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Vafta-Witten theory:
invariants, Floer homologies, Higgs bundles,
a geometric Langlands correspondence,
and categorification

ZHI-CONG ONG AND MENG-CHWAN TAN

We revisit Vafa-Witten theory in the more general setting whereby
the underlying moduli space is not that of instantons, but of the
full Vafa-Witten equations. We physically derive (i) a novel Vafa-
Witten four-manifold invariant associated with this moduli space,
(ii) their relation to Gromov-Witten invariants, (iii) a novel Vafa-
Witten Floer homology assigned to three-manifold boundaries, (iv)
a novel Vafa-Witten Atiyah-Floer correspondence, (v) a proof and
generalization of a conjecture by Abouzaid-Manolescu in [2] about
the hypercohomology of a perverse sheaf of vanishing cycles, (vi) a
Langlands duality of these invariants, Floer homologies and hyper-
cohomology, and (vii) a quantum geometric Langlands correspon-
dence with purely imaginary parameter that specializes to the clas-
sical correspondence in the zero-coupling limit, where Higgs bun-
dles feature in (ii), (iv), (vi) and (vii). We also explain how these
invariants and homologies will be categorified in the process, and
discuss their higher categorification. We thereby relate differential
and enumerative geometry, topology and geometric representation
theory in mathematics, via a maximally-supersymmetric topologi-
cal quantum field theory with electric-magnetic duality in physics.
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1. Introduction

For an N =4 SYM theory on a Euclidean four-manifold M, with gauge
group G, where G is a real, simple, compact Lie group, one can perform
topological twisting in three different ways [40], allowing one to end up with
three different twisted theories. The multiplet of an N' = 4 theory contains
a single gauge gauge boson A, (1 =1,2,3,4) with spin 1, gauge fermions
M, and A, (&, a = 1,2) with spin 2, and six adjoint- valued bosonic scalars
Gij = qﬁﬂ (i=1,2,3,4) with spin 0 in the six-dimensional representation
of its SU(4)r R-symmetry. Here, p represents spacetime indices; «, & rep-
resents spinor indices of S U( )L ® SU(2)R of spacetime; and i, j represent
the internal indices of SU (4 l

The idea of twisting in order to shift the spin of the supercharges such
that they behave as scalars whence they are insensitive to the geometry of
My, was pioneered by Witten in [39]. To explain twisting, first notice that
the sixteen fermions \!, )\’ and thus, the sixteen supercharges O, %
transform under SU (4 )R Then twisting just involves making a ch01ce of
homomorphism SO(4) — SU(4)r of the spacetime symmetry group to the

*One can obtain /=4 SYM in 4d from a dimensional reduction of N/ =1
supersymmetry in 10d, by compactifying along six dimensions. This explains the
adjoint-valued bosonic scalar fields being in the six-dimensional representation of
the internal SU(4)gr R-symmetry.
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R-symmetry group, whence the aforementioned shift in the spin of the su-
percharges can be effected. This will modify the spins of not just the A\¥’s
and Qs (where they are necessarily shifted in the same way), but also that
of the ¢;’s (as they also transform under SU(4)r). Amongst the sixteen
supercharges with shifted spins, one can always find scalar supercharges Q
such that Q2 = 0. Because Q is insensitive to the geometry of My, it is a
topological supercharge whereby the generated supersymmetry remains un-
broken under smooth metric deformations of My. This ‘shifted’ theory with
topological supercharge Q, is also known as a (cohomological) Topological
Quantum Field Theory (TQFT).
A feature of such a TQFT is that the action can be expressed as

(1) S = {9, V} + topological term,

where V is called a gauge fermion. This allows us to rescale V whilst leaving
the path integral invariant (since the expectation value of any operator of
the form {Q, ...} is zero), whence we can compute the path integral exactly
using a convenient rescaling of V for which its contributions localize to a
finite-dimensional moduli space.

That such a TQFT is independent of the metric can be seen from the
fact that its energy-momentum tensor 05/8g,, = T, is Q-exact, i.e., it can
be written as T}, = {Q, G} for a certain fermionic symmetric tensor G, ,
whence a variation of the metric would leave the path integral invariant
(according to our explanation in the last paragraph). That being said, it
is only in this sense that the word ‘topological’ holds, since TQFT’s are
not independent of all non-topological information. We will see that there
are dependencies on symplectic structures when dimensional reduction via
a deformation of the metric is performed later.

Another feature of such a TQFT, is that the nilpotency of @ means that
one can define its spectrum to be the Q-cohomology of Q-closed operators
which are not Q-exact that therefore have nonvanishing expectation values.
These O-supersymmetric operators correspond to certain BPS states of the
original NV = 4 theory. Moreover, their correlation functions are topological
invariants of My, whence they have useful mathematical applications.

Last but not least, note that anything that is Q-exact is cohomologous
to zero. That the action can be expressed as means that it is actually zero
in @-cohomology. This just reflects the fact that there are no field dynamics
of the theory (since supersymmetry will allow us to integrate out non-zero
modes up to a factor of £1 in the path integral). In other words, the crux
of any TQFT is in the structure of its zero modes. This is also consistent
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with the observation that the Hamiltonian of TQFT’s, H ~ Tyo = {Q, Goo},
is also zero in Q-cohomology, i.e., only ground states are relevant in the
spectrum of a TQFT.

In this paper, we will concern ourselves with the twist leading to the the-
ory studied in [37], also known as Vafa-Witten (VW) theory. Unlike in [37],
we will consider the more general setting whereby the underlying moduli
space is not that of instantons, but of the full Vafa-Witten equations. We
will explore and elucidate the mathematical implications of this theory by
exploiting its invariance under metric deformations of the underlying My,
and its electric-magnetic S-duality.

Let us now give a brief plan and summary of the paper.

2. A brief plan and summary of the paper

In [3] we discuss general aspects of the VW twist leading up to the action
with complexified gauge coupling parameter 7, where the theory will localize
on a virtually zero-dimensional moduli space of configurations satisfying the
VW equations. We then give a physical, path integral derivation of a novel
T-dependent Vafa-Witten invariant of My, as the partition function of VW

theory, in :

(2) ZVW,M4 (7’, G) = Z akqu.
k

Here, ¢ = €>™7, k denotes the k™ sector of the moduli space Myw of the
VW equations in , the number a; is given in as

(3) ax = /M QO Ae(Tyg, ), where Q°(Myy) = (14 BH)dmeMiw,

k
VW

B is a coordinate on MI{}W(A, B), e is the signed Euler class of the tangent
bundle T\, and my, is the corresponding VW number given in as

1
(4) mg = W . Tr (F(k) A F(k) + dB(k) A *DB(k) + B(k) A d(*DB(k))>,

where A(y) is a one-form G-connection with two-form curvature F), and
By is a self-dual two-form.

When B =0, aj, will become the Euler characteristic x(ME ), while
my, will become the instanton number. Then, Zvw y, will just become the
usual partition function for instantons first derived in [37], as expected.
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In Section [4] we compactify VW theory on My = ¥ x C along C, where
both ¥ and C are closed Riemann surfaces, and C' has a genus g > 2. This al-
lows us to arrive at an A-model in complex structure I on ¥ with N' = (4,4)
supersymmetry and target space Mg(C), the moduli space of Hitchin’s
equations on C. In complex structure I, M%(C) can be identified with
Mgiggs(C), the moduli space of stable Higgs G-bundles on C. We then
show that the partition function of the A-model in gives a T7-dependent
Gromov-Witten (GW) invariant in (72):

(5) ZGW,E(Ta Mgiggs(c)) = Z CNllqmla
l

where | denotes the I™" sector of the moduli space M maps of holomorphic
maps described in for genus one, the rational number a; is given in
as

0 a= [ ew)

where e is the signed Euler class of the vector bundle V with fiber H(2, K ®
®*T*M! . ) and canonical bundle K on ¥, and 77 is the corresponding

maps

worldsheet instanton number given in as

@ i = 5 [ i),

Here, wy is the symplectic two-form of Mgiggs(C)). In turn, the topological

invariance of VW theory will mean that we have a 4d-2d correspondence of
partition functions in , whence we have a correspondence between the
VW and GW invariants in :

(8) ZVW,M4 (Ta G) = ZGW,Z (Ta Mgiggs(c)) :

In other words, we have a correspondence between the VW invariant of
My =¥ x C and the GW invariant of M$. __(C)). In fact, means that

Higgs
we have, in ,
(9) ap = dl.

Thus, one can also determine the ay’s, the VW invariants of 72 x C, via the

signed Euler class of a bundle V over Minaps.
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In Section [5, we consider boundary VW theory on My = M3z x R, with
M3 a closed three-manifold, where in temporal gauge, one can now interpret
A and B as one-forms on M3. Then, we will recast the 4d theory as 1d
supersymmetric quantum mechanics (SQM) on 2, the space of all complex-
ified connections A = A+ iB of a Ge-bundle on Mgm with potential being
the complex Chern-Simons functional, which action is . This will in turn
allow us to compute the partition function as :

Zywan(1,G) =Y FEu (W)

k
(10) = > HFYYV(Ms, G, 7) = 2\, (1, G).
k

Here, HFYW (M3, G, 7) is a novel Vafa-Witten Floer homology assigned to
M3 defined by the Morse functional in :

(1) CS(A) = —— Tr<A/\dA+§A/\A/\A),

471'2 M,
with Floer differential described by the gradient flow equation :

dAT L OCS(A)

12) Sy TR

where the 7-dependence is due to a factor of ¢% that is present in the k'
term of the above summation, and the number s is given in as
(13)

1

Sp=—=
2
8 M,

Tr <A(k) N dA(k) + ;A(k) N A(k) N A(k) + B(k) A *DB(;@).
Here, (A, Bx)) are the k*™ time-invariant solution to the VW equations
on M5 x RT restricted to Ms.

In Section @, we continue with an My = M3 x RT and perform a Hee-
gaard split of M3 along the Riemann surface C. Topological invariance of
VW theory then allows us to compactify C' and equate the resulting theory
with the original uncompactified theory. Via the calculations in Section [4]
we find that the resulting theory is an open A-model with boundaries given
by Lagrangian (A, B, A)-branes Ly and Ly in Mgiggs(C), where they rep-
resent solutions to the relevant equations on the left and right Heegaard

fG¢ denotes a complex (algebraic reductive) group, that is a complexification
of G.



Vafa-Witten theory 1765

split pieces of M3, respectively. Then, via the expression for the orig-
inal theory, we will be able to obtain a novel Vafa-Witten Atiyah-Floer

correspondence in ([109)) as

(14) HFYW (M3, G, 7) 2 HFY (M, (C), Lo, L1, 7),

where HFL®" is the Lagrangian Floer homology of Lg and Lq in /\/lgiggs(C).

Also, a hypercohomology HP*(M3) of a perverse sheaf of vanishing cycles
in the moduli space of irreducible flat SL(2, C)-connections on M3 was con-
structed by Abouzaid-Manolescu in [2], where it was conjectured to be iso-
morphic to instanton Floer homology assigned to M3 for the complex gauge
group SL(2,C). We proceed further in this section to physically prove this
conjecture. To this end, we first physically realize the result of [10, Remark

6.15] in ((111)) as
(15) HP*(M3) = HF " (X, (C), Lo, L1, 7),

where X, (C) is the moduli space of irreducible flat SL(2, C)-connections on
C. Next, from and , and the fact that the (A, B, A)-branes Lo and
L1 can also be interpreted as Lagrangian branes in M%(C ) in complex struc-
ture K i.e., MﬂG§t(C), the moduli space of irreducible flat G¢-connections
on C, we find that can also be expressed as an Atiyah-Floer correspon-
dence for Gc-instantons, whence for G¢ = SL(2,C), the RHS of can

be identified with the LHS of (14), such that we will have in (113)
(16) HP* (My) = HF™ (My, SL(2,C), 7),

for some value of 7. This is exactly the aforementioned conjecture by Abouzaid-
Manolescu in [2].

Clearly, since the underlying VW theory is defined for general GG, the
above results for SL(2,C) can be generalized to G¢. In particular, we have,

in ,

(17) HP* (M3, Ge) = HF& (MSS (C), Lo, L1, 7),
which again physically realizes the result of [10, Remark 6.15], and, in ,
(18) HP*(Ms, Ge) = HF ™' (M3, Ge, 7),

which is a G¢ generalization of the Abouzaid-Manolescu conjecture. Our
physically derived generalization is also consistent with their arguments in [2]

sect. 9.1] which show that a generalization to SL(N,C) is mathematically
possible.
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In Section [7, we will show that S-duality of VW theory will result in a
Langlands duality of the invariants, Floer homologies and hypercohomology
stated hitherto. Specifically, we have, in ((116]),

1

(19) ZVW,M4 (7—7 G) A ZVW,M4 ( - ﬁa LG>7
g

a Langlands duality of VW invariants of My. In (117)),

1 L
(20) ZGVV,E (7_) Mgiggs(c)) — ZGW,E( - ﬁa MHnggs(C)>7
g

a Langlands duality of GW invariants that can be interpreted as a mirror
symmetry of Higgs bundles. In ((119)),

1
(21) HFYW (M3, G, 7) +— HFYW (Ms, La, —>,

ngT
a Langlands duality of VW Floer homologies assigned to Ms. In (121)),

HFI;agr (Mgiggs(c)’ Lo, Ly, T)
L 1
(22) — HF&agr <MH§ggs(C)7 Lo, L1, —> ,

NgT
a Langlands duality of Lagrangian Floer homologies of Higgs bundles. And
lastly, in (122),
(23) HP* (M3, Ge,7) +— HP*(Ms," Ge, —1/nq7),

a Langlands duality of the Abouzaid-Manolescu hypercohomology of a per-
verse sheaf of vanishing cycles in the moduli space of irreducible flat complex
connections on Ms3.

My=%ExC,
N'=(4,4) Topological A-model C =0
on ¥ in complex structure [
lE =Rt x1/ l;\i’.z =Rt x M3

Supersymmetric VW quantum mechaniecs

Open strings ending on
on the space of fields on M3

A-branes

3d gauged A-model

Sls0 split of
M3 along C,
C—=0

Figure 1. The physical approach taken in this paper.



Vafa-Witten theory 1767

In Section [§, we will show that S-duality of VW theory will also result
in a geometric Langlands correspondence. Specifically, we have, in (125|),

1 L
. MHng;gs(O)) ’

(24) Cat A-branes (7_7 Mgiggs(c)) — CatA—branes( - nor
g

a homological mirror symmetry of a 7-dependent (derived) category of A-
branes on the space of Higgs bundles, where if Re(7) = 0, we have, in ((126)),

1
(25) Dihv—mod(q, Bungc) — Dith—mod( - BunLGC),
Ngq
a quantum geometric Langlands correspondence for complex group G¢ with
complex curve C and purely imaginary parameter g. Furthermore, in the
zero-coupling, ‘classical’ limit of VW theory in G where Im(7) — oo whence

q — oo, we have, in ([127)),
(26) Cateon (MSE(C)) +— D, hv—mod(O, BunLGC>,

a classical geometric Langlands correspondence for G¢ with complex curve C.

In Section [9] we will present a novel web of mathematical relations,
summarizing the dualities, correspondences, and identifications between the
various mathematical objects we physically derived in Section starting
from VW theory, in Fig. [6] We will go on to explain how the VW invariant
will be systematically categorified in our framework as depicted in :

categorification FVW categorification
%
*

H

categorification

Zyw Cat A-branes

(27)
2-Catmod-cat (FF—cat(TQ))

where Fig. [f] will be enhanced to Fig.
In summary, the physical approach that we have taken in this paper is
given in Fig. [1} where it will lead us to the novel mathematical relations in

Fig. 2

3. Vafa-Witten twist of N = 4 gauge theory,
and a Vafa-Witten invariant

In this section, we start by reviewing aspects of VW theory on My with gauge
group G necessary for this paper, referring to [28| B7]. We then physically
derive a novel VW invariant of M.
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Lagrangian Floer I}‘Eﬁ'jﬁ:‘.‘dgﬁﬁ; Lagrangian Floer
homology of e e et LS homology of
Miee(C), with 7 Moo (C), with —1/ngr
/W' Atiyah-Floer VW Atiyah-Floer
correspondence correspondence
d: d
Heegaard split
of M3 along C, VW Fl yYw F.lDEr 3 VW Floer
C—0 homglggi-vegf L }f‘flgl%lldf,‘ili%lity ~~~~~~ 3 homology of
M3z, with 7,G Mg, with —1/ngr, Lg
‘/A# =My xR+ /
VW invariants of My ‘ Langlands dual VW invariants of My

with .G € with —1/ng7, LG

a: My=Y xC,
g1 \

Mirror symmetry
c: Ma=IxRtxC, Gy_y invariants of {7777951'129“%{‘32!71%15757777‘) pGV\" invariants of
plaY)} : Miggs(C), with 7 M0 (C), with —1/ngr

/

Homological mirror
symmetry of

Category of A-branes Higgs bundles Category of A-branes

on Mglggs((f') N e e > |on Mf;‘iggs((?) with —1/ng7

e O=I'xS5!,

'&m, abelian G, Re(r)=0 '\

Langlanfls duality of
2-category of module 2-categories 2-category of module
Re(7)=0 categories of the Fukaya-Floer | ¢---—-—_L__"___ > | categories of the Fukaya-Floer
category on T2 category on dual T2
Re(7)=0
uantum geometric
Category of Lar?é{lands Ec:'respondence Category of
Twisted D-modules | ¢--=———— -2 ____ 3 Twisted D-modules
on Bung, (C)with 7 on BunLGC(C)wﬂ:h —1/ngT
T—00 T30

Classical geometric

Langlands correspondence Category of

Category of

coherent sheaves | (-2 ______TT___C_ s | critically twisted D-modules
G, . =
on Mg5(C) with T on BunLGC(( Ywith —1/ng7

Figure 2. A novel web of mathematical relations stemming from Vafa-
Witten Theory.

3.1. Vafa-Witten theory

First, note that in Euclidean signature (the case natural to TQFT’s), we can
express the 4d spacetime group as SO(4) = SU(2)r, ® SU(2)g. Next, note
that for N' = 4 supersymmetry in 4d, we have an SU(4)xr R-symmetry group
that can be broken down and expressed as SO(4)gr = SU(2)4 ® SU(2)p.
Then, in order to obtain the VW-twist of [37], we just need to replace
the SU(2)r, € SO(4) with SU(2)r/, the diagonal subgroup of SU(2) and
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SU(2) 4. The resulting fields will consequently have quantum numbers corre-
sponding to the total group SU(2)r ® SU(2)r ® SU(2)p. The field content
of the N’ = 4 theory is then modified as follows:

Aaa = Ana (2,2,1),
bij = Bap (3,1,1), Cu (1a1’3)7
Ny = Vs (2,2,2),
Ay = X% (3,1,2), 1" (1,1,2).

In , the labels a, b represent indices for SU (2) p; the labels «a, & represent
spinor indices. The supercharges O, and QY , being fermions, are modified
in the same way as the gauge fermions A}, and )\g to

Qfx - QZ,B (37132)7 o (13172)7

(29) .
Qo = Qs (2,2,2).

The VW twist thus produces a scalar supercharge Q% within an SU(2)p
doublet. We now split the fields along their SU(2)p representation. There
are 3 independent components for Cy, (being in the 3 of SU(2)p), and
we will label them as separate scalar fields C(0), ¢(+2) and ¢(—2). Here
C(0) represents the field C' with a ghost number of 0. Similarly, 2, will
be labelled as taq(+1) and Xaa(—1); x5 will be labelled as xq5(—1) and
Yap(+1); and n® will be labelled as 7(—1) and ¢(+1). The two bosonic fields
A,(0) and B,g(0) remain unchanged since they are singlets of SU(2)p. We
can also split Q% into o+,

The supersymmetry transformations are then

(30)
[QJrvA =1, {Q+71/1} = —D¢, [Q77A =—X {Qia)z} = D(;E,
[Q+’B = 1/;7 {Q—i_’l;} = [¢v B]a [Q_>B =X {Q_>X} = [QE?BL
[

]

] _
o,Cl=¢, {of, =160, [2.C0=-n {2 .n}=I[sC],

]

l=n, {Qtm}=1[p0], [Q.¢l=¢ {Q.(}=1[64]
(. x}=0H, Q" H =[x, {Q ., 0}=—H, [Q H =[]
{Qf,x}=H, [Q" H|=[p,x], {Q,¢}=H, [Q ,H]=[1]
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satisfying the algebra

{Q7,Q"} = 0,4(¢),
(31) {Q7, 97} =44(9)
{Q+, Q_} - 59(0)7

)

where , represents a gauge transformation. From , we see thatNQjE is
nilpotent up to a gauge transformation. The auxiliary fields H and H have
been included in for to hold off-shell.

We note that despite the existence of two supercharges QF, linear combi-
nations of Q% are equivalent up to an SU(2) g symmetry transformation [37].
Hence, it does not matter which of OF we consider. Therefore, let us use QF
for our construction of VW theory.

With the complex coupling parameter

0 47r
2
(32) T= 27r+

the action can be written as the sum of a Q-exact term and a topological
termﬂ

(33) Syw = 612/ dx/gTr{QT, V} — / TrF A F,
My
wherd]

V= Xw (H“” — 2F+W> + 2¢D, "
(34) + X <FI“ — 2DHC — 21),,3”%) — X <[BW, C] + %[B“T, B:])

= 3( 3w 51+ 206.C1) + 110.1.

*One can also write the action as a Q -exact term, but we will only show the
case for it being Q*-exact.
$Clebsh-Gordan coefficients (0)" . and ( ) * allow us to express Ayg (1) =

AP and (o*)*PB,g = B*, where (0“”) i[ore” —ovar]”
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Upon integrating out the auxiliary fields H and H, we obtain the local-
ization equations by setting to zero {Q, fermion} in (30):

(35a) Fi+ %[BM,, C] + i[BW, By, ]g? =0,
(35b) D,C +D,B"" =0,
(35¢) D¢ = [¢, B] = [¢,C] = [¢,¢] = 0.

These constitute the BPS equations for the theory, with the zero modes of
Ay, B, C, ¢ and ¢ that satisfy defining a moduli space which the
path integral localizes on. Like in [39], we can set (the zero modes of) C, ¢
and ¢ to vanish in if we wish to consider only irreducible connections.In
short, we will henceforth concern ourselves with the following localization
equationsm

1
(36a) F:t;/ + 1[Bup7 Blg A=

(36b) D,B"" =

This set of equations in have also been studied in [21} 24, [35]. Upon
evaluating , the part of Syw involving only A and B is

A 1 1 2
st =5 [ oy + 2B ne) + 005,00)
(37) M
T Tr<F/\F+dB/\*DB+B/\d(*DB)>,
47T M,

where we have taken the liberty to add the term {QT,d(B A X)} (that is
null in the spectrum of VW theory given by the Q" -cohomology), for later
convenience. Also, we have used the fact that B is self-dual, whence xB = B,
and here, D = d + A where xDB is a one-form on Mjy.

With N = 4 supersymmetry, VW theory posseses an SL(2,7Z) symme-
try, having both S-duality and T-duality. On a generic My, T-duality corre-
sponds to shifting 7 — 7 + 1, generating a 2x shift of 8, which is a symmetry.
Less obvious is S-duality, which, at the quantum level, says that a theory
with coupling 7 and simply-laced gauge group G is isomorphic to a dual

IThe 2-form B,,, need not vanish if the scalar curvature of Kahler M, and
the gauge group G are not simultaneously non-negative and locally a product of
SU(2)’s [37], and we have assumed this to be the case here.
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theory with the Langlands dual group “G and coupling

(38) N

;.
For non-simply-laced gauge groups, the coupling transforms as

(39) Lpo 1

NngT

instead, where ng4 is the lacing number of the group.

3.2. A Vafa-Witten invariant

The VW equations in , and its moduli space, Mvyw, will now enable
us to furnish a purely physical derivation of a novel Vafa-Witten invariant
of M4.

To this end, first note that an examination of the supersymmetry trans-
formations indicates that the observables for VW theory ought to be
similar to that for Donaldson-Witten (DW) theory. Insertion of these oper-
ator observables O; into the path integral amounts to computing the corre-
lation function

(40) <H Oi)vw = / H Oje VW,

where the subscript ‘Mvyw’ means that the zero modes of A and B in the
path integral measure lie along Myw. Enforcing R-charge anomaly cancel-
lation, one can interpret the correlation function as an integral of a top-form
on Myw. That said, note that unlike DW theory, VW theory belongs to a
class of TQFT’s called ‘balanced TQFT’, where there is never an R-charge
anomaly [12], whence the virtual dimension of My is always Zerom Hence,

IThe virtual dimension of Myw was first computed in [28] by analyzing the
deformation complex corresponding to the moduli space of solutions to , and
it was shown to be zero for any M,. Specifically, it is given by the number of 1-
form fermion zero modes minus the total number of 2-form and 0-form fermion zero
modes. In our case of where we consider (the zero modes of) C, ¢ and ¢ to
vanish in whence there are no O-form fermion zero modes by supersymmetry,
the virtual dimension of Myw continues to be zero |21, [35], reflecting the physical
fact that VW is a balanced TQFT such that there continues to be an equal number
of 1-form and 2-form fermion zero modes.
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the nonvanishing correlation function of VW theory will be

(41) (Lvw = e = Zywoan, (1, G),
Mvyw

where Zyw ar, (7, G) is the VW partition function that can be interpreted
as an integral of a virtual zero-form on virtually zero-dimensional My [
whence it can be evaluated as

(42) Zvwoar,(1,G) =) agg™
k

Here, ¢ = €2™7, k denotes the k™ sector of Myw, the number a; is given
by

(43) ar = /M QO Ae(Tyg,), where QO(Mby) = (1 + BH)dmeMiw

k
VW

B is a coordinate on M¥ (A, B), e is the signed Euler class of the tangent
bundle Tr¢. , and my is the corresponding VW number given by
(44)

1

mr = —5
87'('2 M,

Tr <F(k) A F(k) + dB(k) A\ *DB(k) + B(k) A d(*DB(k)))

Notice that Zvw s, is a topological invariant of M4 which is an algebraic
count of VW solutions with corresponding weight given by axq™* that we
elaborated on above. This defines a novel 7-dependent Vafa-Witten invariant
of M4.|E|

When B = 0, aj, will become the Euler characteristic x(M¥ ), while
my, will become the instanton number. Then, Zvw y, will just become the
usual partition function for instantons first derived in [37], as expected.

**Although the virtual dimension is zero, there are still fermion zero modes
in the path integral measure that need to be absorbed for the path integral to
be nonvanishing. One then needs to “pull down” the interaction terms of Svyw
in the path integral to absorb these fermion zero modes. These terms can then be
interpreted as a virtual zero-form, where their total contribution to the path integral
would be given by an integral of this virtual zero-form on virtually zero-dimensional
Myw.

tTA purely algebro-geometric definition of Zvw,Mm,, in particular the ax’s, was
first given by Tanaka-Thomas in in [35], albeit for projective algebraic surfaces only.
The novelty here is that we provide a purely differentio-geometric definition of the
ay’s for a more general My.
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4. An N = (4,4) A-model, Higgs bundles
and Gromov-Witten theory

In this section, we will perform dimensional reduction of the 4d VW theory
with action down to 2d. The four-manifold M, will be taken to be
My =3 x C, where X and C' are both closed Riemann surfaces, and C' is
of genus g > 2. Dimensional reduction is then performed by shrinking C,
whence we will show that we obtain an N = (4,4) theory in 2d that is a
topological A-model on . In turn, we obtain a correspondence between the
VW invariant of My and the GW invariant of Higgs bundles. The method
employed for dimensional reduction will be the one in [6].

4.1. Reduction of 4d terms

We consider a block diagonal metric g for My = ¥ x C,

(45) g = diag(gs, €9¢),

where € is a small parameter to deform go. We shall use capital letters
A, B = z', 2% to denote coordinates on ¥, and small letters a,b = 22, 2* to
denote coordinates on C. Taking the limit € — 0 then gives us a 2d theory
on ¥ with A" = (4,4) supersymmetry[7|

Deforming the metric inevitably affects the fields in the action, since they
involve contraction of indices by the metric tensor. With the introduction
of the e paramter, the determinant changes by /g — €,/g. Thus, fields that
survive after taking the limit e — 0 require one contraction of indices a, b on
C, giving a factor of e .

On the other hand, terms with higher negative powers of ¢ will blow
up, and we are forced to set to zero these terms to ensure finiteness of the
action. The topological term aside, terms in with u,v, p = A, B vanish
as € = 0. For u,v, p = a,b, each term must be set to zero individually since
the action is a sum of squares . Using F;:, = %(FW + %GWPAFP)‘), we
obtain a finiteness condition for the first squared term:

1
(46) Fsq + 1 [Bs,, Bj] =0.

Since By, is an anti-symmetric and self-dual 2-form (B, = %eWPABPA),
there are only 3 independent components which we can take to be B2, B3

HCompactification of an N’ = 4 theory in 4d on a Riemann surface C' breaks
half of the 16 supersymmetries to give an A’ = (4,4) theory in 2d.
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and Bi4. We then perform a final contraction of indices in with gAB to
obtain

(47) Fyy — [Bi3,Bu] =0

after a rescaling of the metric on ¥ and using the self-dual properties of B,,, .
This is our first finiteness condition.

Similarly, the second finiteness condition comes from the other squared
term as

(48&) D3B3+ DyBi14, =0
(48b) D3Byy — DyB13 =0
where we have used the self-dual properties of B,,, .

Identifying Bis and B4 as the two components of a 1-form ¢ on C,
equations and are in fact Hitchin’s equations on C' [22] given by@

(49a) F—pANp=0

(49b) Do =D*¢=0

where

(50) Y= Blgd:c3 + Bl4d.734 = (pngIB + g04d;1:4

The space of solutions of (A¢, ¢) to and modulo gauge transfor-
mations then span Hitchin’s moduli space M (C) for a connection Ac on a
principal G-bundle P over the Riemann surface C, and a section ¢ € Q(C).
The above equations leave the (z!,z?) dependence of Ac and ¢ arbitrary,
and thus the fields (Ac, ¢) define a map ® : ¥ — M%(CO).

Another finiteness condition we obtain is

(51) D3B3y = DyByz =0,
which again using the self-duality properties of B, we obtain
(52) D3B12 =—-D4Bio=0

The field Bys is a 0-form w.r.t rotations on both C and X, so tells us
that the 0-form B is covariantly constant on C, which means B1o generates

$D*p=xDxp = D, ", where * is the Hodge star operator.
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infinitesimal gauge transformations while leaving A¢ fixed. We can however
set Byo = 0, since we require gauge connections to be irreducible to avoid
complications on M%(O).

For the 2d action on X, we require terms with at most one contraction
of indices of C. These are (excluding the topological term for now)

1
Seft = = / d4x\/§Tr<(FXa)2 + (D ABAa)2> + fermions

e

1 4 1 2 1 2
(53) =2 d*xTr §(F13 — Fyy)* + §(F14 + Fy3)

+ (81313 + 62314)2 + (81314 — 82313)2> + fermions.

We can take Fi3 = 01 Az, since A; does not have derivatives on ¥ and are
thus non-dynamical fields which can be integrated out in the 2d action on .
A; will then be equal to a combination of fermionic fields (and the same goes

for As). Switching to complex coordinates z = x! + iz? and w = 23 + ix?,
we obtain

1
Seff = g / (’LdZ AN dZ) / (zdw A\ d’lj))TI' (282141”8514@ + 462g0@65g0w)
% C

+ fermions.

(54)

After suitable rescalings, we can then rewrite (with idz A dz = |dz?|)
as
(55)

1 - A A - - . , -
Soq = 2/ ]d22|gﬁ <82XZ(‘92X‘7 + 0, X'0: X7 4+ 0,Y'0:Y7 + 8ZY182Y])
e Jx
+ fermions,

where X corresponds to A¢, and Y to ¢c. Thus, we have an N = (4,4)
sigma model on EM which hyper-Kihler target M%(C) is split into two
halves, each parameterized by coordinates (X%, X*) and (Y, Y*) with basis
(i, ) and (Bui, Bai)s respectively. The cotangent space to M (C) are
spanned by the one-form fermions ¥¢ and x¢, and from , we see that
these will be cotangent to Ac and ¢, respectively. More details about
MG (C) will be discussed shortly.

Y9Even though we have, for brevity, only demonstrated the reduction of the 4d
bosonic terms to 2d bosonic ones, the rest of the 4d fermionic terms can also be
shown to reduce to 2d fermionic ones consistently, a fact that is also guaranteed by
the surviving NV = (4, 4) supersymmetry in 2d.
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4.2. BPS equations in 2d and an N’ = (4,4) A-model

To obtain the corresponding 2d BPS equations of the N' = (4, 4) sigma model
on Y, we start with the 4d, N/ = 4 action . It is of the form

1
(56) 62/ Tr(|s|* + |k|?) + topological term,
with
1
(57) Sy = FJ/ + 1 [Bup, BY]
ky, = D"B,,,.

By taking s =k =0, we can also obtain , the 4d BPS equations of
VW theory, i.e., the equations which the 4d VW path integral localizes on.
By performing dimensional reduction of on C with s =k =0, we can
directly obtain the corresponding 2d BPS equations.

Noting the fact that only terms with mixed indices on 3 x C' survive the
reduction on C, together with the self-duality properties of By, we obtain,

from and s =k =0,
Fi =0,

58
(58) DaBA = 0.

Via the first equation, F* = 0, and its implied anti-self-duality of F', we get

01 A3z = b Ay,

59
(59) 0144 = —0r As.

These are Cauchy-Riemann equations for Ay = 3(As + iA4). Switching to
complex coordinates as before, can be written as d;Ag = 0. A similar
computation can be performed for D4BA% = 0, where instead, we obtain
the Cauchy-Riemann equationg™ |

01B13 = —02Bu4,

(60)
01B14 = 02By3,

for an anti-holomorphic field ¢z = %(Blg + ¢B14). In complex coordinates,
becomes 0,¢5 = 0. Alternatively, we can also express as Oz = 0,

*** A1, Ao in the covariant derivative can be ignored since we are only considering
bosonic terms for BPS equations.
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with ¢, = %(Blg —iBi4). Seeing that Ay corresponds to X* and ¢y, to Y,
we get the 2d BPS equations as

(61a) 2:X"=0
(61Db) 0:Y' =0

Hence, the path integral of the 2d, N = (4,4) sigma model on X with
action , localizes on the moduli space of holomorphic maps ®(X? Y?) :

(62)  Muaps = {2(X, V") : £ - MG(C) | 8:X" = 8:Y" = 0}.

In other words, we have a 2d, N = (4,4) A-model on X with target M%(C).
This conclusion has also been anticipated in [6].

4.3. An A-model in complex structure I

The space of fields (A¢, ¢) span an infinite-dimensional affine space WW. The
cotangent vectors Ac and ¢ to M (C) are solutions to the variations of
equations and . We can then introduce a basis (0Ay,dpy) and
(6Ag,0p,) in W, where the (flat) metric on M%(C) is given by
(63) i = — = [ 1 <6Aw A*0Ag + 8w A *5%).

2w C
Note that M%(C) is necessarily hyper-Kihler [3]. As a hyper-Kihler mani-
fold, the metric has three independent complex structures I, J and K,
satisfying quarternion relations I? = J? = K? = —1.

From the BPS equations (61)), which are 0; A = 0 and 0zp,, = 0, one
can see that the complex structure relevant to the A-model is I, with linear
holomorphic functions consisting of Az and gpwm In complex structure I,
M%(C) can be identified as the moduli space of stable Higgs G-bundles on
C, MS. (C). One can write the corresponding symplectic form as wy =

Higgs
Wy — dAr, where

1 1
(64) wp= —4/ TrdAc ANdAc and A = 4/ Tro Adp,
T Jc T Jc

and wr is cohomologous to w.

1 The holomorphic functions for J are Ag + iwg and Ay, + i@, and for K are
A'LT/ — Pw and Aw + Pw-
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Comparing the 4d topological term in to , we see that the
topological term can be written as

(65) ir /E B* (wy).

Clearly, ®* represents a pullback from Mgiggs(c ) onto 3. The 2d action ,
including the topological term, is then

(66)
1 = ) ) - - . ) -
S = / 122|955 <aZXlaZXJ +0,X10:X0 +0,Y9:Y7 + azwazw>
b

—{—iT/ " (wr) + ...
b

143 ”

where represent fermionic terms. (62)) then becomes

(67) Munaps = {@(X1,Y) 1 2 = M (C) ] 9: X7 = 8:Y" = 0},

the moduli space of holomorphic maps & : ¥ — MgiggS(C’). In short, we

have a 2d, N = (4,4) A-model on ¥ with target Mﬁiggs(C’).

4.4. Vafa-Witten invariants as Gromov-Witten invariants of
Higgs bundles

The virtual dimension of Myaps, like that of Myw, ought to also be zero.
This is because the 2d A-model is obtained via a topological deformation
that sets C — 0 in the original 4d VW theory, whence the relevant index
of kinetic operators counting the virtual dimension of moduli space remains
the same. Thus, as in the 4d case, the nonvanishing correlation function here
is the partition function

(68) (Yax = /M e~ = 249 (7, MG, (C)),

maps

where the subscript ‘M aps” means that the zero modes of X and Y in the
path integral measure lie along Mpaps. Like Zvw ar, in 4d, Zﬂf’ged can be
interpreted as an integral of a virtual zero-form on virtually zero-dimensional
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M maps, whence it can be evaluated as

(69) chéxlfged (T’ Mgiggs(c)) = Z &lqﬁ” .
l

Here, [ denotes the I sector of M maps defined in for genus one X, the
rational number a; is given by [23]

(70) i = /Ml (V)

where e is the signed Euler class of the vector bundle V with fiber H°(X, K ®
@*T*Mﬁnaps) and canonical bundle K on ¥, and 7 is the corresponding
worldsheet instanton number given by

() =5 [ @i

Notice that Zﬂf’ged is an enumerative invariant which is an algebraic
count of holomorphic maps with corresponding weight given by a;¢"™ that we
elaborated on above. This coincides with the definition of the GW invariant,
which then means that one can identify Zj‘lf’f;ed as

(72) ZGW,E(T7 Mgiggs(c)) = Z a'lqml
l

where Zgw s is a 7-dependent GW invariant of Mgiggs(C).
From the topological invariance of the 4d theory, we have a 4d-2d cor-
respondence of partition functions

(73) ZVW,M4 (7_7 G) = ZEXI,OXSJed (7—7 Mgiggs(c))a
whence from our above discussion, it will mean that
(74) Zywoar, (1, G) = Zaw s (7, Mg (C))

In other words, we have a correspondence between the VW invariant of
My =¥ x C and the GW invariant of Mff,, (C)).
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In fact, recall that the numbers m; (in ) correspond to the numbers
my, (in (42)). Hence, means that we have

(75) ap = a

where a; and a; are given in and , respectively. Thus, one can also

determine the ay’s, the VW invariants of T? x C, via the signed Euler class

of a bundle V over Minapsﬁ

5. A novel Floer homology from
boundary Vafa-Witten theory

In this section, we will show how we can physically derive a novel Floer
homology by considering boundary VW theory on My = M3 x R+@ We
will first give a relevant summary of supersymmetric quantum mechanics
(SQM). After which, we will recast the 4d N' = 4 boundary VW theory into
an SQM model, which will in turn allow us to physically derive a VW Floer
homology assigned to Ms.

5.1. A summary of supersymmetric quantum mechanics

Supersymmetric quantum mechanics is a one-dimensional topological sigma
model with a map ¢ : t — M, where time ¢t parameterizes the worldline, and
M represents a generic target manifold. The worldline can either be closed
or open, i.e., either S! or R, but for our purposes, we shall take it to be
open, i.e., RT. For a comprehensive review of SQM, the reader can refer
to 7, 23].

HfComputing the @;’s and thus ay’s for T? x C explicitly is a purely mathemat-
ical endeavour that is beyond the scope of this physical mathematics paper which
main objective is to furnish their fundamental definitions via the expressions
and , respectively. The reader who seeks an explicit computation of these in-
variants may be happy to know that after our work appeared, this was done purely
mathematically in [4T].

§85To be precise, VW theory is still being defined on an M4 with no boundary.
However, to make contact with Floer theory, we will need to examine a hyper-slice
of My, which we can topologically regard as M3 x I & M3 x R™ Uy, M3 x RT. As
there is no evolution in the R* time-direction in our topological theory, it suffices
to examine only M3 x Rt, where Ms can then be viewed as a boundary. This
is consistent with the idea that categorification of topological invariants can be
achieved via successive introductions of boundaries to My, which we will elaborate

upon in
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The action for SQM is of the form

(1) Ssau = | dt[ U 1+ LB+ LRG0 — i

Indices 4, j belong to M, with the ¢*’s being coordinates on M. The v, 1)%’s
are Grassmann odd coordinates (that are the supersymmetric partners to
the ¢*’s), and ¢g¥ is the metric on M. The field H; is an auxiliary field which
can be integrated out from the action. The covariant derivative V; is the
pull-back of the covariant derivative on M to the worldine (parameterized
by) t, and R is the Riemann curvature tensor on M.

There is only one nilpotent scalar supersymmetry generator Q, generat-
ing the transformations

{Q,¢'} =",
{Q,¢'} =0,
(77) {Q, i} = Hi - @jrgkwkv

{Q,H;} = HiT) ¢ — f&ij;kwlw’“,

where ng is the Riemannian connection on M.
One can always generalize the action by including a potential V' (¢).
The action then becomes

_ (de' GOV L i
S’SQM—/dt[z<dt + sg Py HZ+29 H;H;

(78) ) | | |
~ R bt — inh; <5;.vt + sglkvkajvw))w} :

where V' (¢) is some functional on M, and s is a parameter. Upon integrating
out H; via its equation of motion, becomes

i 2
Ssqm = /dt[ (ddd; —i—sQijangf))

SRRt — i (5;3% + sg““vkajvw))wf} :

(79)

The resulting action is minimized by the gradient flow equation

do? OV
¢ + sg¥

(80) dt o
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We thus have as the BPS equation for this theory. One can see that
a non-fixed ¢ satisfying flows along the t-direction between boundary
configurations where ¢* = 0, i.e., it is fixed. Notice that tells us that
these boundary configurations are also critical points of V(¢). Thus, this is
similar to how an instanton tunnels between the ground states of a potential.

In non-topological theories, minimisation of the action only gives a semi-
classical approximation to the theory. In supersymmetric topological theo-
ries, which is the case here, the semiclassical approximation is in fact, exact,
as pointed out in the introduction. Specifically, the path integral of the the-
ory localizes on a moduli space defined by , whence one can compute
the path integral exactly. A relevant fact at this point is that the ‘squar-
ing argument’ (see [9]) tells us that for to hold identically whence the
path integral localizes, it must be that ¢* = sg"/9V/d¢/ = 0. In other words,
the path integral of the theory localizes on the fized critical points of V().
Indeed, these fixed points are also time-invariant points that therefore corre-
spond to the Q-cohomology (since its Hamiltonian is necessarily zero), and
the path integral is expected to count just that.

Assuming that the fixed critical points of V(¢) are isolated and non-
degenerate, and, for s # 0, each fixed critical point contributes +1 to the
partition function Zggas, then

(81) Zsqm = Z +1
P d')i:dv(d)i)zo

exactly. Notice that Zggar is just an algebraic count of the fixed critical
points of V(¢), where there are BPS flow lines between these fixed critical
points.

5.2. SQM interpretation of boundary Vafa-Witten theory

Let the manifold of the 4d theory in be My = M3 x RT, where the
M3 boundary is a closed three-manifold, and R is the ‘time’ coordinate.
We also let spacetime indices take the values u = 0,1, 2,3, with u = 0 being
the time direction, while u =4, 5,k = 1,2, 3 being the spatial directions. We
shall first review the method where boundary DW theory can be recast as
an SQM model. Then, we will apply this same method to boundary VW
theory.

5.2.1. Review of SQM interpretation of boundary DW theory.
We first consider a 4d N = 2 topologically twisted boundary DW theory
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of gauge group G with a principal G-bundle P — M, and nilpotent scalar
supercharge Q. Our aim is to review how this theory can be recast as an
SQM model, as was first done in [, [9].

Of central importance in DW theory is the BPS equation

(82) FT =0,

which characterises instantons. The path integral of the 4d theory localizes
on the moduli space of this equation, i.e., instantons. Using F:[V = %(FW +

%e“,,p)\Fp’\), can be written as
1
(83) A4 ie”ijk =0,

where the temporal gauge A° =0 is taken, and A’ = F%. The boundary
DW action can then be written as

1 T
bdry _ * +\2 T
SDW_ez/ Tr(F7) o /M4TrF/\F+...
(84) = dt / Tr(A* + ”kF k)
M

_E Tr(A/\dA+3A/\A/\A)

“ kM

where refers to fermionic terms and scalar fields in the AN = 2 multi-
plet. Note that A € Q'(M3) in the final expression of the topological term,
i.e., it is a one-form on Mj3.

Next, let & be the space of irreducible connections A on P, where the
cotangent space T/ to &/ is spanned by §A. The metric g, on & can
then be defined as

(85) 9oy = /M Tr(6A A *6A).

With the metric on .7 defined as such, one can see that the first term in
resembles the bosonic kinetic term of the SQM action in , where 7% F ks
being the gradient vector field of a Chern-Simons functional, means that
V(¢) can be interpreted as the Chern-Simons functional itself, while A? =
dA%/dt can be identified with d¢’/dt. The terms indicated by “...” then
give, via equations of motion, the Riemann curvature terms and the fermion
kinetic terms in . Altogether, this means that we can interpret as
the action of an SQM model with target M = & that also has a single
nilpotent topological scalar supercharge Q.
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Thus, with the potential on &/ being the Chern-Simons functional, and
the identification of with , we conclude that , which is the
instanton equation, can be interpreted as a gradient flow equation between
fixed critical points of the Chern-Simons functional. Hence, just like ,
assuming that the fixed critical points are isolated and nondegenerate in o7,
the partition function of boundary DW theory will be an algebraic count
of fixed critical points of the Chern-Simons functional, i.e., fixed flat G-
connections on Msz, where there are instanton flow lines between these fixed
critical points.

The second term in is a topological term that only contributes to
an overall factor in the path integral. The 7-dependence of this term will not
be important for boundary DW theory. It will, however, play a significant
role in boundary VW theory, as we will explain shortly.

5.2.2. SQM interpretation of boundary VW theory. Likewise, let
us turn to the BPS equations of boundary VW theory, and split the
indices into space and time directions. Using F/j; = %(FW + %GWPAFM) and

B, = %eWpABP)‘, we can reexpress the VW equations (36| as

o1
Al S (Fji — [Bj, By])
Bi + 6ijk (8JB]§ + [Aj, Bk])

(86)

0,
0,

where the temporal gauge A% = 0 is taken, B* = BY, % = 0k and A* B €
Q' (M) [199]

Our aim is to recast boundary VW theory into an SQM model, in the
same way that was done for boundary DW theory above. To this end, let us
introduce a complexified connection A = A +iB € Q(M3), of a Ge-bundle
on Mj3. We then find that can be expressed as

o1
(87) A+ §ewkfjk =0,

where F € Q2(Ms3) is the complexified field strength. This is just a complex-
ified gauge field version of .

T99Using self-duality properties, we have B = B! = ¢k B,
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As in the boundary DW theory case, we can write the action for bound-

ary VW theory as
2
=L o[ (i hov)
e M,

(88) .
—fll 'I&"(AAdA+3A/\A/\A+B/\*DB> +
7
where “...” refers to fermionic terms and scalar fields in the A/ = 4 multi-
plet.

Now, let 21 denote the space of complexified connections A. Then, we
can define a metric gg on 2 in similar fashion to as

(89) ga = /M Tr(sAA*SA).

Noticing also that eijk]—"jk is a gradient vector field of a complex Chern-
Simons functional, it will then mean that we can rewrite (88]) as

dA’ OV (A2
bdry 7]
Sy eQ/dt< dt 9N g4 )

(90) .
T Tr<A/\dA+A/\A/\A+B/\*DB> +
47T M 3
where
1 2
(91) V(.A):——2 Tr(.A/\d.A—l—.A/\A/\.A)
47T M 3
and from ,
dA OV(.A) B
(92) g7 0

One can see that and resemble and , respectively,
with A corresponding to ¢. In fact, the terms in indicated by “...”

give, via equations of motion, the Riemann curvature terms and the fermion
kinetic terms in (an N = 4 generalization of) (79)). Altogether, this means
that we can interpret as the action of an SQM model with target 2I
and a single nilpotent topological scalar supercharge Q" , where , which
describes the VW equations, can be interpreted as a gradient flow equation
between fixed critical points (A’ = 0) of the potential on 2 given by (91).



Vafa-Witten theory 1787

Hence, just like , assuming that the fixed critical points are isolated
and nondegenerate in 2] the partition function of boundary VW theory will
be an algebraic count of fized critical points of the complex Chern-Simons
functional, i.e., fived flat Ge-connections on Ms, where there are VW flow
lines between these fixed critical points.

The second term in is a 7-dependent topological term that con-
tributes to an overall factor in the path integral. Contrary to the situation
in boundary DW theory, 7 is now scale-invariant, and will thus play a sig-
nificant role in the S-duality of the path integral later.

5.3. A novel Vafa-Witten Floer homology

5.3.1. The spectrum of states of boundary VW theory as states
on M3. Recall from the introduction that for a TQFT such as VW theory,
the Hamiltonian H vanishes in the Q"-cohomology, whence this means that
for any state |O) that is nonvanishing in the Q-cohomology, we have

(99) H|0) = {Q*,+-}|0) = Q*(--+|0)) = @*10)
={Q",0'10) = {@",0'}) ~0.

In other words, the |O)’s which span the spectrum of states in VW theory
are actually ground states that are therefore time-invariant. In particular, for
boundary VW theory on My = M3 x RT, where RT is the ‘time’ coordinate,
its spectrum of states is associated only with Ms. This will indeed be the
case, as we will see shortly.

Now, for an M4 with boundary OM4 = M3, one needs to specify “bound-
ary conditions” on M3 to compute the path integral. We can do this by first
defining a restriction of the fields to M3, which we shall denote as W/, and
then specifying boundary values for these restrictions. Doing this is equiva-
lent to inserting in the path integral, an operator functional F'(¥,,) that is
nonvanishing in the @ -cohomology (so that the path integral will continue
to be topological). This means that the partition functions in boundary VW

This is guaranteed (though not necessary) when all critical points are isolated
and nondegenerate. This can be the case for an appropriate choice of G and Mj. For
example, one could choose (1) G compact and M5 of nonnegative Ricci curvature
such as a three-sphere or its quotient, or (2) an M3 with a finite G¢ representation
variety, and introduce physically-trivial Q-exact terms to the action to perturb
V(A). We would like to thank A. Haydys for discussions on this.



1788 Z. Ong and M. Tan

theory can be computed as [39, eqn. (4.12)]

(94) (D (w,,) = / F(Tyr,) e W
MVW
In other words, we can write the partition function on M, as

(95) Zvwan(1.G) = (Dpw,,) = 3 Fom(Ph).
k

Here, the summation in ‘K’ is over all sectors of Myw labeled by the VW
number my, and .7-"\(,;\,6(\1/%3) is the k*® contribution to the partition func-
tion that depends on the expression of F'(¥yy,) in the bosonic fields on M3
evaluated over the corresponding solutions of the VW equations restricted
to Ms.

What else can we say about .ng;(\llﬁ/ls)”

5.3.2. A novel Vafa-Witten Floer homology assigned to Mj3. To
this question, first note that in the previous subsection, we showed that
boundary VW theory on M3 x R can also be interpreted as an SQM model
on 2, the space of complexifed connections A on Ms, and the partition
function can be expressed as an algebraic count of fixed critical points of
the complex Chern-Simons functional , i.e., fixed flat G¢-connections
on Ms, where there are VW flow lines between these fixed critical points
described by the gradient flow equation .

Next, note that according to [16], the fixed critical points as described
above, just generate a Floer complex with Morse functional

(96) CS(A) = —— Tr<AAdA+§AAAAA>

2
4 M,

the complex Chern-Simons functional, where the VW flow lines, described
by the gradient flow equation

dAT L OCS(A)

(97) @A

can be interpreted as the Floer differential, whence the number of outgoing
flow lines at each fixed critical point would be the degree of the corresponding
chain in the complex.
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In other words, we can also write (95]) as

(98) Zywan (1,G) = Y Féw-pioer(Ms, G, 7),
k

where each }'(“,W_Floer(Mg,G,T) can be identified with a class in what we
shall henceforth call a Vafa-Witten Floer homology HF;/]CW(M;;,G,T) as-

signed to Mj of degree d, defined by and .
In summary, from and , we can write

Zvwar(1,G) =Y Fog(Wh) =Y HFYW(M;, G, 7)
(99) k k

= 20 (. 0)

where ‘k’ sums from zero to the maximum number of fixed VW solutions

on M3 x RT that correspond to isolated and non-degenerate fixed critical
points of C'S(A)]

5.3.3. About the 7-dependence. Notice ther-dependence offg{{,(\I'%Q
and therefore HF}{]}N(Mg, G, 7) that we have yet to explain. This arises be-
cause in evaluating , there will be a factor of ¢** for the k*® term, where

from the action S{)/%{,y in (88)), we have a number

_ 1
872

2
X /M Tr(A(k,) A dA(k) + §A(k) A A(k) A A(k) + B(k) AN *DB(k,)>

Sk
(100)

Here, the subscript ‘(k)’ denotes that they are the k' fixed solution to the
VW equations on M3 x RT restricted to Ms.
6. A Vafa-Witten Atiyah-Floer correspondence

In this section, we consider a four-manifold of the form M, = M3 x RT,
where a Heegaard split of Ms into M5 and M3 along a Riemann surface

This is guaranteed (though not necessary) when all critical points are isolated
and nondegenerate. This can be the case for an appropriate choice of G and Mj. For
example, one could choose (1) G compact and M5 of nonnegative Ricci curvature
such as a three-sphere or its quotient, or (2) an Ms with a finite G¢ representation
variety, and introduce physically-trivial Q-exact terms to the action to perturb
V(A). We would like to thank A. Haydys for discussions on this.
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C is performed. This will allow us to relate Vafa-Witten Floer homology
obtained in the previous section to Lagrangian Floer homology, in what is a
novel Vafa-Witten version of the Atiyah-Floer correspondence [4] based on
instantons. In doing so, we would be able to physically prove and generalize
a conjecture by mathematicians Abouzaid-Manolescu about the hyperco-
homology of a perverse sheaf of vanishing cycles in the moduli space of
irreducible flat SL(2, C)-connections on Ms.

6.1. Heegaard splitting

We perform a Heegaard split of Mz = Mj;Uc M4 along C, as shown in
Fig. 3 (left), whence we can view M5 and Mg as nontrivial fibrations of C
over intervals I’ and I”, respectively, where C' goes to zero size at one end
of the intervalsﬂ The metric on M4 and My can then be written as

where a, b are indices on the Riemann surface C, B are indices on I’ and I”,
and f(x?) is a scalar function along I’ and I”.

6.1.1. Topological invariance of VW theory and Weyl rescaling.
Because of the topological invariance of VW theory on My, we are free to
perform a Weyl rescaling of the corresponding Heegaard split metrics on My
to

1
(102) ds?w;,u = )

[(d:cf‘ﬁ n <de>2] T (g0)apdada,

where A represent indices on RT. The prefactor is simply a scaling factor on
both RT x I’ and R™ x I”, whence their topologies are left unchanged. We
can thus write My = (RT x I’ x C) Ug (RT x I” x C), where M{ =1I' x C
and My = I" x C. This is illustrated in Fig. 3| (right), where if C' — 0, we
indeed have Rt x I’ and R* x I”.

This diagram is adapted from Fig.2 in [I9].
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Figure 3. Left: M3 as a connected sum of three-manifolds M} and MY along
a common Riemann surface C. Right: M, split along four-manifolds M 4 and
M} with corners.

M}C My

6.2. A Vafa-Witten version of the Atiyah-Floer correspondence

6.2.1. An A-model on Rt x I. If C — 0, we end up with an open
A-model in complex structure I (recall from Section on RT x I’ and
R* x I”, respectively, with target space Mgiggs(c ). It describes open strings
with worldsheets R™ x I’ and Rt x I” that propagate (starting from ¢ = 0)
in ./\/lnggS( ) and end on A-branes. Because we have an A-model in complex
structure I, the admissible branes are those of type (A4, x*, %), i.e., they are
A-branes in complex structure I, but can be either A or B-branes in complex
structures J and K.

Specifically, we need an (A, *, x)-brane in MnggS(C) that corresponds
to Hrggs pair on C' that can be extended to flat complex connections .4 on
M * —recall from Section that the partition function of the underlying
boundary VW theory gets contrrbutlons from the critical points of the com-
plex Chern-Simons functional, and these are flat complex connections A on
Ms = M; Uc M.

Such an (A %, )-brane has indeed been obtained in [25] ][It is an (A, B, A)-

brane « M , that is simultaneously an A-brane in Mnggs(C) and an A-

brane in Mg(C’) in complex structure K, i.e. Mﬁat(C’), the moduli space
of flat Gi¢c-connections on C', where it corresponds to flat connections that
can be extended to M:;’N. It is middle-dimensional, and is therefore a La-
grangian brane. Let us henceforth denote this brane as L.

Now, with two split pieces M and M}, when C' — 0, we have two strings,
each ending on pairs of Lagrangian branes (Lo, L) and (L”, L1) (see Fig.[4])

The 4d theory considered in [25] is not the VW but the GL theory of [27],
albeit with parameter ¢ = 0. However, both these 4d theories descend to the same
2d A-model with target M, (C) after dimensional reduction on C, and since
our A-branes of interest are A-model objects within Mnggs(C), the arguments
used and examples stated in [25] are applicable here.
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We then glue the open worldsheets together along their common boundary
L’ and L”, giving us a single A-model, with a single string extending from
Ly to Ly, which is equivalent to gluing M} and M} along C x R*. (see Fig. @
again.)

R x I’ RY x I” R x T

Figure 4. Identifying L' and L” and gluing them together to form a single
open string.

6.2.2. The A-model on RT X I as an SQM model. Similar to what
had been done in Section [5.2] one can recast the A-model here as an SQM
model, where RT is ‘time’, and the target space is (L, L1), the space of
smooth trajectories from Ly to Ly (arising from the interval I that connects
them).

The BPS equations for this A-model are , i.e., holomorphic maps
from the worldsheet to the target space. The boundary conditions on the
worldsheet, however, will impose additional constraints on , which we
will elaborate upon shortly. At any rate, note that can be written as a
gradient flow equation on the worldsheet

YA VA
(103) B + i = 0,
where we have used real coordinates ¢t and s (for z =t +is), and here,
Zt=X'+ YL
Comparing with , one can see that the fixed critical points of
the underlying potential of the SQM model that contribute to the partition
function are defined by Z! = 9Z'/9s = 0. Since ‘s’ is the spatial coordinate
of I, it would mean that the fixed critical points just correspond to fixed sta-
tionary trajectories in &?(Lg, L1), i.e., the intersection points of Ly and L.
Notice that the worldsheet of the (topological) A-model can be identified
as a disk, D, which left and right boundary arcs end on Ly and Lp in

Mgiggs(()’ ), respectively.
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Each flow line satisfying (103]) then corresponds to a holomorphic map
Z:D— MﬁiggS(C), such that the boundary conditions are

Z\|p, € Lo, Z|p, € Lu,

(104)
Zls=p, Zln=gq,

where Dy, D; are the left and right boundary arcs of D; ‘S’ and ‘N’ denote
the south and north points of D, which represent time t =0 and ¢ = oo,
respectively; and p, ¢ are two different points in Mgiggs(C).

Thus, the partition function of the A-model, which, from the SQM model
perspective, is given by an algebraic count of the fixed critical points of its
underlying potential, will be an algebraic count of the intersection points of
Ly and Lq, where there are flow lines between the intersection points that
obey . These flow lines correspond to holomorphic disks with boundary
conditions , in which p and ¢ are different intersection points of Ly and
L1 that the corresponding flow line will start and end at, respectively. In
other words, these flow lines correspond to holomorphic Whitney disks.

6.2.3. Lagrangian Floer homology. Note that from this description
of the partition function, we have physically realized the Lagrangian Floer
homology first defined in [17], where the intersection points of Ly and L;
actually generate the chains of the Lagrangian Floer complex, and the Floer
differential, which counts the number of holomorphic Whitney disks, can be
interpreted as the outgoing flow lines at each intersection point of Ly and
L1 which number would be the degree of the corresponding chain in the
complex.

Specifically, let (Lo N L1);" denote the i*h point of the intersection LoN
L1 where there are n; outgoing flow lines, whence we can identify

(105) (Lo N L1)? € HEL (MS,,6(C), Lo, L),

where HF,I;?gr (Mgiggs (C), Lo, Ll) is the Lagrangian Floer homology of

G . o . .
) ( b
(Lo, L1) on MHiggS(C’) of degree m;. Then, the partition function of the

A-model will be given by

(106) ZA,L (7—7 Mgiggs(c)) = Z HF%?gr (Mgiggs(c)a Lo, Ly, T) )

A 7-dependency appears here because of a T-dependent term in the A-model

action (see (66))).
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6.2.4. A novel Vafa-Witten Atiyah-Floer correspondence. Since
the underlying boundary VW theory on My = M3 x R* is topological, we
will have the following equivalence of partition functions:

(107) ZVW,M4 (7_7 G) = ZA,L (7_7 Mgiggs(c))7
which, from and (106)), means that

(108) > HFYW(Ms, G 1) = > HFRE (M. (C), Lo, L, 7).
k %

A natural question to ask at this juncture, is whether the gradings in
‘di,’ and ‘n;’ match, whence we would have a degree-by-degree isomorphism
of the VW Floer homology and the Lagrangian Floer homology.

To ascertain this, recall that the VW flow lines between fixed critical
points in 2 are non-fixed solutions to the VW equations on M3z x RT.
Also, in Section it was shown that the VW equations descend to the
worldsheet instanton equations defining holomorphic maps from the
worldsheet to Mgiggs(C), the non-fixed solutions of which are the flow lines
between the fixed critical points in & (Lg, L1). Thus, there is a one-to-one
correspondence between the flow lines that define HFYW through dj, and
underlie the LHS of , and the flow lines that define HFL*#" through n;
and underlie the RHS of .

In other words, the gradings ‘d;’ and ‘n;’ in do match, and more-
over, since ‘k’ and ‘¢’ obviously match, we do have a degree-by-degree iso-
morphism of the VW Floer homology and the Lagrangian Floer homology,
whence we would have a Vafa-Witten Atiyah-Floer correspondence

(109) HEYY (M;, G, 7) = HEE (M0 (C), Lo, L1, 7)

Notice that in the special case that B = 0 in the underlying VW equa-
tions whence they become the instanton equation (see (36])) while Mgigs(C)
gets replaced by the moduli space of flat G-connections on C' (see (49)—
), 109) just reduces to the celebrated Atiyah-Floer correspondence.
Thus, ((109)) is indeed a consistent generalization thereof.
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6.3. A physical proof and generalization of a conjecture by
Abouzaid-Manolescu about the hypercohomology of a
perverse sheaf of vanishing cycles

A hypercohomology HP*(M3) was constructed by Abouzaid-Manolescu in [2],
where it was conjectured to be isomorphic to instanton Floer homology as-
signed to M3 for the complex gauge group SL(2,C).

Its construction was via a Heegaard split of Mz = M4 Uc MY along C' of
genus ¢, and the intersection of the two associated Lagrangians in the moduli
space Xj;(C) of irreducible flat SL(2, C)-connections on C' (that represent
solutions extendable to M4 and MY, respectively), to which one can associate
a perverse sheaf of vanishing cycles. HP*(M3) is then the hypercohomology
of this perverse sheaf of vanishing cycles in Xj,(M3), where it is an invariant
of M5 independent of the Heegaard split.

6.3.1. A physical realization of HP*(M3). Based on the mathemati-
cal construction of HP*(M3) described above, it would mean that a physical
realization of (the dual of) HP*(M3) ought to be via an open A-model with
Lagrangian branes Ly and L; in the target Xj. (C'), where the observables
contributing to the partition function can be interpreted as classes in the
Lagrangian Floer homology HFL?&" (Xirr(C), Lo, Ly, T). One can argue that
this is indeed the case.

To this end, first, note that there is an isomorphism between HF Lagr and
the homology of Lagrangian submanifolds in Xj,,(C') [33, Theorem 11], i.e.,

(110) HEFY (X0, (C), Lo, L1, 7) 2 Ho (L, Zo) gz, A,

where A is a scalar function over Zs, called the Novikov field, and L on the
RHS can be taken as either L or L. The homology cycles of the Lagrangian
(i.e., middle-dimensional) submanifolds of Xj,,(C) have a maximum dimen-
sion of 1dim(Xj(C)), where $dim(X;,, (C)) = 2(3g — S)HIncluding the zero-
cycle, the grading of H, (L, Z2)gz,A and therefore HFLasr (Xirr(C'), Lo, L1, 7') ,
goes as 0,1,...,2(3g — 3).

Second, note that in [2, Theorem 1.8], it was computed that HP* is
nonvanishing only if —3g + 3 < k < 3g — 3. In other words, the grading of
HP* goes as —(3g — 3),...,0,...,(3g — 3).

It is a fact that dim (X, (C)) is given by 4(N? — 1)(g — 1) for Gc = SL(N, C),
where g is the genus of C.
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These two observations then mean that there is a one-to-one correspon-
dence between the gradings of HP*(M3) and HFL€" Moreover, the gener-
ators of HP* and HF-®" both originate from the intersection points of Ly
and Ly in Xi(C). Hence, we can identify HP* with (the dual of) HFL*"
ie.,

(111) HP*(M3) = HF*#" (X1, (C), Lo, L1, 7)
This agrees with [L0, Remark 6.15].

6.3.2. A physical proof of the Abouzaid-Manolescu conjecture.
Notice from the Morse functional and the gradient flow equation
that the definition of HFYW coincides with the definition of the instanton
Floer homology in [16], albeit for a complex gauge group G¢. This means
that we can also express the LHS of as HF st (Mg, G, 7'), the instan-
ton Floer homology of G¢ assigned to Mj.

Also, recall that the Lagrangian branes Lo and L; on the RHS of
are (A, B, A)-branes, i.e., they can also be interpreted as Lagrangian branes
in M%(C) in complex structure K, or equivalently, Mgact(C), the moduli
space of irreducible flat G'¢c-connections on C.

These two points then mean that we can also write ([109) as

(112) HFMY (M, G, 7) = HFL8" (MS< (O), Lo, L1, 7)

In other words, the VW Atiyah-Floer correspondence in (109 can also be
interpreted as an Atiyah-Floer correspondence for Ge-instantons.
It is now clear from (112)) and (111}, that for G¢ = SL(2,C), we have

(113) HP* (M) = HF™' (M3, SL(2,C), 7)

for complex constant 7. This is exactly the conjecture by Abouzaid-Manolescu
about HP*(Ms3) in [2]!

This agrees with their expectations in [2| sect. 9.2] that HP*(M3) ought
to be part of 341 dimensional TQFT based on the VW equations.

6.3.3. A generalization of the Abouzaid-Manolescu conjecture. It
was argued in [2, sect. 9.1] that the construction of HP*(M3) can be gen-
eralized to SL(N,C). The question therefore, is whether a corresponding
generalization of exists. Our answer is ‘yes’, and to complex gauge
groups G that are not limited to SL(N,C).
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Indeed, notice that (112]) implies that there ought to be a G¢ general-
ization of the Abouzaid-Manolescu conjecture in (113]) to

(114) HP* (M3, G¢) = HF ™Y M3, Ge, 1)

where the hypercohomology HP* (M3, G¢) of the perverse sheaf of vanishing
cycles in Mgft(Mg) is such that

(115) HP* (M3, Ge) = HFY8" (MES(C), Lo, L1, 7)
which again agrees with [10, Remark 6.15].

7. Langlands duality of Vafa-Witten invariants,
Gromov-Witten invariants, Floer homologies
and the Abouzaid-Manolescu hypercohomology

In this section, we will demonstrate a Langlands duality of the invariants,
Floer homologies and Abouzaid-Manolescu hypercohomology that we have
physically derived hitherto, from the S-duality of VW theory.

7.1. Langlands duality of Vafa-Witten invariants

It is known that N' = 4 supersymmetric Yang-Mills theories has a SL(2,Z)
symmetry, with S- and T-duality, as mentioned in Section [3| In particular,
the theory with complex coupling 7 and gauge group G, is S-dual to a theory
with complex coupling —% and Langlands dual gauge group G, i.e., we
have, up to a possible phase factor of modular weights that is just a constant,

a duality of VW partition functions

1
(116) ZVW,M4(7_7 G) — ZVW,M4( R LG)
g

In other words, we have a Langlands duality of VW invariants of My, given

by .

7.2. Langlands duality of Gromov-Witten invariants

Note that if My =% x C, from (116) and (74), 4d S-duality would mean
that we have the 2d duality

W17 Zews(r Mifige(C)) < Zaws(— —— Miff(C)),
g9
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where Mgiggs and M;HGggs are mirror manifolds.
In other words, we have a Langlands duality of GW invariants that can
be interpreted as a mirror symmetry of Higgs bundles, given by (117).

7.3. Langlands duality of Vafa-Witten Floer homology
If My = M3 x RT, from and (116]), we have the duality
1
(118) 28, (1. G) — 20, (- - 16):

In turn, from , this means that we have the duality
(119) HFYW(M3, G, 1) +— HFYW (M3, “G, —1/ngT).

In other words, we have a Langlands duality of VW Floer homologies
assigned to M3, given by ([119).

7.4. Langlands duality of Lagrangian Floer homology

From (|118]) and (107)), we have the duality

1
(120) Za 1 (1, MG (C)) — 2 L( = LG).

Then, from the RHS of the VW Atiyah-Floer correspondence in ((109)), which
defines the state spectrum of Z4 1, we have the duality

HF%agr (Mgiggs(c)a LOa Lla T)

(121) .
— HF L (Mo (C), Lo, L1, —1/ng7)

In other words, we have a Langlands duality of Lagrangian Floer ho-
mologies of Higgs bundles, given by (121]).

7.5. Langlands duality of the Abouzaid-Manolescu
hypercohomology

From (T14)), the fact that its RHS can be identified with HFY W (M3, G, 7),
and the relation ((119)), we have the duality

(122) HP*(Ms, Ge,7) +— HP*(M3," Ge, —1/ngT)
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In other words, we have a Langlands duality of the Abouzaid-Manolescu
hypercohomologies of a perverse sheaf of vanishing cycles in the moduli space
of irreducible flat complex connections on Mz, given by ((122)).

8. A geometric Langlands correspondence
with purely imaginary parameter

In this section, we will first derive a quantum geometric Langlands cor-
respondence with purely imaginary parameter from the S-duality of VW
theory, and then show that it specializes to the classical correspondence in
the zero-coupling limit.

8.1. An open A-model and a category of A-branes

Consider VW theory on My = Yopen x C = I x Rt x C ﬂ Upon dimensional
reduction where C' — 0, we get an open A-model (that starts at t = 0) with

target MgiggS(C ). This furnishes us with a (derived) category of A-branes in

Mgiggs(C). Since we have an A-model in complex structure I, we can only
have branes that are of type (A4, *,x*) in M%ggs(C). Because the A-model
in complex structure I will map to itself under 4d S-duality, it will mean
that *S-dual’ branes are also of type (A, *, x) in MIL{%gS(C). Some examples

of these A-branes are given in [25] ]

8.2. From A-branes in Mgiggs(C) to twisted D-modules on

Bung.(C)

Looking back to the action of the A-model in , we see that the topological
term is of the form

(123) Z'T/E <1>*(w):/Z &*(w —iB).

open open

Here, w is the K&hler form, and B is the B-field on Mgiggs(C). The expres-

sion on the RHS of (123)) is the usual expression for the topological term in

We actually need to “pull down” interaction terms from the action on Xgpen
to absorb fermion zero modes in the path integral. That said, they play no role in
our proceeding discussions, just as they played no role in the parallel discussions
of [27].

See footnote |



1800 Z. Ong and M. Tan

an A-model involving the complexified Kéahler class, w — ¢B. In relation to
the 4d theory, B is the #-angle in the topological term of .

Figure 5. Merging of string worldsheets along a common boundary %q..,
representing the operation Hy, . #,. @ Ha, . #, = Ha.. 5,

It was shown in [25] that if B = 0, we can have a d.c.-brane (distinguished
coisotropic) of type (A, A, B) that is space-filling. Furthermore, it was also
argued in [25] that in this case, the category of A-branes in MgiggS(C’ ) can
be identified with a category of twisted D-modules on Bung, (C), the moduli
space of principal G¢ bundles on C', where G¢ is the complexified version
of G. This latter claim can be understood as follows.

The A-model will have boundary conditions on both sides of the I x R™
worldsheet, say boundary conditions 1 and 2, giving us %; and % branes
in Mgiggs(C). The strings suspended between these branes define a vector
space Hzp, 5, of (#1,%s)-strings. For arbitrary branes %, %> and %s,
we can have (%1, %) and (%2, H3)-strings, where the operation Hz, 2, ®
"z, 5, — Haz, 2, is physically equivalent to merging (%, %2) and (%o,
Ps3)-strings along their common boundary %5 to produce (%, $Bs)-strings.
In particular, if 1 = By = PBy.., where By is the d.c.-brane, and B3 =
Py, where B is any Lagrangian brane, the operation can be understood
physically as in Fig. [5| In this way, one can see that a (%q.., B« )-string is a
module for a (Bq.c., Ba.c)-string. In turn, this means that the category of A-
branes (spanned by the Z#’s) can be identified with the category of modules
of (Ba.c., Ba.)-strings. All that is left to explain is why (Bq.c., Ba.c)-strings
can be identified with twisted differential operators on Bung,(C).

To this end, note that at the classical level, the (ZBq.c., Pa.c)-strings
correspond to holomorphic functions on Hitchin moduli space in complex
structure J. This space can be identified with the moduli space of flat G¢-

connections on C, ./\/lﬂG,tft(C’)7 which is isomorphic to the twisted cotangent
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bundle 7*Bung.(C) [B, 15]. In other words, classical (%q.c., Bq.c)-strings
can be interpreted as holomorphic functions on 7*Bung.(C). The quan-
tization of the (A, PBa.c)-strings then leads to their identification with
(the sheaf of) holomorphic differential operators on the line bundle £~""+4
over Bung..(C), where £~ = K'/2 and K is the canonical line bundle on
Bung,. (C). Here, hY is the dual Coxeter number of G, and the parameter
q = 7 is purely imaginary because B = 0.

This is how the 7-dependent category Cat A-pranes (T,Mgiggs(c» of A-
branes in Mgiggs(C ), can be identified with a category D¢ ;. -mod (q, Bungc)
of twisted D-modules on Bung,(C) with parameter g, where ‘D’ refers to
the differential operator we just described.

8.3. A quantum geometric Langlands correspondence with
purely imaginary parameter

Note that from (116]) and (73), 4d S-duality would mean that we have the
2d duality

1 L
(124) Za» (T, Mgiggs(c)) — ZA,%( T’ MHiC;gs(C)>7
g

where Z,4 5 is the partition function of the open A-model with branes Z.
In turn, this implies a homological mirror symmetry of the 7-dependent
category of A-branes:

1 L
(125) Cat A-branes (7', Mgiggs(c)) — CatA—branes( - ﬁa MHiC;;gs(C)>
g

where Mgiggs and ./\/lIL{iGggs are mirror manifolds.

As explained above, for § = B = 0, the category of 7-dependent A-branes
can be identified with a category of twisted D-modules on Bung.(C) with
parameter g. Thus, this mirror symmetry would mean that we have

1
(126) Dihv—mod(q, Bungc) —> Dthv—mod( - BunLGC>
ngq

This is a quantum geometric Langlands correspondence for G¢ with complex
curve C' and purely imaginary parameter ¢ [I8, eqn. (6.4)].
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8.4. A classical geometric Langlands correspondence

In the zero-coupling, ‘classical’ limit of the 4d theory in G where Im(7) — oo,
we have ¢ — oo. In this limit, the LHS of can be identified with the
category Catcon (Mgft(C)) of coherent sheaves on Mg";(c ) [18].

This ‘classical’ limit corresponds to the ‘ultra-quantum’ limit of the S-
dual 4d theory in *G, where 1q = —% — 0. In this limit, the RHS of
can be identified with the category Dith—mod(O,BunLGC) of critically-
twisted D-modules on Buncg,.(C).

In short, we have

(127) Cateon (MG5(C)) «— D1 ,-mod (0, BunLGC)

This is a classical geometric Langlands correspondence for G¢ with complex
curve C' [18| eqn. (6.4)].

9. A novel web of mathematical relations,
and categorification

In this final section, we will show how the dualities, correspondences and
identifications between the various mathematical objects we physically de-
rived in Section starting from VW theory, will lead us to a novel web of
mathematical relations. We will then explain how the VW invariant will be
systematically categorified in our framework.

9.1. A novel web of mathematical relations from Vafa-Witten
theory

Essentially, from the duality relations (116, (117), (119), (121]), the corre-

spondences ((125)), (126]), (127)), and the identifications , , (109)), we
will get Fig. [6] below.
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Figure 6. A novel web of mathematical relations stemming from Vafa-
Witten theory.

9.2. Categorifying the Vafa-Witten invariant

Categorification is a mathematical procedure that turns a number into a
vector space, a vector space into a category, a category into a 2-category,
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and so on:
categorification categorification
198 number ———— vector space ——— > category
( ) categorification categorification
——— > 2-category —M—8M8 - - -

From Fig. [6] one can see that this mathematical procedure is actually
realized in our physical framework. Specifically, via the arrows b and c, and
the fact that the VW invariant is a number, the VW Floer homology is a
vector (space), and the A-branes span a category of objects, we find thatﬂ

VW theory on My ~» number ZVw
(129) VW theory on Rt x Mj ~»  vector HFYW
VW theory on RT x I x C ~» l-category Cat A pranes

In other words, we have

categorification FVW categorification
%
*

(130) ZVW H CatA—branes
a categorification of Zyw, the VW invariant of Mjy.

From , it is clear that categorification can be physically understood
as flattening a direction and then ending it on a boundary or boundaries.
Explicitly in our case, the first step of categorification involves flattening
a direction in My and then ending it on an Ms boundary, while the sec-
ond step involves flattening a direction in M3 and then ending it on two C
boundaries. Therefore, one can also understand the procedure of categori-
fying as computing relative invariantq — computing the relative invariant of
Zyw give us HFYW, and further computing the relative invariant of HFY WV
gives us Cat A branes-

All this is also consistent with the fact pointed out in [I] that an n-
dimensional TQFT assigns a k-category to a closed n — k — 1-manifold M.
Here in our case, we have n =4, and when £k =0 and 1, we have the 0-
category HFYW assigned to a closed 3-manifold M3z and the 1-category
Cat Apranes assigned to a closed 2-manifold C', respectively.

This perspective of categorifying topological invariants by successively intro-
ducing boundaries to the manifold was first pointed out in [19].

A relative invariant is an invariant of an open manifold which was originally
defined for a closed manifold.



Vafa-Witten theory 1805

9.3. Higher categories from Vafa-Witten theory

9.3.1. A 2-category from Vafa-Witten theory. One could continue
to further categorify the VW invariant of My by flattening a direction along
C and ending it on S! boundaries, i.e., let C = I’ x S'. This should give us
a 2-category, 2-Cat, consisting of objects, morphisms between these objects,
and 2-morphisms between these morphisms. Thus, we have an extension of

@) to

VW theory on My

VW theory on Rt x Mj

VW theory on R x I x C

VW theory on RT x I x I’ x 1

number Zyw
vector HFYW

(131)
1-category  Cat A pranes

¢ ¢ ¢

2-category  2-Cat.

Let us now determine what this 2-category ought to be.

First, note that now, we have VW theory on Rt x I x I’ x S — in other
words, we have VW theory compactified on S* to a 3d TQFT on a semi-
infinite block starting at ¢ = 0 with R™ x I boundaries. The sought-after
2-category is then the 2-category of boundary conditions of this 3d TQFT]

Second, notice that the aforementioned boundary conditions can be re-
alized by surface defects in VW theory that lie along the R™ x I (I") bound-
aries of the 3d TQFT. In other words, the 2-category we seek is the 2-
category of these surface defects in VW theory. From this viewpoint, the
surface defects can be interpreted as objects; loop defects on the surface
running around I x I’ can be interpreted as morphisms between these ob-
jects; while opposing pairs of point defects on the loops can be interpreted
as 2-morphisms between these morphisms.

Third, note that the 3d TQFT in question is a 3d gauged A-model
described in [26] sect. 7]] and for abelian G and Re(r) = 0, the 2-category
of surface defects have been explicitly determined in loc. cit. to be the 2-
category 2-Catiodcat (FF—cat(TQ)) of module categories over the Fukaya-
Floer category of T2ﬂ Therefore, we have, for abelian G and Re(7) =0, an

Just as the 1-category discussed in the previous subsection is the 1-category of
boundary conditions of the 2d A-model.

In [26] sect. 7], the GL theory at ¢t = 0 was considered, but it was shown in
[34, sect. 5.2-5.3] that this theory compactified on S! is the same as VW theory
compactified on S'. Hence, their results are applicable to us.

The 3d gauged A-model has a gauge and matter sector, where each sector can
either have Dirichlet (D) or Neumann (N) boundary conditions. We have stated
the result for the DD case, as this choice of boundary conditions allows us to
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extension of (130)) to

categorification FVW categorification
%
*

H

categorification

ZVW Cat A-branes

(132)
2-Catmod-cat (FF—cat(Tz))

Notice that in this case, we have n =4 and k = 2 in our discussion at
the end of the previous subsection, whence we ought to have a 2-category
assigned to the closed 1-manifold S'. Indeed, as is clear from we have
a 2-category of surface defects that are assigned to a closed 1-manifold S*.

9.3.2. Langlands duality of a 2-category. Observe from and
Fig. [0] that from 4d S-duality, we have a Langlands duality of the O-category
HFYW, and a Langlands duality (mirror symmetry) of the 1-category
Cat A-branes- Do we then also have a Langlands duality of the 2-category
2-Cat from 4d S-duality? The answer is ‘yes’.

According to [26, sect. 7.4.1], 4d S-duality, which maps abelian G to its
Langlands dual that is itself, will transform the symplectic area A of T2 as

472

1 a=—
(133) A= tA=—r,

where “A is the symplectic area of a torus “T? that can be obtained from
T? by inverting the radii of its two circles from R — o'/R for some constant
. In other words, “T? is the T-dual torus to T2, and FF-cat(7?), which
is realized by a 2d open A-model with target 72, will be invariant under
T-duality of the target, i.e., FF-cat(T?) = FF-cat(/T?). Thus, we have

(134) 2-Catmod-cat (FF-cat(T?)) «— 2-Catmod-cat (FF-cat(“T?))

Hence, Fig. [6] will be enhanced to Fig.

describe the situation where line defects lie along the surface defects, which is the
one relevant to us.
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Figure 7. A novel web of mathematical relations stemming from Vafa-
Witten theory that also involves higher categories.

9.3.3. A 3-category from Vafa-Witten theory?.

We could take one

last step to further categorify the VW invariant of My by flattening S* and
ending it on point boundaries, i.e., let S' =[0,1]. This should give us a
3-category, 3-Cat, consisting of objects, morphisms between these objects,
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2-morphisms between these morphisms, and 3-morphisms between these 2-
morphisms. Thus, we have yet another extension of ((129) to

VW theory on My
VW theory on RT x Ms;
(135) VW theory on RT x I x C
VW theory on RT x I x I’ x S*
VW theory on RT x I x I' x [0,1]

number Zvw
vector HFYW
1-category  Cat A-branes
2-category  2-Cat

A

3-category  3-Cat.

That is, we have a 3-category of 3d boundary conditions of VW theory along
R* x I x I' which is assigned to a point.

These 3d boundary conditions can be realized by domain walls. So, the
sought-after 3-category has domain walls along R™ x I x I’ as objects; sur-
face defects within the domain walls along I x I’ as morphisms between
these objects; line defects on the surfaces in the I or I’ direction as 2-
morphisms of these morphisms; and point defects on the lines as 3-morphisms
of these 2-morphisms.

Determining the classification of such domain walls in VW theory is
beyond the scope of this paper, and we shall leave it for future work. In short,
we can summarize how Zyw, the VW invariant of My, can be completely
categorified as

categorify VW categorify
ZVVV ? HF* ? CatA—branes

(136)
2-Catmod-cat (FF-cat(77?))

categorify categorify
E—— EE——

3-Cat (7)

where 2-Cat remains to be determined for non-abelian G, while 3-Cat has
yet to be determined for any G.
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