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The Nahm transform of spatially periodic

instantons

MASAKI YOSHINO

We construct the Nahm transform from finite energy instantons
on the product of a real line R and a three-dimensional torus 7
to Dirac-type singular monopoles on the dual torus T3. Moreover,
we show the correspondence between the data which handle the
asymptotic behavior of instantons at infinity and one of monopoles
at singular points.
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Set T3 := R3 /A3, where A3 C R3 is a lattice of R3. Let (V, h) be a Hermitian
vector bundle on R x 7% and A be a connection on (V, h). The triple (V, h, A)
is called an instanton on R x T2 if its curvature F(A) satisfies the ASD
equation F(A) = — * F(A). Additionally, an instanton (V,h, A) on R x T3
is L2-finite if it satisfies the finite energy condition |F(A)| € L*(R x T3).
Let 7% be the dual torus of T° i.e. T° = Hom(R?,R)/Aj, where A = {¢ €
Hom(R?,R) | £(A3) C Z} is the dual subgroup of Az. Let Z C T be a finite
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subset. Let (V h,A) be a Hermitian vector bundle with a connection on
T3 \ Z. Let ® be a skew-Hermitian section of End(V) on 7%\ Z. The tuple
(V,h, A, ®) is said to be a monopole on T3 \ Z if it satisfies the Bogomolny
equation F(A) = xV A((i))' Moreover, Z is the Dirac-type singularities of
(V, ﬁ, fl, @) if it has a certain type of the asymptotic behavior around each
point of Z (Definition . Then we call (V, h, A, ®) a Dirac-type singular
monopole on 73. In this paper, we will construct the Nahm transform of
an L?finite instanton (V,h, A) on the product of a real line R x T3 to a
Dirac-type singular monopole (V,k, A, ) on T3

In general, for any closed subgroup A C R* and the dual subgroup A* C
Hom(R* R), it is believed that there exists a way to construct A*-invariant
instantons on Hom(R*, R) from A-invariant instantons on R*. For example,
if A = R* and A* = {0}, it was constructed by Atiyah, Drinfeld, Hitchin and
Manin [2], and called the ADHM construction. The case (A, A*) ~ (R, R3)
was studied by Nahm [21], Hitchin [12] and Nakajima [22]. See Jardim [13]
for a list of many Nahm transformations.

Since R-invariant instantons on R x 7 can be regarded as monopoles on
73, the construction in this paper corresponds to the case (A, A*) ~ (Z3,R x
Z3). This case was previously studied in Charbonneau [6] and Charbonneau-
Hurtubise[8]. The difference between [0}, 8] and this paper will be mentioned
in detail after introducing our main results.

Next, let us consider relations between the Nahm transforms and the
Kobayashi-Hitchin correspondences. On a connected compact Kéahler sur-
face (M,g) with the Kahler form w, there exists a one-to-one correspon-
dence between irreducible instantons and stable holomorphic vector bundles
V' with the condition (¢1(V)Uw) /[X]=0 up to their gauge transforma-
tions, which is called the Kobayashi-Hitchin correspondence (also called ‘the
Hitchin-Kobayashi correspondence’ or ‘the Donaldson-Uhlenbeck-Yau corre-
spondence’) and proved by Uhlenbeck and Yau [26]. In our case, there exist
similar relations under the assumption that 7 is isomorphic to S* x T2 as a
Riemannian manifold. On one hand, in [7] Charbonneau and Hurtubise ob-
tained the Kobayashi-Hitchin correspondence between Dirac-type singular
monopoles on T3 and polystable singular mini-holomorphic bundles (Defini-
tion on T3. On the other hand, we will give a construction of polystable
parabolic bundles with parabolic degree 0 on (P! x T2, {0, 00} x T?) from
L?-finite instantons on R x T (Theorem . However, it is only a half
part of the Kobayashi-Hitchin correspondence and we have not yet proved
the other part.
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Next we will construct mini-holomorphic bundles on 73 from stable
parabolic bundles on (P! x T2 {0,00} x T?) of rank r > 1 in reference to
[16]. We call this construction the algebraic Nahm transform as in [16] and
it satisfies the following commutative diagram.

L2-finite instantons Nahm Dirac-type singu}ar
on R x T3 monopoles on 7
K-H corres.
K-H corres.

constructed in [7]

stable parabolic bundles | Alg. Nahm stable singular
on (P! x T?%,{0,00} x T?) mini-hol. bundles on 73

1.1. Main result

The main results of this paper are summarized as follow.

(I) For any L?finite instanton (V, h, A) on R x T3, there exist model so-
lutions of the Nahm equation (', Ni) = (I'; 4+, N; + )i=1,2,3 such that
(V,h, A) is approximated by the T3-invariant instantons associated
to (I'+, N1) at t — +oo (Corollary [3.4).

(II) We construct a monopole (V,h, A, ®) on 7%\ Sing(V,h, A) from an
L2-finite instanton (V,h, A) on R x T3, where Sing(V, h, A) C T? is
a finite subset determined by (I'y) (Prop081t10n B Moreover, each
point of Sing(V, h, A) is a Dirac-type singularity of (V,h, A, ®) (The-
orem {4.3)).

(III) Assume that T is isomorphic to S* x T? as a Riemannian manifold. It
(V,h, A) is irreducible and rank(V') > 1, then the weight k € zrank(V)
of (V,h, A, ®) at each singular point ¢ € Sing(V, h, A) is determined
by the weights of the su(2) representation p4 ¢ constructed from (N4)
(Theorem [6.2)).

The first result is an analytical preparation of the Nahm transform in
The second is the construction of the Nahm transform. The third is an
application of the commutativity in the above figure (Theorem . Let us
explain more details in the following.



1694 Masaki Yoshino

1.1.1. Main result Let h¢- be the canonical Hermitian metric on
C". For a smooth manifold S, we denote by (C"g, hg) the product bundle of
(C", her) on S. If there is no risk of confusion, then we abbreviate (C"g, hg)
to (C", h).

Let A be a connection on (C”,h) on (0,00) x T3, and assume that the
connection form adt + 3", A;dz’ of A is invariant under T3-action i.e. o and
A; are T3-invariant functions on (0,00) x T%. Then the ASD equation for
(C", h, A) is equivalent to the following Nahm equation:

(0A

-+l A1l = (A2, 4]
0A

(1) i o Aa) = —[ A5, 1]
0A

o+ Lo As] = —[Ay, Aq).

Let T'; € u(r) (i = 1,2, 3) be skew-Hermitian matrices which are commu-
tative each other. For the tuple I' = (I';), we set the centralizer Center(I") :=
{aeu(r)|[Ti,a =0 (i=1,2,3)}. Take N; € Center(I') (i = 1,2, 3) satisfy-
ing N; = [N;, Nj] for any even permutation (ijk) of (123). Then the tuple
a=0,4; =T; + N;/t forms a solution of on (0,00).

Definition 1.1 (Definition [3.1)). A tuple (I' = (I';), N = (1V;)) is called
a model solution of the Nahm equation if it satisfies the above conditions.

We obtain the following theorem as a consequence of results in [3] and
[20].

Theorem 1.2 (Corollary . Let (V, h, A) be an L?-finite instanton on
(0,00) x T3, i.e. its curvature F(A) is L.

If we fix a positive number 0 < A < 1 and take a sufficiently large R > 0,
then there exist a trivialization of C**-class o : (V, P)|(Roc)xTs = (C7, h)
and a model solution of the Nahm equation (I'; N) such that the following
holds for the connection form odt + ), A;dzt of A with respect to o.

(1) The trivialization o is a temporal gauge i.e. we have a = 0.
(2) For any 1 <1i <3, there exists a decomposition A; — (I'; + N;/t)

€1,i(t) +e2,i(t) +e34(t,x) such that we have e1;(t) € Center(I),
£2,i(t) € (Center(T'))* and the following estimates for any 1 < j < 3,
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where (Center(T'))*~ means the orthogonal complement of Center(I")
in u(r) with respect to the inner product (A, B) := —tr(AB).

|8§:51’Z~| = Ot~ (1+7+9))
|07 €2, = O(exp(—dt))
lles,illcon(ta1)xTe) = Olexp(—6t)),

where 0 is a positive number.

Remark 1.3. Since the tuple a« = 0, 4; = I'; + N;/t also form a solution of
the Nahm equation on (—o0,0), a similar result holds for L-finite instantons
on (—o00,0) x T3.

1.1.2. Main result Let (V, h, A) be an L?-finite instanton on R x T3
of rank r. Applying Theoremto (Vs by A)|(—oo,0)xrs and (V b, A)|(0,00)x T
we obtain model solutions (I'y, Ni) which approximate (V,h, A) at t —
+00. Since the simultaneous eigenvalues of Y, 'y ;dx’ € QY(T3) are T°-
invariant pure imaginary 1-forms on Til\@ey can be regarded as elements
of Hom(R3,/—1R). Thus we take Spec(I'x) C Hom(R? R) as the set of
(2my/—1)71 times simultaneous eigenvalues of > . Ty /Zgi%i We define the
spectrum set Spec(I'+) € 73 to be the image of Spec(I'+) by the quo-
tient map Hom(R3 R) — T3. We define the singularity set of (V,h,A) as
Sing(V, h, A) := Spec(I'y ) U Spec(I'_). For &€ € T% and the associated flat
Hermitian line bundle L¢ := (C, h,d + 27v/—1(,2)) on R x T3, we set the
twisted instanton (V, h, A¢) :== (V,h, A) ® L_¢. Then we have

Sing(V, h, A¢) = Sing(V, h, A) — & = {u— £ € T? | p € Sing(V, h, A)}.

We construct the Nahm transform of (V,h, A) as follows. Let S* be
the spinor bundle on R x T3 with respect to the trivial spin structure and
(?fl : 5t @V = ST®V be the Dirac operator of the connection A. Let
V be a Hermitian flat vector bundle on 73 which is the quotient of the
product bundle (L?(R x T3,V ® S7),|| - ||z2) on Hom(R3,R) by a A%-action
v- (& f) =+, exp(27r\/A—Al<ac, v))f). For a family of L2-finite instantons
{(V, h, Ag)}gefg, we set (V,h) as a subbundle of V|T3\Sing(VhA) defined
by Ve := Ker (5) ;5) A L2 Then (V,h) is well-defined and of finite rank
because azg is a continuous family of surjective Fredholm operators for

€ T3\ Sing(V, h, A) (see Theorem and Remark [3.15). By Theorem
a3

4] we have rank(V) = (872)||F(4)|%..
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We define a connection A on V to be the induced connection from the
flat connection dy of V, i.e. we can write A = Pdy for the orthogonal pro-
jection P : V]TAg\Sin a(Vih,A) V. We take a skew-Hermitian endomorphism

d as ®(f) := P(2n/—1tf). Then we have the next theorem.

Theorem 1.4 (Proposition 4.2 and Theorem (
monopole on T3 \ Slng(V h A) cmd each point of Slng(V h,
type singularity of (V h, A, <I>)

V,h, A ®) is a
A

) is a Dirac-

Here we recall the definition of Dirac-type singularity of monopole by
following [7]. Let (X, g) be an oriented Riemannian 3-fold and Z C X be a
discrete subset. Let (V, h, A, ®) be a monopole on X \ Z of rank r. Each point
p € Z is a Dirac-type singularity of (V, h, A, ®) with weight k = (ky,..., k) €
7" if the following conditions are satisfied.

e There exists a neighborhood B C X of p such that (V,h)|p\qp) is
decomposed into a direct sum of Hermitian line bundles @);_, L; such
that we have deg(L;) = [, c1(Ls) = ki for any 1 <i < k.

e Under the above decomposmon, we have the next estimates.

A Z ki - 1dg, + O(1)
Va (R‘P) 0( )
where R is the distance from p.

1.1.3. Main result Since Ny = (N4 ;) satisfies Ny ; = [N+ j, Ny k]
for any even permutation (ijk) of (123), we can construct su(2) representa-
tion py from Ng. Then, pi can be decomposed into py = @geSing(V,h,A) pi@
because Ny ; € Center(I't). Now we define the weight of pi ¢ to be w4 ¢ :
(rank(py 5,)) € Zm+<, where pye = P45 ps £, s the irreducible decom—
position. Let k‘g be the welght of the monopole (V, h, A, ®) at & € Sing(V, h, A
and kJﬁg, k_ ¢ the positive and negative part of kg Here main result m
can be described as follows.

Theorem 1.5 (Theorem [6.2)). Assume T3 is isomorphic to S* x T? as a
Riemannian manifold. If the L?-finite instanton (V, h, A) is irreducible and
of rank(V') > 1, then k4 agrees with w4 ¢ with a suitable permutation.

Comparison with previous studies. In [5,[6], Charbonneau constructed
the Nahm transform to singular monopoles on 7 from L?-finite instantons
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of rank 2 with an assumption [Spec(I';)| = |Spec(I'_)| = 2. In [§], Charbon-
neau and Hurtubise constructed the bijection of the equivalence classes of
spatially periodic instantons of rank r and Dirac-type singular monopoles on
the dual torus, under the genericity conditions |Spec(I's)| = [Spec(I'-)| =
r and Spec(I'y) N Spec(I'_) = 0. Then A ; =0 holds for any i =1,2,3,
and the weights of singularities of constructed monopoles are confined to
(£1,0,...,0).

In our Theorem [1.4) we study the Nahm transform (V, h, A, @) of any
L?-finite spatially periodic instantons (V,h, A) without the genericity as-
sumptions as a refinement of the construction in [5 [6], and we prove that
the singularities of the monopoles (V, h, A, <i>) are of Dirac type, in a more
direct way using a result in [19]. We also study the comparison of the weights
of the singularities of the instantons and the monopoles (Theorem in
this generalized context.
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2. Preliminary

For the product bundle (C"g, hg) on a smooth manifold S, we denote by dg
the trivial connection on (C"g, hg). If there is no risk of confusion, then we
abbreviate dg to d.

2.1. Tori and dual tori

For a finite dimensional R-vector space X and a lattice A C X, we set T' =
X/A. Let X* be the dual space of X. Let A* denote the dual lattice of A, i.e.,
A* = {v e X*|v(A) C Z}. We define the dual torus T’ of T by T := X*/A*.

For any &£ € T, we define a flat Hermitian line bundle L¢on T as Le :=
(Cp, hy,dr + 2m/—1(&, dz)). By this correspondence, we can naturally re-
gard T as the moduli space of flat Hermitian line bundles on T'. The double
dual of T is naturally isomorphic to T, and hence z € T also gives a flat
Hermitian line bundle Ly := (Cj, by, dj + 27/ —1(z, d€)) on T.

We recall a differential-geometric construction of the Poincaré bundle
on T x T in [I0]. On T x X*, we have the following Hermitian line bundle
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with a connection on T’ x T'
L= (C,h,d—2mV/-1(¢,dz)).
The A*-action on 7' x X* is naturally lifted to the action on L given by
v (z,&8) = (w,§+ v, exp(2my/—1{z, v))s) )

The induced Hermitian line bundle with a connection is called the Poincaré
bundle, and denoted by L.

Lemma 2.1 (Lemma 3.2.14 in [10]). The Poincaré bundle L has the
following properties.

e Forany € € T, ﬁ’Tx{f} is isomorphic to L_¢.

e foranyx €T, ﬁ’{z}x’f 1s 1somorphic to L.

Proof. The first claim is clear by the construction of £. For x € T, the
connection form of £ on the slice {z} x X* vanishes, and L| (a}x7 has
the global section induced by the function s(¢) := exp(2mv/—1(z,£)) on
{z} x X*, which satisfies ds = s(2mv/—1(x, d¢)). Hence, [”{x}x'f is isomor-
phic to L. O

Remark 2.2. If X is a complex vector space, then T" and T are equipped
with the induced complex structures and £ becomes a holomorphic line
bundle on 7' x T" by the holomorphic structure induced by the (0, 1)-part of
the connection on L.

In this paper, we fix a lattice A3 C R3. Thus 7% = R3/A3, A} C (R®)* and
T3 = Hom(R?, R) /A% are also fixed.

2.2. L2-finite instantons

Let (X, g) be a connected oriented Riemannian 4-fold and * be the Hodge
operator on X. Let L?(X,g) denote the space of L?-functions on X with
respect to the measure induced by g.

Definition 2.3. Let (V, h) be a Hermitian vector bundle and A be a unitary
connection on (V,h).

e The tuple (V, h, A) is an instanton on X if the ASD equation F'(A4) =
— % F(A) holds.
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e An instanton (V,h,A) is an L2-finite instanton on X if we have
|F(A)] € L3(X,g), where the norm is induced by g and h.

2.2.1. Some easy properties of L2-finite instantons on R x T3.

Lemma 2.4. Let (L,h, A) be an L>-finite instanton on R x T3 of rank 1.
Then, (L,h,A) is a flat Hermitian line bundle. In particular, (L,h) is a
topologically trivial Hermitian line bundle.

Proof. Let t and (2!, 22, 2%) be the standard coordinates of R and R? re-
spectively. By abuse of notation, we use (¢,2!,22 2%) to denote a local
chart of R x 7. Using this coordinate, we write F(A) =Y, Fydt A dz® +
dici Fijdx® A d2?. By Bianchi’s identity V 4(F(A)) = 0 and the ASD equa-
tion F'(A) = — x F'(A), we have A(F(A)) =0, where A =V V4 + V4V
is the Laplacian. It implies that the functions F}; and Fj; are harmonic and
L? on R x T3, and hence 0. Thus we obtain that (L, h, A) is a flat Hermitian
line bundle. O

Corollary 2.5. Let (V,h, A) be an L?-finite instanton on R x T® of rank
r. Then, (V,h) is a trivial Hermitian vector bundle.

Proof. By Lemma (det(V),det(h)) is a trivial Hermitian line bundle.
Thus, it suffices to prove that any principal SU(r)-bundle P on T2 is topo-
logically trivial.

We may assume T3 = (R/Z)3. Let ¢ : R — S' = R/Z be the quotient
map, and put T? = (R/Z)?. Take the open intervals I; = (0,1), Iy =
(1/2,3/2). We set U; := q(I;) x T?, and we obtain an open covering {Uy, Us}
of T3. Then, P|y, is trivial because SU(r) is simply-connected and U; and
T? are homotopy equivalent. Moreover, we can patch each trivialization of
P|y, and get a global one. Indeed, any smooth map f :T? — SU(r) is ho-
motopic to a smooth map f; : T? — SU(r) such that f1({0} x S') C {e}
and f1(S! x {0}) C {e} because SU(r) is simply connected, and fi is ho-
motopic to a constant map because w2 (SU(r)) = 0. Therefore, P is a trivial
SU (r)-bundle. O

2.3. Monopoles with Dirac-type singularities

In this subsection, we recall the definition of monopoles with Dirac-type
singularities by following [7].
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Definition 2.6. Let (X, g) be an oriented Riemannian 3-fold and  be the
Hodge operator on X.

(1) Let (V,h, A) be a Hermitian vector bundle with a unitary connection,
and @ be a skew-Hermitian section of End(V'). The tuple (V, h, A, ®) is
called a monopole on X if it satisfies the Bogomolny equation F'(A) =
*V 4 (D).

(2) Let Z C X be a discrete subset. Let (V, h, A, ®) be a monopole of rank
r € Non X \ Z. Each point p € Z is called a Dirac-type singularity of
the monopole (V,h, A, ®) with weight k = (k;) € Z" if the following
holds.

e There exists a small neighborhood B of p such that (V,h)|p\ (p)
is decomposed into a sum of Hermitian line bundles €p;_, L; with
faB Cl(Li) = ]{2

e In the above decomposition, we have the following estimates,

=1 <
P = > ki Idp, +0(1)
=1

2R <

where R is the distance from p.
In [19], the following proposition is proved.

Proposition 2.7. Let U C R? be a neighborhood of 0 € R3. Let (V, h, A, ®)
be a monopole on (U \ {0}, grs). Then, the point 0 is a Dirac-type singularity
of (V,h, A, ®) if and only if |®(x)| = O(|z|~!) (z — 0).

2.3.1. Monopoles and mini-holomorphic structure. We introduce
a complex-geometric interpretation of monopole by following [7] and [19].
Let ¥ be a Riemann surface with a Kihler metric gs.. Set S' :=R/Z and
X := S x ¥. Let p; be the projection from X to the i-th component. Let g :
R — ST be the quotient map. Let us recall the mini-holomorphic structure
on X in [19].

Definition 2.8.

(1) We  define  Q%(X) := p*QL(S") @ p" Q% () and Q2(X) :=
A?QOL(X). We define 9x : Q%(X) — QY+1(X) to be dx = ds +
Js:. We call the tuple (Q%(X), dx) mini-holomorphic structure on X.
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(2) Let V be a vector bundle on an open subset U C X. Let QU¢(U, V)
denote the space of V-valued differential forms on U of degree (0,1).
A differential operator dy : QUO(U, V) — Q%Y(U, V) is called mini-
holomorphic structure of V' if it satisfies the following conditions.

e Forany f € C®°(U) and s € QU(U, V), we have Oy (fs) = Ox (f) A
s+ fOv(s). Note that the differential operators dy : QU4(U, V) —
Q%LU V) are naturally induced.

e The integrability condition dy o 9y = 0 is satisfied.

Let I = (a,b) C R be an open interval with |b —a| <1 and W C ¥ be
a domain. Let (V,0y) be a mini-holomorphic bundle on the open subset
of the form ¢(I) x W € X. We decompose the differential operator dy (s)
as Oy (s) = dy.s1(s) + dyx(s) € p1*QL(SH) @ p2* Q%1 (X) for a local section
s of V. For t € I, let V' denote the holomorphic bundle (V|y)xw Ovqt))
on W, where Oy, ;) is the restriction of the differential operator dyx on
{a(t)} x W. For any fixed 2 € W, we obtain a connection on V|,(1)x{s} as
the restriction of dy, g1 on ¢(I) x {x}. Hence we have the parallel trans-
port Wy : V— VY for any t,t' € I. The isomorphism W; 4 is called the
scattering map in [7]. Recall that the scattering map Wy : Vt VY is a
holomorphic isomorphism, which follows from the integrability condition
Oy 0 dy = [dy,s1,0yx] = 0. The next proposition shows that monopoles on
X have the underlying mini-holomorphic structures.

Proposition 2.9. Let (L,h, A, ®) be a monopole on X. We decompose
the covariant deriwative V 4 into Vo(f) = Va(f)dt + Vi{o(f) + V?L{I(f) €
p1 QST @ por QL) @ po* QOL(E) for a local section f of L. Then, the
differential operator O, := (Vai— ﬁ@)dt + V%’l is a mini-holomorphic
structure on L.

Proof. It is standard that the integrability condition 07, 0 97, = 0 follows
from the Bogomolny equation F(A) = «V 4(®). O

Let w be the standard coordinate of C. Let U C C be a neighborhood
of 0 and put U* :=U \ {0}. Let (V,h, A, ®) be a monopole of rank r on
([—e,e] x U)\ {(0,0)} C R x C, and let (V,dy) denote the underlying mini-
holomorphic bundle. The following proposition in [7] allows us to interpret
the weights of Dirac-type singularities in terms of the scattering maps of the
underlying mini-holomorphic bundles.
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Proposition 2.10. If (0,0) is a Dirac-type singularity of weight k = (k;) €
Z", then the scattering map V_. . : V" ¢|y- — VE|y- is extended to a mero-
morphic isomorphism ¥_. . : V7¢(x0) — V(x0) and there exists a holomor-
phic frame v~ (resp. v ) of V¢ (resp. V<) such that ® ¢ can be repre-
sented as V_. .(v™) = vt - diag(w®"), where diag(c;) is the diagonal matriz
whose (i,1)-th entries are c¢;. Moreover, this type of diagonal matrixz repre-
sentation s unique up to permutations.

2.4. Filtered sheaves and filtered bundles

We recall the definitions of parabolic sheaves and bundles by following [16].

2.4.1. Filtered sheaves. Let X be a complex manifold. Let D be a
smooth hypersurface of X and D = ]_[f:1 D; be the decomposition into con-
nected components. Let £ be a coherent Ox (xD) = J,,c;, Ox (nD)-module.

A tuple P& = {Paf}q—(a;)ere of Ox-submodules of £ is called a filtered

sheaf over £ if it satisfies the following conditions:

e P,& C & is a coherent Ox-module and Po&|x\p = &|x\p holds.
e For a = (a;) and @’ = (a}) € R, we have PyE C P,€ if a} < a; for
any i =1,...,d.

e On a small neighborhood U of D;, Ps€|y depends only on a;, which
we denote by ‘P, (E|v).

e For any ¢ =1,...,d and a € R, there exists ¢ > 0 such that we have
'Po(Elu) = "Pate(El).
e For any a € R? and n = (n;) € Z¢, we have PyynE = P.E(> n:D;).

A filtered subsheaf P.E’ C P.£ is a filtered sheaf over a subsheaf & C &
such that Py& C P,E for any a € RY. If P& = &£ N P,E holds for any
a € R?, it is called strict.

For a small neighborhood U of D;, we set ‘P, (E|y) := >
We also define a coherent Op,-module ‘Gr,(£) by

Py (E|v).

a’'<a

'Gro(€) = "P<a(&lv) /" P<al€lv)-

We set
Par(P.E,i) := {a € R | ‘Gr,(E) # 0}.
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Suppose that £ is torsion free. The parabolic first Chern class par-c; (Pi.€)
is defined as

d
par-c1(P€) == c1(D,.. 0V) — Z Z a; - rankp, (‘Gra, (£))[Dy].
i=1 —1<a,<0

Here rankp, denote the rank of coherent sheaves on D;, and [D;] is the
cohomology class of D; on X.

2.4.2. Filtered bundles. A filtered sheaf P.£ on (X, D) is called a fil-
tered bundle if it satisfies the following conditions:

e For any a € R%, P& is a locally free Ox-module.

e Forany i =1,...,d and a € R, ‘Gr,(€) is a locally free Op,-module.

For example, we define the trivial filtered bundle Ox (xD) as P,Ox (xD)
= Ox(>_lai]D;), where [a;] € Z is the greatest integer satisfying [a;] < a;.

The filtered bundle PyHomo , (+p)(€1, E2) over Home  (+p)(€1, E2) is de-
fined as follows:

PoHomo, («py(E1,E2) = {f € Hom(E1,E) | f(Po€1) C Paspa (Vb € RY)}.

We denote P.Homo, («p)(E1,E2) by PiHom(&1, &) if there is no risk of
confusion.

For any filtered bundle P.E, the dual filtered bundle P.(EY) is defined
as PsHom(E,Ox(xD)), Then we have a natural isomorphism

Pa(€Y) ~ (Pe—ats€) = ( | RE)Y,
b<—a+é

where § = (1,...,1) € R4

2.4.3. Stable filtered bundles on (P! x T2, {0,000} x T?). We con-
sider the case X = P! x T? and D = ({0} x T?) U ({00} x T?), where T? is
an elliptic curve. For a filtered bundle P,£, we write P& instead of P,&
for a = (a,b) € R2.

For a filtered bundle Py.£, we define the parabolic degree of P,.E by

v

par-deg(Py.&) = 2 ooy
1 wWo

par-c1 (PuE), (Ywo € T?).

Definition 2.11. Let P..E be a filtered bundle on (X, D).
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e The filtered bundle P,,€& is stable if it satisfies the following;:
(1) For any a,b € R, Pyp€l{oyx7> and Pup€|{ocyx 72 are semistable and
of degree 0.
(2) For any filtered subsheaf P..E’" C P..E satisfying and 0 <
rank(€’) < rank(€), we have

par-deg(P..&’) /rank(€’) < par-deg(Pi.€)/rank(E).

e The filtered bundle P..E is polystable if there exists a decomposi-
tion Py & = ®ieI P,.E; such that we have P,.&; is stable and that
par-deg(P..&;) /rank(&;) = par-deg(Pi.&;)/rank(E;) holds for any
i, € 1.

We have the following cohomology vanishing for stable filtered bundles of
degree 0.

Proposition 2.12. Let p: P' x T? — T? be the projection map. Let F be
a holomorphic line bundle of degree 0 on T?. For a stable filtered bundle
P E on P! x T? satisfying par-deg(P,E) = 0 and rank(E) > 1, we have
H(P'xT* P_;E®p*F) = H(P' x T*, P__; ;E®@p*F) =0 for any t €
R and any i # 1.

Proof. By replacing E with £ ® p*F, we may assume that F' is trivial. By
considering P*_t:* +£E instead of P, F, we may also assume t=0.1fi<0
or ¢ > 2 holds, then the cohomologies vanish obviously. Thus we prove only
the cases ¢ = 0 and ¢ = 2. If there exists a non-zero global section of Py FE,
we have a filtered subsheaf P,,.O C P..FE of rank 1 that satisfies in Def-
inition and par-deg(P,.O) > 0. However, it contradicts the stability
of P, E. Thus, we have H O(}P’l X TQ,POOE) = 0. By the natural inclusion
P-o<oV C PyV, we have HY(P! x T? P_g-oE) = 0. By the natural isomor-
phism Pyo(E") ~ (P<1<1E)Y, we have HO(P' x T2, (P.11E)Y) = 0. Using
the Serre duality theorem and isomorphisms P11 E ~ P.ocoF ® Ox (D) ~
PoocoE @ (21 12) 71, we obtain H*(P! x T2, Po1 1 E ® Q2. 1) = H* (P x
T2, P.o<oE) = 0. We also have H?(PyE) = 0 by the short exact sequence
0 — PgeoV — PyoV — 'Gro(PuiV) @ 2Gro(Py V) — 0 and trivial vanish-
ing of cohomologies H? (T2, Gro(P..V)) = H?*(T?,2Gro(P..V)) = 0. O

2.5. The Fourier-Mukai transform of semistable bundles

We recall the Fourier-Mukai transform of semistable bundles of degree 0 on
an elliptic curve T2 := C/As by following [16, Subsubsection 2.1.2].
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Let w be the standard coordinate of C. We will denote by 72 the dual
torus of T2. Let V be a semistable bundle of degree 0 and of rank 7 on 72. As
a part of result in [I6l Proposition 2.2], we have the following proposition.

Proposition 2.13. There exist k € N, F; € Pic’(T?) and nilpotent matri-
ces Ny € Mat(C,r;) (1 <i<k and ) ,r; =r) such that we have F; # F}
and an isomorphism V ~ @le F; ® (C",0 + Nydw). Moreover, if we take
another isomorphism V ~ @flzl F! ® (C",0 + N!dw), then we have k = k'
and there exist a permutation o of {1,...,k} and linear transformations
gi € GL(r;, C) such that we have F; ~ F,;, r; = r; and N; = Ad(g;)Nj for
any 1 <r <k.

Recall the spectrum of semistable bundle of degree 0 is defined as fol-
lows. (See [16].)

Definition 2.14. We take the decomposition V =~ @le F,®(C", 0 + N;dw)
as in Proposition We define the spectrum set Spec(V) C T? to be
Spec(V) := {F},..., F},} under the identification T? ~ Pic%(T?).

The following corollary is also obtained by [16, Proposition 2.2].

Corollary 2.15. We take the decomposition V:@le F;®(C",0 + N;dw)
as in Proposition . Let L — T? x T? be the Poincaré bundle. Let p;
be the projection of T? x 12 to the i-th component. For any a € Spec(V),
we set a multi-index I, = (ia1,. .., lak,) € NFe as a tuple of the sizes of
the Jordan blocks of N; corresponding to a. The Fourier-Mukai transform
FM(V) := Rps.(p}V ® L) € D*(Coh(Oy.,)) is given as follows:

HI(EM(V)) =0, (i # 1)

ka .
H'FEMV) ~ P @(’)T%a/m;’;fa,
) =1

a€eSpec(V) j

where M g, is the maximal ideal of the stalk OT2,a'

3. L2-finite instantons on R x T3

In this section, we fix a positive number 0 < A < 1. Recall that a function
f is called of C**-class if f is of C’-class and all derivatives of f of order 4
are locally A\-Holder continuous.



1706 Masaki Yoshino

3.1. Asymptotic behavior of solutions of the Nahm equation
on (0, 00)

For a T3-invariant unitary connection A on (C”, ) on (0, 00) x T3, the tuple
(C",h,A) is an instanton if and only if the connection form of A = adt +

>, Aida® satisfies the Nahm equation:

( 0A;

ot + [a, A1] = —[Ag, As]
oA

(2) i o Aa) = —[ A5, A1)
oA
8—;’ + o, Ag] = —[Aq, Ag).

For skew-Hermitian commuting matrices T'; € u(r) (i =1,2,3), let
Center(I") denote the centralizer of I" := (I';) in u(r), i.e. Center(I') = {a €
u(r) | [Ii,a] =0 (i =1,2,3)}. If we take N; € Center(I') (i = 1, 2, 3) satisfy-
ing the relations IV; = [N;, Nj] for any even permutation (ijk) of (123), then
the tuple of « = 0 and 4; =T'; + N;/t (i = 1,2, 3) forms a solution of (2]) on
(0, 00).

Definition 3.1. A pair of tuples (I' = (I';), N = (XV;)) as described above
is called a model solution of the Nahm equation.

In [3, Corollary 2.2 and Proposition 3.1], Biquard proved the following
theorem.

Theorem 3.2. Let (a(t), Ai(t)) be a solution of the Nahm equation of
C3A_class on (0,00) of rank r. Then, there exist a model solution of the
Nahm equation (T, N) and a C**-gauge transformation g : (0,00) — U(r)
such that the following conditions are satisfied.

1

(i) The gauge transformation g satisfies g~ag + g 10,9 = 0.

(ii) We take the decomposition g~ *A;g — (T; + NiJt) = €1,i(t) + 2.4(t)
satisfying e1,(t) € Center(I') and e2,(t) € (Center(I'))*, where
(Center(T))* means the orthogonal complement of Center(T) in u(r)
with respect to the inner product (A, B) := —tr(AB). Then, there ex-
ists 0 > 0 such that the following estimates hold for any 1 < i < 3 and
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0<j<3.

Bje1i(t)] = Ot~ 1++9)
8]e24(t)] = Olexp(—5t))

Proof. By Corollary 2.2 and Proposition 3.1 in [3], there exist a positive
number § > 0 and a gauge transformation gg : (0,00) — U(r) such that for
the transformed solution (&, A;) = (go_lozgo + go_latgo, go_lAigo) we have the
following estimates:

&[] = O(exp(—dt))
(3) 1l =0 1)
|<§2,i| = O(exp(—(st)),

where we set A; — (I + Ni/t) =: &1 + &2 € Center(T') @ (Center(I"))+. We
take another gauge transform g; : (0,00) — U(r) satisfying the following
conditions:

{ 97 ag1 + g7 "0 = 0
limy o0 g1(t) = Id.

Then we have an estimate |g1(¢) — Id| = O(exp(—dt)). Hence the same esti-
mate as holds for the gauge transform g := ggg1. Moreover, by definition
of g1 we have ¢~ 'ag+ ¢ 10,9 = 0, and this shows that ¢ is of C**-class.
For a permutation (ijk) of (123), the equation (2)) can be written as follows:

(4)  Oi(ers +e24) =[Nj/t,er k) + le1,, Ne/t] + [e1; + €25, €16 + €25+
[ + Nj/t, ear] + [e2,5, T + Ni/t].

Since we have [Center(I"), Center(I')] C Center(I'), by bootstrapping argu-
ment from we obtain the desired estimates for derivatives of €1 ;(t) and
€2, (t) O

3.2. Asymptotic behavior of L2-finite instantons on (0, 00) x T3

The following theorem is proved in [20, Lemma 3.3.2, Theorem 4.3.1, Corol-
lary 4.3.3, Corollary 5.1.3 and Theorem 5.2.2].

Theorem 3.3. Let (V,h, A) be an L?-finite instanton on (0,00) x T3. If
we take a sufficiently large R > 0, then there exist a positive number § > 0, a
trivialization of C**-class o : (V, P)(r,00)x1® = (C7, h) and a T3-invariant
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L2-finite instanton (C”, h, A) on (R,00) x T?, such that we have the follow-
ing estimates.

{ Ag o ((t,e+1]xT2) =0(1)
|4 — Allesa(tt41yx1s) = Olexp(—4t)),

where Ay is the connection form of A with respect to o, and we identify A
with its connection form.

Proof. Since we have m1(T3) ~ Z3, by considering parallel transport, it is
proved that for any flat Hermitian vector bundle F' on T of rank r there
exists a tuple of Hermitian commuting matrices I' = (I';) C u(r) (i = 1,2,3)
such that we have F ~ (C",h,d+ ), T;dz’). By taking a suitable gauge
transformation of (C", h), we may assume the condition a;; — 3; € (2mv/—1)Z
for any two distinct simultaneous eigenvalues a = (), 8 = (3;) € (V—1R)3
and for any ¢ = 1,2,3. By Lemma 3.3.2, Theorem 4.3.1 and Corollary 4.3.3
in [20], there exist R > 0, a commuting tuple of skew-Hermitian matrices I' =
(Ti) C u(r) (i =1,2,3) and a trivialization of C**-class & : (V, h)|(g,c0)x72 ~
(C”, h) such that [|[Az — >, Tidz*||csn(te+1)x73) = o(1). In particular, we
obtain ||Az||cax(t,rr1)x72) = O(1).

Let Apz be the space of L3-connections of (C”, k) and H C Ag; be the
Center manifold of the flat connection Vi = (d + ), I';dz") on (C",h) in
[20, Section 5.1]. By the definition of the Center manifold, we have Vr € H.
The T3-action on T3 itself induces the T3-action on Aprz. Since Vr is T3-
invariant, by Corollary 5.1.3 in [20], H is a connected Riemannian manifold
equipped with a T3-action. By [20], we have the T®-equivariant isometry

Ty, H ~ H! (Q*T3 (u(r)), Vad(p)), where V,q(r) is the flat connection on u(r)

induced by Vr with the adjoint representation of u(r). However, any ele-
ments of H(T3,Q*(C", Vr)) are T3-invariant because of the assumption on
simultaneous eigenvalues of I'. Therefore, since H is connected, the T3-action
on H is trivial. Hence, by Lemma 3.3.2 and Theorem 5.2.2 in [20], there exist
a positive number ¢ > 0, a trivialization o : (V, h)|(gec)x7s = (C', h) and a
T3-invariant L?-finite instanton (C”, b, A) on (R, 00) x T, such that we have
|| Ay — A‘|03,k([t’t+1]XT3) = O(exp(—dt)), which completes the proof. O

We obtain the following corollary as a consequence of Theorem [3.3] and
Theorem [3.2
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Corollary 3.4. Let (V,h, A) be an L?-finite instanton on (0,00) x T of
rank r. If we take a sufficiently large R > 0, then there exist a positive num-
ber 6 >0, a trivialization of C**-class o : (V, P)(Rroo)xTs = (C7, h) and a
model solution of the Nahm equation (I'y N') such that the following holds.

(i) Let adt + >, A;dx® denote the connection form of A with respect to
o. Then we have o = 0.

(i1) There exist decompositions A;—(I';+N;/t)=¢e1;(t)+e2,i(t)+es,i(t, x)
such that we have €1 ;(t) € Center(T'), 2,(t) € (Center(T))* and that
the following estimates for 1 <i <3 and 0 < j <3,

!5261,2'! = O(t~(1+7+9))
|07€2,i] = O(exp(—dt))
les,illcan(te41)xrsy = Olexp(—dt)).

Remark 3.5. For any model solution (I', N), the tuple of @ = 0 and A; :=
I'; + N;/t also forms a solution of the Nahm equation on (—oo,0). Hence, a
similar result holds for L?-finite instantons on (—oco,0) x T3.

Let (V,h, A) be an L2-finite instanton on R x T3. Applying Corollary
to (V,h, A)|0,00)xs and (V; b, A)|(_se,0)x 73, We obtain model solutions
(I'+, N1) which approximate (V,h, A) at t — £oo.

Since the simultaneous eigenvalues of Y, 'y ;dz’ € QL. (u(r)) are T3-

invariant pure imaginary 1-forms on Ti@ey can be regarded as elements

of Hom(R3,/—1R). Thus we take Spec(I'+) C Hom(R3 R) as the set of
(2m/—1)~1 times simultaneous eigenvalues of >, Ty ;dz’. We take uni-
tary representations p+ : su(2) — u(r) induced by N1 to be p(>_; ase;) :=
> i ailN+ i, where (e;)i=1,2,3 is a basis of su(2) satisfying e; = [e;, e;] for any
even permutation (ijk) of (123). Because N4 ; € Center(I'y), we have the
decomposition pi = @ p+.¢ which is induced by the simultaneous

£€Spec(T'y)
eigen decomposition of T'y.

Definition 3.6.

e We define the spectrum set Spec(I'y.) - 73 to be the image of Spec(T'y.)
by the quotient map Hom(R3, R) — 73.

e We define the singularity set of (V, h, A) as Sing(V, h, A) := Spec(I';) U
Spec(T'_).
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e We assume that the quotient map Spec(I'y) — Spec(I'y) is bijective,
and identify Spec(I'y) with Spec(I'y). (See below Remark )
For ¢ € Sing(V, h, A), we define the unitary representations pi ¢ of
su(2) by putting p4+ ¢ := 0 for £ € Sing(V, h, A) \ Spec(I'+).

Remark 3.7.

(i) We assume that there exists a fundamental domain H C Hom(R3, R)

of T3 such that 0 € H and Spec(I'y) C H. Indeed, we can always
take a suitable R-invariant gauge transformation to satisfy this as-
sumption.

(ii) For € € T3, we take a flat Hermitian line bundle Le on R x T3 as in
subsection For any ¢ € 7% and any L2-finite instanton (V, h, A),
we define (V, h, A¢) := (V,h, A) ® L_¢. Then we have

3.3. Fredholmness of Dirac operators

Let (V, h, A) be an L?-finite instanton on R x T3, Take ¢ € T3 \ Sing(V, h, A),
and we set (V, h, A¢) := (V, h, A) ® L_¢. We shall study the Dirac operators
associated to (V, h, A¢) by following [6].

Let o be a global trivialization (V, h) (see Corollary [2.5)). Let Ry > 0 be
constants as in Corollary [3.4 with the L*-finite instantons (V, h, A)|0,00)x7
and (V; h, A)|(—oc,0)x 7= Tespectively. We set R := max(R, R_). We also de-
note by o4 trivializations of (V,h) on (R,00) x T? and (—oc, —R) x T2 in
Corollary [3.4] respectively. Let o denote the triple (0_,09,04). Let Sgxrs =
St @ S~ denote the spinor bundle of R x T2 with respect to the trivial spin
structure.

Definition 3.8. For 0 <k <4, we define a norm || - |[z2 : L2 (R x T3,
V® S%) = Ry U {oc} as follows:

1AIZ: = Now (DI (Rero0 + oo (T2 (- (ra2),Rr2)

o= (N2 (—oo - (r41))-
We set L%U(RXT?’,V@S&) = {f € L%vloc(RxT?’,V@Si) 1 fllzz < oo}.

Remark 3.9. Since ||f]|z2 < ||f|[zz . < 3[|f]|z2, the ordinary L*-norm and
La ,-horm are equivalent.
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Let S7s be the spinor bundle on 7% with respect to the trivial spin
structure. Let p : R x T3 — T3 is the projection map. There exists the iso-
morphism S* ~ p*Sps such that the Clifford product can be written as

follows.
. . 0 *IdSTs
clif(dt) = < I, 0 ) ,

ey iy 0 clif s (da?)
clif(dz*) = < clifrs (dwl) 0 > |

Hence we obtain the following lemma.

Lemma 3.10. Under the identification between S*,S~ and p4Sts, the
Dirac operators éﬁ V@St = V@ ST with respect to the trivialization o4
can be written as follows:

0

+
aA = ia + ¢A|{t}xT37

where ]DAlmsz is the Dirac operator of (V, A)|yxrs on T3.

Proof. The connection forms of A with respect to o+ are temporal i.e. they
have no dt terms. 0

Proposition 3.11. For any 1 < k < 4, there exist Ky, Cy > 0 such that the
following estimates hold for any f € Li SR x T3,V ® S%).

+
17112z, < C (I lz2guerco + 185, (Dllzz., . )

Proof. By considering (V, h, A¢) instead of (V,h, A) we may assume § = 0.
We consider the case k = 1. By the assumption £ = 0 ¢ Sing(V, h, A) we have
Ker(Dr,) = {0}, where I'y =d+ > ,(I'1);dz’ are flat unitary connections
on the product bundle (C", h) on T3. Thus we can easily prove by using the
Fourier series expansion that there exists By > 0 such that for any section
g € L¥(T3,C" ® Srs) we have

Billgllrzersy < [1Pr, (9)| 272y

Take U; > R + 1 such that

(5) Ao, = Tillcogsti—1) < Bi/4, Ao —T-|lcoge—(w,-1)) < B1/4.
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We take a smooth function cp(';1 : R — [0, 1] which satisfies the following:
1 (t > Ul)
(1) —
AV { 0 (t<U —1).

We also set ¢ (t) == cpa(—t) and @y, (t) := goz}l (t) + ¢y, (t). For any f €
L7 ,(Rx T2V ®S%), we have

185 (e, )22 = 110e(ov, ) £ P aleu, )12
> 10:(eu, f) £ (Dr, (o, f) + Pr_(oy, 1)) ||z
—|lclif(Ag, —T4) - (7 )12
— |lclif(4y —T-) - (¢, )]l 22

Here we use an equality (0: (7, f), Dr. (05, )2 = —(Dr, (05, 1), 0035, f)) L2,
then we have

1
1830, )]z > 3 (l2sp, Hllzz + 1P, (25, NIz + 11 Pr_(ey, fl]22)
= [[elif (Ag, —T4) - (o, Nllzz = [lelif (A —T-) - (o7, )l e

By this inequality and the inequalities , there exists By > 0 such that we
have

+
|04 (evy H)llL2 = Ballew, fllrs -

Therefore, the following inequalities hold.

2, < llew fllez, + 1 f ez qo<on)
< By M|d% (v )l + IF e i<
< By (|l @5 ()= + lIelif (dow,) fll22) + |1 Fl|z2 (<on)
< By N (|85 (F)llz2) + (1 + Ba~Y|upwn 1211 fll 2. re1<o)

Applying the interior estimate for elliptic operators to the above inequality,
we obtain an inequality

+
1£11zz, < C1 (Il (s mopersy + 195 (Dll22 )

where C7 > 0 and K7 > U; are constants independent of f. This is the de-
sired inequality for k = 1.
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We use an induction on k. Suppose that we have already obtained the
desired inequality in the case k = ko. We take a constant Uy > K}, and take
a function ¢, as above. Then, for any f € L%O 41, We have

1Flee, . < 1FMlee . quern) + louadllsz, .
(6) < Wl 1< + ol + 1040 P,

ko+1,0

+Z|\5 v, ez, >

where 0;(pu, f) and 9;(¢y, f) are taken under the trivializations o4. Since
we can apply the interior estimate of elliptic operators and the assumption
of the induction to the first and second terms of @, there exist B3 > 0 and
Us > U, such that we have

+
() MAlez, L qei<on) + leve fllez, < Bs (||f||L2(\t|<U3) + ||aA(f)”L§OYG) -

We also make an estimate of the third and fourth terms of @ as follows:
3
10 (v, )lrz, , + > 10 (pu Pllzz,
i=1
+
<N@a@ v ez, + Z [ERCICEEI

ko—1,0

<|lou(@i v Iz, . + maA,at]«aUz I
+ i {||ai<¢i<soU2f>>||Li0,l,o + [, ai1<soU2f>|rLgW}
<4He§§<% Pllzz, .+ NF% 0 (e ez,
+ZWA, Jew Dllzz, .
(8 < 4<||f||Lz<[.t|<U4>+||aA< )Izz

kg,o

)-

Here By > 0 and Uy > Us is a constant independent of f. As a consequence
of @, and , we obtain the desired inequality for & = kg + 1, and the
proof is complete. O
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Corollary 3.12. For 0<k<3, if feL2(RxT3V xS%) satisfies
(?i(f) =g € L2(Rx T3V x ST) as a distribution, then f € L%H,U(R X
T3,V x §%).

Proof. By the regularity of elliptic operators, we have f € Li 1 10c(R X T3,
V x SF). For n € N, we take bump functions ¢, : R — [0, 1] satisfying

_J 1 (t<n)
on(t) —{ 0 (f>n+1).

From Proposition there exist C, K > 0 such that we have

lonf — SOmeLiH’G
< C (Jletif(dgn)flzz , + lelif(dspm) fll 1z , + 1(pn — om)ollzz )

for any natural numbers n,m > K. Hence {¢, f} is a Cauchy sequence in

Li +1,0- Moreover, this sequence converges pointwise to f. Therefore f €
LI, ;R XT3V x5%). O

Theorem 3.13. For 1 < k <4, the operators

P, L2, (Rx TV x §) = L}, ,(Rx TV x S¥)
are Fredholm, and Ker(ai) are independent of k.
Proof. By Corollary it suffices to prove the case k = 1. Thus we prove
the following assertions.
(i) dim(Ker(ds,)) < oo
(ii) dim(Cok(d,)) < oo
(iii) R(@i) C L*(V x S8%) is closed

If a normed space has a relatively compact neighborhood of the origin,
then it is finite dimensional. Hence is an easy consequence of Propo-
sition and the compactness of the restriction map Lia(R xT3V®

S*) = L*([-K, K] x T3,V ® S*). By Corollary we have Cok(ﬂi) =
Ker(éﬁg). Therefore, is deduced from
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To prove @ ) it is enough to prove that there exists C' > 0 such that for

any f € (Ker(¢ Ac)) 12 we have

9) 1fllzz . < ClF% (H)lIze,

where (Ker(a Ae ))+22 means the orthogonal complement of Ker(& a.) in L7,

with respect to the ordinary L? inner product. Suppose that there is 1o con-
stant C' > 0 satisfying the inequality @) for any f € (Ker(é? Ae ))te?. Take
f € (Kex(#5,)) -2 satisfying ||fullzz, = 1> nlld5, (f,)llz> for any n €
Since the restriction map L% (R x T3 VST = L2([-K, K] xT3,V®
S*) is compact, we may assume that {ful=k,K)xTs} converges in
L*([-K,K] x T3,V ® S*). We have H(?A (fn)Hp <1/n—0(n— o), and
hence {f,} also converges to some fo, € L? (R x T3,V ® S*) by Propo-
sition Then we have fo € Ker(@ ) and foo # 0. This contradicts
fn € (Ker((ﬁ A ))+z2. Therefore the inequality @) holds for some C' > 0. O

3.4. Index of Dirac operators

We calculate the index of Dirac operators by following Charbonneau [6].

Theorem 3.14. Let (V. h, A) be an L2-finite instanton on R x T3 of rank
r and take & € T3\ Sing(V, h, A). The index of @zg is given by

index(#,) =~ 5 | F(AQI3 = — 5 I F(A)

Proof. Replacing (V, h, A) with (V,h, A¢), and we may assume £ = 0. We
may also assume that any I'y ; are diagonal matrices because I'y = (I'y ;)
are commuting Hermitian matrices. Take a positive constant K > R, and
a partition of unity {¢_, ¢o,d+} on R which is subordinate to the open
cover {(—oo,—K),(—(K+1),K+1),(K+1,00)}. We set a connection
ag ‘= ¢_I'_ + oA+ ¢y, where 'y are the connections given by d +
> Fivid:z:i with respect to the trivialization 4. Then the difference @X —
@ZK =clif (p_(A—T_) + ¢4+ (A —T'y)) is a compact operator, hence we have

index(d7) = index((?:K).

We take a continuous family of flat unitary connections {I's}scjo,1) on
(Vyh)|(r,00)x® satisfying the following conditions:

[ ] F0:F+.
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e The connection form of I'; with respect to o is given by >, F_yidxi.
e For any s € [0, 1], 0 & Spec(I'y).
We set connections {aj } on (V,h) as aj = ¢_I'_ + ¢pgAsz; + ¢4 I's. Then,
{JZK} forms a continuous family of Fredholm operators. Hence we have

index(éﬂf) = index(éfJr ) = index(a:lK).

aK

We construct a Hermitian vector bundle (V, iz) on a four-dimensional torus
T* by gluing (V,h) on t < —(K + 1) and t > K + 1 with trivializations o
respectively. Since the connection forms of a}, on [¢| > K +1 with respect
to o4 and o_ are equal, we also construct a connection ak- on (V, h) from
al.. Then the relative index theorem in [I1] tells us
(10) index(d’:}{) — index(@,t) = index(@}l) - index(&%),
where v_ (resp. 7_) is a flat connection on the product bundle (C", h)
on R x T3 (resp. T*) whose connection form is given by > ,T'_;dz’. By
the assumption £ = 0 & Sing(V, h, A), we have index(fﬁi) = index(@%) =0.
Hence we obtain index((}?:}() = index(@}). By the Atiyah-Singer index the-
orem, we obtain *

. + 1

1ndex(($aﬂ}«() = cha(ak)/[T.
Hence we have

index(¥) = g [T (Flal) A F(a))
1

=32 / Tr (F(ak) A F(ak)) -
[—(K+1),K+1]xT3

Since any I'y; are assumed to be diagonal matrices, by Corollary we
have

‘/ Tr (F(ak) A F(ak)) —/ Tr (F(A) A F(A)) ‘
[~ (K+1),K+1]xT? Rx T3

= O(K™?).
Taking the limit of K — 0o, we obtain

1

1 IFallz
82

. +
index(d4) = o2

/ Tr (F(A) A F(A)) =
RxT3
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which proves the theorem. O

Remark 3.15. Let & € T3\ Sing(V, h, A). Since R x T% has infinite vol-
ume, the Weitzenbock formula (}ﬁ§ (?XE = V. Va, tells us

|Fa 7
8r2

dim (Ker(d3,)) = dim (Cok(#},) ) =
dim (Ker(ﬂl)) = dim (Cok(éﬂs)) = 0.

3.5. Asymptotic behavior of Harmonic spinors

Let (V,h, A) be an L?finite instanton on R x T3,

Proposition 3.16. There exist K,k : Rsg — Rsq such that conditions are
satisfied.

e K(d),r(d)"* =0(d!) as d — 0.

o Let £ € T3\ Sing(V,h,A) and f € Ker(azs) N L2 We set the func-
tion F(t) := f{t}xTB |f(t,z)|?dx, where dz means the volume form of
T3. For any t > K(d) (resp. t < —K(d)) we have F'(t) < —r(d)F(t)
(resp. F'(t) > k(d)F(t)). Here we abbreviate dist(&, Sing(V, h, A)) to
d.

Proof. We may assume f # 0. By the interior regularity of elliptic operators,
we have F' € C*(R) N L'(R). Hence we can calculate derivatives of F.

P =2 (of. e

F(t) =2 {/Tg<a§f, frdz + 2/T3 \8tf|2da;}.

By Lemma Dirac operators with respect to o4 can be written as 3;1& =
-0 + lDAs\mxTS' Thus, for t > R we have

F'(t) =2 /TS(EAZf, frdz.
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(0 =2 [ 0Walp) o+ [ D4 o
=2 [ Waoir) e +2 [ (DA D)a
2 [ pasiis
=2 [ D (D) N+ 2 [ (0,D4)(0).1)ds
T3 T3
+2/T3 D 4 fPPda
4 /T DafPdr+2 /T {100 DA () S
() =4 /T Dr )+ clif(A - TP +2 [ (00 Da(h),

T3

Now we use the Fourier series expansion on 7% and get the following
estimate: there exists C'y > 0 such that we have

(12) | e (P = Ecar),
Moreover, Corollary B4 tells us

(13 [ Jeta—ro(np| = 0 P,
(1) [ @ pal0.0| =0 F

By applying , and to , we can take positive functions
K(d)=0(d™ ') and k(d)~! = O(d~!) such that if t > K(d), then F"(t) >
k(d)2F(t).

We set F(t) := exp(r(d)t)F(t). Then, the inequality F”(t) > r(d)?F(t)
is equivalent to F”(t) > 2r(d)F'(t). If we suppose there exists to > K (d)
such that F”'(tg) > 0, then F(t) exp(—r(d)t/2) — oo (t — o) and this con-
tradicts F' € L'(R). Therefore, for any ¢t > K we have F'(tg) < 0i.e. F'(t) <
—k(d)F(t).

The same proof works for ¢ < 0 mutatis mutandis. O

Corollary 3.17. Let £ € T3\ Sing(V, h, A). There exists C > 0 such that
the following estimate holds for any f € Ker(ﬁzg) N L2:

[ fllcen(te+1)x73) = O (exp(=Clt])) .
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4. Construction of the Nahm transform
4.1. Construction of monopoles

We construct the Nahm transform by following Charbonneau [6]. Let (V, h, A)
be an L2-finite instanton on R x T3. Let (V, ]| - ||12,d) be a flat Hermitian
vector bundle on 7° which is the quotient of the product vector bundle
(L2 R x T3,V ®S7),|| - ||2) on Hom(R? R) by the Aj-action v- (¢, f) :=
(€ + v, exp(2mv/—1(z,v)) f). We set (V,h) as the finite-dimensional sub-
bundle of V|T3\Sing Vh,A) defined by VE = Ker <$;‘E> N L?. Indeed, as men-

tioned in Remark |3.15 3;1€ :L%U — L? is a continuous family of surjec-

tive Fredholm operators, hence (V, ﬁ) is a finite-dimensional subbundle of
V|T3\Sing(v,h, ) by the implicit function theorem. Moreover, Theorem
tells us rank(V) = (872) 71 |F(A)][2..

Let A be the connection on (V,h) induced by the flat connection dy
on V, namely A = Pdy, where P : V’T3\Sing(v,h,A) — V is the orthogonal
projection. R

Let ® denote a skew-Hermitian section of End(V) given by ®¢(f) :=
P:(2m/—1tf). Since any f € Ker (a;i) N L? decays exponentially in ¢ —

+00, 2my/—1tf is an L? section.

Definition 4.1. (V, h, A, ®) is called the Nahm transform of (V| h, A).
Proposition 4.2. (V,iL, A, ci>) is a monopole on T \ Sing(V, h, A).

Proof. According to Charbonneau [6, Subsection 3.1 and 3.2], (V,h, A, ®)
is a monopole if for any open subset U C 7%\ Sing(V, h, A) and any local
section f € ['(U, V), (dyfle € L2 RXxT3V®ST)® Qr}g : decays exponen-
tially at t — +oo for any & € U. Since dy f satisfies the partial differential

equation & (dy f) = D4, (dy f) + clifgxrs ((d€, dx)) f and Corollary the
decay condition of dyf can be proved by a similar way with the proof of

Proposition O

4.2. Singularities of the Nahm transform

Let (V,h, A) be an L2-finite instanton on R x T3 and (V,ﬁ, A, <i>) be the
Nahm transform of (V, h, A). In this subsection, we prove the following the-
orem.
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Theorem 4.3. FEach point of Sing(V, h, A) is a Dirac-type singularity of
(V,h,A,®).

Proof. By Proposition it suffices to show |®(&)| = O(d(&,p)~1) (€ — p)
for any p € Sing(V, h, A). Since d is skew-Hermitian with respect to h,
we have |®(&)| < rank(V) - max{|(®(f), )| | f € Vg and |f| = 1}. Hence we
have only to show [(®(f), f)| = O(d(&,p) || f|I7: for f € Ker(dy,) N L?.
We set F(t) := f{t}ng |f(t,2)|?dz. By Proposition m‘, we take functions
K,k :Rso — Rso. We abbreviate K (d(&,p)) and k(d(&,p)) to K and k re-
spectively. Then we have

K

(@, f)] < / Pt + /{ gl

<mmm+/

It F(t)dt.
{1t/>K}

Here we use integration by parts, then

(@, )| <K|fI% + K F(t)dt + / { / F(s)ds}dt
{|t|>K} {t>K} [s|>t

F(s)ds p dt.
{t>K}{/|s>t () }

<2K]|f|3 + /

k(d)F(t)) holds for

Since the inequality F'(t) < —k(d)F(t) (resp. F'(t) >
s <k HF@®)+ F(-t)).

any t > K(d) (resp. t < —K(d)), we have f|s
Therefore we obtain

[>t

(Df, )] < 2K]|f||32 + FN/ Ft)dt < 2K + &) f][7--
{ltI>K}

Since K, 1! = O(d(€,p) "), we have [(&(f), f)| = O(d(&,p) DI fl[f. O
5. Algebraic Nahm transform

In this section, we assume that 7% is isomorphic to the product of a circle
S = R/Z and a 2-dimensional torus T? = R?/A5 as a Riemannian manifold.
Then, we have 73 = S x T2, where T2 = Hom(R?,R)/Aj is the dual torus
of T?. Under this assumption, we can regard R x T as a Kihler manifold
by setting holomorphic coordinates 7 =t + /—1z! € R x S! and w = 2% +
v—12% € T?. Since the map R x S!' 3 7 =t + /—1z! — exp(277) = 2 € C*



The Nahm transform of spatially periodic instantons 1721

is biholomorphic, we have a biholomorphic and isometric map R x T3 ~
(C*,dzdz/|2m2|?) x T?.

We will construct a stable filtered bundle on (P! x T2, {0, 00} x T?) from
an L?-finite instanton on R x T3 ~ C* x T? as a prolongation of holomor-
phic vector bundles. Next, from a stable filtered bundle on (P! x T2, {0, 00} x
T2) of rank 7 > 1 we construct a mini-holomorphic bundle on 7% = S x 7?2
outside a finite subset, and we call this construction the algebraic Nahm
transform. Finally, for an irreducible L?-finite instanton (V,h, A) on R x
T3 of rank r» > 1 and the associated stable filtered bundle P..V on (]P’1 X
T?,{0,00} x T?), we show that the algebraic Nahm transform of P,V is iso-
morphic to the underlying mini-holomorphic bundle of the Nahm transform
of (V,h, A).

5.1. Asymptotic behavior of L?-finite instantons as holomorphic
bundles

We refine Corollary in order to make it compatible with the complex
structure of R x T3.

Proposition 5.1. Let (V,h, A) be an L?-finite instanton on (0,00) x T3
of rank r. If we take a sufficiently large R > 0, then there exist a C?-frame
v = (v;) of V on (R,00) x T3, a model solution (I', N') of the Nahm equation
and a positive number 6 > 0 such that the following holds.

(i) If we write the (0,1)-part of connection form of A with respect to v as
V%’l(v) = v (AzdT + Agdw), then Az and Ag are T?-invariant, and
we have [Az,Tg]=[Ag, ['5] =0, where Tzd7+Tgdw:= (3, T;da®) D).

(ii) We also take Ny, N» to be Nzd7 + Ngdw := (3; Nidax?)OV. We set
éw = Auj - (]._‘uj + Nuj/t) and éf = A»f — (Fi— + N»f/t) Then, the fOl—
lowing estimates hold:

€7, |€w] = O(t~(1+9)
|08, |0En| = O (319)
|01€7], |01€w| = O(exp(—0dt)),

where 01 means the partial derivative with respect to x!.

(i4) For any1<i,j <r, we have |[(vi,v;) — dijl|c2(ft,t+1)x13) = O(exp(—dt)).

Remark 5.2. As Corollary [3.4] and Remark we obtain a similar result
for L2-finite instantons on (—o0,0) x T°.
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Proof. Applying Corollary to (V,h,A) gives a trivialization
(Vi R)|(Ryoo)xTs = (C7, h) and a model solution (I', N) of the Nahm equa-
tion. Take an orthonormal frame u on (R,00) x T such that I' = (T;) are
diagonal. We take a Hermitian vector space E = (C", hcr) and the eigen
decomposition of I'y i.e. E =@ cc Ba and 'y =, oldg,.

We take Banach spaces X; and X5 as

Xii= (PO EndEa)*) @ (€D 0 (12 Hom(Ea, Ey)))
a atf

where C**(T?, End(E,))" is the kernel of the linear map f + [, f. We
define a smooth map

F: Xy x (@ End(Ea)> x X1 — X1
F(f,a,¢e) = W(Ad(exp(f))(F@ +a+¢e)+exp(—f)oy exp(f)),

where 7 : C(T? End(F)) — X; is the projection. Then, dF 0,0,0)]x, :
Xo — X7 is an isomorphism because we have dFg ) (f,0,0) = (0w (f)).
Therefore, the implicit function theorem shows that there exist a small neigh-
borhood U of (0,0) € (6, End(E,)) x X1 and a smooth map G : U — X»
such that for any (f, a,e) € Dom(F) sufficiently close to (0,0,0), F(f,a,e) =

0 and f = G(a,¢) are equivalent.

Lemma 5.3. There exists M > 0 such that for any (a,e) € U we have

[G(a,e)llcoa(rey < Mlel[crar2)
10.G (a,e)l|3(@, End(E.),c2x12) < Mlellcrar)
102G (a, ©)|| 5@, End(E.) B@,, End(E.),c2(12)) < MI[e]|cra(ra),

where B(X,Y") is the Banach space consisting of bounded linear maps from
a Banach spaces X to a Banach space Y .

Proof. By F(0,a,0) = 0 and the definition of G, we have G(a,0) = 0. Thus,
we have 9,G(a,0) = 0 and §2G(a,0) = 0, and this proves the lemma. [

For the error terms ¢; j (1<4,j<3) in Corollary we set g; 7dT +¢; pdw :=
(225 ei,jdx?) (D). Set a gauge transformation g := exp(G(e1,5, 2,5 + 7(e3,0)))
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and take a frame v = ug. By Lemma and the estimates of €3 j,€3; in
Corollary we have ||g — Id||co((t,44-1)x7%) = O(exp(—dt)). This proves
and

We prove By the definition of F', Ay is T?-invariant and [Ag, 5] = 0.
We will prove that A: is also T2-invariant and [A7,T'z] = 0. For an eigen-
value a € C of I'y, let us denote by v, the subset of v corresponding to a.
Then we write V?Ll’l as

Vo (va) = (O wsAL )d7 + va A adi.
B

Then, rewriting V%’l o V%’l = 0 gives
5w (Ag,a) = A‘lé,aA@,a - Aw,,@A?,a

for any eigenvalues a # 3 of I'y. We have lim;_,oo Ag,o = ald, and by Re-

mark (i) we also have o — 3 ¢ 27Z for any eigenvalues a # 3 of I'g.

Therefore, if R > 0 is sufficiently large, then we obtain Aga =0on (R,o0) x

T3 by the Fourier series expansion. This is equivalent to [Az, '] = 0. Here
0,1 0,1 .

we use VoV~ = 0 again, and we have

(15) 0-(Ap,a) — Ow(AZ,) +[AZ 4, Aza] = 0.

T,Q)

Removing the T?-invariant part of , and we obtain
B ((A20)4) + [Azas (42)*] =0,

where (A2 )+ means the non-constant part of the Fourier series expansion
of A2 . This equation implies that (A2 ,)* is a constant function on 772,
and hence 0. Thus, A- is T?-invariant. O

Corollary 5.4. Set I'y € I'((R,00) x T3 End(V)) as 1:;('0) =vl'y. For
an eigenvalue o € C of I'y, we take a subbundle Vi, of V|(roo)x7s to be

Vo = Ker(ﬁ; —aldy). Then the decomposition V|g oo)x1s = @Dy Va 15 a
holomorphic decomposition. Moreover, there exist C,§ > 0 such that for any
(t,z) € R x T3, for any eigenvalues o # B, for any v, € (Va)@,e) and for
any vg € (V5),z), we have [(va,vg)| < Cexp(—6t)|val - [vg|.

Corollary 5.5. Let 7 : (0,00) x T3 — (0, 00) x Slibe the projection. There
exist a holomorphic Hermitian vector bundle (E,0g,hg) on (R,o0) x St
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and a holomorphic endomorphism f € T((R,00) x S, End(FE)) such that the
following holds:

(i) (V,04) and (7*E,7*(0g) + fdw) are isomorphic.

(ii) Under the isomorphism between (V,04) and (m*E, 7 (0g) + fdw), we
have the estimates ||h — 7*hg||c2(jt141]x73) = O(exp(—0dt)), where §
1 a positive number, and the norm s induced by h.

(iii) For the Chern connection Vg of (E,hg,0g), we have |F(Vg)|h, =
O(t™2).

(iv) (E, g, f) has a holomorphic and orthogonal decomposition

(E75E7 hE7 f) = @(EOMEEOJ hE,,) f()é)?

«

which is compatible with the decomposition V = @, Vo in Corollary

54

Proof. Let (E, hg) be a trivial Hermitian vector bundle on (R, co) x St and
e be a orthonormal frame of (E, hg). We set Op(e) = eA; and f(e) = eAy.
Then all conditions are satisfied by Proposition O

5.2. Prolongation of L2-finite instantons

By following [16] and [I8], we construct a polystable filtered bundles on
(P! x T?2,{0,00} x T?) from L>-finite instantons on R x 73 ~ C* x T2,

Definition 5.6. Let (X, g) be a Kdhler manifold. Let (V, h, A) be a holo-
morphic Hermitian bundle on A* x X, where A*={ze€ C|0< |z| < 1}.
Let i: A* x X — A x X be the inclusion.

(i) (V,h,A)is acceptable if |F(A)| is bounded on a neighborhood of {0} x
X, where the norm is induced by h and the Poincaré-like metric g +
|z| 2 (log |2]) ~2dzdz.

(ii) For any a € R, we define a (possibly non-coherent) Oa yx x-submodule
P,V of i,V as follows: For any open subset U C A x X, a section
s € I(U, V) belongs to I'(U, P,V) if and only if for any p € ({0} x
X)NU and for any £ > 0, an estimate |s| = O(|z|~(@*2)) holds around
p. We call P,V := {P,V },cr the prolongation of V.
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(iii) For a section s € I'(X x A, P, V'), we define ord(s) € R to be

ord(s) ;= min{a’ € R | s € (X x A, P/V)}.

Mochizuki [I8] proved the following theorem.

Theorem 5.7. Let (X,g),(V,h,A) be as in Definition [5.6. If (V,h, A) is
acceptable, then P,V = {P,V }ser forms a filtered bundle on (A x X, {0} x
X).

Let (V, h, A) be an L2-finite instanton on (—o0,0) x T3. Applying Corol-
lary to (V,h, A), we take a positive number R > 0, a holomorphic vector
bundle (E,dg,hg) on (—oo,—R) x S and a holomorphic endomorphism
f €T((—00,—R) x SL,End(E)). For r >0, we set A(r):={z€C]||z| <
exp(—277)} and A(r)* := A(r) \ {0}. Under the isomorphism A(0)* x T2 ~
(00,0) x T3 and A(R)* ~ (—o0, R) x S', we obtain the prolongation P,F
and P,V from (E,hg,0g) and (V, h, A) respectively.

Corollary 5.8. Both (V,h,A) and (E,hg,0g) are acceptable on A(0)* x
T? and A(R)* respectively. In particular, the prolongations P.V and P,E
are filtered bundles on (A(0) x T?,{0} x T?) and (A(R),{0}) respectively.

Proof. Under the coordinate change z = exp(2m(t + /—1z!)), the Poincaré
metric |z|~2(log |z|) 2dzdZ is written as (dt? + (dz')?)/t?. By Corollary
we have |F'(A)| = O(t~2), where the norm is induced by h and ggyx7s. Thus,
(V,h, A) is acceptable on A(0)* x T2. By Corollary (iii), we also have
|F(VE)|=0(t2), and (E,hg,0g) is acceptable on A(R)*. Therefore, by
Theorem m P,V and P,E are filtered bundles on (A(0) x T2, {0} x T?)
and (A(R),{0}) respectively. O

Let us prove that the isomorphism (V,94) ~ (7*E, 7*0g + 7* fdw) in Corol-
lary [5.5| is extended over A(R) x T2.

Proposition 5.9. For any a € R, we have the holomorphic isomorphism
P.(V|a(ry x12) = (7*P.E, 7 (0p,E) + 7 (Paf)dw) constructed from the iso-
morphism in Corollary . In particular, the vector bundle PaV|{0}XT2 18
semistable of degree 0.

Proof. Let P,E denote (7" P, E, 7*(9p, ) + 7 (P, f)dw). Let W C A(R) x
T? be an open subset. We take a local section s € I'(W,P,E). Then
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s|w\ ({oyx12) is @ holomorphic section of (V 04). Since h and 7*hg are mu-
tually bounded, s is a holomorphic section of P,V.

Let s’ be a holomorphic section of P,V on W. We obtain a holomorphic
section s'[yn\ (foyx72) Of (n*E, 0 + m* fdw). Because of the definition of
P,E, s |WQ(P1X{w}) is a holomorphic section of P,E. Hence s’ is a holomor-
phic section of IB;E .

Under this isomorphism, P,V|{g}x7> is naturally isomorphic to
(m*(PaEl(0y), 012 + 7 (Pafl{0y)dw). Thus this vector bundle is semistable
and of degree 0. (]

Corollary 5.10. For any a € R, we have an isomorphism of vector bun-
dles Gro (V) =~ (Gro(E) x T?, 0712 + Gro(f)dw) on T?, where we regard the
skyscraper sheaf Grq(E) and the endomorphism Gry(f) as a vector space
with an endomorphism.

Let (V, h, A) be an L?-finite instanton on R x 7. We will denote by P,V the
associated filtered bundle on (P x T2 {0, 00} x T?). We prove that P,V is
polystable.

Theorem 5.11. The prolongation P,V is polystable and par-deg(PyV) =
0. In particular, if (V, h, A) is irreducible, then PV is stable.

Once we admit this theorem, we obtain the next corollary from Propo-
sition [2.12]

Corollary 5.12. Let p: P! x T? — T? be the projection. Let (V,h, A) be
an irreducible L?-finite instanton of rank r > 1 on R x T3. Then, we have
HO(P' x T?, PyoV @ p*F) = H?*(P' x T?, PV @ p*F) =0 for any F €
Pic%(7?).

5.2.1. Norm estimate. As a preparation of the proof of Theorem
we show the following norm estimates.

Let (V,h,A) be an L2-finite instanton on (—o0,0) x T° of rank r. Ap-
plying Corollary to (V,h, A), we take a positive number R > 0, a holo-
morphic Hermitian vector bundle (E, hg,dg) on (—oo, —R) x S' ~ A(R)*
and a holomorphic endomorphism f € I'(A(R)*,End(E)). Let P.E denote
the prolongation of E on A(R). On the fiber (P,E)|o, the parabolic filtration
{F.(PaE|0) }a—1<c<q is induced by the natural inclusion P.E — P,E. Then
an endomorphism Gr'(f|o) on Grf'(P,E|y) is induced by f, and the nilpo-
tent part of Grl (f]o) induces the weight filtration {W;,Gr' (P, E|o) }rez. For
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b e Grf'(P,E|y), we denote by deg" (b;) € Z the degree of b with respect to
the weight filtration. For a holomorphic frame b = (by,...,b.) of P,E on
A(R), b= (b;) is compatible with the parabolic filtration and the weight
filtration if the following conditions are satisfied:

e For any c € (a — 1,a], {b;i|o | ord(b;) < ¢} forms a basis of F.(P,E).
e For any ¢ € (a — 1,a] and any k € Z, {[b;] | ord(b;) = ¢, deg" ([b;]) <

k} forms a basis of W,Gr!'(P,E), where [b;] is the image of b; in
Grl (P,E)o).

Proposition 5.13. Leta € R and b= (by,...,b,) be a holomorphic frame
of P,E on A(R) that is compatible with the parabolic filtration and the weight
filtration. We take a Hermitian metric hy on E|z(g)- given by hy(b;, bj) :=
8ijlz| 720 (—log |2|2)de8™ () Then hy and hg are mutually bounded.

Proof. According to [24, Corollary 4.3], we only need to prove that there
exists p > 1 such that we have |F(E, hg) + [fdz/z, fldz/Z)| € LP(A(R)*),
where f1 is the adjoint of f with respect to the metric hg, and the norm
is induced by hg and dzdz. We set a holomorphic Hermitian vector bundle
(E,EE, hE) on A(R)* x T? by (E,EE, hE) = (W*E,W*(EE) + fdlD,Tr*hE).
We write the curvature of the Chern connection of (E, 05, hg)as F(E, hg) =
F.s:dz A dz + Fugdw A dw + Fyzdw A dz + Fugpdz A dw. Then we have

o (F(E, hg) + [fdz/2, dez/z]) - <F v |zy-2ﬁm) dz A dz.
Since (V, h, A) is an instanton, the ASD equation F(A),; = —|2|2F(A)wa

holds, where F(A),z and F(A), are the components of the curvature F'(A).
Hence we have

U (F(Ea hg) + [fdz/z,deZ/ZD
= ((Faz — F(A)z2) + |2 (Puw — F(A)wa)) dz A dz,

Applying Corollary we obtain

7 (F(E he) + [fdz/ f1dz/2])| = O(=72),

where § is a positive number. Hence we have |F(E, hg) + [fdz/z, f1dz/Z]| €
LP(A(R)*) for some p > 1. O
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5.2.2. Analytic degree for acceptable bundles on (P!, {0,00}). As
a preparation to prove Theorem by following [16], we introduce the
notion of analytic degree of acceptable bundles on (P!, {0,00}), and con-
sider the relation between the parabolic degree and the analytic degree of
acceptable bundles on (P!, {0, 00}).

Let (E,0g, hg) be an acceptable holomorphic Hermitian vector bundle
on C*. We assume that for any non-zero holomorphic section f of E on a
neighborhood of 0 € P! there exist C; > 0 and ko(f) € R such that we have
an estimate

Cf1|z\_°rd°(f)(—log|z\2)k°(f) < |fln, < Cl\z|_°rd0(f)(—log ’Z|2)ko(f).

We also assume a similar condition at oo € P!.

For any holomorphic subbundle PyoL of PyE, we set L := PyL|c+ and
hr be the Hermitian metric induced by h. We define the analytic degree and
the parabolic degree of £ by

deg(L,hg) :=v—1 [ Tr(AF(hg))dvolc-
C*

and

par-deg( Py L) ::/ par-c1 (P L),
Pl

where Py, L is the strict filtered subbundle given by P,L := LN Py FE.
Proposition 5.14. We have the equality deg(L, hg) = 27 par-deg(Pi.L).

Proof. By considering /\rank(ﬁ) E and det(L) instead of E and L, we may
assume rank(L) = 1. Let eg, eo, be holomorphic frames of PyoL on a neigh-

borhood of 0,00 € P'. We set a smooth function v : C* — R satisfying

() = ord(eg) log |z|? (on a small neighborhood of 0 € P')
2= —ord(es)log|z|? (on a small neighborhood of co € P')

and set a metric 'y on (E,dg) by h'y := hge¥. We will denote by PL, E, Pl L
the prolongation of E and £ with respect to the metric h’; respectively. Then
we have

par-deg( P, L) = par-deg(P,, L) — ord(ep) — ord(ex)
deg(L, hg) = deg(L, h’y) — 2m ord(eg) + 27 ord(ex).

Therefore, by replacing hgp with hl;, we may assume par-deg(Pi L) =
deg(PpoL) and ord(eg) = ord(e~) = 0. We take another metric hy ¢ of PyoL
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satisfying hi £(eo,e0) = hi,c(€sc, €00) = 1. We take a smooth function ¢ :
C* = R as hy = e¥hg. By the definition of h; g, we have deg(PyL) =
(2m)~'/=1 [51 F(ha,z). We consider the following lemma.

Lemma 5.15. The 2-form 00 is integrable on C*, and we have fc* 00¢p =
0.

Once we admit this lemma, then we obtain the desired equality
deg(L, hg) = 2mpar-deg(P.«L) because we have F'(hz) = F(hy ) + 00p. O

proof of Lemma We set n:= z~! and take a metric g; on P! sat-
isfying g1 = dzdz on a small neighborhood of z =0 and ¢g; = dndn on a
small neighborhood of = 0. We take a smooth function p: R — [0, 1] sat-
isfying p(t) =1 (|t| < 1/2) and p(t) =0 (|t| > 1) and set xn : C* — [0,1] as
X~ (2) := p(N~tlog|z|?) for N € N. Since xy is a compact supported func-
tion, we have

a6 0= [ oo = [ B0u)e+ [ D

—/ aXN'890+/ xNOO(p).
C* C*

Here we consider the following lemma.

Lemma 5.16. The integrands of the first to third term of rhs of (@ are
dominated by an integrable functions independent of N. In particular, the
dominated convergence theorem shows

lim (/ 83(XN)<,0+/ 8XN'8(p—/ aXN'a(P> =0.
N—oo C* * Cc*

If we admit this lemma, then we have limy_s f(c* xnO9(p) = 0. There-
fore, d0(y) is integrable, and we have [.. d9¢ = 0. O

proof of Lemma We calculate the derivatives of xn, then

Oxn = N71p/ (N tlog|z|?)z dz
Oxn = N1/ (Ntlogl|z|?)z71dz
9oxn = —N72p" (N log |2|?)|2|"2dz A dz.
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Thus, there exists Co > 0 independent from N such that on a small neigh-
borhood of z = 0 we have

(17) Oxn g, = [0xn g, < Calz[ ™' (—log|z])~"
(18) |00XN|g < 02]2]72(—log\z|)*2,

and on a small neighborhood of 7 = 0 we also have

(19) 10xN g = |0xn g, < Caln| ™' (—1log|n|) ™
(20) [00xNlg < Caln|~2(—1log|n]) 2.

Hence by , and the assumption of the norm of eg, e, there exist
an integrable function dominating the first term of and independent of
N. To estimate the other terms, we prove the next lemma.

Lemma 5.17. |9(p)|,, = [0(0)g, is an L2-function on (P!, g1).

If we suppose that the lemma is true, by and we obtain an inte-
grable function dominating the second and third terms of independent
of N. Hence the proof of Proposition [5.20[is complete. O

proof of Lemma If we prove |0(¢)|y, is an L?-function on a neigh-
borhood of z = 0, then the same proof works for a neighborhood of n = 0.
Thus, we only needs to show [0(¢)|,, € L*(A*, g1), where A* = {z € C |0 <
|z| < 1}.

Let V be the Chern connection of (E, hg, ). By definition of ¢ we have
exp(—2yp) = |60|i21E' Therefore we obtain |0 exp(—2¢)| = |20¢| exp(—2¢) =
|he(Vzeo, eo0)| < leolny - [Vz€o0|ny, where we set V =: V,dz + Vzdz. Hence
we have [20p| < |60]g; - |V z€0|n,- By the norm estimate of eq, it suffices to
prove that |(—log|z|?)~%|V.(eo)|n, € L?(A), where k = ko(eg). We take a
smooth function a : R — [0, 1] satisfying a(t) =0 (¢t > 1), a(t) =1 (t < 1/2)
and the condition that a'/? and o’ - a='/2 are also smooth. We set a function
by : A* - R as

br(2) = (1~ a(~log|2P)) - a(~N " log|=]?)

for N € N. Then 9(by) - b;m is a smooth function on A* because of the defi-
nition of a. Moreover, there exists C3 > 0 such that we have |8(bN)b]_V1/ 2] g <
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Cslz|71(—1log |z|?)~1. We consider the following integral.
2\ —2k _
/ by - hg(Vzeo, Vieg)(—log|z|”) ““dvol =
A*
—/ d(by) - hi(eo, Vaeo)(—log |z[*) "2*dvol
A*
—/ by - hi(eo, F(hg)eg)(—log |z|?) 2 dvol
A*
+/ by - hg(eo, Vaeo) - (—2k)(—log |z]?) "¢~z Ldvol,
A*

where dvol = v/—1dz A dZ. We have the following estimate on the first term
of rhs.

O(bw) - is(eo, Vzc0)(— log |2[2) ]

< (CoCilz| " (og =) 1) (B/2(2) - [Vacolns (— log 21%) ")

For the second term, because of (E, 0, hg) is acceptable, there exists Cy > 0
such that we have

b - hi(eo, F(hi)eo)(— log |22) ™| < Cal2|7(~ log |2[%) 72,
For the third term, we also have
‘bN hip(eo, Vseo) - (—2k)(— log |z|2)*2’f*1z*1‘
< <C’1b%2 . |z]_1(—log \2\2)_1> <b}\{2|vzeo\hE(—log \z\z)_k) .
Therefore, there exist C5, Cg > 0 such that

/ by - he(V.eo, Vaeo)(—log |2|2) "2Fdvol

1/2
<Cs+ Cs (/ by - hg(V.eo, V.ep)(—log |z|2)_2kdvol) < 0.
A*
Thus, we obtain
/ by - hg(Veq, Vaeo)(—log |z\2)_2kdvol < Cr,
A*

where C7 is a constant independent of N. Therefore, we conclude |0(¢)|,4, €
L? (C*a 9 ) . O
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5.2.3. Analytic degree and parabolic degree on R X T3. In order
to prove Theorem [5.11] we also consider the analytic degree of holomorphic
subsheaves of L?-finite instantons on R x T? by following [16].

Definition 5.18. Let (V, h, A) be an L2-finite instanton on R x T3 =C* x
T2. Let F be a saturated Ogc-x2-submodule of (V,94) and hr the induced
metric of smooth part of F. We define the analytic degree of F by

deg(F,h) :=+v—-1 Tr(AF (hx))dvolcsx72,
C*xT?
where dvolc«x72 is the volume form with respect to the Riemannian metric
|z|2dzdz + dwdw. By the Chern-Weil formula in [23], this can be written
as
deg(F,h) = —/ |07 |2 dvolc- w7z,
C*xT?
where 7 : V' — F is the orthogonal projection.

Lemma 5.19. Let F be a saturated subsheaf of an L?-finite instanton
(V,h,A) on R x T3. Then, deg(F,h) is finite if and only if the following
conditions are satisfied.

(i) F can be extended to a saturated subsheaf PooF of PooV .
(ii) For any z € C*, we have deg(F |1 x12) = 0.

Proof. Assume that deg(F,h) is finite. We write d = Jc- + dr2. On one
hand we have

/ dvolr / |0c-|2dvole- < / dvoly= / 07| ?dvolc- = —deg(F,h) < oo.
T2 C* T2 Cc+

Therefore, there exists a measurable subset A C T2 such that |A| = |T?| and
fc*x{w} |0c-7|?dvolc- < oo holds for any w € A. According to [23, Lemma
10.5, Lemma 10.6], this is equivalent to the condition that Fc-y (., can
be extended to a saturated subsheaf of PyoV |p1y ). Moreover, since A is a
thick subset of T2, by [25, Theorem 4.5] F can be extended to a saturated
subsheaf of PypV. On the other hand, we have

/ dvolg- [ |Opzm|*dvolr: < —deg(F,h) < oco.
C~ T2

Hence there exists a sequence {z;} on C* such that we have z; — oo and
f{zi}xTZ |Op>7|*dvoly> — 0. We also have |F(A)|(,,3x72 — 0 by Corollary



The Nahm transform of spatially periodic instantons 1733

3.4l Therefore, we have deg(F|s,.1x72) — 0 because of the Chern-Weil for-
| {zi}
mula

deg(f|{z}><T2) =v-—1 2 Tr (ATQF(h]-‘)) dvolp:
z}xT?

(21) :\/?1 Tr (ﬂ'ATz F(A)) dV01T2 — / ’5T27T‘2dV01T2 .
{z}xT1" {z}xT?

Since deg(F|{.)x72) is a continuous and 27Z-valued function, we conclude
deg(F|izyxr2) = 0 for any 2 € C*.
Conversely, We assume (i) and We have

~deg(Fum) = [ (B + e )dvole
C*xT?

_/ I&CW\QdVOIC*XT'z—i—/ |27 |2 dvolce .
C*xT? C*xT?2

Here we use and , then we obtain
~deg(Fuh) = [ [BeafPdvolesr
C*xT?

+ v —1 Tr (7TAT2 F(A)) dVOl(C* x T2
C*xT?

< / Be-n2dvolee s + | F (A |1 o).
C*xT?

By Proposition (V,04,h)|c-« (w} satisfies the assumption in Proposi-
tion for any w € T?. Hence we have

—deg(F,h) = —27r/

par-deg((PysF)
T2

C* x {w})dvosz

+ Vv -1 Tr (WAC*F(A)) dVOlC*XT2 + HF(A)||L1(R><T3)
CxxT?

< —27r/ par-deg((PusF)
T2

Cx{w})dvolrz + 2||F(A)|| 1 ()

Then par-deg((PysF)|cxfw}) is a constant on T2, and we have the estimate
[|F(A)||L1(mxTs) < oo by Corollary Hence we obtain 0 < —deg(F,h) <
0. 0

Proposition 5.20. Let F be a saturated subsheaf of an L?-finite instan-
ton (V,h,A) on R x T3. If deg(F,h) is finite, then we have deg(F,h) =
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2mVol(T?) - par-deg(Pi.F), where P..JF is a filtered subsheaf defined by
Py F = PyV N F.

Proof. Since deg(F, h) is finite, F can be extended to the saturated subsheaf
Py F of PyyV by Lemma We denote by B C T? the set of all w € T?
that PooF[p1 ) is a subbundle of PyoV |p1y ). Since T? is compact and
PooF is saturated, T2 \ B is a finite subset. By applying of Lemma

we have

deg(F,h) = v -1 Ac-F(hg)dvolgs 2
C*xT?

—/Bdeg(ﬂc»«x{w}7h\C*x{w})dVolw

—/Bdeg(]—"](c*x{w},h\c*x{w})dvolr_pz.

By Proposition (V,04, h)|p x {w} satisfy the assumption in Proposition
Hence we have

deg(F,h) = / par-deg(Pu«(F)|p1 x {w} )dvolr= = 21| T? |par-deg( Py. F).
B
This is the desired equality. O

5.2.4. Proof of Theorem [5.11} By Lemma [2.4] (det(V),det(h), Tr(A))
is a flat Hermitian line bundle. Hence we have the equality par-deg(P,..V') =
par-deg( Py (det(V))) = 0. It is proved in Proposition that Py V(03«12
and PV (s} x 72 are semistable vector bundles of degree 0 for any a,b € R.
Let P..F be a filtered subsheaf of P,V satisfying 0 < rank(F) < rank(V')
and in Definition We may assume that FPyyF is saturated. We
set F = P Fle-xr2. Let U C R x T3 be the maximal open subset such
that F|y is a subbundle of V|y. Since PyoF is a saturated subsheaf of
PyoV, (R x T3) \ U is a finite subset. By Lemma and Proposition
we have deg(F, h) = par-deg(Py.F). Therefore, par-deg( Py F) < 0 holds by
the Chern-Weil formula. Moreover, if par-deg( Py« F) = 0 holds, then we have
Or = 0. Hence F|y and (F|y)* become instantons by the induced metric
from h, and (V,h, A)|y = (Fly) ® (F|y)* is a decomposition as instantons.
Moreover, this decomposition is invariant under parallel transports. Thus it
can be extended to the decomposition on whole R x T3. By repeating these
arguments, we can prove that P,V is polystable. In particular, if (V,h, A)
is irreducible, then P,V is stable. O
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5.3. Some properties of Gr,(P,V)

Let (V,h, A) be an L-finite instanton on (—oc,0) x T3. Applying Proposi-
tion to (V, h, A), we take a positive number R > 0, a C?-frame v = (v;)
of V on (=00, —R) x T and a model solution (I', N) of the Nahm equa-
tion. Assume that I' = (I';) are diagonal, and we will denote by v, the
subset of v corresponding to an eigenvalue o € C of I'y. Applying Corol-
lary to (V,h,A), we take a holomorphic vector bundle (E,dg, hg) =
@D, (Ea, g, ,hE,) on (—oo,—R) x S' and a holomorphic endomorphism
f=@®, fo €T((—o0,—R) x S*, End(E)). Let e (resp. e,) be the C*®-frame
of E (resp. E,) which corresponds to v (resp. v4). We will denote by PV
and P,E the prolongations of V over A(0) x T? and E over A(R) respec-
tively, where A(s):={z € C| |z] < exp(—27s)} and A(s)* := A(s) \ {0}.
For a € Par(P.E,), we have the weight filtration {W;Grq(P.Ey)}icz on
Gro(PyE,) which is induced by the nilpotent part of Gry(fa) on Grg(Ey).

We set a holomorphic Hermitian vector bundle (E', 9/, hg') on A(R)*
and a holomorphic endomorphism f' € T'(A(R)*, E’) as

Op () =¢e'(T7 + ((2m)tlog|z|) "t N;)dz/2nz
hE/(eg,eg) = 6ij
f'(e) = e'(Tg + ((2m) ' log|2]) "' Na),

where e/ = (€) is a C*°-frame of E' on A(R)*. Let E' = @ E/, be the holo-
morphic decomposition induced by the eigen decomposition of I';. We have
f'(El,) C El, hence we write f' =@, f,. Then (E,,hg 0 ) is also ac-
ceptable as (Ea, ha, O, ). Moreover, for a € Par(P,E!) we also have the
weight filtration {W;Grq(PiE!) }iez on Gry (P EL) which is induced by the
nilpotent part of Gr,(f.) on Grg(E).

Proposition 5.21. There exists a holomorphic isomorphism V: (E, hg, Og)
— (E' hg,0p) such that ¥ and ¥~ are bounded, and U preserves the de-
compositions E = @ E, and E' = @ E.,. In particular, we have Par(P.E]) =
Par(PyE,) and the induced isomorphisms

U : Gr% (Gro(Eq)) — GV (Cro(EL)).

Proof. For an eigenvalue o € C of I'y, let €', be the subset of e’ which
spans E!,. We define Uy, : E, — E!, as Uy ,(ey) :=€’,. Then we have
OV1o(eq) = €€z adz/Z, where é- =) &7, is the decomposition of &z

in Proposition induced by the decomposition V| _o _ryx1s = D, Va
in Corollary Let by = (ba,i) and b’ = (b), ;) be holomorphic frames of
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P,E, and P,E! respectively that they have the norm estimates in Propo-
sition We set a function K, = (Kqj) : A*(R) — Mat(r,,C) as the
change of basis of 2*15;@ from the frames e, and €/, to the frames b, and
b’ . Because of the estimate of &= in Proposition and the norm estimates
of b, and b’ in Proposition we have the following estimate

|Ka,ij| -0 <|Z|ord(b(,,7:)—0rd(b'(,,j)—1(_ log ’Z|)—degw(ba,i)—l-degw(b’a)j)—l—&) )

Therefore, according to [24, Lemma 7.1] there exist functions Sy ;; such that
we have 0(Sq,ij) = Ka,ijdZ, and it satisfies the following estimate

|Sa,ijl = O(!zOrd(b“’i)_ord(b;’j)(— log \z|)_degw(b“”inegW(b;)j)“s).

We set S, : B, — E!, as Sq(b;) ::Zj Saij - b;-. Then we have 0S, =&z odz/z
and |S,| = O((—log |2|)~?). Therefore, for some R’ > R, ¥, := ¥y, — S, is
a holomorphic isomorphism on A*(R’) such that ¥, and ¥, ! are bounded.
Finally, we set ¥ := ®,¥,. Then ¥ is holomorphic isomorphism, and both ¥
and \I/_,1 are bounded. We write /\I/a(ba,i) = ZWJ Uoij- bfx’j.uT/‘hein if ord(ba,i)
< ord(by, ;), or ord(ba,;) = ord(by, ;) and deg” (ba,i) < deg” (b, ;), then we
have ¥;;(0) = 0 because of the norm estimates of b, and b),. Hence remains
follow from it. (]

For a € Par(P.E) = Par(P.E’), the gradations Gr,(F) and Gr,(E’) are
skyscraper sheaves with the supports {0} C A(R), and f and f’ induces the
endomorphisms Gr,(f) and Grg(f’) on Gry(E) and Gr,(E’) respectively.
We regard (Grq(E()), Gra(f))) as a vector space with an endomorphism.

Corollary 5.22. From the isomorphism W, we can construct an isomor-
phism (Gro(E) x T?, 072 + Gro(f)dw) =~ (Gra(E') x T? 072 + Gry(f')dw)
for a € Par(P.E).

Proof. In Proposition [5.21] we proved that ¥ induces an isomorphism be-
tween Gry(FE,) and Gre(E)), and it also induces an isomorphism between
their gradation of the weight filtrations. Therefore, the Jordan normal forms
of Gry(f) and Grg(f’) are equivalent. Hence the proof is complete. O

5.4. Algebraic Nahm transform

We set a hypersurface D = Dy U Do := ({0} x T?) U ({00} x T?) C P! x T2,
Let P..V be a stable filtered bundle of degree 0 and rank r > 1 on (P! x
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T2, D) unless otherwise noted. We set Singg(Pi.V) to be —Par(P..V,1) U
Par(PV,2) CR, where —Par(P.V,1):={ac€R|—a¢€ Par(P.V,1)}.
We also set Singg: (Pi V) := 7(Singg (P.sV)) C S, where 7 : R — S is the
quotient map.

Let £ — T2 x T2 be the Poincaré bundle of T2. For I C {1,2,3}, let ps
be the projection of P! x T2 x 72 onto the product of the i-th components
(i € I). We define a functor F* : Coh(Opix72) — Coh(O;,) to be F'(F) =
R'p3. (piaF @ p33L).

Proposition 5.23. The sheaves F'(P

" __iiV) and FY(P_3V) are locally
free for any t € R.

Proof. Let p : P! x T? — T? be the projection. By Proposition we have
HOP! x T2, P 4V ®@p*F) = H*(P! x T, P_ 4V @ p*F) =0 for any f € R
and any F' € Pic?(T?). Therefore h!'(P! x T2, P_;V @ p*F) is a constant for
any F € Pic’(T?) by the Riemann-Roch-Hirzebruch theorem. Hence
FY(P_;V) is a locally free sheaves on 72. By the same way we can prove

that F'(P__;_;V) is also locally free. O

We will denote by AN(P,.V); the locally free sheaf F'(P_;V) for ¢ € R.
Since we have P_; 4y 711)V = P_5V, we can regard {AN(P.V);} as a
family on £ € S*.

Definition 5.24. We define the algebraic singularity set Sing(Pw.V) C
T3 =81 x T? as

Sing(P,, V) := U {=7()} x Spec('Gry(PuV))
fepar(P**V,l)

U U {m(t)} x Spec(QGrtA(P**V)) ,
iePar(P,.V,2)

where Spec(-) is the spectrum set of a semistable bundle of degree 0 on T2
(See Definition [2.14)).

By Corollary the notions of singularity set and algebraic singularity
set are compatible.

Proposition 5.25. Let (V,h, A) be an irreducible L?-finite instanton on
Rx T3 of rank r > 1, and P..V be the associated stable filtered bundle.
Then we have Sing(V, h, A) = Sing(P..V). O
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Proposition 5.26. Let I CR be a closed interval with lI| <1 and 7 :
R — St be the quotient map. Let U C T? be the complement of the image

of (71'([) X TQ) N Sing (P, V') under the projection 13 = T2. Then, for any
t,t' € I, we have a natural isomorphism AN(PyV);|lu ~ AN(P.V )z |u

Proof. We only need to prove the claim under the assumption I = [—¢, €| for
a positive number € > 0. By extending I, we may assume that any points
in Singg (P V) NI are interior points of I. Hence we may assume either
I N Singg(PeusV) =0 or I N Singg(PwV) = {0}. Under this assumption, we
will show that there exists the natural isomorphism

AN(P**V)IE’U ~ Fl (P,E,EV”U

for any ¢ € I. This isomorphism is obvious for £ = 0, and a proof for ¢ > 0 is
also valid for ¢ < 0. Hence we assume ¢ > 0. Then, the short exact sequence
O — P ..V =P 3V — 2Gry (P V) — 0, we obtain the exact sequence

FO(2Gro(PuV)) = FY(P_._.V) = AN(P.V); — F'(3Gro(P:.V)). Here we
have FO(?Gro(P,:V)) = 0 and F!(? GrO(P**V))|U = 0 from Corollary -
Hence we obtain AN(P.V);|lu ~ F1(P_._.V)|y.

Definition 5.27. We call this isomorphism the algebraic scattering map.

Corollary 5.28. The family {AAN(P**V)g}tA forms a mini-holomorphic bun-
dle (AN(P,,V),0aN, 8AN,£) on T3\ Sing(P,.V).

Definition 5.29. We call this construction the algebraic Nahm transform.

We prove that the Nahm transform and the algebraic Nahm transform are
compatible.

Theorem 5.30. Let (V,h, A) be an irreducible L?-finite instanton of rank
r>1 on RxT3 and P..V the associated stable filtered bundleA on (IP’1 X
T2,{0,00} xT?). Then, tfze Aunfieflyz'ng mini-holomorphic bundle (V, 0 4, 8‘775)
of the Nahm transform (V, h, A, ®) of (V, h, A) is isomorphic to the algebraic
Nahm transform (AN(P..V'), 0N, 8AN7£).

Proof. For a smooth manifold M and a vector bundle F' on M, let C*°(F)
denote the sheaf of C*°-sections of F. If M is a complex manifold and F' is a
holomorphic bundle, then we also denote by O(F') the sheaf of holomorphic
sections of F'.
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Let U; C T? be the complement of the image of Sing(V,h, A) N ({f} x
T 2) under the projection map 13 — T2. We first construct an isomorphism
(V’gAﬂ{f}fo ~ AN(P..V);|u, for any € S1. By replacing (V,h, A) with
(V, h, A + 2m\/—1tdt), we may assume ¢ = 0. From the short exact sequence
0 — Pog<oV — PooV — 'Gro(PuV) @ 2Gro(PiiV) — 0, we obtain the ex-
act sequence

0 = FY(P-goV) = AN(P,.V)g = FY(1Gro(PuV) @ 2Gro(Py. V).
Hence by the definition of Uy, the isomorphism
FY(P<o<oV)|u, = AN(P..V)o|u,

holds. Hence it suffices to prove (V,8 ; Dlorxv, = FH(P<o<0V)|y,. On one
hand, since the Dolbeault resolution (C’OO(QO*(p12P<0<0V ® pisL)),d) of
the holomorphic vector bundle p7,P<o<oV ® p33L is acyclic for the functor
P3., we have an isomorphism F!(P.goV) =~ H'(p3,C%®(Q0* (piyP<o<oV ®
P53L)),0). Let V' be the flat bundle on 72 which is the quotient of the
product bundle C®(P! x T2 Q% (P_q-oV)) on Hom(R? R) by Aj-action
as in section 4. Then we have F''(P-goV) ~ Hl(pg*Cm(QO’*(pf2P<o<0V ®
pisL)),0) =~ HI(O(V*) Op_y,v;) ON 72. On the other hand, for the normed
vector space X© 1= {fe L2(R x T3 QOZ( )) | 0a(f) € L?}, we construct the
flat vector bundle VL2 on T2 from X' in a similar way. Then, we also have
an isomorphism (V, ; Dlorxu, = HH(OV;:|u,), 04, ). By Proposition

we obtain the natural inclusions

Co(P' x T?, Q% (PegoV)) = L*(R x T%,Q%(V))
and the induced chain homomorphism

(O I1,), Opeocovi) = (OVzlu, ), D)

In order to prove that ¢ is a quasi-isomorphism, we only need to prove that
the specialization ¢g : (C®(P! x T?, Q% (P<o<0V)),0p_,_ov:) — (X*,04,)
is a quasi-isomorphism for any £ € Uy. We will show this below in Proposi-
tion

It remains to prove that the scattering map of (V, ﬁ, A, <i>) and the al-
gebraic scattering map of (AN(P,.V), daN, Oan ) are compatible under the
isomorphism H!(¢p). It suffices to show the following lemma.
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Lemma 5.31. Let I = [—¢,¢] C R be a closed interval and & € T2 with the
condition (m(I) x {€}) N Sing(V, h, A) = (). Fort € I, we take

Ji € AN(PV) ¢ = H' (P! x T?, P_zV)

satisfying the condition that f; is a constant under the algebraic scattering
map for any t € I. Then, Hl(go)(ﬂg)(ff) is a constant under the scattering

map of (V, h, A, <i>) for any t € 1. 0

(Proof of Lemma [5.31] n We may assume £ = 0. As in section 4, we set
V the flat vector bundle on 7 which is the quotient of the product bundle
L*R x T3,5~ ® V) on Hom(R3,R) by Aj-action. By using the orthogonal
projection P : V|T3\Sing(v,h, a) V, the equation of the scattering map can
be written as follows:

(22) V4,() = V=18() = P (9;(-) +log|2|(-)) = 0.

By the assumption, there exists f € HY(P* x T2, P_._.V) such that f; is the
image of f under the natural isomorphism H ! (IP’1 xT? P_._.V)~ HYP! x
T2, P_;V). Here the image of f; in V(t oy is P(f - |2|” t) Hence the derivative
is 9 P(f - |2| 7)) =P(@;(f - |2171) ==P(f - |27 - log |2]). Thus H () g 5, (f7)
satisfies the equation , and this completes the proof. O

5.4.1. L?-Dolbeault lemma. Let (V,h, A) be an irreducible L?-finite
instanton and P,V its prolongation. We assume (0,0) ¢ Sing(V, h, A). Let
A%(P_yoV) denote the sheaf of smooth sections of Q%¢(P-g<oV). Then
we have the natural isomorphism H!(P* x T2, (A°*(P<o<oV), 0p_,_,v)) ~
AN(PiiV)(0,0)- Let p.A%;(V) be the presheaf on P! x T2 that associates an
open subset W C P! x T? to a C-vector space

{s e L2(W N (R x T3),Q% (V) ‘ da(s) € L2(W N (R x T3),Qﬂvi+1(V))},

where L2 (W N (R x T3),Q%(V)) means the set of L?-sections of Q%/(V)
on W N (R x T3) with respect to h and grx7s. Let A%ﬁ(V) denote the
Sheaﬁﬁcation of .A (V). Then we have the natural isomorphism H'(P! x

(.AL2 ,04)) ~ Vig0)- Let K : A% (PoV) — A :(V) be the sheaf homo-
morphism induced by the inclusion map C°°(W, QO (P<o<oV)) C L*(W N
(R x T3), Qoii(V)) for an open subset W C P! x T?. For simplicity, we use
the same symbol K for the chain map (A%*(P<o<oV ), 9p_,_,v') = (AV3,94).
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Proposition 5.32. The chain map K induces an isomorphism V(o,o) ~
AN(PwuV ) (0,0)-

Proof. Let ¢ : P x T? — P! be the projection. To show that K induces an
isomorphism V(g gy = AN(P.V)(0,0), we only need to prove that ¢.K is a
quasi-isomorphism. Thus we consider the following lemma.

Lemma 5.33. For any z € P!, (¢.K), is a quasi-isomorphism, where (¢. K ),
means the induced chain map between the stalks at z.

Once we admit the lemma, then ¢.K is a quasi-isomorphism and the
proof is complete. O

(Proof of Lemma . This lemma is trivial unless z = 0 or z = 0o, and
the same proof works for both the cases z =0 and z = co. Thus it suffices
to consider only the case z = 0.

From Proposition 5.1} we take a sufficiently small neighborhood U of
0 € P!, a frame v = (v;) of V on U* x T?, and a model solution (', N) of
the Nahm equation that they satisfy conditions in Proposition where
U*:=U\{0}. Let (E, hg,0p, f) = @B, (Ea,hE,,0r,, fa) be the holomor-
phic Hermitian vector bundle with the endomorphism on U* constructed
from (V,h,A) in Corollary [5.5] Let e be the C*°-frame of E which cor-
responds to v. We take the sheaves ALZ( ) and A% (P-oE) on U con-
structed from E and P.oF in a similar way to ALz( ) and A% (P-o<oV).
Then we have AVi(E) ~ @, AVi(E,) and A% (PoE) ~ @, A% (P<oEy)
because E,, and Eg are orthogonal for any o # (3.

We write VA = 04.dz+ 04, dw. For s € L2(U* x T?,V), we denote the
Fourier series expansion of s with respect to v by

s=wv- Z 5n(2) exp(2mv/—1(n, w)).

neA;

By using the Fourier series expansion, we set the bounded operator I :
L2(U* x T2 V) — L?>(U*,E) by I(s) :=e-s0(z), and set the closed sub-
space L2(U* x T? V)* := Ker(I). Because of Remark (i), we can con-
struct the inverse operator G- : L2(U* x T?, V)t — L2(U* x T?,V)* of
0a, as

Gr:(s) :==wv- Z ((V=1ng —ng)m + A@)_lsn(z) exp(2mv/—1{n,w)),
n=(nz,ns)

€Az\{(0,0)}
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where Ay is the component of VA (v) = v(Agdw + Azdz). Therefore, the
complex (q*A S(V)(U),d24) is quasi-isomorphic to the following complex:

AW (B)(U) L2225 A90(B)(U) @ A0 (E)U) 22 A% ()W),

Since fy : (Ea)( ) — .A 9(E,)(U) is an isomorphism for o # 0, the
complex (q* 5 (V)(U),d4) is quasi-isomorphic to
0,0 fo®d8, 100 0,1 8y — fo_ 0,1
Az (Eo)(U) —— A2 (Eo)(U) © A (Eo)(U) ——— Ap: (Eo)(U).
By the assumption (0,0) ¢ Sing(V, h, A), the same argument in the proof of

[27, Proposition 11.5] shows that J, is surjective. Thus (q*A S(V)(U),04)
is quasi-isomorphic to

(Ker(éEo) N A%S(EO)(U)) Jo, (Ker@Eo) N A%S(EO)(U)) .

By a similar way we can prove that (g.A%*(P<o<oV)(U),0p_,v) is also
quasi-isomorphic to

T(U, P<o(Eo)) 2222 T(U, Py (Ev)).

By the assumption (0,0) & Sing(V, h, A), we can show any s € Ker(dg,) N
AV (Ep)(U*) decays exponentially in ¢ — —occ. Hence we have Ker(dg,) N
ALS(EO)(U*) = I'(U, P<o(Ep)) and the proof is complete. O

6. Correspondence between weights

As in Section 5, we assume that 72 is isomorphic to the product of a circle
S =R/Z and a 2-dimensional torus T? = R?/A, as a Riemannian man-
ifold. Let P..V be a stable filtered bundle on (P! x T2 {0,000} x T?) of
deg(PyV) =0 and of rank r > 1. Let (AN(P**V),EAN,(?AN,t) be the al-
gebraic Nahm transform of P, V. Let Singy(PuV) C 1?2 be the image of
Sing (P V) N {0} x T2 under the projection T3 = S x T? — T2, Let £ —
T2 x T2 be the Poincaré bundle of T2. For I C {1,2,3}, let p; be the projec-
tion of P! x T2 x T onto the product of the i-th components (i € I). We de-
fine a functor F* : Coh(Opixp2) = Coh(O4,) to be F'(F) := R'p3, (p}oF @
P33 L) as in subsection
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Proposition 6.1. We take a positive number € > 0 small enough to sat-
isfy Sing(P V) N (q([—¢,€]) x T?) = {0} x Singy(PssV), where ¢ : R — S*
be the quotient map. Then, we have the following.

o We have a sequence of injections
FYP_. V)< AN(P,,V)1. — FY(P..V)

which is compatible with the algebraic scattering map.

e Under the above sequence of injections, we have the following isomor-
phisms:

AN(P,,V)_. NAN(P,,V). ~ FY(P_._.V).
AN(P,,V)_. + AN(P,,V). ~ FY(P..V).

FY(Pe.V)/AN(P.V). = F'(*Gro(P..V)) = H' (FM(*Gro(PV))).
FYP..V)/AN(P,.,V)_. ~ F1(?Gro(P..V)) ~ H (FM(*Gro(P,.V))).

Here ‘Gro(Py.V)) is the gradation of P.V (See subsubsection 2.4.1),
and FM(E) € D*(Coh(Oy.,)) is the Fourier-Mukai transform of a co-
herent sheaf £ on T2.

Proof. From the definition of stable filtered bundle on (P x T2, {0, 00} x
T?), ‘{Gro(P.V) (i = 1,2) are semistable locally free sheaves on {0} x T?
and {oo} x T? respectively. Thus by Corollary we have
FO('Gro(P,,V)) = HY(FM(‘Gro(Py,V))) = 0
Hence by the short exact sequences 0 — P_. .V — P._.V — 'Gro(PuV) —
0 and 0 = P._.V — P..V — 2Gro(P,+V) — 0, we have an inclusion of
sheaves F}(P_._.V) = AN(PV)_c < FY(P..V). Since F?(P._.V) =0 is
shown in Proposition [5.23] we have
FYP..V)/AN(P,,V)_. = F1(?Gro(P..V)) = HY(FM(®Gro(P,.V))).
In a similar way, we obtain F'(P_._.V) < AN(P,.V). — F'(P..V) and
FY(P..V)/AN(P.,.V). = F'(!Gro(P..V)) = HY(FM('Gro (P, V))).

The compatibility with the algebraic scattering map is trivial by the defini-
tion of the algebraic scattering map.
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We consider the short exact sequence0 - P_._.V - P._ .V P ..V —
P..V — 0. Since Proposition shows FO(P..V) =0 and F?(P_._.V) =
0, we obtain the exact sequence

0— FY(P_._.V) = AN(P..V)_. ® AN(P,,V). — F}(P..V) — 0.
Therefore we have

AN(P.V)_c NAN(P,V). ~ FY(P_._.V),
AN(P..V)_. + AN(P.V). ~ FY(P..V). -
Let (V,h,A) be an irreducible L2-finite instanton of rank r > 1 and
(V,h, A, ®) the Nahm transform of (V,k, A). For £ € Sing(V, h, A), let P+.¢
be the representation of su(2) defined in Definition For the irreducible
decomposition pi ¢ = @17 p+ ¢, e set w ¢ = (rank(p+e;)). We decom-
pose the weight k = (k;) € Z™=() of (V, h, A, ®) at € € Sing(V, h, A) into
the positive part ky and the negative part k_.

Theorem 6.2. ki agrees with w4 ¢ under a suitable permutation.

Proof. By considering Ve = (V, h, A¢) instead of (V, h, A), we assume £ = 0.
By Proposition and Proposition k4 (resp. k) is determined by
the stalk at 0 € 7% of HY(FM(2Gro(PyxV))) (resp. HY(FM(1Gro(P:iV)))).
Applying Proposition to (Vi h, A)l0,00)xrs and (V, h, A)|(_ao 0)x13, We
obtain the model solutions (I'x, N1) of the Nahm equation. We set I'y zd7 +
Ty pdw = (3, T+ ;dz") OV and Ny -d7 + Ni gdw = (3; Nxida?) O, We
consider the following lemma.

Lemma 6.3. Let X4 be the eigenspace of I'y 7 of eigenvalue 0. The gra-
dation iGro(PuV) (i =1,2) are isomorphic with the holomorphic bundles
Ey = (X:t,O x T? Op> + Ti0 + Ni,w)\xi,odw) respectively.

If we admit this lemma, then by Corollary the stalk H'(FM(EL))o
is determined by the size of Jordan blocks of (I'+ 5 + N+ )| x, , whose eigen-
values are 0. Since the size of Jordan blocks of (I't s + N+ 4)|x, , whose
eigenvalues are 0 is the rank of irreducible representations of su(2) contained
in p+p, hence k4 agrees with w4 ¢ with a suitable permutation. ]

(proof of Lemma [6.3). We may assume that any I'; are diagonal. As in
subsection[5.3] we take R > 0 and set the holomorphic Hermitian vector bun-
dle with the endomorphism (E’,hg,,0p,, fL) on A*(R):={2z€C|0<
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|z| < exp(—27R)} as follows:

5]5/i (e'1) =e/ (Fif + ((2m)~"tlog |z|)_1Ni5) dz/(27z)
hi, (€€l ;) =0y
fi(e's) =e'y (Piw+ ((2m) tog|z|) *Niw)

where e’y = (¢ ;) is a C®-frame of E} on A(R)*. We take a holomor-
phic frame b}, = (V) ;) of EY by bl :=e'rexp(—T'+ 7 — 2Ny - log(t)) =
e’y exp(—(2m) 71y 7 log(Z) — 2Ny = log((2m) "!log|z|)). Then, we also set
the holomorphic frame "+ = (V. ;) of PoE' by b ; := z~ lord(b )1 vy ;, where
[a] is the least integer satisfying [«] > «. Hence we obtain Pyf’(b"1) =
b”  (T'+ 5+ N4 ) by the change of basis. By Remark iGro(PuV) (i =
1,2) is spanned by the subset of b”’L that correspond to eigenvectors of
'y of eigenvalue 0. By Corollary {Gro(PwV) (i =1,2) is isomor-
phic to the holomorphic bundles (Gro(PEL) X T?, 072 + Gro( Py f4.)dw) ~
(X:t’(] x T?,0r: + (Dy g+ Ni,w)|Xi,odw) respectively. d
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