. The choice of ks =n forall s €
corresponds to a stack of n regular D1-branes, while more general dimension
vectors k correspond to fractional D1-branes. The ADHM equations ({136))
are equations for the Higgs branch of this N' = (0, 2) theory.

Moduli spaces of orbifold instantons. The moduli space 9" vk of charge
k noncommutative U(r) instantons on the orbifold C*/I stratifies into con-
nected components

.
(137) M, = |_| M.
7 |=r, |k |=k

according to the decompositions above, where the disjoint union runs over all
I-representations W and V' of dimensions r and k, respectively. The I-action
breaks the U(k) gauge symmetry of V' to the subgroup X ¢ U(ks), whose
action on the ADHM variables is given by

(138)

9-(By,I®) ¢ = (9515, Bigs ' 95 %) (i with g = (gs), .7 € X U(ks).
a€d acd

sel
Then 9. - can be described as the space of solutions to modulo these
gauge transformatlons

The moduli space M - admits an equivalent holomorphic parametrlza—
t10n as a GIT quotient. For this, we note that the equatlons ,u =0 from
arise as the complex moment map equatlons ,uab = 0 from (51)) for the
equivariant decomposition ,uab @SEF uab Since the latter are equlvalent
to the equatlons [Bg, By] = 0 by the identity . the equivariant decompo-
sition shows that the former can be substituted with the holomorphic
equations

(139) Bt By = By B?,
for1§a<b§4ands€/r\.

On the other hand, the real moment map equations u** = ¢, 1;,_ in (136))
for generic Fayet—Iliopoulos parameters (s > 0 can be traded for a stability
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condition: A set of maps (134) and (135)) is stable if there are no proper
-subrepresentations

(140) S=P S.®p;
sel

of V' such that B(Ss) C Ssts, for a € 4 and im(I®) C S; for all s € r.

The proof is similar to the stability proof of [37]: Let Ps be the orthogonal
projection of Vj to the orthogonal complement S’SL of the invariant subspace
Ss C Vs, for each s € . Then Ps I° =0 and Psys, B Ps = Psis, B, so

0 <> (odimp Sy =) Tr(Pp®)

Sef SEF
=5 3 (P, BB - By P B)f)
ser ach
(141) =3 W, = Pas) BI P2 < 0,
sel a€4

which implies S5 = V5 for all s € T. The stability condition is equivalent to
the condition that the actions of the operators B; for a € 4 and s €[ on
I°' (W) generate the isotopical subspaces Vi. Conversely, the orbit of any
set of stable maps (B, I) under

(142) Gy = X GL(ks,©)

sel

intersects the locus @, p s = Dt G Lk,

Then M ;- can be described as the space of stable maps (B,I) which
satisfy the hélomorphic equations , modulo the natural action of the
complex gauge group G of the I-module V. It follows that the real virtual
dimension of the moduli space QJTF’E is given by

(143)

4
vdimp M ;= > (2 N kokrs, +2rsks— Y hokgrs, —2 k2> .
SEF a=1 1<a<b<4

The moduli space M ;- has a remaining symmetry under framing ro-

tations: The global colour symmetry U(r)co is broken to the centralizer
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X oef U(7s)col, which acts on the orbifold ADHM data as

(144)
h-(By, I°), s = (Bs, Ih") ¢ with h=(hs) ¢ € X U(rs)col-
acd ac4 =
selr
Its maximal torus is
(145) Ta= X Tz,
sel

where Tgz: is the maximal torus of U(rg)cor.

In addition, M ;- has an SU(4) symmetry inherited from the holonomy
group of the toric Calabi-Yau four-orbifold C* /T. In particular, the action
of the (complexified) maximal torus Tz is the evident descent of (62).

3.2. Crepant resolutions

While our constructions of orbifold instanton partition functions will hold
quite generally for any toric Calabi—Yau four-orbifold, a central role is played
by those orbifolds which admit a crepant resolution [70]: Recall that, for a sin-
gular variety Y, a proper algebraic map 7w : X — Y is a crepant resolution
if X is smooth and 7 is a birational morphism which preserves the canonical
bundles, i.e. Kx ~ 7*Ky. We are interested in the case where Y = C*/T, or
more generally Y = C¢/I. The existence of a crepant resolution then requires
the group I to be a finite subgroup of SL(d, C) |71}, [72].

Type II string theory on an orbifold is defined by imposing equivariance
under the action of the finite group . When all twisted NS-NS sectors
have age one, a crepant resolution is induced by vacuum expectation values
of scalar fields in these sectors. This allows one to continuously smoothen
the quotient singularities while preserving the Calabi—Yau properties. The
spectrum of the orbifold string theory is then the spectrum of type II string
theory on a compactification over a smooth Calabi—Yau space obtained by
blow-up of the orbifold singularities [73], [74], whose sizes are controlled by the
moduli of the scalar fields. In particular, the BPS states can be considered
in ‘orbifold’ and ‘large radius’ phases, which are related by collapsing the
compact cycles of the resolution [75]. For example, partition functions of
fractional D-branes on orbifolds can be related to partition functions of D-
branes wrapping compact cycles of a crepant resolution through changes of
variables and wall-crossing formulas.
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It is well-known that the existence of a crepant resolution of C¢/I" de-
pends dramatically on the dimension d of the orbifold [76]. In dimensions
two and three such resolutions always exist [77, [78], and in particular in
dimension two they are also unique. In these cases a crepant resolution is
always provided by the Hilbert-Chow morphism from the I-Hilbert scheme
X = Hilb" (©?) of M-invariant zero-dimensional subschemes Z € C? of length
IF| whose global sections H°(Oy) form the regular representation R of T,
which are called T-clusters in C%; it can be parametrized by [-invariant
ideals J C Clz1,..., zq] of codimension ||, where I' acts on the coordinate
functions z1, ..., z4. On the other hand, for d > 4 little is known: they exist
in rather special cases. A simple example for which no crepant resolution
exists is given by the action of the generator of I = Zy on C* by simultane-
ous reflection z, — —z, for a € 4. It is unknown if a priori there exists a
crepant resolution given an orbifold group action, and even when one does
it is not necessarily given by the I'-Hilbert scheme, which generally behaves
badly and can be singular.

In the type II string theory picture, the absence of a crepant resolution
means that compactification on (Dd/ " does not yield the requisite moduli
fields from the twisted NS-NS sectors. For the worldvolume gauge theories
of D-branes localized at the singularity of a Calabi-Yau orbifold ©¢/I for
d =2 [79,180] or d = 3 [81], the Higgs moduli space is a smooth Calabi—Yau
manifold which is a resolution of the original orbifold, for generic choices of
Fayet—Iliopoulos parameters. In marked contrast, for d = 4 the Higgs moduli
space is not necessarily a smooth Calabi-Yau fourfold even if the orbifold
admits a smooth resolution: M . is a Calabi-Yau fourfold only if C*/I
admits a crepant blow-up to it [67 .

Now suppose that [ is abelian, and that

(146) m: X — CYr

is a crepant resolution. Under certain technical conditions which are spelled
out in [82, Theorem 5.2|, the crepant resolution X can be obtained as a
fine moduli space of stable Mequivariant coherent sheaves £ on C¢ such
that HY(€) ~ R as a M-module, which are called I'-constellations; it can be
parametrized by [-equivariant modules over the coordinate ring Cl[z1, . .., zq4]
which are isomorphic to R as -modules. This includes the cases where X
is the I-Hilbert scheme: the structure sheaf @, of a M-cluster Z in €% is a
I-constellation. Physically X can be interpreted as an orbifold resolution by
regular D-branes [81], with Fayet-Iliopoulos parameters controlling the size
of the blow-ups.
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Specialising to d = 4, if C*/I' admits a suitable crepant resolution X,
then X can be realised as a moduli space of I'-constellations, which in turn
should be isomorphic to a moduli space of noncommutative instantons in
the Coulomb branch. This is the starting point for a generalization of the
d = 3 construction of [7], which is based on the I-Hilbert scheme and uses
Beilinson’s theorem along with some homological algebra to interpret orbifold
noncommutative instantons geometrically in terms of equivariant sheaves.
This would lend a geometrical parametrization of the instanton moduli space
9)?7': i in terms of [-equivariant coherent sheaves on C*. Such a construction
is briefly sketched in [25] for a special case where X is the I-Hilbert scheme
by directly applying the techniques of [7]. We do not pursue these technical
considerations in this paper, and instead proceed to look at these blow-ups
in more detail for the types of theories we are interested in; the orbifold
example of [25] is contained in our general formalism as a special case.

Toric orbifold resolutions. Let I' be a finite abelian subgroup of SL(d, C)
acting linearly on €%, which we require to be a subgroup of the maximal torus
of the holonomy group SU(d). The space C? is a toric Calabi-Yau manifold
and the coarse moduli space of the toric Calabi-Yau orbifold C?/T has quo-
tient singularities. These can be resolved through a blow-up process [72]
which defines a crepant resolution. To discuss the blow-up we will use the
language of toric geometry [83] [84].

We start by recalling the relevant notions from toric geometry. Let N ~Z¢
be a Z-lattice and let {v1,...,v,} be a set of linearly independent vectors in
the vector space Ng = N @z R ~ R%. The set

(147) o= R207)1+"'+]R20Up C Ny

is called a polyhedral cone if 0 N (—c) = {0}. We say that o is rational if
v; € N, and that the cone is smooth if its generators vy, ..., v, form part of
an integral basis of N. In the following we use the notation (vi,...,v,) to
indicate the rational cone generated by the vectors v1,...,v,. For a lattice
point @ = (a1, ... aq) of N N o, the age of @ is defined by age(d) = 22:1 .

A fan A C Np is a finite collection of polyhedral cones in Ng such that
every face of any cone o € A is also a cone of A, and the intersection of
any two cones of A is also a cone of A; it is smooth if all of its cones are
smooth. For our purposes it suffices to say that a toric variety Xa is a d-
dimensional complex variety defined combinatorially by a fan A, which has
an open covering by invariant subsets X, C Xa with ¢ € A for the natural
action of the algebraic torus Ngx = N ®7 C* ~ (C*)9; it is smooth if A is
smooth.



Instanton Counting and Donaldson—Thomas Theory 1713

Our main example is the quotient variety C¢/I' := Spec ((D[zl, e ,zd}r),
the spectrum of the I-invariant subring of C[z1, ..., z4], which can be repre-
sented by a fan containing a single rational polyhedral cone o. Indeed, if [

is a finite abelian group of order n whose generators act on the coordinates
of C% as

(148) (215, 2q) — (eFT s /m 5 e¥risalm 40y
then the local coordinates of X, are U = (z)("a ... (zg)¥0)a fora=1,...,d,
where v1,...,vg are the generators of the cone o [85]. We require the coor-

dinates U® to be invariant under the action of I', thus the cone is given by
the solution of the system of equations

(149) s1(v1)a+ -+ 84(v3)e =0 mod n,

fora=1,...,d.

Let 3 be a subdivision of o through lattice points & with age(a@) =1,
which defines a hyperplane II in Ng. If ¥ is smooth, then the toric variety Xs.
determined by X is a crepant resolution of C?/T; it is Calabi-Yau because
its canonical bundle Kx, is trivial, and so is acted on by a d—1-dimensional
Calabi—-Yau subtorus in Ngx. The McKay correspondence associates the
prime exceptional divisors of Xy, to the elements of ' with age % (s1+- -+
sq) =1 [82].

In what follows we will consider two particular classes of orbifolds of C*
explicitly for which crepant resolutions are always guaranteed. They both
involve non-generic subgroups I' C SL(4, C) which also preserve a smaller
holonomy subgroup of SU(4).

(2,0) orbifolds ©2/Z,, x €©2. Consider the quotient singularity C2/%Z,x
©?, where I' = 7%, is the cyclic group of order n in SL(2, C) whose generator
acts on C* as

(150) (21, 22, 23, 24) — (W21, w L 29, 23, 24)
with w = €271/ a primitive n-th root of unity. We call these (2,0) orbifolds.
They have SU(2) holonomy, leading to an enhanced N = (0,4) supersym-
metry in the two-dimensional D1-brane theory, which can be obtained by
dimensional reduction of the six-dimensional ' = 2 worldvolume theories of
D5-branes at ALE singularities C2/%,,.

The conditions leave an arbitrariness in choosing the generators
vy and v4. Instead, the generators vy and vy define a plane which, with an
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appropriate choice of an orthonormal basis {eq }qeca of R*?, is spanned by e;
and es. Consider now the rational cone 019 = {vq,v2). Since C? /7%, admits
a crepant resolution (by Hilb%~ (C?)), there is a subdivision X159 of 012 which
is smooth. By arbitrariness of vs and vy we can pick them such that they
define a smooth rational cone; for instance, v3 = e3 and v4 = e4 with respect
to the basis {eq }qea.

The fan

(151) Y = {(B12,v3,v4) | P12 € T12}

is a smooth subdivision of ¢ = (v, v, v3,v4). Therefore the orbifold C*/%,, ~
©? /7, x ©?, with the action of Z, C SL(2,C) C SL(4,C) given by

admits a crepant resolution Xy, which is a (trivial) fibration of A,_; ALE
spaces over the affine plane, or equivalently the total space of the rank three
bundle Opi(—n + 1) ® Op: & Op:.

Example 152. Take the orbifold ©2/Zy x ©? considered in [25]. By the
conditions (149 we can choose the generators of the rational cone o to be

(153)
v =(2,-1,0,0), wvy=(0,1,0,0), wvs=(0,0,1,0), wy4=(0,0,0,1).

Its subdivision ¥ using the hyperplane II is

Y= {<,U17,U3>U47U5> 5 <U27U37U47U5> 5

(154) (v1,v3,v4) , (U2, 03,v4) , (U3, V4, 05) , (V3,04) }
where
(155) vs = (1,0,0,0).

Each tuple of vectors v; forms part of a basis of the lattice Z*, so ¥ is smooth
and Xy is a crepant resolution of (DQ/ZQ x C2.

(3,0) orbifolds €3/ x C. Another tractable quotient singularity we
will consider explicitly is C*/I ~ €3 /I x C where T is a finite abelian sub-
group of SL(3,C) C SL(4, C). We call these (3,0) orbifolds. They have SU(3)
holonomy and again lead to an enhancement of the supersymmetry in the
two-dimensional D1-brane theory, which can be obtained from dimensional
reduction of the four-dimensional N' = 2 worldvolume theories of D3-branes
at toric Calabi-Yau threefold singularities C3/T .
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The construction for (2,0) orbifolds above can be generalized directly
here, with obvious modifications, starting from the key fact that C3/I" always
admits a crepant resolution for any finite abelian subgroup I' of SL(3, C) (for
example by Hilb" (C?)). Note that any (2,0) orbifold is also a (3,0) orbifold.

3.3. Noncommutative crepant resolutions and their ADHM
representations

As in the example studied in [25], all information about the moduli space of
orbifold instantons can be encoded in the data of a quiver Q which generalizes
the McKay quiver for surface singularities and is analogous to the four-loop
quiver L4 of . It is determined by the representation theory data of
the MN-action, with L4 corresponding to the trivial group I' = {1}, and the
generalized McKay correspondence asserts that it captures the geometry of
the orbifold €*/I'. The quiver Q encodes the isotopical decomposition of the
usual ADHM data according to the -action and it has the orbifold ADHM
equations as relations. For background, see [86] for a concise overview
of the theory of quivers. R

One starts from the irreducible representations I' of ' C SL(4, C). To
each representation ps in I', including the trivial representation py of weight
zero, we associate a node of a quiver Q. A node s is connected to a node s’
by a number of arrows asy from s to s’ determined by the adjacency matrix
A = (ass) in the decomposition of M-modules

(156) Q®ps =P asv ps

s’GF

where the multiplicities are given by

: 1
(157)  asy = dime Homeyr(ps, Q ® ps) = G > xalg) xs(9) xs (9) -

gelr

In this graphical representation the sum over the irreducible representa-
tions [ of I in becomes a sum over the nodes Qg of the quiver and the
matrices B are associated to the arrows Q. The resulting quiver is known
as the (generalized) bounded McKay quiver (Q,R) and it is associated with
a two-sided ideal of relations (R) in the corresponding path algebra C Q gen-
erated by the arrows Q; recall that the product in C Q is the concatenation
of paths in Q whenever this makes sense and 0 otherwise. The remaining
data in define a framing of the quiver.
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Representations of the McKay quiver Q = (Qop, Q1) with relations
are functorially equivalent to finitely-generated left modules over its path
algebra A := C Q/(R). This can be identified as the standard noncommuta-
tive crepant resolution of the abelian quotient singularity C*/T, in the sense
that A is Morita equivalent to the skew group ring C[z1, 22, 23, 24] X C[[]
of the quotient stack [C*/I], whereas the centre Z(A) of A is isomorphic to
the M-invariant subring C[z1, 22, 23, z4]". Thus while ©*/I' may not have a
geometric crepant resolution, it always possesses a noncommutative crepant
resolution by A. This can be seen as a consequence of the fact that the de-
rived category of coherent sheaves of A-modules on C*/T is a categorical
crepant resolution of €4/l [87], in the sense that it mimicks the functorial
behaviour one expects from the derived category of a (geometric) crepant
resolution; see e.g. [88] 89 for introductions.

The moduli space M. "k of instantons on C* /I, viewed as the moduli space
of M-equivariant instantons on €4, is then identified as the moduli space of
stable framed representations of the bounded quiver (Q, R). The connected
component M. ;- is the moduli space of stable framed quiver representations
with fixed dlmensmn vector (7, k ), that is, the (stacky) quotient by the action
of the group ((142) of the subvariety of the framed quiver representation space

(158) %epﬁg = Hom@[r] (V, Ve Q) ¥ HOm@[r] (W, V)

cut out by the ADHM equations ( - In particular, regular instantons
with V ~ R the regular representation of I' correspond to orbits in 9 for
r=1landk = (1,...,1), which is a moduli space parametrizing 1somorphlsm
classes of I- Constellations by [82], 90].

From this perspective, the (complex) obstruction bundle over the in-
stanton moduli space has the explicit description [2I] as the pullback along
sz,’,; — iRepﬁE of the bundle

(159)  Ob,;=Rep.; xc, BxA( @ D@V, @ D@ Vi),
sel sel

whose fibre computes the relations R of the quiver Q. Here D; is the one-
dimensional simple A-module defined by (Dy)y = 055 C for s,s" €T.

Recall from Section [2.4] that the introduction of a flat B-field on C*
leads to a representation of D-branes by complexes of modules over the
noncommutative algebra Mat,«,(A). This description is valid when the B-
field is large compared to the metric on C*. For generic orbifold groups
[ C SL(4,C), the theory on C*/T is regarded as a limit where the volume of
a subspace containing the orbifold fixed point shrinks to zero but the B-field
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is non-vanishing, which regularises the string worldsheet theory and leads
to a noncommutative crepant resolution of the quotient singularity; this is a
highly non-geometric limit of the worldvolume gauge theory. The vacua of
the D1-brane theory of Section [3.1] and therefore the stable D-brane config-
urations, then correspond to stable representations of the noncommutative
algebra A associated to (Q,R). In particular, a regular D-brane corresponds
to a module over A of dimension vector k = (1,...,1) which is the A-module
of global sections H°(&) of a M-constellation &.

Example 160. Let I' = Z4 acting on C* with generator
(161) (Zl,ZQ,Z3,24) — (121,—12’2,2’3,2’4).

This Z4-action defines a (2,0) quotient singularity C*/%4 ~ C?/Z4 x C2.
From the general discussion of Section [3.2] it admits a geometric crepant
resolution by a fibration of A3 ALE spaces over C2.

With respect to this Zs-action, the fundamental representation @Q ~ C*
decomposes into irreducible Z4-modules as @ = p1 & p3 B po & po, which im-
plies

Q@po=p1Dp3DpoDpo, QXRps=p3Dp1@p2Dpa,
(162) QRPL=p2Dpo®p1®p1, Q& p3=py®pa®psdps.

The finite abelian group T is defined by the character table of Z,:

po | p1 | p2 | p3
xo | 1| 1 | 1|1

(163) xi | 1| 1 | -1]
x2 | 1 | 1| 1 | -1
Xs | 1| =1 —1] i

The generalized McKay quiver Q is

(164) |
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The generalized ADHM equations, which determine the relations R of
the quiver (164)), assume the form

B Ve — Viuy
(165) Byt®e BS = Bt By with By : Ve — Viis
Bj,: Vs — Vi

Explicitly

ByBY=B{BS, B3yBl=B\By, BiB=BYBi, BjB;=DB;Bj
B? BY = BY BY BY BY = BS BY B2 B! = BY B} B2 Bl = Bi B}
BiBi=BiB;, BYBy;=B;Bi, B}B;=DBs;Bi, BiB}=DBiB;]
BiBY=B1 B , B3yBi=BiBj, BiBi=BiBi, B;B;=DB;B;j
BiB5=B3B; , BiBi=B3B;}, BYB=BiBy, BiB}=DB}Bj
BYB}=B!B}, BYBy;=By;Bi, BiBS=DB3B}, BiB}=DB;iBj].

(166)

The center Z(A) of the path algebra A of (Q, R) is generated as a ring by
elements

X11 =B} B?B{ B, Xy =BiB2B3BY, Xi3=DB}B),
(167) Ys=DB), Y,=DB).

Then given the Zg4-action (161]), we can identify these generators with the
7Z4-invariant elements in the ring C[z1, 22, 23, z4] through

4 4
Xij1~ 27, Xooa~rzg, Xio~ 2129,
(168) Y3~ 23, Yg~ z4.

It follows that Spec(Z(A)) ~ €©2/Z4 x C? and the path algebra A is a non-
commutative crepant resolution of the quotient singularity C*/Z,.
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Finally, the generalized ADHM data (Bg,I)qecsa define a framed repre-
sentation of the quiver (164)), which we depict by the oriented graph

N@
N
Cﬁ% ﬁ& 3
0TQ

(169) —

Example 170. Let [ = Zy x 73 be the subgroup of order four in SL(4, C)
acting non-trivially on all four coordinates of C* with weights s; = (1,1,0,0),
so =(0,0,1,1) and s3 =s1 4+ s2=(1,1,1,1). Although this does not de-
fine a (3,0) orbifold, the existence of a geometric crepant resolution of
©*/7s x Zs is guaranteed by [84, Proposition 3.1], which may be taken to
be Hilb%2*%2(C*) by [84, Proposition 3.2].

The generators of Zgy X Zo with respect to this action are

(171) g = and g2 =

The group action has four irreducible representations ps where pg is the
trivial representation, p; and po have weights s; and so, respectively, while
p3 = p1 ® p2 has weight s3. The character table of Zs X Zs is

Po | P1 P2 P3

xo| I | 1 | 1|1
(172) xi | 1|1 [ -1]-1
xo | 1| -1 1 | -1

Xz | L | -1 1] 1
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The ADHM equations are

B;BY=Bi By , ByBl=B{By, BiBl=BiB], B;B;=DB;By,
BiB}=B3B], BiB§=DBiBj, BiBi=B'By, B{Bi=DB{B; ,
B{Bi=BiBi , B{By=BiB;, BiB;=B3iBi, BiB;=BiBi,
BBy =BiB; , BiBi=B!Bj, B{Bl=B\Bi, BjBi=DB;Bj,
BiB; =B3Bi , BiBi=B3yBi, BiBi=DBiB;, BiBl=DBiBj,
BiB}=BiB}, BiB3=DB3Bj, BiB5=B;Bi, BiBj=DBiBj.

(173)

These are relations R for the corresponding McKay quiver Q given by

7Y

3

174

The centre Z(A) of the path algebra A of the quiver (174) with rela-
tions (|173)) is generated as a ring by the elements

(174)

Xaved = B2 B} B! BY with b<d<3<a<c<4,
(175) Xep = B2B) with b<2<a<4,

which are again identified with the Zy X Zs-invariant elements in

Clz1, 22, 23, 24].

It follows that Spec(Z(A)) ~ C*/Zy x Zs.
Similarly to Example the ADHM data define a framed quiver rep-
resentation
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0

Q

(][]

][5

(176)

?
N

3

aﬂa

of the bounded McKay quiver (174}f173)).

3.4. Cohomological field theory on noncommutative crepant
resolutions

We shall now modify the construction of Section [2.5|to calculate the instan-
ton partition function of the cohomological field theory on orbifolds C*/T,
which we regard as a gauge theory on the quotient stack [C*/I] following [7].
We begin with a framed representation of the generalized McKay quiver as-
sociated with the abelian quotient singularity, which is uniquely determined
by the decomposition of the fundamental representation ) = ps, & --- @ ps,
of the orbifold group into irreducible -modules. The topological field theory
on [C*/l] is invariant under a set of M-equivariant BRST transformations
and it localises onto the relations R of the generalized McKay quiver Q.
The resulting orbifold instanton partition functions encode noncommutative
Donaldson-Thomas invariants associated to (Q, R), which count semistable
representations of the noncommutative path algebra A = C Q/(R).

If the quotient singularity €*/I' admits a geometric crepant resolution
7 : X — C*/T, it is natural to conjecture that the noncommutative crepant
resolution A of €4/l is realised in the stringy Kihler moduli space of X. In
particular, the orbifold instanton partition function should be related to the
large radius partition functions which compute the Donaldson—Thomas and
Pandharipande-Thomas invariants of X via a version of the McKay corre-
spondence, through suitable changes of variables and wall-crossing formulas
in the derived category of X using the methods of [7]. As they presently
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stand, our techniques do not immediately extend to these resolutions and
so we defer further discussion to future work. A conjectural mathematical
treatment of the rank one partition functions in this setting is discussed
in [27].

We begin from the BRST transformations with -module structure, where
now the matrix fields decompose according to the irreducible representations
of . The action of the bymmetry group ( X g Ulks) x U(rs)cot) x SU(4)
is described in Section [3.1] and the BRST transformations of the ADHM

variables are given by

OrB; = , Qr,=¢""" B; - B;¢° — €. B},
(177) orlrf=9° , Qre*=¢°I° -I°a’
fora € 4and s € T. Here ¢® parametrizes U(ks) gauge transformations, while

the vector a® collects the r; Higgs field eigenvalues a; associated with the
irreducible representation ps. The latter defines a map

I—s s() el
forl e {1,...,r}.

The I-module structure of the antighost fields in Endgr(V) are dic-
tated by the generalized ADHM equations (136)), where again we choose
,LLSE =0 for (o, B) € 3+ :={(1,2), (1,3), (2,3)} as the independent com-
plex moment map equations. Their decomposition into equivariant maps is
given by
(178) Xeh Ve — Vg, and XV, — Vi,

Together with the auxiliary fields their BRST transformations are

Orxes = Hys, QrHEE = ¢ x U5 — XG5 6° — cap X&5 »
(179) QFX]RS — H]Rs , QFHIRS — [@S, XIRS] ,

while the gauge multiplet closes the BRST algebra
(180) Qr(bs = 07 Qrés = 778 and ans = [¢87 QES] .

For the fundamental matter fields, we treat the global flavour symmetry
identically to the global colour symmetry, which is thereby broken to the
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subgroup X U(rs)fa by the M-action; its maximal torus is

sel
(181) Ta= X Tu.
sel

where T7: is the maximal torus of U(7s)g,. From the string theory per-
spective of Section this aligns the Chan—Paton factors of D9-branes and
D9-branes on the orbifold such that they still annihilate. Since both the
framing of the gauge bundle and the fundamental matter fields transform
in the fundamental representation r of U(r), it decomposes into irreducible
representations of the orbifold group I' as

(182) r:@n@p:,
SEF
with multiplicity spaces rs = Homer)(ps, ) and
(183) r=> ry=>» dimgr,.
sel sel

We use Schur’s lemma to decompose the Fermi multiplet in Homgr(r, V)
into isotopical components

(184) r.ri—V;.
Then the BRST transformations are given by
(185) Orl*=0° and Qrp®* =¢°I° — I*m?®,

where the vector m?® collects the rs masses m; associated with the irreducible
representation pg.
Following the same steps as in Section [2.5] we can now write down the

instanton partition function. We introduce a set of fugacities § = (qs),p for

the corresponding fractional instanton sectors k = (ks) et € Z‘QO and define
7 N A 2 ) — _’]Z _‘7];; = =2
(186) Z[T;]j4/r](q7aae7m) - Z q Z{é4/r](a767m)7
kezl,
where

(187) q" =TI o
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and the quiver matrix model is defined by the integral

Y (@ 2.1i) de; Pr,(¢7[1%)
Ziesyr)(@ &) }'{ pi s vH ori P (2]@)
Tk SGF /L’Z];é

IT (677 = 65 — cap)

(a,8)€3+
(188) X s
}_[1 H (¢5+8” - ¢§' - Ga)

acsd

(7 - ¢5)

1

<.

which again we make sense of via a suitable contour integral prescription.

Dimensional reduction. From the matrix model representation ((188)) we
immediately obtain the orbifold version of Proposition which reads

Proposition 189. The equivariant instanton partition function on a (3,0)
orbifold C3 /I x C is related to the partition function ZEEDB/F} (g;d, €1, €2,€3)
for noncommutative Donaldson—-Thomas invariants of type 7 for the toric
Kihler orbifold €3/l through the mass specialisation

(190) ZE;3/F]x@(q; (_i?gvmf = CL? + 64) = Z%3/F](q/>aa 61762763) )

where q’ = ((—1)“"‘1 qs)sef‘

Proof. Since any (3,0) orbifold has weight s4 = 0, and s123 = 0 since I' C
SL(3,©), using the Calabi-Yau condition €4 = —ej23 on €3/I' x C one finds
that the matrix integral (188) gives

7k - - s g
Z[C3/r]xC(a,e,ml = al — €123)

k
1 d¢ ((b + 6123‘61 ) : s s
= 3 H 512 IT (¢ —¢})
Isx or ks. i1 21 Ts(¢’[:’ s) ij=1
1#]
x H (97777 = 65 — e12) (¢ — 65 — exz)
= (05 — 0% —e1s) (677 — 9F —e1) (6] — 9% — e2)

(¢f+823 — ¢f — €23)

(977 — 5 —e3)
Up to an overall sign [[ ¢ (—1)(rs+D ks this is the same as the straightfor-
ward generalization of the matrix integral representation from [6l eq. (5.23)]

(191)
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for the instanton partition function on ©3 /I using the orbifold quiver matrix
model from [7, Section 5.5], slightly modified to include a generic point of
the f2-deformation on €2 with €193 # 0. O

Remark 192. The noncommutative crepant resolution of €3/l in this di-
mensional reduction is obtained by erasing a single loop from each node of
the McKay quiver for the quotient singularity C3/I x C.

Fixed points and coloured solid partitions. The integrand of ((188|)
has poles along the hyperplanes

(193) ¢t — ¢;—€=0 and ¢ —a; =0

in R*, fora € 4 and s € I In completely analogy with the matrix model of
Section [2.5] these are the fixed points of the orbifold ADHM data

(Bg7ls)aeg, sel

under the equivariant action of the symmetry group

(X U(ks) X U(raeo) x SU(4).
sel

They reside on the locus of fixed points of the BRST charge Qr of the
cohomological gauge theory on [C*/T].

Since the actions of I and T commute, we can argue as in Section
that these are parametrized by arrays of solid partitions & = (o1,...,0,),
where the splitting of the ADHM data into irreducible representations of I
induces a -colouring of the solid partitions according to . A coloured
solid partition o; is in one-to-one correspondence with the fixed points

S s(l - =
(194) O 0 ) = ¥y pe,

for p'= (p1,p2,ps3,p4) € Zio, which carry an irreducible representation ps of
the orbifold group I' given by

(195) ps = puy @ py With  pg = pEP @ pEP2 @ p&Pe @ pPe.

The F—colouring of the array of solid partitions defines the total number of
boxes of colour ps in & for each s € I' as the fractional instanton number

-

|0|s = ks; we write this condition as |7[s = k.
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3.5. Orbifold instanton partition functions

The partition function of the cohomological theory on [C?/I] can be com-
puted explicitly by considering the [-equivariant version of the instanton
deformation complex , which reads

Homgr (Vz, V5 ®@ Q)
dr
0— End@m(Vg) — S
Homgr) (W, Vz)
dl'

(196) — Homgyr (Vs, Vo © A2 Q) — 0,
where the map d} is an infinitesimal Gj; gauge transformation, while db is
the linearization of the holomorphic ADHM equations B5 T BS = Bg“'s" B}
for (o, B) € 3+,

Since the actions of the groups I' and T commute, the character we wish

to calculate is now the -invariant part of the character of the complex ,
that is

X5 o = \Jehl (TF™ M) — b (Fh)s © )
(197) = \Jeh (T¥m ) — [ @ V5",
with
VAT (TFmM. ) = [V oV (7 +6 + 65" + 1) + Wi e Vs
(198) ~VieVs(lrtnt gt vt )"

Since the dual involution commutes with the l-action, by taking the I-
invariant part of (103) it follows that

(199) G (TEMz) = \Jehl (T30m ) + \fenl (T37om )"

The subgroup inclusion ' — Tz defines the irreducible representations
of I associated to the toric generators t, for a € 4. Consequently the vector
spaces V and W at a fixed point ¢ decompose into

r
Va=> e Yy &l @ psepl, and
=1 pEa;
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(200) Ws=> e®ply,
=1

and the U(r)ga-module 7 into

r

(201) r= Z fr®pgay

=1

as elements of the representation ring of the group T x I'. The index ((197))
is calculated by projecting the character onto those terms which carry
the trivial representation pg, giving an element in the representation ring
of T.

Then the orbifold instanton partition function is evaluated by using the
top form operation to get the combinatorial formula

(202)  Ziog@aem = 3§ S (—)% (- b,

kez!l}, |7 e=Fk
where
#£0 S
ﬁ H Py 050 a; + py - €|m)
r R
=1 pcor Pr o dy(a; + pp - €|a)
r #0
(203) IT II Redb(a—ar+ @ —p)-€le).
'=1 ]3}//60'”

Here the operation 55 acts on a combination of equivariant parameters = as
the identity if x is associated to the trivial representation pg and returns 1
otherwise; for example

86 (a1 — ap + (B — pyy) - €)
L - N
(204) = {al —ay + (i —pp) € i pr® psay @ p @ Pl = po,s

1 otherwise.

As previously, we understand ( as a residue contribution to the matrix
integral -, regarded as a contour integral over I, ¢ =5 C C* where k = |k:\
is the size of k € Z>(‘)

Remark 205. Since the character (198) is obtained by projection to the
M-invariant part of the character (101)), we believe that the sign factors Og
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in (202)), which should come from a careful residue calculation of (188)), do
not depend on the -colourings of the solid partitions and coincide with ({L08)).
This same assertion is made in [27].

U(1) gauge theories. Let us consider the rank one case 7 = 1. Then there
are only single equivariant parameters a® and m? for the gauge and flavour
symmetry, which are both associated to the same irreducible representation
ps of I'. Since ps ® ps =~ po, the partition function does not depend
on the choice of framing vector "= (rs) ¢, where we use the convention
that rqg is the first entry of 7. In other words, all framing vectors of the
form 7= (0,...,0,1,0,...,0), with zeroes in all but one entry, give the same
partition function. Moreover, the partition function depends only on
the combination m := m?® — a® and hence is effectively independent of the
Coulomb parameter. The rank one partition functions are therefore simply
denoted as

Zicayr(d; €,m)

200 =3 0% gt [T BEEm T pos(ro - efe).

o pPET 0 (p 6) p'Eoc
Example 207. Let I = Z3 act on C* with generator

(208) (21, 22, 23, 24) > (§ 21, & 20, € 23, 24)

where & = ¢271/3 is a primitive third root of unity. This defines a (3,0) orb-

ifold C3/Z3 x C, whose natural geometric crepant resolution induced by the
Zs-Hilbert scheme HilbZs(C3) is a fibration of local del Pezzo surfaces of
degree zero over the affine line, or equivalently the total space of the rank
two bundle Op2(—3) & Op2. Its McKay quiver is

0

0
(209)

= 2o
which is obtained from the Beilinson quiver B by adding a loop at each node.

The fractional instanton contributions to the corresponding U(1) partition
function are given by

L jagxo(@m) = 3 (D)™

|o|my =k
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2 peem i (F—p") @
" H p-€ »1:[ (F—p') €—e
peEo P Eo
P1+p2tps =30 P1+P2+Ps =3 p1+Py+p;
. e ew s ca
Fpics (0" =p)-€—er) (7" = P) - €~ e2)

p1+p2+p3+1 =3 p)+ps+p

al 7~ ') E—¢
D N

)

= oy

p,p €0 (
p1+p2+p3+1 =3 pi+p5+ps

where =3 denotes congruence modulo 3.

Higher rank gauge theories. In contrast to the rank one case, the par-
tition function for higher rank r > 1 depends explicitly on the choice of
decomposition 7= (r), cr of the rank r according to the irreducible repre-
sentations of I', and different framing M-modules W ~ C” generally lead to
inequivalent theories.

Example 211. Consider the Zo X Zso-action of Example m Three k =
(2,0,0,0) contributions to rank two partition functions Z[T?E4/Z2 7] (q;d, € m)
are

(212)
- 2
7=(2,0,0,0),k=(2,0,0,0) /> - - €12 M1 M2
Z'f‘(:a:: sy a mzial—c@—{—ml al_az_mQ
[C*)Z2XxZ5) ( () ) (al _ a2)2 ( ) ( ),
7=(1,1,0,0),k=(2,0,0,0) /= - -y _ 2 _ 7=(1,0,1,0),k=(2,0,00) / » — -
Z[C4/Zz X Zs) (@, €1m1) = efpmimg = Z[C“/szzﬂ (a,e;m).

However, some higher rank theories are equivalent. Looking at the con-
tribution (203) from the index X;; we see that all framing vectors 7 of the
form (0,...,0,r,0,...,0) yield equivalent partition functions, irrespecitve of
the location of the entry r. Indeed, in these cases the equivariant parameters
a and m are associated the same irreducible I'-representation. Thus the dif-
ferences a; — ay and a; — my are associated to the trivial representation pg
and one always counts the same contributions Z[T([’jlz /1l (@,e,m).

Example 213. Consider [ = Z, acting on C* with generator

(214) (21,2’2,2:3,2:4) — (izl,iZQ,i23,iZ4) .
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The quotient singularity €*/7, admits a geometric crepant resolution by [67,
Claim 2| and [84], Proposition 3.1|. Its McKay quiver is

(215) @ *@
N7

and the noncommutative crepant resolution can be associated with the to-
tal space of the canonical bundle Ops(—4) [2I]. The leading contributions
for ¥=(2,0,0,0) and 7= (0,2,0,0) to the rank two partition functions
ZE?[:4/Z4](§; d, €,m) coincide and are given by

=(2,0,0,0) =, » = = P (0,2,0,0) /o
2{64(/24] )(q’ a, €, m) = ZE;D4(/Z4] )(qa a, e, m)
—(m1 + m2) do
2
EfoM1 M
(216) ﬁ(al—a2+m1)(a1—a2_m2)qg+...

From it follows that Z;’EIZ {r] (d, €,m) is invariant under the action of
the Weyl group X ¢ Sy, of the colour and flavour symmetries by permuting
the entries of the parameters @ and m. It is natural to ask if the permutation
symmetry of the type 7= (0,...,0,r,0,...,0) instanton partition functions
observed above persists in more generality. That is, whether the theories with
rank vectors 7= (rs) ¢ and °7:= (r(s)),¢ are equivalent, for a permuta-
tion ¢ € S|r| of degree |I'|. Despite the appearance of the symmetric case in
Example it is easy to see that this is not true in general.

Example 217. For the Zj-action of Example [I60] consider the rank two
partition functions with framing vectors 7= (1,1,0,0) and ¥ = (1,0, 1,0)
for k = (1,1,0,0). In this case there are only two pairs of Zj-coloured solid
partitions that contribute to which are given by

(218) 51:(0,9) and 52:((2),0),
where

(219) o={(1,1,1,1), (2,1,1,1)}.
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The corresponding charge two contributions are given by

#=(1,1,0,0),k=(1,1,0,0) /> - o €12 m1me
7 f a,em) = — mi+mg — —————————
[C2/Za]x T (@& m) €3 €4 ap —as + €1
7=(1,0,1,0),k=(1,1,0,0) /o - o €12
(220) A A (d@,e,m) = o (m1 + ma)

3.6. Pure N = 2 gauge theory on [C*/T]

By dropping the matter bundle contribution to the matrix integral ((188)), we
obtain the quiver matrix model for the pure gauge theory on [C*/I] given

15 der T
7,k — o\pure __ S . JFT
21 (@:€) _ﬁ_ HF s Hl ori Py (6]d)
7,k sc 1=
. (6777 = 5 — €ap)
T (a,8)€3*
(221) x
2H1 (¢f+8a ¢§_€a)

The contour integral (221) can be evaluated by using the index (198) to get

Zigwn(@ =3 (0™ ] H Py ol

(a; + pp - €]a)

|&lp=F I=1 pico
r #0
(222) < [T TI Rodb(a—ar+@5—7)-€le).
I'=1 Z}}/,Eo'l/

The corresponding orbifold instanton partition function is

(223) Z[zj‘*/l’]( L@, €)PUe = Z Ak ®4/F] (@,€)Pre
kezll},

where A = (As) e and

(224) KF =TT Ak
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Similarly to the pure gauge theory on flat space C* from Section
the pure gauge theory on the quotient stack [C?/I] can be computed as an
appropriate limit of the cohomological gauge theory on [C*/I] with massive
matter. The orbifold version of Proposition [119| reads

Proposition 225. The instanton partition function for the pure cohomo-
logical gauge theory is related to the partition function with a massive fun-
damental hypermultiplet on [C*/I] through the double scaling limit

Z[f[}‘*/l’} (X, C_i, g)pure

)

(226) = lim  lim Zf. (G d, € m)

my,...;Mr—00 qo—0

A():(*l)r my---My Qo

with Ay = g, for s # 0.
Proof. This follows immediately from (203]) and (222)). O

4. The (2,0) orbifolds C?/Z,, x C?

Proposition suggests that the equivariant partition functions on (2,0)
orbifolds C?/Z, x C? can be expressed as a generalization of equivariant
partition functions on the toric three-orbifolds C?/Z, x C, when the lat-
ter are known explicitly, similarly to the uplifting from Proposition [7§] to
Conjecture In this section we will propose uplifts of the rank one in-
stanton partition functions, building on the known generating function for
Zp-coloured plane partitions from [35] and its extension to the toric three-
orbifolds €2 /Z,, x € with U(3) holonomy from [36]. We shall also propose
conjectural closed formulas for the higher rank instanton partition functions,
as well as consider the corresponding pure gauge theories.

4.1. Noncommutative U(1) instantons on C2/Z,, x C?

Generalizing Example consider noncommutive U(1) instantons on the
toric Calabi-Yau four-orbifold €2/%, x C?. The Z,-action is generated by
(150). The cyclic group Z, has n irreducible representations ps, with s =
0,1,...,n—1 and ps = p°. The fundamental representation of SU(4) re-
stricts to Zn as Q=p1 D pn—-1 B po D po, and the McKay quiver assumes the
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form

(227) Q/ &\ f

This is obtained as the double of the cyclic quiver C,, with arrows s — s+ 1,
whose underlying graph is the extended Dynkin diagram of type A,_1, and
adding a pair of loops at each node.

The fractional instanton contributions to the corresponding U(1) parti-
tion function are given by

Z{?Ez/Zn]XCQ (E” m)

S ONEUAN I
B, - p-€
oz, =k pco
P1=nDP2

p.p'Ec ((ﬁ_ﬁ/) €— 63) ((ﬁ_ﬁ/ e 4)
P1+p2+Dps =n Py +DP5+D}
P’ €o (F—p")-€—e)((p"—pP) -€—e)

p1—p2+1=, p,—ph

where =,, denotes congruence modulo n.

The equivariant partition function for rank one noncommutative Donal-
dson-Thomas invariants of the toric three-orbifold C?/7Z,, x C with U(3)
holonomy can be written in the closed form [30]

Zi¢2z,)xc(d; €1, €2, €3)

o

_ 612613‘23+ﬁ €12 €123 et _ €
(220) =M@ EESTTE AT ] Mg, -0

0<p<s<n

3]

where

(230) Q=qoq1 - "qu-1 and Qg =dpdp+1- " ds—19s,
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while

(231) M(z,q) = H (1_1k and M (z,q) = M(z,q) M(z",q).
k=1

z q*)

The generalized MacMahon function M (z,q) counts weighted plane parti-
tions (cf. Remark [94)) and specialises to at x =1: M(1,q) = M(q).

At the Calabi—Yau specialization €1 + €2 + €3 = 0 of the (2-deformation,
the formula reduces to the instanton partition function on C?/%, x C
with SU(3) holonomy and agrees with the closed formula found in |7, 35]:

Zieppxe(@ e ee)| . _o=M=" ] M(qp,5, —Q)

0<p<s<n

(232) = > (o) g™ gl

In the second equality the sum runs through plane partitions m which are
Zp-coloured with respect to (129)).

Together with Proposition the forms of the partition functions (229
and suggest that the partition function for U(1) noncommuative instan-
tons on C2/%,, x C? assumes a closed form as a combination of generalized
MacMahon functions M (z, q). This is encapsulated in

Conjecture 233. The equivariant instanton partition function of the coho-
mological U(1) gauge theory with massive fundamental matter on [C2/Z,,] x
C? is given by

mejgerzeaz  n?-1 mern

Zig2 g w2 (@ Em) = M((-1)"Q) " aman 0 A
(234) X H M((_l)P*S+1 q[pﬁ]j (_1)n Q)_esT )

0<p<s<n

Using the combinatorial expression we explicitly checked
Proposition 235. Conjecture [233]is true for n = 2,3,4 and
k=k|=1,23.
Remark 236. In Appendix we sketch the steps of a possible direct

proof of Conjecture [233] analogous to the sketch of the analytic proof of
Conjecture [T12].
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4.2. Higher rank generalizations

Conjecture shows that the equivariant instanton partition function of
the rank r > 1 cohomological gauge theory with a massive fundamental hy-
permultiplet on C* is given by the simple closed formula , express-
ing it as the r-th power of the rank one partition function with the mass
parameter m given by coordinates on the center U(1]|1) of the global sym-
metry U(r|r) D U(7)col X U(7)ga. We would now like to generalize Conjec-
ture to the case of higher rank framing vectors 7. Unfortunately, we do
not have available any higher rank noncommutative Donaldson—Thomas par-
tition functions on the orbifold €2/7%,, x C with generic U(3) holonomy to
uplift, so our results will be limited to a set of well-substantiated conjectures.

Instantons on ©C2/Z,, x C? of type ¥ = (0,...,0,7,0,...,0). For
the framing vectors of the form 7= (r,0,...,0), we propose

Conjecture 237. Set
(238) _! > (i —ay)
m= - m;—ayp) .

Then the equivariant instanton partition function of type ¥ = (r,0,...,0) for
the cohomological U(r) gauge theory with massive fundamental matter on
[C?/Z,] x C? is given by

F=(r,0,..,0) /= - ., mreigeizeay  n2-1 mregn
Z[C2(/Zn]><(]:22(q;€7m) = M((_l)n Q) " aeaa T2
(239) X H M((_l)pierl A[p,s]» (_1)n Q)_ €34
0<p<s<n

Using the combinatorial expression (202)) we explicitly checked

Proposition 240. Conjecture is true for r =23, k = |E| =1,2 and
n=2,3.

Remark 241. The partition function (239)) is invariant under permutation
of the location of the entry r in the array ¥ = (r,0,...,0) (cf. Section [3.5).

Proposition 242. Assume Conjecture[237]is true. Then the partition func-
tion for rank r noncommutative Donaldson—Thomas invariants of type ¥ =

(7,0,...,0) for the orbifold C2/%, x C with U(3) holonomy is given by
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., Tel2€13¢€23 | n2—1 Te1p €103

7=(7,0,...,0) / = r n
Ziga i@ e eies) = M((=1)7Q) " e T

(243) X H M(q[p,s]a (—1)T Q) €3

0<p<s<n

Proof. This follows immediately from (239) by using Proposition m O

Instantons on €2 /Zs x €2 of type 7 = (r9,71). It appears to be dif-
ficult to make a concrete conjecture for the closed form of the instanton parti-
tion function on ©2 /%, x C? for generic framing vectors ¥ = (g, 71, ...,7n_1),
as the calculations become much more cumbersome in general. Here we con-
sider the simplest case n = 2, and propose a closed formula which holds in
full generality.

Example 244. The leading terms in the expansions of the rank two parti-
tion functions for the orbifold C?/Zy x C? are

ZF=2(2,0) . Z 2 =9 ™m €12 ™m €12 <4 €13 €3 3)
(A7) (40,153, &) €3 €4 0t €1 €2 €3 €4 o) v
me me
Y PLIT TR W
€3 €4 €3 €4
ZF=2(1,1) , GEm) =2 me1g <4 merg €13 €3 3 me€eq
(G2 71x (90,158, &,77%) €3 €4 0+ €1 €2 €3 €4 * €1 €2
mip —arp)(mg —az) €12
T ( ! ) ) do 91
€3 €4
me me
(245) + 12 (2 12_1) q§+--- ’
€3 €4 €3 €4

where m = % (m1 — a1 +mg — ag).

Since we are working with the Zs-action of Section [£.1]in evaluating the
contribution (203]) from the index X?Z, we can use

0 ifs=4¢ y
(246) Ps @ pgr = P .
p1  otherwise,

for s,s" € {0,1}. Then the partition function is symmetric under per-
mutation of ry and rq, and it must reduce to with n = 2 for ¥ = (r,0)
and 7= (0,7). These properties together with Example prompt us to
formulate
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Conjecture 247. The equivariant instanton partition function of type 7=
(ro,71) for the cohomological gauge theory with massive fundamental matter
on [C?/Zy] x €2 is given by

Z[T(DZQ(/T%;T}Q@Q (q’ Ei, am) — M(Q)_ Lesezes 2 ecen
(248) x M(—qi,qoq1)” = M(—qo,q0q1) =7

where r = rg + r1 and

(249) E m;— ap)

S

are coordinates on the center of the global symmetry supergroup U(rs|rs)
associated to the irreducible representation ps of Zs, for s € {0, 1}.

Proposition 250. Assume Conjecture is true. Then the partition func-
tion for noncommutative Donaldson—Thomas invariants of type 7= (rg,r1)
for the orbifold €2 /%y x € with U(3) holonomy is given by

-2 T €12 €13 €23 +§ T€12¢€123

Zf(‘]:p(/r%,?i@(q’ €1, €2, 63) M((—l)r Q) €1 €2 €3 2 €1 €o

X ]\Aj((—l)7~1 a1, (=1)"qo ql)_%

(251) X M((=1)" qo, (=1)" qoq1)~ =
Proof. This follows immediately from (248) by using Proposition m O

Remark 252. At the Calabi—Yau specialization €193 = 0, both partition
functions (243) and (251) agree with the generating functions for Coulomb
branch invariants found in |7, Section 7].

4.3. Pure N} = 2 gauge theory on [C?/Z,] x C2

Using Proposition 225 together with the results of Sections[f.I]and .2 we can
immediately infer corresponding closed formulas for the partition functions
of the pure gauge theories on the quotient stack [C?/Z,] x €2. They read
as

Proposition 253. If Conjecture [233]is true, then the equivariant instanton
partition function of the pure cohomological U(1) gauge theory on [C?/Z,] x
C? is given by
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n2 —1 €12

Z[@z/Zn]X(Ez (K )pure = exp (71)71/1 (n €12 €13 €23 +
€1 €2€3¢4 N €3€4

(254) —— > = )pS(A[ps}JFA[ps]))

€3 €
3¢4 0<p<s<n

where
(255) A= AU A1 s An and A[p’s} = Ap Ap_|_1 ce As—l AS .

If in addition Conjecture is true, then the higher rank partition functions
of type 7= (r,0,...,0) are all trivial:

(256) Zi it (K E)Pe =1 for 7> 1.

Proof. The proof is completely analogous to the proof of Corollary using
the series representation

ok ¢
257 log M ( = —
257 O S
k=1
for the logarithm of the generalized MacMahon function. (]

5. The (3,0) orbifold C3/(Zs X Z3) X C

As another explicit example, we repeat our treatment from Section [ in the
case of the (3,0) orbifold C3/I' x C for the action of the group I = Zg x Zs
in SL(3,C) defined below. By the results of [91] it admits four geometric
projective toric crepant resolutions related to each other by flops, which
can each be constructed as fine moduli spaces of stable I'-constellations; for
the symmetric resolution induced by Hilb%2*%2(C3), the geometric crepant
resolution of €3/(Zy x Z3) x € is a fibration of closed topological vertex
geometries over €. Whereas the dimensionally reduced partition functions
are well understood for the Calabi-Yau three-orbifolds €3 /7y x Zo by the
results of 7], [35], we are currently lacking closed expressions for generic U(3)
holonomy, even in the rank one case. Hence in this section our considerations
will again be limited to conjectural but well-substantiated closed formulas.
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5.1. Noncommutative U(1) instantons on C3/(Zs2 X Z3) X C
Consider the toric Calabi-Yau four-orbifold €3/(Zg x Zs3) x C, where the

action of the group Zs x Zs = {1, g1, 92,93} on C* is given by the SU(4)
matrices

(258) g1 = and g2 =

[y
[y

together with g3 = g1 go. The four irreducible representations

= {PO’PlaP%P?)}

have weights so = (0,0,0,0), s; = (1,1,0,0), s2 = (1,0,1,0) and s3 = s1 +
so = (0,1,1,0), respectively.

The tensor product decomposition of the fundamental representation ()
gives an adjacency matrix

1 1 1 1
1 1 1 1
(259) A=(a)=|7 | 1 1
1 1 1 1

The generalized McKay quiver constructed from the representation theory

)
{

2
)

S 39

(260)

To write the corresponding U(1) instanton partition function explicitly,
it is convenient to use the imaginary unit quaternions i, j and k which satisfy
the relations

(261) ==k =ijk=—1.
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Then the fractional instanton contributions are given by

Z[]sz/ZQXZQ}XC(a m)

0
= ) | ]7 z
0|2y %2, =k iP1 jpgfzg:il
#0 N
. -7 ¢
D—1p!).e—
Pt (P—p') €—e
iplfp’l jPz*P/Q kP:}*P,s:j:l
#0 [P
y I (P —p") - €— €3
—»_ —D, . —‘_
P (F—p')-€—a
iplfpll jpz*pé sz*P;’;:ii
#0 [
x 11 (P=p)- €=
—l_ —’, . —’_
peo =p)-e-e
iP1—p] jpz*p’z kpgfp'szij
£ 5.
(262) y H ((pﬂ pﬁl)) E-enn
ipeo p—Dp € — €3

/ /
iplfpi jPZ*PZ kP3—P3 =4k

The rank one Donaldson—Thomas partition function for the three-orbifold
©3/Zo x 7o with holonomy group SU(3) is discussed in detail in [7, 35]. It
can be expressed as the closed formula

Z[C3/ZQXZ2](q; 617€2a€3)’€123:0 = L M(_Q)4 H M(qp qs,_Q)
(Qh%a%a—Q) 1<p<s<3
(263) _ Z (_1)|7r|1+\7r|2+|7r\3 qgr|o q|17r|1 q\27r|2 q|37r\3 ,

where the sum runs through Zo X Zs-coloured plane partitions 7. We have
set @ = 90919293 and

(264) L(Z’l,xQ, x3, q) = M(xlv q) M(‘T27 Q) M($37Q) M(.’L'l T2 I3, Q) .

With an argument analogous to that of Section [4.1] we expect that the
rank one instanton partition function for C3/(Zy x Zs) x C assumes a closed
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form in terms of a generalization of the formula (263). Using (202]) we eval-
uate the leading terms in the expansion of Zigs,z, x7,)xc(d; €;m) to be

5 5 m (m—64)m 9 (61 —Ggg)m
Z M = — _— - - @V
(€37 x 7o) x € (T3 € M0) ., ot 2e 0 e, D
€ — € m
(2 13) 092
2€9€
(63—612)m

m
(265) %%+a%m%+w.

2 €9 €4
Dimensionally reducing this result according to Proposition [I89]at the Calabi—
Yau specialization of the f2-deformation on €2 yields the leading contribu-

tions predicted by (263):

21053 )7, x 7] x (@5 €M = €4)

6123:0
=dqp— 9091 + 99>+ 9093 +90d1 9>+ -
(266) = Z[C:j/ZQXZQ} (q/;617627€3)’6123:0 y

where q/ = (q07 —q1, —92, —Q3)
This prompts us to formulate

Conjecture 267. The equivariant instanton partition function of the coho-
mological U(1) gauge theory with massive fundamental matter on [C3/Zy x
Zis] x C is given by

clenez—Zen— 2z cBeg e 3oeq 2oened
m

M(Q) €1 €x€3€q
L(_q17 —q2, —A93, Q);

N S(ps)— ~°Ps
<268) X H M(qp qs,Q) 2ey 6(I’S)_ s

1<p<s<3

210537y x T x € (T €M) =

where (ps)™ € {1,2,3} \ {p, s}.

Proposition 269. Assume Conjecture is true. Then the partition func-
tion for rank one noncommutative Donaldson—Thomas invariants of the orb-
ifold ©3 /7y x 7o with holonomy group U(3) is given by

T SO DU O S

M(fQ) €1 €2 €3
L(qla J2,493, _Q)

210 /2, x7,) (T €1, €2, €3) =
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S(ps)— —°Ps

(270) < [ Mapas,—Q) “oo-
1<p<s<3

Proof. This follows immediately from (268) by using Proposition m O

Remark 271. For holonomy group SU(3), the partition function (270) re-
duces to (263)). As noted by [27], it is possible to adapt the techniques of [36]
to the orbifold €3/Zy x Zo and hence provide a direct proof of ([270).

5.2. Higher rank generalization

For higher rank noncommutative instantons on C3/(Za x Z2) x C of type
7=(0,...,0,r,0,...,0), the analogue of Conjecture reads as

Conjecture 272. The equivariant instanton partition function of type 7=
(r,0,...,0) for the cohomological U(r) gauge theory with massive fundamen-
tal matter on [C3/Zg x 73] x C is given by

_‘: M(Q)mrs epeg—c2eg—e ; = 53‘545 P
Z?" (r,0...,0) (q, e m) _ ‘
C3 [ Zo X Za| xC\L mr
(O xa] x L(_QIa—Q%—%,Q) 4

AT mr 526 € -
(273) X H M(qp QS;Q) RGO

1<p<s<3
Using the combinatorial expansion (202)) we explicitly checked
Proposition 274. Conjecture is true for r = 2,3 and k = \E| =1,2.

Proposition 275. Assume Conjecture 272]is true. Then the partition func-
tion for rank r noncommutative Donaldson—Thomas invariants of type 7=
(r,0,...,0) for the orbifold C3/Zy x Zs with U(3) holonomy is given by

#=(r,0...,0) (. _ M((-nr)’ oY
Z[q:S/szZQ}(q, €1, €2, €3) = L(q1, 92,93, (-1)Q)"
~ p Ao P2
(276) X H M(qp s, (_1)7’ Q) “(pey—
1<p<s<3

Proof. This follows immediately from (273]) by using Proposition m U
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5.3. Pure N = 2 gauge theory on [C3/Zy X Z3] x C

For the pure gauge theories on the quotient stack [C3/Zg x Zs] x C, ob-
tained via the decoupling limit of Proposition 225] the analogue of Proposi-
tion 253] reads as

Proposition 277. Assume Conjectures [267] and are true. Then the
equivariant instanton partition function of the pure cohomological U(1) gauge
theory on [C3/Zy x 7] x C is given by

2105 )2y x ) <) (A3 €)PT°
2

:eXp_A<€1€2€3 —6%62 —6%63_6563 —6165_6163 —€2€§
€1 €2 €3 €4
+ Z (€(ps)- — €ps) (Ap As + AT ATT)
| <pes<3 2 €4 €(ps)-
1< 1
(@78) DD (A AT = (M A
s=1

where A = Ag A1 Ao Ag and A1a3 = A; As A3z, while the higher rank partition

functions of type 7= (r,0,...,0) are all trivial:
’F:(T,O,...,O) _" —\pure __
(279) Z[®2/Z2x22}x®(A76) =1 for r>1.

Proof. The proof is completely analogous to the proof of Proposition O

Appendix A. Generalized ADHM construction

In this appendix we construct the ADHM type finite-dimensional matrix
model of the moduli space of finite action solutions to the noncommutative
instanton equations . To write these generalized ADHM equations, we
first introduce two Hermitian vector spaces V and W of complex dimensions
k and r, respectively. Let U be an (8 k+r)xr matrix which solves the Weyl
equation

(A1) AtU =0,
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where A is the (8 k + r)x8 k matrix

bl by by by O 0 0 0
by, —bi 0 0 by —bs 0 0
b0 b 0 by 0 by O
bl 0 0 b 0 b b3 0
(A.2) A=1]0 o 0 0 by b bl b

0 0 —bl bl 0 0 bl b
0 b 0 —bb 0 —bl —bl by
0 —bl —bl 0 —bl 0 0 by
I o 0 0 0 0 0 0

Here b, = B, — 24 1k, with B, € Endg(V) for a € 4 and I € Homg (W, V).
The auxiliary matrix A is required to satisfy the equation

(A.3) ATA=15® f",

where f is an invertible kxk matrix. This leads to the equations for the
ADHM data (Bg, I)qca given by (51)):

4
(A4) [BaBy] = S €ueq [BL B =0 and > [B., Bl +11T=¢1,.
a=1

One asks that the matrix U be normalized: U U = 1,.. Then the columns of
U together with A form a complete basis in C8#*7 and therefore

(A.5) Isgir —UUT = A(Ig @ fr) AT

The Spin(7)-instanton connection can now be written as A = UT dU. In-
deed, using (A.5) we compute the components of its curvature two-form to
get

F =0,U"9,U - 9,U'8,U + [UT9,U, U 9,U]
=0, U" (1spsr —UUY) 0, U
=yt G[HA (1s ® fr) al,}AT U
(A.6) =UT(EW @)U,
which satisfy the self-duality equations (9) (A= 1) for Spin(7)-holonomy.

Here we have introduced the eight-dimensional counterparts of the 't Hooft
symbols

(A7) 2 =5,8 5%, and I)=%,%,-%5%,.
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The 8x8 spin matrices ¥, and E_JM for p=1,...,8 are generators of the

Clifford algebra C/(8), where ¥g = 33 = 1g and the matrices ¥, = —%, for

a=1,...,7 satisfy the anticommutation relations {¥,, ¥} = —2d4 Ls.
Consequently, the complex connection

— _1 g5t
(A.8) Ay = AU 0,0

for a € 4 satisfies the instanton equations .

Appendix B. Infinite product formulas
for instanton partition functions

In this appendix we outline a possible alternative proof of Conjecture
based on the quiver matrix model and its combinatorial evaluation, and then
proceed to sketch how this can be extended to provide a potential similar
proof of Conjecture 233]

B.1. Evidence for Conjecture [112

We start by explicitly computing the £ = 1 contribution to the instanton
partition function ((109)), resulting in

Lemma B.9. For any rank r > 1, the one-instanton contribution to
Z(E‘* (q7 C_ia gv T?L)

is given by

T

1
(B.10) Z&i(c‘i,é’,ﬁi) = 23S L with mo= - Z(ml —ay).
€1 €2 €3 €4 T -1

Proof. Using the formula (107) we immediately see the result for r = 1. So

we assume r > 1, and shifting the masses m; tom; :=m; —a; forl =1,...,r
we get
T T ml
(B.11) Zii(a,em) = 2B 5 T (1 - J) ,
€1 €2 €3 €4 —1 1 QApp
p#l

where a;, = a; — a, = —ay;. Using (B.11)) the result is easy to check for r = 2,
so henceforth we restrict to ranks r > 2. The sum in (B.11)) can be rewritten
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as
r r ! r r—1 / ,
m (——p)zi m2(1+§: S #)
a a e (1/
=1 p=1 lp =1 p=1 1<iy<-<ip<r i1l ipl
p7l il
r-tr mbL oom!
(B.12) zrm—f—z E m; Z N
. . Qg1 Q4 0
p=1 I=1 1<y << < P
il

For each 1 < p <r — 1, the second sum of (B.12) can be expressed in
the form

T / !
! my, -1y
E l E —
= iyl Qg

1<y << <r

)
1<I<iy < <ip<r 1<y <I<in < <ip<r 1<y < <ip<I<r
/ / /
y m;, m; My
Gyl - Gl
p
_ } : ! / / . S -1 -1 -1
= mil . mip ml ((a“l “e. alpl) + a’ll']‘ H ainij)
1<I<iy << <7 j=1 n=1
n#j
(B.13)
/ i I
_ MMy =My, Yy
= E Ailmz'pl s
1<I<iy < <ip<r Qirl """ iyl H Qijin
1<j<n<p

where, for each increasing sequence 1 <1 < i1 <--- <1, <1, we set

P p
Aieii= I @i =D D7 [ ae ] aii.
1<j<n<p Jj=1 Jj'=1 1<g<n<p
J'#7 n,q#]
p+1
Z —t—1
(B.14) = (_1)p H a,-jin y
t=1 1<j<n<p+1
Jn#t

with the convention 7,1 :=[.
Although it should be possible to show directly that (B.14)) vanishes (in-
deed we have checked this explicitly up to p =4), a more straightforward
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proof uses Proposition to assert that (B.10) holds at the mass special-
isations m; = €4 for I =1,...,r. Since (B.14) is independent of the shifted
mass parameters, it follows that

(B.15) Az'ln-z‘pl =0

as required. O

We are now ready to sketch an argument that may prove Conjecture [112
Consider the instanton partition function

oo
(B.16) Zia(qd, &) =1+ q" Zgi(a,&nv)
k=1

with the explicit combinatorial expansion (107)), where m' :=m — d. By
Proposition [7§ we know that

(B.17)
Z3a(q; @, € my = —e123) = Zgn (1) T qser, ea,63) = M(—q) 2

Armed with this information, we can assume that the partition function
takes a form given by

(B.18) log Zgu(q; @, € m') = fr(a,€mi')log M(—q) + log G, (q; @, € ') ,
where f, is a rational function of the equivariant parameters with

SN €12 €13 €23
(B.19) fr(d@, € m) = —€193) = ————,
€1 €9 €3

and the function G, has a power series expansion
oo

(B.20) Gr(qid,&m) =1+ q"G¥(a,en)
k=1

whose coefficients ng) are rational functions of the equivariant parameters

with
(B.21) GW(@,&m) = —€123) = 0.

From Lemma [B.9 it follows that

rm
(B22)  f(@ &) - G &) = - 2
€1 €2 €3 €4
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Hence, by redefining the functions f, and G7(~1)

that

if necessary, we can assume

T €12 €13 €23 -

(B.23) fo(@em') =— and GWM(@,em')=0.

€1 €2 €3 €4
know this for k£ = 1, so we suppose Gy(nn (@,e,m,r)=0for1 <n < k—1with
k > 1. Then
(B.24) Zoi(a, & ') = F® (@, & ') + G (@, &),
where Fr(k) (@, m/) is the coefficient of q* in the series expansion of

exp(f, (@, € 1i’) log M (—q)).
Recalling the symmetries of the matrix integral , we know that

Zrh(a@, e m')

is invariant under permutation of €; and €4 = —€193, as well as under permu-

tation of the entries of m/' = (m/,...,m}). Since Fr(k) (d,€,m’) is invariant
under these permutations, so is Gy (@, €,m/).
Looking at (107), we can decompose the k-instanton contributions for

k > 1 into

(B.25)
k . r
= > 3kae) [ mh+ ) + (D) 25 e e, e)
2150yt =1 =1

. rkil o o .
for some functions 3. (d@, €). We now write

Lo T €136 —~ €12 €13 €23 (M + €123)
(et — T2

(B.26)
€1 €2 €3 €1 €2 €3 €4

=1

—

and use this to separate out the polynomial mass dependence in Fr(k) (d,e,m’),
similarly to (B.25), as

F®) (@, em')
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(B.27)

T

Z Sy k) CT, € H ml + 6123 tF ( )(T+1)k (61, €2, 63)

2150yl =1 =1

with some functions § (_’, €). The coefficient functions 3”“(@ €) and
3(k) ‘(@,€) are independent of the masses 1’ and symmetric in the entries of
7= (11, 2).
Th . (k) :
en (B.24) determines G, as the Taylor expansion

(B.28)
k r
GM@en) = Y (387(@e) -3, @) T (mi + o)
21 yeenstp=1 =1

At this stage one should be able to exploit the Zo- symmetry €1 &> —€193 of
ank) %ether with the analytic behaviour of (107]) in €, to infer that
3¢ ok Z(" e Sr (@, €) for each 7. It would be very 1nterest1ng to understand
this further and complete the proof of Conjecture [112] along these lines.

B.2. Evidence for conjecture [233

A possible proof of Conjecture 233] follows the same line of reasoning as in
Appendix starting with the dimensional reduction according to
Proposition m We choose 7= (1,0, ...,0) without loss of generality. We
can assume that

Zic2 )z, <2 (4; €, m)
= M((~1)"Q) " Ahan - e
(B.29) < [ M~ apg. (1)) = G(g;am),

0<p<s<n

where the function G has a power series expansion

(B.30) G@emy =1+ Y. §c®Em)

whose coefficients are rational functions of the equivariant parameters with
G(k)(e m = —6123) 0.

The idea is to proceed by induction on the size of ke VA 0 to show that
G(k)(e m) = 0. For |k: | = 1 the only contribution to the instanton partition
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function is

M€l

€3 €4

Thus Gk )(&m m) = 0 for all k of size one. Now suppose GEE)(g, m) = 0 for all
k of sizes 1 < |k| < k — 1 with k > 1. Then for k of size |k | = k we can write

(B.32) 2 s (Em) = O @m) + P (@ m),

where F(k)(é m) is the coefficient of ¥ in the power series expansion of

2

M((-nrQ) " AEAST W
(B.33) < T[] M((-vr- 5+1q[p,s],(_1)nq)*%.

0<p<s<n

From the matrix integral with 7= (1,0,...,0) for the Z,-action of
Section with weights s1 =1, sy =n — 1 and s3 = s4 = 0, it follows that
the fractional instanton contribution Z [’fcg [T ]xC2 (€,m) is invariant under the
permutation of €3 and €4 = —e€123. From the combinatorial expansion
it follows that it can be decomposed into

Zfee g, xac (€M)
(B.34)
| ) o
= (At e93)' 3 g e (€) + (CDFFR ZE L (e ee),
1=1

with some functions 3 ©2/7.] (¢) for v =1,...,|k| which are independent

of the mass m.
The powers of the generalized MacMahon functions in (B.33) can be

rewritten respectively as

xC?

(B.35)
2 1 2 _ 1

€12 €13 €23 n €12 €123 €12 €13 €23 n €12

-n + —(n - (m + €123)
€1 €2 €3 n €1 €9 €1 €9 €3 €4 n €1 €9
and
€12 €12 (M + €123

(B.36) 2 ep(mtazn)

€3 €3 €4
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Since FEE )(€,m) is symmetric under e3 <> —ej93, it follows from (B.32) that
so is G*)(€ m), and that it is given as the Taylor expansion

Ik |
(B.37) Z 05z 0 (€) = FE(E)) (m 4 ers)
with some functions 3(’;)”(5) for1=1,...,|k| which are independent of the

mass parameter m. At this stage one should be able to exploit invariance un-
der the Zs-action €3 <> —e€123, together with the analytic behaviour of -
in €, to show that FF)» ‘€)= 3[@?/2 ]x@z( &) forallze {1,...,|k|}.
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