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Minimal diffeomorphism between
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We prove the existence of a minimal diffeomorphism isotopic to the
identity between two hyperbolic cone surfaces (X, ¢91) and (X, g2)
when the cone angles of g; and g, are different and smaller than
m. When the cone angles of g; are strictly smaller than the ones of
g2, this minimal diffeomorphism is unique.

1__Introduction| 1163
[2  Fricke space with cone singularities| 1166
|3 Emergy functional on 7 (X,)| 1184
[4  Minimal diffeomorphisms between hyperbolic cone

[ surfaces| 1192
References 1200

1. Introduction

A diffeomorphism f: (M, g1) — (N, g2) between two Riemannian mani-
folds is called minimal if its graph T' is a minimal submanifold of (M x
N, g1 @ g2) (that is its mean curvature vector field vanishes everywhere).
Minimal diffeomorphisms between hyperbolic surfaces have been studied by
R. Schoen [20] (see also F. Labourie [10]). He proved that for any two hyper-
bolic metrics g1 and g2 on X, there exists a unique minimal diffeomorphism
U (X,91) — (X, g2) isotopic to the identity. Such a minimal diffeomor-
phism is also area-preserving and so its graph is a Lagrangian submanifold
of (¥ x ¥,wy @ (—ws)) (where w; is the area form associated to g;); we call
such a map a minimal Lagrangian diffeomorphism.
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The minimal Lagrangian diffeormorphism W is related to harmonic maps.
It is well-known (see [17, 27]) that, given a conformal struture ¢ and a hy-
perbolic metric g on X, there exists a unique harmonic diffeomorphism u :
(3,¢) — (X, g) isotopic to the identity and g is characterized by the Hopf
differential ®(u) of u (see Section [2| for definitions). It is proved in [20] that
for each pair g; and g of hyperbolic metrics on 3, there exists a unique con-
formal structure ¢ such that ®(u;) + ®(u2) = 0 where u; : (£,¢) — (3, g:)
is the unique harmonic map isotopic to the identity (i = 1,2). Moreover,
Ug 0 ufl is minimal Lagrangian and isotopic to the identity.

For an angle 6 € (0,27), consider the metric obtained by gluing an an-
gular sector of angle 6 between two half-lines in the hyperbolic disk by
a rotation. This metric is called local model for hyperbolic metric
with cone singularity of angle . For a marked surface ¥, :=X\p
where p = (p1,...,pn) C ¥ and for a:= (ai,...,o) € (0, %)n such that
x(2) + > (a; — 1) < 0 (in particular, X, can be a punctured sphere), one
can construct the Fricke space .%,(X,) with cone singularities of angle a as
the moduli space of marked hyperbolic metrics on ¥, with cone singularities
of angle 2mqy; at the p; (see Section [2[ for the construction).

In a previous paper [23], we proved the existence of a unique minimal
Lagrangian diffeomorphism isotopic to the identity for each pair of points
91,92 € Fo(X,) (that is when the cone angles of g; and g» are equal). The
proof of this result used the deep connections between three dimensional
anti-de Sitter (AdS) geometry and hyperbolic surfaces: we showed the exis-
tence of a unique area-maximizing surface in some AdS singular space-time,
and realized the minimal Lagrangian map as the Gauss lift of the maximal
surface (see [23] for more details).

In this paper, we address the question of the existence and uniqueness
of minimal diffeomorphism between hyperbolic cone surfaces with different
cone angles. In particular, we prove:

Main Theorem. Given o, o’ € (0, %)n, g1 € Fo(Ep) and g2 € For(Ey),
there exists a minimal diffeomorphism W : (X,,91) — (Xp, g2) tsotopic to
the identity. If moreover for alli € {1,...,n}, a; < o then U is unique.

Note that we just recover the existence part of the result of [23], but
neither uniqueness nor the Lagrangian property.

The proof of Main Theorem is totally different from the proof in [23].
Here, we study the energy functional over .7 (X,), the Teichmiiller space
of ¥,. In [7], J. Gell-Redman proved the existence of a unique harmonic
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diffeomorphism isotopic to the identity from a conformal surface to a nega-
tively curved surface with cone singularities of angles less than 7. So, given
a hyperbolic metric g with cone singularites of angle 2mq; at the p;, we can
define the energy functional & : 7 (X,) — R which associates to a con-
formal structure on X, the energy of the unique harmonic diffeomorphism
u: (Xp,¢) — (X, 9) provided by [7]. This functional only depends on the
class of g in %, (Xy).

The strategy of the proof is the following. We first prove that the en-
ergy functional & is proper and that its gradient at a point ¢ is given by
the Hopf differential of the harmonic map w: (X,,¢) — (X,,9) (up to a
multiplicative constant). Then, given two hyperbolic metric with cone sin-
gularities g1 € Z,(X,) and g2 € Fo (), we show that critical points of
&y, + &y, correspond to minimal diffeomorphisms.

In the classical case (namely, without conical singularities), Schoen
proved that such a minimal diffeomorphism is also Lagrangian. In particular,
uniqueness of the minimal diffeomorphism follows from stability of minimal
Lagrangian submanifold of Kéhler-Einstein manifold (as studied by [8], [13]).
In our case, the Lagrangian property generally fails and we have to prove
stability “by hand”.

The paper is organized as follow. In Section [2| we define surfaces with
cone singularities and construct the moduli space .%(3,) of marked hyper-
bolic cone surfaces.

In Section [3] we define and study the energy functional. We prove the
properness and explicit the gradient at a point.

In Section[d], we prove the Main Theorem. We construct a minimal diffeo-
morphism from (X, g1) to (X,, g2) for each local critical point of &, + &,.
We prove stability of minimal graphs in (3, x 3,, g1 @ g2) with a maximum
principle on elliptic PDE satisfied by the harmonic diffeomorphisms.

It would be interesting to study the possible connections between the
minimal map of the Main Theorem and AdS geometry. In particular, we
expect that this minimal map should be related to some “maximal” sur-
face in some AdS manifold with spin particles (as introduced in [I] in the
Minkowski case). We leave this question for a future work.

Aknowledgment. I would like to thank J.-M. Schlenker for valuable dis-
cussions about the subject and the referees for useful comments which per-
mitted to improve this paper.
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2. Fricke space with cone singularities

In this Section, we construct the moduli space %, (2,) of marked hyperbolic
metrics with cone singularities on 3, when the cone angles are smaller than
7. By definition, .%,(X,) is the quotient of the infinite dimensional space
M (E,) of hyperbolic cone metric on Xy, by the action of the group Zo(%,)
of diffeomorphisms isotopic to the identity.

Given a infinitesimal deformation & of a hyperbolic metric go € .4, 1(3,),
we associate a unique deformation hg which is transverse to the orbit of
20(%,) and differs from h by the action of an element in Z¢(X,). This is
achieved by considering a Bianchi gauge. We then show that the deformation
hg obtained in that way is the real part of holomorphic quadratic differential
on Y, with at most simple poles at p.

This construction provides an identification between the tangent space
of #(X,) at [go] and the space of meromorphic quadratic differential on 3
with at most simple pole at p. Riemann-Roch Theorem implies that .%,(X,)
has complex dimension 3g — 3 + n.

2.1. Function spaces

In order to define metrics with cone singularities, we need to introduce the
Holder-based (b-Holder) and weighted b-Holder spaces. We refer to [9, Sec-
tion 2.6.2] for more details about these spaces.

Fix R>0and a € (0,1) and set D := {z € C, |z| < R}. From now and
so on, we will use the following notations

pa

Definition 2.1. For « € (0, 1), the space CKbO’W(D) of b-Hoélder (0,~) func-
tions on D consists of these functions f : D — C such that

z=pe

wy M@=
€01 = 81 + o2

For k > 0, we set
€7 (D) = {f, (rd,) (%) f € 67 (D), i+ <k},
and finally, for v > 0,

"6 (D) = {f, 17V f € €7(D)}.
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Note that for instance, for a € C with ®(a) > 0 and 1 € €*°, the func-
tion f(z) = r*p(f) is in %, (D) for v < R(a) and all k.

2.2. Local model of cone singularity

Definition 2.2. A metric g on D = {z € C, |z| < R} has a conical singu-
larity of angle 2ma at the origin if g has the following form

g = e |20V |
where ¢ > 0 and p € 76,7 (D) for some v > 0 and ~ € (0,1).

Equivalently (see [9), [11]), a metric on D has a conical singularity on
angle 2w at the origin if, in polar coordinates (r,6), with z = pe’? and
r = £, the metric g has the following form

g=dr’+a’r*df> +h
where
h = adr?® + brdrdd + cr?df?, a,b,c € rl’%”bl”(D).

From now and so on, all the cone angles will be considered
strictly smaller than 7, that means we only consider the case o €
(0,3)-

» 2

The main example of metric with cone singularity is the following:

Example 2.3. Let H? := (D?, g,) be the unit disk equipped with the Poin-
caré metric. Cut D? along two half-lines making an angle 27« intersecting
at the center 0 of D? and define H2 as the space obtained by gluing the
boundary of the angular sector of angle 2w« by a rotation fixing 0.

Topologically, H2 = D?\ {0} and the induced metric g, (which is not
complete) is hyperbolic outside 0 and carries a conical singularity of angle
2ra at 0. We call H2 = (D*, g,) the hyperbolic disk with cone singu-
larity of angle 27a.

In conformal coordinates, we have the well-known expression:

4
= ——5ld2*
gp (1_‘2’2)2’ Z|

Using the coordinates z = ézo‘, we obtain:

4|Z’2(a—1)
o = 1= a2)zo)

3lds[? = 4622 2D,
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where 11 = —In (1 — a~2|2[**). Note that u € 7%, (D?) for v < 2a.
In polar coordinates (r,6), the metric g, expresses as:

go = dr? + a?sinh® rd6?* = dr? + o*r2d6® + h,
where h = (sinh? 7 — 72)d#?. Note that so r—2(sinh?r —r?) € r”‘fbl’v.
2.3. Surfaces with cone singularities

Let ¥ be a closed oriented surface, p = (p1,...,pn) C 2 be a set of points.
Denote by £, :=X\p and let a:= (ai,...,a,) € (0,3)" be such that
x(Bp) — >t (e — 1) < 0. By a theorem of McOwen and Troyanov [12, 25],
this condition implies the existence of hyperbolic metrics with cone singual-
rities of angle . Note also that X, can be a sphere with at least 3 punctures.

Definition 2.4. A metric g on ¥, is a metric with cone singularities of
angle « if g is a € metric on each compact K C ¥, and for each punc-
ture p; € p, the exists a holomorphic chart z : U; — D C C where U; is a
neighborhood of p; and gy, has the form of Definition

We denote by .#,(X,) the space of such metrics.

Remark 2.5. The space .#,(X,) is a positive cone in the vector space of €
sections of the bundle of symmetric 2-tensors (where the regularity around
the puncture p; is r” Sa”bl"y). In particular, given a metric go € 4, (3;), a vec-
tor h € Ty, Mo (Ep) is a €2 symmetric 2-tensor such that in a neighborhood
of each puncture, h has the following expression (see Subsection :

h = adr? + brdrdd + cr?df?, a,b,c € r”‘fbl’w.
We have the following map

K: Mo(Sy) — ECOZp)
g —  K(g)

9

where K (g) is the Gauss curvature of the metric g.

Definition 2.6. The space .#, '(3,) of hyperbolic metrics with cone sin-
gularities of angle o is K~1(—1).

Note that, given g € #,(X,), for each puncture p € p, there is a local
holomorphic chart around p such that the expression of ¢ in that chart is
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given by g, where g,, is the hyperbolic metric with cone singularity of angle
271ay; described in Example
We now define the group of diffeomorphisms we will consider.

Definition 2.7. Let Zy(%,) be the group of diffeomorphisms 1 of ¥ =
Y, Up isotopic to the identity (in the isotopy class fixing each p; € p) so
that, for each compact K C Xy, ¢k is of class €3 and, for each marked
point p; € p, the expression of 1 in a holomorphic chart centered at p; has
the form

b(z) = Az + f(2), fertE}, AeC.

Proposition 2.8. For each g € #,(3,) and ¢ € Do(%;), the pull-back
metric *g is in Ma(Ep).

Proof. Away from the singular points, v is 4> and g is € so in particular,
P*g is €2
In a holomorphic chart around a point p € p corresponding to an angle
2ma, 1) has the expression
U(z) = Xz + 11 f(2),

where f € 655 7 and X € C*. Writing A = roe® One gets the following ex-
pression

dp = (ro+ (L +v)r’ f+ 17 (r0y) f)dr + (1 + 1179y f)db
= (ro +n)dr + (1 +r&)do

where 7, £ € r”%bl’v.
In particular, if g has local expression

g = dr® + o&*r?d6? + h, h = adr® + brdrdf + cr’dé*, a,b,c € €1,

then we have
W =rdr? + o?[(2)Pde* + I,

where b/ = (2ron + n%)dr? + o2 (2)|?(2r€ + r262)d6* + .
Using |¢)(2)| = ror + x where x € 1747, and setting # = ror, one ob-
tains that the pull-back metric has the form

Vg = di* + o*F2d6% + b,

where 1 = a/di® + b'7did + ¢'72d6?, o'V, ¢ € r'E,) . O
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It follows that the space Z(X,) acts by pull-back on .#;1(3,) and the
quotient space F(Zy) := Ay (3y)/P0(Xp) is a smooth manifold called
the Fricke space with cone singularities of angles .

One of the main reason to impose the cone angles being smaller than m
is the following proposition. It will be of main importance when studying
deformations of hyperbolic cone metrics.

Proposition 2.9. Let g € ;' (%,) be a hyperbolic metric with cone sin-
gularities on ¥y,, where o € (0, %)n The distance between two singularities
18 bounded from below by a positive constant depending only on the angles.

Proof. Let p1,p2 € p be two singularities of (¥,, g) corresponding to the cone
angle 2maq and 2mag respectively. Let 3 the shortest geodesic joining p; to
po and denote by &; the geodesic from p; making an angle wa; with 5.
Given a closed disk D with boundary 0D and an embedding ¢ : D <
Y =¥, Up such that p N (D) = {p1,p2}, denote by v the unique geodesic
homotopic to ¢(0D).
We have the following:

Lemma 2.10. The distance between 8 and v is strictly positive.

Proof. We first claim that if the distance between v and [ is zero, then the
image of v and (8 coincides. In fact, for ¢ > 0 small enough, consider the
e-neighborhood U, of 8 and let ¢ : U — U, be the isometric involution
given by the reflection along 5 U §; U da.

By uniqueness of the geodesic in the homotopy class of ¢(9D), the in-
tersection of U, with the image of v has to be fixed by . In particular, if v
intersects 3, the intersection has to be tangent to 8 and so the image of
and S coincide.

Let V be one of the connected component of U, \ {8 U d; U d2} and send
V isometrically to H? = {(z,y) € R?, y > 0}, sending 3 to the imaginary
axis. The vector field N = 0, restricts to a Jacobi field along 8 and so the
curve o4 (y) (where oy is the flow generated by N) is a geodesic in V.
The condition on the angle implies that Ta; < 5 and so for ¢ small enough,
ol (7) is strictly shorter than v (see Figure . In particular, the distance
between [ and -y is strictly positive. O

Consider the connected component S of ¥\~ containing p; and po,
and cut it along £, §; and Jo. The remaining surfaces are two isometric
hyperbolic quadrilaterals (see Figure . When the length of v tends to
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Figure 1: The geodesic f..
zero, each quadrilateral tends to a hyperbolic triangle of angles way, mas
and 0. In such a triangle, the length on (5 satisfies

1+ cos(may) cos(maz)

cosh(I(B)) =

sin(maq ) sin(rag)

It corresponds to the lower bound for the distance between two hyperbolic
cone singularities of angles 2may and 27was. U

Applying this result to the universal cover of (¥, g), one gets a lower
bound for the injectivity radius of the singular points on a hyperbolic cone
surface. In particular, there exists a neighborhood V; of each p; € p such that,
the restriction of any g € ., 1(3,) to V; is isometric to a neighborhood of
the origin in ]Hli

From now and so on, we fix a cylindrical coordinates system (r;,6;) :
V; = H2, centered at p; for each i € {1,...,n}. Propositionimplies that,
up to a gauge, we can always assume that for each i € {1,...,n}, every
metric g € ., 1(3,) has the following expression:

g, = dr? 4 o2 sinh? r;d6?.

We get the following Corollary:



1172 Jérémy Toulisse

P2

Figure 2: Hyperbolic quadrilateral.

Corollary 2.11. Let gy € A, (2,) and let b= %Ir:ogt be a deforma-
tion of go. There exists a vector field v € Lie(2¢(Xy)) (the Lie algebra of
P20(%p)), so that

h=h+%qg0, and hyy, =0 Vi€ {1,...,n}.

Here £,q0 is the Lie derivative of g in the direction v and the V; are defined
as in Proposition[2.9 We call such a h a normalized deformation.

Analysis on hyperbolic cone manifolds. Let (¥X;,g) be a hyperbolic
surface with cone singularities of angle a € (O, %)n It is not obvious that
classical results of geometric analysis on Riemannian manifolds (as integra-
tion by parts) extend to hyperbolic cone surfaces.

In this section, we study differential operators on vector bundles over
(3p,9) in the framework of unbounded operators. For the convenience of
the reader, we recall here basic facts about unbounded operators between

Hilbert spaces. A good reference for the subject is [18].

Unbounded operators. Let 54 and 5% be two Hilbert spaces with
scalar product (.,.); and (., .)2 respectively.
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Definition 2.12. An unbounded operator is a linear map
T:9(T) C 7 —
where 2(T) is a linear subset of J# called the domain of T

Example 2.13. Let I C R be an interval and D an order n € N linear
differential operator. We see D : 65°(I) C L*(I) — L*(I) as an unbounded
operator (here €5°(I) is the space of € real valued functions over I with
compact support).

Of course, one notes that in this example, §°(I) is probably not the
largest set (with respect to the inclusion) where D can be defined. This
motivates the following definitions:

Definition 2.14. Let 77 and T5 two unbounded operators from .74 to .743.
We say that T extends T (and we denote by To C T1) if 2(Ts) C 2(Th)
and T1|9(T2) =T5.

We have the important notion of closed and closable operators:

Definition 2.15. An unbounded operator 7' is closed if its graph ¥ (7T') is

closed in JA4 @ 4. T is called closable if the closure of ¥ (T) in 4 @
is the graph of an unbounded operator T In this case, T is called the closure
of T.

Using the scalar products of 4 and 5%, we can define the adjoint of
an unbounded operator with dense domain:

Definition 2.16. Let T': Z(T') C /1 — % be an unbounded operator
such that (7)) is dense in .7/7. We define the adjoint of 7" as the unbounded
operator T : 9(T*) C s — 4 where:

D(T*) .= {y € H4, there exists u € ] such that
(Tx,y)2 = (z,u)1, Vo € 2(T)}.

As 9(T) is dense, u is uniquely defined and we set T*y := u.
The following proposition can be found in [I8, Theorem 1.8]:

Proposition 2.17. IfT: 2(T) C 4 — I has dense domain and P (T™)
is dense in 96, then T is closable with T = T**.



1174 Jérémy Toulisse

Determining the domain of an adjoint operator is generally difficult.
Hence we have the notion of a formal adjoint:

Definition 2.18. Let T': Z(T') C s#1 — % be an unbounded operator
with dense domain. We say that an operator T* : (1) C 5 — A is a
formal adjoint of T is for all z € 2(T), y € 2(T") we have (Tz,y)s =
(x, Ty)1.

Remark 2.19. By Riesz’ theorem, y € 2(T™) if and only if the applica-
tion z — (T'x,y) is continuous on Z2(T). Given y € 2(T"), the functional
x — (Tx,y) is continuous on Z(T), so 2(T") C P(T*) and T* C T*. So
T* extends every formal adjoint of T'.

The following result is of main importance for us [16, Theorem 13.13]:

Proposition 2.20. IfT : P(T) C 4 — 5 is closed with dense domain,
then the operator T*T + Id is invertible and its inverse A := (T*T + Id)~! :
4 — A is continuous with ||A| < 1.

Application to geometric analysis on cone surfaces. Let (3,,¢)
be a hyperbolic cone surface (recall that the cone angles are supposed
strictly smaller than 7). Denote by 7%, := ®/_, T*%, the bundle of
(r,0)-tensors on ¥, and by S"%, C T9%, the sub-bundle of symmetric
r-tensors.

The cone metric g on X, induces a metric on T(T’O)Ep and S"TY, that
we still denote by g. In the sequel, we will consider the Hilbert spaces
L? (T(’"’O)Ep) of L? sections of T("’O)Ep endowed with the scalar product

(M, )10 = / g(n, p)volg.

Xp

For k € N, we denote by €5 (T(”’O)Ep) (respectively €% (T(T’O)Ep)) the
space of sections of T(’”’O)Ep which are €% with compact support (respec-
tively €’*). We use similar notations for S™%,,.

Note that €5° (T(’”’O)Zp) c L? (T(T’O)Ep) is a dense subset.

We need some results of integration by parts in cone manifolds. Some
good references for this theory are [4] [14].
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Divergence and covariant derivative. We denote by V the covariant
derivative associated to g. We see V as an unbounded operator:

Vi 9(V) =6 (T0Os,) € 12 (T09%,) — L2 (T0H10%, )

Because Z(V) is dense in L2 (T(T’O)Zp), V admits an adjoint denoted
V*. Define the operator V! by

Vi a(V) =6 (TOF0%,) € 12 (T0F105,) — 12 (109,

where
2

V(X1 Xe) ==Y (Ven)(en X1,..., X;),
i=1
for (e1, e2) an orthonormal framing of T'%,.
Stokes’ formula for compactly supported tensors implies that V! is a
formal adjoint of V. In particular, V! C V*, so V* has dense domain and v
is closable (by Proposition E We denote by V := V** its closure.

The divergence operator & : 2(6) C L?(57%,) — L? (577'%,) is the
restriction of V* to the sections of S"%,. Its adjoint 0* is just the composition
of V with the symmetrization.

In particular, for » = 1, the decomposition of (2, 0)-tensors into symmet-
ric and anti-symmetric part gives

1
=0+ =d
V=5

where d is the usual differential acting on 1-forms.

Similarly, one checks that §* : 2(6*) C L*(3,) — L? (S'%,) is just the
differential d.

We have a result of integration by parts for covariant tensors on (¥, g).
The proof is analogous to the proof of [I5] Theorem 1.4.3], however, as it is
a central result in what follows, we include it.

Proposition 2.21. For all f € €1(3,) N 2(d) and u € €1 (S1E,) N 2(9),
we have

(dfsuysr = (f, 6u) 2(x,)-

Proof. Let us prove the result when (X,,g) contains a unique cone singu-
larity p of angle 2wa. To prove the result in the general case, we just apply
the following computation to each puncture.
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Fix cylindrical coordinates (r,0) € (0, R) x R/2waZ in a neighborhood
of p so that

gy = dr? + sinh? rd?,

For t € (0,7), denote by Uy := {(r,0) € V,r < t}.
For f € 9(d) N ¢ (Zy) andu € 2(5) NE1(SS,), Stokes’ formula gives:

/ (o(df. ) = fou)avy = [ Fa(@r)dvy,
\U, U

where 0, is the unit vector field normal to 9U;.
As t tends to 0, the left hand side tends to (df,u)s: — (f,0u)r>(x,)-
Denote by I; the right hand side. By Cauchy-Schwarz inequality,

1/2 1/2
s \fHu(a»rdvgmts(/ f\?dvm) (/ ru<ar>12dvgmt) .
aUt aUt aUt

When f # 0, |f| is differentiable and 9,|f| = +0,f. When f = 0, we set
Or|f| = 0. Tt follows that O,|f| is the partial derivative of |f| is the sense of
distributions. In fact, for all ¢,a € (0,7) and @ fixed, we have

t
F(6.0)] — | f(a,0)] = / o0\ (r,0)dr.
In particular, as [0, f]| < |0, f|, we get
£(6,6)] < 1£(a,0)] +/ 0, f|dr-
t

So
a 2
0P < s o+ 2 ( [ ofiar)
t

Applying Cauchy-Schwarz, we obtain

</ta|arf|dr> / / r|0, f[2dr

ln< > 7|0, f|2dr.
a
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Finally, we get

/ |FPdvgy, <2 / 1 (a,0)dvg,,
8Ut aUt

+/ (2 In <t> / r]o“’rfIZdr> dvg, o,
U, a t ’
2T
< 2t/ |f(a,0)>do
6=0
In (t> / (/ 7“|8rf|2dr> dvg, oy,
a U, t
t 2T a
In <> / / |0, f|*rdrdo
a =0 Jt

2T
< 2t/ |f(a,0)|?d + 2t
0
t 2
In(— 10, f|“dvg
a U,

+2

2T
< 2t/ |f(a,0)|* d6 + 2t
6=0

= O(tInt).

Now, as u € L*(S%%,),

[ w@ta,) < [*( [ e, ) = [ ks, <+
0 oU, 0 oU, U,

that is, the function t — faUt |u|? is integrable on (0,a). As the function

(tInt)~! is not integrable in 0, there exists a sequence (t,)nen With ¢, — 0
such that

/8U ul*dvg,,,, = o((tnInt,)™").
It follows that lim I;, = 0. O

We will use the following corollary later.

Corollary 2.22. If f € 2(§od) NC*(Xy) satisfies (6d + Md)f = 0 for X >
0, then f =0.

Proof. Let A >0 and f € 2(6 od) N €?*(Z,) such that
(6d+ MNd)f = 0.
Taking the scalar product with f, and using Proposition [2.21] we get:
(Odf +Af, ) ra,) = Idf I35+ M7, =0,

and so f = 0. O



1178 Jérémy Toulisse

2.4. Deformations of hyperbolic cone metrics

We want to understand the deformations of a hyperbolic cone metric gg €
A7H(2p) up to the action of diffeomorphisms in Zo(3,).

Given a smooth path (g¢)ie(—ee) in AMHE,) with gi—o = go, the in-
finitesimal deformation h := %| ot € Ty My 1(2,) is a symmetric 2-tensor
on Xy.

The fact that (g¢)te(—ee) C Ay ' (Ep) implies that

d

— K =dKg (h) =
Ty (00 = dEg (1) = 0

where K (g;) is the Gauss curvature of the metric g;.
The linearized operator dK,, has the following well-known expression
(see for instance [24, Formula 1.5, p.33]):

1
(1) dKg, (h) = 8d(txg,h) + 86h + Jtrg,h,

where try, denote the trace with respect to go. It follows that infinitesimal
deformations of gy in .4, *(X,) correspond to vectors h € Ty, Mo (S,) that
are solution to ().

Given a smooth path (Y1);e(—c.) C Zo(Xp) With 1o = Id, the pull-back
metrics 7 go are in .#, *(X,). Moreover, we have

d

— *g0 = L = 26*
dt‘tzolbt 90 X 90 u,

where Zx is the Lie derivative along the the vector field X generating
and u is the 1-form dual to X. A deformation h € Ty, .4, (%) is called a
trivial deformation if h = 2§*u for some 1-form u dual to a vector field
X € Lie(Z20(%y)).

It follows that the deformations of [go] := Z0(X;).g90 € Fa(Xy) corre-
spond to solutions of up to trivial deformations.

The end of this subsection is devoted to the proof of the following;:

Proposition 2.23. Given a hyperbolic metric with cone singularities gg €
My and an infinitesimal deformation h € Ty, My (Sy), there exists a
unique traceless and divergence free symmetric 2-tensor hg € Tgo.//lojl(Ep)
which is transverse to the orbit 20(Xy,).g0 and differs from h by a trivial
deformation.
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Proof. First note that, given an infinitesimal deformation

_d
o dt|t=0gt’

one can always find a family of diffeomorphisms 74 such that the expression
on ;g is constant on the neighborhood V; of each marked point p; (see
Corollary . It means that, if we want to consider infinitesimal deforma-
tions h up to the action of Zy(X,), we can restrict ourselves to deforma-
tions vanishing in a neighborhood of the p;. These deformations belong to
(502 (S QEP) and are called normalized deformations.

A classical way to get rid of trivial deformations is to impose a gauge on
h. Here we will consider a Bianchi gauge (as in [3]).

Let 3 be the operator acting on symmetric 2-tensors by

1
B(n) :=dn+ §d(trgm)-

Lemma 2.24. Given a normalized deformation h € Ty M (Xy), there ex-
ists a unique 1-form u € 2(VV™*) such that

(2) B(h —26"u) = 0.
Proof. We want to solve the equation
2(Bod")u = Bh,

where
2(Bod")u=206"u+ d(trg,0*u).

Using the decomposition of V into symmetric and anti-symmetric part,
namely V = 6* + %d, we obtain

trg, (0% u) = trg,(Vu) = =V*'u = —du.
So
1
2(Bod")u=20 <Vu — 2du> — dou
= 2V*Vu — Au,

where A = dd + dd is the Hodge Laplacian.
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The Weitzenbock formula gives a relation between V*V and A (see [2]
Chapter 1.]):

A =V"'V —1Id.

Note that here we used the fact that gy is hyperbolic.
Substituting, we finally obtain

2(Bod")u=(V*V+1d)u.

It follows from Proposition that the operator V*V +1d : 2(V*V) C
L2(512p) — LQ(SIEP) is invertible. Moreover, because h € ‘5()2(522p),
Bh € ‘501(512,3) C LQ(SIZP) and the equation 2(f8 o ¢*)u = Sh admits a

unique solution.

O

So far, we just know that *u is L?. In particular, we will need to have a
control on the behavior of hg = h — 26*u at the punctures in order to prove
that hg € T,,.#.,*(Xy). This is achieved in the following lemmas.

Lemma 2.25. On each compact K C X, the solution u to equation @) 18
smooth.

Proof. Let K C ¥y, be a compact. We can assume, without loss of generality,
that K is isometric to a closed hyperbolic disk D, C H? of radius r. Denote
by ¢ : D, — K C X, the isometry.

By uniqueness of the Levi-Civita connection, the pull-back of the covari-
ant derivative V by ¢ is the covariant derivative associated to the Levi-Civita
connection on H?2. It follows that the pull-back 1-form ¢*u satisfies

(Vi Ve + Id)e*u = B(¢*h).

The operator on the left hand side is elliptic of order two and the right hand
side is €'. We can thus apply Schauder estimates and we obtain that u
is €3. 0

Lemma 2.26. The symmetric 2-tensors hg := h — 20*u (where u is the
solution to equation @) has zero trace and is divergence free.
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Proof. Because u is smooth on ¥, the flow of the vector field dual to u is a
diffeomorphism of ¥, (which may not be in Z((3,)). In particular,

K, (h) = dKy, (ho — 26*u) = dF 4, (ho) = 0.
That is,
5d(trg, ho) + 60ho + %trgoho —0.
On the other hand, 8(ho) = dho + d(trg,ho) = 0 implies that ho satisfies
§d(trg, ho) + trg,ho = 0.

The previous lemma implies that try ho is at least €%(%,), so by Corol-

lary trgoho = 0.
Finally, the condition S(hg) = 0 becomes dhg = 0. O

The next lemma is classical:

Lemma 2.27. The symmetric 2-tensors hg is the real part of a meromor-
phic quadratic differential on ¥ with at most simple poles at p.

Proof. For (dx,dy) an orthonormal framing of T*%,, write
ho = u(x, y)dz? — v(x,y)(dedy + dydz) + w(z,y)dy>.

The condition trg, hg = 0 implies w(zx,y) = —u(z,y). Write (9;, 0) the fram-
ing dual to (dx,dy). Let us explicit the divergence-free condition:

0 = Sho(ds)
- _<v61h0)(8ma 8x) - (Vayho)@w ax)
= —0zu + Oyv.

In the same way, we get:
0 = 6ho(dy) = Bpv + Dyu.

These are the Cauchy-Riemann equations. It implies in particular that ¢ =
u + 7v is holomorphic on Xy,.

Now, for z = z + iy, dz = dx +idy, set ¢ = p(2)dz%. Tt is a holomor-
phic quadratic differential on 3, such that hg = R(¢). It follows that ¢ is
meromorphic on ¥ with possible poles at the p; € p.
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We claim that, as hg = R(¢) € L? (SQEP), the poles of ¢ at the p; are
at most simple. In fact, let p € p be a cone singularity of angle 2wa, z be a
local holomorphic coordinates around p and

o) = (5 +16))

for A € C*, n > 0 and f meromorphic so that 2" f(z) - 0.
z—

It follows from Propositionthat around p, each lifting go € .#,;1(3,)
of [go] € Fa(X,) is isometric to the expression g, given in Definition In
particular,

66 = (O(|=[7>") ldz|",
SO
go(¢, d)(2) = O (|z|2(2—2@—n)) |
It follows,
go(, ¢)dvg, = O <‘z‘2(1—04—n)) ]2,

Asa € (O, %) , 90(¢, #)dvy, is integrable in 0 if and only if n < 1. In partic-
ular, hg is in L? only when n < 1. O

Lemma 2.28. The symmetric 2-tensor hq is tangent to the space of hyper-
bolic metric My () at go.

Proof. We want to prove that hg € Ty, .#,(X,). By Remark we have to
show that, for each puncture p € p of angle 2wra and local polar coordinate
system (r,0), hy has the following expression

ho = adr?® + brdrdf + cdr?db?, a,b,c € 7""552’7.

By Lemma2.27) ho = 3(¢ + ¢), where ¢(2) = ¢(2)dz?, p(z) =
A € C and f is holomorphic.
As usual, we set z = pe? and r = %. We have

>

+ f(2),

dz? = e¥0dp? + 2ipe*Pdpdl — p*e®dp?.
In particular, writting

1 _
ho = 5((;5 + ¢) = adr?® + brdrdf + cr’df?,
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one obtains
adr? = R (¢(2)e*?) dp?
brdrdf = 29?(ip90(2)e2i9)dpd0
er?dd? = —R(p*p(2)e*?)do>.
Using

(07

r= %, p= (047")%, dp = (ar)i_ldr,
one gets
a= %(cp(z)ezw)(ar)ﬂi_l)
- (m;m N ewf(z)> (ar)2(-D

0
= (A; ) (ar)ﬂi_l) +0 (7’2(5_1))

= %(Aeie)(ar)i_Q +0 (r2(i_1)) .

b= 2§R(ip<p(z)e2i9) (ar)iflrfl

\Z 246 ) )
= 2R <ip 2p62 + ipeQZef(z)> (ar)e1p~t

= 2057 R(EA)rE 2 4+ 0 (D).
e = RO (ar)E 2 40 ().
But 2 > 2, so in particular, for v <1 —2,a,b,c € TV%IW'

This complete the proof of the proposition.
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O

O

In particular, one can associate a meromorphic quadratic differential on
¥ with at most simple pole at p to each deformation of gy € .Z;1(Z,).
On the other hand, the real part of any (non-zero) meromorphic quadratic
differential is a deformation of gy transverse to Zo(X3,).go. We thus get the

following:

Proposition 2.29. The tangent space to Fo(3,) at [go] is canonically
identified with the space of meromorphic quadratic differential on ¥ = ¥, Up

with at most simple poles at p.
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2.5. A Weil-Petersson metric on .7, (%)

Here we describe the Weil-Petersson metric on the Fricke space with cone
singularities. This metric was first introduced and studied by Schumacher
and Trapani in [21].

Let h, k € Tjy-Za(Sp). Fix a lift go € 45 1(3,) of [go]. It follows from
the above construction that there exists a unique lift h, k € Tyl (5p) of
h and k respectively which are divergence-free 2-symmetric tensors of zero
trace. We call such a lifting a horizontal lifting. Define:

1 ..
§<h, k>WPa = <h, k‘>52.

In the case of a closed surface, it was proved by Fischer and Tromba [6),
Theorem (0.8)] that this L? metric coincides with the Weil-Petersson metric.
We call (., .)wp, the Weil-Petersson metric with cone singularities of
angle a.

Note that in [2I], the author proved that (.,.)wp, is a Kéhler metric
and studied its curvature.

Uniformization. Here, we recall a fundamental result proved by R.C.
McOwen [12] and independently M. Troyanov [25]. Let .7 (X,) be the Te-
ichmiiller space of X, that is the moduli space of marked conformal struc-
tures on X,. We have

Theorem 2.1 (McOwen, Troyanov). Given ¢ € 7 (X,), there exists a
unique g € Fo(Xp) in the conformal class ¢ as long as x(X) + > 1 (g —
1) <0 (where ¥ =3, Up).

This theorem provides a family of identification ©, : 7 (X,) — Fa(2,)
for each o € RZ, such that x(3,) + > ;(a; — 1) < 0. In particular, one can
define a family (0} (., .>Wpa)a€(0 1y of Weil-Petersson metric on .7 (3,).

3. Energy functional on .7 (%)

In this section, we define and study the energy functional on the Teichmiiller
space of Y. Its definition is based on the following theorem, which is a
particular case of the main theorem of [7]:

Theorem 3.1 (Gell-Redman). Given two hyperbolic metrics g,go €
///Ojl(Ep) with cone singularities of angle «, there exists a unique diffeo-

morphism u € Po(Ey) such that u : (X,,9) — (Xp, go) is harmonic.
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Recall that a harmonic map f : (M, g) — (N, h) between Riemannian
manifolds is a critical point of the energy, where the energy of f is defined
as follow:

E(f):= /M e(f)dvg,

and e(f) = %de |2 is called the energy density of f. Here, df is seen as a
section of T*M ® f*T'N with the metric ¢* ® f*h (¢* stands for the metric
on T*M dual to g).

Note that, when dim M = 2, the energy functional only depends on the
conformal class ¢ of the metric g. We denote by w4, the harmonic diffeo-
morphism isotopic to the identity from (X, ¢) to (3, go).

Moreover, a complex structure J. on X, is canonically associated to c.
It allows us to split each symmetric 2-tensor on 3, into its (2,0), (1,1) and
(0,2) part.

Definition 3.1. Let u: (X,,¢) — (£, go) be a diffeomorphism. The Hopf
differential ®(u) of u is the quadratic form define by

®(u) == (u*go) >0,
We have the following (see [7, Section 5.1])

Proposition 3.2 (J. Gell-Redman). Let gy € 4,1 (3,) be a hyperbolic
metric with cone singularities and ¢ be a conformal structure on ¥,. A dif-
feomorphism u : (£, ¢) — (X, go) s harmonic if and only if its Hopf dif-
ferential ®(u) is holomorphic on ¥, with at most simple poles at p.

Local expressions. Let u: (Xy,9) — (X,, go) be a diffeomorphism, z =
x + 4y be a local holomorphic coordinates on (X, g). Set g = p?(z)|dz|? and

go = o%(u)|dul?. As usual, write u = u! + iu? and
0, = %(61 — iag), 52 = %(81 + iag)
dz = dx1 + idxo, dz = dx1 — idzy
Oy = %(&Ll — iauz), gu = %(aul + iau2).

We have the following expression:

2
du = Z 8Z~ujdxz~ ® Oyi
1,7=0
= Oyudz0y, + 0,udz0, + 0,udzdy + 0,udz0,,.
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It follows that

®(u) = u*go(0s, 0,)d2"
= go(du(9.), du(9.))dz*
= 02 (u)0,ud,udz>.

Moreover, for g¥/ the coefficient of the metric dual to g,

2
1 »
e(u) = B z g”goaﬁ»@iuaajuﬁ
a7/8’i7j20
= p_2(z)02(u) (|8Zu|2 + |5Zu\2) .

In particular, we have

(u*g0) MY = (u*g0(Ds, 8s) + u*g0(Ds, D)) |d2|?
= 2go (du(@z), du(gz)) ]dz|2
= ?(u)(|0:ul? + [0u|?)|dz[?
= p?(2)e(u)|dz|*.

Note that we get the following equation for each section £ of 7%, ®@ u*T'X,
with the metric ¢* ® u*g:

(3) I1€]1” = 4p°((£(0:),£(0:))],

where (.,.) is the scalar product with respect to the metric go.

Finally, noting that the framing (dz0,,dz0y,dz0y,dzd,) of (T*I, ®
u*TSy, g* ® u*go) is orthogonal and each vector has norm p~'(z)o(u), we
get the following expression for the Jacobian J(u) of u:

_ du O,
J(u) = detg-gu-g, < Du 0,1 )
= ()0 (w) (|0:uf — [F.uf?).
In particular, we have the following expression:

u*go = ®(u) + p*(2)e(u)|dz]* + ®(u).

Thus ®(u) measures the difference of the conformal class of u*gy with c.
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Energy functional. Fixing go € .7 1(2,), we define the energy func-
tional &, on the space of conformal structures of X, by:

éago (C) = E(U’C,go)v

where g, : (3p,¢) — (Ep, go) is the unique harmonic diffeomorphism iso-
topic to the identity.

Proposition 3.3. The energy functional @?";,O descends to a functional &,

on T ().

Proof. For each diffeomorphism isotopic to the identity f € Z¢(%;), f:
(Xyp, f*¢) — (Ep, ¢) is holomorphic and F is invariant under holomorphic
mapping (see [, Proposition p.126]), that is E(ucg,) = E(f*ucg,). More-
over, f ¢ g, = Uf+cq,- In fact,

f*uc,go : (Zpu f*C) — (megO)

is harmonic. So, as f € Zy(%,) is isotopic to the identity, _uniqueness of
the harmonic diffeomorphism implies f*uc g, = tfec,g,- SO &y, is Do(Xp)-
invariant and descends to a functional &, on 7 (%;). O

Remark 3.4. The same argument shows that &, only depends on the class
of go in Fo(2,).

Now, we are going to prove the following main result:
Theorem 3.2. The energy functional &, : 7 (X,) — R is proper. More-
over, its Weil-Petersson gradient at [g] € 7 (2y) is given by —2R(P(uyg) 4,)) €
Tig) 7 (Xp)-

3.1. Properness of &g,

Recall that (Proposition [2.9), for each g € Z(3,) and i € {1,...,n}, there
exists a neighborhood V; = {z € ¥,, d(x,p;) < R;} of p; such that

g, = dr? + sinh? r;d6?
where (p;, 0;) are fixed cylindrical coordinates on V;. We can choose the V;

such that V; N V; = 0 whenever i # j. We denote V := |J;-_; V;. We need an
important result, corresponding to Mumford’s compactness theorem for the
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case of hyperbolic surfaces with cone singularities. The proof is an extension
of Tromba’s proof in the classical case [24].

Proposition 3.5. Let (gx)ren C Ay ' (Sy) be such that, the length of every
closed geodesic v* C (3, \ V, gi) is uniformly bounded from below by | > 0.
There exists g € M, (y) and a sequence (fi)ken C Diff(Ey) such that

vk — g
feow —3 9

Proof. Let (gr)ken be as above. It follows that there exists p > 0 such that,
for each k € N and € £, \ V, the injectivity radius of = is bigger than p
(for example, take p = min{l,r1,...,m}).

Fix R > 0 such that R < p. As the area of (3, \ V, gi) is independent
of k, there exists N > 0 such that for each k € N, NV is the maximum number
of disjoint disks of radius g in X,.

That is, for each k € N, there exists (a:’f, . ,xﬁfv) C Xy \ V such that
D§ (a:lf),...,Dg (a:éfv), Vi,...,V, are disjoints (here Dg(:ﬂf) C X, is the
disk of center z¥ and radius g) and Dg(z%),...,Rr(z%),Vi,...,V, is a
covering of X,,.

For each i,j €{1,...,N} with Dr(z}) N Dg(z}) # 0, note that z} €
Dog(z ), x € DQR( ) and as 2R < p, there ex1sts isometries ¥¥ and \Ilk
sendlng DQR( k) (resp Dop(x )) to the disk B of radius 2R centered at 0
in H2.

It follows that the map 7' :— Uro (\I/k) is a positive local isometry of
H? which uniquely extend to 7' € PSL(2 R). Moreover, for each k,

T (U5 (o)) = Ui (af) € B,

that is (le)keN is compact. So (’7’ Jken admits a convergent subsequence
whose limit is denoted by 7;;.

For each i€ {l,...,N} and je {1,...,n} with Dag(a¥)nV; £ 0,
there exists an 1sometry \I/k Dog(aF) — B C H? and ¢ : V; — H2 As
¥i(Dag(x¥) N'V;) is a simply connected subset of HZ S, it s isometric to a
subset of B C H? by an 1sometry denoted ®;.

Pick-up a point y* € Dogr(z¥) NV;. The map azj =& 0q)j o (Uh)~1
(see Figure [3)) is a positive 1ocal 1sometry of H? which umquely extends
to an element of PSL(2,R). Moreover, a - sends U¥(y) to ® o ;(y) which
are both in the compact set B C H? (the closure of B). Then, by the same
argument as before, afj — a;5 € PSL(2,R) (up to a subsequence).
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Dj

Figure 3: The map afj.

Now, define
M:=(BiU---UByUYp1 (V1)U - Utbp(Vp)) [ ~,
where B; = B C H? for each i and ~ identifies:
e z; € B; with x; € B; whenever 7;; exists and 7;5(z;) = ;.
e z; € B; with x; € ¥;(V;) whenever a;; exists and a;j(z;) = ®(z5).

Obviously, M is an hyperbolic surface with cone singularities and defines
a point g € A, ().

Now, we claim that there exist diffecomorphisms f : M — (X, gi) with
fr(Bj) C DR(mé?), fx(Vi) € V; and such that

\IlgC o fr ? id on each Bj;, and ;o fj ? id on each ]Hli
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The proof of this claim is exactly analogous to the proof of [24, Lemma C4
p.188] and will not be repeated here.
Hence, on each B;, we have

frvigp 9P
(where gp is the Poincaré metric) and on each V;

Fiviga: — o
But, as \II;C and ; are isometries, we get:

*
fk;gkgg- 0

Now we are able to prove the properness of &,. Let (cx)reny C 7 (2y)
such that (&Y, (ck))ren is convergent. For each k € N, choose a point gj €
A7H(2y) such that the conformal class of gy is . It follows that E(ug, 4,) <
K for all k£ € N.

Let « be a simple closed curve in £, \ V. For k € N, let 74, be the unique
geodesic isotopic to v for the metric g;. Note that there exists no geodesic
homotopic to a cone point on a hyperbolic surface. In fact, if v would be such
a geodesic, consider the surface obtained by taking two times the connected
component of ¥\ v containing the cone point and glue them along ~. The
remaining surface would be a hyperbolic sphere with two punctures, but it
is well-know that such a hyperbolic surface does not exist.

So v is not homotopic to dV; for some i € {1,...,n}, so by [24, Theo-
rem 3.2.4] we have:

Uvk) > I7e
for some constant C' > 0.

So (I(7k))ken is bounded from below and we can use Proposition (3.5 and

we get a family (fi)ren C Diff(2,) such that figx ? g.

For all k£ € N, denote by uy : (Xp,cx) — (2p, g0) the harmonic diffeo-
morphism isotopic to the identity. By [24, Lemma 3.2.3], the sequence
(uk)ken is equicontinuous. It follows that the classes of (f)ren in Diff(3,)/
Diffy(X,) takes only a finite set of values. In fact, as

E(Uck,go) = E(Uf,:ck,go) = E(fl:uck,go) <K,

the sequence (f;ui)ren is equicontinuous and admits a convergent subse-
quence by Arzeld-Ascoli. As Diff(¥,)/Diffo(X,) is discrete, there exists a
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N € N such that, for k bigger than N, [f;] € Diffy(X,) is constant. It fol-
lows that, up to a subsequence, ([f}¢k])ren converges in 7 (3,).

3.2. Weil-Petersson gradient of &,

Let ¢ € 7 (X;). We are going to use real coordinates (z,y) on (2, ). From
now on, denote by 0; := 0, and 0, := 9, and by (dx1, dz3) the dual framing.
Denote by u := u. g4, and fix § € .#;1(X,) such that the conformal class of
g is ¢. In local coordinates, we have the following expression:

2
du = Z O;udx; @ Oye,
,L‘?j?a76:1

where (u!,u?) are the coordinates of u on (X, go). Assume that (u!,u?) are
isothermal coordinates for gg, so

2
go = Z UQ(u)(SaBduo‘duﬁ,
a,f=1

(here 044 is the Kronecker symbol). Writing g in coordinates and using the
Einstein convention, we have the following expression:

1

1 g
Eu) =3 | dul*dvg = 028,597 Oiud;uPvolg.
2 2
o 2,

Here, volg is the volume form of (X, g) and G are the coefficients of the
metric dual to g in T73,.

For heT..7 (¥;), denote by h the horizontal lift of dO,(h) in T (5y)
(recall that ©,, is the application given by the uniformization). So 1 is a zero
trace divergence-free symmetric 2—tensor on (X, g).

We are going to compute the differential of g"go at g in the direction h.
Note that the differential of §+— (§") is given by h — (—h") and the

differential of g — volg is h — (Strzh)voly. So one gets:

~ ~ 1 .
@) = =3 [ R0 0yutvoly
p

1 - _ -
+ 1 / o%3" 0;u®dju” (trgh)voly + R(h),
2y
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where the term R(h) is obtained by fixing g and dvoly and varying the rest.

It follows that R(h) correspond to the first order variation of E(u) in the
direction h. But as u is harmonic, R(h) = 0.
Moreover, the second term is zero because we have chosen a horizontal
lift of 1, hence trzh = 0. N N N N
Writing v = u' + iu? and using the fact that h'! = —h?2 and h'2 = h?!
(see Section [2), we get the following expression:

~ 1 ~ ~
d&y, (9)(h) = _2/2 o (hll (|o1ul* — |92ul?) + 2h123?(81u82ﬂ)> volg
p

= (h, ) 52(,)
1
= _502(16) ((101ul® = |92ul?)(da” — dy?) + 2R(D1udou) (dady + dydz)) .

Note that, by definition, ¢ is the Weil-Petersson gradient V&' (¢) of & at the
point ¢ € .7 (%,). On the other hand,

R(®(u)) = R(o?(u)0.ud.udz>)
=R <102(u)(81u — i0ou) (01T — 1091) (dx® — dy? + i(dxdy + dyd:v)))

= —o0°(u) ((|81u]2 — |Ooul?) (dx* — dy?) + 2R(01udyu) (dzdy + dydz)) .

4. Minimal diffeomorphisms between hyperbolic
cone surfaces

In this section, we prove the Main Theorem by studying the PDE satisfied
by harmonic diffeomorphisms.

4.1. Existence

Proposition 4.1. For each o, o’ € (0, %)n, g1 € Fo(Ep) and g2 € For (Ep),
there exists a minimal diffeomorphism W : (3,,91) — (£p, g2) isotopic to
the identity.
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Proof. Let g1 € Z0(%p), 92 € Fo(Xy) and consider M := (£, x 3y, 91 @
g2). Given a conformal structure ¢ € .7 (X,), one can consider the map

fc = (’U,l,UQ) : (Ep,C) — M,

where u; : (X, ¢) — (3,, ¢5) is the harmonic diffeomorphism isotopic to the
identity (1 = 1,2).

Clearly, E(f.) = E(u1) + E(u2) (where E(f) = %fzp |df ||*dvg). From
Section |3, the functional & := &, + &, : 7 (3,) — R is proper. Let ¢y be
a critical point of &, so the map

U= f,: (Z,¢0) — M

is a harmonic immersion. We claim that ¥ is also conformal. In fact, ¥ =
(u1,uz), so

V(g1 @ g2) = ujg1 D usge
= ®(ur) + B(u2) + p*(2)(e(ur) + e(uz))|dz|* + ®(ur) + ®(ug),

where z is a local holomorphic coordinates on (X, ¢g) such that ©4(co) =
p?(2)|dz|? (where O4 : T (,) — Fu(Ey) is defined in Subsection .

Now, as ¢p is a minimum of &, V& (¢p) = —2R (P(u1) + ®(uz2)) =0, so
®(u1) + P(u2) = 0 and ¥ is conformal. It follows that ¥ is a conformal har-
monic immersion, hence ¥(X,) is a minimal surface in M (see [5, Proposition
p. 119)).

Denoting by p; : M — X, the projection on the i-th factor (i =1,2)
and I' = U(X,), we get that u; = p;,. and I = graph(pa,. opl_li). It follows
that

p2|r Opl_“{ : (Zpugl) — (Epng)

is a minimal diffeomorphism isotopic to the identity. U

Remark 4.2. For ¥: (X,91) — (2, ¢2) a minimal diffeomorphism as in
Proposition the induced metric gr on I" = graph(¥) carries conical sin-
gularities of angle 8 = (f1, ..., y) where 8; = 27 min(«y, o).

In fact, suppose a < o/ and normalize the metrics g; and go so that ¥ =
id, and choosing conformal coordinates z in a neighborhood of (p;,p;) € T,



1194 Jérémy Toulisse

one has the following expression:

gr = id*g1 +id*gs
_ (ceQ,u’zP(ozfl) +ce2“ E ‘2(04 -1) ) ldz|?

= 662“’2‘2(0471) <1 + — 2 =h) |Z|2 o a) |dz|?
_ 062;1’2‘2(04—1)’6&,‘2

where fi =g+ In (1+ %62(“'_“)\z|2(°‘1_°‘)) € r”%bl"y. So, by Definition
gr carries a conical singularity of angle 2w« at (p;, p;).

2. Uniqueness

Before proving the rest of the Main Theorem, let us recall some results about
the harmonic diffeomorphisms provided by [7]. We use the same notations
as in the proof above. Let z be conformal coordinates on I' such that

gr = p*(2)|dz1?, gi = o (ui(2))|dus .

The natural complex structure on I' provides a decomposition of vector-
valued 1-forms on I" into their C-linear and C-antilinear part. In particular,
for i = 1,2, we get:
1
V2

where du; € QLT uwi TS, ® C), du; € Q¥ ufTE, ® C). It follows that

du; = Ou; + Ou,,

1 _
e(us) = gllduil|* = 0wi]]* + [10ui]]*,
which in coordinates gives

{Hauz'IIQ(Z)— p2(2)07 (ui(2))]0:us
10us]|(2) = p~2(2)07 (ui(2)) [0l .

Then we have the following expressions (cf. Section :

19 (wa) || = 10w | D
e(ui) = [[0us® + || 0|
(i) = [|0us |* — (|9
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Note that, as w; is orientation preserving, J(u;) >0 and in particular
[[Oui]| # 0.
It is well-known that these functions satisfy a Bochner type identities
everywhere it is defined (see [19])
@) Aln 9] = 19— [Busl* -
Aln[|0us]| = —[[ui|| + [|0us]|* —

where A = A, = 6",

Note that, as ®(u;) is holomorphic outside p, the singularities of In ||Ou;|
on X, are isolated and have the form cInr for some ¢ > 0. In fact, as J(u;) >
0, ||Oui]| # 0. Because ||®(u;)|| = ||Ous||||Ous]|, the singularities of In ||du;]|
correspond to zeros of ®(u;).

Remind that, in a local holomorphic chart around a puncture p of angle
2mra,

ui(z) = Nz + TH'”fi(z),
where \; € C*, f € ‘527(U

Using
{az = L(rd, —idy)
0, = £(ro, +idy)
we get that
O u; = Nj +r°L(f;)
{a =r°L(fi)
where

L= (1+eld+ 0, —idy)
L=o2(1+e)ld+ 0, +idp).

Let « (resp. ) be the cone angle of the singularity of g; (resp. g2) at p. So,
from subsection [2.2] there exists some bounded non vanishing functions ¢;
and ¢y so that

It follows that

[0ur]]2 = p=2(=)c3 A1z + rte fo 20D 4 rL(f1) 2
(5) — P 22)E 220 (14 0()
]2 = p=2(2)c3 A [2le=Dr 2O D2 L 1) 21 + O(r)).
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Proposition 4.3. Ifa; < o} for alli € {1,...,n}, the minimal diffeomor-
phism W : (X4, 01) — (2p, 92) of Proposz'tz'on 18 unique.

The proof follows from the stability of T

Lemma 4.4. Under the same conditions as in Proposition[{.3, a minimal
graph T' € (2, X Xy, 91 B g2) is stable.

Proof. Let I' be a minimal graph in (X, x X,,¢1 @ g2), and denote by u;
the i*" projection from I" to (3, g;) (for i = 1,2). As I is minimal, the u; are
harmonic and ®(u;) + ®(u2) = 0.

Stability of minimal graph in products of surfaces has been studied for
the classical case in [26]. We have the following lemma:

Lemma 4.5. Let I' be a minimal graph in (X, x Xy, g1 ® g2), then the
second variation of the area functional under a deformation of I' fixing its
intersection with the singular loci is given by:

P’ 2
(6) A" — Eé/ _ 4/ ” (UQ)H volr,
r e(u1) + e(uz)

where EY is the second variation of the energy of uy and ®'(ug) is the vari-
ation of the Hopf differential of us.

Proof. By definition, the area of I' is given by:

A= / (det(ut g1 & usgs)) /2 |d2[2.
I

But we have:

det(ujgr ® usge) = det ( (e(ur) + e(ug))|alz|2 +2R(P(uy) + @(ug)))
= det ( (e(u1) +e u2))(da:2 + dy?) + 2R(o(w1)
+ ¢(u2))(dz® — dy?) — 23(¢(w1)
+ ¢(u2))(dzdy + dyda;))
= p(e(ur) + e(u2))® — 4|¢(wr) + ¢(uz)[?,

where ®(u;) = ¢(u;)dz2. It follows that

A= /F (e(ur) + e(uz))? — 4@ (ur) + D(u2)|2) '/ dur.
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Writing
a = (e(ur) + e(us))? — 4| ®(u1) + (uz) %,

A:/al/QdUF.
r

Recall that, for ¢ = 1,2, we have

we get

B(u;) = /E P e(u;)dor.

Denote by v1; and va; be the variations of u; and ug respectively cor-
responding to a variation I'y of I'. Set 1; := %‘ Vit which is a section of
u;TY,. Denote by V% the pull-back by u; of the Levi-Civita connection on
(X, gi). In particular, we have:

d
— dv; s = V%;.
dt |t=0 Vi = VEY

Now we have:

A" = d—Q /a1/2dvp = 1/ a V%" — 1(173/261/2 dur.
dt?ji=o0 Jp " 2 Jr 2

But
a' = itzo ((e(vr,e) + e(v24))? = 4(|@(v1,4) + P(v2,0)]?)

= 2(e(u1) + e(u2)) (€' (u1) + €'(u2)) — 8(@"(u1) + ' (u2), @(u1) + L(u2))

= 2(e(u1) + e(u2)) (€' (u1) + €' (u2)),
and

d2
a" = e ((e(vre) + e(v2,))? = 4([|@(v14) + (v2,4)]1%)
= 2(¢/(u1) + €/ (u2))? + 2(e(ur) + e(u2))(e" (u1) + € (u2))
— 8]|®" (u1) + @' (uz)|*.

Hence,

19 (1) + @' (ug)|?
e(ur) +e(ug)

1
a71/2a// i §a73/2a/2 — 2(e”(u1) + e”(UQ)) _8
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It follows

/ / 2
A”(F) _ E”(u )+ E// _4/ H(I) u1) + @' (ug)||

+6 U,Q)

Now, as pointed out in [26], such a variation can be realized as a vari-
ation of ug only since the variation of u; can be interpreted as a change of
coordinates which does not change the area functional. So, setting ¢ = 0,
we get the formula. O

Ous
Writing w; := In ”8%” and using equation , we obtain:
U;

Aw; = Aln ||0u;|| — Aln ||0w]|
= 2[|0u;|* — 2[|0u;|”

Bui 8u1 -1
e (12 H_(H r>
[Oudll  \ [|Ousl]

= 4||®|| sinh wy,

where || ®|| = || ®(u1)|| = ||®(u2)||. That is, wy and wy satisfy the same equa-
tion. Note that, outside p, the singularities of w; and wy are the same. In
fact, singularities of w; correspond to zeros of ||Qu;| (as J(u;) = ||Ous? —
|0u;]|? >0). But as ||®(u1)|| = ||0u1||||Ou1]| = ||Ousa]|||Ousz]|, the zeros of ||Ous ||
and ||Quz|| are the same. In particular, wy — w; is a regular function on 3,
satisfying:

(7) A(wy —wy) = 4||®||(sinh wy — sinh wy).

Let us study the behavior of w; — ws at a singularity p € p. Using the same
notation as above, the norm of the Hopf differentials satisfy:

P (212 (u)ll(2) = of (ur)| 0z ||0:m |

Az 4+ RO+ L(f)| P L f)]
= G[L(f1) [N 2@ Dre(1 4+ O(r9))

and
PP (2)[|@(u2)]|(2) = 07 (u2)|8,uz||0.02)|

= 3lhoz + 1T YT g+ L(f2)|IrL( )]
= GL(f)lIAP 1= Dr (14 O(r)).
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Hence, using ||®(u1)|| = ||P(u2)]],

‘L(fl)
L(fo)

where C' is a non-vanishing bounded function. Now, using equation (5], we
obtain:

— 7,2(0/701)0

)

wi = In <’L*(le)|<1 £04) =1 (%) +00).

In particular,
(8) we —wy = 2(a — ') Inr + ',

where C’ is a bounded function. As o« — o/ > 0, wo — wy tends to —oo at the
singularities.

So we can apply the maximum principle to equation , and we obtain
that we < wy. Using ||[®(uq)|| = ||®(us2)|| = ||®]|, we finally obtain:

[Qual| < [|Gus].

Let us consider the function f(z) = = + ||®|/*z~" defined on Rx. Its deriva-
tive is f'(x) =1 — ||®||?2™2, so f is increasing for z > ||®||. As J(up) > 0,

o el
|9usl? 2 [0 | |Bual] = 15

Applying f to [[Qug||* < [|[Qui]]?, we get
e(ug) < e(uy).

So, from equation @, we obtain:

s pg-a [ IWOIE,

Let ) := dt‘t Ut be a deformation of uz (so v is a section of u3TY,). We

have the following expression (see e.g [22, Equation 2]):

E”(UQ) = /1_‘ (<Vu21/)7 Vuz?/’) - trgngQ (du2a wv 7/17 du?)) dUF7

where R9? is the curvature tensor on (X, g2), V** is the pull-back by us of
the Levi-Civita connection on (X, g2) and the scalar product is taken with
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respect to the metric gf ® ujgo on T°T' ® usT>,. Computing ®’, we get:

d
@/ - * B » d 2
dt|t:0vtg2(a 7a ) z
d
= — dvy(8s), dvg(8s))d=>
dt|t:092( v1(0z), dvy(0,))dz

= 295(V"24p(D,), dus(0,))dz>.

That is
19'[|* = 40 (u2) [(V*21)(Ds), duz(9:))]?,

(where (.,.) is the scalar product with respect to g2). By Cauchy-Schwarz
and equation , we get

[']2 < d02(u) [(T45(0.), T5(@.)) | |(dus (9., dus ()
< IV P dua P
Hence,

1]

1
< = [ (vup, v .
g e(ug)UOlF <3 /F< ¥, V¥h)volp

Finally, we obtain:

A" > —/tTgFRgQ(dU,¢,¢,du)dUF.
T

But as the sectional curvature of (X, g2) is —1, the right-hand side of the
last equation is strictly positive (for a non zero ). So I is strictly stable. [

Now, using the classical estimates (see [5, Proposition p.126] or the proof of

lemma, ,
Area(T") < E(T)

and equality holds if and only if ¥ is a minimal immersion. It follows from the
stability of I' that the critical points of &, + &, can only be minima. But a
proper function whose unique extrema are minima with non-degenerate Hes-
sian admits a unique minimum. So ¥ is the unique minimal diffeomorphism
isotopic to the identity.
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