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Laplacian flow for closed Gs structures:
real analyticity

JASON D. LoTAY AND YONG WEI

Let o(t),t € [0,Tp] be a solution to the Laplacian flow for closed
G structures on a compact 7-manifold M. We show that for each
fixed time t € (0, Tp], (M, ¢(t),g(t)) is real analytic, where g(t) is
the metric induced by ¢(t). Consequently, any Laplacian soliton
is real analytic and we obtain unique continuation results for the

flow.
[1__Introduction| 73
5 Prelinnnan 76
[3 Criterion for a (G2 structure to be real analytic] 80
[4 Laplacian flow and evolution equations| 83
[5 (lobal real analyticity| 88
[6 Local real analyticity| 103
[References| 108

1. Introduction

Let M be a compact 7-manifold and let g be a closed Gg structure on M.
We consider solutions ¢(t),t € [0,Tp], to the Laplacian flow for closed Ga
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structures:
2o =N,
(1.1) dp =0,
90(0) = ¥0,

where A, = dd*¢ + d*dy is the Hodge Laplacian of ¢(t) with respect to
the metric g(t) determined by ¢(t).

The flow was introduced by Bryant (see [2, §5]) as a potential way
to study the challenging problem of existence of torsion-free Go structures
and thus Ricci-flat metrics with exceptional holonomy Gs, since stationary
points of the flow are the G structures ¢ satisfying dy = d*p = 0, which
is the torsion-free condition. (Although this statement about the stationary
points is true for compact manifolds by integration by parts, we gave an
alternative argument in [I3] which shows that stationary points of the flow
are always torsion-free, even in the non-compact setting.) Moreover, the flow
moves within the cohomology class of ¢ and has a variational interpretation
due to Hitchin [4, 9]. The primary goal in the field is to find conditions on
an initial closed Go structure g such that the flow will exist for all
time and converge to a torsion-free Go structure. Situations under which
this occurs were proved by the authors in [14].

As M is compact, the Laplacian flow starting from any closed Go struc-
ture ¢ is guaranteed to have a unique solution ¢(t) for a short time ¢ € [0, €),
where € depends on ¢q (see [2,4]). In our previous papers [13][14], we studied
various foundational analytical and geometric properties of the flow ,
including Shi-type derivative estimates, uniqueness theorems, compactness
results, soliton solutions, long-time existence results and stability of torsion-
free Go structures along the flow.

On the face of it these analytic results are somewhat surprising because
the velocity of the flow is defined by the Hodge Laplacian, which we
would usually think of as a positive operator, and thus the flow appears to
look like a backwards heat equation. In spite of this, the Laplacian flow is
actually weakly parabolic in a certain non-standard sense: it is parabolic
in the direction of closed forms, modulo the action of diffeomorphisms. It
is this fact that enables the analysis of the flow to proceed. The reader is
referred to [I3] [14] for more detailed information about the Laplacian flow.

In this paper, we continue to analyze the Laplacian flow and inves-
tigate the regularity of the solution ¢(t) for each positive time ¢t. Our main
result is the following.
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Theorem 1.1. If p(t),t € [0,To] is a smooth solution to the Laplacian flow
(1.1) for closed Go structures on an open set U C M, then for each time
t € (0,Tp], (U,(t),g(t)) is real analytic.

Readers are referred to §3]for the definition and criterion for a Gg struc-
ture to be real analytic. Real analyticity for positive times is well known for
linear parabolic PDE (such as the heat equation) and some weakly parabolic
nonlinear PDE (such as Ricci flow [I]). However, as we have indicated, the
Laplacian flow is not weakly parabolic in a standard manner, and so one
should not immediately expect such a regularity result.

Since any Laplacian soliton corresponds to a local self-similar solution

to the Laplacian flow (1.1]), we have the following corollary to Theorem

Corollary 1.2. Suppose (M, p, X, \) is a Laplacian soliton (not necessarily
compact), i.e., dp =0 and

(1.2) App=Ap+Lxe
for some smooth vector field X and constant A. Then (M, @) is real analytic.

The real analyticity of a torsion-free Go structure, i.e., the case X =0,
A=0in (L.2), is already well-known (see [3] for example). Moreover, real
analyticity plays a significant role in Ga geometry, as can be seen in [3].

For convenience we say a Go structure ¢ on M is complete if its asso-
ciated metric is complete. By modifying the argument in the proof of [12|
Corollary 6.4, p.256], Theorem immediately implies the following unique
continuation results.

Corollary 1.3. Suppose that M” is connected and simply connected, and
o(t), @(t) are smooth complete solutions to the Laplacian flow (L.1) on M x
[0,Tp]. Then, for any t € (0,Ty), the following hold.

(a) If p(t) = @(t) on some open set U C M, then there exists a diffeomor-
phism F of M such that F*o(t) = (t).

(b) Any local diffeomorphism F :U — V between connected open sets
U,V C M such that F*(o(t)|v) = ¢(t)|u can be uniquely extended to
a global diffeomorphism F of M with F*p(t) = ¢(t).

Corollary 1.4. Suppose that M7 is connected and simply-connected and
(0, X, \) and (¢, X, \) are complete Laplacian solitons on M. If ¢ = ¢ on
some connected open set U C M, then there exists a diffeomorphism F of
M such that F*¢ = .
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Since a Gg structure ¢ determines a unique metric g, any diffeomor-
phism F' : (M, ¢)— (M, ) such that F*p = is an isometry between (M, g,,)
and (M, gz). The converse is clearly not always true, since the Gy structure
encodes strictly more information than the metric.

Our approach to prove Theorem is similar to Bando’s [I] proof of
the real analyticity of Ricci flow, namely to use derivative estimates for the
Riemann curvature tensor Rm, the torsion tensor 17" and ¢ along the flow.
In our previous paper [I3], we derived Shi-type derivative estimates along
the Laplacian flow, which take the form

(1.3) 5 (|VkRm(x,t)| + |Vk+1T(:17,t)]> <O.K, zeM,tel0,1/K],
where C}, is a constant depending on the order k£ and K is the bound on
(1.4) Az, t) = (|Rm[* (2, 1) + |VT[* (2, 1))/,

However, in [I3], we do not analyze how C} depends on k, which is partic-
ularly relevant when k is large.

When one applies the heat operator to |V*¥Rm(z,t)| + |VFFIT(x,t)],
lower order terms are generated during the computation, and the number of
these terms grows with the order k of differentiation, which then contributes
to the growth of the constants Cj. By showing that the C} are of sufficiently
slow growth in the order k, we may deduce that the Ga structure () and
associated metric g(t) are real analytic at each fixed time ¢ > 0. The key
step is to revisit the derivation of the derivative estimates from [13]
and obtain the following much more refined estimates:

n k
(1.5) Z (k—f—l)'z <|VkRm]2(x,t) + ’Vk+2(p‘2(a:,t)> < C(Tpy, Ko)
k=0

on M x [0,a/Kp] for all n € N (we assume N to include 0), where Ky =
supy, |[A(z,0)|, a, C(Tp, Kp) are constants. As we will see in §3| the estimate
(1.5) leads to the real analyticity of (M, ¢(t), g(t)) for each time t > 0.

2. Preliminaries

We collect some facts on closed Gg structures, mainly based on [2, [10} [13].
Let {e1,e2,...,er} be the standard basis of R” and let {e!,e?,...,e"} be
its dual basis. For simplicity we write % = e’ A e/ A ¥ and define a 3-form
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¢ by:
b= 123 | M5 | (167 | 246 25T 34T 356
The subgroup of GL(7,R) fixing ¢ is the exceptional Lie group Gg, which
is a compact, connected, simple Lie subgroup of SO(7) of dimension 14. It
is well-known that Gs acts irreducibly on R7 and preserves the metric and
orientation for which {e1,es,...,e7} is an oriented orthonormal basis.
Let M be a 7-manifold. For x € M we let

A3 (M), = {p, € AT M | Fu € Hom(T, M, R7), u*¢ = ¢, }.

The bundle A3 (M) =[], A3 (M), is an open subbundle of A3T*M. We
call a section ¢ of Ai (M) a Gg structure on M and denote the space of Go
structures on M by Qi(M ). The notation is motivated by the fact that there
is a 1-1 correspondence between Go structures in the sense of subbundles
of the frame bundle and Q3 (M). The bundle A% (M) has sections, which
means that Gg structures exist, if and only if M is oriented and spin.

A Gg structure ¢ induces a unique metric g and orientation (given by a
volume form voly of g) which satisfy

1
g(u,v) volg = g(u_ngp) A (vap) A .

The metric and orientation determine the Hodge star operator *,, so we can
define ¢ = *,p. Notice that the relationship between g and ¢, and hence
between 1 and ¢, is nonlinear.

Although Gy acts irreducibly on R” (and hence on A'(R7)* and AS(R7)*),
it acts reducibly on Ak (]R7)* for 2 < k < 5. Hence a Go structure ¢ induces
splittings of the bundles A¥T*M (2 < k < 5), which we denote by AF(T*M)
so that [ indicates the rank of the bundle, and we let the space of sections
of AF(T*M) be QF(M). Explicitly, we have that

Q*(M) =Q3(M) ® Q4 (M) and  Q*(M) = Q{(M) & QM) & Q3;(M),
where (using the orientation in [2] rather than [10])

QM) = {8 € (M) |BAp=2%, 8} = {Xop| X € C®(TM)},
Q4(M) = {Be P(M)|BNp=—x,8} ={B€Q(M)|BAY =0},
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and

QI(M) ={felfeC®M)}, QBM)={X|XeC®TM)},
Q3 (M) ={y € (M) |7y Ap=0=vA1}.

Hodge duality gives corresponding decompositions of Q*(M) and Q°(M).
In our study it is convenient to write key quantities with respect to local
coordinates {z',..., 2"} on M. We write a k-form « locally as

1 : :
a= gailizmikdw“ A Ada'™,

where o, ;,...4, 1S totally skew-symmetric in its indices. In particular, we write
o and ¥ locally as

1 A A 1 . .
@ = =iirdx’ Adx? A da®, = —pida’ A dad A daF A dal
6" 24 7Y

Asin [2] (up to a constant factor), we define an operator i, : S*T*M —
A3T*M locally by

(ip(h)ije = hlorjn — hé“Plikz — hispuji

where h = h;jdz'dx?. Then A3, (T*M) = i,(S3T* M), where S3T* M denotes
the bundle of trace-free symmetric 2-tensors on M, and i,(g) = 3.
We have contraction identities for ¢ and 1 in index notation (see [2,[10]):

PijkPang'“g’" = 6gi,
PijqVabkig" 9"" = 4pgui,
Soipqsoajkgm = 9pj9qk — 9Ipk9q; + wP(Ijky
CipgVajkl9"" = GpjPakl — JiqPpkl + IpkPiql
— Gkq¥Pjpl T Gpi¥Pikq — Giq¥Pjkp-

~~ ~~ —~

)
)
)
)

B~ W NN =

2.
2.
2.
2.

Given any Gy structure ¢ € Q3 (M), there exist unique differential forms
(called the intrinsic torsion forms) 79 € QO(M), 7 € Q1 (M), 5 € Q2,(M)
and 73 € Q3;(M) such that dp and di) can be expressed as follows (see

2]):
d(p:T0¢+3T1/\<p+*<pT3 and dw:47'1/\w+7'2/\<p.

We shall only consider closed Go structures ¢ in this article. In this case
dyp = 0 forces 19 = 71 = 73 = 0, and hence the only non-zero torsion form is
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9. We therefore from now on set 7 = 75 € Q2,(M) and reiterate that
dp=0 and dyp=7TAp=—%,T.
We see immediately that
AT =*,dx, T =0,

which is given in local coordinates by ¢™'V,,7;; = 0.
The full torsion tensor is a 2-tensor T satisfying (see [10])

] .
(2.5) Vioir = T;" Ymjri, T = ﬂvi@lmnw]lmn>

(2.6) Vinijel = — (Tmi%‘kl — Tinj ikt — Tmkpji — Tml%ki),
where Tj; = T'(0;,0;) and Tij = Tix¢’%. In our setting we may compute that
T'=—-T,

so T is divergence-free as d*7 = 0.
Given these formulae we can compute the Hodge Laplacian of ¢, which
is the velocity of the Laplacian flow, as in [2] [13].

Proposition 2.1. For a closed Gy structure ¢, the Hodge Laplacian of ¢
satisfies

Agp =dr =i (h) € QM) Q3 (M),

where h is a symmetric 2-tensor on M, locally given by
1
(2.7) hij = —vamSijn — §|T|292‘j — Tille.

Since ¢ determines a unique metric g on M, we then have the Riemann
curvature tensor Rm of g on M, which in our convention is given by

Rm(X,Y,Z,W) =g(VxVyZ —VyVxZ —Vxy|Z,W)

for vector fields X, Y, Z, W on M. In local coordinates, we denote the com-
ponents of Rm by R;ji = Rm(0;,0;, 0, 0;). The Ricci curvature Re and
scalar curvature R are given locally by R;;, = gleijkl and R = g¥ R;j, and
may be computed in terms of the torsion tensor as follows (see e.g. [13]).
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Proposition 2.2. The Ricci tensor and the scalar curvature of the associ-
ated metric g of a closed Go structure ¢ are given as

(28) R =V,Tug ~T/Tjp and R=—|T| = ~TyTg7g".

Notice that Rm and VT are both second order in ¢, and T is essentially
Vi, so we might expect Rm and VT to be related. The next proposition
from [I3] says that VT can be expressed using 7" and Rm.

Proposition 2.3. For a closed Gy structure ¢, we have

1 1 1
2ViTjk = S Rigmn @™ + 5 Rijmn@i ™" = 5 Rikmne;™"

- EmTjnS()kmn - TkajnSDi o TimTkn(ijn-
3. Criterion for a G, structure to be real analytic

Given a 7-manifold M, a real analytic structure on M is an atlas

(0 ),

where J is some indexing set, such that the transition functions are real
analytic. A Riemannian metric g on a real analytic manifold M is then real
analytic if the components g;; of g are real analytic functions with respect
to a subatlas of real analytic coordinates.

Let M be an orientable and spinnable 7-manifold, let ¢ be a Gg structure
on M and let g be its associated Riemannian metric. Suppose further that
there is a subatlas of normal coordinate systems on M such that the com-
ponents of g are real analytic functions in each of these coordinate systems.
By [6, Lemma 13.20], (M, g) is then a real analytic Riemannian manifold
with respect to this subatlas and, in particular, an atlas for M can be found
with real analytic transition functions. In fact, by [7, Lemma 1.2 & Theorem
2.1], for such (M, g) there exists an atlas of harmonic coordinates which are
real analytic functions of the normal coordinates and so that the metric g
is real analytic in these harmonic coordinates. Real analyticity of the tran-
sition functions for the atlas of harmonic coordinates then follows from the
fact that the coordinates are harmonic and the metric is real analytic. If in
addition the components ;. of ¢ are real analytic with respect to the nor-
mal coordinates, which implies that ¢ is also real analytic in the harmonic
coordinates by [7, Corollary 1.4], then we say that (M, ¢) is real analytic.
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Let inj,(p) denote the injectivity radius of g at p € M, and if {x}7_, are
coordinates centred at p we denote the Christoffel symbols of the Levi- ClVlta
connection of g by Fl as usual and let OF = > kst b=k W.
With this notation in hand we have the following derivative estimates of ¢
and ¢ in normal coordinates.

Lemma 3.1. Let ¢ be a Gy structure on M and let g be its associated
metric. Let p € M and suppose there exist constants C1 and r > 0 such that

(3.1) ]VkRm|(x) + ]VkJrQ(p\(z) < OyklrF2

in a geodesic ball B(p,r) for all k € N.

There exist constants Ca,Cs5,Cy,1m1 = 11(1), 72 = 12(1) Such that if we
set p= min{%r, inj,(p)} then, for all x € B(p,p) and k € N we have in
normal coordinates centred at p:

1
(3.2) 0 < 9i() < 205, 10" gij| () < Caklr*
(3.3) |0FTL| () < Csklry® 7Y, [0F@ipl(x) < Cuklry ™.

Proof. The assumption implies |V*Rm|(x) < C1kv=%=2 in B(p,r).
The proof of [§, Corollary 4.12] (see also [0, Lemma 13.31]) gives the exis-
tence of constants Cy, C3, 11 = 11(r) > 0 such that for any z € B(p, p), where
p is as stated, we have the derivative estimates for g;; and I‘éj in f
for all k£ € N. Thus it remains to show that, under the assumption ,
there are constants Cy and r2(r) > 0 such that for all £ € N we have

‘3k90ijl|($) < C4k!T;k.
In the following, we will prove a slightly stronger estimate:
(3.4) 10'VF | (2) < Cukt2~ k=D k
for all 0 <1 < k < m, where k,I,m € N. We prove (3.4) by induction on m.
The case m = 0 of ([3.4)) is trivial as |¢|?> = 7. Suppose now that m > 1 and
(3.4) holds for all 0 <1 <k <m — 1. We therefore only need to deal with
the case where k = m and we can perform an induction on [. Again, the case

k =m,l =0 is trivial if we take ro < r/2, as the condition (3.1)) gives that

V70| < Ci(m—2)lr™™ < Cymlr™™ < Cyml2 ™™y ™
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So we now suppose that (3.4) holds for all 0 <[ < s for some s < k = m and
consider the case [ = s. Since V*9) o is a (k — s + 3)-tensor, we have

|05V ()|
= ‘8(5‘1) <V(k_s+1)go(:£) + (k— s+ 3)T(x) V(k_s)go(:z:)> ‘

< ‘8(s—l)v(k—s+l)(p(x)‘
s—1
s—1 ) .
o 7 (s—1—1)7(k—s)
+ (k s+3)§( Z, >]8F(:v)|‘8 v w(m)‘
< Cykl2~ sty ok
s—1
+ (k54327090504 Y (8 B 1>i!(k — 1 — )yt B
=0 L

s—1 . 1414
Ches) k(1 s—=1! (k=1—=49)!r
< Cyk12—(k >r2k(2 +(k—s+3)C5) (S(_ : _)Z,)! P é“’)

1=0

1

To estimate the term I in the bracket above, by choosing ro < r; we have

such that 7 <1 and then
195V E=) o (z)] < Cyke12=*=s)p Tk,
This completes the induction. [

It is a routine exercise to show that and imply that the co-
efficients of g and ¢ are real analytic with respect to normal coordinates.
Hence, by Lemma if we have the derivative estimates for Rm and
¢, then we can conclude that (M, ¢, g) is real analytic.
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4. Laplacian flow and evolution equations

The goal of this paper is to prove the real analyticity of the solution to the
Laplacian flow ([1.1]). From Proposition (1.1)) is equivalent to

(4.1) 0 1) = ip(h(1),

where h(t) is the symmetric 2-tensor on M given locally in (2.7)). By (2.8]),
we can also write h locally as

1
(4.2) hij = —Rjj — §|T|29ij — 2T, " T;.

Notice that T;* = T;g" and Ty = —T;.

Throughout the remainder of the article we will use the symbol A to
denote the “analyst’s Laplacian”, which is a non-positive operator given in
local coordinates as V'V, in contrast to the Hodge Laplacian A,.

Under (4.1)), the associated metric g(t) of p(t) evolves by

(4.3) aatg(t) = 2h(t).

Substituting (4.2)) into this equation, we have that

0 1
(4.4) 594 = —2 (Rij + §|T\29ij + 2Tikaj> :

Moreover, by (4.4]), the inverse of the metric evolves by

0

CRI

g = —oni = 9gikgil <sz n éngkl n 2Tkam> .

The next lemma describes the evolution equations of the torsion tensor
T, Ve and the curvature tensor Rm along the Laplacian flow. Here, and
for the rest of the article, if A, B are tensors and k € N, then A x B denotes
a contraction of tensors A, B using only the metric g (which is covariant
constant) and we write a tensor S 3 kA * BE| if S is equal to the sum of at
most k terms of the form A x B.

!Note that the inequality “ <7 can be differentiated, i.e., VS < kVA* B + kA *
VB, unlike the usual inequality “ <” case.
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Lemma 4.1. Suppose that o(t),t € [0,To] is a solution to the Laplacian
flow (1.1)) on a compact manifold M. The evolution equations of the torsion
tensor T', Vi and the curvature tensor Rm satisfy the following estimates:

(4.6) (;—A>T§8Rm*T—i—Rm*Vg@

+1IVT «Tx o+ 4T T+ T}
0
(4.7) <at—A)ché62VT*T*QD+6VT*V<,0*90+29Rm*th
+ Rm*xT+Rmx*xpx(T*xp+Vpxp)
+24T x T * Vi

and

(4.8) (;t—A>Rmé33Rm>kRm+4Rm*T*T—|—35V(VT*T).

Proof. The estimates (4.6]) and (4.8)) follow directly from the evolution equa-
tions of T" and Rm along the Laplacian flow, which have been derived in [13],
§3]. To show (|4.7)), recall that Vi and T are related by

Vivik = Timg™" Ynjri-

Then we have

0 0 0
(4.9) avi@jkl = <athm> 9" njrt + Tim <8t9mn> Unjikl

0
+ Timg™ <at¢njkz>
=I+IT+1I11.
For the first term I, recall that from [I3] §3.2], we have

0

1 1
5Ly = AT + R Ty + iRijkamk + QRmpikvk%pm

1
+ vaqivm(pnpqujmn + §vm’T|2@ijm

1
+ vm(ﬂ‘kan)S@]‘mn - Tz‘kvaqk(Pqu - §|T|2Tz’j - Tz‘kamej-
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Then
_ 8 mn
(4.10) I = &sz g Q;Z)njlcl
1
= ATimgmnwnjkl + Riprmgmnwnjkl + iRimqupqgmnwnjkl

1
+ 5 Bpgi Ve 9" Unjit + VpTgiVsoy Pl g sk

1
+ gvp’T‘Q‘Pimpgmnwnjkl + VP(ESqu)‘Pn]fqgmnwnjkl

1
= T3V Tose g™ Ukt = 5| TP Timg™ U
- II;prqTqmgmnqﬁnjkb

Using (2:6),

AVipin = A (Timg™ njir)

= (ATim) 9" Vnjkt + Timg™" Atbpjig + 2 (VpTim) 9" 9PV ¢ n ik

= (ATm) """ Vnjit — T; "V (Tpn@jrr + Tpjonkt + Tpr@jnt + Tpijin)
—2(VpTim) 9™ g" (Tynjrr + Tyj okt + Torpint + Tu@ikn)

= (ATim) 9" Vnjrr — T; " (Tpn VP 011 + Tpi VPOt + Tpi VP 0ng
+ T VP0in) — 2V, T " gP (Tynpjrs + Tojonkt + Typpjn + Tairn) »

where in the last equality we used VT, = 0. Using (2.5)), the second term
of (4.10) is equal to R”V,p i and the last two terms of (4.10) can be

rewritten as
1
~3|TPVipju = TPT 1V gpj0-

The third and fourth terms of (4.10) can be expressed using the contraction
identity (2.3)) as follows:
1 1
Rimpg T 9" njrt + iqui Vsom 9" njr
RimpgTP g™ (0snjurig®™ — gnkgit + Gnigir)
1
5 Bpai Veord g™ (@snjrr19™ — Gnkgit + Grigjr)
1

RimqupqgmnSOsnj QOthQSt + iqui Svs Spmqumn Psnj (PthQSt

1 1 1
= 5 Rikpg T9jt + 5 Ritpg T gji. + 5 Ry

2
1
2
+
1
2

1
Vo9 + 5 Byqi Voo " g
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Thus, we obtain our expression for the first term 7 in (4.9):

(4.11) I =AVi@jk + 2V T, " (Tonjkl + Tmjenkl + Tmk@int + Tmi®jkn)
+ T, " (Tpn VP0j11 + Tpi VP it + Tpk VP @i + Tt VP 0k

1
+ RPVypim + §Rimqupqgmn(Psnj90tklgSt
1 1
§qui Vs 0r g™ Psnjpiu1g® — §Rikqup Y91
1 1
+ §Rilqupq9jk + 5 Rpgi Vs P g

+

1
+ 5 Byqi Voo Pk + VoTuiVsp, "o 0" i

1
+ gvp\TP%mpgmnwnjkl + V(T Tsq) s 9" Ynjri
1
= T°VpTysom g™ Vgl — §|T|2Vz‘s@jkl — T T,V 0
Here we leave the terms involving goimp 9"y and related expressions un-
changed in (4.11), but observe that they can be expressed in terms of ¢
using the contraction identity (2.4)).

The second term I1 in (4.9)) can be estimated using (4.5)). For the third
term 17 in (4.9)), recall from the contraction identity (2.3]), we have

Vijkl = CmijPnkid" " — Jik9j1 + Jil9jk-
By (4.1)), (4.4) and (4.5)), we can then derive that (see e.g. [10])
a m m m m
(4.12) Ewi]’kl = hi" Ymgki + b Vimkr + b Vi + 0 Vijkem,

where h is given in (2.7) (and equivalently in (4.2))). Then using (4.5) and
(4.12]), we have that IT + IIT is equal to

(4.13)
- 2Timhmn¢njkl + szgmn (hfl¢sjkl + h;wnskl + hzwn]’sl + hfwnjks)
= imgmn( - h;wsjkl + h;wnskl + hzwnjsl + hlswn]ks) .
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By (2.4) and (2.7]), the first term on the right-hand side of (4.13]) is

1
- imgmnhfzwsjkl = Timgmn (vaqncpqu + §|T|25ns + TinpS> @Z}sjk‘l
=T, "Vl = T;"VpTiney” — T, "ViTgne
+ TZ nvaanOﬂq + Tz nvqun@jkq - Tz nvaZnSOjkp

1
+ §|T\2Vi@jkz + T "T,PVppjk-
By (2.5) and (4.2)), the remaining three terms of (4.13]) are equal to

,Timgmn (hjwnskl + hzwnjsl + hlswnjks)
= W;Vipsk + hipVigjsa + i Viojks

== <ij + %|T|29jp + 2T; STk‘p) 9P IViogm
- (Rk’p + é|T|29k’p + 2Tk8Tkp> "IV ipjq
- (Rlp + é\ﬂ?glp + 2T, 8Tkp> "IV iQjkg-
Therefore,

(414) I+ =T;"VTnpy," = T,"VpTiney” — T "ViTmey
+ T "VpTine ) + T "ViTgney! — T "VpTingjy!

T %|T|2Vi90jkl + T "T,"Vppjk
- (ij + %|T‘29jp + 27 STkP) 9" Vi
— (Rk‘p + %|T‘2.gkp + 2T]<;8Tkp> " Vipiq
- <Rlp + é|T|291p + 2T, STkp) 9"V iPjkq-
The estimate then follows from , and . [l

Remark 4.2. Although V¢ can be expressed using T via (2.5)), it is not
straightforward to write V¥ in terms of V/T,j =0,1,...,k — 1. The evo-
lution equation (#.7) for V¢ is thus useful in §5|to estimate V¥ .
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5. Global real analyticity

In this section, we first prove the key derivative estimates for Rm,T and ¢,
and then deduce Theorem in the special case when U = M is compact.

5.1. Commutator formula

First, we have the following commutator formula for V¥ and A, which can
be proved using the Ricci identity for commuting the covariant derivatives
of a tensor, i.e., for a k-tensor A on M:

k
m
(VZV] - V]VZ)Ahh” = ZRUiz Air"ilqmiz“"-ik-
=1

Lemma 5.1 (1]; [6, Lemma 13.24]). For any p-tensor A withp > 1 and
any integer k € N, we have

k
VFAA - AVFA S 14(p+1 Z <k N 2) ViRm * VF7A.

=

We also have the following commutator formula for V* and % acting on
a tensor along the Laplacian flow.

Lemma 5.2. If p(t),t € [0,To] is a solution to the Laplacian flow (1.1)) on
a compact manifold M, then for any p-tensor A with p > 1 and any integer

k € N, we have

k
(5.1) v’fgtA gva < 21(p+1)) (k“)v Rm+VFA
=1

k+1 :
+13(p+1)z<zil>VZ(T T) % VFA.
=1

Proof. First, by a trivial adjustment to the proof of [0, Lemma 13.26], for
any smooth one-parameter family of metrics g(t) on M evolving by (4.3) for
any smooth family of symmetric 2-tensors h(t), we have

0 0

2 kA
(5.2) v&t ot

k
E+1\_, ;
k < i k—i
5 V'A z3(p+1)i§:1: <¢+1>V b VETiAL



Laplacian flow for closed Go structures 89

Under the Laplacian flow, g(¢) evolves by (4.4)), so
. . 13 _.
(5.3) V'h(t) 5 TV'Rm + gvz(T xT).
The commutator formula (5.1]) follows by substituting (5.3)) into (5.2). O

Combining Lemmas [5.1] and we have the following commutator for-

mula of V¥ and the heat operator % — A acting on a tensor.

Proposition 5.3. If¢(t),t € [0, Tp] is a solution to the Laplacian flow (|L.1))
on a compact manifold M, then for any p-tensor A with p > 1 and any
integer k € N, we have

B . L [0
oo (2 a)va v (2 )
W(@rl)v%m*vk—%
7+ 2 7+1
k
k41
+13(p+1);<i+1

)vi(T «T) « VFUA,

5.2. Main derivative estimate

Our main estimate is the following, recalling the quantity A(z,t) given in

[T9).

Theorem 5.4. Suppose that p(t),t € [0,To] is a solution to the Laplacian
flow on a compact manifold M. There exists a universal positive con-
stant a and a positive constant C, = Cy(Ty, Ko), where Ky = sup,, |A(x,0)],
such that

N k

t

(5.5) E [CEDE (|VkRm\2($at) + VTP (2, ) + |Vk+280’2($7t)) < Ci
k=0 ’

on M x [0, min{Tp, o/ Ko}] for all N € N.
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For convenience, we define

£5|V* Rim| £5 | VAT t3| VA2
5.6 = = =———— fork >0,
tﬁgl kR _ tﬁgl k+17p tﬁgl k+2
(5.7) ar = ‘Z' m]’ b = ‘Z' |, Cp = ’Z'(p‘, for k > 1.

By setting k! = 1 for all £ < 0, the above definition can cover

ao =t~ 3| Rm], bo =t":|VT], G =1t":|V2,
boy=t":|T], c_1=1t73|Vyl, e =17,
~ ~ _ ~ _3
b—l — t_1|T’7 cC_1 = t 1|V(,0‘, C_2 = t 2 ’SO|

Note that |¢|? = 7 and |V¢|? = |T|? < |Rm| = ag. Next, we define

N N N
An = 2 By =) b Oy = 2
N — ag, N — ks N — Cls
k=0 k=0 k=0
N N N
A ~2 3 72 A ~2
Ay =>"aj, By =) 0, Cn=> &,
k=1 k=1 k=1

and
&y = An + By + Ch, \PNZAN+BN+C~'N.

Then is equivalent to showing that & < C, for any N € N.

The approach to prove is to establish an evolution inequality for ® 5
and then apply the maximum principle. Although the method is clear, the
derivation of the evolution inequality is somewhat computationally involved,
so we break it up into a sequence of lemmas which deals with each of the
terms Ay, By and Cy in turn. Throughout the proofs we will use the same
symbol C' to denote a (finite) universal constant.

Lemma 5.5. Suppose that o(t),t € [0,To] is a solution to the Laplacian

flow (1.1)) on a compact manifold M. There exists a universal constant C

such that

1

4
3 1

+CD3,(1 4 tD3).

0 7~ L
(5.8) < - A) Ay < _ZANJF:L + -Unp + C(t(I)JQV + tQQ)N)\I’N

ot
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Proof. Applying (5.4) to A = Rm (where p = 4), we have

9 kpo <ok (0
(5.9) <8t A)v Rm SV <at A)Rm

+105Z’+’“r <k+ )Vsz*Vk_ZRm

1+ 1

k+1 i 77;
+65) :<i+1>V(T*T)*V’“ Rm.
=1

Applying V* to ([4.8) and substituting into (5.9]), we obtain

0 k k+2\ o b
<at—A)VRm<243Z( )VR « V"' Rm

+ 35VFTY(VT %« T) 4+ 4T « T « VFRm

k
k+1\ o —i
+69) <¢+1>V (T *T) « V*"'Rm.
=1

Since
IVFRm|? = (¢~ 1)**+Y) « VFRm « V¥ Rm,

we can use the evolution equation (4.5)) of g~! to compute

0
Z _A k 2
<3t ) |V Rm)|
= 2< (gt — A) VERm, VkRm> — 2|VFFLRm|?
+2(k+4) (Rc + 1|T|2g + 2T T) « VFRm « V¥ Rm
k1, 12 k+2 i k—i k
< —2|VFHI Rm)? + C’Z IV'Rm||V* ' Rm||V* Rm)|

+ O|Vk+1(VT*T)||VkRm|

k+1
+CZ< + )|VZT « ||V~ Rm||V*Rm)|.

91
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Then from the definition (5.6|) of ax, we have

0 R kai
100 (- A) ok <2+ ok + ) + B + 1)

where

k+2 7, —1
hk) ,Hl,gz( 3 ) I o[ o [

Ct*

kE+1\ .
I3(k) k+1v2z( )|v (T « T)||V*"'Rm||V* Rm]|.

I(k) =

To obtain (5.8) we sum (5.10)) from k& = 0 to N. First, for k£ = 0, we have

0 B ~ 3
(5.11) <at - A) a2 < -2 +C (ag + b2ag + b1a5>

< 23 + O®3 + C, B3 D4,

For k =1 to N, we estimate the sum over k of the three terms I;(k), I2(k),
I5(k) separately. For I; (k) we have

N N Aol ]C'f— 2 ai& —i&
(5.12) PRAGES g <Ca0a§ +Ooty ((k = i)(i i 2)k>

1=0

0
\ P /N 2
< CA3 +Ct a?dzZ) (Z ai)
< CA} + CtA3 Ay
< C®3 + Ctd3 Uy,
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where we used ag < A]'EV, the Cauchy—Schwarz inequality and the elementary
fact that 7, ﬁ < 1. For the sum of I5(k),

N
bibg—;ay
kZ(Ckarlaoak—l-Cbobkak-i-CtZ E 1 )

N
(5.13) > I(
k=1

L k P
<CB}, (Al + CByA% + Ct Z (Z bei_i> ar
k= =1
~ 1 3 1 .1
< CBj,, A} +CBNA]2V+CtB;‘VBfVA;V
< CBj, (IJ;*VJrC(I) + Ct®3, Uy,

where we used the elementary inequality

k 2 k
<Za,~) SkZa?, for a; > 0.
i=1 i=1

We can similarly estimate the sum of I3(k):

N N tk i i
(5.14) ;13(16) :CZWW (T  T)||Rm||V* Rm)|

N k-1 . i ;
ag—i (|\V(TT)|\ .
+CtZZk:H( Gr1r |

< Ctag(By + b2,)A}, + Ct*(By + b2,)Ax
< Ctdy, + O}, + C?dN Uy + Ctd 3 Uy,
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1 1
where in the third inequality we used that ag < A3, and b?, < t_lAfV. Com-

bining ((5.10)—(5.14]), we conclude that

o kai B: i 5% i
<8t—A>AN< 2AN+1+Z e +CB} @5 + OB}y

+ ch;‘v(l - t@;v) + C(t®3, + t2PN) Ty
7 - 1 1
< —ZAN—H + Z‘I/N-',-l + C(t®} + 2oN) Uy

3 1
+CD3(1+tD3),
where we used

(k:+1 <1/4, By < BN+1 < W1 and Cauchy—Schwarz. [

Lemma 5.6. Suppose that ¢(t),t € [0,Tp] is a solution to the Laplacian
flow (1.1) on a compact manifold M. There exists a universal constant C
such that

0 7 - 1
—|—C<t<I>]2V+t2<I>N+t3Q>]"‘V>\I/N
+ 0o (1+103).

Proof. By (4.6) and (5.4]) (with A =T so p = 2), we have

k+1
k . .
(5.16) (a A> VAT < 1502 < N 3) V!Rm % V¥

ot +2
k+1
k+ k+2—i
zR +2—1
+§%( . )v m x VA2,
k+1 k+
+11Z< >V’(VT*T)*V’““Z
k+1

2
+43Z<k+ >V1(T £ T) « VHHI—T

L AT + T % VEHIT,
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From the definition (5.6)) of by and using |T|?> < |Rm/| we have

k; ~
<8—A)b2 (t<a—A>|V’““T]2+ i b2

ot k+1)12 \ ot (k+1)2
_ 2k /0 A TR wR L) 9j2 +L52
(k+1)12\\ ot ’ MLk +1)27F
2t*(k + 3) 12 k+1 k+1
2tF 0 k
< (2 +1 k41 o
—(k:+1)!2<<8t A)V T,V T> Qka
k
1 2.
(5.17) (k+1) b + C(k + 3)|Rm|bg,

Substituting ((5.16)) into (5.17) and rearranging terms gives:

d - kb?
(5.18) <8t—A>b§ < —2bi+1+m7"31)2+111(k)+--~+114(k),

where
Ctk k+1 +
I (k ‘Rm k+1— lT k-‘rlT
0= e 2 (g )R T e
&Skt kt+2— k+1
10 = a2 (4 IV Rl g
(k+DE =
Ctk k+1
I13(k) = <k+1),2z< >\VZ (VT  T)||[VFH =i | VLT,
T =0
cth SN k4 2\ .
114(k):(k+1)'22< )\v (T + T)||VEH =T || VT
Toi=1

Note that we have absorbed C(k + 3)|Rm/|b? in (5.17) into 111 (k) of (5.18).
To derive the evolution inequality of By, we start with ([5.18]) for £ = 0:

(5.19) <§t — A) b% < —22)% +C (aob% + C~L1a§b0 + agbocy + Elaébo + bg)

< —2b7 + C®} + CU3 4.
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By summing I1;(k), I12(k), I15(k) over k =1,..., N, we have the following
estimates:

N N
(5200 S IL(k)=CY. <
k=1

k108 b + ﬁboaki)k)

a
k=1
N k-1 1 1
+ Ct ibr—ib
;izo (z—|—2 k+1—i )a h=ik
<CAj,, A 32 +CtzB A2B2 +CtA2BN
<03, N+Ct5<I>N\I/N+Ct<I>N\IIN;
N N ) N k fL'Ck Bk
(5.21) ;I[Q(k) = Ckzl (agbkck + agak+1bk> + CthIZ; T—f—l

< CALB: C;’V +CALA ;VHBEV + CtA3,C} B,
< 0o+ C\I'NH(I);V + 3Ty

N k+1

L 13 b

T+
Noop & bibs i
kg Z k]+ 1]—11' Ch—i-1

(5.22) Zug

N ki
+CEY DD O e | b

k=1 \i=0 j=0
< Ct(Bny1 +b3)2 (By +b2,)3 z%v
+ Cot?(By + B3) 2 (B +b2))3(Cy + ¢2,)? ~§/
< W TR ORI+ 103)F + Cudl (1 +103) 30}
+ Cu(B2By + 103U + Cut3 Dy (1 + 103) U3,

[

where we used b? ; < tlag and ¢? | <t lag. Finally,

al YR (k4 2)by b
2 I, (k) = AT ARk 4y, 2bz 257" Zhi b
(5 3); (k) C;;(kz—kl)(i—i—l) 1+ le i—1bi—j 1
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M

L L k1 i )
< Ctag B%(By +b2,): B + Z YD bbb | b
—1 \i=1 jfl

1

< Ctal B} (Bn + bz_l)*Bﬁ, + Ct? (BN + 50> (Bn +b%,)B%

N

< DN (14 103)50% + CHON (1 +13)U3, + C(L2Dy +103) Uy

Combining the above inequalities ([5.19)—(5.23)), we have

8 7 ~ 3 1 3
(675 - A) By < —*BN+1 +CP3 + C\Iff\,q) + C\I/N+1

+0\1/N+1 PHEEDL(1+103)>
+ Cq)?v( + t@fv)%\llfv + C(t*®dN + t02)Uy
F OB DN +03) U2, + CH Dy(1 + t02)5 T3,

ot 1
+ Uy (103 + 20y + £ + t'9% ).

0 7 ~ 1 3 1
(5.24) < = A) COn < = 70n1 + 7Uni1 + OO} (14 1@ + 2oy)

Proof. By (4.7) and (5.4]) (with A = V¢ so p=4), we have

9 A k:+2 < = k+1 i k+1— 7,
(5.25) 5 AV 62; Z VI(VT «T) %V

k+1 ‘
+239 Z < ) m o Vg
k+1

k+ i k++1—i
+Z< . >VR *V T

=0

97

Noting that ¥ < Wx,; and applying Cauchy—Schwarz to the above in-

equality gives (5.15)).

0

Lemma 5.7. Suppose that ¢(t),t € [0,Tp] is a solution to the Laplacian
flow (L.1) on a compact manifold M. There exists a universal constant C
such that
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k+1

+3 <k :r 1) Vi(Rm % ) * <v’f+1—i(T * @) + VIV @))

=0

k2
—|—892< H)w(T s« T) % VFF27 0 4 24T « T 5 V2

k+1
62 <k * )VZ(VT « Vi)« VFF1-i,
i

By the the definition (5.6]) of ¢ and noting that V**2¢ is an (k + 5)-tensor,
we have the following:

9 4 k202 k &2
(5:26) <(‘3t_A> %= Gy e (at_A> Vel Gy

2t* 9 k42 k2 2
< (k‘+ ) a AV SO)V @ _Qck—f—l

ko
+ 7262 + C(k + 5)|Rm|c}.

(k+1)
Substituting into , we compute
(5.27) (gt - A) ;< =280, + (kfl)Qék + ITT (k) + -+ I11g(k),
where
N
1009 = O 32 (] ) T e DITE e

k’—i—l k+3
Iy(k) = kH,QZ( S ) Rl [T T

k+1

2tk k+1 ; ;
I1I3(k) = T - |ViRm||VEH=iT || WF 2|,
(k+1)!

k k+1
I114(k) = (,ffl.?Z(“ i ol )

LV (Ve « m) TR+,

(k42
I115(k) = Hl,zz( I DT,
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120 SR k41, .
) = g 2 () VT vae e

We now follow similar calculations to the proofs of Lemmas[5.5] and [5.6] For

k:—Oln.

(5.28) (; — A) g < 28 + C(i)lagco + b3co + bock 4 aoc?

1
+ aiag co + agboco + agco)

< —28 + CP3 + OV P
We next estimate the sums of each of the six terms I11(k),...,I11s(k) in
. Starting with I11; (k) and using by =t~ 2by and b* ;| = ¢ <t lag

N
(5.29) > 111 (k)

tk
WWHI(VT*T)HSDHV]CHM
S k1), »
Z( . )rv (VT » T)[|7HH 1] V42|

N
03
— (k+1)! pat

i
="

<C
1

B
Il

N 1 k+1 _
<Ct Z m z bibk—z‘ék
k=1 =0

N
+Ct2;k+1zk+1—ZZb bz —j—1Ck—i— 1Ck

1

< CH(Byy1 +b3)2 (By +b2,)3C,
+CP By +0})? (BN+b Dz (Cn +¢24):C
< C\IJ;VH\IJ;V(t%N - tcb;’v)a +COL(1+ tcbfv)

L OBy 1 102)2 Uy + Ctidy (1 4+ 103) U3,

1
2
N

ZI\JM—‘ mH ZN\H

Using |Vg| < ag < Aj for IT1x(k):
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N N k=l )
5.30 I (k) < Ct iCl—i
(5:30) ; 2(k) < ;;k+1<z+2+k+1—>ac’“ C
N
5 k+3 1.
+ C'kz_l (ak+1|v<ﬁ\0k to 1t2ak000k>

< CtAE Cy + CAEVHA}VCEV + Ct3 A3,Cn
< CHOR Wy + OUY Ok + CHON TS,

Using b?, = ¢?; <t lag again for ITI3(k) and ITI4(k):

N N
(5.31) > IIIs(k Z
k=1

<2tAzB o/ +2AN+1A4C2 +2t2A2B o]
<UD Ty + 205, DY + 2D

N N té k+1 i—1 e
" _ jCi—j—2
(5.32) Y III(k) < 2Zk+1 ‘ az+t27i_j
k=1 k=1 i=0 §=0
- (bi—1 + c1—1)c
-1 1—1)Ck—i—1—1
bp_; +t
X(’“+ krl—i—1 >
=0
< 2(Ani1 +ad)s (B +b2,): O}
+ 2752(;1]\7 + d%)%(C’N + 62_1)%(31\7 —+ 52_1)% NK{
+ 262 (Ang1 +a3): (O +¢2y)
x (By + b2 + Oy +¢2):C%
+203(An 4+ a@2): (Cy + %))
X (BN+b%1+CN+c21)% of
3

< QWY W (PO + 1F)E + 24 (105 +1)3 0%,
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42U N (2D + tD2) + 204 (102, + 1)3 (D + tB2)2 U2,
+ VB, W (PO + 10F) + 2V Dy (103, + 1)U,
F2UN (DN 4 tD2)7 + 204 (183, + 1)2 (2D + tB2) V2,

Finally, for I115(k) and I11s(k) we have:

N N k+1 i
1 1- 3
(5.33) Y III5(k) ZZ — | thi-19g + 2 b abij1 | ck—itn
k=1 k=1 i=1 j=1 J
SC( ag +t* (BN+b0) >B;V(CN+C2_1)3~]2V
1 3 1 1y 1
< CUZDL (1D, + 1) + CU3t2 D (B3, + 1)
+ C(PON +tP3)Uy;
N k+1
(5.34) ;IIIG( ) < 12ftzk Zblck 1Ck
1 b Ck_i_1C :
12¢2 i 1Tk bicii
* ZkJrl, kr1—i | &t
k=1 =0 7=0

< Ct(By41 +03)2 (Cn +2)2C,
+CPBy + 1) (Cn + 2 )C

< O U3 (PN +103)7 + C(20y +103) Uy

+ODL(tB3 +1)7W2, + Ct3 Dy (103 + 1)UE,.

Combining - -, we obtain

3

0 7 ~
(&f_A> CNS—ZCN+1+C¢ +C\I’ (1)4 +C‘I’N+1

1

F W, U (PO +103)F + COL(1+103)5 0%
+ OBy + 103)2 Uy + Ctidy(1 +1D3) T3
+ OUN(RDy + t0F) + CUy (2D + 103
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F 204 (103 + 1)7 (P 0y + t03)7 V3,
+2V2UR VR (PO +t0}) + CUZ O (1P + 1)
208 (103 + 1)3 (2B + tD3,) V3.

The result ((5.24)) follows by applying Cauchy—Schwarz.
We can now combine our results to prove Theorem [5.4!

Proof of Theorem [5.4. The estimates in Lemmas give the existence

of a universal constant C' > 0 such that

0 1 3
(at - A) Dy < Ty —i—C(tCDfV + 20N + 1703 +t4<I>?V>\IfN

3 3,42
+C<I>N<1+t¢>N+t @N)
2

1.4 3 1
< —\I/N+C((1+tc1>;‘v> = 1>\I/N+C<I>;V (14123

Let 7 be the time
7~ = sup{a € [0, Tp] | t®3 (1) < (C'_l +1)" —1,V(x,t) € M x [0,a]}.

Then on M x [0, 7n], we have

(; - A) By < OO (C71 +1)% < (14 C)a},.

Since the initial value of @y is bounded by

(5.35)

Dy (z,0) < |[Rm|?(z,0) + [VT*(z,0) + [VZ¢[*(z,0)
< [Rm|?*(,0) + |VT*(z,0) + 2|VT|*]|*(x,0) + 32|T|*|0|*(x,0)

< 225sup A(+,0)* = 225K,
M
and M is compact, applying the maximum principle to (5.35) gives

225K 2
5.36 ey (2, t) < )
( ) N(x ) —= (1_%(14—0)15]{075)2

on M x [0, 7n]. Let a > 0 be the universal constant

a ::% (;(1 +C)+ ((C‘1 +1)i— 1)_1>1.
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Denote
(5.37) T, = To(To, Ko) := min{T, Ki} > 0.
0

By definition, 7y > Ty for all N € N. In particular, (5.36: holds on M x
[0, T,] for all N € N. When t < T, the right hand side of (5.36)) is bounded
above by a positive constant C, depending only on Ty and K. O

5.3. Completing the proof

Suppose @(t),t € [0,Tp] solves the Laplacian flow (1.1)) on a compact mani-
fold M. Theorem [5.4] implies that

t (IV*Rml(2,6) + [V5" (2, 1)) < Cu(k + 1)1

on M x [0,T,], where T, is given in (5.37). Since k + 1 < 2, for any fixed
t € (0, 7], we have

\VERm|(z,t) + [V 20|(2,t) < CRlr %2,

where r = \/f/ 2 and C = C,T,/4 are uniform constants. Thus by Lemma
and the discussion following it, we conclude that (M, ¢(t), g(t)) is real
analytic for each ¢ € (0,7%]. Theorem in the case when U = M follows
by iterating the above argument to cover the entire time interval ¢ € (0, Tp].

6. Local real analyticity

In this section, we localize the discussion in §5| using a cut-off function to
prove Theorem First, we show the existence of the required function.

Lemma 6.1. Suppose ¢(t),t € [0,Ty] is a smooth solution to the Lapla-
cian flow (1.1) on an open subset U C M. Let p e U and r >0 so that
Eg(o) (p,2r) C U is compact. Let a > 0 be a constant and suppose that

(6.1) Az, t) = (|[Rm2(z,t) + VT2 (2, 1) < K

for all (z,t) € By(o)(p,2r) x [0, T%], where 0 < T, < a/K.
There exist constants Cy = Cy(a, 1), C1 = Ci(a, K, 1), and a cut-off func-
tionn : U — [0, 1] with support in Byq)(p,r), and withn = 1 in Byq)(p,r/2)
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such that

(6.2) V(@) 2, < Conla),
(6.3) —Aypyn(z) < Ch

on U x [0,T].

Proof. Recall that along the Laplacian flow (|L.1)), the associated metric g(t)
evolves by (4.3), i.e. with velocity 2h(t), where h(t) is given in (4.2)). Let
O(z,t) = tK2|Vh(x,t)[%. Since

(6.4) [Rm| < Ale,t) < K in Byg)(p.r) x [0, ],

by a straightforward adjustment to the proof of [6, Lemma 14.3], there exists
a cut-off function 7 : U — [0, 1] with support in By (p,r) and with n =1
in By (p,/2) such that

65) V@) < Sadn),
66 ) < C@YED O ey,

2
T K27 selo,

for some constants C'(a) and C(a, VKr), for all (z,t) € Byoy(p,7) % [0,T%].
We obtain from by defining Cy = C(a,n)/r?.

The cut-off function n here is constructed by a composition of a scalar
function with the Riemannian distance function dg g, (x,p) with respect to
the initial metric g(0). The key is that the bound and the fact |T|? =
—R imply that h in is uniformly bounded in Bygy(p, ) x [0, T%], which
in turn implies the uniform equivalence of the metrics g(t) for ¢ € [0, T%].

We next show . Under the assumption , the local Shi-type
derivative estimates from [I3, Theorem 4.3] for Rm and T give that

(6.7) tz (|VRm|(z,t) + |V2T|(2,t)) < C(a, VKT)K,

for a constant C'(a, vV Kr), for all (z,t) € By(o)(p,7) x [0,T]. (Note that in
[13, Theorem 4.3], we only state the estimate when a =1, but a trivial
adjustment of the proof gives (6.7]) as stated.) We deduce that
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(6.8) O(x,t) = tK?|Vh(z,t)?
< CtK? (|VRm|*(z,t) + |T]*|VT*(z,1))
< CtK? (|VRm]2(x,t) + \Rm|3(x,t))
<C (C(a, VEKT)? +a> K*

for all (z,t) € By(p,7) % [0,T%], where in the third inequality we used
Propositions and tK < a. Combining and gives (6.7). O

Remark 6.2. Although 7 in Lemma is constructed by a composition
with a Riemannian distance function, by the standard Calabi’s trick (see, for
example, [5l, pp.453-456]), we can for the purpose of applying the maximum
principle treat n as a smooth function.

Theorem 6.3. Suppose that p(t),t € [0, Ty] solves the Laplacian flow
on an open set U C M. Letp € U and r > 0 be such that By)(p,2r) C U is
compact. Let K =supp,  (p2r)x[o,1) M@ 1), where A(z,t) is given in (L.4),
and let o > 0 be such that a < KTj.

There exist positive constants L, C, T, depending only on a, K,r such
that

(6.9) ¢ (V5 Rm|(x, 1) + [VHT|(8) + [Vl (@,0)) < OLE (k + 1))
for all k € N and (z,t) € By)(p,7/2) x [0, T%].

Remark 6.4. If ¢(t),t € [0,Tp] is a smooth solution to the Laplacian flow
(1.1) on an open set U C M, then a similar argument as in the proof of
[13, Theorem 1.3] shows that A(z,t) is bounded on U x [0, Tp]. Thus, K =
SUPB, ) (p,2r)x[0,T] (2, t) in Theorem [6.3)is finite.

Proof. We consider localized modifications of @y, ¥y in in a similar
spirit to [I1]. For L > 0, to be determined later, we define

k+1 k1 Kl
n: n 2 n 2
ap = Lg A, ﬁk’ = g bka Yk = ?Cl{;, fOI' k‘ Z 07
L3 k k
~ U = nz - ~ nz
ap = P ak, Bk = —=x bk, Yk = ch for k > 1,

h

2
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where ag, by, ¢k, ag, (;k, ¢ are defined in and 7 is the cut-off func-

tion constructed in Lemma [6.1l We further deﬁne
. N

(610) By =Y (o} + 5 +7) and Ty=

k=0 k=1

E

(a2 + A2 +32) .

We aim to estimate ®y. We first compute an evolution inequality for Py,
by looking at each of ai, ﬁi and fy,% in turn. First,

0 9 n*tt o ai 3 kil

2
ﬁ<vnk+1a Vaz>

By (6.3)) and ¢ < Tp, the second term on the right hand side of (6.11)) satisfies

az (0 a2
(6.12) & (875 A) = 25 (<k(k+ 10"Vl = (k4 1)n"An)
2
Clt ~2 ClTO ~9
- " < —7
< (k+ DO = Lk+ D)™ = Lk + 1)

on U x [0, a/K]. To estimate the third term of (6.11]), we use (6.2)), ¢ < Tp
and the Cauchy—Schwarz inequality:

2 n |V77] tk|VkRmHVk“Rm|
6.1 — (VT <4
1. 16COT0 -
< 404%+1 Tai
on U x [0,/ K]. Substituting (5.10), (6.12) and ( into ( , we have
o 7 ~ C k+1
010 (5 -4)at < - Jata+ Fat+ T (0 + BGh) + B(h)
where C' = C(a, 1, Tp). Using (5.12)—(5.14]), we can estimate
Y 77
(6.15) Lk (Il(k) + IQ(k) + Ig(k‘))

k=1
~ ~1 t  ~
<CK®y + CK*®3 + CT KWy

+C 20y + CK> \I/f\,H(I)fV + O 0N Ty.



Laplacian flow for closed Go structures 107

Combining (5.11)) and ( - -, we obtain

0 al 3. .
(6.16) (({%—A> Zaz < —§\I/N+1+C((I)N+1)
k=0

1 t2 -
+C<L+L<I>fv+L2<I>N> Uy

on U x [0,/ K], again using Cauchy—Schwarz and tK < «, where the con-

stant C' depends only on «, r, K, Ty. We can deal with Eszo 32 and ZIZCVZO o
similarly and obtain the following estimate:

N
©017) (5= 8) Y8 +8) < S+ Ol +1)
k=0

1 t2 -
—|—C<L—|—L(I) L2¢N+L4(I)N> \I/N.

Since —W 41 < —Uy, we may put together the estimates (6.16)—(6.17) and
choose L large enough so that

0 ~ - - ~1\4 .
<8t_A> Oy < —Un+Co(Py+1)+Cs <<1+t<1>]"(,) —1> ¥y,
where Cs, C'3 depend only on «,r, K, Ty. Let

™5 ={a € [0,a/K] | 193 < (C3' + 1) — 1,Y(,1) € U x [0,a]}.

Then on Byg)(p,r) x [0, 7n],

D) 3 B
— — < .
(at A) Py < CQ(CI)N + 1)

As &y =0 on 0Bgy(0)(p,7) x [0,7n] and Py (-,0) < 225K2, the maximum
principle gives that

Dy < (225K2% 4 1)e 10 .= Oy

for all (z,t) € By)(p,r) x [0, 7n]. Let

T, = min{Oz/K,C’;%((Cg,_1 +1 % - 1)} >0,
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which depends only on a,r, K,Ty. Then 7y > T for all N € N and thus

Dy

< Cy for all N €N and (z,t) € Byq)(p,r) x [0,T%]. Since n=1 on

By(0)(p,7/2), the estimate follows. O
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