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1. Introduction

Tsfasman and Vlăduţ [TV] proposed a general framework of constructing
error-correction codes by using algebraic varieties in their seminal work
“Algebraic-Geometry Codes”. Taking the connection of toric varieties to
geometry of lattice polytopes into consideration, the explicit calculations
can be made in toric varieties, on which the toric codes construct first by
J. Hansen [H1, H2]. The toric codes may be defined as evaluation codes ob-
tained from monomials corresponding to integer lattice points in an integral
convex polytope P ⊂ Rn, see Definition 1, [LS2]. Briefly, we recall the toric
surface codes as below:

Given a finite field Fq where q is a power of prime number. Let P be any
convex lattice polygon contained in □q−1 = [0, q − 2]2. We associate P with
a Fq-vector space of polynomials spanned by the bivariate power monomials:

L(P ) = SpanFq
{xm1ym2 | (m1,m2) ∈ P} .

For any f ∈ L(P ), regard (f(t), t ∈ (F∗
q)

2) as a vector with (q − 1)2 co-
ordinates, i.e. an ordered (q − 1)2-tuple. We define a toric surface code CP

(cf. [SS1]), the set of the codewords associated to the polytope P , by

CP := {(f(t), t ∈ (F∗
q)

2) | f ∈ L(P )}.

Back to the general framework of [TV], given a finite field Fq, the lattice
polytope P ⊂ Rn defines a projective toric variety XP over Fq and an ample
line bundle LP . If the finite set S = {p1, . . . , ps} of Fq-rational points on
XP takes the algebraic torus T =

(

F∗
q

)n
, one defines an evaluation code

CP := C(XP , LP ,T) by evaluating global sections Γ(XP , LP ) of LP at the
points of T. Thus, it is clear that the toric code is completely determined
by P , since the global section can be identified with polynomials whose
monomials are the lattice points in P , see section 3.4, [F]. Therefore, it is
not surprising that the parameters of a toric code are expressible in terms
of the polytope P , such as the dimension and the minimum distance.

Before J. Little and R. Schwarz [LS2], Hansen and other researchers pro-
posed more advanced techniques from algebraic geometry to study the toric
codes, see [H2, Jo, LS1] and [Z]. It is [LS2] that for the first time used a more
elementary approach based on a sort of multivariate generalization of Van-
dermonde determinants to determine the minimum distance of toric codes
from simplices and rectangular polytopes. They also proved an interesting
and intriguing result that if there is a unimodular integer affine transfor-
mation taking one polytopes P1 to another P2, i.e. P1 and P2 are lattice
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equivalent1 , then the corresponding toric codes are monomially equivalent
(hence have the same parameters), see section 4, [LS2]. Two codes of block
length n and dimension k over Fq, denoted as C1 and C2, are said to be
monomially equivalent if there is an invertible n× n diagonal matrix ∆ and
an n× n permutation matrix Π such that G2 = G1∆Π, where Gi is the gen-
erator matrix for Ci, i = 1, 2. Unfortunately, the statement given in [LS2]
is not necessary to examine the monomially equivalence of two toric codes.
The corresponding toric codes of two lattice non-equivalent polytopes could
be monomially equivalent. Explicit examples are discovered first in [LYZZ],
and more pairs in this paper.

In our classification of the toric codes, the parameters such as the min-
imum distance and the numbers of codewords with different weights2 are
important indices to discern the monomially non-equivalence. Thanks to
close tie to the geometry of the toric surface XP associated with the nor-
mal fan △P of the polygon P , Ruano [Ru] estimated the minimum dis-
tance using intersection theory and mixed volumes, extending the methods
of Hansen’s for plane polygons. Little and Schenck [LS1] obtained upper and
lower bounds on the minimum distance of a toric code constructed from a
polygons P ⊂ R2 by examining Minkowski sum decompositions of subpoly-
gons of P . Soprunov and Soprunova [SS1] proved new lower bounds for the
minimum distance of the toric code CP defined by a convex lattice poly-
gon P ⊂ R2, where the bounds involve a geometric invariant L(P ), the full
Minkowski length of P . Later, they [SS2] investigated the computation of
the minimum distance of higher dimensional toric codes defined by lattice
polytopes in Rn. Unfortunately, as far as we know, there is no convenient
formula to get (the bounds of) the numbers of codewords with different
weights, which are obtained by meticulous analyses to enumerate all the
possible distinct families of reducible polynomials in this paper.

In this paper, we give a (almost) complete classification of toric surface
codes of dimension equal to 7, according to monomially equivalence. This is
a natural extension of the previous work [LS2, YZ, LYZZ]. [LS2, YZ] gave
the complete classification of toric codes with dimension less than or equal

1Two integral convex polytopes P and P̃ in Zm are said to be lattice equivalent if
there exists an invertible integer affine transformation T as above such that T (P ) =
P̃ . An affine transformation of Rm is a mapping of the form T (x) = Mx+ λ, where
λ is a fixed vector and M is an m×m matrix. The affine mappings T , where
M ∈ GL(m,Z) (so Det(M) = ±1 ) and λ have integer entries, are precisely the
bijective affine mappings from the integer lattice Zm to itself.

2The weight of each nonzero codeword in CP is the number of points (x, y) ∈
(

F∗
q

)2

where the corresponding polynomial does not vanish.



✐

✐

“3-Yau” — 2020/4/19 — 23:28 — page 266 — #4
✐

✐

✐

✐

✐

✐

266 Hussain, Luo, Yau, Zhang, and Zuo

to 5. The 6-dimensional toric surface codes are classified in [LYZZ]. Though
the strategy (of grouping the codes sharing the same minimum distance,
and then comparing the numbers of codewords with different weights in
each group) is similar as that in [LYZZ], the novelty of this paper are two
folds: On the one hand, we obtain more explicit examples of two monomially
equivalent toric codes constructed from two lattice non-equivalent polygons,
see Proposition 3.4. Also the monomially equivalence of more pairs of toric
codes remains to be undetermined. It is interesting to notice that the open
case can happen solely on Fq, q slightly large, for instance the pair C

P
(10)
7

and C
P

(19)
7

on F29. This phenomenon never happened before. On the other
hand, the number of the codewords in CP over Fq with some particular
weight varies with respect to q. The dependence on q is more complicated
than before. For example, the argument of finding the number of codewords
with weight (q − 1)2 − 2(q − 1) for C

P
(9)
7

in the proof Proposition 3.6 and
Table 3.7.

The main results in this paper are stated below.

Theorem 1.1. Every toric surface code with k = 7, where k is the dimen-
sion of the code, is monomially equivalent to one constructed from the one
of the polygons in Fig.1 as following.
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Figure 1. Polygons yielding toric codes with k = 7.

Theorem 1.2. C
P

(i)
7

and C
P

(j)
7

are not monomially equivalent over Fq for
all q ≥ 7, except that the following three pairs are monomially equivalent:

(1) C
P

(4)
7

and C
P

(8)
7

over F7

(2) C
P

(5)
7

and C
P

(7)
7

over F7

(3) C
P

(12)
7

and C
P

(13)
7

over F7

and the monomially equivalence of the following three pairs remain open:

(4) C
P

(10)
7

and C
P

(19)
7

over F29

(5) C
P

(4)
7

and C
P

(7)
7

over F8

(6) C
P

(5)
7

and C
P

(6)
7

over F8

.

Remark 1.1. More precisely, C
P

(1)
7

is defined only on Fq with q ≥ 8, others
are defined on Fq with q ≥ 7.

Theorem 1.2 and the main results in [LS2, YZ, LYZZ] yield a (almost)
complete classification of the toric codes of dimension ≤ 7 up to monomial
equivalence. Based on the observation that the enumerator polynomial of
the three pairs (4)-(6) in Theorem 1.2 are exactly the same, see Table A.1.
We propose the following conjecture:

Conjecture 1.1. The following pairs of toric codes are monomially equiv-
alent:

(1) C
P

(4)
7

and C
P

(7)
7

over F8
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(2) C
P

(5)
7

and C
P

(6)
7

over F8

(3) C
P

(10)
7

and C
P

(19)
7

over F29

The preliminaries have been introduced in section 2; Section 3 is devoted
to the proof of the theorems; All the datum computed by Magma code (or
program) from [Jo] to support the proof in Section 3 has been listed in
Appendix A, and the Magma program is appended in Appendix B.

2. Preliminaries

In this section, we shall recall some basic definitions and results which are
needed in this paper. We will follow the terminology and notation for toric
codes from [LS2].

2.1. Minkowski sum and minimum distance of toric codes

For some special polygons P , we can compute the minimum distance of the
toric surface code CP , say the rectangles and triangles.

Let P□
k,l = conv{(0, 0), (k, 0), (0, l), (k, l)} be the convex hull of the vec-

tors (0, 0), (k, 0), (0, l), (k, l). Let □q−1 = [0, q − 2]2 ⊂ Z2. The minimum
distance of CP□

k,l
is given in the following theorem.

Theorem 2.3. ([LS2]) Let k, l < q − 1, so that P□
k,l ⊂ ✷q−1 ⊂ R2. Then the

minimum distance of the toric surface code CP□
k,l

is

d(CP□
k,l
) = (q − 1)2 − (k + l)(q − 1) + kl = ((q − 1)− k)((q − 1)− l).

Let P△
k,l = conv{(0, 0), (k, 0), (0, l)} be the convex hull of the vectors

(0, 0), (k, 0), (0, l). Similarly, the minimum distance of CP
△

k,l
is given below:

Theorem 2.4. ([LS2]) If P△

k,l ⊂ ✷q−1 ⊂ R2, and m = max {k, l}, then

d(CP
△

k,l
) = (q − 1)2 −m(q − 1).

Remark 2.2. Theorems 2.3 and 2.4 can be generalized to high dimensional
case, see [LS2].

In [SS1], the authors give a good bound for the minimum distance of CP

in terms of certain geometric invariant L(P ), the so-called full Minkowski
length of P .
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Definition 2.1. Let P and Q be two subsets of Rn. The Minkowski Sum
is obtained by taking the pointwise sum of P and Q:

P +Q = {x+ y | x ∈ P, y ∈ Q}.

Let P be a lattice polytope in Rn. Consider a Minkowski decomposition

P = P1 + · · ·+ Pl

into lattice polytopes Pi of positive dimension. Let l(P ) be the largest num-
ber of summands in such decompositions of P , and call the Minkowski length
of P .

Definition 2.2. ([SS1]) The full Minkowski length of P is the maximum
of the Minkowski lengths of all subpolytopes Q in P ,

L(P ) := max{l(Q) | Q ⊂ P}.

We shall use the results in [SS1] to give a bound of the minimum distance
of CP :

Theorem 2.5. ([SS1]) Let P ⊂ ✷q−1 be a lattice polygon with area A and
full Minkowski length L. For q≥ max(23, (c+

√

c2+5/2)2), where c = A/2−
L+ 9/4, the minimum distance of the toric surface code CP satisfies

d(CP ) ≥ (q − 1)2 − L(q − 1)− 2
√
q + 1.

With the condition that no factorization f = f1 · · · fL(P ) for all f ∈ L(P )
contains an exceptional triangle(a triangle with exactly 1 interior and 3
boundary lattice points), we have a better bound for the minimum distance
of CP :

Proposition 2.1. ([SS1]) Let P ⊂ ✷q−1 be a lattice polygon with area
A and full Minkowski length L. Under the above condition on P , for q ≥
max(37, (c+

√
c2 + 2)2), where c = A/2− L+ 11/4, the minimum distance

of the toric surface code CP satisfies

d(CP ) ≥ (q − 1)2 − L(q − 1).

2.2. Some theorems about classification of toric codes

The monomial equivalence is actually an equivalent relation on codes since a
product Π∆ equals ∆′Π for another invertible diagonal matrix ∆′. It is also
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a direct consequence of the definition that monomially equivalent codes C1

and C2 have the same dimension and the same minimum distance (indeed,
the same full weight enumerator).

Generally speaking, it is impractical to determine two given toric codes
to be monomially equivalent directly from the definition. A more practical
criteria comes from the nice connection between the monomially equivalence
class of the toric codes CP and the lattice equivalence class of the polygon
P in [LS2].

Theorem 2.6. If two polytopes P and P̃ are lattice equivalent, then the
toric codes CP and CP̃ are monomially equivalent.

For the sake of completeness, we list simples facts about lattice equiva-
lence of two polytopes P and P̃ in Z2.

Proposition 2.2. (i) If P can be transformed to P̃ by translation, rota-
tion and reflection with respect to x-axis or y-axis, then P and P̃ are lattice
equivalent;

(ii) If P and P̃ are lattice equivalent, then they have the same number
of sets of n collinear points and the same number of sets of n concurrent
segments;

(iii) If P and P̃ are lattice equivalent, then they are both n-side poly-
gons;

(iv) If P and P̃ are lattice equivalent, then they have the same number
of interior integer lattices.

These properties are directly derived from the definition. Besides the
properties of lattice equivalence, Pick’s Formula is also a useful tool in the
proof of Theorem 1.1.

Theorem 2.7. (Pick’s Formula) Assume P is a convex rational polytope
in the plane, then

♯(P ) = A(P ) +
1

2
· ∂(P ) + 1,

where ♯(P ) represents the number of lattice points in P , A(P ) is the area
of P and ∂(P ) is the perimeter of P , with the length of an edge between
two lattice points defined as one more than the number of lattice points lying
strictly between them.

Remark 2.3. Generally speaking, ∂(P ) is the number of lattice points on
the boundary of P . The only exception in plane is line segment, which should
follow the precise definition of length of the edge above.
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2.3. Some theorems to lower the upper bound of q

Let us introduce the so-called Hasse-Weil bounds, which will be used in the
proof of Theorem 1.2 frequently to help specifying the exact number of the
codewords with some particular weight, for q large. Recall that a polynomial
f defined over a field K is absolutely irreducible if it is irreducible over the
complex field C.

Theorem 2.8. ([AP]) If Y is an absolutely irreducible but possibly singular
curve, g is the arithmetic genus of Y , Y (Fq) is the set of Fq-rational points
of curve, then

1 + q − 2g
√
q ≤ |Y (Fq)| ≤ 1 + q + 2g

√
q.

These two bounds are called the Hasse-Weil bounds.

Let f ∈ L(P ) and Pf denotes its Newton polygon, which is the convex
hull of the lattice points in (F∗

q)
2. Denote

f =
∑

m=(m1,m2)∈Pf

λmxm1ym2 , λm ∈ F∗
q .

Let X be a smooth toric surface over Fq defined by a fan ΣX ⊂ R2

which is a refinement of the normal fan of Pf . Let Cf be the closure in X
of the affine curve given by f = 0. If f is absolutely irreducible, then Cf is
irreducible. By Theorem 2.8,

|Cf (Fq)| ≤ q + 1 + 2g
√
q,

where g is the arithmetic genus of Cf .
Let Z(f) be the number of zeros of f in the torus (F∗

q)
2. It is well known

that the arithmetic genus g of Cf equals to the number of interior lattice
points in Pf (see [LS1] for the curves).

Proposition 2.3. Let f be absolutely irreducible with Newton polygon
Pf . Then

Z(f) ≤ q + 1 + 2I(Pf )
√
q,

where I(Pf ) is the number of interior lattice points.
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3. Proof of the theorems

Let Pi denote an integral convex polygon in Z2 with i lattice points, P
(j)
i is

the jth lattice equivalence class of Pi, V is the additional lattice point added

to P
(j)
i and P

(j)
i,V := conv{P (j)

i , V } denote a new integral convex polygon

with lattices points in P
(j)
i and V . Starting from P

(j)
6 in Fig. 2 (Fig. 2,

[LYZZ]), we obtain all lattice equivalence classes of P7 with the help of
Pick’s formula, by adding all possible one more additional lattice point V .

✻

✲s s s s s s

1 x x2 x3 x4 x5

y

y2
P

(1)
6 ✻

✲s s s s s

s❳❳❳❳❳❳❳❳❳❳

1 x x2 x3 x4

y

y2
P

(2)
6 ✻

✲s s s s

s s❍❍❍❍❍

1 x x2 x3

y

y2
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s
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✏
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✑
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✡
✡
✡
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✻
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PPPPPPPPPPPPPP
1 x x2 x3

y

y−1

P
(7)
6 ✻

✲s s s s

s

s

�
��

❅
❅❅

❍❍❍❍❍

✟✟
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1 x x2x−1

y

y2

y−1

P
(8)
6 ✻

✲s s s

s s

s

❅
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1 x x2

y

y−1

P
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✻
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P
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1 xx−1
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��
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��
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y

y2
P

(14)
6

Figure 2. Polygons yielding toric codes with k = 6.

Sketchy proof of Theorem 1.1. There are total 22 lattice equivalence classes

P
(i)
7 , i = 1, . . . , 22 as shown in Fig. 1. We list all the equivalence classes and

their corresponding P
(i)
6 , for i = 1, . . . , 14 and the additional lattice point V

in Table 3.1. The arguments of finding possible V with the help of Pick’s
formula is exactly the same as those in the proof of Theorem 1.1, [LYZZ].
The verification is left to the interested readers. □

Table 3.1.

P
(i)
6 possible additional lattice point V lattice equivalent

class (P
(i)
7 )

P
(1)
6

(6, 0), (−1, 0) P
(1)
7

(x0,±1), x0 is integer P
(2)
7

P
(2)
6

(5, 0), (−1, 0) P
(2)
7

(1, 1), (−1, 1) P
(3)
7

(−1,−1), (9,−1) P
(4)
7

(0,−1), (8,−1) P
(5)
7



✐

✐

“3-Yau” — 2020/4/19 — 23:28 — page 276 — #14
✐

✐

✐

✐

✐

✐

276 Hussain, Luo, Yau, Zhang, and Zuo

(1,−1), (7,−1) P
(6)
7

(2,−1), (6,−1) P
(7)
7

(3,−1), (5,−1) P
(8)
7

(4,−1) P
(9)
7

P
(3)
6

(−1, 0), (4, 0) P
(3)
7

(−1, 1), (2, 1) P
(10)
7

(0, 2), (−1, 2) P
(11)
7

(−1,−1), (6,−1) P
(12)
7

(0,−1), (5,−1) P
(13)
7

(1,−1), (4,−1) P
(14)
7

(2,−1), (3,−1) P
(15)
7

P
(4)
6

(4, 0) P
(5)
7

(−1, 0) P
(7)
7

(−1, 1), (−1,−1) P
(12)
7

(1, 1), (1,−1) P
(13)
7

P
(5)
6

(4, 0) P
(4)
7

(−1, 0) P
(6)
7

(1, 1), (0,−1) P
(12)
7

P
(6)
6

(4, 4) P
(6)
7

(−1,−1) P
(8)
7

(−1, 0), (0,−1) P
(13)
7

(2, 1), (1, 2) P
(14)
7

P
(7)
6

(−1, 0), (4, 0) P
(8)
7

(2,−1), (4,−1), (1, 1), (−1, 1) P
(15)
7

P
(8)
6

(3, 0) P
(7)
7

(−2, 0) P
(9)
7

(−1, 1), (−1,−1) P
(14)
7

(1, 1), (1,−1) P
(15)
7

P
(9)
6

(0, 2) P
(11)
7

(3, 0) P
(13)
7

(−1, 0) P
(15)
7

(−1, 1), (1, 2) P
(16)
7

(−1,−1) P
(17)
7
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(1,−1) P
(18)
7

(2, 1) P
(19)
7

(−1, 2), (−1,−2) P
(20)
7

P
(10)
6 (1, 1), (−1, 1), (1,−1) P

(20)
7

P
(11)
6

(0, 3) P
(12)
7

(0,−1) P
(14)
7

(1, 2) P
(16)
7

(−1, 0) P
(17)
7

(2, 1) P
(20)
7

(2, 0) P
(21)
7

P
(12)
6

(−2, 0), (0,−2) P
(14)
7

(2, 0), (0, 2) P
(15)
7

(2, 2) P
(17)
7

(1,−1), (−1, 1) P
(18)
7

(2, 1), (1, 2) P
(19)
7

(−1,−1) P
(22)
7

P
(13)
6

(−1, 0), (0,−1) ,(3, 0), (0, 3), (3,−1),
(−1, 3),(2, 1), (1, 2)

P
(11)
7

(1,−1), (2,−1), (−1, 1), (−1, 2) P
(19)
7

(−1,−1), (4,−1), (−1, 4) P
(21)
7

P
(14)
6

(−1, 0), (−1, 1), (3, 0), (3, 1) P
(10)
7

(−1,−1), (3,−1), (3, 2), (−1, 2) P
(16)
7

(1,−1), (1, 2) P
(18)
7

(0,−1), (0, 2), (2, 0), (2, 2) P
(19)
7

It will be soon clear to see that the monomial equivalence of two toric

codes not only depends on which polygons P
(i)
7 , i = 1, . . . , 22 they con-

structed from, but also relies heavily on the field Fq. In principle, for q small,
the enumerator polynomials of C

P
(i)
7
, 1 ≤ i ≤ 22, can be computed directly

by Magma program. The monomial non-equivalence of any two toric codes
is discerned by different enumerator polynomials. However, in case that the
enumerator polynomial of two toric codes is the same, further investigations
are required. For q large, we shall compare several invariants of the codes,
say minimum distance, the number of the codewords with some particular
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weight, etc. Once we could identify certain invariant of one code to be dif-
ferent from that of another one, then we conclude that they are monomially
non-equivalent. It is the key component and heavy task to enumerate all dis-
tinct families of reducible polynomials that yields the codewords with some
particular weight and to count the total number of the codewords.

3.1. For q small

Table A.1 list all the enumerator polynomials of C
P

(i)
7
, 1 ≤ i ≤ 22 and these

enumerator polynomials are distinct except that of

C
P

(4)
7

and C
P

(8)
7

over F7, C
P

(5)
7

and C
P

(7)
7

over F7,

C
P

(12)
7

and C
P

(13)
7

over F7, C
P

(4)
7

and C
P

(7)
7

over F8,

C
P

(5)
7

and C
P

(6)
7

over F8, C
P

(10)
7

and C
P

(19)
7

over F29.

Using Magma to give the exact monomially mapping between the gen-
erate matrices, we can identify two toric codes constructed from two lattice
non-equivalent polygons to be monomially equivalent. The Magma code for
three cases in the following proposition is provided in Appendix B.

Proposition 3.4. The following three pairs of toric codes are monomially
equivalent:

(1) C
P

(4)
7

and C
P

(8)
7

over F7,

(2) C
P

(5)
7

and C
P

(7)
7

over F7,

(3) C
P

(12)
7

and C
P

(13)
7

over F7.

Unfortunately, the other three pairs C
P

(4)
7

and C
P

(7)
7

over F8, CP
(5)
7

and
C
P

(6)
7

over F8 and C
P

(10)
7

and C
P

(19)
7

over F29 cannot be determined by the
same way as in Proposition 3.4, since the command “IsEquivalent” in Magma
only works for toric codes over Fq with q = 4 or small prime numbers. More-
over, it is also infeasible to show the monomial equivalence by definition
directly. We leave the problem open. Based on the same enumerator poly-
nomials of these three pairs and the results in Proposition 3.4, we give the
conjecture of monomially equivalence of these three pairs.

3.2. For q large

Next, we shall classify C
P

(i)
7
, 1 ≤ i ≤ 22, for q > 9. The first invariant to be

examined is the minimum distance (or the minimum weight), denoted as
d(C

P
(i)
7
).
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Proposition 3.5. For q ≥ 37, no two codes in the following different groups
are monomially equivalent to each other:

(i) C
P

(1)
7

;

(ii) C
P

(2)
7

;

(iii) C
P

(i)
7
, for 3 ≤ i ≤ 9;

(iv) C
P

(i)
7
, for 10 ≤ i ≤ 16 or i = 18, 19, 22;

(v) C
P

(i)
7
, for i = 17 or 20 ≤ i ≤ 22.

Proof. The minimal distances of the codes C
P

(i)
7
, 1 ≤ i ≤ 22, have been sum-

marized in Table 3.3. The estimates of the distances follow from Theorem 2.3
and Theorem 2.4. It is clear to see that d(C

P
(1)
7

) = (q − 1)2 − 6(q − 1),

d(C
P

(2)
7

) = (q − 1)2 − 5(q − 1), and d(C
P

(11)
7

) = (q − 1)2 − 3(q − 1).

For C
P

(3)
7

, it is a subcode of CP
△

4,2
with d(CP

△

4,2
) = (q − 1)2 − 4(q − 1), by

Theorem 2.4; while it is also a supercode of CP
△

4,1
with the same minimum

distance as CP
△

4,2
, again by Theorem 2.4. Therefore, d(C

P
(3)
7

) = (q − 1)2 −
4(q − 1).

For C
P

(4)
7

, it is a supercode of CP
△

4,1
with d(CP

△

4,1
) = (q − 1)2 − 4(q − 1),

so d(C
P

(4)
7

) ≤ (q − 1)2 − 4(q − 1). By Proposition 2.1, when q ≥ 37,

d(C
P

(4)
7

) ≥ (q − 1)2 − 4(q − 1). Thus, d(C
P

(4)
7

) = (q − 1)2 − 4(q − 1).

Similarly, d(C
P

(i)
7
) = (q − 1)2 − 4(q − 1) for 5 ≤ i ≤ 9; d(C

P
(i)
7
) = (q −

1)2 − 3(q − 1) for 10 ≤ i ≤ 16 and i = 18, 19; d(C
P

(i)
7
) = (q − 1)2 − 2(q − 1)

for 20 ≤ i ≤ 21.
For C

P
(17)
7

, it is a supercode of CP□
1,1

with d(CP□
1,1
) = (q − 1)2−(2q − 3).

By Theorem 2.5, when q ≥ 23, (q − 1)2 − 2(q − 1)− 2
√
q + 1 ≤ d(C

P
(17)
7

) ≤
(q − 1)2−(2q − 3).

For C
P

(22)
7

, it follows from Proposition 2.1, when q ≥ 37, d(C
P

(22)
7

) ≥
(q − 1)2 − 3(q − 1). □

Table 3.3: The (bounds of) minimal distances of the codes C
P

(i)
7
,

1 ≤ i ≤ 22, when q ≥ 37.

C
P

(i)
7

minimal distance d(C
P

(i)
7
)

C
P

(1)
7

= (q − 1)2 − 6(q − 1)

C
P

(2)
7

= (q − 1)2 − 5(q − 1)

C
P

(i)
7
, 3 ≤ i ≤ 9 = (q − 1)2 − 4(q − 1)
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C
P

(i)
7
, 10 ≤ i ≤ 16 or
i = 18, 19

= (q − 1)2 − 3(q − 1)

C
P

(17)
7

(q − 1)2 − 2(q − 1)− 2
√
q + 1 ≤

d(C
P

(17)
7

) ≤ (q − 1)2 − (2q − 3)

C
P

(i)
7
, i = 20, 21 = (q − 1)2 − 2(q − 1)

C
P

(22)
7

≥ (q − 1)2 − 3(q − 1)

Just according to the minimum distance, the monomially equivalent
(resp. non-equivalent) of any two codes within (iii), (iv) and (v) in Proposi-
tion 3.5 are still unknown. The next two invariants we shall rely on are the
numbers of the codewords with weight (q − 1)2 − 2(q − 1) and (q − 1)2 −
(2q − 3), denoted by n1(CP

(i)
7
) and n2(CP

(i)
7
), respectively. We start by deal-

ing with C
P

(i)
7
, 3 ≤ i ≤ 9. With the similar argument, we can have C

P
(i)
7
,

10 ≤ i ≤ 22, done later.
The basic idea to figure out the monomially non-equivalent of any two

codes of C
P

(i)
7
, 3 ≤ i ≤ 9, is: first, we find out n1(CP

(i)
7
), 3 ≤ i ≤ 9, compare

them and sort the codes with the same n1(CP
(i)
7
) into subgroups to be de-

termined later; next, we give the range of n2(CP
(i)
7
) among the codes with

the same n1(CP
(i)
7
) and compare them to give the final classification. Fortu-

nately, in our situation, these two invariants are enough to give a complete
monomially equivalent classification to C

P
(i)
7
, 3 ≤ i ≤ 9.

To be more detailed, the way to compute n1(CP
(i)
7
) is based on enumerat-

ing the families of evaluations that contribute to weight (q − 1)2 − 2(q − 1).
The completeness of the enumeration above is followed by Theorem 2.8,
which requires the largeness of q, say q ≥ 23 in most of the cases. Thus, as
a supplement, we adopt the Magma program again to make up the gap
9 ≤ q ≤ 19, see Table A.1. For q ≥ 23, with the help of n1(CP

(i)
7
), we already

could exclude some codes and sort the left ones into several subgroups with
the same n1(CP

(i)
7
). Moreover, by enumerating the families of evaluations

that contribute to weight (q − 1)2 − (2q − 3), the range of n2(CP
(i)
7
) can be

obtained to classify the subgroups.

Proposition 3.6. For q > 9, no two codes of C
P

(i)
7
, 3 ≤ i ≤ 9, are mono-

mially equivalent to each other.

Proof. We shall identify n1(CP
(i)
7
), for 3 ≤ i ≤ 9, one by one.

For C
P

(3)
7

, n1(CP
(3)
7

) ≥ [10 +
(

q
2

)

]
(

q−1
2

)

(q − 1), since there are eight dis-
tinct families of reducible polynomials. The polynomials and their numbers
of codewords are list in Table 3.7. We claim that for q ≥ 11, there are exactly



✐

✐

“3-Yau” — 2020/4/19 — 23:28 — page 281 — #19
✐

✐

✐

✐

✐

✐

Classification of toric codes 281

[10 +
(

q
2

)

]
(

q−1
2

)

(q − 1) such codewords in C
P

(3)
7

. Any other codewords could

only come from evaluating a linear combination of {1, x, x2, x3, x4, y, xy} in
which at least one of y and xy with nonzero coefficients.

1) If either the coefficient of y or that of xy is zero, such polynomial will
be absolutely irreducible. In fact, if y has nonzero coefficient but xy
doesn’t, then by Proposition 2.3, the number of zeros of such polyno-
mial f in the torus (F∗

q)
2 has a bound:

Z(f) ≤ q + 1 + 2I(Pf )
√
q = q + 1 + 0 = q + 1 < 2q − 2,

for all q > 3; while if xy has nonzero coefficient but y doesn’t, similarly,

Z(f) ≤ q + 1 + 2I(Pf )
√
q = q + 1 + 0 = q + 1< 2q − 2,

for all q > 3. In either case, such polynomial can never have 2q − 2
zeros.

2) If both of them have nonzero coefficients, the only possible cases for
the polynomials to be reducible are list in Table ??.

Table 3.5: Possible cases of polynomials to be reducible for C
P

(3)
7

.

Possible polynomials to be reducible ♯ of
zeros

a(y + bx3 + cx2 + dx+ e)(x+ k), where a, b, c, d, e, k ∈ F∗
q and

bc ̸= 0, a, k ̸= 0 and bx3 + cx2 + dx+ e is irreducible
2q − 3

a[y + b(x+ c)(x+ d)(x+ e)](x+ k), where a, b, c, d, e, k ∈ F∗
q

and c ̸= d ̸= e ̸= k
2q − 6

a[y + b(x+ c)(x+ d)(x+ e)](x+ e), where a, b, c, d, e ∈ F∗
q and

c ̸= d ̸= e
2q − 5

a[y + bx(x+ c)(x+ d)](x+ e), where a, b, c, d, e ∈ F∗
q and c ̸=

d ̸= e
2q − 5

a[y + bx(x+ c)(x+ d)](x+ d), where a, b, c, d ∈ F∗
q and c ̸= d 2q − 4

a[y + b(x+ c)(x+ d)2](x+ e), where a, b, c, d, e ∈ F∗
q and c ̸=

d ̸= e
2q − 5

a[y + b(x+ c)(x+ d)2](x+ c), where a, b, c, d ∈ F∗
q and c ̸= d 2q − 4

a[y + b(x+ c)(x+ d)2](x+ d), where a, b, c, d ∈ F∗
q and c ̸= d 2q − 4

a[y + b(x+ c)3](x+ d), where a, b, c, d ∈ F∗
q and c ̸= d 2q − 4

a[y + b(x+ c)3](x+ c), where a, b, c ∈ F∗
q 2q − 3
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a[y + b(x2 + cx+ d)(x+ e)](x+ k), where a, b, c, d, e, k ∈ F∗
q

and e ̸= k and x2 + cx+ d is irreducible
2q − 4

a[y + b(x2 + cx+ d)(x+ e)](x+ e), where a, b, d, e,∈ F∗
q and

x2 + cx+ d is irreducible
2q − 4

a[y + bx(x+ c)2](x+ d), where a, b, c, d ∈ F∗
q and c ̸= d 2q − 4

a[y + bx(x+ c)2](x+ c), where a, b, c ∈ F∗
q 2q − 3

a[y + bx2(x+ c)](x+ d), where a, b, c, d ∈ F∗
q and c ̸= d 2q − 4

a[y + bx2(x+ c)](x+ c), where a, b, c ∈ F∗
q 2q − 3

a(y + bx3)(x+ c), where a, b, c ∈ F∗
q 2q − 3

a[y + b(x+ c)(x+ d)](x+ e), where a, b, c, d, e ∈ F∗
q and c ̸=

d ̸= e
2q − 5

a[y + b(x+ c)(x+ d)](x+ c), where a, b, c, d ∈ F∗
q and c ̸= d 2q − 4

a[y + b(x+ c)2](x+ d), where a, b, c, d ∈ F∗
q and c ̸= d 2q − 4

a[y + b(x+ c)2](x+ c), where a, b, c ∈ F∗
q 2q − 3

a[y + bx(x+ c)](x+ d), where a, b, c, d ∈ F∗
q and c ̸= d 2q − 4

a[y + bx(x+ c)](x+ c), where a, b, c ∈ F∗
q 2q − 3

a(y + bx2)(x+ c), where a, b, c ∈ F∗
q 2q − 3

a[y + b(x+ c)](x+ d), where a, b, c, d ∈ F∗
q and c ̸= d 2q − 4

a[y + b(x+ c)](x+ c), where a, b, c ∈ F∗
q 2q − 3

a(y + bx)(x+ c), where a, b, c ∈ F∗
q 2q − 3

a(y + b)(x+ c), where a, b, c ∈ F∗
q 2q − 3

So over F∗
q , such curves cannot give the codewords with weight (q −

1)2 − 2(q − 1). The claim has been proven.
For C

P
(4)
7

, n1(CP
(4)
7

) ≥ [10 +
(

q
2

)

]
(

q−1
2

)

(q − 1), since there are eight dis-
tinct families of reducible polynomials. The polynomials and their num-
bers of codewords are list in Table 3.7. We claim that for q ≥ 23 there
are exactly [10 +

(

q
2

)

]
(

q−1
2

)

(q − 1) such codewords in C
P

(4)
7

. In fact , any
other such codewords could only come from evaluating a linear combination
of {1, x, x2, x3, x4, y, x−1y−1} in which at least one of y and x−1y−1 with
nonzero coefficients.

1) If either the coefficient of y or that of x−1y−1 is zero, such polynomial
is absolutely irreducible. Let f be such polynomial. By Proposition 2.3,
the number of zeros of f in the torus (F∗

q)
2 has a bound:

Z(f) ≤ q + 1 + 2I(Pf )
√
q = q + 1 + 0 = q + 1< 2q − 2,

so such polynomial can never have 2q − 2 zeros.



✐

✐

“3-Yau” — 2020/4/19 — 23:28 — page 283 — #21
✐

✐

✐

✐

✐

✐

Classification of toric codes 283

2) If both of them have nonzero coefficients, the polynomial is also ab-
solutely irreducible. Let f be such a polynomial. By Proposition 2.3,
the number of zeros of f in the torus (F∗

q)
2 has a bound:

Z(f) ≤ q + 1 + 2I(Pf )
√
q = q + 1 + 8

√
q< 2q − 2,

if q ≥ 71. So this kind of polynomials cannot have 2(q − 1) zero points
when q ≥ 71.

For C
P

(5)
7

, n1(CP
(5)
7

) ≥ [11 +
(

q
2

)

]
(

q−1
2

)

(q − 1), since there are nine dis-
tinct families of reducible polynomials. The polynomials and their numbers
of codewords are list in Table 3.7. We claim that q ≥ 43, there are exactly
[11 +

(

q
2

)

]
(

q−1
2

)

(q − 1). Any other such codewords could only come from eval-
uating a linear combination of {1, x, x2, x3, x4, y, y−1} in which at least one of
{y, y−1} and {x, x2, x3, x4} with nonzero coefficients. All these polynomial
are all irreducible.

1) If the coefficient of y is nonzero but not that of y−1, and there is one
of {x, x2, x3, x4} has nonzero coefficient, such polynomial is absolutely
irreducible. In fact, let f be such a polynomial. By Proposition 2.3,
the number of zeros of f in the torus (F∗

q)
2 has the bound:

Z(f) ≤ q + 1 + 2I(Pf )
√
q = q + 1 + 0 = q + 1< 2q − 2.

So such polynomial can never have 2q − 2 zeros.

2) If the coefficient of y is zero but not that of y−1, and there is one of
{x, x2, x3, x4} has nonzero coefficient, such polynomial is absolutely
irreducible. In fact, let f be such a polynomial. By Proposition 2.3,
the number of zeros of f in the torus (F∗

q)
2 has the bound:

Z(f) ≤ q + 1 + 2I(Pf )
√
q = q + 1 + 0 = q + 1< 2q − 2.

So such polynomial can never have 2q − 2 zeros.

3) If both of y and y−1 have nonzero coefficients, and there is one of
{x, x2, x3, x4} has nonzero coefficient, the polynomial is also absolutely
irreducible. In fact, let f be such a polynomial. By Proposition 2.3,
the number of zeros of f in the torus (F∗

q)
2 has the bound:

Z(f) ≤ q + 1 + 2I(Pf )
√
q = q + 1 + 6

√
q< 2q − 2,
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if q ≥ 43. So this kind of polynomials cannot have 2(q − 1) zero
points when q ≥ 43. Table A.1 illustrates that n1(CP

(5)
7

) is still

[11 +
(

q
2

)

]
(

q−1
2

)

(q − 1), for q < 43.

For C
P

(6)
7

, n1(CP
(6)
7

) ≥ [10 +
(

q
2

)

]
(

q−1
2

)

(q − 1), since there are eight dis-
tinct families of reducible polynomials. We claim that when q ≥ 43, there
are exactly [10 +

(

q
2

)

]
(

q−1
2

)

(q − 1) such codewords. Any other such codewords
could only come from evaluating a linear combination of {1, xy, x2y2, x3y3,
x4y4, x, y} with at least one of x and y with nonzero coefficients.

1) If x has nonzero coefficient and y doesn’t, the only reducible polynomi-
als are ax(y + b), ax(xy2 + b), ax(x2y3 + b), ax(y + bxy2 + c), ax(y +
bx2y3+c), ax(y+bxy2+cx2y3+d), ax(xy2 + bx2y3 + c), and ax(bc+
cxy2 + dx2y3 + ex3y4). They all have at most q − 1 zeros. Otherwise
such polynomial would be absolutely irreducible, then by Proposi-
tion 2.3, the number of zeros of such polynomial in the torus (F∗

q)
2

has the bound:

Z(f) ≤ q + 1 + 2I(Pf )
√
q = q + 1 + 0 = q + 1< 2q − 2.

So such polynomial can never have 2q − 2 zeros.

2) If y has nonzero coefficient and x doesn’t, similarly,

Z(f) ≤ q + 1 + 2I(Pf )
√
q = q + 1 + 0 = q + 1< 2q − 2.

So such polynomial can never have 2q − 2 zeros.

3) If both of them have nonzero coefficients, the only possible case for the
polynomial to be reducible is that : a(x+ b)(y + c) where a, b, c ∈ F∗

q .
It has zeros of two types:
• (−b, j) for j ∈ F∗

q ;
• (i,−c) for i ∈ F∗

q .
There is one common zero (−b,−c) of both types. Thus the polynomial
has exactly 2q − 3 zeros. Otherwise the polynomial would be absolutely
irreducible. Then by Proposition 2.3,

Z(f) ≤ q + 1 + 2I(Pf )
√
q = q + 1 + 6

√
q< 2q − 2,

if q ≥ 43. So over Fq, such curve cannot give the codewords with weight
(q − 1)2 − 2(q − 1) when q ≥ 43. Table A.1 illustrates that n1(CP

(6)
7

)

is still [10 +
(

q
2

)

]
(

q−1
2

)

(q − 1), for q < 43.
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For C
P

(7)
7

, n1(CP
(7)
7

) ≥ [11 +
(

q
2

)

]
(

q−1
2

)

(q − 1), since there are ten distinct
families of reducible polynomials. The polynomials and their numbers of
codewords are list in Table 3.7. Any other such codewords could only come
from evaluating a linear combination of {1, x−1, x, x2, x3, y−1, y} and belong
to one of the following two possible cases:

1) {y, x−1, x}, {y, x−1, x2}, {y−1, x−1, x}, {y−1, x−1, x2}, {y, x−1, x, x2},
{y−1, x−1, x, x2}, {y−1, x−1, y, 1}, {y−1, x−1, y, 1, x}, {y−1, x−1, y, 1,
x2}, {y−1, x−1, y, x, x2}, {y−1, x−1, y, x2}, {y−1, y, 1, x}, {y−1, y, 1, x2},
{y−1, y, x} or {y−1, y, x, x2} with nonzero coefficients;

In this case, such polynomial is absolutely irreducible. In fact, let
f be such polynomial. Then

Z(f) ≤ q + 1 + 2I(Pf )
√
q = q + 1 + 4

√
q< 2q − 2,

if q ≥ 23. The last equality follows from the fact that the maximal
number of I(Pf ) = 2 and Pf has 4 primitive edges. So such polynomial
can never have 2q − 2 zeros when q ≥ 23.

2) {y−1, y, x−1, x} with nonzero coefficients.
In this case, the only possible case for the polynomial to be reducible

is that : cx−1y−1(y − ax)(b− xy) where a, b, c ∈ F∗
q . It has zeros of two

types:
• (i, ai) for i ∈ F∗

q ;
• (i, j) for i, j ∈ F∗

q such that ij = b.
In both types, there are q − 1 zeros. If q = 2n, then there exists an
i ∈ F∗

q such that a−1b ̸= i2, therefore there is a common zero. Thus
the curve has at most 2q − 3 zeros. If q ̸= 2n for all n ∈ Z+, let F

∗
q =

{1, α, . . . , αq−2}, then the curve have 2q − 2 zeros only if a−1b = α2k−1,

k = 1, . . . , q−1
2 . Therefore there are (q−1)3

2 such curves. Otherwise the
polynomial would be absolutely irreducible. Then by Proposition 2.3,

Z(f) ≤ q + 1 + 2I(Pf )
√
q = q + 1 + 6

√
q< 2q − 2,

if q ≥ 43. So over Fq, such curves cannot give the codewords with
weight (q − 1)2 − 2(q − 1), when q ≥ 43.

Therefore, when q ≥ 43, if q = 2n, then n1(CP
(7)
7

) = [11 +
(

q
2

)

]
(

q−1
2

)

(q − 1);

if q ̸= 2n, then n1(CP
(7)
7

) = [11 +
(

q
2

)

]
(

q−1
2

)

(q − 1) + (q−1)3

2 . Table A.1 verifies

n1(CP
(7)
7

) for q < 43.
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For C
P

(8)
7

, n1(CP
(8)
7

) ≥ [10 +
(

q
2

)

]
(

q−1
2

)

(q − 1), since there are nine dis-
tinct families of reducible polynomials. The polynomials and their num-
bers of codewords are list in Table 3.7. We claim that there are exactly
[10 +

(

q
2

)

]
(

q−1
2

)

(q − 1) such codewords, if q ≥ 43 and 3 ∤ (q − 1); and [10 +
(

q
2

)

]
(

q−1
2

)

(q − 1) + 2
3(q − 1)3 such codewords, if q ≥ 43 and 3 | (q − 1). In

fact, any other such codewords could only come from evaluating a linear
combination of {x−1y−1, 1, xy, x2y2, x3y3, x, y} with at least one of x and y
with nonzero coefficients.

1) If x has nonzero coefficient and y doesn’t, the only reducible poly-
nomials are ax(y + b), ax(xy2 + b), ax(x2y3 + b), ax(y + bxy2 + c),
ax(y + bx2y3 + c), ax(y + bxy2 + cx2y3 + d), ax(xy2 + bx2y3 + c), and
ax(bc+ cxy2 + dx2y3 + ex−2y−1). They all have at most q − 1 zeros.
Otherwise such polynomial would be absolutely irreducible, then by
Proposition 2.3, the number of zeros of such polynomial f in the torus
(F∗

q)
2 has the bound:

Z(f) ≤ q + 1 + 2I(Pf )
√
q = q + 1 + 0 = q + 1< 2q − 2.

So such polynomial can never have 2q − 2 zeros.

2) If y has nonzero coefficient and y doesn’t, similarly,

Z(f) ≤ q + 1 + 2I(Pf )
√
q = q + 1 + 0 = q + 1< 2q − 2.

So such polynomial can never have 2q − 2 zeros.

3) If both of them have nonzero coefficients, the possible cases for the
polynomial to be reducible are:

(3.1) a(x+ b)(y + c) where a, b, c ∈ F∗
q , whose zeros are of two types:

• (−b, j) for j ∈ F∗
q ;

• (i,−c) for i ∈ F∗
q .

There is one common zero (−b,−c) of both types. Thus the poly-
nomial has exactly 2q − 3 zeros.

(3.2) cx−1y−1(x2y + a)(xy2 + b), a, b, c ∈ F∗
q . If 3 ∤ (q − 1), then it is easy

to see that cx−1y−1(x2y + a)(xy2 + b) has at most 2q − 3 zeros.
If 3 | (q − 1), cx−1y−1(x2y + a)(xy2 + b) may has 2q − 2 zeros. In

fact, it is easy to conclude there are 2(q−1)3

3 such curves with 2q − 2
zeros.
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Otherwise the polynomial should be absolutely irreducible. Then by
Proposition 2.3,

Z(f) ≤ q + 1 + 2I(Pf )
√
q = q + 1 + 6

√
q< 2q − 2,

if q ≥ 43. So over Fq, such curves cannot give the codewords with
weight (q − 1)2 − 2(q − 1) when q ≥ 43. Table A.1 verifies n1(CP

(8)
7

)
for q < 43.

For C
P

(9)
7

, n1(CP
(9)
7

) ≥ [11 +
(

q
2

)

]
(

q−1
2

)

(q − 1), since there are twelve dis-
tinct families of reducible polynomials. The polynomials and their numbers
of codewords are list in Table 3.7. With the similar arguments, there are two
different cases:

1) If either the coefficient of y or that of x4y−1 is zero, such polynomial
would be absolutely irreducible. In fact, no matter which coefficient is
nonzero, by Proposition 2.3, the number of zeros of such polynomial
in the torus (F∗

q)
2 has the bound:

Z(f) ≤ q + 1 + 2I(Pf )
√
q = q + 1 + 0 = q + 1< 2q − 2.

So such polynomial can never have 2q − 2 zeros.

2) If both of them have nonzero coefficients, the only possible cases for
the polynomial to be reducible are:

(2.1) cy−1(y − a)(y − bx4) where a, b, c ∈ F∗
q , which has zeros of two types:

• (i, a) for i ∈ F∗
q , with q − 1 zeros;

• (i, j) for i, j ∈ F∗
q such that j = bi4, with q − 1 zeros as (i, bi4) for

all i ∈ F∗
q .

If q = 2n, n ≥ 2, then there must be some i ∈ F∗
q such that i4 =

ab−1. So there is a common zero of both types. Thus the polynomial
has at most 2q − 3 zeros. If q ̸= 2n, then q − 1 is even. We have
two possibilities: q − 1 ≡ 2mod 4 and 4 | (q − 1). If q − 1 ≡ 2mod 4,

then it is easy to conclude that there are (q−1)3

2 such curves having

2q − 2 zeros. If 4 | (q − 1), then there are 3(q−1)3

4 such curves having
2q − 2 zeros.

(2.2) cy−1(y − ax)(y − bx3) where a, b, c ∈ F∗
q (note that the family

cy−1(y − ax2)(y − bx2), a, b, c ∈ F∗
q , a ̸= b has already been consid-

ered before). In this case, it has zeros of two types: (1) (i, ai)
for i ∈ F∗

q ; (2) (i, bi3) for i ∈ F∗
q . Both types have q − 1 zeros. If

q = 2n, n ≥ 2, then there must be some i ∈ F∗
q such that i2 = ab−1.
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So there is a common zero of both types. Thus the polynomial has
at most 2q − 3 zeros. If q ̸= 2n, then it is easy to conclude that
there are (q−1)3

2 such curves having 2q − 2 zeros.
Otherwise the polynomial would be absolutely irreducible. Then by

Proposition 2.3,

Z(f) ≤ q + 1 + 2I(Pf )
√
q = q + 1 + 6

√
q< 2q − 2,

if q ≥ 43. Over Fq, such curves cannot give the codewords with weight
(q − 1)2 − 2(q − 1) when q ≥ 43.

So, for q ≥ 43, if q = 2n, then n1(CP
(9)
7

) = [11 +
(

q
2

)

]
(

q−1
2

)

(q − 1). If q ̸=
2n and q − 1 ≡ 2mod 4, then n1(CP

(9)
7

) = [11 +
(

q
2

)

]
(

q−1
2

)

(q − 1)) + (q − 1)3.

If q ̸= 2n and 4 | q − 1, then n1(CP
(9)
7

) = [11 +
(

q
2

)

]
(

q−1
2

)

(q − 1) + 5(q−1)3

4 . Ta-

ble A.1 verifies n1(CP
(9)
7

) for q < 43.

Table 3.7: The distinct families of reducible polynomials which evaluate to
give the codewords with weight (q − 1)2 − 2(q − 1) for C

P
(i)
7
, 3 ≤ i ≤ 9.

C
P

(i)
7

Distinct families of reducible poly-
nomials

♯ of codewords n1(C
P

(i)
7

)

C
P

(3)
7

,

for q ≥ 11

c(x− a)(x− b), a, b, c ∈ F∗
q , a ̸= b

(

q−1
2

)

(q − 1)

= [10 +
(

q

2

)

]
(

q−1
2

)

(q − 1)

cx(x− a)(x− b), a, b, c ∈ F∗
q , a ̸= b

(

q−1
2

)

(q − 1)
c(x− a)2(x− b), a, b, c ∈ F∗

q , a ̸= b 2
(

q−1
2

)

(q − 1)
c(x− a)3(x− b), a, b, c ∈ F∗

q , a ̸= b 2
(

q−1
2

)

(q − 1)
c(x− a)2(x− b)2, a, b, c ∈ F∗

q , a ̸= b
(

q−1
2

)

(q − 1)
cx2(x− a)(x− b), a, b, c ∈ F∗

q , a ̸=
b

(

q−1
2

)

(q − 1)

cx(x− a)2(x− b), a, b, c ∈ F∗
q , a ̸=

b

2
(

q−1
2

)

(q − 1)

e(x2 + ax+ b)(x− c)(x− d),
b, c, d, e ∈ F∗

q , c ̸= d, x2 + ax+ b

is irreducible, a ∈ Fq

(

q

2

)(

q−1
2

)

(q − 1)

C
P

(4)
7

,

for q ≥ 71

c(x− a)(x− b), a, b, c ∈ F∗
q , a ̸= b

(

q−1
2

)

(q − 1)

= [10 +
(

q

2

)

]
(

q−1
2

)

(q − 1)

cx(x− a)(x− b), a, b, c ∈ F∗
q , a ̸= b

(

q−1
2

)

(q − 1)
c(x− a)2(x− b), a, b, c ∈ F∗

q , a ̸= b 2
(

q−1
2

)

(q − 1)
c(x− a)3(x− b), a, b, c ∈ F∗

q , a ̸= b 2
(

q−1
2

)

(q − 1)
c(x− a)2(x− b)2, a, b, c ∈ F∗

q , a ̸= b
(

q−1
2

)

(q − 1)
cx2(x− a)(x− b), a, b, c ∈ F∗

q , a ̸=
b

(

q−1
2

)

(q − 1)

cx(x− a)2(x− b), a, b, c ∈ F∗
q , a ̸=

b

2
(

q−1
2

)

(q − 1)

e(x2 + ax+ b)(x− c)(x− d),
b, c, d, e ∈ F∗

q , c ̸= d, x2 + ax+ b

is irreducible, a ∈ Fq

(

q

2

)(

q−1
2

)

(q − 1)
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C
P

(5)
7

,

for q ≥ 43

c(x− a)(x− b), a, b, c ∈ F∗
q , a ̸= b

(

q−1
2

)

(q − 1)

= [11 +
(

q

2

)

]
(

q−1
2

)

(q − 1)

cx(x− a)(x− b), a, b, c ∈ F∗
q , a ̸= b

(

q−1
2

)

(q − 1)
c(x− a)2(x− b), a, b, c ∈ F∗

q , a ̸= b 2
(

q−1
2

)

(q − 1)
c(x− a)3(x− b), a, b, c ∈ F∗

q , a ̸= b 2
(

q−1
2

)

(q − 1)
c(x− a)2(x− b)2, a, b, c ∈ F∗

q , a ̸= b
(

q−1
2

)

(q − 1)
cx2(x− a)(x− b), a, b, c ∈ F∗

q , a ̸=
b

(

q−1
2

)

(q − 1)

cx(x− a)2(x− b), a, b, c ∈ F∗
q , a ̸=

b

2
(

q−1
2

)

(q − 1)

cy−1(y − a)(y − b), a, b, c ∈ F∗
q , a ̸=

b

(

q−1
2

)

(q − 1)

e(x2 + ax+ b)(x− c)(x− d),
b, c, d, e ∈ F∗

q , c ̸= d, x2 + ax+ b

is irreducible, a ∈ Fq

(

q

2

)(

q−1
2

)

(q − 1)

c(xy − a)(xy − b), a, b, c ∈ F∗
q , a ̸=

b

(

q−1
2

)

(q − 1)

cxy(xy − a)(xy − b), a, b, c ∈ F∗
q ,

a ̸= b

(

q−1
2

)

(q − 1)

C
P

(6)
7

,

for q ≥ 43

c(xy − a)2(xy − b), a, b, c ∈ F∗
q , a ̸=

b

2
(

q−1
2

)

(q − 1)

= [10 +
(

q

2

)

]
(

q−1
2

)

(q − 1)

c(xy − a)3(xy − b), a, b, c ∈ F∗
q , a ̸=

b

2
(

q−1
2

)

(q − 1)

c(xy − a)2(xy − b)2, a, b, c ∈ F∗
q ,

a ̸= b

(

q−1
2

)

(q − 1)

cx2y2(xy − a)(xy − b), a, b, c ∈ F∗
q ,

a ̸= b

(

q−1
2

)

(q − 1)

cxy(xy − a)2(xy − b), a, b, c ∈ F∗
q ,

a ̸= b

2
(

q−1
2

)

(q − 1)

e(x2y2 + axy + b)(xy − c)(xy − d),
b, c, d, e ∈ F∗

q , c ̸= d,
x2y2 + axy + b is irreducible,
a ∈ Fq

(

q

2

)(

q−1
2

)

(q − 1)

C
P

(7)
7

,

for q ≥ 43

c(x− a)(x− b), a, b, c ∈ F∗
q , a ̸= b

(

q−1
2

)

(q − 1) = [11 +
(

q

2

)

]
(

q−1
2

)

(q − 1),
if q = 2m;

= [11 +
(

q

2

)

]
(

q−1
2

)

(q −

1) + (q−1)3

2
, if

q ̸= 2m

cx−1(x− a)(x− b), a, b, c ∈ F∗
q , a ̸=

b

(

q−1
2

)

(q − 1)

cx−1(x− a)2(x− b), a, b, c ∈
F∗
q , a ̸= b

2
(

q−1
2

)

(q − 1)

cy−1(y − a)(y − b), a, b, c ∈ F∗
q , a ̸=

b

(

q−1
2

)

(q − 1)

cx−1(x− a)3(x− b), a, b, c ∈
F∗
q , a ̸= b

2
(

q−1
2

)

(q − 1)

cx−1(x− a)2(x− b)2, a, b, c ∈
F∗
q , a ̸= b

(

q−1
2

)

(q − 1)

cx(x− a)(x− b), a, b, c ∈ F∗
q , a ̸= b

(

q−1
2

)

(q − 1)
c(x− a)2(x− b), a, b, c ∈ F∗

q , a ̸= b 2
(

q−1
2

)

(q − 1)
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e(x2 + ax+ b)(x− c)(x− d),
b, c, d, e ∈ F∗

q , c ̸= d, x2 + ax+ b

is irreducible, a ∈ Fq

(

q

2

)(

q−1
2

)

(q − 1)

cx−1y−1(y − ax)(b− xy), m ∈ Z+,
a, b, c ∈ F∗

q , if q ̸= 2m
(q−1)3

2

c(xy − a)(xy − b), a, b, c ∈ F∗
q , a ̸= b

(

q−1
2

)

(q − 1)

C
P

(8)
7

,

for q ≥ 43

cx−1y−1(xy − a)(xy − b), a, b, c ∈
F∗
q , a ̸= b

(

q−1
2

)

(q − 1)
= [10 +

(

q

2

)

]
(

q−1
2

)

(q − 1),
for 3 ∤ q − 1;

= [10 +
(

q

2

)

]
(

q−1
2

)

(q − 1)+
2
3
(q − 1)3, for
3 | q − 1.

cx−1y−1(xy − a)2(xy − b), a, b, c ∈
F∗
q , a ̸= b

2
(

q−1
2

)

(q − 1)

cx−1y−1(xy − a)3(xy − b), a, b, c ∈
F∗
q , a ̸= b

2
(

q−1
2

)

(q − 1)

cx−1y−1(xy − a)2(xy −
b)2, a, b, c ∈ F∗

q , a ̸= b

(

q−1
2

)

(q − 1)

cxy(xy − a)(xy − b), a, b, c ∈
F∗
q , a ̸= b

(

q−1
2

)

(q − 1)

c(xy − a)2(xy − b), a, b, c ∈ F∗
q , a ̸=

b

2
(

q−1
2

)

(q − 1)

ex−1y−1(x2y2 + axy + b)(xy −
c)(xy − d), b, c, d, e ∈ F∗

q ,c ̸= d,
x2 + ax+ b is irreducible,
a ∈ Fq

(

q

2

)(

q−1
2

)

(q − 1)

cx−1y−1(x2y + a)(xy2 +
b), a, b, c ∈ F∗

q , 3 | q − 1

2
3
(q − 1)3

C
P

(9)
7

,

for q ≥ 43

c(x− a)(x− b), a, b, c ∈ F∗
q , a ̸= b

(

q−1
2

)

(q − 1) = [11 +
(

q

2

)

]
(

q−1
2

)

(q − 1),
if q = 2n;

= [11 +
(

q

2

)

]
(

q−1
2

)

(q −

1) + 5(q−1)3

4
, if

q ̸= 2n, 4 |
(q − 1);

= [11 +
(

q

2

)

]
(

q−1
2

)

(q −
1)) + (q − 1)3, if
q ̸= 2n, (q − 1) ≡

2mod 4.

cx(x− a)(x− b), a, b, c ∈ F∗
q , a ̸= b

(

q−1
2

)

(q − 1)
c(x− a)2(x− b), a, b, c ∈ F∗

q , a ̸= b 2
(

q−1
2

)

(q − 1)
c(x− a)3(x− b), a, b, c ∈ F∗

q , a ̸= b 2
(

q−1
2

)

(q − 1)
c(x− a)2(x− b)2, a, b, c ∈ F∗

q , a ̸= b
(

q−1
2

)

(q − 1)
cx2(x− a)(x− b), a, b, c ∈ F∗

q , a ̸=
b

(

q−1
2

)

(q − 1)

cx(x− a)2(x− b), a, b, c ∈ F∗
q , a ̸=

b

2
(

q−1
2

)

(q − 1)

e(x2 + ax+ b)(x− c)(x− d),
b, c, d, e ∈ F∗

q , c ̸= d, x2 + ax+ b

is irreducible, a ∈ Fq

(

q

2

)(

q−1
2

)

(q − 1)

cy−1(y − ax2)(y − bx2),
a, b, c ∈ F∗

q , a ̸= b

(

q−1
2

)

(q − 1)

cy−1(y − a)(y − bx4), a, b, c ∈ F∗
q ,

q ̸= 2n, 4|(q − 1)

3
4
(q − 1)3

cy−1(y − a)(y − bx4), a, b, c ∈ F∗
q ,

q ̸= 2n, (q − 1) ≡ 2mod 4
(q−1)3

2

cy−1(y − ax)(y − bx3), a, b, c ∈ F∗
q ,

q ̸= 2n

(q−1)3

2

According to Table 3.7, further investigations are need to discern the
monomially non-equivalence of two codes in the following cases:
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1) Any two codes of C
P

(3)
7

, C
P

(4)
7

and C
P

(6)
7

over Fq, q ≥ 43;

2) Any two codes of C
P

(3)
7

, C
P

(4)
7

, C
P

(6)
7

and C
P

(8)
7

over Fq, q ≥ 43, 3 ∤

(q − 1) ;

3) Any two codes of C
P

(5)
7

, C
P

(7)
7

and C
P

(9)
7

over Fq, q ≥ 43, q = 2m, m ∈
Z+;

4) Any two codes of C
P

(1)
7

, C
P

(4)
7

and C
P

(i)
7
, i = 2, 3, 5, . . . , 9 over Fq, 9 <

q ≤ 11 or 9 < q ≤ 71 or 9 < q ≤ 43.

With the similar procedure, the distinct families of reducible polynomi-
als which evaluate to give the codewords with weight (q − 1)2 − (2q − 3) of
each codes C

P
(i)
7
, 3 ≤ i ≤ 9, for q ≥ 25, are list in Table 3.9. Due to lengthy

argument, the verifications are left to interested readers.

Table 3.9: The distinct families of reducible polynomials which evaluate to
give the codewords with weight (q − 1)2 − (2q − 3) for some C

P
(i)
7
,

3 ≤ i ≤ 9.

C
P

(i)
7

Distinct families of reducible
polynomials

♯ of
codewords

n2(C
P

(i)
7

)

C
P

(5)
7

, q ≥ 25 None 0 = 0

C
P

(7)
7

, q ≥ 25,

q = 2m, m ∈ Z+

cx−1y−1(y − ax)(b− xy) and
a−1b = α2 for one unique
α ∈ F∗

q

(q − 1)3 = (q − 1)3

C
P

(3)
7

, q ≥ 25

d(x− a)(y − bx− c), a, d ∈
F∗
q ,

> 3(q − 1)3
if b = 0, c ̸= 0 (q − 1)3

or c = 0, b ̸= 0 (q − 1)3

or b, c ̸= 0, a = − c

b
(q − 1)3

a(y + bx3 + cx2 + dx+
e)(x+ f)

> 0

a(y + bx2 + cx+ d)(x+ e) > 0

C
P

(4)
7

, q ≥ 27 None 0 = 0 †

C
P

(6)
7

, q ≥ 25 c(x− a)(y − b), a, b, c ∈ F∗
q (q − 1)3 = (q − 1)3

C
P

(8)
7

, q ≥ 25,

3 ∤ (q − 1)

c(x− a)(y − b), a, b, c ∈ F∗
q (q − 1)3

= 2(q − 1)3
cx−1y−1(x2y + a)(xy2 + b),
a, b, c ∈ F∗

q

(q − 1)3

C
P

(9)
7

, q ≥ 25,

4 ∤ (q − 1)

cy−1(y − ax4)(y − b), a, b, c ∈
F∗
q

(q − 1)3
= 2(q − 1)3

cy−1(y − ax3)(y − bx),
a, b, c ∈ F∗

q

(q − 1)3
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† Only if q ≥ 71, n2(CP
(4)
7

) could be shown to be 0. Table A.1 illustrates that

n2(CP
(4)
7

) = 0, for 27 ≤ q ≤ 71.

It follows from Table 3.9 that

1) C
P

(i)
7
, i = 3, 4, 6, have different n2s, for q ≥ 27;

2) n2(CP
(8)
7

) when q ≥ 27 and 3 ∤ (q − 1) is different from those of C
P

(i)
7
,

i = 3, 4, 6;

3) C
P

(i)
7
, i = 5, 7, 9 have different n2s, for q ≥ 27 and q = 2m, m ∈ Z+,

which verifies the monomially non-equivalent of the codes in these groups.
Table A.1 make up the gap 9 < q ≤ 11 for C

P
(1)
7

, 9 < q ≤ 71 for C
P

(4)
7

and
9 < q ≤ 43 for C

P
(i)
7
, i = 2, 3, 5, . . . , 9. They confirms that any two codes

from these small q’s groups are monomially non-equivalent. □

The monomially non-equivalent of any two codes from the groups (iv)
and (v) in Proposition 3.5, except C

P
(22)
7

, are discussed in the following
proposition.

Proposition 3.7. For q > 9, no two codes of C
P

(i)
7
, 10 ≤ i ≤ 16, or i =

18, 19, 22 are monomially equivalent, except the pair C
P

(10)
7

and C
P

(19)
7

over
F29 to be undetermined.

Proof. First, let us compute n1(CP
(i)
7
), 10 ≤ i ≤ 16, i = 18, 19, 22.

Table 3.11: The distinct families of reducible polynomials which evaluate
to give the codewords with weight (q − 1)2 − 2(q − 1) for C

P
(i)
7
,

10 ≤ i ≤ 16, i = 18, 19, 22.

C
P

(i)
7

Distinct families of reducible poly-
nomials

♯ of
codewords

n1(C
P

(i)
7

)

C
P

(10)
7

,

q ≥ 11

c(x− a)(x− b), a, b, c ∈ F∗
q , a ̸= b

(

q−1
2

)

(q − 1)

= 5
(

q−1
2

)

(q − 1)
cx(x− a)(x− b), a, b, c ∈ F∗

q , a ̸= b
(

q−1
2

)

(q − 1)
c(x− a)2(x− b), a, b, c ∈ F∗

q , a ̸= b 2
(

q−1
2

)

(q −
1)

cy(x− a)(x− b), a, b, c ∈ F∗
q , a ̸= b

(

q−1
2

)

(q − 1)

C
P

(11)
7

,

q ≥ 11

c(y − a)(y − b), a, b, c ∈ F∗
q , a ̸= b,

(

q−1
2

)

(q − 1)

= 6
(

q−1
2

)

(q − 1)
c(x− a)(x− b), a, b, c ∈ F∗

q , a ̸= b
(

q−1
2

)

(q − 1)
cx(x− a)(x− b), a, b, c ∈ F∗

q , a ̸= b
(

q−1
2

)

(q − 1)
c(x− a)2(x− b), a, b, c ∈ F∗

q , a ̸= b 2
(

q−1
2

)

(q −
1)

c(x− ay)(x− by), a, b, c ∈ F∗
q , a ̸= b

(

q−1
2

)

(q − 1)
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C
P

(12)
7

,

q ≥ 43

c(x− a)(x− b), a, b, c ∈ F∗
q , a ̸= b

(

q−1
2

)

(q − 1)

= 5
(

q−1
2

)

(q − 1)
c(x− a)2(x− b), a, b, c ∈ F∗

q , a ̸= b 2
(

q−1
2

)

(q −
1)

cx(x− a)(x− b), a, b, c ∈ F∗
q , a ̸= b

(

q−1
2

)

(q − 1)
cx−1y−1(xy − a)(xy − b), a, b, c ∈
F∗
q , a ̸= b

(

q−1
2

)

(q − 1)

C
P

(13)
7

,

q ≥ 23

c(x− a)(x− b), a, b, c ∈ F∗
q , a ̸= b

(

q−1
2

)

(q − 1)

= 5
(

q−1
2

)

(q − 1)
cy−1(y − a)(y − b), a, b, c ∈ F∗

q , a ̸=
b

(

q−1
2

)

(q − 1)

cx(x− a)(x− b), a, b, c ∈ F∗
q , a ̸= b

(

q−1
2

)

(q − 1)
c(x− a)2(x− b), a, b, c ∈ F∗

q , a ̸= b 2
(

q−1
2

)

(q −
1)

C
P

(14)
7

,

q ≥ 23

c(x− a)(x− b), a, b, c ∈ F∗
q , a ̸= b

(

q−1
2

)

(q − 1)
= 5

(

q−1
2

)

(q − 1), if
q = 2m;

= 5
(

q−1
2

)

(q − 1) +
1
2
(q − 1)3, if q ̸= 2m

cx(x− a)(x− b), a, b, c ∈ F∗
q , a ̸= b

(

q−1
2

)

(q − 1)
c(x− a)2(x− b), a, b, c ∈ F∗

q , a ̸= b 2
(

q−1
2

)

(q −
1)

cxy−1(y − a)(y − b), a, b, c ∈
F∗
q , a ̸= b

(

q−1
2

)

(q − 1)

c(x− ay)(x− by−1), m ∈ Z+,
a, b, c, α ∈ F∗

q , if q ̸= 2m,
a

b
̸= α2i for 0 ≤ i ≤ q−3

2

1
2
(q − 1)3

C
P

(15)
7

,

q ≥ 23

c(x− a)(x− b), a, b, c ∈ F∗
q , a ̸= b

(

q−1
2

)

(q − 1) = 5
(

q−1
2

)

(q − 1) +
2
3
(q − 1)3, if q = 2m

and 3 | q − 1;
= 5

(

q−1
2

)

(q − 1) +
7
6
(q − 1)3 =

7
(

q−1
2

)

(q − 1) +
q+5
6

(q − 1)2, if
q ̸= 2m and 3 | q − 1;

the same as
n1(C

P
(14)
7

), if

3 ∤ q − 1.

cx(x− a)(x− b), a, b, c ∈ F∗
q , a ̸= b

(

q−1
2

)

(q − 1)
c(x− a)2(x− b), a, b, c ∈ F∗

q , a ̸= b 2
(

q−1
2

)

(q −
1)

cy(xy−1 − a)(xy−1 − b), a, b, c ∈
F∗
q , a ̸= b

(

q−1
2

)

(q − 1)

cy−1(y − a)(x2 − by), m ∈ Z+,
a, b, c, α ∈ F∗

q , if q ̸= 2m,
ab ̸= α2i for 0 ≤ i ≤ q−3

2

1
2
(q − 1)3

cy−1(xy + a)(y + bx2),when 3 | q −
1

2
3
(q − 1)3

C
P

(16)
7

,

q ≥ 23

c(x− a)(x− b), a, b, c ∈ F∗
q , a ̸= b

(

q−1
2

)

(q − 1)
= 3

(

q−1
2

)

(q − 1)cy(x− a)(x− b), a, b, c ∈ F∗
q , a ̸= b

(

q−1
2

)

(q − 1)
cx−1y−1(xy − a)(xy − b), a, b, c ∈
F∗
q , a ̸= b

(

q−1
2

)

(q − 1)

C
P

(18)
7

,

q ≥ 11

c(x− a)(x− b), a, b, c ∈ F∗
q , a ̸= b

(

q−1
2

)

(q − 1)

> 3
(

q−1
2

)

(q − 1) +
q(q−1)3

2
, if q = 2m;

> 3
(

q−1
2

)

(q − 1) +
(q+2)

2
(q + 1)3, if
q ̸= 2m

cx(y − a)(y − b), a, b, c ∈ F∗
q , a ̸= b

(

q−1
2

)

(q − 1)
cy−1(y − a)(y − b), a, b, c ∈ F∗

q , a ̸=
b

(

q−1
2

)

(q − 1)

cy−1(y − ax)(b− xy), m ∈ Z+,
a, b, c, α ∈ F∗

q , if q ̸= 2m,
a

b
̸= α2i for 0 ≤ i ≤ q−3

2

1
2
(q − 1)3

cy−1(x+ a)(y2 + b), m ∈ Z+,
a, b, c, α ∈ F∗

q , if q ̸= 2m,
b ̸= α2i for 0 ≤ i ≤ q−3

2

1
2
(q − 1)3
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dy−1(xy + ay2 + b)(x+ c),
a, b, c, d ∈ F∗

q

q(q−1)3

2

ey−1(xy + ay2 + by + c)(x+ d),
a, b, c, d, e ∈ F∗

q , if ay2 + by + c

and ay2 + (b− d)y + c are
absolutely irreducible

≤ (q − 1)5

C
P

(19)
7

,

q ≥ 11

c(x− a)(x− b), a, b, c ∈ F∗
q , a ̸= b

(

q−1
2

)

(q − 1)
> 4

(

q−1
2

)

(q − 1) +
q(q−1)3

2
, if q = 2m;

cy−1(y − a)(y − b), a, b, c ∈ F∗
q , a ̸=

b

(

q−1
2

)

(q − 1)

cy(x− a)(x− b), a, b, c ∈ F∗
q , a ̸= b

(

q−1
2

)

(q − 1)
cy−1(xy − a)(xy − b), a, b, c ∈
F∗
q , a ̸= b

(

q−1
2

)

(q − 1)

cy−1(y + a)(x2y + b), a, b, c ∈ F∗
q ,

if q ̸= 2m
1
2
(q − 1)3

> 4
(

q−1
2

)

(q − 1) +
(q−1)3

2
(q + 1), if

q ̸= 2mdy−1(x2y + ay + b)(y + c),
a, b, c, d ∈ F∗

q

q(q−1)3

2

ey−1(x2y + axy + by + c)(y + d),
a, b, c, d, e ∈ F∗

q , if x2 + ax+ b

and x2 + ax+ b− cd−1 are
absolutely irreducible

≤ (q − 1)5

C
P

(22)
7

,

q ≥ 11

cx−1(x− a)(x− b), a, b, c ∈ F∗
q , a ̸=

b

(

q−1
2

)

(q − 1)

= 3
(

q−1
2

)

(q − 1), if
q = 2m;

= 3
(

q−1
2

)

(q − 1) +
3
2
(q − 1)3, if q ̸= 2m

cy−1(y − a)(y − b), a, b, c ∈ F∗
q , a ̸=

b

(

q−1
2

)

(q − 1)

cx−1y−1(xy − a)(xy − b), a, b, c ∈
F∗
q , a ̸= b

(

q−1
2

)

(q − 1)

cx−1y−1(y + a)(x2y + b), if q ̸= 2m 1
2
(q − 1)3

cy−1(y − ax)(b− xy), m ∈ Z+,
a, b, c, α ∈ F∗

q , if q ̸= 2m,
a

b
̸= α2i for 0 ≤ i ≤ q−3

2

1
2
(q − 1)3

cx−1y−1(x− ay)(x− by−1),
m ∈ Z+, a, b, c, α ∈ F∗

q , if
q ̸= 2m, a

b
̸= α2i for 0 ≤ i ≤ q−3

2

1
2
(q − 1)3

According to Table 3.11, the following codes share the same n1:

1) For q ≥ 43, C
P

(10)
7

, C
P

(12)
7

, C
P

(13)
7

, C
P

(14)
7

with q = 2m, m ∈ Z+, and

C
P

(15)
7

with q = 2m, m ∈ Z+, 3 ∤ (q − 1);

2) For q ≥ 23, C
P

(16)
7

and C
P

(22)
7

with q = 2m, m ∈ Z+;

3) For q ≥ 11, C
P

(18)
7

and C
P

(19)
7

.

The above three statements can be easily distinguished by n2 list in
Table 3.13. In Table 3.13, the analyses of the number of codewords of some
families are novel compared with those in [LYZZ]. For example, in C

P
(10)
7

, the

reducible family e(x+ a)(x2 + bx+ cy + d), a, b, c, d, e ∈ F∗
q . In the sequel,
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we shall detail how to count the number of codewords with weight (q −
1)2 − (2q − 3).

The zeros of this type polynomials are given by x+ a = 0 or x2 +
bx+ cy + d = 0. That is, (−a, y), y ∈ F∗

q , contributes q − 1 zeros. Or

(x,−ax2+bx+d
c

), x ∈ F∗
q , could be the zeros. Thus, we shall discuss in what

situation (x,−x2+bx+d
c

) are zeros and how many such codewords.

1) x2 + bx+ d is absolutely irreducible
In this case, for any x ∈ F∗

q , x
2 + bx+ d ̸= 0, so (x,−x2+bx+d

c
), x ∈

F∗
q , are zeros of x

2 + bx+ cy + d = 0, including (−a,−a2−ab+d
c

). Thus,
the codewords have exactly 2q − 3 zeros.

Next, we shall count the number of irreducible polynomials of the
form x2 + bx+ d. The total possible number of such polynomials is
(q − 1)2, due to b, d ∈ F∗

q and the reducible ones will be excluded. It is
clear that the reducible polynomials are of the form (x−m1)(x−m2)
with m1,m2 ∈ F∗

q .
(1.1) q = 2n

We just need to count the number of polynomials with m1 ̸= m2,
since (x−m)2 = x2 − 2mx+m2 = x2 +m2 yields b = 0 ̸∈ F∗

q .

There are (q−1)(q−2)
2 possible choices. So the number of irreducible

polynomials is (q − 1)2 − (q−1)(q−2)
2 =

(

q
2

)

.
(1.2) q ̸= 2n

The polynomial (x+m)(x−m) = x2 −m2 yields b = 0 ̸∈ F∗
q . Sim-

ilar as in (1.1) before, we just need to count the number of (x−
m1)(x−m2) with m1 ̸= −m2. There are

(q−1)2

2 possible choices. So

the number of irreducible polynomials is (q − 1)2 − (q−1)2

2 = (q−1)2

2 .

2) x2 + bx+ d is reducible
Only x2 + bx+ d = (x+ a)2 makes e(x+ a)(x2 + bx+ cy + d) hav-

ing exactly 2q − 3 zeros, due to the fact that for any m ̸= −a, m2 +
bm+ d ̸= 0, so (m,−m2+bm+d

c
) is a zero. It contributes q − 2 solutions

for m ̸= −a. Adding the q − 1 zeros of the form (−a, r), with r ∈ F∗
q ,

there are exactly 2q − 3 zeros.
Next, we count the number of the polynomials of the form (x+ a)2,

a ∈ F∗
q .

(2.1) q = 2n

It is easy to see that b = 2a = 0 ̸∈ F∗
q . It contributes no codewords.

(2.2) q ̸= 2n

This type of codewords are e(x+ a)((x+ a)2 + cy), the number of
all possible such codewords is (q − 1)3, since a, c, e ∈ F∗

q .
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We summarize the result:

♯ of codewords =



































1

2
(q − 1)5, q ̸= 2n, x2 + bx+ d irreducible

(

q

2

)

(q − 1)3, q = 2n, x2 + bx+ d irreducible

(q − 1)3, q ̸= 2n, x2 + bx+ d = (x+ a)2

0, q = 2n, x2 + bx+ d = (x+ a)2

.

Table 3.13: The distinct families of reducible polynomials which evaluate
to give the codewords with weight (q − 1)2 − (2q − 3) for C

P
(i)
7
,

10 ≤ i ≤ 16, i = 18, 19, 22.

C
P

(i)
7

Distinct families of reducible poly-
nomials

♯ of
codewords

n2(C
P

(i)
7

)

C
P

(10)
7

,

q ≥ 11

e(x+ a)(x2 + bx+ cy +
d), a, b, c, d, e ∈ F∗

q ,

> (13 + q

2
+

q2

2
)(q − 1)3, if
q = 2n;

> (11 + 3q
2
+

q2

2
)(q − 1)3, if
q ̸= 2n

if x2 + bx+ d is absolutely irre-
ducible and q ̸= 2n

1
2
(q − 1)5

or x2 + bx+ d is absolutely ir-
reducible and q = 2n

(

q

2

)

(q − 1)3

or x2 + bx+ d = (x+ a)2 and
q ̸= 2n

(q − 1)3

a(y + bx+ c)(x2 + dx+ e),
a, b, c, d, e ∈ F∗

q , if q ̸= 2n
(q − 2)(q −

1)3

d(x+ a)(x2 + by + c), a, b, c, d ∈
F∗
q ,
if q ̸= 2n and c ̸= −α2 for all α ∈
F∗
q

1
2
(q − 1)4

or if q = 2n and c = −a2 (q − 1)3

c(x+ a)[x(x+ a) + by)], a, b, c ∈ F∗
q (q − 1)3

c(x+ a)(x2 + by), a, b, c ∈ F∗
q (q − 1)3

c(x+ a)(y + b), a, b, c ∈ F∗
q (q − 1)3

c(x+ a)(x+ by), a, b, c ∈ F∗
q (q − 1)3

c(x+ a)(x+ by + c), a, b, c ∈ F∗
q (q − 1)3

cx(x+ a)(y + b), a, b, c ∈ F∗
q (q − 1)3

cx(x+ a)(x+ by), a, b, c ∈ F∗
q (q − 1)3

cx(x+ a)(x+ by + c), a, b, c ∈ F∗
q (q − 1)3

c(x+ a)(xy + b), a, b, c ∈ F∗
q (q − 1)3

c(xy + ay + b)(x+ a), a, b, c ∈ F∗
q (q − 1)3

c(xy + ax+ by)(x+ b), a, b, c ∈ F∗
q (q − 1)3

c(xy + ax+ ab)(x+ b), a, b, c ∈ F∗
q (q − 1)3

c(xy + ax+ by + ab)(x+
b), a, b, c ∈ F∗

q

(q − 1)3
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a(y + bx+ c)(x2 + d), a, b, c, d ∈
F∗
q , if q = 2n

(q − 2)(q −
1)3

a(y + bx)(x2 + c), a, b, c ∈ F∗
q , if q =

2n
(q − 1)3

a(y + bx)(x2 + cx+ d), a, b, c, d ∈
F∗
q , if q ̸= 2n

(q − 1)4

C
P

(12)
7

,

q ≥ 47

c(x+ a)(y + b), a, b, c ∈ F∗
q (q − 1)3

= 6(q − 1)3 +
(

q

2

)

(q − 1)3, if
q = 2n;

c(x+ a)(x+ by), a, b, c ∈ F∗
q (q − 1)3

c(x+ a)(x+ by + a), a, b, c ∈ F∗
q (q − 1)3

e(x+ a)(x2 + bx+ cy +
d), a, b, c, d, e ∈ F∗

q ,
if x2 + bx+ d is absolutely irre-
ducible and q ̸= 2n

1
2
(q − 1)5

if x2 + bx+ d is absolutely irre-
ducible and q = 2n

(

q

2

)

(q − 1)3

or x2 + bx+ d = (x+ a)2 and
q ̸= 2n

(q − 1)3

c(x+ a)[x(x+ a) + by], a, b, c ∈ F∗
q (q − 1)3

= (q − 1)3(6−
q

2
+ q2

2
), if q ̸= 2n

d(x+ a)(x2 + by + c), a, b, c, d ∈
F∗
q ,
if q ̸= 2n and c ̸= −α2 for all α ∈
F∗
q

1
2
(q − 1)4

or if q = 2n and c = −a2 (q − 1)3

c(x+ a)(x2 + by), a, b, c ∈ F∗
q (q − 1)3

C
P

(13)
7

,

q ≥ 25

c(x+ a)(y + b), a, b, c ∈ F∗
q (q − 1)3

= 8(q − 1)3 +
(

q

2

)

(q − 1)3, if
q = 2n;

= (8 + q2

2
−

q

2
)(q − 1)3, if
q ̸= 2n

c(x+ a)(x+ by), a, b, c ∈ F∗
q (q − 1)3

c(x+ a)(x+ by + a), a, b, c ∈ F∗
q (q − 1)3

e(x+ a)(x2 + bx+ cy +
d), a, b, c, d, e ∈ F∗

q ,
if x2 + bx+ d is absolutely irre-
ducible and q ̸= 2n

1
2
(q − 1)5

if x2 + bx+ d is absolutely irre-
ducible and q = 2n

(

q

2

)

(q − 1)3

or x2 + bx+ d = (x+ a)2 and
q ̸= 2n

(q − 1)3

c(x+ a)[x(x+ a) + by], a, b, c ∈ F∗
q (q − 1)3

d(x+ a)(x2 + by + c), a, b, c, d ∈
F∗
q ,
if q ̸= 2n and c ̸= −α2 for all α ∈
F∗
q

1
2
(q − 1)4

or if q = 2n and c = −a2 (q − 1)3

c(x+ a)(x2 + by), a, b, c ∈ F∗
q (q − 1)3

cy−1[xy + a(y + b)](y + b), a, b, c ∈
F∗
q

(q − 1)3

cy−1(xy + a)(y + b), a, b, c ∈ F∗
q (q − 1)3

c(x+ a)(y + b), a, b, c ∈ F∗
q (q − 1)3

c(x+ a)(x+ by), a, b, c ∈ F∗
q (q − 1)3

c(x+ a)(x+ by + a), a, b, c ∈ F∗
q (q − 1)3
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e(x+ a)(x2 + bx+ cy +
d), a, b, c, d, e ∈ F∗

q ,
if x2 + bx+ d is absolutely irre-
ducible and q ̸= 2n

1
2
(q − 1)5

if x2 + bx+ d is absolutely irre-
ducible and q = 2n

(

q

2

)

(q − 1)3

or x2 + bx+ d = (x+ a)2 and
q ̸= 2n;

(q − 1)3

C
P

(14)
7

,

q ≥ 25

c(x+ a)[x(x+ a) + by], a, b, c ∈ F∗
q (q − 1)3

= 9(q − 1)3 +
q2

2
(q − 1)3, if
q = 2n;

= ( 15
2
+ q2

2
)(q −

1)3, if q ̸= 2n

d(x+ a)(x2 + by + c), a, b, c, d ∈
F∗
q ,
if q ̸= 2n and c ̸= −α2 for all α ∈
F∗
q

1
2
(q − 1)4

or if q = 2n and c = −a2 (q − 1)3

c(x+ a)(x2 + by), a, b, c ∈ F∗
q (q − 1)3

cy−1(xy − a)(y − bx), a, b, c ∈ F∗
q ,

if q = 2n (q − 1)3

if q ̸= 2n 0
cy−1(y + a)[x(y + a) + by], a, b, c ∈
F∗
q ,

(q − 1)3

cy−1(x+ ay)(y + b), a, b, c ∈ F∗
q (q − 1)3

dy−1(xy + ay + b)(x+
cy), a, b, c, d ∈ F∗

q ,
if cy2 − ay − b is absolutely irre-
ducible and q ̸= 2n

1
2
(q − 1)4

if cy2 − ay − b is absolutely irre-
ducible and q = 2n

(

q

2

)

(q − 1)2

C
P

(15)
7

,

q ≥ 25

c(x+ a)(y + b), a, b, c ∈ F∗
q (q − 1)3

(10 + q2

2
)(q −

1)3 < n2 < ( 19
2
+

q

2
+ q2

2
)(q − 1)3,

if q = 2n and
3 ∤ q − 1;

( 28
3
+ q2

2
)(q −

1)3 < n2 < ( 53
6
+

q

2
+ q2

2
)(q − 1)3,

if q = 2n and
3|q − 1;

c(x+ a)(x+ by), a, b, c ∈ F∗
q (q − 1)3

c(x+ a)(x+ by + a), a, b, c ∈ F∗
q (q − 1)3

e(x+ a)(x2 + bx+ cy +
d), a, b, c, d, e ∈ F∗

q ,
if x2 + bx+ d is absolutely irre-
ducible and q ̸= 2n

1
2
(q − 1)5

if x2 + bx+ d is absolutely irre-
ducible and q = 2n

(

q

2

)

(q − 1)3

or x2 + bx+ d = (x+ a)2 and
q ̸= 2n

(q − 1)3

c(x+ a)[x(x+ a) + by], a, b, c ∈ F∗
q (q − 1)3

d(x+ a)(x2 + by + c), a, b, c, d ∈
F∗
q ,
if q ̸= 2n and c ̸= −α2 for all α ∈
F∗
q

1
2
(q − 1)4

or if q = 2n and c = −a2 (q − 1)3

c(x+ a)(x2 + by), a, b, c ∈ F∗
q (q − 1)3

a(y + b)(x2y−1 + c), a, b, c ∈ F∗
q ,

if q = 2n (q − 1)3

if q ̸= 2n 0
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cy−1(xy + ax+ aby)(x+
by), a, b, c ∈ F∗

q , if q ̸= 2n
(q − 1)3

( 17
2
+ q2

2
)(q −

1)3 < n2 < (8 +
q

2
+ q2

2
)(q − 1)3,

if q ̸= 2n and
3 ∤ q − 1;

( 47
6
+ q2

2
)(q −

1)3 < n2 < ( 22
3
+

q

2
+ q2

2
)(q − 1)3,

if q ̸= 2n and
3|q − 1

cy−1(x2 + ay)(y + b), a, b, c ∈ F∗
q , if

q = 2n
(q − 1)3

cxy−1(x+ ay)(y + b), a, b, c ∈ F∗
q (q − 1)3

dy−1(xy + ay + bx2)(y + c),
a, b, c, d ∈ F∗

q ,
if bx2 − cx− ac is absolutely ir-
reducible and q ̸= 2n

1
2
(q − 1)4

if bx2 − cx− ac is absolutely ir-
reducible and q = 2n

(

q

2

)

(q − 1)2

cy−1(xy + a)(y + bx2), a, b, c ∈ F∗
q ,

if 3 ∤ q − 1 (q − 1)3

if 3 | q − 1 (q−1)3

3

dy−1(xy + ay + b)(y + cx2),
a, b, c, d ∈ F∗

q , if cx3 + acx2 − b

is absolutely irreducible

0 < ♯ <
(q−1)4

2

C
P

(16)
7

,

q ≥ 25

c(x+ a)(y + b), a, b, c ∈ F∗
q (q − 1)3

= 11(q − 1)3

c(x+ a)(xy + b), a, b, c ∈ F∗
q (q − 1)3

c(x+ a)(x+ by), a, b, c ∈ F∗
q (q − 1)3

cx(x+ a)(y + b), a, b, c ∈ F∗
q (q − 1)3

c(xy + ay + b)(x+ a), a, b, c ∈ F∗
q (q − 1)3

c(xy + ax+ by)(x+ b), a, b, c ∈ F∗
q (q − 1)3

c(x+ ay + b)(x+ b), a, b, c ∈ F∗
q (q − 1)3

c(xy + ax+ ab)(x+ b), a, b, c ∈ F∗
q (q − 1)3

c(xy + ax+ by + ab)(x+
a), a, b, c ∈ F∗

q

(q − 1)3

cx−1y−1(xy + a)(x2y + b), a, b, c ∈
F∗
q

(q − 1)3

cx−1y−1(x2y + axy + ab)(xy + b),
a, b, c ∈ F∗

q

(q − 1)3

c(x+ a)(y + b), a, b, c ∈ F∗
q (q − 1)3

C
P

(22)
7

,

q ≥ 11

c(x+ a)(y + b), a, b, c ∈ F∗
q (q − 1)3

cx−1(x+ a)(xy + b), a, b, c ∈ F∗
q (q − 1)3

cx−1y−1(x+ a)(xy + b), a, b, c ∈ F∗
q (q − 1)3

= (15 + 3q)(q −
1)3 + 3q

2
(q − 1)4,

if q = 2n;

=
(9 + 3q)(q − 1)3,

if q ̸= 2n

cx−1y−1(x+ a)(y + b), a, b, c ∈ F∗
q (q − 1)3

cx−1y−1(x+ a)(xy2 + b),
a, b, c ∈ F∗

q ,
if q = 2n (q − 1)3

if q ̸= 2n 0
cy−1(y + a)(xy + b), a, b, c ∈ F∗

q (q − 1)3

cx−1y−1(y + a)(xy + b), a, b, c ∈ F∗
q (q − 1)3

cx−1y−1(y + a)(x2y + b),
a, b, c ∈ F∗

q ,
if q = 2n (q − 1)3

if q ̸= 2n 0
cx−1y−1(xy + a)(x+ by), a, b, c ∈
F∗
q ,
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if q = 2n (q − 1)3

if q ̸= 2n 0
dx−1y−1(x+ ay + b)(xy + c),

a, b, c, d ∈ F∗
q , if x2 + bx− ac is

absolutely irreducible
if q ̸= 2n 1

2
(q − 1)4

if q = 2n q

2
(q − 1)3

dx−1y−1(xy + ax+ by)(xy + c),
a, b, c, d ∈ F∗

q , if ax
2 − cx− bc is

absolutely irreducible
if q ̸= 2n 1

2
(q − 1)4

if q = 2n q

2
(q − 1)3

cy−1(xy + ay + ab)(y + b), a, b, c ∈
F∗
q

(q − 1)3

cx−1y−1(xy + ay + b)(x+ a),
a, b, c ∈ F∗

q

(q − 1)3

cx−1y−1(xy + ay + b)(xy + b),
a, b, c ∈ F∗

q

(q − 1)3

cx−1(xy + ax+ ab)(x+ b), a, b, c ∈
F∗
q

(q − 1)3

cx−1y−1(xy + ax+ b)(y + a),
a, b, c ∈ F∗

q

(q − 1)3

cx−1y−1(xy + ax+ b)(xy + b),
a, b, c ∈ F∗

q

(q − 1)3

d(x−1y−1 + a+ bx)(y + c),
a, b, c, d ∈ F∗

q ,
if q ̸= 2n 1

2
(q − 1)4

if q = 2n q

2
(q − 1)3

dy−1(x−1 + a+ bxy)(y + c),
a, b, c, d ∈ F∗

q ,
if q ̸= 2n 1

2
(q − 1)4

if q = 2n q

2
(q − 1)3

dx−1(y−1 + a+ bxy)(x+ c),
a, b, c, d ∈ F∗

q ,
if q ̸= 2n 1

2
(q − 1)4

if q = 2n q

2
(q − 1)3

d(x−1y−1 + a+ by)(x+ c),
a, b, c, d ∈ F∗

q ,
if q ̸= 2n 1

2
(q − 1)4

if q = 2n q

2
(q − 1)3

ex−1y−1(xy + ax+ by + c)(xy +
d), a, b, c, d, e ∈ F∗

q ,
if q = 2n q

2
(q − 1)4

if q ̸= 2n 0
e(x−1y−1 + ax−1 + b+ cy)(x+ d),
a, b, c, d, e ∈ F∗

q ,
if q = 2n q

2
(q − 1)4

if q ̸= 2n 0
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ey−1(x−1 + a+ by + cxy)(y + d),
a, b, c, d, e ∈ F∗

q ,
if q = 2n q

2
(q − 1)4

if q ̸= 2n 0

C
P

(18)
7

,

q ≥ 11

cy−1(x+ a)(y + b), a, b, c ∈ F∗
q (q − 1)3

= (q − 1)3(14 +
2q), if q = 2n;

= (11 + 2q)(q −
1)3, if q ̸= 2n

c(x+ a)(x+ by), a, b, c ∈ F∗
q (q − 1)3

cy−1(x+ a)(xy + b), a, b, c ∈ F∗
q (q − 1)3

cy−1(y + a)(x+ by), a, b, c ∈ F∗
q (q − 1)3

cy−1(y + a)(xy + b), a, b, c ∈ F∗
q (q − 1)3

cy−1(xy + a)(x+ by), a, b, c ∈ F∗
q ,

if q = 2n (q − 1)3

if q ̸= 2n 0
cy−1(xy + ay + ab)(y + b), a, b, c ∈
F∗
q

(q − 1)3

dy−1(xy + ay + b)(x+
cy), a, b, c, d ∈ F∗

q

if cy2 − ay − b is absolutely irre-
ducible and q ̸= 2n

1
2
(q − 1)4

if cy2 − ay − b is absolutely irre-
ducible and q = 2n

(

q

2

)

(q − 1)2

ay−1(xy + cy + b)(x+ c), a, b, c ∈
F∗
q

(q − 1)3

c(x+ ay + b)(x+ b), a, b, c ∈ F∗
q (q − 1)3

cy−1(x+ ay + ab)(y + b),
a, b, c ∈ F∗

q

(q − 1)3

dy−1(x+ ay + b)(xy +
c), a, b, c, d ∈ F∗

q ,
if q ̸= 2n 1

2
(q − 1)4

if q = 2n
(

q

2

)

(q − 1)2

cy−1(xy + ax+ by)(y + a), a, b, c ∈
F∗
q

(q − 1)3

cy−1(xy + ax+ b)(y + a), a, b, c ∈
F∗
q

(q − 1)3

dy−1(xy + ay2 + b)(x+ c),
a, b, c, d ∈ F∗

q ,
if ay2 − cy + b is absolutely irre-
ducible and q = 2n

q

2
(q − 1)3

or if −a−1b is not a square, ay2 −
cy + b = a(y − e)2 for some e

and q ̸= 2n

(q − 1)3

cy−1(xy + ax+ by + ab)(y +
a), a, b, c, d ∈ F∗

q

(q − 1)3
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ey−1(xy + ay2 + by + c)(x+ d),
a, b, c, d ∈ F∗

q , if ay2 + by + c

is absolutely irreducible and
ay2 + (b− d)y + c = 0 has only
one root; or if ay2 + (b− d)y + c

is absolutely irreducible and
ay2 + by + c = 0 has only one
root

if q = 2n q

2
(q − 1)3

if q ̸= 2n (q − 2)(q −
1)3

C
P

(19)
7

,

q ≥ 11

c(x+ a)(y + b), a, b, c ∈ F∗
q (q − 1)3

=
(14 + q)(q − 1)3,

if q = 2n;

= (10 + 2q)(q −
1)3, if q ̸= 2n

c(x+ a)(xy + b), a, b, c ∈ F∗
q (q − 1)3

c(x+ a)(x+ by), a, b, c ∈ F∗
q (q − 1)3

cx(x+ a)(y + b), a, b, c ∈ F∗
q (q − 1)3

cy−1(xy + a)(y + b), a, b, c ∈ F∗
q (q − 1)3

cy−1(y + a)(x2y + b), a, b, c ∈ F∗
q ,

if q = 2n (q − 1)3

if q ̸= 2n 0
c(xy + ay + b)(x+ a), a, b, c ∈ F∗

q (q − 1)3

dy−1(x2y + axy + b)(y +
c), a, b, c, d ∈ F∗

q ,
if q ̸= 2n 1

2
(q − 1)4

if q = 2n 2(q − 1)3

cy−1(xy + ay + ab)(y + b), a, b, c ∈
F∗
q

(q − 1)3

cy−1(xy + ay + b)(xy + b), a, b, c ∈
F∗
q

(q − 1)3

c(xy + ax+ by)(x+ b), a, b, c ∈ F∗
q (q − 1)3

dy−1(x2y + ay + b)(y +
c), a, b, c, d ∈ F∗

q ,
if q = 2n (q − 1)3

if q ̸= 2n 0
c(x+ ay + b)(x+ b), a, b, c ∈ F∗

q (q − 1)3

c(xy + ax+ ab)(x+ b), a, b, c ∈ F∗
q (q − 1)3

d(xy + ax+ by + ac)(x+ c),
a, b, c, d ∈ F∗

q

(q − 1)4

ey−1(x2y + axy + by + c)(y + d),
a, b, c, d, e ∈ F∗

q , if x2 + ax+ b

is absolutely irreducible
and x2 + ax+ b− cd−1 = 0
has only one root; or if
x2 + ax+ b− cd−1 is absolutely
irreducible and x2 + ax+ b = 0
has only one root

if q = 2n 0
if q ̸= 2n q+1

2
(q − 1)3
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For q small, say q ≤ 42 for C
P

(12)
7

, the codes are discerned by the generat-
ing polynomials list in Table A.1 and Table A.1. According to these tables,
the only pair that shares the same generating polynomial is C

P
(10)
7

and C
P

(19)
7

over F29, which is left to be undetermined the monomially equivalence. □

Proposition 3.8. For q > 9, no two codes of C
P

(i)
7
, i = 17, 20, 21 or 22 are

monomially equivalent.

Proof. Let us compute n1(CP
(i)
7
), i = 17, 20, 21 and 22:

Table 3.15: The distinct families of reducible polynomials which evaluate
to give the codewords with weight (q − 1)2 − 2(q − 1) for C

P
(i)
7
, i = 17 and

20 ≤ i ≤ 22.

C
P

(i)
7

Distinct families of reducible poly-
nomials

♯ of
codewords

n1(C
P

(i)
7

)

C
P

(17)
7

,

q ≥ 23

c(xy − a)(xy − b), a, b, c ∈ F∗
q , a ̸= b

(

q−1
2

)

(q − 1) ≥ 3
(

q−1
2

)

(q − 1) +
2(q − 1)3, if
q = 2m;

≥ 3
(

q−1
2

)

(q − 1) +
5
2
(q − 1)3, if
q ̸= 2m

cx−1(x− a)(x− b), a, b, c ∈ F∗
q , a ̸=

b

(

q−1
2

)

(q − 1)

cy−1(y − a)(y − b), a, b, c ∈ F∗
q , a ̸=

b

(

q−1
2

)

(q − 1)

cx−1y−1(y − ax)(b− xy), if q ̸=
2m, m ∈ Z+,a, b, c, α ∈ F∗

q ,
a

b
̸=

α2i for 1 ≤ i ≤ q − 1

1
2
(q − 1)3

ay−1(xy + b)(xy2 + c), a, b, c ∈ F∗
q (q − 1)3

dx−1y−1(xy + a)(x+ bxy + cy),
a, b, c, d ∈ F∗

q , if x
2 − abx+ ac is

absolutely irreducible and has
one solution

(q − 1)3

dx−1y−1(xy + a)(x+ bx2y2 + cy),
a, b, c, d ∈ F∗

q

≥ 0

ex−1y−1(xy + a)(x+ bx2y2 +
cxy + dy), a, b, c, d, e ∈ F∗

q

≥ 0

C
P

(20)
7

,

q ≥ 43

c(x− a)(x− b), a, b, c ∈ F∗
q , a ̸= b

(

q−1
2

)

(q − 1)
3
(

q−1
2

)

(q − 1)cy−1(y − a)(y − b), a, b, c ∈ F∗
q , a ̸=

b

(

q−1
2

)

(q − 1)

cx−1(x− ay)(x− by), a, b, c ∈
F∗
q , a ̸= b

(

q−1
2

)

(q − 1)

C
P

(21)
7

,

q ≥ 43

c(x− a)(x− b), a, b, c ∈ F∗
q , a ̸= b

(

q−1
2

)

(q − 1)

4
(

q−1
2

)

(q − 1)
c(y − a)(y − b), a, b, c ∈ F∗

q , a ̸= b
(

q−1
2

)

(q − 1)
cx−1y−1(xy − a)(xy − b), a, b, c ∈
F∗
q , a ̸= b

(

q−1
2

)

(q − 1)

c(x− ay)(x− by), a, b, c ∈ F∗
q , a ̸= b

(

q−1
2

)

(q − 1)

cx−1(x− a)(x− b), a, b, c ∈ F∗
q , a ̸=

b

(

q−1
2

)

(q − 1)
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C
P

(22)
7

,

q ≥ 11

cy−1(y − a)(y − b), a, b, c ∈ F∗
q , a ̸=

b

(

q−1
2

)

(q − 1)
= 3

(

q−1
2

)

(q − 1), if
q = 2m;

= 3
(

q−1
2

)

(q − 1) +
3
2
(q − 1)3, if
q ̸= 2m

cx−1y−1(xy − a)(xy − b), a, b, c ∈
F∗
q , a ̸= b

(

q−1
2

)

(q − 1)

cx−1y−1(y + a)(x2y + b),
a, b, c ∈ F∗

q , if q ̸= 2m
1
2
(q − 1)3

cy−1(y − ax)(b− xy), m ∈
Z+,a, b, c, α ∈ F∗

q , if q ̸= 2m,
a

b
̸= α2i for 0 ≤ i ≤ q−3

2
, α ∈ F∗

q

1
2
(q − 1)3

cx−1y−1(x− ay)(x− by−1),
m ∈ Z+,a, b, c ∈ F∗

q , if q ̸= 2m,
a

b
̸= α2i for 0 ≤ i ≤ q−3

2
, α ∈ F∗

q

1
2
(q − 1)3

It is easy to see from Table 3.15 that only C
P

(20)
7

and C
P

(22)
7

with q = 2m,
m ∈ Z+ share the same n1. We shall investigate n2 in Table 3.17.

Table 3.17: The distinct families of reducible polynomials which evaluate
to give the codewords with weight (q − 1)2 − (2q − 3) for C

P
(i)
7
, i = 20, 22.

C
P

(i)
7

Distinct families of reducible poly-
nomials

♯ of
codewords

n2(C
P

(i)
7

)

C
P

(20)
7

,

q ≥ 47

c(x+ a)(y + b), a, b, c ∈ F∗
q (q − 1)3

7(q − 13)

c(x+ ay)(x+ b), a, b, c ∈ F∗
q (q − 1)3

cx−1(x+ ay)(x2 + by), a, b, c ∈ F∗
q (q − 1)3

cy−1(xy + a)(y + b), a, b, c ∈ F∗
q (q − 1)3

c(x+ ay + b)(x+ b), a, b, c ∈ F∗
q (q − 1)3

cy−1(xy + ay + ab)(y + b), a, b, c ∈
F∗
q

(q − 1)3

cx−1(x2 + abx+ ay)(y + bx),
a, b, c ∈ F∗

q

(q − 1)3

c(x+ a)(y + b), a, b, c ∈ F∗
q (q − 1)3

cx−1(x+ a)(xy + b), a, b, c ∈ F∗
q (q − 1)3

cx−1y−1(x+ a)(xy + b), a, b, c ∈ F∗
q (q − 1)3

cx−1y−1(x+ a)(y + b), a, b, c ∈ F∗
q (q − 1)3

cx−1y−1(x+ a)(xy2 + b),
a, b, c ∈ F∗

q ,
if q = 2n (q − 1)3

if q ̸= 2n 0
cy−1(y + a)(xy + b), a, b, c ∈ F∗

q (q − 1)3

C
P

(22)
7

,

q ≥ 11

cx−1y−1(y + a)(xy + b), a, b, c ∈ F∗
q (q − 1)3

(15 + 3q)(q −
1)3 + 3q

2
(q − 1)4,

if q = 2n;

(9 + 3q)(q − 1)3,
if q ̸= 2n

cx−1y−1(y + a)(x2y + b),
a, b, c ∈ F∗

q ,
if q = 2n (q − 1)3

if q ̸= 2n 0
cx−1y−1(xy + a)(x+ by), a, b, c ∈
F∗
q ,
if q = 2n (q − 1)3
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if q ̸= 2n 0
dx−1y−1(x+ ay + b)(xy + c),

a, b, c, d ∈ F∗
q , if x2 + bx− ac is

absolutely irreducible
if q ̸= 2n 1

2
(q − 1)4

if q = 2n q

2
(q − 1)3

dx−1y−1(xy + ax+ by)(xy + c),
a, b, c, d ∈ F∗

q , if ax
2 − cx− bc is

absolutely irreducible
if q ̸= 2n 1

2
(q − 1)4

if q = 2n q

2
(q − 1)3

cy−1(xy + ay + ab)(y + b), a, b, c ∈
F∗
q

(q − 1)3

cx−1y−1(xy + ay + b)(x+ a),
a, b, c ∈ F∗

q

(q − 1)3

cx−1y−1(xy + ay + b)(xy + b),
a, b, c ∈ F∗

q

(q − 1)3

cx−1(xy + ax+ ab)(x+ b), a, b, c ∈
F∗
q

(q − 1)3

cx−1y−1(xy + ax+ b)(y + a),
a, b, c ∈ F∗

q

(q − 1)3

cx−1y−1(xy + ax+ b)(xy + b),
a, b, c ∈ F∗

q

(q − 1)3

d(x−1y−1 + a+ bx)(y + c),
a, b, c, d ∈ F∗

q ,
if q ̸= 2n 1

2
(q − 1)4

if q = 2n q

2
(q − 1)3

dy−1(x−1 + a+ bxy)(y + c),
a, b, c ∈ F∗

q ,
if q ̸= 2n 1

2
(q − 1)4

if q = 2n q

2
(q − 1)3

dx−1(y−1 + a+ bxy)(x+ c),
a, b, c, d ∈ F∗

q ,
if q ̸= 2n 1

2
(q − 1)4

if q = 2n q

2
(q − 1)3

d(x−1y−1 + a+ by)(x+ c),
a, b, c, d ∈ F∗

q ,
if q ̸= 2n 1

2
(q − 1)4

if q = 2n q

2
(q − 1)3

ex−1y−1(xy + ax+ by + c)(xy +
d), a, b, c, d, e ∈ F∗

q ,
if q = 2n q

2
(q − 1)4

if q ̸= 2n 0
e(x−1y−1 + ax−1 + b+ cy)(x+ d),
a, b, c, d, e ∈ F∗

q ,
if q = 2n q

2
(q − 1)4

if q ̸= 2n 0
ey−1(x−1 + a+ by + cxy)(y + d),
a, b, c, d, e ∈ F∗

q ,
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if q = 2n q

2
(q − 1)4

if q ̸= 2n 0

For q small, say q ≤ 42 for C
P

(20)
7

, the codes are discerned by the gener-
ating polynomials list in Table A.1. □

Appendix A. Tables of the enumerator polynomials

for toric codes

In this appendix, we list all the tables mentioned in our proof of Theorem
1.2, where the weight enumerator polynomials are defined as follows:

WC(x) =

(q−1)2
∑

i=0

Aix
i

where Ai = |{w ∈ C : wt(w) = i}|, for the k = 7 toric codes. All the polyno-
mials are computed by using Magma code from [Joy].

Table A.1: Generator polynomials for toric codes.

Over F7

P7
(3): 1 + 90x12 + 600x18 + 2790x24 + · · ·

P7
(4): 1 + 90x12 + 600x18 + 3870x24 + · · ·

P7
(5): 1 + 90x12 + 600x18 + 4860x24 + · · ·

P7
(6): 1 + 90x12 + 600x18 + 3222x24 + · · ·

P7
(7): 1 + 90x12 + 600x18 + 4860x24 + · · ·

P7
(8): 1 + 90x12 + 600x18 + 3870x24 + · · ·

P7
(9): 1 + 90x12 + 600x18 + 5688x24 + · · ·

P7
(10): 1 + 120x18 + 2160x20 + 2160x21 + · · ·

P7
(11): 1 + 120x18 + 864x24 + 7776x25 + · · ·

P7
(12): 1 + 120x18 + 810x24 + 8640x25 + · · ·

P7
(13): 1 + 120x18 + 810x24 + 8640x25 + · · ·

P7
(14): 1 + 120x18 + 774x24 + 9072x25 + · · ·

P7
(15): 1 + 120x18 + 990x24 + 8856x25 + · · ·

P7
(16): 1 + 540x20 + 918x24 + 4104x25 + · · ·

P7
(17): 1 + 216x21 + 432x22 + 1080x23 + · · ·

P7
(18): 1 + 540x20 + 2322x24 + 5400x25 + · · ·

P7
(19): 1 + 540x20 + 2088x24 + 5616x25 + · · ·

P7
(20): 1 + 216x22 + 216x23 + 1350x24 + · · ·

P7
(21): 1 + 108x22 + 864x23 + 1656x24 + · · ·

P7
(22): 1 + 216x20 + 1080x21 + 594x24 + · · ·

P7
(1): 1 + 49x7 + 1029x14 + 12005x21 + · · ·

P7
(2): 1 + 147x14 + 1470x21 + 10535x28 + · · ·

P7
(3): 1 + 245x21 + 1225x28 + 5586x35 + · · ·
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Over F8 P7
(4): 1 + 245x21 + 1225x28 + 6762x35 + · · ·

P7
(5): 1 + 245x21 + 1225x28 + 7791x35 + 3773x36 + 16464x37 +

34986x38 + · · ·

P7
(6): 1 + 245x21 + 1225x28 + 7791x35 + 3773x36 + 16464x37 +

34986x38 + · · ·

P7
(7): 1 + 245x21 + 1225x28 + 6762x35 + · · ·

P7
(8): 1 + 245x21 + 1225x28 + 5586x35 + 7546x36 + · · ·

P7
(9): 1 + 245x21 + 1225x28 + 7791x35 + 3773x36 + 16464x37 +

36015x38 + · · ·

P7
(10): 1 + 245x28 + 4116x30 + 5145x31 + · · ·

P7
(11): 1 + 245x28 + 882x35 + 14749x36 + · · ·

P7
(12): 1 + 245x28 + 882x24 + 15778x25 + · · ·

P7
(13): 1 + 245x28 + 735x35 + 16121x36 + · · ·

P7
(14): 1 + 245x28 + 735x35 + 17493x36 + · · ·

P7
(15): 1 + 245x28 + 735x35 + 18522x36 + · · ·

P7
(16): 1 + 1029x30 + 441x35 + 6174x36 + · · ·

P7
(17): 1 + 2058x33 + 1029x34 + 5586x35 + · · ·

P7
(18): 1 + 1029x30 + 4457x35 + 10290x36 + · · ·

P7
(19): 1 + 1029x30 + 4704x35 + 7546x36 + · · ·

P7
(20): 1 + 49x28 + 1372x34 + 441x35 + · · ·

P7
(21): 1 + 1029x33 + 3675x35 + 7889x36 + · · ·

P7
(22): 1 + 343x30 + 2058x31 + 441x35 + · · ·

P7
(1): 1 + 224x16 + 3136x24 + 31920x32 + · · ·

P7
(2): 1 + 448x24 + 3360x32 + 22848x40 + · · ·

P7
(3): 1 + 560x32 + 2240x40 + 10304x48 + · · ·

Over F9

P7
(4): 1 + 560x32 + 2240x40 + 12352x48 + 5120x49 + · · ·

P7
(5): 1 + 560x32 + 2240x40 + 14944x48 + · · ·

P7
(6): 1 + 560x32 + 2240x40 + 12352x48 + 5120x49 + · · ·

P7
(7): 1 + 560x32 + 2240x40 + 14368x48 + · · ·

P7
(8): 1 + 560x32 + 2240x40 + 12352x48 + 8192x49 + · · ·

P7
(9): 1 + 560x32 + 2240x40 + 14624x48 + · · ·

P7
(10): 1 + 448x40 + 7168x42 + 10752x43 + · · ·

P7
(11): 1 + 448x40 + 1344x48 + 23040x49 + · · ·

P7
(12): 1 + 448x40 + 2400x48 + 27648x49 + · · ·

P7
(13): 1 + 448x40 + 1888x48 + 25600x49 + · · ·

P7
(14): 1 + 448x40 + 1376x48 + 28160x49 + · · ·

P7
(15): 1 + 448x40 + 1888x48 + 27648x49 + · · ·

P7
(16): 1 + 1792x42 + 672x48 + 8192x49 + · · ·

P7
(17): 1 + 1024x44 + 3072x46 + 4096x47 + · · ·

P7
(18): 1 + 1792x42 + 9120x48 + 14848x49 + · · ·

P7
(19): 1 + 1792x42 + 8320x48 + 14336x49 + · · ·

P7
(20): 1 + 512x46 + 1024x47 + 4256x48 + · · ·

P7
(21): 1 + 64x40 + 1024x47 + 6272x48 + · · ·

P7
(22): 1 + 512x42 + 3584x43 + 1440x48 + · · ·

P7
(1): 1 + 2100x40 + 17640x50 + 159600x60 + · · ·

P7
(2): 1 + 2520x50 + 12600x60 + 84000x70 + · · ·
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Over F11 P7
(3): 1 + 2100x60 + 6000x70 + 29250x80 + 615000x81 + · · ·

P7
(4): 1 + 2100x60 + 6000x70 + 29450x80 + 4000x81 + · · ·

P7
(5): 1 + 2100x60 + 6000x70 + 35700x80 + 2000x81 + · · ·

P7
(6): 1 + 2100x60 + 6000x70 + 31450x80 + 5000x81 + · · ·

P7
(7): 1 + 2100x60 + 6000x70 + 33200x80 + 1000x81 + · · ·

P7
(8): 1 + 2100x60 + 6000x70 + 30450x80 + 7000x81 + · · ·

P7
(9): 1 + 2100x60 + 6000x70 + 39200x80 + 29000x82 + · · ·

P7
(10): 1 + 1200x70 + 18000x72 + 36000x73 + 2250x80 + 183000x81 +

· · ·

P7
(11): 1 + 1200x70 + 2700x80 + 64000x81 + · · ·

P7
(12): 1 + 1200x70 + 2450x80 + 64000x81 + 50000x82 + · · ·

P7
(13): 1 + 1200x70 + 2450x80 + 65000x81 + 58000x82 + · · ·

P7
(14): 1 + 1200x70 + 2950x80 + 69000x81 + · · ·

P7
(15): 1 + 1200x70 + 2750x80 + 73000x81 + · · ·

P7
(16): 1 + 4500x72 + 2550x80 + 13000x81 + · · ·

P7
(17): 1 + 2000x75 + 1000x76 + 7000x77 + 8000x78 + 18050x80 +

35000x81 + · · ·

P7
(18): 1 + 4500x72 + 26850x80 + 33000x81 + · · ·

P7
(19): 1 + 4500x72 + 24800x80 + 32000x81 + · · ·

P7
(20): 1 + 1000x79 + 5550x80 + 21000x81 + · · ·

P7
(21): 1 + 500x76 + 1500x78 + 1000x79 + 9200x80 + 26000x81 + · · ·

P7
(22): 1 + 1000x72 + 9000x73 + 2850x80 + 42000x81 + · · ·

P7
(3): 1 + 5940x96 + 13200x108 + 69696x120 + 1679616x121 + · · ·

P7
(4): 1 + 5940x96 + 13200x108 + 70272x120 + 5184x121 + · · ·

P7
(5): 1 + 5940x96 + 13200x108 + 78120x120 + 50112x122 + · · ·

P7
(6): 1 + 5940x96 + 13200x108 + 71424x120 + 6912x121 + · · ·

P7
(7): 1 + 5940x96 + 13200x108 + 71640x120 + 1728x121 + · · ·

P7
(8): 1 + 5940x96 + 13200x108 + 70484x120 + 3456x121 + · · ·

P7
(9): 1 + 5940x96 + 13200x108 + 82152x120 + 28512x122 + · · ·

P7
(10): 1 + 2640x108 + 38016x110 + 95040x111 + 3960x120 +

435456x121 + · · ·

Over F13

P7
(11): 1 + 2640x108 + 4752x120 + 150336x121 + 142560x122 + · · ·

P7
(12): 1 + 2640x108 + 4248x120 + 145152x121 + 95040x122 + · · ·

P7
(13): 1 + 2640x108 + 4248x120 + 148608x121 + 100224x122 + · · ·

P7
(14): 1 + 2640x108 + 4824x120 + 158976x121 + 97632x122 + · · ·

P7
(15): 1 + 2640x108 + 5976x120 + 165888x121 + 109728x122 + · · ·

P7
(16): 1 + 9504x110 + 2376x120 + 19008x121 + 143424x122 + · · ·

P7
(17): 1 + 1728x114 + 5184x116 + 27648x117 + 6912x118 + 48384x119 +

23976x120 + 25920x121 + · · ·

P7
(18): 1 + 9504x110 + 65448x120 + 63936x121 + 408672x122 + · · ·

P7
(19): 1 + 9504x110 + 61056x120 + 62208x121 + 299808x122 + · · ·

P7
(20): 1 + 1728x119 + 9288x120 + 25920x121 + 93312x122 + · · ·

P7
(21): 1 + 432x116 + 3456x118 + 3456x119 + 9216x120 + 27648x121 +

· · ·

P7
(22): 1 + 1728x110 + 19008x111 + 4968x120 + 82944x121 + · · ·

P7
(3): 1 + 20475x165 + 34125x180 + 204750x195 + 5838750x196 + · · ·
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P7
(4): 1 + 20475x165 + 34125x180 + 217800x195 + 27000x197 + · · ·

Over F16 P7
(5): 1 + 20475x165 + 34125x180 + 233325x195 + 16875x197 + · · ·

P7
(6): 1 + 20475x165 + 34125x180 + 205425x195 + 3375x196 + · · ·

P7
(7): 1 + 20475x165 + 34125x180 + 206325x195 + 20250x196 + · · ·

P7
(8): 1 + 20475x165 + 34125x180 + 207675x195 + 3375x196 + · · ·

P7
(9): 1 + 20475x165 + 34125x180 + 213075x195 + 6750x196 + · · ·

P7
(10): 1 + 6825x180 + 94500x182 + 307125x183 + 7875x195 +

1275750x196 + · · ·

P7
(11): 1 + 6825x180 + 9450x195 + 435375x196 + · · ·

P7
(12): 1 + 6825x180 + 8550x195 + 432000x196 + 219375x197 + · · ·

P7
(13): 1 + 6825x180 + 8550x195 + 432000x196 + 249750x197 + · · ·

P7
(14): 1 + 6825x180 + 8550x195 + 462375x196 + · · ·

P7
(15): 1 + 6825x180 + 10125x195 + 479250x196 + · · ·

P7
(16): 1 + 23625x182 + 5400x195 + 37125x196 + · · ·

P7
(17): 1 + 27000x189 + 6750x190 + 67500x191 + 13500x192 +

20250x194 + 194400x195 + 87750x196 + · · ·

P7
(18): 1 + 23625x182 + 193725x195 + 155250x196 + · · ·

P7
(19): 1 + 23625x182 + 195300x195 + 101250x196 + · · ·

P7
(20): 1 + 5400x195 + 23625x196 + · · ·

P7
(21): 1 + 6750x194 + 7650x195 + 20250x196 + · · ·

P7
(22): 1 + 3375x182 + 47250x183 + 4725x195 + 212625x196 + · · ·

Over F17

P7
(3): 1 + 29120x192 + 44800x208 + 280320x224 + 8396800x225 + · · ·

P7
(4): 1 + 29120x192 + 44800x208 + 280320x224 + 20480x225 + · · ·

P7
(5): 1 + 29120x192 + 44800x208 + 300160x224 + 16384x226 + · · ·

P7
(6): 1 + 29120x192 + 44800x208 + 280320x224 + 4096x225 + · · ·

P7
(7): 1 + 29120x192 + 44800x208 + 284288x224 + 20480x226 + · · ·

P7
(8): 1 + 29120x192 + 44800x208 + 280320x224 + 8192x225 + · · ·

P7
(9): 1 + 29120x192 + 44800x208 + 295552x224 + 43008x226 + · · ·

P7
(10): 1 + 8960x208 + 122880x210 + 430080x211 + 9600x224 +

1744896x225 + · · ·

P7
(11): 1 + 8960x208 + 11520x224 + 593920x225 + · · ·

P7
(12): 1 + 8960x208 + 9600x224 + 589824x225 + 313344x226 + · · ·

P7
(13): 1 + 8960x208 + 9600x224 + 589824x225 + 307200x226 + · · ·

P7
(14): 1 + 8960x208 + 11648x224 + 622592x225 + · · ·

P7
(15): 1 + 8960x208 + 11648x224 + 651264x225 + · · ·

P7
(16): 1 + 30720x210 + 5760x224 + 45056x225 + · · ·

P7
(17): 1 + 57344x219 + 20480x220 + 118784x221 + 86016x222 +

147072x224 + 208896x225 + · · ·

P7
(18): 1 + 30720x210 + 269952x224 + 184320x225 + · · ·

P7
(19): 1 + 30720x210 + 255488x224 + 180224x225 + · · ·

P7
(20): 1 + 4096x223 + 5760x224 + 32768x225 + · · ·

P7
(21): 1 + 2048x222 + 20480x224 + 61440x225 + · · ·

P7
(22): 1 + 4096x210 + 61440x211 + 11904x224 + 245760x225 + · · ·

P7
(3): 1 + 55080x252 + 73440x270 + 498474x288 + 16347096x289 + · · ·

P7
(4): 1 + 55080x252 + 73440x270 + 501714x288 + 11664x290 + · · ·

P7
(5): 1 + 55080x252 + 73440x270 + 501228x288 + 17496x290 + · · ·
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P7
(6): 1 + 55080x252 + 73440x270 + 498474x288 + 5832x289 + · · ·

Over F19 P7
(7): 1 + 55080x252 + 73440x270 + 504144x288 + 8748x290 + · · ·

P7
(8): 1 + 55080x252 + 73440x270 + 502362x288 + 5832x289 + · · ·

P7
(9): 1 + 55080x252 + 73440x270 + 512892x288 + 23328x290 + · · ·

P7
(10): 1 + 14688x270 + 198288x272 + 793152x273 + 13770x288 +

3096792x289 + · · ·

P7
(11): 1 + 14688x270 + 16524x288 + 1049760x289 + · · ·

P7
(12): 1 + 14688x270 + 13770x288 + 1032264x289 + · · ·

P7
(13): 1 + 14688x270 + 13770x288 + 1043928x289 + · · ·

P7
(14): 1 + 14688x270 + 16686x288 + 1096416x289 + · · ·

P7
(15): 1 + 14688x270 + 20574x288 + 1131408x289 + · · ·

P7
(16): 1 + 49572x272 + 8262x288 + 64152x289 + · · ·

P7
(17): 1 + 81648x282 + 163296x284 + 151632x285 + 46656x286 +

104976x289 + · · ·

P7
(18): 1 + 49572x272 + 483570x288 + 285768x289 + · · ·

P7
(19): 1 + 49572x272 + 460080x288 + 279936x289 + 1851660x290 + · · ·

P7
(20): 1 + 8262x288 + 40824x289 + · · ·

P7
(21): 1 + 8748x286 + 16848x288 + 64152x289 + · · ·

P7
(22): 1 + 5832x272 + 99144x273 + 17010x288 + 384912x289 + · · ·

Over F23

P7
(3): 1 + 160930x396 + 169400x418 + 1336566x440 + 51291416x441 +

· · ·

P7
(4): 1 + 160930x396 + 169400x418 + 1336566x440 + 10648x443 + · · ·

P7
(5): 1 + 160930x396 + 169400x418 + 1341648x440 + 31944x444 + · · ·

P7
(6): 1 + 160930x396 + 169400x418 + 1336566x440 + 10648x441 + · · ·

P7
(7): 1 + 160930x396 + 169400x418 + 1346972x440 + 5324x442 + · · ·

P7
(8): 1 + 160930x396 + 169400x418 + 1336566x440 + 21296x441 + · · ·

P7
(9): 1 + 160930x396 + 169400x418 + 1336566x440 + 21296x442 + · · ·

P
(10)
7 : 1 + 33880x418 + 447216x420 + 2236080x421 + 25410x440 +

8273496x441 + · · ·

P
(11)
7 : 1 + 33880x418 + 30492x440 + 2789776x441 + · · ·

P
(12)
7 : 1 + 33880x418 + 25410x440 + 2757832x441 + · · ·

P
(13)
7 : 1 + 33880x418 + 25410x440 + 2779128x441 + · · ·

P
(14)
7 : 1 + 33880x418 + 30734x440 + 2896256x441 + · · ·

P
(15)
7 : 1 + 33880x418 + 30734x440 + 2992088x441 + · · ·

P
(16)
7 : 1 + 111804x420 + 15246x440 + 117128x441 + · · ·

P
(17)
7 : 1 + 74536x432 + 159720x434 + 510378x440 + 905080x441 + · · ·

P
(18)
7 : 1 + 111804x420 + 1308978x440 + 606936x441 + 6990412x442 +

· · ·

P
(19)
7 : 1 + 111804x420 + 1255496x440 + 596288x441 + · · ·

P
(20)
7 : 1 + 15246x440 + 74536x441 + 681472x442 + · · ·

P
(21)
7 : 1 + 25652x440 + 63888x441 + 1032856x442 + · · ·

P
(22)
7 : 1 + 10648x420 + 223608x421 + 31218x440 + 830544x441 + · · ·

P7
(3): 1 + 255024x480 + 242880x504 + 2053440x528 + 84464640x529 +

· · ·

P7
(4): 1 + 225024x480 + 242880x504 + 2053440x528 + 13824x529 + · · ·
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P
(5)
7 : 1 + 255024x480 + 242880x504 + 2103264x528 + 13824x529 + · · ·

Over F25 P
(6)
7 : 1 + 255024x480 + 242880x504 + 2053440x528 + 27648529x529 +

· · ·

P
(7)
7 : 1 + 255024x480 + 242880x504 + 2066976x528 + 20736x530 + · · ·

P
(8)
7 : 1 + 255024x480 + 242880x504 + 2062656x528 + 13824x529 + · · ·

P
(9)
7 : 1 + 255024x480 + 242880x504 + 2087712x528 + 6912x530 + · · ·

P
(10)
7 : 1 + 48576x504 + 635904x506 + 33120x528 + 12690432x529 + · · ·

P
(11)
7 : 1 + 48576x504 + 39744x528 + 4271616x529 + · · ·

P
(12)
7 : 1 + 48576x504 + 33120x528 + 4243968x529 + · · ·

P
(13)
7 : 1 + 48576x504 + 33120x528 + 4257792x529 + · · ·

P
(14)
7 : 1 + 48576x504 + 40032x528 + 4423680x529 + · · ·

P
(15)
7 : 1 + 48576x504 + 49248x528 + 4534272x529 + · · ·

P
(16)
7 : 1 + 158976x506 + 19872x528 + 152064x529 + · · ·

P
(17)
7 : 1 + 110592x519 + 55296x520 + 1022112x528 + 290304x529 + · · ·

P
(18)
7 : 1 + 158976x506 + 2017440x528 + 843264x529 + · · ·

P
(19)
7 : 1 + 158976x506 + 1941120x528 + 829440x529 + · · ·

P
(20)
7 : 1 + 19872x528 + 110592x529 + 953856x530 + · · ·

P
(21)
7 : 1 + 36864x528 + 96768x529 + 1430784x530 + · · ·

P
(22)
7 : 1 + 13824x506 + 317952x507 + 40608x528 + 1161216x529 + · · ·

Over F27

P
(3)
7 : 1 + 388700x572 + 338000x598 + 3050450x624 + 133841240x625 +

· · ·

P
(4)
7 : 1 + 388700x572 + 338000x598 + 3050450x624 + 52728x630 + · · ·

P
(5)
7 : 1 + 388700x572 + 338000x598 + 3058900x624 + 52728x628 + · · ·

P
(6)
7 : 1 + 388700x572 + 338000x598 + 3050450x624 + 17576x625 +

105456x630 + · · ·

P
(7)
7 : 1 + 388700x572 + 338000x598 + 3067688x624 + 8788x626 + · · ·

P
(8)
7 : 1 + 388700x572 + 338000x598 + 3050450x624 + 35152x625 +

105456x630 + · · ·

P
(9)
7 : 1 + 388700x572 + 338000x598 + 3076476x624 + 17576x626 + · · ·

P
(10)
7 : 1 + 67600x598 + 878800x600 + 42250x624 + 18823896x625 + · · ·

P
(11)
7 : 1 + 67600x598 + 50700x624 + 6327360x625 + · · ·

P
(12)
7 : 1 + 67600x598 + 42250x624 + 6276632x625 + · · ·

P
(13)
7 : 1 + 67600x598 + 42250x624 + 6309748x625 + · · ·

P
(14)
7 : 1 + 67600x598 + 51038x624 + 6538272x625 + · · ·

P
(15)
7 : 1 + 67600x598 + 51038x624 + 6714032x625 + · · ·

P
(16)
7 : 1 + 219700x600 + 25350x624 + 193336x625 + · · ·

P
(17)
7 : 1 + 615160x617 + 105456x618 + 139594x624 + 1986088x625 +

· · ·

P
(18)
7 : 1 + 219700x600 + 3004482x624 + 1142440x625 + · · ·

P
(19)
7 : 1 + 219700x600 + 2898688x624 + 1124864x625 + · · ·

P
(20)
7 : 1 + 25350x624 + 123032x625 + · · ·

P
(21)
7 : 1 + 33800x624 + 123032x625 + · · ·

P
(22)
7 : 1 + 17576x600 + 439400x601 + 51714x624 + 1581840x625 + · · ·
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P
(3)
7 : 1 + 573300x672 + 458640x700 + 4402944x728 + 205207296x729 +

· · ·

P
(4)
7 : 1 + 573300x672 + 458640x700 + 4402944x728 + 21952x733 + · · ·

P
(5)
7 : 1 + 573300x672 + 458640x700 + 4413528x728 + 43904x734 + · · ·

P
(6)
7 : 1 + 573300x672 + 458640x700 + 4402944x728 + 21952x729 + · · ·

P
(7)
7 : 1 + 573300x672 + 458640x700 + 4424504x728 + 10976x730 + · · ·

P
(8)
7 : 1 + 573300x672 + 458640x700 + 4402944x728 + 43904x729 + · · ·

P
(9)
7 : 1 + 573300x672 + 458640x700 + 440968x728 + 10976x730 + · · ·

Over F29

P
(10)
7 : 1 + 91728x700 + 1185408x702 + 52920x728 + 27132672x729 +

· · ·

P
(11)
7 : 1 + 91728x700 + 63504x728 + 9110080x729 + · · ·

P
(12)
7 : 1 + 91728x700 + 52920x728 + 9044224x729 + · · ·

P
(13)
7 : 1 + 91728x700 + 52920x728 + 9088128x729 + · · ·

P
(14)
7 : 1 + 91728x700 + 63896x728 + 9395456x729 + · · ·

P
(15)
7 : 1 + 91728x700 + 63896x728 + 9636928x729 + · · ·

P
(16)
7 : 1 + 296352x702 + 31752x728 + 241472x729 + · · ·

P
(17)
7 : 1 + 439040x720 + 790272x722 + 1315944x728 + 2392768x729 +

· · ·

P
(18)
7 : 1 + 296352x702 + 4345320x728 + 1514688x729 + · · ·

P
(19)
7 : 1 + 91728x700 + 1185408x702 + 52920x728 + 27132672x729 +

· · ·

P
(20)
7 : 1 + 31752x728 + 153664x729 + · · ·

P
(21)
7 : 1 + 42336x728 + 131712x729 + · · ·

P
(22)
7 : 1 + 21952x702 + 592704x703 + 64680x728 + 2107392x729 + · · ·

Over F31

P
(3)
7 : 1 + 822150x780 + 609000x810 + 6198750x840 + 305775000x841 +

· · ·

P
(4)
7 : 1 + 822150x780 + 609000x810 + 6198750x840 + 135000x848 +

· · ·

P
(5)
7 : 1 + 822150x780 + 609000x810 + 6211800x840 + 243000x848 +

· · ·

P
(6)
7 : 1 + 822150x780 + 609000x810 + 6198750x840 + 27000x841 + · · ·

P
(7)
7 : 1 + 822150x780 + 609000x810 + 6225300x840 + 135000x842 +

· · ·

P
(8)
7 : 1 + 822150x780 + 609000x810 + 6216750x840 + 27000x841 + · · ·

P
(9)
7 : 1 + 822150x780 + 609000x810 + 6238800x840 + 27000x842 + · · ·

P
(10)
7 : 1 + 121800x810 + 1566000x812 + 65250x840 + 38151000x841 +

· · ·

P
(11)
7 : 1 + 121800x810 + 78300x840 + 12798000x841 + 5872500x842 +

· · ·

P
(12)
7 : 1 + 121800x810 + 65250x840 + 12717000x841 + 3132000x842 +

· · ·

P
(13)
7 : 1 + 121800x810 + 65250x840 + 12771000x841 + 3915000x842 +

· · ·



✐

✐

“3-Yau” — 2020/4/19 — 23:28 — page 313 — #51
✐

✐

✐

✐

✐

✐

Classification of toric codes 313

P
(14)
7 : 1 + 121800x810 + 78750x840 + 13176000x841 + 3955500x842 +

· · ·

P
(15)
7 : 1 + 121800x810 + 96750x840 + 13446000x841 + · · ·

P
(16)
7 : 1 + 391500x812 + 39150x840 + 297000x841 + 5481000x842 + · · ·

P
(17)
7 : 1 + 540000x831 + 54000x832 + 862650x840 + 648000x841 + · · ·

P
(18)
7 : 1 + 391500x812 + 6127650x840 + 1971000x841 + 30685500x842 +

· · ·

P
(19)
7 : 1 + 391500x812 + 59338200x840 + 1944000x841 +

19264500x842 + · · ·

P
(20)
7 : 1 + 39150x840 + 189000x841 + 2349000x842 + · · ·

P
(21)
7 : 1 + 52200x840 + 162000x841 + 3523500x842 + · · ·

P
(22)
7 : 1 + 27000x812 + 783000x813 + 79650x840 + 2754000x841 + · · ·

Over F32

P
(3)
7 : 1 + 975415x837 + 696725x868 + 7293990x899 + 369706310x900 +

· · ·

P
(4)
7 : 1 + 975415x837 + 696725x868 + 7293990x899 + 1042685x909 +

· · ·

P
(5)
7 : 1 + 975415x837 + 696725x868 + 7308405x899 + 148955x905 +

· · ·

P
(6)
7 : 1 + 975415x837 + 696725x868 + 7293990x899 + 29791x900 + · · ·

P
(7)
7 : 1 + 975415x837 + 696725x868 + 7308405x899 + 29791x900 + · · ·

P
(8)
7 : 1 + 975415x837 + 696725x868 + 7293990x899 + 59582x900 + · · ·

P
(9)
7 : 1 + 975415x837 + 696725x868 + 7308405x899 + 59582x900 + · · ·

P
(10)
7 : 1 + 139345x868 + 72075x899 + 44865246x900 + · · ·

P
(11)
7 : 1 + 139345x868 + 86490x899 + 15044455x900 + · · ·

P
(12)
7 : 1 + 139345x868 + 72075x899 + 14955082x900 + · · ·

P
(13)
7 : 1 + 139345x868 + 72075x899 + 15014664x900 + · · ·

P
(14)
7 : 1 + 139345x868 + 72075x899 + 15521111x900 + · · ·

P
(15)
7 : 1 + 139345x868 + 72075x899 + 15878603x900 + · · ·

P
(16)
7 : 1 + 446865x870 + 43245x899 + 327701x900 + · · ·

P
(17)
7 : 1 + 1638505x891 + 148955x892 + 5256670x899 + 1281013x900 +

· · ·

P
(18)
7 : 1 + 446865x870 + 7193085x899 + 2323698x900 + · · ·

P
(19)
7 : 1 + 446865x870 + 7207500x899 + 1370386x900 + · · ·

P
(20)
7 : 1 + 43245x899 + 208537x900 + · · ·

P
(21)
7 : 1 + 57660x899 + 208537x900 + · · ·

P
(22)
7 : 1 + 29791x870 + 893730x871 + 43245x899 + 3306801x900 + · · ·

P
(3)
7 : 1 + 2120580x1152 + 1285200x1188 + 15331680x1224 +

880865280x1225 + · · ·

P
(4)
7 : 1 + 2120580x1152 + 1285200x1188 + 15336864x1224 +

46656x1230 + · · ·

P
(5)
7 : 1 + 2120580x1152 + 1285200x1188 + 15354360x1224 +

279936x1234 + · · ·

Over F37 P
(6)
7 : 1 + 2120580x1152 + 1285200x1188 + 15331680x1224 +

46656x1225 + · · ·
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P
(7)
7 : 1 + 2120580x1152 + 1285200x1188 + 15377668x1244 +

23328x1226 + · · ·

P
(8)
7 : 1 + 2120580x1152 + 1285200x1188 + 15362784x1224 +

46656x1225 + · · ·

P
(9)
7 : 1 + 2120580x1152 + 1285200x1188 + 15412680x1224 +

23328x1226 + · · ·

P
(10)
7 : 1 + 257040x1188 + 3265920x1190 + 113400x1224 +

94058496x1225 + · · ·

P
(11)
7 : 1 + 257040x1188 + 136080x1224 + 31492800x1225 + · · ·

P
(12)
7 : 1 + 257040x1188 + 113400x1224 + 31352832x1225 + · · ·

P
(13)
7 : 1 + 257040x1188 + 113400x1224 + 31446144x1225 + · · ·

P
(14)
7 : 1 + 257040x1188 + 136728x1224 + 32285952x1225 + · · ·

P
(15)
7 : 1 + 257040x1188 + 167832x1224 + 32845824x1225 + · · ·

P
(16)
7 : 1 + 816480x1190 + 68040x1224 + 513216x1225 + · · ·

P
(17)
7 : 1 + 1959552x1215 + 279936x1216 + 2050920x1224 +

1259712x1225 + · · ·

P
(18)
7 : 1 + 816480x1190 + 15207912x1224 + 3965760x1225 + · · ·

P
(19)
7 : 1 + 816480x1190 + 14810688x1224 + 3919104x1225 + · · ·

P
(20)
7 : 1 + 68040x1224 + 326592x1225 + · · ·

P
(21)
7 : 1 + 90720x1224 + 279936x1225 + · · ·

P
(22)
7 : 1 + 46656x1190 + 138024x1224 + 5598720x1225 + · · ·

Over F41

P
(3)
7 : 1 + 3655600x1440 + 1976000x1480 + 25896000x1520 +

1627520000x1521 + · · ·

P
(4)
7 : 1 + 3655600x1440 + 1976000x1480 + 25896000x1520 +

64000x1532 + · · ·

P
(5)
7 : 1 + 3655600x1440 + 1976000x1480 + 25927200x1520 +

448000x1532 + · · ·

P
(6)
7 : 1 + 3655600x1440 + 1976000x1480 + 25896000x1520 +

64000x1521 + · · ·

P
(7)
7 : 1 + 3655600x1440 + 1976000x1480 + 25959200x1520 +

32000x1522 + · · ·

P
(8)
7 : 1 + 3655600x1440 + 1976000x1480 + 25896000x1520 +

128000x1521 + · · ·

P
(9)
7 : 1 + 3655600x1440 + 1976000x1480 + 26007200x1520 +

32000x1522 + · · ·

P
(10)
7 : 1 + 395200x1480 + 4992000x1482 + 156000x1520 +

158592000x1521 + · · ·

P
(11)
7 : 1 + 395200x1480 + 187200x1520 + 53056000x1521 + · · ·

P
(12)
7 : 1 + 395200x1480 + 156000x1520 + 52864000x1521 + · · ·

P
(13)
7 : 1 + 395200x1480 + 156000x1520 + 52992000x1521 + · · ·

P
(14)
7 : 1 + 395200x1480 + 188000x1520 + 54272000x1521 + · · ·

P
(15)
7 : 1 + 395200x1480 + 188000x1520 + 55232000x1521 + · · ·

P
(16)
7 : 1 + 1248000x1482 + 93600x1520 + 704000x1521 + · · ·

P
(17)
7 : 1 + 1792000x1509 + 128000x1510 + 6717600x1520 +

12224000x1521 + · · ·
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P
(18)
7 : 1 + 1248000x1482 + 25725600x1520 + 5952000x1521 + · · ·

P
(19)
7 : 1 + 1248000x1482 + 25116800x1520 + 5888000x1521 + · · ·

P
(20)
7 : 1 + 93600x1520 + 448000x1521 + · · ·

P
(21)
7 : 1 + 124800x1520 + 384000x1521 + · · ·

P
(22)
7 : 1 + 64000x1482 + 2496000x1483 + 189600x1520 +

8448000x1521 + · · ·

Over F43

P
(4)
7 : 1 + 4701060x1596 + 2410800x1638 + 33015906x1680 +

148176x1692 + · · ·

P
(5)
7 : 1 + 4701060x1596 + 2410800x1638 + 330520681680 +

889056x1694 + · · ·

P
(6)
7 : 1 + 4701060x1596 + 2410800x1638 + 33015906x1680 +

74088x1681 + · · ·

P
(7)
7 : 1 + 4701060x1596 + 2410800x1638 + 33089112x1680 +

37044x1682 + · · ·

P
(8)
7 : 1 + 4701060x1596 + 2410800x1638 + 33065298x1680 +

74088x1681 + · · ·

P
(9)
7 : 1 + 4701060x1596 + 2410800x1638 + 33126156x1680 +

74088x1682 + · · ·

P
(12)
7 : 1 + 482160x1638 + 180810x1680 + 67345992x1681 + · · ·

P
(20)
7 : 1 + 108486x1680 + 518616x1681 + 9112824x1682 + · · ·

P
(21)
7 : 1 + 144648x1680 + 444528x1681 + · · ·

Over F47

P
(4)
7 : 1 + 7506510x1932 + 3491400x1978 + 51942510x2024 +

97336x2038 + · · ·

P
(12)
7 : 1 + 698280x1978 + 238050x2024 + 105804232x2025 +

17520480x2026 + · · ·

P
(20)
7 : 1 + 142830x2024 + 681352x2025 + 13140360x2026 +

97336x2038 + · · ·

P
(21)
7 : 1 + 190440x2024 + 584016x2025 + 19710540x2026 + · · ·

Over F49 P
(4)
7 : 1 + 830208x2160 + 270720x2208 + 130719744x2209 + · · ·

Over F53 P
(4)
7 : 1 + 14077700x2496 + 5746000x2548 + 95705376x2600 +

562432x2618 + · · ·

Over F59 P
(4)
7 : 1 + 24607660x3132 + 8948240x3190 + 164999154x3248 +

585336x3270 + · · ·

Over F61 P
(4)
7 : 1 + 29258100x3360 + 10266000x3420 + 195408000x3480 +

648000x3503 + · · ·

Over F64 P
(4)
7 : 1 + 37526895x3717 + 12508965x3780 + 249304797x3843 +

250047x3868 + · · ·

Over F67 P
(4)
7 : 1 + 47567520x4092 + 15100800x4158 + 314426970x4224 +

287496x4249 + · · ·

Over F71 P
(4)
7 : 1 + 64182650x4620 + 19159000x4690 + 421779750x4760 +

34300x4788 + · · ·
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Appendix B. Magma program of Proposition 3.4

> cart prod lists:=function(R)

> N:=#R;

> if N eq 1 then return R[1]; end if;

> if N gt 1 then

> L:=[];

> R0:=[R[k]:k in [1..(N-1)]];

> R1:=$$(R0);

> for i in R1 do

> for j in R[N] do

> if N eq 2 then L:=Append(L,Append([i],j)); end if;

> if N gt 2 then L:=Append(L,Append(i,j)); end if;

> end for;

> end for;

> return L;

> end if;

> end function;

> toric points:=function(n,F)

> T:=[x : x in F | x ne 0];

> L:=cart prod lists([T:i in [1..n]]);

> return L;

> end function;

> toric code:=function(L,F)

> u:=L;

> gens:=[];

> d:=#L[1];

> n:=#toric points(d,F);

> V:=VectorSpace(F,n);

> Z:=Integers();

> for v in u do

> Append(˜gens,[Z!v[i]: i in [1..d]]);

> end for;

> B0:=;

> for e in gens do

> Include(˜B0, V![&*[t[i]ˆe[i]:i in [1..d]]:t

in toric points(d,F)]);

> end for;
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> B:=SetToSequence(B0);

> C1:=VectorSpaceWithBasis(B);

> C:=LinearCode(C1);

> return C;

> end function;

> C1:=toric code([[-1,-1],[0,1],[0,0],[1,0],

[2,0],[3,0],[4,0]],GF(7));

> C2:=toric code([[0,0],[1,0],[0,1],[1,1],

[2,2],[3,3],[-1,-1]],GF(7));

> IsEquivalent(C1,C2);
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