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Weil-Petersson geometry on the space of
Bridgeland stability conditions

YU-WEI FAN, ATSUSHI KANAZAWA, AND SHING-TUNG YAU

We investigate some differential geometric aspects of the space of
Bridgeland stability conditions on a Calabi-Yau triangulated cat-
egory The aim is to give a provisional definition of Weil-Petersson
geometry on the stringy Kéhler moduli space. We study in detail
a few basic examples to support our proposal. In particular, we
identify our Weil-Petersson metric with the Bergman metric on a
Siegel modular variety in the case of the self-product of an elliptic
curve.

1. Introduction

The present article investigates some differential geometric aspects of the
space of Bridgeland stability conditions on a Calabi—Yau triangulated cate-
gory.

The motivation of our study comes from mirror symmetry. It is classi-
cally known that the complex moduli space Mpx(Y') of a projective Calabi-
Yau manifold Y comes equipped with a canonical Kéahler metric, called the
Weil-Petersson metric. The existence of such a natural metric often implies
strong results that one cannot obtain by purely algebraic methods. In the
case of Calabi—Yau threefold, this metric provides a fundamental differential
geometric tool, known as the special Kdhler geometry, to study mirror sym-
metry. In light of duality between complex geometry and Kéahler geometry
of a mirror pair of Calabi—Yau manifolds, a natural problem is to construct
the mirror object of the Weil-Petersson geometry, which should be defined
on the stringy Kéhler moduli space My, (X) of a mirror Calabi—Yau man-
ifold X of Y. However, there is yet no mathematical definition of Mgan(X)
at present.

In the celebrated work [3], Bridgeland introduced and studied stability
conditions on a triangulated category with the hope of rigorously defining
Mian(X). He conjectured and confirmed in several important cases [1} [3-5]
that the string theorists’ stringy Ké&hler moduli space Mg, (X) admits an
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embedding into the double quotient
Aut(Dx)\Stab(Dx)/C

of the space Stab(Dx) of Bridgeland stability conditions on the bounded
derived category Dy = DPCoh(X) of coherent sheaves on X.

The purpose of this article is to provide a step toward differential geo-
metric study of Mg,n(X) via the space of Bridgeland stability conditions.
Although we are mostly interested in geometric situations, we will use a more
general categorical language in this article. On careful comparison of the two
sides of Kontsevich’s homological mirror symmetry DPCoh(X) = DPFuk(Y),
we will give a provisional definition of Weil-Petersson geometry and propose
a conjecture which refine a previously known one. We will also provide some
supporting evidence by computing basic geometric examples. A key example
is the following, where our Weil-Petersson metric coincides with the classi-
cal Bergman metric on a Siegel modular variety (notations will be explained
later).

Theorem 1.1 (Theorem [4.8], Corollary [4.12). Let A be the self-product
E. x E; of an elliptic curve E,. Then there is an identification

Autey (Da)\Stabi(Da)/C* = Sp(4, Z)\$Ha.

Moreover, the Weil-Petersson metric on the stringy Kdahler moduli space
Autcy (Da)\Stabi(Da)/C* is identified with the Bergman metric on the
Siegel modular variety Sp(4,Z)\$z.

This result is compatible with the mirror duality between A and the
principally polarized abelian surface. In fact, the complex moduli space of
the latter is given by Sp(4,7Z)\$2. Another example is a quintic threefold
X C P*. Assuming that a conjectural Bridgeland stability condition exists,
we will observe that the Weil-Petersson metric is given by a quantum de-
formation of the Poincaré metric near the large volume limit.

It is worth noting that some aspects of the ideas in this article were pre-
sented in a series of Wilson’s works [26, 29} [30] on metrics on the complexified
Kahler cones. In fact, his works are also motivated by mirror symmetry since
the complexified Kéhler cone is expected to give a local chart of Myan(X)
near a large volume limit. For example, in the case of a Calabi—Yau 3-fold X,
the curvature of the so-called asymptotic Weil-Petersson metric was shown
to be closely related to the trilinear form on H?(X,Z) [26, 30].
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On the other hand, an advantage of our approach taken in this article
is the fact that our Weil-Petersson metric is global and makes perfect sense
away from large volume limits, in contrast to Wilson’s local study. As a mat-
ter of fact, the global aspects of the moduli space are of special importance
in recent study of mirror symmetry and string theory.

However, the real difficulty of the subject is to understand the pre-
cise relation between the stringy Kéahler moduli space Mga,(X) and the
space of Bridgeland stability conditions. Nevertheless, as an application
of our work, we find a new condition on the conjectural embedding of
Mian(X) into a quotient of the space of Bridgeland stability conditions,
namely the pullback of the Weil-Petersson metric on Mg, (X) should be
non-degenerate (Conjecture . This simply means that the mirror identi-
fication Myan(X) = Mcpx(Y) respects the Weil-Petersson geometries.

Structure of article

In Section [2, we provide basic backgrounds on the Bridgeland stability con-
ditions and twisted Mukai pairings. In Section [3| after a brief review and
reformulation of the classical Weil-Petersson geometry, we translate it in the
context of Bridgeland stability conditions on a Calabi—Yau triangulated cat-
egory. Section [4is the heart of the article. We carry out detailed calculations
for two classes of abelian surfaces to justify our proposal. Lastly, we discuss
the case of a quintic 3-fold, and comment on further research directions.

Notation and conventions

For an abelian group A, we denote by A the quotient of A by its torsion
subgroup. We write Ag := A ®z K for a field K. ch(—) denotes the Chern
character and Tdx denotes the Todd class of X. We write £(z) and 3(z) for
the real and imaginary parts of z respectively. A Calabi—Yau manifold is a
complex manifold whose canonical bundle is trivial. Throughout the article,
we work over complex numbers C.
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2. Bridgeland stability conditions
2.1. Bridgeland stability conditions

The notion of stability conditions on a triangulated category D was intro-
duced by Bridgeland [3], following physical ideas of TI-stabilities of D-branes
due to Douglas [§]. Throughout this article, we assume that D is essen-
tially small, linear over the complex numbers C, and of finite type, i.e. for
every pair of objects E and F', the C-vector space @&;Homp(E, F'[i]) is finite-
dimensional. Then we define the Euler form y on the Grothendieck group
K (D) by the formula

X(E,F):= Y (-1)’ dimg Homp(E, F[i]).

i

The numerical Grothendieck group V(D) := K (D)/K (D)~ is defined to be
the quotient of K (D) by the null space K(D)*x of x. We also assume that
D is numerically finite, i.e. N'(D) is of finite rank. A large class of examples
of such a triangulated category is provided by the bounded derived category
of coherent sheaves Dx = DPCoh(X) of a smooth projective variety X.

Definition 2.1 ([3]). A numerical stability condition o = (Z,P) on a tri-
angulated category D consists of a group homomorphism Z : N (D) — C
(central charge) and a collection of full additive subcategories P = {P(¢)} per
of D (semistable objects) such that:

1) If 0 # E € P(¢), then Z(E) € Rsg - eV 179,

2) P(o+1) =P(o)[1].

3) If ¢1 > ¢ and A; € P(¢;), then Homp(A;, A2) = 0.
)

4) For every 0 # FE € D, there exists a collection of exact triangles

0=FEy £y Ey e By E

A A A
\\ AN N
N AN N
~N AN N

Ay As Ay,
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such that 4; € P(¢;) and ¢1 > ¢ > -+ > .

5) (Support property [I8]) There exist a constant C' > 0 and a norm || ||
on N(D)g such that ||E|| < C|Z(FE)| for any semistable object E.

We denote by Staba/(D) the space of numerical stability conditions on
D. Bridgeland defined a nice topology on it such that the forgetful map

Stabp (D) — Hom(N'(D),C), o = (Z,P) s Z

is a local homeomorphism [3| 18], i.e. deformations of the central charge
lift uniquely to deformations of the stability condition. Thereby Stabps(D)
is naturally a complex manifold, which is locally modelled on the C-vector
space Hom(N (D), C). Moreover, Staby/(D) naturally carries a right action

of the group GLT(2,R), the universal cover of the group of orientation-
preserving automorphism GL™(2,R) of the Euclidean plane R?, as well as
a left action of the group Aut(D) of autoequivalences of D. The GL™ (2, R)-
action is given by post-composition on the central charge Z : N (D) — C =
R? and a suitable relabelling of the phases. We often restrict this action to

the subgroup C C GL™(2,R) which acts freely.

Remark 2.2. Let DPFuk(Y) be the derived Fukaya category of a Calabi-
Yau manifold Y. We fix a holomorphic volume form €2 of Y. It is a folklore
conjecture (c.f. [5]) that there exists a Bridgeland stability condition on
DPFuk(Y') with central charge given by the period integral

Z(L) = /L Q.

Moreover, the special Lagrangian submanifolds of phase ¢ are the semistable
objects of phase ¢ with respect to this stability condition.

2.2. Central charge via twisted Mukai pairing
Let X be a smooth projective variety. Motivated by work of Mukai in the

case of K3 surfaces, Céaldararu defined the the Mukai pairing on H*(X,C)
as follows [7]: for v,v" € H*(X,C),

<U7U/>Muk — / ecl(X)/Q . v\/ . 7}/.
X
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Here v=73,v; € ®;H/(X,C) and its Mukai dual vV = > V—1v; €
H*(X,C). Note that the above Mukai paring differs from Mukai’s origi-
nal one [20] for K3 surfaces by a sign. We define a twisted Mukai vector of
E € Dx = D"Coh(X) by

vA(E) := ch(E)y/Tdx exp(v/—1A)

for any A € H*(X,C) such that AY = —A. The usual Mukai vector is the
special case where A = 0. A twisted Mukai pairing is compatible with the
Euler pairing; by the Hirzebruch—Riemann—Roch theorem,

X(E,F):/Xch(EV)ch(F)TdX: (oA (E), va(F))Muk-

A geometric twisting A compatible with the integral structure on the quan-
tum cohomology was introduced by Iritani [I3] and Katzarkov—Kontsevich—
Pantev [16]. We shall use a reformulation due to Halverson—Jockers-Lapan—
Morrison [11] in the following. First let us recall a familiar identity from
complex analysis

22 A2 p
1—e2 °© sinh(z/2) N

2w\zﬁ> : <1 - 2mzﬁ> ’

where I'(z) is the Gamma function. The power series in the LHS induces
the Todd class Tdx. We then consider a square root of the Todd class by

writing
1/ : exp(V—=1A(2)) = ¢*/T (1 + = ) ,
1—2 2my/—1

and solve it for A(z), where z is real, as

AZ) =S <10gF <1 + W\%))

2]+1)< )Qj
+Z 2j+1 \2r7

where 7y is Euler’s constant. Since the constant term of A(z) is zero, we may
use it to define an additive characteristic class Ax, called the log Gamma
class. Note that Ay = —Ax as only odd powers of z appear in A(z). In the
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Calabi—Yau case, we can explicitly write it as

¢(5)
(27)°

RO

(2m)3 es(X) +

(e5(X) — ea(X)es(X)) + -+

For K3 and abelian surfaces, there is no effect of twisting as Ax = 0. For
Calabi—Yau 3-folds, the modification is precisely given by the first term,
which is familiar in period computations in the B-model side. We define
vx(F) to be the twisted Muaki vector of an object E € Dx associated to
the log Gamma class Ax, i.e.

vx(E) := ch(E)/Tdy exp(v/—1Ax)

Let X be a projective Calabi—Yau manifold equipped with a complexified
Kahler parameter

w= B+ -1k € H*(X,C),

where k is a Kéhler class. Let also ¢ = exp(27v/—1w). We define exp, (w) by
1 1
exp, (w) = 1+w+§w*w+§w*w*w+~- .

where * denotes the quantum product. It is conjectured (c.f. [14]) that near
the large volume limit, which means that [, S(w) > 0 for all effective curve
C C X, there exists a Bridgeland stability condition on Dx with central
charge of the form

(1) Z(E) = — {exp,(w), vx (E))yy.

Then the asymptotic behavior of the above central charge near the large
volume limit is given by

2) Z(E)~ - /X e“ux(E) + 0(q).

The existence of a Bridgeland stability condition with the asymptotic central
charge given by the leading term of the above expression has been proved in
various important examples including K3 surfaces and abelian surfaces [4],
as well as abelian threefolds [2, [19].
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3. Weil-Petersson geometry
3.1. Classical Weil-Petersson geometry

We review some basics of the classical Weil-Petersson geometry on the com-
plex moduli space Mcpx(Y) of a projective Calabi-Yau n-fold Y. In fact,
such a (possibly degenerate) metric can be defined on the complex moduli
space of a polarized Kéhler—Einstein manifold by the Kodaira—Spencer the-
ory, but we will use a period theoretic method for a Calabi—Yau manifold
(see for example [24]). It fits naturally into the framework of the Hodge
theory and gives us a connection to the Bridgeland stability conditions.

First, we consider the following vector bundle on the complex moduli
space Mepx(Y)

H=R"'mC® OMCPX(Y) — MCpX(Y)'

It comes equipped with a natural Hodge filtration { F*H} of weight n. By the
Calabi—Yau assumption, the first piece of the filtration defines a holomorphic
line bundle F"H — Mcp(Y), which is called the vacuum bundle. For a
nowhere vanishing local section €2 of the vacuum bundle, the quantity

Kis(e) = —tog (V=1 [

Q. A Qz)
Y
defines a local smooth function K{;%, known as the Weil-Petersson potential,
on the complex moduli space Mcpx(Y). Then the Weil-Petersson metric on
Mpx(Y) is defined to be the Hessian metric @851(%’1’;. A fundamental
fact is that the Hessian metric is non-degenerate and provides a canonical
Kéhler metric on the complex moduli space Mcpx(Y).

Let x(L1,L9) = x(HF*(Ly,Ly)) be the Euler pairing on the derived
Fukaya category DPFuk(Y’). The following identity is useful for computing
the Weil-Petersson potential.

Proposition 3.1. Provided that there exist formal sums of Lagrangian sub-
manifolds {L;} representing a basis of H,(Y,Z)t, we have

(3) Ewp(z)=—log [ (vV=1)7" > x™ | Q[ Q. ,
s > o]

where (x7) = (x(Li, Lj))~! is the inverse matriz.
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Proof. Let {A;} be a basis of H,(Y,Z)y. We define (v%7) = (A; - A;)7! to
be the inverse of the intersection matrix. Then by expanding €2, and . by
the dual basis of {A;}, we can rewrite the Weil-Petersson potential as

Kif(:) = —log | (V=D 300 [ o [ o
ivj Ao A
On the other hand, for Lagrangian submanifolds Li, Ls C Y, the identity

[L1] - [La] = (vV=1)"" TV (L4, Ly),

is standard in the Lagrangian Floer theory (see for example [I0, Section 4.3]).
This completes the proof. O

An advantage of the new expression (Equation ) is that it is not only
categorical but also Hodge theoretic in the sense that it is written in terms
of period integrals.

3.2. Weil-Petersson geometry on Staba/ (D)

Motivated by Remark and Proposition we shall propose a definition
of Weil-Petersson geometry on a suitable quotient of the space of Bridgeland
stability conditions on a Calabi—Yau triangulated category D of dimension
n € N, i.e. for every pair of objects F and F', there is a natural isomorphism

Hom}, (E, F) = Homj,(F, E[n])".

An important consequence is that the Euler form on N(D) is (skew-)
symmetric if n is even (odd).

Let {E;} be a basis of the numerical Grothendieck group N (D). We
define a bilinear form b : Hom(N (D), C)®? — C by

210 2y b(21, 2) - Zxﬂzl Z5(E;),
where (x*9) := (x(E;, E;)) 1. It is an easy exercise to check that the bilinear
form b is independent of the choice of a basis.
Definition 3.2. We define the subset Stab{(D) C Stab(D) by

Stabi (D) :={oc = (Z,P) | b(Z,2) =0, (V-1)""b(Z, Z) > 0}.



690 Y.-W. Fan, A. Kanazawa, and S.-T. Yau

The first condition is vacuous when n is odd as the bilinear form b
is skew-symmetric. Such conditions have been studied in the case of K3
surfaces (a dual description via the Mukai pairing) under the name of reduced
stability conditions [4]. We note that Stab{,(D) is an analogue of a period
domain in the Hodge theory, and the natural free C-action on Staby/(D)
preserves the subset Stab-(D).

Definition 3.3. Let s = (25,P5) be a local holomorphic section of the
C-torsor Staby(D) — Stab{(D)/C, then

Kwp(a') = —log ((ﬁ)*”b(Za,Z))

defines a local smooth function on Stab{;(D)/C. We call it the Weil-Petersson
potential on Stabj(D)/C.

Proposition 3.4. The complex Hessian @851(\;@ of the Weil-Petersson
potential Kywp does not depend on the choice of a local section s. Moreover,
it descends to the double quotient space

Aut(D)\Staij([(D)/(C
away from singular loci.

Proof. The first assertion is standard. The second assertion follows from the
fact that autoequivalences are compatible with the Euler pairing, and the
induced actions on the numerical Grothendieck group N (D) send a basis to
another basis. Therefore the local sections which are identified by elements
of Aut(D) differ only by multiplying local holomorphic functions, and thus
the well-definedness of the metric follows from that of b. (]

The situation is particularly interesting when n is odd, as Staba/(D) nat-
urally carries a holomorphic symplectic structure. Given a symplectic basis
{E;, F;} of N(D), the skew-symmetric bilinear form b : Hom(N (D), C)®? —
C is simply

210 2y Y (Z21(F)Z(Ei) — 21(Ei) Z2(F)),

which provides a nowhere vanishing holomorphic 2-form on Stab/(D).

Example 3.5. As a sanity check, we shall carry out the above construction
for the derived category Dx = DPCoh(X) of an elliptic curve X. Since the
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action of GL*(2,R) on Staby(Dx) is free and transitive [3, Theorem 9.1],
we have

Stabf/(Dx) = Staby(Dx) = GLT(2,R) = C x H,

as a complex manifold. Thus the double quotient is
Aut(Dx)\Stab};(Dx)/C = PSL(2, Z)\H.

This is indeed the Kahler moduli space of the elliptic curve X. The normal-
ized central charge at 7 € H is given by

Z(F) = —deg(F) + 7 - rank(E).
Hence the Weil-Petersson potential is

Kwp () = —log (V-1)"(2(0,)Z(0F) — 2(0p)Z(0)))
= —log(3(1)) — log 2.

This is the Poincaré potential on H and it descends to the Kéhler moduli
space PSL(2,7Z)\H.

3.3. Refining conjecture

Let X be a projective Calabi-Yau n-fold. Then Staby/(Dx) can be consid-
ered as an extended version of the stringy Ké&hler moduli space Mgan(X)
[5, Section 7.1]. It is akin to the big quantum cohomology rather than the
small quantum cohomology in the sense that the tangent space of Mgan(X)
is HY1(X) while that of Staby(Dx) is ©,HPP(X). It is conjectured by
Bridgeland [3] that there should exist an embedding of Mg, (X) into

Aut(Dx)\Staby(Dx)/C.

Note that when n is odd, the double quotient is a holomorphic contact
space thanks to the holomorphic symplectic structure on Staba(Dx).

Motivated by mirror symmetry and classical Weil-Petersson geometry,
especially the fact that Weil-Petersson metric is non-degenerate on
Mpx(X), we can now propose the following, which refines the previous
conjecture.
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Conjecture 3.6. There exists an embedding of the stringy Kahler moduli
space

L Mican(X) = Aut(Dx)\Stabl(Dx)/C.

The complex Hessian of the pullback 1* Kwp of the Weil-Petersson poten-
tial Kwp defines a Kdhler metric on Mgan(X), i.e. non-degenerate. More-
over, it is identified with the Weil-Petersson metric on the complex moduli
space Mcpx(Y') of a mirror manifold Y under the mirror map Mgan(X) =
Mepx(Y). When n = 3, the image of Mgan(X) is locally a holomorphic Leg-
endre variety.

We checked that the conjecture holds for the elliptic curves (Exam-
ple and will provide more supporting evidence in the next section. It is
worth noting that the real difficulty lies in providing a mathematical defini-
tion of the stringy Kéhler moduli space Mg,n(X). One potential application
of the above conjecture is that, we can make use of the non-degeneracy con-
dition on the Weil-Petersson metric to characterize Mgan(X).

4. Computation

We begin our discussion with Calabi—Yau surfaces, for which there is a
mathematical definition of stringy Kéhler moduli space via the Bridgeland
stability conditions [Il Section 7]. Our computation heavily relies on existing
deep results, mainly due to Bridgeland, and we do not claim originality. The
purpose of this section is to back up our conjecture by concrete examples.

4.1. Self-product of elliptic curve

We consider the self-product A := E; x E; of an elliptic curve E; := C/(Z +
7Z) for a generic 7 € H. We denote by NS(A) := H?(A,Z) N H“(A) the
Néron—Severi lattice of A. Before considering the space of stability condi-
tions, let us take a look at the set of complexified Kéhler forms w € NS(A)c.
Let dz; be a basis of H 1’O(ET) of the first F, factor of A, and dzo similarly.
Then a complexified Kéahler form w can be expressed as

w=v-—1 (pdzl ANdZy + Tdze N dZs + O'(le ANdZzZy — dzy N dZQ))

such that the imaginary part $(w) is a Kéhler form. The real part R(w)
is often called a B-field. Let $, be the Siegel upper half-space of degree g
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defined by
9, :={M € M(g,C) | M" = M, 3(M) > 0}.

In this abelian surface example, we do not fix a polarization, but we vary it
in a 3-dimensional space )9 as follows.

Proposition 4.1 ([15]). Let A, := E;7 be the self-product of g copies of an
elliptic curve E. The set of complezified Kdhler forms can be identified with
the Siegel upper-half space $4 of genus g. In the g = 2 case, the identification
s given by the assignment w — M, := Z :]

Proof. The g =1 case is standard. Suppose that g = 2. It suffices to show
that $(M,,) > 0. Since w is a complexified Kéhler form, we have

tr(S(Mw)) = S(p) + (1) = /E . S(w) + /th S(w) >0

and
det (S(My)) = S(p)S(1) — S(U)2 = %(w)2 > 0,

and thus M, € $s.

On the other hand, since As contains no rational curves, the Kéhler cone
coincides with the connected component of the positive cone in NS(S) which
contains a Kéahler class. This readily proves the assertion for g = 2. Since we

do not need the higher genus case, we leave a proof to the reader (c.f. [15
Section 6]). O

We now recall some notations in [4]. A result of Orlov [21, Proposition
3.5] shows that every autoequivalence of D4 induces a Hodge isometry of the
lattice H*(A,Z) equipped with the Mukai pairing. Hence there is a group
homomorphism

d:Aut(Dy) — AutH* (A, Z).
The kernel of the homomorphism will be denoted by Aut®(D,).

Let Q € H?(A, C) be the class of a nonzero holomorphic two-form on A.
The sublattice

N(A) = H*(A,Z)nQt c H*(A,C)
can be identified with N (D4) = H(A,Z) ® NS(A) @ H*(A,Z) and has sig-
nature (3,2). In fact, since the complex moduli 7 € H is generic, N (D) =

U%? @ (2) as a lattice. Here U is the hyperbolic lattice, and (2) denotes an
integral lattice of rank 1 with the Gram matrix (2).
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We define a subset P(A) C N (Dy)c consisting of vectors U € N (Da)c
whose real and imaginary parts span a negative definite 2-plane in N (D4)g.
This subset has two connected components. We denote by P+ (A) the compo-
nent containing vectors of the form U, := exp(w) for a complexified Kéhler
class w € NS(A4)c.

Let us review some results on the space of Bridgeland stability conditions
on algebraic surfaces following [4]. The central charge of a numerical stability
condition is of the form

Z5(E) = —(U,va(E))muk = —(U, ch(E))muk

for some U € N (Dy)c. When U = U, for some complexified Kéhler class w,
one can construct a stability condition with central charge Z;, using the
tilting theory and Bogomolov inequality. Moreover, such stability conditions
are geometric in the sense that all skyscraper sheaves are stable and of the
same phase. We denote by Stab'(D4) C Stab(D4) the connected component
containing the set of geometric stability conditions. The following result on
the global structure of Stab'(D4) is due to Bridgeland [4, Section 15].

Theorem 4.2 ([4]). Let A be an abelian surface over C.

1) The forgetful map 7 sending a stability condition to the associated vec-
tor U € N(Da)c maps onto the open subset PT(A) C N(Da)c. More-
over, the map

7 : Stab'(D4) — PH(A).
is the universal cover of Pt (A) with the group of deck transformations
generated by the double shift functor [2] € Aut(Dy).

2) The action of Aut(D4) on Stab(D,) preserves the connected compo-
nent Stab! (D).

3) The group Aut®(Da) is generated by the double shift functor [2], to-
gether with twists by elements of Pic®(A), and pullbacks by automor-
phisms of A acting trivially on H*(A,Z). Note that twists by elements
of Pic®(A) and pullbacks by automorphisms of A acting trivially on

H*(A,7), act trivially on Stab'(D,).
4) There exists a short exact sequence of groups
1 — Aut®(Da) — Aut(Da) — AutT™H* (A, Z) — 1,

where Aut™H*(A,Z) C AutH*(A,Z) is the index 2 subgroup consist-
ing of elements which do not exchange the two components of P(A).
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Following our proposal in the previous section, it is natural to consider
the following subset of Stab!(D).

Stab}/(D4) := {(Z,P) € Stab' (D4) | b(Z,2) =0, —b(Z,Z) > 0}

(c.f. Definition |3.2)). Hence we need to compute the bilinear form b. We start
with a lemma.

Lemma 4.3. Let X be a smooth projective variety of dimension n. Recall

the twisted Mukai vector vx (E) = ch(E)y/Tdx exp(v/—1Ax). Then

1) Assume that X is Calabi-Yau, then (v, w)nk = (—1)™(w, v)Muk for
any v,w € H*(X,C).

2) Let {E;} be a basis of the numerical Grothendieck group N'(Dx). Then

Z<U7UX(Ei)>Muk X (ux (Bj), 0)Muk = (v, W) Muk,

0
where (x"7) = (x(E;, E;)) ™

Proof. The first assertion follows directly from the Serre duality. The second
assertion is a simple linear-algebraic fact which follows from the identity

X(Ei, Ej) = (vx (Ei), vx (Ej)) Muk- O

Note that Lemma [£.3]is purely algebraic and thus holds in a categorical
setting as well.
We now compute the bilinear form b, with central charge of the form

Zs(E) = (0, vx (E))muk;
where U € H*(X,C).
Lemma 4.4. b(Zy,, Z5,) = (—1)" (01, O2) Muk-
Proof. This is a simple application of Lemma We have

b(Zw,, Zv,) ZX 9 (01, vx (i) )Muk - (U2, vx (Bj)) Muk

ZX T (U1, vx (Ei))vuk - (x (Ej), B2)Muk

=(=1)" <U1,UQ>Muk~
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Using Lemma 4.4} we can determine which stability conditions lie in the
subset Stab}{ (Da) C Stabp(Da).

Stab\(Da) if and only if (U,0) =0 and —(U,0) > 0. This condition is
equivalent to that U is of the form U, = cexp(w) for some constant ¢ € C
and complexified Kdahler class w.

Proposition 4.5. A stability condition (Z5,P) € Stabl(Dy) lies in
(6)

Proof. The first assertion follows directly from Lemmal4.4] The second asser-
tion follows from an explicit calculation of the Mukai pairing on surfaces. [

Note that central charge of the form

Z5.,(E) = = (Ou, va(E)) muk
where U, = exp(w) for a complexified Kéhler class w, has been discussed in
physics literatures, see Section One can prove that a stability condition
with such a central charge always lies in StabX/(D A)-
Proposition 4.6. 1) The central charge Zis5, satisfies
b(ZUw, ZUw) =0, (\/ —1)_nb(ZUw,ZUw) > 0.

2) The Weil-Petersson potential at a stability condition with central charge
Zs5,, 18 given by

Kw(w) = — log(S(w)") — log (i,) |

Proof. 1) By applying Lemma we have

The last inequality is a consequence of the fact that w is a complexified
Kahler class. The equality b(Zs,,, Zi5,) = 0 also follows from the above
by replacing Zs, by 2z, .

2) The assertion follows from the above explicit computation.
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Motivated by Proposition we define the following subset R (A) of
Pr(A).

R+(A) = {U € P+(A) ‘ <676>Muk = 07 _<676>Muk > 0}'

By Theorem (1), the forgetful map Stab};(D4) — RT(A) is a covering
map with the group of deck transformation generated by the double shift
functor [2] € Aut(Da).

Lemma 4.7. RT(A)/C* = §)y as a complex manifold. Thereby we have an
identification

([2])\Stab) (D) /C* = Hs.
Proof. The quotient
RT(A)/C* = {CU € PIN(Da)c) | (U, 0)nmuk =0, —(U,B)mux > 0}

is the symmetric domain of type IV3. The assertion follows from the standard
identification IV3 2 IIl, of the symmetric domains. More explicitly, it is
given by the tube domain realization £z — RT(A)/C* : w — [U,]. O

We now recall the definition of Calabi—Yau autoequivalences following
the work of Bayer and Bridgeland [I]. Define

AutlyH*(A) C Aut™H*(A)

to be the subgroup of Hodge isometries which preserve the class of holo-
morphic 2-form [Q] € PH*(A,C). Any such isometry restricts to give an
isometry of N (D). In fact,

AutlyH*(A) C AwtN(Da)

is the subgroup of index two which do not exchange the two components of
P(A).

An autoequivalence ® € Aut(D,) is said to be Calabi-Yau if the in-
duced Hodge isometry §(®) lies in Autdy H*(A). We denote Autcy(Da) C
Aut(Dy4) the group of Calabi-Yau autoequivalences. By Theorem 4),
there exists a short exact sequence

1 — Aut’(Da) — Autcy(Da) — Autdy H*(A) — 1.

We write Aut?,(D4) € Aut®(Dy) for the subgroup generated by twists
by elements of Pic’(A) and pullbacks by automorphisms of A acting trivially
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on H*(A,Z). Recall from Theorem [4.2| (3) that Aut),(D4) acts trivially on
Stab'(D,4). We define

Autey(Dy) == Autcy (Da)/Autd (Dy).
Then Autcy(D4) acts on Stabj\r[(DA), and there is a short exact sequence
1 — ([2]) — Autey(Da) — AutlyH*(A) — 1.
Theorem 4.8. The covering map 7 induces an isomorphism
Autey (Da)\Stabi(Da)/C* = Sp(4,Z)\$2

between the double quotient of Stabj\/(DA) and the Siegel modular variety
Sp(4, Z)\$2. We will call it the stringy Kdhler moduli space of A.

Proof. From the previous discussions, we have
Aiutcy(DA)\Stabj(/(DA)/(CX = AuthH*(A)\ﬁg.

The action of Autly, H*(A) on ) is purely lattice theoretic. As an abstract
group Autly H*(A) 2 OT(U®2 @ (2)). By a fundamental result [9, Lemma
1.1] of Gritsenko and Nikulin, it can be identified with the standard Sp(4, Z)-
action on the Siegel upper-half space Ho. O

Remark 4.9. It is shown in [I5] that A, is mirror symmetric to a prin-
cipally polarized abelian surface of dimension g. Theorem is thereby
compatible with the fact that the Siegel modular variety Sp(2g,Z)\$g is
precisely the complex moduli space of principally polarized abelian surfaces
of dimension g. For g > 2, we expect that Sp(2g,Z)\$), is covered by a
similar double quotient of a suitable subset of Stab(Dy, ).

There exists a canonical metric on the Siegel modular variety Sp(4, Z)\$2,
namely the Bergman metric. It is known to be a complete Kahler—Einstein
metric. The main theorem of this section is to show that the Bergman metric
coincides with the Weil-Petersson metric defined by Definition
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Proposition 4.10 ([23]). The Bergman kernel Kpe : 4 X g — C of the
Siegel upper half-space $4 of degree g is given by

Kper(M, N) = —tx(log(—/—1(M — N))).

The Bergman metric is defined to be the complex Hessian of the Bergman
potential

KBer(M) = KBer(Ma M) = _tr(IOg(2%(M)))

Theorem 4.11. The Weil-Petersson potential on Stab}{(D4)/C coincides
with the Bergman potential of the Siegel upper half-plane $s up to a constant.

Proof. By Proposition the central charge of a stability condition in
Stab}{/(Da) is of the form Z(E) = —¢(Uy,va(E)) for some complexified
Kahler class w. So we can apply the calculation of the Weil-Petersson po-
tential in Proposition

The key idea is to use the identification of w and M, provided in Propo-
sition Then the two Kéahler potentials are related as follows:

Kwp(w) = —log(3(w)?) — log 2
= —log(det(3(M,))) — log 2
= —tr(log(23(M,,))) + log 2
= Kper(M,,) + log 2.

This completes the proof. O

Corollary 4.12. The Weil-Petersson metric on the stringy Kdahler moduli
space is identified with the Bergman metric on Sp(4,7Z)\$2 via the isomor-
phism in Theorem [4.8,

4.2. Split abelian surfaces

Now let A be a split abelian surface, that is, A = E., x E., for elliptic curves
E., and E.,. Such a splitting is unique provided that E and E,, are generic,
or equivalently NS(A) = U.

Discussions in the previous section carries over for the split abelian sur-
face A. The set of complexified Kahler forms is identified with H x H, which
is diagonally embedded in $)2 (c.f. Proposition . It is precisely the sym-
metric domain of type IVy associated to U®2. On the other hand, it is known
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(c.f. [12, Proposition 2.6]) that
Autly H*(A) = OF(U®?) = P(SL(2, Z) x SL(2,7Z)) x Za,

where P(SL(2,Z) x SL(2,Z)) represents the quotient group of SL(2,7Z) x
SL(2,Z) by the involution (A, B) — (—A, —B) and the semi-direct product
structure is given by the generator of Zy acting on SL(2,7Z) x SL(2,Z) by
exchanging the two factors.

Theorem 4.13. There is an identification
mcy(DA)\Stabj\r/(DA)/(CX =~ P(SL(2,Z) x SL(2,7Z)) x Zo\(H x H)

Moreover, the Weil-Petersson metric on the stringy Kdhler moduli space
Autcey(Da)\Stabi(Da)/C* is identified with the Bergman metric on the
Siegel modular variety P(SL(2,Z) x SL(2,7Z)) x Za\(H x H).

This observation is compatible with self-mirror symmetry for the split
abelian surfaces. In fact a lattice polarized version of the global Torelli The-
orem asserts that the complex moduli space of split abelian surfaces are
given by the above Siegel modular variety.

Remark 4.14. A similar computation can be carried out for M-polarized
K3 surfaces for the lattice M =2 U%2 @ (—2) or U2, The main difference is
that there are spherical objects in the derived category Dx of a K3 surface
X and we need to remove the union of certain hyperplanes from P*. More-
over, the subgroup of Aut’(Dx) which preserves the connected component
Stab'(Dx) acts freely on Stab'(Dx). So one does not need to take the quo-
tient of the group of Calabi-Yau autoequivalences by Aut),(D) as in the
abelian surface case (c.f. [4]).

4.3. Abelian variety

Let X be an abelian variety of dimension n. Since there is no quantum
corrections and the Chern classes are trivial, the expected central charge at
the complexified Kihler moduli w € H?(X,C) is given by

Zi5(E) = — Uy, vx (E))pae = — /X e~“ch(E).
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The existence of Bridgeland stability condition with this central charge is
known for n < 3. By Proposition the Weil-Petersson potential is

n

Kwp(r) = —log(3(w)") — log —;

Fix a polarization H. We think of w = 7H for 7 € H as a slice of the
stringy Ké&hler moduli space Mgan(X). Then the Weil-Petersson metric on
H is essentially the Poincaré metric. This example is a toy model in the
sense that there is no quantum correction.

The above observation is compatible with Wang’s mirror result [27, Re-
mark 1.3], which says that in the case of infinite distance, the Weil-Petersson
metric is asymptotic to a scaling of the Poincaré metric.

4.4. Quintic threefold

Although the existence of a Bridgeland stability condition for a quintic
threefold X C P* has not yet been proven, we can still compute the Weil-
Petersson potential using the central charge in Equation near the large
volume limit.

Let TH € H?(X,C) be the complexified Kihler class, where H is the
hyperplane class and 7 € H. First we observe that

2
1
exp, (TH) =1+ 7H + % L2 > Nadq! | B2
a>1
+ r 1+ EZNdd?’qd H?
6 b d>1 ’

where ¢ = e2™V=IT and N j( denotes the genus 0 Gromov—Witten invariant
of X of degree d, and we use the quantum product

1
HxH=®(q)H? = <o+ > Niqd® | B
d>1

Then the central charge computes to be

= /XG_TH’UX(E) + (27_‘_)(3)() <1OH2Ch1( ) — 7Ch0 ) ZNj(d?) d,

d>1
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where x(X) is the topological Euler number of X. Near the large volume
limit, the Weil-Petersson potential is given by

Kup(r) = — log <H3((I)(q) <%3+7#> —®(q) <73+72%>>

6 2 6 2
a2
~ —log <§H3%(7)3> — 2log (%) + O(q).

Therefore the Weil-Petersson metric of a quintic threefold is a quantum
deformation of the Poincaré metric on H as expected. In particular, for
sufficiently small ¢, it is non-degenerate and the Weil-Petersson distance to
the large volume limit is infinite. When there is no B-field, i.e. 7 € v/—1R,
the correction term O(q) is explicitly given by log(®(q)).

Remark 4.15 ([6]). The stringy Kéhler moduli space Mg, (X) of a quin-
tic Calabi-Yau threefold X C P* is expected to be identified with the sub-
orbifold

[{z € C| 2" #1}/Zs] C [P'/Zs].

The point z = oo is the large volume limit, the point z° = 1 is the conifold
point, and the point z = 0 is the Gepner point. We expect the following
properties of the Weil-Petersson metric on Myan(X).

1) The Weil-Petersson distance to the conifold point, which corresponds
to a quintic threefold with a conifold singularity, should be finite. This
is based on a result of Wang [27] on the mirror complex moduli, which
asserts that if a Calabi—Yau variety has at worst canonical singulari-
ties, then it has finite Weil-Petersson metric along any smoothing to
Calabi—Yau manifolds.

2) The Weil-Petersson metric at the Gepner point should be an orbifold
metric. This is because the auto-equivalence

®(—) = STo, o ((-) ® Ox(H)),

where ST, denotes the Seidel-Thomas spherical twist with respect to
Oy, at the Gepner point satisfies the relation ®> = [2]. This descends
to ®5 =id on K(Dx). On other hand, the calculations of Candelas—
de la Ossa—Green—Parkes [6] shows that the Weil-Petersson curvature
tends to +oo as we approach the Gepner point.
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It is interesting to investigate the interplay among the geometry of a
Calabi-Yau threefold X, the cubic intersection form on H?(X,Z), and cur-
vature properties of the Weil-Petersson metric near a large volume limit
[26, 28, 130].

On the other hand, probably a more alluring research direction is to
examine the Weil-Petersson metric away from a large volume limit, where
central charges are not of the form , as the metric is inherently global. For
instance, the Weil-Petersson metric around a Gepner point may be studied
via matrix factorization categories via the Orlov equivalence [22]

DPCoh(X) = HMF(W),

where HMF (W) is the homotopy category of a graded matrix factorization
of the defining equation W of the quintic 3-fold X. Toda studied stability
conditions, called the Gepner type stability conditions, conjecturally corre-
sponding to the Gepner point [25].
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