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Intrinsic flat Arzela-Ascoli theorems

CHRISTINA SORMANI

One of the most powerful theorems in metric geometry is the
Arzela-Ascoli Theorem which provides a continuous limit for se-
quences of equicontinuous functions between two compact spaces.
This theorem has been extended by Gromov and Grove-Petersen
to sequences of functions with varying domains and ranges where
the domains and the ranges respectively converge in the Gromov-
Hausdorff sense to compact limit spaces. However such a powerful
theorem does not hold when the domains and ranges only con-
verge in the intrinsic flat sense due to the possible disappearance
of points in the limit.

In this paper two Arzela-Ascoli Theorems are proven for in-
trinsic flat converging sequences of manifolds: one for uniformly
Lipschitz functions with fixed range whose domains are converg-
ing in the intrinsic flat sense, and one for sequences of uniformly
local isometries between spaces which are converging in the in-
trinsic flat sense. A basic Bolzano-Weierstrass Theorem is proven
for sequences of points in such sequences of spaces. In addition
it is proven that when a sequence of manifolds has a precompact
intrinsic flat limit then the metric completion of the limit is the
Gromov-Hausdorff limit of regions within those manifolds. Appli-
cations and suggested applications of these results are described in
the final section of this paper.
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1. Introduction

When studying sequences of Riemannian manifolds, one may use a variety of
notions of convergence from C* smooth convergence to Gromov-Hausdorff
convergence as metric spaces. One needs to understand whether points and
balls in the sequences converge to points and balls in limit spaces. So one
proves Bolzano-Weierstrass theorems to produce converging subsequences
of points. One needs to understand the limits of functions on these spaces
and local isometries between these spaces. So one proves Arzela-Ascoli the-
orems for sequences of uniformly Lipschitz functions between converging
spaces. Such theorems have been proven for Gromov-Hausdorff convergence
by Gromov and by Grove-Petersen [I3] [12] [15]. They have been applied
in these works as well as that of Cheeger-Colding, Cheeger-Naber, the au-
thor, Wei, and numerous other papers including Perelman’s solution of the
Poincare Conjecture (c.f. [0] [8] [34] [35] and [27]).

There are many questions concerning Riemannian manifolds which can-
not be addressed using these relatively strong notions of convergence. The
intrinsic flat convergence is a more flexible notion allowing a larger class of
sequences of manifolds to converge. Gromov has proposed that this notion
would be natural to study questions arising in [14]. Lakzian has applied
intrinsic flat convergence to prove continuity of Ricci flow through a singu-
larity [18]. Dan Lee and the author have shown intrinsic flat convergence
is well adapted to questions arising in General Relativity [20]. Additional
applications of intrinsic flat convergence are described in the final section of
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this paper relating to work of Basilio, Burago, Ivanov, Ding, Fukaya, Gro-
mov, Huang, Lakzian, LeFloch, Lee, Li, Matveev, Munn, Perales, Portegies,
Sinaei and Wei [3] [5] [9] [11] [14] [16] [21] [24] [23] [25][22][26][22]][30] [32]
[35].

The flexibility of intrinsic flat convergence is that it allows points to
disappear in the limit. As a consequence, many of the techniques used to
study Gromov-Hausdorff limits including the Arzela-Ascoli Theorem fail to
hold when the domains and ranges of the functions only converge in the in-
trinsic flat sense (c.f. Remark . In this paper additional hypothesis are
provided to produce two Arzela-Ascoli Theorems [Theorems and
as well as a basic Bolzano-Weierstrass Theorem [Theorem . A new re-
lationship between Gromov-Hausdorff and intrinsic flat convergence is also
proven [Theorem . Direct applications of these theorems are described
in the final section of this paper.

Intrinsic flat convergence was introduced by Wenger and the author
in [39] building upon work of Ambrosio-Kirchheim in [2]. It is defined for
oriented Riemannian manifolds, M ]m with boundary such that

(1) Vol(M;) <V; and Vol(0M;) < Aj.

The limit spaces obtained under this convergence are called integral current
spaces. They are either countably H™ rectifiable metric spaces of the same
dimension as the sequence of manifolds or possibly the 0 space. When there
is a Gromov-Hausdorff limit, M;™ GH Y, and one has uniform bounds on

volume and boundary volume,
(2) Vol(M;) <V, and Vol(9M;) < Ay,

then a subsequence has an intrinsic flat limit, M;, 7 X where X C Y with
the restricted distance, dx = dy [39]. It is possible that X is the 0 space
or a strict subset of Y either because the sequence is collapsing or due to
cancellation (see examples in [39]). When the sequence is collapsing to a GH
limit Y with a Hausdorff dimension that is strictly less than m, then X must
be the 0 space. Intrinsic flat limits may exist for sequences of manifolds with
no Gromov-Hausdorff limit [39]. In fact Wenger’'s Compactness Theorem
implies that any sequence M satisfying (2|) and a uniform bound on diameter
has a subsequence converging in the intrinsic flat sense possibly to the 0
space [41]. See Section [2| for a review.

This paper focuses on sequences of oriented Riemannian manifolds, M jm
satisfying , or more generally integral current spaces satisfying a similar
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condition, which converge in the intrinsic flat sense. The paper begins with
the definition of converging and disappearing sequences of points [Defini-
tions and and a proof that diameter is lower semicontinuous [The-
orem . Viewing balls within integral current spaces as integral current
spaces themselves [Lemma it is proven that, for almost every radius,
balls around converging points have subsequences which converge to balls
about their limit points [Lemma. The necessity of taking a subsequence
is shown in Example[d.3] If a sequence of points disappears, the balls of small
radius about those points converge to the 0 space [Lemma . Lemma
examines how the intrinsic flat distance may be estimated when the spaces
are rescaled. Although technical, these lemmas are key steps in the subse-
quent theorems.

It is shown in Theorem that if Riemannian manifolds M; converge
in the intrinsic flat sense to a nonzero precompact limit space, M, then
there are open submanifolds N; C M; such that N; %) M. This theorem
and Remark [5.2] also describe the volumes of these submanifolds as well as
what happens when M; are integral current spaces. Section [5] also contains
a few related open questions within remarks concerning possible extensions
and applications of this theorem.

Theorem is the simplest Intrinsic Flat Arzela-Arzela Theorem. It
states that if a sequence of functions, F; : M; — W where M; N M and
W is compact and Lip(F;) < K, then there is a converging subsequence F; —
F where F, : Mo — W also has Lip(F) < K. A precise description as
to exactly how F; — F is given. More general is Theorem which allows
the target spaces to converge in the GH sense. Remark explains the
impossibility of extending this theorem to allow the target spaces to converge
in the intrinsic flat sense.

Theorem is an Intrinsic Flat Bolzano-Weierstrass theorem for points
p; € M; such that M; N M. Since it is known that points may disappear
in the limit [Remark , it is necessary to add a condition to obtain a
subsequence with a limit point py,. In Theorem the extra condition is
that for almost every sufficiently small radius there is a uniform bound on
the intrinsic flat distance between the balls about p; and 0. Remark
discusses how one can obtain such a bound when needed.

Theorem is the second Intrinsic Flat Arzela-Ascoli Theorem proven
here. In this theorem the domains and ranges of the functions converge
in the intrinsic flat sense and have uniform upper bounds as in . The
functions are assumed to be local isometries which are isometries on balls
of fixed radius. It is shown that a subsequence of the functions converges
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to a limit function which is also a local isometry. If the functions are sur-
jective, then so is the limit. The case where the limit spaces are possibly
the 0 space is also considered. Remark discusses a possible extension of
this theorem to uniformly locally bi-Lipschitz functions or more simply uni-
formly bi-Lipschitz functions. Remark discusses the necessity of various
conditions in Theorem

In Section [9] an example is presented showing how these theorems can
be applied to prove certain sequences of Riemannian manifolds have no
intrinsic flat limit. Additional applications to construct examples which do
have specific limits will appear in joint work with Basilio [3].

Section includes remarks describing the possible additional applica-
tions of the various theorems in this paper. In particular one may be able
to apply Theorem to answer a question posed by Gromov in [14] con-
cerning the intrinsic flat limits of tori whose universal covers have almost
maximal volume growth in the sense described by Burago-Ivanov in [5]. See
Remark Additional possible applications of Theorem to extend
work of the author with Wei are described in Remarks and It may
also be possible to apply Theorem to study the limits of harmonic func-
tions, eigenfunctions and heat kernels. See Remark In Remark it
is described how one may be able to apply Theorem to prove that the
intrinsic flat and Gromov-Hausdorff limits of Riemannian manifolds with
uniform lower Ricci curvature bounds agree extending a theorem of the au-
thor with Wenger in [38]. Finally there are three remarks discussing how
various theorems in the paper may be applied to a variety of questions and
conjectures related to questions in General Relativity.

The author would like to thank Blaine Lawson (SUNYSB) for suggesting
that the basic properties of intrinsic flat convergence should appear in their
own paper separate from the more technical theorems involving the Gromov
Filling Volume which appear in [29]. That lead to the creation of this paper.
The author is also indebted to doctoral students, Jacobus Portegies and
Raquel Perales, and the referee for their careful reading of this paper and
their extensive feedback.

2. Background

Here the key definitions and theorems applied in this paper are reviewed.
Please keep in mind that this is by no means a complete introduction to
Gromov-Hausdorff convergence and Intrinsic Flat convergence. Only the no-
tions that are applied in this paper are reviewed. In fact, the primary reason

for combining Theorems and together into this paper is
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because these four theorems can be proven using the same background ma-
terial. Other related theorems appearing in [29] all require additional results
of Gromov and Ambrosio-Kirchheim.

Those who have already studied the notion of Intrinsic Flat convergence
in the initial paper by the author with Wenger [39], should still review Sub-
sections 2.1} [2.3] and [2.7] which cover material not presented there. Those
who have never studied Gromov-Hausdorff or Intrinsic Flat convergence will
find the entire background section useful as a very brief but self contained
introduction to the subjects. As the author sees no reason to restate theo-
rems, definitions and remarks, some of these statements have been repeated
exactly as stated in prior background sections written by the author else-
where.

2.1. A review of Gromov-Hausdorff convergence

Throughout this paper, Gromov’s definition of an isometric embedding will
be used:

Definition 2.1. A map ¢: X — Y between metric spaces, (X,dx) and
(Y, dy), is an isometric embedding iff it is distance preserving:

(3) dy (¢(z1), o(22)) = dx (21, 2) Vri,xe € X.

Observe that this does not agree with the Riemannian notion of an
isometric embedding.

The following is one of the more beautiful definitions of the Gromov-
Hausdorft distance:

Definition 2.2 (Gromov). The Gromov-Hausdorff distance between two
compact metric spaces (X1,dx,) and (X2, dx,) is defined as

(4) dGH (Xl, XQ) ;= inf {dIZ_I (gol (Xl) , P2 (XQ)) ‘ ©; - Xi — Z}

where the infimum is taken over compact metric spaces, Z, and isometric
embeddings, ¢; : X; — Z, and where the Hausdorff distance in Z is defined
as

(5) d% (A,B) =inf{e >0|ACT.(B) and B C T.(A)}

where T,(A) ={z € Z: Ja € A s.t. dz(z,a) < €}.



Intrinsic flat Arzela-Ascoli theorems 1323

Gromov proved that this is indeed a distance on compact metric spaces
in the sense that dgg (X,Y) = 0 iff there is an isometry between X and Y
n [I3]. Gromov proved the following embedding theorem in [12]:

Theorem 2.3 (Gromov). If a sequence of compact metric spaces, X;,
converges in the Gromov-Hausdorff sense to a compact metric space Xoo,

(6) X; A x

then in fact there is a compact metric space, Z, and isometric embeddings
wj: X; = Z forje{l,2,...,00} such that

(7) dIZ{ (QOJ'(X]'), @oo(Xoo)) — 0.
This theorem allows one to define converging sequences of points:

Definition 2.4. One says that x; € X, converges to o, € X, if there is
a common space Z as in Theorem such that ¢;(z;) = @oo(x) as points
in Z. If one discusses the limits of multiple sequences of points then one uses
a common Z and the same collection of ¢; to determine the convergence.
This avoids difficulties arising from isometries in the limit space. Then one
immediately has

(8) jliglo dx,(zj,25) = dx (Too, Tho)

whenever r; — Zo and 2 — 27, via a common Z.

One can apply Theorem to see that for any x., € X there exists
xj € X; converging to x in this sense. Also observe that whenever x; con-
verges t0 Too in this sense,

(9) danm (B(zj;7), B(Too, 7))
< dfy (B(wj(x),7), Blgoo(tc),7)) = 0 Vr >0

if one views the balls B(z;,r) C X; as metric spaces endowed with the re-
stricted metric, dx,, from X;. See the appendix of joint work of the author
with Wei [37] for a theorem concerning the induced length metrics. Theo-
rem also implies the following basic Bolzano-Weierstrass Theorem:

Theorem 2.5 (Gromov). Given compact metric spaces, X GH Xoo, and
x; € X; then a subsequence also denoted x; converges to a point Too € Xoo
in the sense described above.
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In particular, one sees that

(10) X; = Xoo = lim Diam(X;) = Diam(X).
J—00
Gromov’s embedding theorem can also be applied in combination with
other extension theorems to obtain the following Gromov-Hausdorff Arzela-
Ascoli Theorem.

Theorem 2.6 (Gromov). Given compact metric spaces, X CH Xoo and
Y; — Y, and equicontinuous functions, f; : X; — Yj, in the sense that

(11) Ve >0 36, > 0 such that dx,(z,2') <6 = dy,(f;(z), f;(2")) <e.

Then there exists a subsequence, also denoted f; : X; — Y, which converges
to a continuous function, foo : Xoo — Yoo, in the sense that there exists com-
mon compact metric spaces, Z, W, and isometric embeddings, ¢; : X; — Z,

Vi Y; — W, such that

(12) jliglo Vi (fi(27)) = VYoo(foo(Too)) whenever lim ¢;(7;) = poo(Too)-

Jj—o0

Furthermore, if Lip(f;) < K then Lip(fs) < K.

Gromov used this idea to prove that geodesic metric spaces converge
to geodesic metric spaces but did not include a general proof in [13]. For
completeness of exposition, we include a proof here. One may also find a
discussion of the proof in a paper of Grove-Petersen [15] and a more general
statement in Theorem 2.3 of [34] by the author.

Proof. By Gromov’s Embedding Theorem, one has isometric embeddings
pj: X; — Z and ; : Y; — W such that

d%((pj<Xj)7¢oo(Xoo)) — 0 and d‘;‘I/(wJ(}/})aww(Ym)) — 0.

Let Xy C X be a countable dense subset. For each p,, € X, there exists
pj € X such that ¢;(p;) = Yoc(Poc). Since W is compact, a subsequence of
Y;i(fi(p;j)) € W converges to some point ws, € W.

We claim weo € ¥oo(Yoo). If not, then there exists r > 0 such that

B(Woo, 7) N oo (Yoo) = 0.
Then for j sufficiently large

B(;(fj(pi)):7/2) N too(Yoo) = 0.
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This implies that
A (¥5(Y5) oo (Yoo)) > 7/2,

which is a contradiction.

Thus we have a point we call foo(Poo) € Yoo such that ¢eo(foo(Po)) =
Weo- Applying a diagonalization process to choose a subsequence, we have
thus defined foo : Xo C Xoo — Yoo satisfying . Extending this function
continuously to fo : Xoo — Yoo, it still satisfies .

To see that holds consider x; € X; such that

.hm Spj(xj) = Spoo(xoo)

j—oo
Taking ps, = Too as in the top of the proof, there exists p; € X; such that
03 (pj) = ©oo(Poo) and 1 (f;(pj)) = Yoc(foc(Poo)). Observe that

dx,(zj,p;) = dz(@j(;),0i(ps))
< dz(9j(75), Poo(Too)) + dz(Poo(Teo), pj(ps)) — 0.

For any € > 0 take j sufficiently large that dx (z;,p;) < dc of (LI, then

< jlgrlgo dw (5 (f3(24)), 05 (f(05)) + dw (5 (f5(04))s Yoo (foo (o))
= lim dy, (fj(z}), fj(p;)) + dw (¥; (f;(25))s Yoo (foo (Po)))

J—00

<e+0 Ve > 0.

Thus ¥;(fj(2)) = Yeo(foo(Z0))- .

All these theorems are key ingredients in the many important works
applying Gromov-Hausdorff convergence to better understand Riemannian
Geometry. See the classic textbook of Burago-Burago-Ivanov [4], the work
of Cheeger-Colding [6] and the work of the author with Wei [35].

In this paper these theorems are extended, as far as possible, in the
setting where one only has intrinsic flat convergence. Of course it is known
that these theorems do not hold in their full strength in the setting where
sequences of Riemannian manifolds are converging in the intrinsic flat sense.
Examples in joint work of the author with Wenger in [39] demonstrate that
fails in general and that geodesics need not converge to geodesics. Nev-
ertheless there are versions of these theorems which do hold.
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2.2. Review of Ambrosio-Kirchheim currents on metric spaces

In order to rigorously review the definition of the intrinsic flat distance, one
needs a few key results of Ambrosio-Kirchheim. These results will also be
applied later to prove the main theorems of the paper.

In [2], Ambrosio-Kirchheim extend Federer-Fleming’s notion of integral
currents on Euclidean space to an arbitrary complete metric space, Z. In
Federer-Fleming, currents were defined as linear functionals on differential
forms [10]. This approach extends naturally to smooth manifolds but not
to complete metric spaces which do not have differential forms. In the place
of differential forms, Ambrosio-Kirchheim use DiGeorgi’s m + 1 tuples, w €

D™(Z),
(13) w=fr=(fm,...,mm) € D" (2Z)

where f : X — R is a bounded Lipschitz function and 7; : X — R are Lips-
chitz.

In [2] Definitions 2.1, 2.2, 2.6 and 3.1, an m dimensional current 7" €
M,,,(Z) is defined. Here these are combined into a single definition:

Definition 2.7. On a complete metric space, Z, an m dimensional cur-
rent, denoted T' € M,,,(Z), is a real valued multilinear functional on D™ (Z),
with the following three required properties:

i) Locality:

T(f,ﬂ'l,...,ﬁm) =0
if 3i € {1,...,m} s.t. m; is constant on a nbd of { f # 0}.

ii) Continuity: Continuity of T' with respect to the ptwise convergence of
m; such that Lip(m;) < 1.

iii) Finite mass:
3 finite Borel pu

st [T meomn)] < [[Lin(m) [ \fldi ¥(f.m,oom) € D7(2)
=1

In [2] Definition 2.6 Ambrosio-Kirchheim introduce their mass measure:
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Definition 2.8. The mass measure ||| of a current T € M,,,(Z), is the
smallest Borel measure p such that

1) [rm|< [ 1Al ¥ (fm) where Lip(m) < 1.
X
The mass of T is defined
(15) M(T)ZHTH(Z)Z/ d||T.
z
In particular
(16) T(f 71, mm)| < M(T)|floo Lip(m1) - - - Lip(7 ).

Ambrosio-Kirchheim then define restrictions and push forwards:

Definition 2.9. [2][Defn 2.5] The restriction TLw € M,,(Z) of a current
T € My 1(Z) by ak+1 tuple w = (g9, 71,...,7%) € D*(Z):

(17) (TLw)(fymyeeesTm) =T -Gy T1y e ey Thy Ty e e vy )

Given a Borel set, A,

(18) TLA=TLw

where w = 14 € D°(Z) is the indicator function of the set. In this case,
(19) M(T L) = |IT1/(A).

Definition 2.10. Given a Lipschitz map ¢ : Z — Z’, the push forward of
a current 7' € M,,(Z) to a current 4T € M,,(Z’) is given in [2][Defn 2.4]
by

(20) ouT(f,m1,...,mm) =T (fop,mop,...,mmop).

Remark 2.11. Observe that

(21) (SO#T) '—(fvﬂ-la cee aﬂ-k)) = @#(TL(f CY, ML OY,...,Tk O 90))

and

(22) (puT)L A= (puT)L(1a) = 0x(TL (a0 @) = px(TL '(A)).
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In (2.4) [2], Ambrosio-Kirchheim show that

(23) T < [Lip(0)]™|Tl,

so that when ¢ is an isometric embedding

(24) T[] = @#||T|| and M(T) = M(pxT).
The simplest example of a current is:

Example 2.12. Given a Lebesgue function h € L'(A, Z) where A C R™ is
Borel, then we can define an m dimensional current in R™, [h] € M,,(R™),
as follows

(25) [R)(fo 1, s ) :/ACRmh.fdm...Adwm.

Here the mass measure and mass are
(26) I = A dg, M) = [ [rldz,

respectively. If one has a bi-Lipschitz map, ¢ : R — Z, then we can define
an m dimensional current in Z using the pushforward map

@) epll(fme ) = [ (ho@)(T om0 ) A Ad(mn o)

where d(m; o ¢) is well defined almost everywhere by Rademacher’s Theorem.

In [2][Theorem 4.6] Ambrosio-Kirchheim define the following set associ-
ated with any integer rectifiable current:

Definition 2.13. The (canonical) set of a current, 7', is the collection of
points in Z with positive lower density:

(28) set (T) ={p € Z: Oun ([T, p) > 0},

where the definition of lower density is

(29) Oum (i, p) = lim inf M.

r—0 Wy, ™

In [2] Definition 4.2 and Theorems 4.5-4.6, an integer rectifiable current
is defined using the Hausdorff measure, H™:
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Definition 2.14. Let m > 1. A current, T' € D,,,(Z), is rectifiable if set(T")
is countably H™ rectifiable and if ||T||(A) =0 for any set A C Z whose
Hausdorff measure is zero, H*(A) = 0. One writes T € R,,,(2).

One says T' € R,,,(Z) is integer rectifiable, denoted T' € Z,,(Z), if for any
¢ € Lip(Z,R™) and any open set A C Z, then

(30) 30 € LYR*,Z) s.t. pu(TLA) =1[0] as in (25).

In fact, T € I,,,(Z) iff it has a parametrization. A parametrization ({¢;}, {60:})
of an integer rectifiable current 7' € 7" (Z) is a collection of bi-Lipschitz
maps ; : A; — Z with A; C R™ precompact Borel measurable and with
pairwise disjoint images and weight functions ; € L' (A;, N) such that

(31) T=> ¢ixl0] and M(T)=> M/ (pu[6i]).
=1 =1

A 0 dimensional rectifiable current is defined by the existence of count-
ably many distinct points, {x;} € Z, weights §; € R and orientation, o; €
{—1,+1} such that

(32) T(f) = Z%‘@z‘f(ﬂfi) VfeB*(Z).
h
where B°°(Z) is the class of bounded Borel functions on Z and where

(33) M(T) = 6; <
h

If T is integer rectifiable §; € Z*, so the sum must be finite.

In particular, the mass measure of T' € I,,,(Z) satisfies
oo
(34) 171 =" e l6:ll-
i=1

Theorems 4.3 and 8.8 of [2] provide necessary and sufficient criteria for
determining when a current is integer rectifiable.
Note that the current in Example is an integer rectifiable current.

Example 2.15. If one has a Riemannian manifold, M™, and a bi-Lipschitz
map ¢ : M™ — Z, then T = @x[1)] is an integer rectifiable current of di-
mension m in Z. If ¢ is an isometric embedding, and Z = M then M(T) =
Vol(M™). Note further that set(T) = @(M).
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Definition 2.16. [2][Defn 2.3] The boundary of T € M,,,(Z) is defined
(35)  OT(f,m1,...,wme1) = T(L, f,71s. . Tm1) € Mim_1(Z)
When m = 0, set 9T = 0.

Note that ¢4 (9T) = 0(exT).

Definition 2.17. [2][Defn 3.4 and 4.2] An integer rectifiable current T' €
Zn(Z) is called an integral current, denoted T' € I,,,(Z), if 0T defined as

(36) T (f,m1y ey Tme1) =T (1, fym1, oy Tm—1)
has finite mass. The total mass of an integral current is
(37) N(T) =M(T) + M(9T).

Observe that 99T = 0. In [2] Theorem 8.6, Ambrosio-Kirchheim prove
that

(38) 9:1n(Z) = Ln_1(2)

whenever m > 1.
Recall Definition of the push forward of a current. By one can
see that if ¢ : Z1 — Zs is Lipschitz, then

(39) P4 - Im(Zl) — Im(Zg).

Recall Definition 2.9 of the restriction of a current. The restriction of
an integral current need not be an integral current except in special cir-
cumstances. For example, 7' might be integration over [0,1]? with the Eu-
clidean metric and A C [0,1]? could have an infinitely long boundary, so
that T'L A ¢ I5([0, 1]?) because (T L A) has infinite mass. The Ambrosio-
Kirchheim Slicing Theorem, presented next, allows one to prove T'L A is an
integral current for a large collection of open sets defined using Lipschitz
functions. See in particular below.

2.3. Ambrosio-Kirchheim slicing theorem

As in the work of Federer-Fleming, Ambrosio-Kirchheim consider the slices
of currents:
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Theorem 2.18. [Ambrosio-Kirchheim| [2/[Theorems 5.6-5.7] Let Z be
a complete metric space, T € 1,,Z and f: Z — R a Lipschitz function. For
almost every s € R one can define an integral current

(40) <T,fs>=-0(TL f ! (s,00)) 4+ (8T) L f'(s,00),
so that
(41) o<T, f,s>=< =0T, f,s>

and <Ty+ T, f,s >=<T1, f,s >+ < Tb, f,s >. In addition, one can in-
tegrate the masses to obtain:

(42) M(< T, f,s >)ds = M(T L df) < Lip(f) M(T)
seR

where

(43) (TLdf)(h, Tlyen- 77Tm—1> = T(h, f, Tlyen- 77Tm—1)-

In particular, for almost every s > 0 one has
(44) TL 7 1(s,00) € L1 (2).

Remark 2.19. Observe that for any T € I1,,,(Z’), and any Lipschitz func-
tions, ¢ : Z — Z' and f: Z' — R and any s > 0, one has

(45) <@uT, f,s>=pu <T,(fop),s>.
2.4. Review of convergence of currents

Ambrosio Kirchheim’s Compactness Theorem, which extends Federer-
Fleming’s Flat Norm Compactness Theorem, is stated in terms of weak con-
vergence of currents. Definition 3.6 of [2] extends Federer-Fleming’s notion
of weak convergence (except that they do not require compact support):

Definition 2.20. A sequence of integral currents Tj € I, (Z) is said to
converge weakly to a current T iff the pointwise limits satisfy

(46) Lm T (f,71,....,7mm) =T (f, 71, .., Tm)

Jj—00
for all bounded Lipschitz f : Z — R and Lipschitz m; : Z — R. One writes

(47) T, =T
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One sees immediately that T; — T implies

(48) oT; — 0T,
and
(49) 1 — oy T.

However T; L A need not converge weakly to 7' A as seen in the following
example:

Example 2.21. Let Z = R? with the Euclidean metric. Let ¢; : [0,1] — Z
be ¢;(t) = (1/4,t) and pso(t) = (0,t). Let S € I;([0, 1]) be

1
(50) S(f,ﬂ'l):/o fdm.

Let Tj € I;(Z) be defined Tj = ¢;4(S). Then Tj — T,. Taking A = [0,1] x
(0,1), one has T A =T} but Too L A = 0.

Immediately below the definition of weak convergence [2] Definition 3.6,
Ambrosio-Kirchheim prove the lower semicontinuity of mass: If T} converges
weakly to T, then

(51) lim inf M(T}) > M(T).

J—00

and for any open set, A C Z,

(52) lmn nf [[7;1](4) > |17]](4).

Theorem 2.22 (Ambrosio-Kirchheim Compactness). Given any com-
plete metric space Z, a compact set K C Z and Ag, Vo > 0. Given any se-
quence of integral currents T; € 1, (Z) satisfying

(53) M(T;) < Vo, M(0Tj) < A and set (T}) C K,

there exists a subsequence, Tj,, and a limit current T € 1, (Z) such that T,
converges weakly to T.
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2.5. Review of integral current spaces

The notion of an integral current space was introduced by the author and
Stefan Wenger in [39]:

Definition 2.23. An m dimensional metric space (X,d,T) is called an
integral current space if it has a integral current structure 7' € I, (X' ) where
X is the metric completion of X and set(7') = X. Also included in the m
dimensional integral current spaces is the 0 space, denoted 0. The integral
current structure of the 0 space is T' = 0 and it has an empty metric space.

Note that set (9T) C X. The boundary of (X,d,T) is then the integral
current space:

(54) 9(X,dx,T) = (set (9T) , dx,dT) .

If 0T = 0 then one says (X,d,T) is an integral current without boundary.
The 0 space has no boundary.

Definition 2.24. The space of m > 0 dimensional integral current spaces,
M™_ consists of all metric spaces which are integral current spaces with
currents of dimension m as in Definition [2.23] as well as the 0 spaces. Then

9 MM 5 M™,

Remark 2.25. Any m dimensional integral current space is countably H"
rectifiable with oriented charts, ; and weights 6; provided as in .

Example 2.26. A compact oriented Riemannian manifold with boundary,
M™, is an integral current space, where X = M™, d is the standard metric
on M and T is integration over M. In this case M(M) = Vol(M) and OM
is the boundary manifold. When M has no boundary, O0M = 0.

2.6. Review of the intrinsic flat convergence

Recall that the flat distance between m dimensional integral currents S,T" €
I, (Z) is given by

(55) dZ(S,T) :=inf(M(U)4+ M (V): ST =U + 9V}
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where U € 1,,, (Z) and V € 1,41 (Z). This notion of a flat distance was
first introduced by Whitney in [42] for chains and later adapted to rectifi-
able currents by Federer-Fleming [10]. The flat distance between Ambrosio-
Kirchheim’s integral currents was studied by Wenger in [40]. In particular,
Wenger proved that if T € I,,,(Z) has M(T;) < Vi and M(9T};) < Ap then
T; converges weakly to T as currents iff dZ(T;,T) — 0. A similar result was
proven by Federer-Fleming for currents in Euclidean space in [10].

The intrinsic flat distance between integral current spaces was first de-
fined in [39][Defn 1.1]:

Definition 2.27. For M; = (X1,d1,Th) and My = (Xa,ds, To) € M™ let
the intrinsic flat distance be defined:

(56) dr (M, My) := inf dZ (p14T1, pouTh)

where the infimum is taken over all complete metric spaces (Z,d) and iso-
metric embeddings ¢ : (Xl,dl) — (Z,d) and g : (Xg, d2) — (Z,d) and the
flat norm d% is taken in Z. Here X; denotes the metric completion of X;
and d; is the extension of d; on X; and ¢4T denotes the push forward of T’

by the map ¢.

In [39], it is observed that
(57)  dr (My, Mz) < dF (My,0) + dr (0, Mz) < M (M) + M (Mz) .

There it is also proven that d satisfies the triangle inequality [39][Thm 3.2]
and is a distance [39][Thm3.27] on the class of precompact integral current
spaces up to current preserving isometries:

F: X1 — Xost. FyTy =Ts and da(F(p), F(q)) = di(p,q) Vp,q € X1.

In particular it is a distance on the class of oriented compact manifolds with
boundary of a given dimension.
In [39] Theorem 3.23 it is also proven that

Theorem 2.28. [39][Thm 3.23] Given a pair of precompact integral current
spaces, M{" = (X1,d1,Th) and M3 = (Xo,d2,Ts), there exists a compact
metric space, (Z,dz), integral currents U € 1, (Z) and V € L,,11(Z), and
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isometric embeddings @1 : X1 = Z and g : X9 — Z with

(58) (PI#TI — QOQ#TQ = U + (9V
such that
(59) dr (M1, My) = M(U) + M (V).

Remark 2.29. The metric space Z in Theorem has
(60) Diam(Z) < 3Diam(X;) + 3 Diam(X3).

This is seen by consulting the proof of Theorem 3.23 in [39], where Z is
constructed as the injective envelope of the Gromov-Hausdorff limit of a
sequence of spaces Z,, with this same diameter bound.

The following theorem in [39] is an immediate consequence of Gromov
and Ambrosio-Kirchheim’s Compactness Theorems:

Theorem 2.30. Given a sequence of precompact m dimensional integral
current spaces M; = (X;,d;,T;) such that

(61) (X;,d;) S (v,dy), M(M;) <Vy and M(OM;) < Ag

then a subsequence converges in the intrinsic flat sense
F
(62) (ijdijji) — (Xv dx, T)

where either (X,dx,T) is the O current space or (X,dx,T) is an m dimen-
stonal integral current space with X C'Y with the restricted metric dx = dy .

Immediately one notes that if Y has Hausdorff dimension less than m,
then (X,d,T) = 0. There are many examples of sequences of Riemannian
manifolds which have no Gromov-Hausdorff limit but have an intrinsic flat
limit. The first is Ilmanen’s Example of an increasingly hairy three sphere
with positive scalar curvature described in [39] Example A.7.

The following three theorems are proven in work of the author with
Wenger [39]. These theorems with the work of Ambrosio-Kirchheim reviewed
are key ingredients in the proofs of the theorems in this paper.
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Theorem 2.31. [39/[Thm 4.2] If a sequence of integral current spaces has
f
(63) Mj = (Xj,dj,Tj) —)MO = (Xg,do,T[)),

then there is a separable complete metric space, Z, and isometric embeddings
v : Xj — Z such that

(64) di (54T, popTo) = 0

and thus @;4T; converges weakly to pouTy as well.

Theorem 2.32. [39/[Thm 4.3] If a sequence of integral current spaces has
F

(65) Mj=<Xj,dj,Tj) — 0

then one may choose points x; € X; and a separable complete metric space,
Z, and isometric embeddings ; : X; — Z such that pj(z;) = z0 € Z and

(66) d7(pi#T5,0) = 0
and thus ;4T converges weakly to 0 in Z as well.

Theorems 23T and 2:32] combined with Ambrosio-Kirchheim’s lower
semicontinuity of mass [c.f. Remark [2.33] imply the following:

Theorem 2.33. If a sequence of integral current spaces M; converges in
the intrinsic flat sense to an integral current space, My, then

(67) lim inf M(M;) > M(Ma)

1—00

Note that Theorems [2.31], [2.32] and [2.33]do not require uniform bounds
on the masses or volumes of the M; and JM;.

2.7. Balls in integral current spaces

Many theorems in Riemannian geometry involve open and closed balls,
(68) B(p,r)={x € X : dx(z,p) <r} B(p,r)={xe€ X : dx(z,p) <r}.

Here a few basic lemmas are proven about balls in integral current spaces.
These lemmas are new but so basic that they are best placed in this back-
ground section.
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Lemma 2.34. A ball in an integral current space, M = (X, d,T), with the
current restricted from the current structure of M is an integral current
space itself,

(69) S(p,r) := (set(T' B(p,7)),d, TL B (p,r))

for almost every r > 0. Furthermore,

(70) B(p,r) Cset(S(p,r)) C B(p,r) C X.

Proof. First one shows that S(p,7) =TL B(p,r) is an integer rectifiable
current. Let p, : X — R be the distance function from p. Then by Ambrosio-
Kirchheim’s Slicing Theorem, applied to f(x) = —pp(x), one has

(71) A(TLB(p,r)) =T L p, " (—o0,7))
(72) =<T,—pp,—1 > +(0T) L p, " (—00, )
(73) =<T,—pp,—r > +(0T)B(p,r)

where the mass of the slice < T', p,, r > is bounded for almost every r. Thus

(74) M(O(T L B(p,r))) < M(<T,—pp,—r >)+M((0T)L B(p,r))
(75) <M(< T, —pp,—r >) +M(9T) < co.

So TL B(p,r) is an integral current in X for almost every r.
Next one proves (70). Recall that = € set(S(p,r)) C X iff

1S(p, M)II(B(z,5))

(76) 0 < lim inf
s—0 wmsm

(77) i TUB@,7) N Bz, 5))
s—0 wmsm

If x € B(p,r) C X, then eventually B(x,s) C B(p,r) and the liminf is just
the lower density of 7' at z. Since x € X = set(T), this lower density is
positive. If z € X \ X, then the liminf is 0 because it is smaller than the
density of T' at x, which is 0. If = ¢ B(p,r), then the liminf is 0 because
eventually the balls do not intersect. O

One may imagine that it is possible that a ball is cusp shaped and that
some points in the closure of the ball that lie in X do not lie in the set of
S(p, 7). In a manifold, the set of S(p,r) is a closed ball:
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Lemma 2.35. When M is a Riemannian manifold with boundary we have

(78) S(p.r)=(B(p,r),d, TLB(p,r))
18 an integral current space for all v > 0.

Proof. In this setting,

(719)  O(TLB(p,r)(fim,...,mm) = (TLB(p,r))A, fim1, ..., 7m)

(80) T XB(;{)7 f77T17"'77rm)

(81) :/ )df/\dﬂ'l/\"'/\dﬂm

(82) / df Ndmy A - Ndmy,
B(pr)

83 = d o ANdT,

(83) [)B(pT)f T A Ad

Thus for every r > 0 we have,

(84) M(@(TI_B(p,r))) = Voly_1 (9B,(r)) < oo

By we need only show 0B(p,r) C set(S(p,r)). If d(x,p) = r, then
let v : [0,7] — M be a curve parametrized by arclength running minimally
from = to p. Then

(85) B(~v(s/2),s/2) C B(x,s) N B(p,r).

and

56 tmint 1S@DNBE) - ITIB(.7) 0 B, s)

50 W §™ 5—0 Wyn 8™
(87) < i in LENB((5/2). 5/2)
- s—0 wmsm
(88) > liminf YOHB((5/2),8/2) Cly(s/2)
T s0 2M 0w, (s/2)™ = om

where Cy = 1/2 when ¢ € OM and Cy; = 1 when ¢ € M \ OM. In either case
we have a positive liminf and thus z € set(S(p,r)). O

Example 2.36. There exist integral current spaces with balls that are not
integral current spaces.
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Proof. Suppose one defines an integral current space, (X,d,T) where X =
S? with the following generalized metric

(89) g=dr*+ (COS(T‘)/\/;)Q do* re[-n/2,7/2].

The metric is defined as

(90) d(p1,p2) = inf {Ly(y) : v(0) = p1, v(1) = p2}
where

1
(91) Ly(y) = /0 o7 (£),+/(0) /2 dt

as in a Riemannian manifold. In fact this metric space consists of two open
isometric Riemannian manifolds diffeomorphic to disks whose metric com-
pletions are glued together along corresponding points. The current struc-
ture 1" is defined by

0

/2
(92) T(f,wl,...,ﬂm):/ fd7r1/\d7T2—|—/ fdm A dmsy
0 St

—7/2J St

so that 0T = 0 and

(93) M(T) = Vol, (r~'[~7/2,0)) + Vol,, (r~(0,7/2])
= i 7 (cos(r)r—1/2 T
(94) _2/0 /2( (r) )d
/2
(95) < 47r/ r Y2 dr = 87(n/2)/? < .
0

Taking p such that r(p) = —m/2, then S(p,7/2) is a rectifiable current
but its boundary does not have finite mass. This can be seen by taking
g such that (r(q),0(q)) = (0,0), setting 7 = p; and f = p, =r+ 7/2 and
observing that

(96) |0(S(p, 7/2))(f,m1) | = [S(p.7/2)(L, £, 1))

(97) _ / df A dy
B(p,7/2)

/ df A dm
B(p,m/2-9)

(98) >
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(99) _ / fdm
OB(p,m/2—0)
g d7T1
1 = 2 —0)—db
(100 JARCEEDEY
(101) = / (7/2 — 6) Cof(r) dﬁ‘
O=—m r /2
(102) > 27 (7 /2 — 6) cos(—8) /2
which is unbounded as § decreases to 0. O

Remark 2.37. Note that the outside of the ball, (M \ B(p,r),d,T—S(p,r)),
is also an integral current space for almost every r > 0.

Remark 2.38. In some of the theorems in this paper, it will be important
to estimate dr(S(p,r),0). There are various ways to estimate this value.
First observe that

(103) dr (5(p,),0) < min{ M(S(p,7)), M(O(S(p, 7))} -

In addition, if one finds a comparison integral current space, N, such that
(104) dr(S(p,7), N) < dr(N,0)/2

then by the triangle inequality

(105) dr(S(p,r),0) > dr(N,0)/2.

Recall that in joint work with Wenger [39], in joint work with Lakzian [19],
and in joint work with Lee [20] various means of estimating the intrinsic flat
distance are provided.

3. Converging points and diameters

In this section the limits of points in sequences of integral current spaces
that converge in the intrinsic flat sense are examined. See Definitions [3.1
and and Lemma [3.4, The diameter is then proven to be lower semi-
continuous. See Definition and Theorem The depth is proven to be
semicontinuous. See Definition [3.71 and Theorem [3.8l The section ends with
two open questions.
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First we define what it means for a sequence of points z; € M; to con-
verge to a point z., € My,. We imitate the definition used for points in
sequences of metric spaces with a Gromov-Hausdorff limit. That definition
was made rigorous using the Gromov Embedding Theorem which embeds
the M; into a common metric space (cf. Theorem . Our definition is
made rigorous using the embedding theorem for F-converging integral cur-

rent spaces (cf. Theorem [2.31)).

Definition 3.1. If M;=(X;,d;,T;) i>MOO:(XOO, doo, Txo), then one says

xr; € X; are a converging sequence that converges to x4 € X if

(106) 3 Z and 3 ¢; : X; — Z such that d}Z," (pigeTi, oo Too) = 0
where Z is a complete metric space and ; are isometric embeddings, and
(107) Pi(2i) = Poo(Zoo)-

A collection of points, {p1,p2,i,...,Pki}, converges to a corresponding
collection of points, {P1,cc,P2,00:--sPkioo} if Vi(P)i) = Poo(Pje0) for j €

1,....k}.

Note that as in Gromov-Hausdorff convergence (c.f. Definition[2.4)), there
is the possibility that a constant sequence of points, x; = x, in a constant se-
quence of spaces, X; = X, can converge to any point £, € X such that there
exists an (orientation preserving) isometry ® : X — X such that ®(z) = zo.
This is a natural consequence of the fact that both the Gromov-Hausdorff
distance and the Intrinsic Flat distance are only defined up to (orientation
preserving) isometries on Riemannian manifolds. See Remark

Unlike in Gromov-Hausdorff convergence, there is a possibility of disap-
pearing sequences of points:

Definition 3.2. If M;=(X;,d;,T;) i>MOO:(XOO, doo, Tx), then one says
x; € X; are Cauchy if one has (106) where

One says the sequence is disappearing if one has 1} and (108) where
Zoo & $oo(Xoo). One says the sequence has no limit in Xo if one has (106])
and ((108)) where zoo & Yoo (Xoo)-

Note that in this definition we only require the existence of a sequence of
;. A constant sequence of points, x; = x, in a constant sequence of spaces,
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X,; = X, is always Cauchy in this sense as can be seen by taking X = Z and
; to be the identity map. If the space X has a current preserving isometry,
VU : X — X, then the sequence of points ¢;(¥¥(z)) C Z alternates between
x and ¥(z). So one cannot expect Cauchy sequences to always be embedded
as Cauchy sequences in Z for any choice of converging embeddings. This is a
natural consequence of the fact that intrinsic flat convergence is only defined
up to current preserving isometries. See Remark [3.10]

Remark 3.3. Examples with disappearing splines from [39] demonstrate
that there exist Cauchy sequences of points which disappear. In fact zo may
not even lie in the metric completion of the limit space, @oo(Xoo)-

Lemma 3.4. If a sequence of integral current spaces, M; = (X;,d;, T;), con-
verges to an integral current space, Moo = (Xoo, doo, Too), in the intrinsic flat
sense, then every point x in the limit space X o is the limit of points x; € M;.
In fact given any sequence of embeddings p; : X; — Z satisfying , we
can find x; € M; satisfying .

Furthermore, for any such sequence of embeddings, ;, there exists a
sequence of maps H; : X — X; such that x; = H;(x) converges to x in the
sense that

lim d;(H;(z), Hi(y)) = doo(z,y) Vz,y € X

1—+00
and
H;(x) € set(0T;) whenever x € set(9T).

This sequence of maps H; are not uniquely defined and are not even
unique up to isometry.

Proof. By Theorem [2.31]there exists a common metric space Z and isometric
embeddings ¢; : X; — Z such that

PoottToo — pipT; = U; + 0V,

where m; = M (U;) + M (V;) = 0. So ;4 T; converges in the flat and the
weak sense to QoouToo. Furthermore ;4 dT; converges in the flat and the
weak sense t0 Yoo 0T
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Let p, be the distance function from ¢ (). Since x € spt(T), for any
e >0,

|00t oo (p7 1[0, €)) > 0.

By the lower semicontinuity of mass,
(109)  Tminf e Til| (500,6)) > llsesToell (0'0,2)) > 0.
In particular,

(110) AN/, eNs.t. Tl (p;'[0,6)) #0 Vi > N/

€,T"°
So for all x € X and any j € N
(111) AN; o s.t.3s; 0 € set(pipT;) N B (x,1/7) Vi > Njg.

Without loss of generality, assume N, is increasing in j. For ¢ € {1,..
N1} take j; = 1. Then for i € {N;_1,+1,...,N;,} let j; = j. Thus i >
Nji@. Let

(112) zi = ;7 (Sijia)-
Then p;(z;) € B(x,1/7;) and ¢;(z;) — ¢(x). Note that if € set(0T) then
these x; can be chosen in set(97;) using the exact same argument.

Since this process can be completed for any = € X, one has defined
maps H; : Xoo — X, such that

(113) @i(Hi(x)) = $oo(T).
Finally, for all z,y € X,

di(Hi(z), Hi(y)) = dz(pi(Hi(z)), i(Hi(y)))
= dz(¢oo(7), oo (y)) = d(, y).

Now for = € set(0Tw) we may use the fact that
A7 (¢ip0Ti, pocypOTs) = 0

and repeat the proof above to select H;(z) € set(97;) satisfying (113). O
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Definition 3.5. Like any metric space, one can define the diameter of an
integral current space, M = (X,d,T), to be

Diam(M) = sup{dx(z,y) : z,y € X} € [0,00]}.

One explicitly defines the diameter of the 0 integral current space to be 0.
A space is said to be bounded if the diameter is finite.

Theorem 3.6. Suppose M; L5 M are integral current spaces then

(114) Diam (M) < liminf Diam(M;) C [0, o0

1—00

Proof. Note that by the definition, Diam(M;) > 0, so the liminf is always
> 0. Thus the inequality is trivial when M is the 0 space. Assuming M is
not the 0 space, for any € > 0, there exists x,y € X such that

(115) Diam(M) < d(z,y) + €.
By Lemma there exists x;,y; € X; converging to z,y € X so that

(116) Diam(M) < lim di(x;,y;) + € < liminf Diam(X;) + €.
1—00 1—00

O

The following notion of depth was introduced in joint work of the author
with LeFloch [2I] as part of an intrinsic flat compactness theorem. In that
paper M always has a boundary. Here we extend the definition to include
M without boundary as suggested by the referee of this paper.

Definition 3.7. Like any metric space, one can define the depth of an
integral current space, M = (X,d,T), to be

Depth(M) = sup{dx(z,y) : z € X, y € set(9T) } € [0, 00].
One explicitly defines the depth of any space with 9T = 0 to be 0.

Theorem 3.8. Suppose M; T M are integral current spaces then

Depth(M) < liminf Depth(M;) C [0, o0]

1—00

Proof. Note that by the definition, Depth(M;) > 0, so the liminf is always
> 0. Thus the inequality is trivial when OM is the 0 space. Assuming OM
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is not the 0 space, for any € > 0, there exists x € X and y € set(9T') such
that

(117) Depth(M) < d(z,y) + €.

By Lemma [3.4] there exists z; = H;(z) € X; and y; = H,(y) € set(0T;) con-
verging to x and y respectively so that
(118) Depth(M) < lim d;(x;,y;) + € < liminf Depth(M;) + €.
i—00 100
O
Remark 3.9. Suppose one has M; = (X;,d;, T;) N Moo = (Xoo,doo, Tio),
with isometric embeddings ¢; : X; — Z such that

and also suppose there are isometric embeddings ¢ : X; — Z such that
dF(PisTis PooToo) = 0 and @i(x;) — @l (2h)-

Is there a current preserving isometry F': Xo, — X such that Fl(zy) =
xl 7 It is possible that one of the Arzela-Ascoli or Bolzano-Weierstrass The-
orems proven below or in work of the author with Portegies [29] may be
useful towards proving this.

Remark 3.10. Suppose M; = (X;,d;, T;) N My = (Xoo,dooy To), and
x; € X; is a Cauchy sequence, can one prove that for any sequence of iso-
metric embeddings ¢} : M; — Z such that

dJZ?(@;‘#Ti, @go#Too) —0

we have a sequence of isometries F; : X; — X; such that ¢ (F;(x;)) converges
to some point z € Z,7 Can one prove that if the sequence is disappearing,
then z ¢ /(X ) and if the sequence has no limit in X, then z ¢ ¢/ (X))
regardless of the original choice of ;7 It is possible that Lemma below
could be applied to prove this.

4. Convergence of balls and spheres

In this section the following key lemma concerning the convergence of balls
and spheres is proven. It is an essential ingredient when trying to prove



1346 Christina Sormani

intrinsic flat limits are not the zero space or that points do not disappear.
See Remark It will be applied to prove Theorem Theorem [8.1], and
Example

Lemma4.1. IfM; = (X;,d;,Tj) = Moo = (Xoo, doo, Too) and pj — poo €

Xoo, then there exists a subsequence of M; also denoted M; such that for
almost every r > 0,

(119) S<pj7 7’) = (Set(Tj LB(pj,T’)), dj7 TJ LB(pj,T‘))
are integral current spaces for j € {1,2,...,00} and
(120) S(pj) = S(pocs1):

If p; are Cauchy with no limit in X then there exists § >0 such that
for almost every r € (0,9) such that S(pj,r) are integral current spaces for
je{1,2,...} and

(121) S(pj,r) -2+ 0.

If M; 750 then for almost every r and for all sequences p; one has (121)).

Example demonstrates why it is necessary to choose a subsequence.
Observe that this lemma does not require a uniform upper bound on volume
and boundary volume.

Remark 4.2. Some parts of this lemma appeared in a paper by the author
and Stefan Wenger in [39]. However a few mathematicians voiced concern
that in [39] we did not adequately address the changing basepoints p; # poo.
Here all details are provided.

Lemma [41] is now proven:
Proof. By Theorem and there exists a common complete metric
space, Z, and isometric embeddings, ¢; : X; — Z and ¢ : Xoo — Z, such
that
(122) ng#Tj - T = 8BJ =+ Aj
where A; € 1,,(Z) and B; € I,,11(Z) with

(123) M(A;) + M(B;) — 0
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and where

(124) T = @ooppToo € Ly,(Z) when My, # 0 and T'= 0 when My, = 0.
Since p; are Cauchy,

(125) zj = ¢;j(pj) = 20 € Z.

When p; — poo then 2o = ¢oo(Poo). Then for almost every r

(126) (0i#Ty) L B(zj,r) = 0T L B(pj, 7).
and
(127) TL B(250,7) = Yoot Too L B(Poo, ).

If p; has no limit in Xoo, then 200 & Poo(Xoo) and so there exists § > 0 such
that for all r < 6,

(128) B(z00,7) N oo (Xoo) = 0.
So
(129) TL B(zoo,7) = 0.

If M; N 0, then one has this as well without requiring r < 6.

So to prove the lemma in all cases one need only show that one can find
a subsequence of the M; also denoted M; such that for almost every r, the
S(pj,r) are integral current spaces and

(130) a7 (34 T3) L o7 (—00,7), T L p (—00,1) ) 0

where p;(2) = dz(zj, 2).
By Lemma [2.34] for almost every r these are integral current spaces.
Observe that by (122)), for almost every 7:

(131) (T L p; ' (—00,7) = TL p;t(—o00,r)
(132) = (OB;)Lp (=00, 1) + Aj L p7L(=00,7)

(133) =< Bj,—pj,—r >+ (BjLp; (—o0,7))

(134) + Ajl_pj_l(—oo,r).
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Thus d% (goj#Tj I_pj_l(—oo, ), Tl_pj_l(—oo, r)) <

(135) < fi(r) + M(Bj L p; ' (=00, 7)) + M(A4; L p; ' (—00,7))
(136) S fj(’r') +M(Bj) +M(Aj)

where

(137) fi(r) = M(< Bj, =pj, —r >).

By the Ambrosio-Kirchheim Slicing Theorem
as) [ porar= [ M(<Bypr )ar
(139) = M(B; L dp;) < Lip(p;)M(B;) < M(B;) — 0.

Since f; converge in L' to 0, there exists a subsequence, also denoted fi
such that for almost every r >0, f;(r) converge to 0 pointwise (c.f. [31]
Theorem 3.12).

Thus there is a subsequence such that for almost every r» > 0

(140) lim d% <<pj#Tj L p; H(—o0,7),TL p;t(—o0, r)) =0.
j—o0 J J
Next observe that the set

(141) K = (py!(=00.m) \ p(=00,m)) U (! (=00, ) \ 7 (=0, 7))

satisfies

(142) K C p(r— 65,7 +6;)
where

(143) 8; = dz(25, %00)-
Then

d% (Tl_p;l(—oo,r),Tl_p;}(—oo,r))
<M (TLp (=00,7) = TLp (—o0,7))
< M(TLK)
< |7 (o' (r = 85,7 + 65))
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Since lim;_,o 0; = 0, one has

(144) - lim [[T'] (pse (r = 0,7 +65)) = Jim Jlpoo T (b0 (r = 85,7+ 65))
(145) = [lpocx TI{r}

Since ||pooxT'|| is a finite measure on R, ||poxT||{r} = 0 except on a count-
able set of values of r. Thus, for almost every r,

(146) lim d%(TI_p{l(—oo,r),TLpgol(—oo,r)) = 0.

J]—00

Combining this with (140 one has (130 and the proof is complete. O

Example 4.3. There exists a sequence of Riemannian manifolds M diffeo-
morphic to a sphere with vol(M;) <V} such that M; —Z 0 but there exists

a Cauchy sequence p; € M; such that S(p;,r) does not have an intrinsic flat
limit for any r € (0, ).

Proof. Take the metric

(147) gj =dr* + f7(r)d6*  re[0,7]

with f;(0) =0, f;j(m) =0, f;(0) =1, fi(m) = —1 so that M; is a smooth
Riemannian manifold. Choose f; > 0 smooth on (0, 7) such that

(148) /O7T sz(r) dr — 0

and such that

(149)  fi(r) > 1 for r € [j mod 7,5 + 1/j mod 7] N (1/42, 7 — 1/5%)

and

(150) f;(r) < 1/ for r € [j +2/j mod 7,5 +3/§ mod 7] N (1/5%, 7 — 1/5%)

and f; smoothly decreasing in between. Since

2T
(151) Vol(M;) = 4m f7(r)ydr —0
0
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one has M; 74 0. Take p; to be the point where = 0. Suppose one has r’
such that the balls converge to the zero integral current space, S(p;, ") Z,

0, then the spheres also converge to the zero space, 0S(p;, ") 7.

However there exists a subsequence j' — oo such that r € [j' mod , 7 +
1/4' mod m]. On this set dS(pj-, r) is bi-Lipschitz close to a circle ST endowed
with the restricted metric from the disk. So

(152) 65(]9]/,7“) L <SlvdD27/ )
g1

Also useful for some applications is the following lemma:

Lemma 4.4. Let M; = (Xj,d;,T};) be precompact and let R > 0. Then one
has rescaled integral current spaces, M]’ = (Xj,d;/R,T}), one of which may
possibly be 0, and

(153) dr (M, My) < dr(M], My)R™(1 + R),
In particular taking almost any r = R € (0,9) and p; € X; one can rescale
(154) S(pj,’l“) = (Set(T‘jLB(pﬁr))vdjvT_’jl—B(pjvr))

by v to obtain

(155) S'(pj, 1) = (set(T; L B(p;,1)),d;/R,TjL B (pj,7))
and
(156) dr(S(p1,7),S(p2,7)) < dr(S'(p1,1), 5 (p2,1))r™ (1 4 9).

Proof. By the Theorem there exists isometric embeddings ¢; : X; — Z
(157) dz(pj(x), 0;(y))/R=dj(z,y)/R  Va,y € X;

and A € 1,,(Z), B € 1,,,11(Z) such that

(158) o1pTh — pauTh = A+ 0B

and

(159) dr (M}, M) = M(A) + M(B)
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where these masses are defined using dz/R. Then ¢;: X; — Z
(160) dz(pj(2),i(y)) = dj(z,y)  Vz,y e X;

and so by definition of intrinsic flat distance

(161) dr(My, My) < M'(4) + M'(B)

where these masses are defined using dz. Thus

(162) d]—‘(Ml,MQ) < M(A)Rm+M(B)Rm+1
(163) < (M(A) + M(B))R™(1 + R)
(164) < dr(M}, Mj)R™(1 + R).

It is easy to see this argument also works when My = 0 taking @ouTs =
0. O

5. Flat convergence to Gromov-Hausdorff convergence

In this subsection, Theorem is proven:

Theorem 5.1. If a sequence of precompact integral current spaces, M; =
(X, d;, T;), converges to a nonzero precompact integral current space, M =
(X,d,T), in the intrinsic flat sense, then there exists S; € I, (X'Z) such that
N; = (set (S;) ,d;) converges to (X, d) in the Gromov-Hausdorff sense

(165) dGH(NZ',M) —0

and

(166) lim inf M(S;) > M(M).
71— 00

When the M; are Riemannian manifolds, the N; can be taken to be settled
completions of open submanifolds of M;.

Remark 5.2. If in addition it is assumed that lim; o M(M;) = M(M),

then by (166)),
(167) lim M(set(T; — S;),d;, T; — Si) = 0.

i—00
In the Riemannian setting,

(168) lim Vol(M; \ N;) = 0.

1—00
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Remark 5.3. In Ilmanen’s example [39] of a sphere with increasingly many
splines, the S; may be chosen to be integration over the spherical part of
M; with balls around the tips removed. Then set(S;) are manifolds with
boundary converging to the sphere in the Gromov-Hausdorff and intrinsic
flat sense.

Remark 5.4. The precompactness of the limit integral current spaces is
necessary in this theorem because a noncompact limit space can never be the
Gromov-Hausdorff limit of precompact spaces. In fact there are sequences
of compact Riemannian manifolds, M;, whose intrinsic flat limit is an un-
bounded complete Riemannian manifold of finite volume [39][Ex A.10] and
another example of such spaces whose Intrinsic Flat limit is a bounded non-
compact integral current space [39][Ex A.11].

Remark 5.5. Gromov’s Compactness Theorem combined with Theorem [5.1]
implies that that any sequence of z; € N; C M; has a subsequence converging
to a point x in the metric completion of M. Other points need not have limit
points, as can be seen when the tips of thin splines disappear in the examples
from [39]. A more general Bolzano-Weierstrass Theorem precisely identifying
those points which do not disappear is proven later in Section [7] and in joint
work with Portegies appearing in [29].

Theorem [5.1] is now proven:

Proof. By Theorem [2.31]there exists a common metric space Z and isometric
embeddings ¢; : X; = Z and ¢ : X — Z such that

(169) ouT — pipTi = Us + 0V,

where m; = M (U;) + M (V;) — 0. So ¢;4T; converges in the flat and thus
the weak sense to pxT'.

Since M is precompact, ¢ (X) is precompact. Let p : Z — R be the dis-
tance function from ¢ (X).

By the Ambrosio-Kirchheim Slicing Theorem [Theorem applied to
f(s) = —p(s), one has

(170) Sie = 0ipTiLp~ ' ([0,€)) € Ln (2)

for almost every € > 0. Fix any such e.
Before choosing the S; mentioned in the statement of the theorem, one
may examine the mass of S; . and the Hausdorff distance between set(S;c)
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and ¢(X). Note that xT = oxT L p~1[0,€). So
(a7) 171 (p7 [0, €)) = M(T).
By lower semicontinuity of mass one has
(172) lim inf [|@ix T3] (o~ [0, €)) > [le4Tll(p™ [0, €))-
Combining this with and and the definition of liminf one has:
(173)  for a.e. € > 0 IN! € N such that M(S; () > M(T) —e Vi > N_.

To see that the Hausdorff distance between S; . and ¢(X) is small,

A7y (Sier p(X)) < 26,

first immediately observe that
(174) set(Sie) © Tu(p(X)) € Ta(o(X)).
One needs only show
(175) ¢ (X) C Toc(set (Sic))  Vi> Ne.
To prove ([175)), first note that for any x € X, one can let p, be the distance
function from ¢ (x). By the lower semicontinuity of mass of open sets one
has,
(176) lim inf {034 73| (0, [0, €)) > [l@4T|(p; [0, €)) > 0 Ve > 0.
Thus one has
(177) for a.e. € >0 AN, > N! s.t. pipTiL p;t[0,€) # 0 Vi > Ne .
Recall N! was defined in . Combining this with , and the fact that
(178) Pz '[0,€) = B(z,€) C p'[0,€) = Te(p(X))
one has

(179) Vo € X for a.e. € >0 IN., > N! and s; ., € set(S;) N B(p(x),¢€).
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By the precompactness of X, there is a finite € net, X, = {z1,...,2x} on
¢ (X) (i-e. the union of B(z;,€) contains X,). Define

(180) Ne =max {Nea, 1z € X} > N/
then taking s, := s ., € set (S;¢) we have
(181) Vo € Xdz; € Xc s.t. Vi > Ne s, € set (Sie) s.t. dz (sq,p(x)) < 2e.

So (|175]) has been proven.
Combining (175) with (174)), the Hausdorff distance satisfies

(182) df (set (Sie) ¢ (X)) <26 Vi> N

Recall the definition of S; as in the statement of the theorem. One must

prove (I65) and (T6G).

Let € — 0 be a decreasing sequence of € for which all these currents are
defined. Let Ny := N, . Let

(183) S; =T; €1, (X;) fori=1to N,

(184) Si = 04 Sier € L (X;) for i = N1 +1to N
and so on:

(185) Si = 04 Sie, € L (X;) for i = Nj+1 to Njy
Then by (182),

(186) d7 (pilset (Si)), ¢ (X)) < 2¢;.

This implies (165]).
By (173) and Ny = N, > N/ one has, one has

(187) M(S;) > M(T) — ¢,

which gives us (166]) and completes the proof of the theorem. O
Remark 5.6. One could construct a common metric space Z for Exam-
ples A.10 and A.11 of [39] and find S;. as in the above proof satisfying

(174). However, in that example, (175]) will fail to hold. This is where the
precompactness of the limit space is essential in the proof.
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Remark 5.7. Examples in [39] demonstrate that the metric space of a
current space need not be a length space. In general, when a sequence of
Riemannian manifolds converges in the intrinsic flat sense to an integral
current space it need not be a geodesic length space. If the set(S;) are length
spaces or approximate length spaces, then the limit current space is in fact
a length space. This occurs for example in Ilmanen’s example of [39]. It
also occurs whenever the Gromov-Hausdorff limits and flat limits of length
spaces agree. It might be interesting to develop a notion of an approximate
length space that suffices to give a geodesic limit space. What properties
must hold on M; to guarantee that their limit is a geodesic length space?

Remark 5.8. It is not immediately clear whether the integral current
spaces, N;, constructed in the proof of Theorem actually converge in
the intrinsic flat sense to M. One expects an extra assumption on total
mass would be needed to interchange between flat and weak convergence,
but even so it is not completely clear. One would need to uniformly control
the masses of ON; using a common upper bound on M(NN) which can be
done using theorems in Section 5 of [2], but is highly technical. It is only
worth investigating if one has an application in mind.

6. Arzela-Ascoli theorem for equicontinuous functions
In this section we prove Theorems [6.1] and See also Remark

Theorem 6.1. Fix K > 0. Suppose M; = (X;,d;, T;) are integral current
spaces fori € {1,2,...,00} and M; N My and F; : X; — W are Lipschitz
maps into a compact metric space W with

(188) Lip(F;) < K,

then a subsequence converges to a Lipschitz map Fuo @ Xoo — W with
(189) Lip(Fx) < K.

More specifically, there exists isometric embeddings of the subsequence, @; :
X; — Z, such that dlzw(goi#ﬂ,gooo#Too) — 0 and for any sequence x; € X;

converging to x € Xoo aS in

(190) dz(pi(:), poo(x)) — 0,
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one has converging images,
(191) dw(FZ(CL'Z),FOO(w)) — 0.

This theorem is an immediate consequence of the following more general
theorem which is proven using only Theorem and Lemma (3.4

Theorem 6.2. Suppose M; = (X;,d;,T;) are integral current spaces with

F . GH
M; — M, suppose Y; are compact metric spaces where Y; — Yoo, and
suppose f; : X; — Y, are equicontinuous maps satisfying,

(192) dx, (r,2) < = dyj(fj(x),fj(x')) < €(9)

for some function such that lims_,g€e(d) = 0. Then a subsequence converges
to a map foo : Xoo — Yoo satisfying with the same function €(3). More
specifically, there exists isometric embeddings of the subsequence, @; : X; —
Z, and ;1 Y; — W such that

(193) AT SR
and

(194) aff (1Y) oY) ) 0
such that

(195) dz (ei(@), 9 (@) = 0,
implies

(196) dw (V3 fil@0)), Yoo (foo(@))) = 0.

Proof. By Theorem J; : X; — Z satisfying . By Gromov’s Em-
bedding Theorem (cf. Theorem , d; 1 Y; = W with W compact such
that holds. Take any poo € Xoo. By Lemma there exists p; € X;
such that lim; o0 ©i(Pi) = Yoo (Peo)- Since Y5 (fi(p;)) € W and W is compact,
there is a subsequence which converges to some w € W.
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We claim weo € 1o0(Yoo). If not, then there exists r > 0 such that
(197) B(Weo, ) N oo (Yoo) = 0.
Then for j large

(198) B("/’j(fj(pj))’r/z) N ,QDOO(YOO) =0

which implies that

(199) dH(wj(}/})vwoo(YOO)> 2 T/27

which is a contradiction.

Thus we have a point we call fo(poo) € Yoo such that oo (foo(Peo)) =
Weo- Applying a diagonalization process to choose a subsequence, we have
thus defined foo : Xog C Xoo — Yo satisfying . Extending this function
continuously to foo : Xoo — Yoo, it still satisfies .

To see that implies , consider x; € X satisfying . Taking
Poo = Zo as in the top of the proof, there exists p; € X; such that ¢;(p;) —
ono(poo) and wj(fj (pj)) - woo(foo(poo)) Observe that

(200)dx;, (z5,p;) = dz(e;(z;),05(ps))
(201) dz(j(x5); Poo(Too)) + dz(Yoo(Teo), 95 (Ps)) — 0.

IN

For any € > 0 take 6. sufficiently small that €(d.) < € and j sufficiently large
that dx(z;,p;) < dc of (192)), then

(202) D= lim dw (45(5(25)); Yoo (foo(20))
Jj—oo

(203) < lim diy (515 (2). ¥ (f5(09)))
o dw (35 (F5 (1)), Yo (o))
(204) = lim dy, (£5(x). £50)) + (0515 (1). Yo (Frc )
(205) <e+0 Ve > 0.
Thus 5(£;(27)) = oo(foc (70)). -

Remark 6.3. If we allow both Xj; L X and Y; i) Y in the above theo-
rem statements, then they are false. For example, one may have a sequence of
compact connected manifolds, Y;, which converge in the intrinsic flat sense to
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a compact metric space, Y, that is not connected [39]. In that setting one has
a sequence of Lipschitz maps which are unit speed geodesics, F; : [0,1] — Y;

where Y; 25 Y with no limiting function F': [0,1] — Y. One key step in the
proof above where we used the Gromov-Hausdorff convergence of the target
spaces was in . It is also crucial that the Gromov Embedding Theo-
rem produces a common compact metric space W. The Ilmanen Example
in [39] shows that F converging sequences may be impossible to embed in a
common compact metric space.

7. Basic Bolzano-Weierstrass theorem

In this section, Theorem is proven. Recall Lemma [2.34] states that for
almost every radius S(p,r) of is an integral current space. Recall also
that, like any integral current space, dz(S(p,r),0) =0 iff S(p,r) =0 [3§].
If one considers a sequence of integral current spaces, M; with points p;,
then for almost every r, S(p;,r) is an integral current space for all i in
the sequence. In this basic Bolzano-Weierstrass Theorem one assumes these
S(pi,r) are kept a definite distance away from 0 where this distance depends
upon on the radius. A different Bolzano-Weierstrass Theorem which involves
the Gromov Filling Volume appears in [29].

Theorem 7.1. Suppose M = (X;,d;, T;) are integral current spaces which
converge in the intrinsic flat sense to a nonzero integral current space M2} =
(Xoosdoo, To). Suppose there exists g > 0, a positive function h : (0,79) —
(0,70), and a sequence p; € M; such that for almost every r € (0,79)
(206) liminf d7(S(pi,7),0) > h(r) > 0.

1—00
Then there exists a subsequence, also denoted M;, such that p; converges to
Poo € Xoo-

Remark 7.2. Note that M; and M., are not required to be precompact.
The M; are not required to have uniformly bounded mass or volume. The
key hypothesis is that the M; N My, and that My has finite mass. For
this reason there is not enough room to fit too many balls of mass h(r) in
M. This allows us to produce a converging subsequence in the style of a
classical Bolzano-Weierstrass Theorem.

Remark 7.3. It is possible that po, ¢ Xoo as can be seen by taking all
the M; = My a manifold M with a cusp singularity at p., so that M., =
M \ ps and p; a sequence of points approaching peo.
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Proof. By Theorem there exists a common metric space Z and isometric
embeddings ¢; : X; — Z and ¢ : Xoo — Z such that

(207) 0juTi — pooyT = 0B; + A;j

where A; € 1,(Z) and Bj € 1,,41(Z) with

(208) M(A;) +M(B;) =0
and where
(209) T = poopptToo € L(Z).

One needs only show that a subsequence of ¢;(p;) is a Cauchy sequence.
Once this is done, one can apply Lemma to the subsequence. In that
lemma, it is shown that a Cauchy sequence, p;, converges to poe € Xoo unless
there is a radius r sufficiently small that S(p;,r) 25 0. Since this is not
allowed by the hypothesis of the theorem being proven, one sees that the
subsequence converges to pos € Xoo as desired.

So one needs only prove that a subsequence p;(p;) converges in Z. This
is not immediate because Z is only complete and need not be compact.

Assume on the contrary that

(210) 35 > 0 s.t. dz((pi<pi),g0j(pj)) > 1) Vi,j € N.

Let pi(x) = dz(vi(p:), ), then for almost every r € (0,79) N (0,4/2),

(211) p; H(—o0,7) N p}l(—oo,r) =0 Vi jeN
Now

(212) (i Ti) L p; (—00,7) = oot Too L p; (=00, 7)
@13) = (@B)L gy (—o0r) + Asp; ! (~o0rr)

(214) =< Bi, p;,r > +0 (Bi ijfl(—oo,r))

(215) + A; I_pj_l(—oo,r).

(216) < fij(r) + M(B; L p; ' (—00,7)) + M(A; L p; (=00, 7))
(217) < fij(T‘) + M(BZ) + M(Al)
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where

(218) fij(r) = M(< BZ‘, pPjsT >).

By the Ambrosio-Kirchheim Slicing Theorem, for fixed j € N,

(219) / fij(r) dr = / M(< Bi,p]’,T >) dr

(220) — M(B;i L dp;) < Lip(p;)M(B;) < M(B,)

which converges to 0 as ¢ — co. Thus for fixed j and almost every r there is a
subsequence i’ — oo such that lim;_,« fi;(r) = 0 pointwise. Diagonalizing,
there is a subsequence 7" such that for all j, lim;_,+ fi;(r) = 0 pointwise.

Thus for almost every r € (0,79) N (0,d/2), there is a subsequence 7"
such that for all j € N,

(221) d% (gpi,,#Tiu ij._l(—oo, 7, Poott Too I_pj_l(—oo, r)) — 0

Since the balls are disjoint,

N
(222) M(T.) > Y M (%O#Too L p; (=0, r)) .
j=1
Thus
(223) lim sup M (cpoo#Too L ,Oj_l(—oo7 r)) =0.
j—00
So
(224) lim sup d% (cpoo#Too I_p;l(—oo, ), O) =0.
j—00

In particular, for j sufficiently large

(225) d% (gooo#Too Lp]-_l(—oo, ), 0) < h(r)/2.
Combining this with (221)), for 7 sufficiently large

(226) dr (S(py,7),0) < d% (goZ#Tl I_pj_l(—oo,r),0> < h(r)/2

which contradicts the hypothesis. Thus there is a subsequence ¢;(p;) which
converges to some point z,, € Z exactly as needed. O
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8. Limits of uniformly local isometries

In this section we prove an Arzela-Ascoli Theorem which allows both the
domain and the target spaces to converge in the intrinsic flat sense. This
theorem applies to sequences of oriented Riemannian manifolds M; with

(227) Vol(M;) <V; and Vol(0M;) < A;

and functions F; : M; — M/ which are orientation preserving local isometries
that are isometries on balls of a fixed radius, 6 > 0 which is uniform for the
sequence.

Theorem 8.1. Let M; = (X;,d;, T;) and M = (X!, d},T}) be integral cur-
rent spaces such that

(228) M; L5 My and ML M.

Fiz 6 > 0. Let F; : M; — M] be continuous maps which are current pre-
serving isometries on balls of radius & in the sense that:

(229) Vo € X;, F;: B(x,8) — B(F;(z),6) is an isometry
and
(230)  Fu(TyL B(z,r)) =T]L B(F(z),r) for almost every r € (0,9).

Then, when My # 0, one has M., # 0 and there is a subsequence, also
denoted F;, which converges to a (surjective) local isometry

(231) Foo: Xoo = XL

To be more precise, there exists isometric embeddings of the subsequence
i X; = Z and ¢, : X! — Z', such that

(232) A7 (s Ty, PootToc) = 0 and  df (Piy T}, pheuTh) — 0

such that for any sequence x; € X; converging to x € Xoo as in

(233) lim p;(x;) = poo(x) € Z,
71— 00
one has
(234) lim @} (F(2:)) = ¢ (Foo(To0)) € Z'.

1—00
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When Mo = 0 and F; are surjective, one has M. = 0.

Remark 8.2. Example describes the necessity of the uniformity con-

dition (229) in Theorem

Remark 8.3. It may be possible to prove that the limit map here is also
current preserving on balls of radius less than . This is technical and not
needed for present applications but might be an interesting investigation in
the future.

Remark 8.4. It may be possible to prove a similar theorem replacing
the surjective uniformly local isometries with surjective uniformly local uni-
formly bi-Lipschitz maps but the proof would be fairly technical and there
is no immediate application for this at this time.

Theorem [8.1] is now proven:

Proof. By Theorem there exists ¢; : M; — Z such that
(235) A (pinTi, PoopToo) = 0

and ¢, : M — Z' such that

(236) A7 (9T, P Th) = 0.

Assuming M!_ # 0, one must first find a subsequence and construct the
limit function F : P — X/ satisfying (234) for all p € P where P is a
countably dense collection of points in X .

Take any p € P. Recall S(p,r) = (set(To L B(p,7)), dso, Tso L B(p, 7)) is
defined for almost every r. Since p € X, and X, = set(To),

(237) liminf M(S(p,r))/r™ = liminf ||T||(B(p,7))/r™ > 0.
r—0 r—0
In particular

(238) S(p,r) # 0.

By Lemma [3.4] there exists p; € X; such that

(239) Bm ¢i(pi) = oo (p)-
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By Lemma for almost every ro, > 0, there is a subsequence (also denoted
i) such that

(240) dr (S(piyTe0), S(p,700)) — 0.

Taking 7o < 6§, applying (230]) one has

(241) FiyS(pires) = S(p}, mo0) Where p; = F;(p;)
SO
(242) dr (S(p;,roo),S(p,Too)) — 0.

Combining via the triangle inequality with (238)),

(243) liminf dz (S(p}, 7),0) > 0.

1—00
Thus applying the basic Bolzano-Weierstrass Theorem [Theorem to
S(pl,r), one sees that there is a po, € X/ and a further subsequence (also
denoted 7) such that p, — p/_ in the sense that

(244) ©i(p}) = P (pl) € Z'.

Define Fo(p) = Poo-

Repeat this process to choose subsequences and po, for each p in the
countable collection P C X . Diagonalize to obtain the subsequence in that
statement of the theorem (also denoted M;). Thus F : P — X/_ is defined
such that

(245) Yoo (Foo(p)) = lim @i (Fi(pi)) € Z".

i—00

To see that F is distance preserving for any p, ¢ in a ball of radius J in X:

(246) dx (Foo(P); Fo(q)) = dz/ (oo(Foo(P)); oo (Foo(q)))
(247) = Zliglo dz (Oi(Fs(pi)), ¢i(Fi(a)))
(248) = lim dz (i(pi), vi(4i))

(249) = dz(Poo(P); Poo(q)) = dx. (P, @)-

In particular F': P — X’C’)Oi is continuous and can be extended to the metric
completion, Fy, : Xoo — X/, which is an isometry on balls of radius .
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To see that (233]) implies (234)), consider x; € X; satisfying (233|). Taking

Poo = Too aS in the top of the proof where we define Fi, there exists p; € X;
such that ¢;(pi) = Yoo(Poo) With ¢} (Fi(pi)) = ¢oe(Fiao(poo)). Let
(250) D; = dz (¢i(Fi(2:)), Poo(Foc(T0)))

then we have (233)) as follows:

(251)  lim D; < lim dz (@i (Fixs)), i (Fi(p:)))

(252) = lim dx/(Fi(xi), Fi(p:))

(253) = lim dx, (zi,pi)

(254) = lim dz(pi(z:), pi(pi)

(255) < lim dz(pi(2i), poo(tos)) + dz(¢oo (o), ¢ilpi)) = 0.

To see that F is surjective when F; are surjective, take any = € X/_.
SO

(256) lim inf M(S(x,r))/r™ > 0.
r—0
In particular
(257) Ir, >0 s.t. S(z,r)#0 a.e. r <7y
By Lemma there exists z; € X] such that
lim @;(z;) = ol (2)
1— 00

and by Lemma for almost every r > 0 there is a subsequence (also
denoted i) such that

(258) dr(S(xi,r),S(x,7)) — 0.

Since F; are surjective, there exists p; € X; such that F;(p;) = z;. However,
for almost every r < 4,

(259) FiyS(pi,r) = S(zi,r)
SO

(260) dr(S(pi,r),S(x,r)) — 0.
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and

(261) liminf d7(S(pi,r),0) = h(r) > 0.
1—00
Thus applying the basic Bolzano-Weierstrass Theorem [Theorem , there

is a further subsequence of the p; which converges to a ps, € Xoo. To see
that Fio(poo) = x observe that

(262) oo (Foo(Poc)) = lim i(Ei(pi))
(263) = lim () = poo(@0)-

Now suppose My, = 0. One needs only show that M/ = 0. If not there
exists € X/ such that (256))-(261) hold. However by Lemma

(264) lim dz(S(pi,r),0) =0

1—00
which contradicts (261)). O

Example 8.5. The hypothesis that a uniform § > 0 exists such that
holds is necessary. This can be seen by taking M; to be standard flat 1 x 1
tori and M/ to be flat 1 x (1/1) tori. Let F; : M; — M/ be the i fold covering
maps which are surjective local isometries on balls of radius ¢; = 1/(2i).
Then M; converges in the intrinsic flat sense to a standard flat torus while
M! converges in the intrinsic flat sense to the 0 integral current space. Thus
there cannot be any limit map F.

9. Example with no intrinsic flat limit

The theorems in this paper may be applied to prove certain sequences of
Riemannian manifolds do not converge or converge to specific Riemannian
manifolds. One such example is provided here. Further examples will appear
in joint work with Basilio [3].

Example 9.1. There exists a sequence of smooth Riemannian manifolds
with boundary with constant sectional curvature such that Vol,,_1(0M j) <
A, Diam(M;) < Dg such that no subsequence converges in the intrinsic flat
or Gromov-Hausdorff sense not even to 0.
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Proof. Let M; be the j fold covering space of

(265) Nj =S\ (By. (1/4) U By_(1/))

where S? is endowed with the standard metric tensor gs» which is lifted to
M; and py and p_ are opposite poles. Let d; be the length metric on M;
defined by this metric tensor.

Then
(266) Diam(M;) <7+ j2n(1/j) + 7 =4n
and
(267) Vol,;,—1(0M;) < j Vol,,—1(ON;) < j2(2n/j) = 4n
but
(268) tim YO ) _ Vol(N;) = Vol(S?) = 4r.
j—o0 J j—o0

Suppose on the contrary that a subsequence converges M;/ N Moo
Case I. M, = 0. If so, then by Lemma any sequence ¢; € M, and

almost every r > 0, there is a subsequence S(g;~,7) 75 0. Take g; lying on
the equator and choose an r < 1/2. Then by the convexity of balls one has

(269) Slgj.7) = (B(po,r),dsz,/B( ))
Po,T

are all isometric to one another. Thus they do not converge to 0 and there
is a contradiction.
Case II: M, # 0. Let x;1,2;2,...,2;; lie on the equator of X; so that

(270) dx, (i, i) > Vi, k€ {1,2,...,75}.

Observe also that B(x;,7/4) are disjoint and are all isometric to a ball
B(z,m/4) in a standard sphere. Thus

(271) dr(S(zjk,m/4),S(x,m/4)) =0 Vk e {1,2,...,75}.
and

(272) dr(S(z;k,7/4),0) = ho = dr(S(z,7/4),0) >0  VEk e {1,2,...,j}.
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Applying Theorem there is a subsequence of each ;) must converge
to some zj, € X. Diagonalizing, there is a subsequence (also denoted ;)
such that x;j — x;, for all k: so that

(273) dx_(zg,xp) > m

so that B(x;,m/4) are disjoint. Applying Lemma

(274) i dr (S 7/4), 80, 7/4) = 0.
and so
(275) dr(S(zk,m/4),S(z,m/4)) =0.

Thus M contains infinitely many balls of the same mass, which contradicts
the fact that M(7T) is finite. O

10. Applications

In this section, we describe some existing and potential applications for the
results in this paper.

Remark 10.1. In [5], Burago and Ivanov prove that the volume growth of
the universal cover of a Riemannian manifold homeomorphic to a torus is at
least that of Euclidean space. If it is exactly equal, then they have a rigidity
theorem stating that the Riemannian manifold is flat. Theorem may
be useful in the study of questions arising in Gromov’s work [14] analyzing
the almost rigidity of Burago-Ivanov’s Theorem (where the volume growth is
close to that of Euclidean space). Examples related to this question applying
Theorem will appear in upcoming work of the author with her doctoral
student, Jorge Basilio [3].

Remark 10.2. Theorem should be useful when wishing to study limits
of covering maps and analyzing the existence of a universal cover of an
intrinsic flat limit. Recall that in joint work with Guofang Wei, the author
has conducted such an analysis of Gromov-Hausdorff limits [35]. Zahra Sinaei
and the author have completed applications in this direction in [33]. More
work may be done in this direction.

Remark 10.3. Theorem [R.1]should also be useful when studying how cov-
ering spectra behave under intrinsic flat convergence. See joint work of the
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author with Guofang Wei in which it was shown that covering spectra be-
have continuously under Gromov-Hausdorff convergence [36]. Zahra Sinaei
and the author have completed applications in this direction in [33], but
more work may be done in this direction as well.

Remark 10.4. Theorem may possibly be applied to study the limits of
harmonic functions, eigenfunctions and heat kernels. Recall that Cheeger-
Colding proved the convergence of eigenfunctions and eigenvalues when the
Riemannian manifolds are converging in the measured Gromov-Hausdorff
sense with a uniform lower bound on Ricci curvature [7]. Ding has proved the
convergence of heat kernels in this setting [9]. Building on work of Fukaya
[11], Sinaei has proven the convergence of harmonic maps in this setting
with additional conditions [32]. Portegies has shown that eigenvalues need
not converge when one only has intrinsic flat convergence without a vol-
ume bound, but building on work of Fukaya [I1] has shown the eigenvalues
semiconverge as long as the volume converges [30]. It would be interesting to
examine what happens to the eigenfunctions and heat kernels in this setting.

Remark 10.5. Under certain conditions one may prove intrinsic flat and
Gromov-Hausdorff limits of noncollapsing sequences of manifolds agree by
demonstrating that no points disappear in the limit. For example in [3§],
the author and Wenger proved that these limits agree when the sequence
of manifolds has nonnegative Ricci curvature and no boundary. In that pa-
per, Gromov’s filling volumes and a contractibility theorem of Perelman
was required to complete the argument. The theorems in this paper enable
mathematicians to control the disappearance of points without using such
powerful theorems. These theorems are applied by Munn to prove JF and
G H limits agree for noncollapsing sequences with two sided Ricci curvature
bounds in [24] and by Matveev-Portegies to prove these results for sequences
with uniform lower Ricci curvature bounds in [23]. Perales has applied these
theorems to study noncollapsing sequences of manifolds with boundary and
various curvature bounds in [25]. In joint work with Li, Perales has applied
these theorems to Alexandrov spaces in [22], It would be interesting to study
the limits of sequences of spaces with RCD bounds as in Ambrosio-Gigli-
Savare [I] or integral Ricci curvature bounds as in Petersen-Wei [28§].

Remark 10.6. In joint work with Dan Lee [20], it has been conjectured
that sequences of manifolds with nonnegative scalar curvature and no inte-
rior minimal surfaces whose ADM mass converges to 0 must converge in the
pointed intrinsic flat sense to Euclidean space. The conjecture is proven in



Intrinsic flat Arzela-Ascoli theorems 1369

that paper in the rotationally symmetric case. In [16], Huang, Lee and the
author have applied the Arzela-Ascoli theorems from this paper to prove
this conjecture when the manifolds are graphs satisfying various technical
conditions. One should be able to apply these theorems towards proving this
conjecture in far more general settings.

Remark 10.7. It can be very difficult to prove a sequence of manifolds
converges in the intrinsic flat sense to a particular limit. In the original pa-
per introducing intrinsic flat convergence [39], the author and Stefan Wenger
had to construct sequences of filling manifolds explicitly to prove these ex-
amples converged. In joint work of the author with Sajjad Lakzian, theo-
rems were proven to allow one to construct intrinsic flat limits as long as
the manifolds were converging smoothly on sufficiently nice subregions [19].
Additional such theorems were proven by Lakzian in [I7] and applied to
Ricci flow through singularities by Lakzian in [18]. Theorem may now
be applied to prove sequences converge in the intrinsic flat sense to limits
even when there is no smooth convergence anywhere. In joint work of the
author with Jorge Basilio [3], Theorem is applied to prove a collection of
examples of sequences of manifolds with nonnegative scalar curvature that
have surprising limits.

Remark 10.8. In joint work of the author with LeFloch [21] it is proven
that sequences of rotationally symmetric regions with nonnegative scalar
curvature, no interior minimal surfaces and uniformly bounded Hawking
mass have subsequences which converge in the Intrinsic Flat sense. The
proof consists of first proving a Sobolev limit of the metric tensors exist for
a well chosen gauge and then showing the sequence converges in the intrinsic
flat sense to the Sobolev limit. In order to extend this relationship between
Sobolev limits and intrinsic flat limits to the nonrotationally symmetric
setting, one may try to apply theorems from this paper in the same way
that they are being applied as described in Remark

Remark 10.9. In early work, the author studied the stability of the space-
like Friedmann model of cosmology using the Gromov-Hausdorff distance
[34]. The Arzela-Ascoli Theorem for Gromov-Hausdorff convergence was a
key ingredient in this work. In order to apply Gromov-Hausdorff conver-
gence, one could not allow the universes under consideration to develop
thin deep wells. However in work with Dan Lee [20], it is seen that thin
deep gravity wells naturally occur even in regions of small mass. In order
to study the stability of the spacelike Friedmann model of cosmology in a
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way which permits thin deep gravity wells, one needs to use the intrinsic
flat distance (otherwise there are counterexamples). The new Arzela-Ascoli
Theorems provided in this paper should now allow one to extend the tech-
niques in [34] to prove a new intrinsic flat stability theorem for the spacelike
Friedmann model which allows for gravity wells.

If a reader is interested in studying any of these questions, please contact
the author. More details can be provided and the author can coordinate the
research of those working on these problems. Funding to visit the author
may be available.

References

[1] L. Ambrosio, N. Gigli, and G. Savaré, Metric measure spaces with
Riemannian Ricci curvature bounded from below, Duke Math. J. 163
(2014), no. 7, 1405-1490.

[2] L. Ambrosio and B. Kirchheim, Currents in metric spaces, Acta Math.
185 (2000), no. 1, 1-80.

[3] J. Basilio and C. Sormani, Sequences of three-dimensional manifolds
with positive scalar curvature, preprint to appear (2016).

[4] D. Burago, Y. Burago, and S. Ivanov, A Course in Metric Geometry,
Vol. 33 of Graduate Studies in Mathematics, American Mathematical
Society, Providence, RI (2001), ISBN 0-8218-2129-6.

[5] D. Burago and S. Ivanov, On asymptotic volume of tori, Geom. Funct.
Anal. 5 (1995), no. 5, 800-808.

[6] J. Cheeger and T. H. Colding, On the structure of spaces with Ricci
curvature bounded below. I, J. Differential Geom. 46 (1997), no. 3, 406—
480.

[7] J. Cheeger and T. H. Colding, On the structure of spaces with Ricci
curvature bounded below. III, J. Differential Geom. 54 (2000), no. 1,
37-74.

[8] J. Cheeger and A. Naber, Lower bounds on Ricci curvature and quan-
titative behavior of singular sets, Invent. Math. 191 (2013), no. 2, 321—
339.

9] Y. Ding, Heat kernels and Green’s functions on limit spaces, Comm.
Anal. Geom. 10 (2002), no. 3, 475-514.



Intrinsic flat Arzela-Ascoli theorems 1371

[10] H. Federer and W. H. Fleming, Normal and integral currents, Ann. of
Math. (2) 72 (1960) 458-520.

[11] K. Fukaya, Collapsing of Riemannian manifolds and eigenvalues of
Laplace operator, Invent. Math. 87 (1987), no. 3, 517-547.

[12] M. Gromov, Groups of polynomial growth and expanding maps, Inst.
Hautes Etudes Sci. Publ. Math. (1981), no. 53, 53-73.

[13] M. Gromov, Metric Structures for Riemannian and Non-Riemannian
Spaces, Vol. 152 of Progress in Mathematics, Birkhauser Boston Inc.,
Boston, MA (1999), ISBN 0-8176-3898-9. Based on the 1981 French
original [ MR0682063 (85e:53051)], With appendices by M. Katz,
P. Pansu and S. Semmes, Translated from the French by Sean Michael
Bates.

[14] M. Gromov, Hilbert volume in metric spaces. Part 1, Cent. Eur. J.
Math. 10 (2012), no. 2, 371-400.

[15] K. Grove and P. Petersen, Manifolds near the boundary of existence, J.
Differential Geom. 33 (1991), no. 2, 379-394.

[16] L.-H. Huang, D. Lee, and C. Sormani, Stability of the positive mass the-
orem for graphical hypersurfaces of Euclidean space, to appear Journal
fur die Riene und Angewandte Mathematik (2016).

[17] S. Lakzian, Diameter controls and smooth convergence away from sin-
gular sets, arXiv:1210.0957, (2012).

[18] S. Lakzian, Intrinsic flat continuity of Ricci flow through meckpinch
singularities, Geom. Dedicata 179 (2015), 69-89.

[19] S. Lakzian and C. Sormani, Smooth convergence away from singular
sets, Comm. Anal. Geom. 21 (2013), no. 1, 39-104.

[20] D. A. Lee and C. Sormani, Stability of the Positive Mass Theorem for
Rotationally Symmetric Riemannian Manifolds, Journal fur die Riene
und Angewandte Mathematik (Crelle’s Journal) 686 (2014).

[21] P. G. LeFloch and C. Sormani, The nonlinear stability of rotationally
symmetric spaces with low reqularity, J. Funct. Anal. 268 (2015), no. 7,
2005-2065.

[22] N. Li and R. Perales, On the Sormani- Wenger intrinsic flat convergence
of Alexandrov spaces, arXiv:1411.6854, (2015).



1372 Christina Sormani

[23] R. Matveev and J. Portegies, Intrinsic flat and Gromov-Hausdorff con-
vergence of manifolds with Ricci curvature bounded below, arXiv:1510.
07547, (2015).

[24] M. Munn, Intrinsic flat convergence with bounded Ricci curvature,
arXiv:1405.3313, (2014).

[25] R. Perales, Convergence of manifolds and metric spaces with boundary,
arXiv:math/1505.01792, (2015).

[26] R. Perales, Volumes and limits of manifolds with ricci curvature and
mean curvature bounds, arXiv:math/1404.0560, (2015).

[27] G. Perelman, Ricci flow with surgery on three-manifolds, arXiv:math/
0303109, (2003).

[28] P. Petersen and G. Wei, Analysis and geometry on manifolds with in-
tegral Ricci curvature bounds. II, Trans. Amer. Math. Soc. 353 (2001),
no. 2, 457-478.

[29] J. Portegies and C. Sormani, Properties of the Intrinsic Flat Distance,
arXiv:1210.3895, (2014).

[30] J. W. Portegies, Semicontinuity of eigenvalues under intrinsic flat con-
vergence, Calc. Var. Partial Differential Equations 54 (2015), no. 2,
1725-1766.

[31] W. Rudin, Real and Complex Analysis, McGraw-Hill Book Co., New
York, third edition (1987), ISBN 0-07-054234-1.

[32] Z. Sinaei, Convergence of harmonic maps, J. Geom. Anal. 26 (2016),
no. 1, 529-556.

[33] Z. Sinaei and C. Sormani, Limits of covering spaces under intrinsic flat
convergence, to appear in Geometriae Dedicata (2016).

[34] C. Sormani, Friedmann cosmology and almost isotropy, Geom. Funct.
Anal. 14 (2004), no. 4, 853-912.

[35] C. Sormani and G. Wei, Hausdorff convergence and universal covers,
Trans. Amer. Math. Soc. 353 (2001), no. 9, 3585-3602 (electronic).

[36] C. Sormani and G. Wei, The covering spectrum of a compact length
space, J. Differential Geom. 67 (2004), no. 1, 35-77.

[37] C. Sormani and G. Wei, Universal covers for Hausdorff limits of non-
compact spaces, Trans. Amer. Math. Soc. 356 (2004), no. 3, 1233-1270
(electronic).



Intrinsic flat Arzela-Ascoli theorems 1373

[38] C. Sormani and S. Wenger, Weak Convergence and cancellation, ap-
pendiz by Raanan Schul and Stefan Wenger, Calculus of Variations
and Partial Differential Equations 38 (2010), no. 1-2.

[39] C. Sormani and S. Wenger, Intrinsic flat convergence of manifolds
and other integral current spaces, Journal of Differential Geometry 87
(2011).

[40] S. Wenger, Flat convergence for integral currents in metric spaces, Calc.
Var. Partial Differential Equations 28 (2007), no. 2, 139-160.

[41] S. Wenger, Compactness for manifolds and integral currents with
bounded diameter and volume, Calculus of Variations and Partial Dif-
ferential Equations 40 (2011), no. 3-4, 423-448.

[42] H. Whitney, Geometric Integration Theory, Princeton University Press,
Princeton, N.J. (1957).

CUNY GRADUATE CENTER AND LEHMAN COLLEGE
365 FIriTH AVENUE, NY 10016, USA

E-mail address: sormanic@gmail.com

RECEIVED APRIL 24, 2015






	Introduction
	Background
	Converging points and diameters
	Convergence of balls and spheres
	Flat convergence to Gromov-Hausdorff convergence
	Arzela-Ascoli theorem for equicontinuous functions
	Basic Bolzano-Weierstrass theorem
	Limits of uniformly local isometries
	Example with no intrinsic flat limit
	Applications
	References

