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Algebraic virtual cycles for quantum

singularity theories

Huar-LiaNnc CHANG, YOUNG-HOON KIiEM, AND JUN L1

We construct algebraic virtual cycles that give us the cohomolog-
ical field theories of Fan-Jarvis-Ruan invariants by integral trans-
formations.

1. Introduction

In this paper, we construct an algebraic virtual cycle that should provide us
with the cohomological field theory of Fan-Jarvis-Ruan-Witten (FJRW for
short) invariants in [7] by a Fourier-Mukai type integral transformation.

1.1. Background and motivation

Let w:CYN — C be a nondegenerate quasi-homogeneous polynomial (cf.
§2.1)) which defines a nonsingular hypersurface Q,, = Pw=1(0). Let G be a
subgroup of (C*)" and x : G — C* be a homomorphism such that w(g-z) =

X(g)w(z). The kernel of x is a finite group denoted by G. If we let G act on
CN xChby g- (x,t) = (g-x,x(g)~'t), the quotient stack

X =[(CV xC)/q]
admits a function w(z,t) =t - w(x) and two GIT quotients
X =((CV -0y xC)/G, x_=(CVx(C-0)/G=C"/G.
The former X, is an (orbi-)line bundle over the weighted projective stack

PV=1 and the critical locus of w|x . 18 Qu, up to quotient by a finite group
G/pg. On the other hand, w|y_ = w.
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In [I8], Witten conjectured that the Gromov-Witten invariants of Q,
should be computable by the Landau-Ginzburg (LG for short) model

w:CV/G — C

whose curve counting invariants should be integrals on the solution space of
Witten’s equation on the moduli space X of G-spin curves (C, p;, L;, ¢) (cf.
together with sections (z;) € Hf\il HO(L;).

Through analysis, Fan, Jarvis and Ruan in [7] studied the solution space
of Witten’s equation and defined the FJRW invariants which were proved
to satisfy nice properties like the splitting axioms, codified as cohomological
field theories. Quantum singularity theories in the title refer to cohomological
field theories arising from singularities like w=!(0).

Slightly later, Polishchuk and Vaintrob in [I5, [I6] provided a purely
algebraic construction of cohomological field theories of the LG model w :
CN /G — C by matrix factorizations. They constructed a universal matrix
factorization and their cohomological field theories are obtained by Fourier-
Mukai type transformations on matrix factorizations and Hochschild homol-
ogy. As the functors of matrix factorizations do not preserve the ordinary
cohomology degrees, the algebraic theory in [15] [16] lacks in explicit inter-
pretation in terms of cycles and basic properties like the homogeneity of
dimension are not obvious.

An algebraic theory for FJRW invariants by algebraic cycles was pro-
vided in [5] for narrow sectors by constructing the virtual fundamental cycle
for the moduli space X where Witten’s equation is replaced by the cosection
localization principle (cf. [12]). For the general case including broad sectors,
the second and third named authors in [I3] generalized the cosection local-
ization of [12] to intersection homology and provided a direct construction
of the cohomological field theories for both broad and narrow sectors. As the
construction in [I3] does not involve virtual cycles, one may wonder whether
it is possible to construct the cohomological field theories by a Fourier-Mukai
type integral transformation whose kernel is an algebraic virtual cycle.

The goal of this paper is to construct algebraic virtual cycles that give
us the cohomological field theories of [13] by integral transformations.

1.2. Construction of virtual cycles by blowups

The moduli stack X of rigidified G-spin curves with sections can be written
as the zero locus of a section s of a vector bundle E over a Deligne-Mumford
stack Y (cf. §2.3]). We also have a cosection o : E — Oy satisfying o 0 s =0
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and a smooth morphism q : Y — Z = w=1(0), where w is a nondegenerate
quasi-homogeneous polynomial on a finite dimensional vector space. As X is
usually not proper, the ordinary virtual fundamental class [X]'", as a Chow
cycle supported in X, cannot be used for an integral transformation. On the
other hand, the intersection S of X and the degeneracy locus 3 (sometimes
called the zero locus) of ¢ is the moduli space of rigidified G-spin curves;
hence S = X N 3 is proper.

When Y is smooth, we have the canonical perfect obstruction theory
[Ty|X—>E|X] of X. Since 0 0 s =0,0 = d(0 0 s) = 0 o ds and hence the co-
section o descends to a cosection of the obstruction sheaf Obx = coker(ds).
In the narrow case, Z = 0 and one can apply the cosection localization prin-
ciple in [I2, Theorem 5.1] to obtain the cosection localized virtual cycle

X]E € AL(S)
which gives us the FJRW invariants in the narrow case (cf. [5]).

In the broad case, Y is singular and ¢ does not descend to Obx. In order
to apply the cosection localization in [12], we will replace Z by its blowup Z’
at the isolated singular point 0, and pull back all the data above to Z’ to get
a smooth morphism q’ : Y/ — Z’, a vector bundle E’ over Y, a section s’ of
E’ which defines X', and a cosection ¢’ of B’/ whose zero locus 3’ intersects
with X’ along the proper S’ = Z' xz S. Since Z’ is smooth and ¢’ o s’ = 0,
Y’ is smooth and the cosection ¢’ descends to a cosection of the obstruction
sheaf Obx, = coker(ds’). Applying [12, Theorem 5.1], we obtain a cosection
localized virtual cycle

X'V € A, (S").

loc

The proper morphism p and the composite ¢ below
p:S — 8, qg: 8 v L7,

where the former is induced from the blowup morphism Z’ — Z, together

with the virtual cycle [X' ]f’olg, give rise to an integral transformation

(1.1) Dy : HY(Z') — Hi(S), o pa([X VN g*a).

o loc

The insertion space H®" of the FJRW theory (cf. §2.1)) is contained in the
direct sum of spaces of the form

IH,(Z) c H"*(Z") =~ H,,(Z")
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and we have a proper pushforward H,(S) — H.(M,,). Hence (L.1)) enables
us to define homomorphisms

(1.2) Q) HE — Hy(Mgp) = H*(Mgy).

In [I3] Theorem 3.2], the second and third named authors constructed
the cosection localized Gysin maps for intersection homology

(1.3) st IH.(Y) — H.(S).

Composed with the pullback q* : IH.(Z) — IH.(Y'), (1.3) also enables us to
define homomorphisms

(1.4) Qgn : HE" — Ho(My,) & H (Mgy,,).

In [I3] Theorem 4.5], it was proved that (1.4]) satisfies the axioms of the
FJRW cohomological field theory.
The goal of this paper is to prove that

A
Qg,n - QQ:”’

and hence the integral transformation ([1.1)) by the algebraic virtual cycle
[X']V provides us with the FJRW cohomological field theory (1.2]) (cf. The-

loc
orem [5.1]).

1.3. Layout

In we recall the spin curves and their moduli space. In we construct
virtual cycles by blowup and define an integral transformation whose kernel
is the virtual cycle. In §4 we recall the cohomological field theory construc-
tion by intersection homology in [I3]. In §5, we prove the main theorem
about the equality of the two cohomological field theories constructed in the

previous sections.
1.4. Notation and convention

All varieties, schemes and stacks are defined over C in this paper. We will
use only the classical topology of algebraic varieties and schemes. All the
topological spaces in this paper are locally compact Hausdorff countable
CW complexes. Intersection homology in this paper refers to the middle
perversity intersection homology unless stated otherwise. The Borel-Moore
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homology groups are denoted by H,(—). We will not use the ordinary ho-
mology groups. All the cohomology groups in this paper have complex co-
efficients. The fundamental class of an irreducible closed substack V of a
Deligne-Mumford stack Y in the Chow group A.(Y") is denoted by [V] while
the fundamental class of V' in the Borel-Moore homology group H.(Y') is
denoted by [V].

2. Spin curves and FJRW invariants

In this section, we recall the Fan-Jarvis-Ruan-Witten theory from [7]. Our
presentation follows [13], §4].

2.1. Hypersurface singularities

A polynomial w : CV — C is quasi-homogeneous if for some dy,--- ,dy,d €
Z>07
(2.1) withzy, - t™ey) =t w(z, - zN).

Here we assume that d > 0 is the minimal possible. Let ¢; = d;/d. The quasi-
homogeneous polynomial w is nondegenerate if the following are satisfied:

1) no mominial of w is of the form x;x; for i # j;

2) the projective hypersurface @, defined by w is nonsingular:
Quw=Pw '(0)cP) !, =(CN-0)/C"

where C* acts on CV with weights dy,--- ,dy.

By (2), the hypersurface w=!(0) ¢ CV has singularity only at the origin 0
and ¢; < %

We write w = Y, cywy, where ¢, € C* and wy, are distinct monomials.
The kernel of the homomorphism

(2.2) (wy, -+ wy) : (C)YNV — (C)”
is the symmetry group

(2.3) Gw = {(Al s ,)\N) € ((C*>N ‘ w()\lml, s ,AN.%'N) = w(:cl, e ,1‘]\[)}
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of w, which is finite by the nondegeneracy. Let
Jw — (627riq17‘ . ’eQﬂ'in) c Gw,

and fix a subgroup G of Gy, containing .J,,. The pair (w, G) is the input data
for the FJRW theory in [7].
Consider the diagonal embedding C* — (C*)” and the fiber product

Gy —— C*

|

(C*N —— (C*)
of . By the quasi-homogeneity , the homomorphism
C = (€N, et )
factors through G’w, which together with Athe inclusion G, — Gw gives us
a surjective homomorphism G,, x C* — G,, whose kernel is ug < C*, the
group of d-th roots of unity. The subgroup G of G, thus determines
G:GXC*/MdCGw
that fits into an exact sequence
(2.4) 1 —G—G5C—1.
Since G acts trivially on w, for A € G C (CHN,
(2.5) wA-x) = x(Nw(x).

The state space for the singularity (w,G) in [7] is

(2.6) H=PH,, H,=H"(C" wP)e.
veG

Here C™ is the y-fixed subspace of CV, and w® = (Re(w,)) ! (a, ), where
wy = w|cn, and a >> 0.
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If we let
Zl — Z = w; ' (0)
be the weighted blowup at the origin, then Z7 is the line bundle Og,,_(-1)
which is the restriction of O Py (—1) to Qu, = Pw;1(0) C Pfi\?,:%dN . As

N~

Qu, is smooth by [7, Lemma 2.1. 10] so is Z.

We consider the vanishing cohomology H\",‘an (Pwy 1(0)) and the primitive
cohomology Hp ;. (Pwy 1(0)) of Qu, = IP’w7 (0). Complex Morse theory then

provides us with isomorphisms

Y (€ ) = HG ™ (Puy (0) = Hyp (Pus (0)),

prim

by [I'7, Proposition 2.27] since the weighted projective space has no primitive
cohomology in non-zero degrees. On the other hand, the middle perversity
intersection homology of w3 '(0) satisfies (cf. [3, p.20])

Ny—2m .
H 5~ (P L0)), i=N,

(2.7) IH; (w31 (0)) = ¢ C, i =2N, —2

0, otherwise.

Hence we have

H”/ - IHNW (w;1(0)> C Hprlm (]P)w’;l«)))
N,—2 -1 _ gN, =27/
CHY (Pw, (0)) =H (Z7,)-
For 1,72 € G, the Thom-Sebastiani sum
Wy, Bw,, : CN @ CN2 — C

is defined by (z,y) — w., (z) + w,,(y). By [14], we have canonical isomor-
phisms and a commutative square

Ny =2 - Noyy =2 - Ny +N5, =2 -
Hvan (Pw'yll (O)) ® HV&H (wal(o)) *> HV&H (]p<w’71 E w’Yz) 1<0))

IHy,, (w3}(0)) @ IHy,, (w3;1(0) ———— IHN,, +n,, (wy, Bw,,)7(0)).
Therefore, H,, ® H., is canonically isomorphic to

(2.8) IHN, +N,, ((wyleyz)_l(O))GXG

Ny 4N, 2 _
= Hopt 2 (P(wy, Bwy,) ™ (0)97C.
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2.2. Moduli of spin curves

Given the input data (w, @), we have the moduli stack of spin curves.
A pointed twisted curve refers to a proper Deligne-Mumford stack C
with smooth substacks py,---,p, C C, such that

1) denoting the coarse moduli space by p: C — |C|, |C] is a projective
curve which has at worst nodal singularities and the markings p(p;) =
|pi| are smooth points of |C/;

2) p is an isomorphism away from special points (nodes or makings);

3) a marking is locally C/u; for some | > 0, where y; is the group of I-th
roots of unity;

4) anode is locally {zy = 0}/u; for some [ > 0, where y; acts via (z,y)* =
(22,27 1y).

The log dualizing sheaf of C' is the pullback

1 * 1 *
we? = prwig = prwicy(lp1l + -+ + pal)-

A G-spin curve is a principal G-bundle P on a pointed twisted curve
(C,p1,- -+ ,pn) equipped with an isomorphism

~ 1
¢ X+ P 2= P(w5®)

of principal C*-bundles. Here P(wlccfg) is the principal C*-bundle associated
to the line bundle wlgg ;X is as in and y,P is the principal C*-bundle
obtained by applying x to the fibers of P. Applying the inclusion map G —
(C*)N to P, we obtain a principal (C*)"-bundle P x 4 (C*)" over C which
gives us line bundles (L1, - - - , Ly). The stabilizer group Gy, of a marking p;
acts on the fiber @;L;|p, by v; = (Vij)1<i<ny € G. Welet v = (71,-++ , ) €
G" and call it the type of the G-spin curve. The stabilizer group G, of a
node p acts on &;L;|, by a v, € G.

The spin curve (C,pj, L;, ) is stable if (|C],[p1],---,|pn|) is a stable
curve, and the homomorphism from the stabilizer group of a marking p;
(resp. a node p) into G that sends the generator to 7; (resp. 7p) is injective.

Theorem 2.1. [7, Theorem 2.2.6] [16, Proposition 3.2.6] The stack Sq, of
stable G-spin curves is a smooth proper Deligne—Muanord stack with projec-
twe coarse moduli. The forgetful morphism Sy, — Mgy, sending a G-spin
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curve (C,pj, L;, ) to the underlying stable curve (|C|, |p;]) is flat proper and
quasi-finite.

A rigidification of a G-spin curve at a marking p; is an isomorphism
wj : Ll‘Pj OB LN|P7‘ — [(CN/<’Y]>]>

where (;) < G is the subgroup generated by v;, such that wy, o ¢; = res;,, o
@k]pj for every monomial wy of w. Here ¢ : L1 ®---H Ly — wlgg is the
homomorphism induced by wy and (. The moduli stack Sri,% of stable G-
spin curves with rigidification is an étale cover over S, ,, and hence S;i,% is a
proper smooth Deligne-Mumford stack. The moduli stack of G-spin curves

of type 0l with rigidification is denoted by SEE . So we have the disjoint union
rig __ rig
Sg,n - I_Ing’l.
2.3. Moduli of spin curves with sections

To simplify the notation, let S = S;E. Let £; be the universal line bundle
over the universal curve 7 : C — S over S. By [16], §4.2], there are a locally
free resolution

(2.9) Rr.(aN L) = M L5 P

and a smooth morphism

n
ay: M — B=B,=]]Cc".
j=1

The Thom-Sebastiani sum w, = w,, B---Bw,, is a polynomial function
on B = B, whose zero locus is denoted by Z = Z.

Let Ey = pyF" and sy be the section of Ey defined by 8 where pay :
M — S is the bundle projection. Then the zero locus sy; (0) of the section
is the moduli space

X = x5
of stable G-spin curves (C, pj, L;, ¢) of type v together with rigidification ¢

and sections (z1,--- ,zy) € ®;H°(L;) of the line bundles L;. By [16] §4.2],
Ejr admits a cosection (i.e. a homomorphism to the structure sheaf) oy :
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Ey — Op, which satisfies
opmosy =wyoqy and XN 01\_/[1(0)er =285.
Since the sum of residues of any meromorphic 1-form over a curve is zero,
(2.10) X=X2CY =Yy, =2ZxpMCM.
In summary we have the following diagram:

(2.11) Ey 2250y ——M xC

By (2.10)), we have a fiber diagram

(2.12) X———Y—M

N

7“—— B.

Here qy is smooth as qp is smooth. The restriction of Eys (resp. oy, resp.
sy) to Y is denoted by E (resp. o, resp. s). By (2.10), X = s~1(0).

Because Z has at most an isolated hypersurface singularity by our as-
sumption on the quasi-homogeneous polynomial w, for dim¢ Z =m — 1 > 2,
the affine variety Z is normal and hence Y is a normal as well. When
m < 2, we may replace Z by its normalization. The intersection homology
remains the same under normalization and all the arguments in this paper
go through. Therefore for the FJRW theory, it suffices to work under the
following.

Assumption 2.2. Let Y be a normal Deligne-Mumford stack over C. Let
s € HY(E) for a vector bundle E of rank r over Y and let X = s~1(0). Let
o € H(EY) = Homy (E, Oy) be a cosection of E satisfying

(2.13) gos=0.

Let 3 = 07 (0) = zero(o) be the degeneracy locus where o is zero (i.e. not
surjective). We assume that S =X N3 is proper and there is a smooth
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morphisms q=qy : Y — Z where Z = w;l(()) C B =C™ is the hypersur-
face defined by a nondegenerate quasi-homogeneous polynomial wy. Let g:
7' — Z be the blowup of Z at the origin, so that Z' is smooth. We let

f:Y'=Y xzZ' =Y denote the pullback of g by q:Y — Z.

More precisely, X (resp. 3) is the closed substack defined by the image
of sV : EY — Oy (resp. 0 : E — Oy) in Oy.

3. Algebraic virtual cycles

In this section, we construct algebraic virtual cycles for quantum singularity
theories and define Fourier-Mukai type integral transformations which will
give us cohomological field theories in the subsequent sections.

We use the notation in Let E,Y,s,0 be as in Assumption In par-
ticular, the moduli space X = X5 of rigidified G-spin curves with sections

(Cv bj, Lia 2 '(/}, xi),

where (C,pj, L, p,0) € S = S;ii and z; € H(L;), is the zero locus of s €

HO(E) in Y. The restriction of the smooth morphism q = qy to X is denoted
byax : X = Z=Z2,.

3.1. Cosection localized virtual cycle by blowup

By [I}, §6], there is a relative perfect obstruction theory
d
(3.1) Ox/z : Exjz = [BElx — Qyyzlx] — Lx/z

where L,z = e /z is the truncated relative cotangent complex of qx.
In other words, h(¢x/z) is an isomorphism and h™'(¢y,z) is surjective.
Since 0 0 s =wy0oq =0 (cf. (2.11)), o o ds|r,,, = 0 and hence o : E — Oy

induces a cosection
d.
(32) JX/Z : ObX/Z = COker(TY/Z’X —8>E’X) — OX

of the relative obstruction sheaf. Let X° C X be the preimage of the smooth
part Zgy C Z. Then an easy argument shows that the cosection de-
scends to a cosection of the obstruction sheaf Obx | x- of the induced absolute
perfect obstruction theory of X°. The desired descent fails over X — X°.
In order to obtain an absolute perfect obstruction theory with a cosection
of its obstruction sheaf, we consider the blowup g:Z' — Z = Z, at the
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origin and the fiber product

/

(3.3) S L X y L,z
I I R
S—5X y 21,7

so that Y’ (resp. Z') is a smooth model of Y (resp. Z). We denote the
pullbacks of E,s,0,3 to Y’ by E’,s',0’,3 so that X' = s’_l(()) and 3 =
o’ "1(0) while ' = X' N 3.

The pullback of to Y’ is a relative perfect obstruction theory

ds’
(34) ¢X//Z/ . EX'/Z' = [E/|}/(/ — QY//Z/ X'] — ]LX//Z/.
We also have the absolute perfect obstruction theory

ds’
(3.5) ¢X’ : EXI = [EB/(, — Qy/

X’] ? ILX’-
As O', o) Sl =0on Y/ O'/ desends to a cosection
)

(3.6) ox: : Obyx: = coker(ds' : Ty/|x — E’

X’) — 0 X'
Therefore we can apply the cosection localization principle.

Theorem 3.1. [12, Theorem 5.1] Let X' be a Deligne-Mumford stack
equipped with a perfect obstruction theory ¢x and a cosection ox: : Obx: —
Ox:. Then X' admits a localized virtual cycle

[[X/]]vir c A*(SI)

loc

where S is the zero locus of ox:. Its image in A.(X') by the inclusion
S' C X' is the ordinary virtual fundamental class [X']"" and [X']YE is de-
formation invariant in the sense of intersection theory (cf. [1l]).

loc
[12 Proposition 4.3], the normal cone C'x//y+ C E'|x/ has support in

Under Assumption the construction of [X']V" goes as follows: By

E/’X/(UX/) = E/|S/ @] kel"(O'X/ : E/’X’—S’ — OX’—S’)-
Then we apply the cosection localized Gysin map

(3.7) 0% CAL(F|x:(0x0)) — Al(S)

‘X’»UX/
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to the cycle [Cx,/y/] to obtain
(3.8) [X'Tiae = O!E\X/,UX/ [Cx/yv/] € Au(S).

Since dim Cx//y+ = dimY = dim S + rank(M) — 1, the dimension of [Xx'yi

loc
1S

(3.9)  dimS +rank(M) — 1 —rank(E) =39 —3+n—1+ > x(Li).

)

This class [X']}* depends only on the perfect obstruction theory ¢y

loc .
and the cosection ox/. In particular, the virtual cycle [X'[}'f € A.(S') is

loc

independent of a choice of the resolution , and hence the choices of Y,
E, etc in

The construction of in [12, §2] under Assumption goes as fol-
lows: Let p: Y’ — Y’ be the blowup of Y’ along 3’ (equivalently along the
ideal o’(E")) so that the pullback of ¢’ is a surjection E' = p*E’ — Og,(—=3)
where SN’ denotes the exceptional divisor of p. Restricting these to X' =
X’ xy+ Y, we have a short exact sequence

0—F — FE'lg, — 0z/(-5)—0

of locally free sheaves where S’ = S’ xy+ Y’. For ¢ € A.(F
pick ¢’ € A.(F') and ' € A,(E'|s/) such that

X/(O'XI)), we

(310) 5/ = P*CI + Z/*n,, and g,‘X’—S’ = C,

)?/7:57/

where ¢/, is the pushforward induced by the inclusion S” C X’. Then (3.7))
is defined by

|
(3.11) 0%,

‘x/yo'x/

(€)= =ps. (5 05(C)) + 0y, (1) € Au(S)

where pg : §" — &' is the restriction of p, 0%, and O!E’Is/ denote the ordinary

Gysin maps and S'- denotes the intersection with the Cartier divisor S’ (cf.
). By [12, §2], is independent of all the choices. Moreover, instead
of p, we may use any ox-regularizing morphism (Definition and
is independent of this choice as well.
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3.2. Integral transformations by virtual cycles

In this subsection, we define integral transformations by the virtual cycles
constructed in Theorem [3.I] We will see in the subsequent section that these
transformations form cohomological field theories.

Under Assumption by Theorem we have the virtual cycle
[X'T}r € A.(S") where S’ = S x x X'. From (3.3), we have morphisms

loc
(3.12) 7' 5 2y s

where p is obtained from g by base change and ¢ is the restriction of q’ to

S’. Since g is the blowup at the origin, p is proper. As S = S”gy is proper,
so is 9.

As the blowup Z’ is a line bundle over PZ = Pw;'(0), the cohomol-

ogy H*(Z') of Z' is isomorphic to H*(Pw;'(0)) D H;rlm(IP’ww_l(O)). By the
Thom-Sebastiani isomorphism (2.8]), we have B

-2 _ n
(313) ’Y - ®H'Y] = prlm (Pwll(o))G
- HZJ N2 (P, 1(0)) = H= N 3(Z7).

Since N,, are often an odd number, a class in H, is not algebraic in general.
Hence for a Fourier-Mukai type integral transformation with our state space
H.,, we cannot use the Chow groups.

~ For an irreducible variety V, we can associate the Borel-Moore homology
class of V' after choosing a suitable triangulation. See [4] [I1] for Borel-Moore
homology. We thus have the cycle class map (cf. [9, Chapter 19])

(3.14) hg + Au(S") — H.(S)
and the homological virtual cycle

(3.15) XTI = he [X'IVE € HL(S).

loc loc

By (3.12)) and (3.15)), we define our integral transformations as
(3.16) @ s HY(Z') — H*(S), Py (v) = pu([X'15 N ¢ (v))-

We have a forgetful morphism

st: S = S;tgl; — Mg,n: (CapjaLi7§07w> = (‘C’? ’pj‘)
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whose pushforward is denoted by st.: H.(S) = H.(M,,) = H*(Mgy,,).
Composing (3.16)) and (3.13) with
(=1

1
(3.17) deg st

sty 1 Ho(S) — Ho (M)

where D = — %" x(L;), we obtain the composite

(3.18) Q. Hy —> H*(Z') — H.(S) — H.(My,) = H*(M,,).

Summing up for v € G", we obtain

Definition 3.2. For g > 0 andn > 0 with 2g — 2+ n > 0, we have homo-
morphisms

(3.19) CHE = EBH — H.(M,,) = H*(M,,,).

By (3.9), the image of Q;th"z lies in degree
(3.20) 2(3g—3+n—1+ZX(Li)> - (ZNj—2>
i j
=69 —6+2n+2) x(Li)— > Ny,

which matches the computation in [7, Theorem 4.1.1].

In we will see that the homomorphisms in Definition form a
cohomological field theoy by comparing them with the cohomological field
theory constructed in [13].

4. Quantum singularity theories via intersection homology

In this section, we recall the construction of cohomological field theories by
intersection homology in [13].

We refer to [I3], §2] for useful facts about Borel-Moore homology and
intersection homology. For instance, we will use the natural map

€y : IHZ(Y) — HZ(Y)

that sends the middle perversity intersection homology cycles to itself in the
Borel-Moore homology. Also, we will use proper pushforwards and placid
(flat) pullbacks of Borel-Moore homology groups.
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We first recall the cosection localized Gysin maps for intersection homol-
ogy groups. Let E be a vector bundle of rank r over a Deligne-Mumford stack
Y. Let s be a section and X = s71(0). The canonical orientation on the fibers
by the complex structure gives us the Thom class 1y € H?(E,E —0g) =
H¥ (FE) where Op denotes the zero section of E. The section s induces
a map (Y,X) — (E,0g) and e(E,s) = s*ry,p € H" (Y)Y — X) = HY (Y).
The (ordinary) Gysin map is now defined as

st Hy(Y) — Hi9,(X), & ENe(E,s).

When E is equipped with a cosection ¢ : E — Oy, s' further localizes to
S = X N 3 where 3 is the locus where o is not surjective. Let ¢ : S — X be
the inclusion map. The following cosection localized Gysin map is the main
machinery in this section.

Theorem 4.1. [13, Theorem 3.2] Under Assumption we have a ho-
momorphism

!

(41) S, . IHZ(Y) — Hi,QT(S)

o
whose composition with 1, : H;_2.(S) — H;_2,(X) equals s' o ey.

Here is an outline of the construction: For s-, we have to resolve the

o
degeneracy of o.

Definition 4.2. Under Assumption a proper morphism p : Y Y is
called o-regularizing if it is an isomorphism over Y — 3 and the pullback
E=p"E — 0y of 0: E — Oy factors through a surjective homomorphism
5:E— o?(—g) for an effective Cartier divisor 3 lying over 3.

For instance, the blowup of Y along the ideal I = o(FE) C Oy is o-
regularizing.

Let p:Y =Y be a o-regularizing morphism and F' be the kernel of
the surjection 6 : E — Oy (—3). By the decomposition theorem [2], for any
¢ € Hy(Y), we can always find ¢ € Hy(Y) and n € H;(3) such that

ey (&) = pe(Q) +2:0), v (©ly—3=Cly_3

where j:3 — Y denotes the inclusion (cf. [I3, Lemma 2.2]). Then s. is
defined by

(42)  sh(©) = —ps. (CNe(F3) N e(0%(8),t5)) + 0 e(Bl3,503)
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where tz is the section of O )?(g ) whose zero locus is S. It was proved in [I3,
§3] that s. (€) is independent of the choices of ¢, n and p.

In the FJRW theory, with S = S8, X = X3 B, =[]/, C™ and w =
W, Assumption is satisfied and hence we have the cosection localized
Gysin map

(4.3) syt TH;(Y) — Hy_pani(p)(S)

by Theorem Moreover since qy is smooth, we have the pullback homo-
morphism

(4.4) q; : IHZ'(Z) — IHz'—i—dimmg M—dimRB(Y)‘

Composing (4.3)) and (4.4) with the Thom-Sebastiani isomorphism

Hy = QHy, = IHy x, (w,(0)",
i

we obtain

(45) My = IHy n, (w1 (0) =5 TH(Y) = Hywa(x)-x w7, (S55)

where vd(X) =39 —3 +n+ ), x(L;) is the virtual dimension of X.
Composing (4.5)) with (3.17) and summing over v, we obtain

(4.6) Qg HE" — H* (M ).

Theorem 4.3. [13, Theorem 4.5] The homomorphisms {Qg n}og—24n>0 in
define a cohomological field theory with a unit for the state space H.
Moreover this cohomological field theory coincides with that in [7, Theorem
4.2.2] when we restrict H to the narrow sector @W:Nw —0.v; Q; My,

Here a cohomological field theory is a term that codifies nice properties
expected from curve counting invariants as follows.

Definition 4.4. Let H be a vector space equipped with a basis {e1, -+ ,em}
and a perfect pairing {(ey,e;) = cx;. A cohomological field theory with a unit
1 for the state space H consists of homomorphisms

(4.7) Qgn  H®" — H* (M), for2g—2+n>0

satisfying the following:
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1) if we let the symmetric group Sy, act on M, by permuting the mark-
ings and on H®™ by permuting the factors, Qg is Sp-equivariant;

2) if we let u: My_1 42 — M, denote the gluing of the last two mark-
ings, then we have

(4.8) W Qgn(vi, e vn) = Y Q1 nya(v1, s ek, €0)
k1l
in H*(Mg—1n+2) for all v; € H where (™) = ()™

3) if we let w: Mg, pny+1 X Mg, nys1 — Mg, with g = g1+ g2 and n =
ny1 + ng denote the gluing of the last markings, then
(4.9)
u*Qg n Ula e 7vn ZC le ni+1 ’U17 e 7U7L176k) & Qgg,n2+1(v7bl+17 oty Un, el)

in H* (Mg, n,+1) @ H (Mg, n,+1) for all v; € H;

4) if we let 0 : My u+1 — My, denote the morphism forgetting the last
marking, we have

(4.10) Qgnt1(vi, -, 0p, 1) =0Qg (v1, -+ ,vn), Vo € H;
5) Qo3(vi,v2,1) = (vi,v2) forv; € H.

For a smooth projective variety @, letting MQW(Q, d) denote the moduli
stack of stable maps to @ of genus g and degree d, it is well known that

HY(Q)®" — H* (M), (v;) = pu | [Mgn(Q,d)]"™ H

form a cohomological field theory where p : My, (Q,d) = Mgy, is the for-
getful morphism and ev; : M4, (Q,d) — @ is the evaluation map at the j-th
marking.

The homomorphisms are suitable for proving the axioms of coho-
mological field theories while those in Definition are defined by Fourier-
Mukai type integral operators with algebraic kernels [X' ]]{gﬂ In the subse-
quent section, we will prove that actually they are the same.

We end this section with the following.
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Proposition 4.5. Let E be an algebraic vector bundle of rank r over a
smooth Deligne-Mumford stack Y. Let s € H(E) and o € HY(EV) satisfy
ogos=0. Let X =zero(s), 3 =zero(c) and S =X N3. Then

splY] = [XJioe := hs[XDioe € Hadimy—20(5),

where s\ is from Theorem and [X]VE is from TheOTem (with primes

loc
removed).

Proof. Suppose 0 = 0. Let I' C E x C* be the graph of the section (y,t) —
t~1s(y). Let T be the closure of I' in E x C. Then for t # 0, the fiber T'; over
t is isomorphic to Y and the fiber I'y over ¢ = 0 is the normal cone Cx/y
(cf. [9]). As Y =T is homologous to 'y = Cy/y, s' Y] = S![Cx/y]. The
proposition now follows from the fact that S![CX/y] = hx o0 [Cx/v] by [9
Chapter 19] where O!E denotes the algebraic Gysin map of Chow groups.

When o is not necessarily zero, we let p: Y =Y be the blowup of Y
along 3 so that we have an exact sequence

0—>F—>Ei>(‘)}~,(—5) —0

where 3 is the exceptional divisor, E , § and & denote the pullbacks of E, s
and o to Y respectively. Then

Y] = p[¥].

From the commutative diagram

?x(C*t_—lg)ExC*

Y x C* 5 B x

we find that [Cx/y] = p« [[C;(/};]] as Cx/y (resp. C)}/f,) is rationally equiva-
lent to Y in E (resp. Y in E). Here f : E‘f( — El|x is the induced map from

p- By B.10),
[XT = 0%y L[Cx/v] = —ps.(S - 07 [Cx 57 D-

By [9, Chapter 19], (4.2) and the case for trivial cosection, if we apply the
cycle class map hg, we obtain

hs[XTige = —ps.(t55[Y]) = s[Y]
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as desired. O

A direct consequence of Proposition is the following.

Corollary 4.6. Under Assumption letting Z' — Z = Z., be the blowup
at the origin and using the notation of 3, we have

loc o’

(4.11) (X' = [y], and D xpir (@) = P8’ Y] N g% ()
for o € H*(Z").
5. Comparison

The goal of this section is to prove the following.

Theorem 5.1. The homomorphism Qg , in (4.6) equals €0 ,, in .
Hence, the integral transformations @ x. v with algebraic kernels (X’ ]‘“r give

loc
rise to cohomological field theories {2 ,}.

Proof. Recall that the maps (4.6) (resp. (3.19))) are obtained by composing
s q* (resp. ®xqyi) with the stabilization (3.17). Therefore the theorem
follows once we show that whenever

(5.1) ez(v) = g.([Z'1Na) for a € H*(Z'),v € IH.(Z),

(5.2) Ppyp (@) = pu(X'TE N g*a) = spq"(v),

which is Theorem 5.4 below. Note that since Z = w, 1(0) is a nondegenerate
hypersurface singularity, if we let m — 1 =dim Z, IH,,(Z) = H;ﬁm? (PZ) C

H™2(PZ) >~ H™ %(Z') = H,,(Z') and we have a commutative diagram

[Z 1N

(5.3) Hp(Z2') ¢ H™2(Z") +—— H™2(PZ)

Hp(Z) % IH,,(Z) —— H™ J(IPZ).

prim

By the isomorphism IH,,(Z) = H™—*(PZ),a € H"—*(PZ) and v € IH,,(Z)

prim prim
determine each other uniquely. O
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For a proof of (5.2)), we need a couple of propositions on the cosection
localized Gysin map s,,.
By [10} 5.2], for a Deligne-Mumford stack Y, we have a cap product

(5.4) IH;(Y) x HH(Y) S5 IH; ;(Y), (¢,a)—&Nna
which fits into a commutative diagram

(5.5) IH;(Y) x HI(Y) " IH; ;(Y)
€Y><1J( J{CY
Hi(Y) x HI(Y) 2— H;_;(Y)

where the bottom arrow is the usual cap product [11], IX.3]. The cap product
satisfies the projection formula (cf. [11} 1X.3.7])

(5.6) g((Nfra)=fibNa, €€ Hi(X), a€HY)=H,Y-W)

where f: X — Y is proper and g : f~1(W) — W is the restriction of f to
fY (W) =W xy X for closed W C Y. For closed A and B in Y,

(5.7) Ena)npla=&en(aup) =(Enp)nals
for £ € Hi(Y), a € Hil(Y) and 8 € HE(Y) when jk is even.

Proposition 5.2. Let X = zero(s), 3 = zero(c) and S =X N3. For a €
HI(Y) and & € IH;(Y), we have

sb(ENa) = s (&) Nals € Hi_jar(9).

Proof. Let p: Y — Y be a o-regularizing birational morphism such that the
exceptional divisor 3 lies over 3 = zero(c). The cosection o : £ — Oy lifts to
a surjective homomorphism 6 : E = p*E — Oy (—3) whose kernel is denoted
by F. For s.(¢), we pick ¢ € H;(Y) and € H;(3) such that

ev(§) = pC+2m ev(©lv—3 =C(ly_3

where 5 : 3 — Y denotes the inclusion. By the definition of s , we have

(58)  sp(&) =nNe(El3sl3) = ps.(CNe(F,3) Ne(05(5),t3))

where pg : S — S is the restriction of p to S=Y Xy S and tg is the section
of O ¢(S5) whose vanishing locus is the divisor S.
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By (5.5) and (5.6]), we have

ey(§Na)=ey(§) Na=p(C)Na+r(nNa
=p((Npa) + (N ).

Hence we have

s (€Na) = (N ") Ne(Els, s3) i
— p5.((CN ") Ne(F.5) Ne(05(S), t)).

By (5.7), the above line equals
(5.9)  (nNe(El3,sl3)) Nals — ps.(¢ N e(F,5) Ne(0(5),t5) N psals)-
By the projection formula again and (5.8)), (5.9)) equals

(N e(El3,5]3)) Nals — ps.(C Ne(F,3) Ne(05(S),t5) Nals
= 5,(¢) Nals.

This proves the proposition. [l

Proposition 5.3. Let f : Y’ — Y be a proper morphism of normal Deligne-
Mumford stacks. Let E',s',0’, X', 3, 5" etc be the pullbacks of E,s,0,X,3,S
etc by f. Let p: S" — S denote the restriction of f to S'. Let & € IH;(Y).
Suppose there exists &' € IH;(Y') such that feey: (') = ey (§). Then we have

e’ 5 (&) = 5,(€) € Hi—or(S).

Proof. Let p: Y -5 Ybea o-regularizing birational morphism so that o lifts
to the surjective homomorphism ¢ : £ = p*E — O (—3) over Y with kernel
F. Consider the fiber product

G Ve

1

Y —Y

Then & lifts to a surjective homomorphism &' : E/ = p/*E’ — O, ( —3/) where

B/ZEX? 17/.
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For ', (¢'), we pick ¢/ € Hy(Y’) and f € Hy(3') such that

(5.10) ey (&) = pl + 20, evi(§)ly—z =

Y-3
where 7 : 3’ = Y’ denotes the inclusion. By the definition of s".,, we have
(5:11) &' (&) =1 Ne(E3,5]3) = psr(¢/ Ne(F,5) Ne(05.(5),t5))
By applying f. to , we have
ev(€) = feey: (&) = fopl + Fedn = po(Fo(O)) + 2a(F3.(0))

where : 3’ — 3 denotes the restriction of f to 3’ = 3 xy Y’. Moreover,
v 3

f(ly_5 = feey (E)]y—3 = ey (€)|y—3 by (5-10). Hence, we have

(5.12) 55,(8) = f3.(0") N e(El3,5]3) = ps.(f2((') N e(F,5) N e(05(9),t5)).

3))

By the projection formula (5.6)), f3,(n") Ne(E|3,s|3) = p«(n Ne(E’
and

35S

ps.(fe(()Ne(F,5) Ne(05(S). t3)) N
= psuB(¢'Ne(F",8) Ne(05,(5), t5)
= p*pS’*(CI N e(Flv 5/) N 6(0)},(5/), t§/))7

where p comes from the fiber diagram

§’L>§

s -r.g
Hence by (5.11)), (5.12)) equals
- ~ !
pe (1 Ne(E 5. 513) — psro (¢ N1 e(F ) N (05, (8. t5.))) = pus'he(€).

This proves the proposition. O
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Theorem 5.4. Under Assumption we let g: Z' — Z be a birational
proper morphism with Z' smooth. Consider the fiber product

(5.13) v Ly

q’l lq
72z
so that Y’ is smooth. Let E',s', o', X', S etc be the pullbacks of E,s,0,X,S
etc by f. Let p: S" — S denote the restriction of f to S' and q: S — 7'
be the restriction of @' to S’. Then (5.2) holds and we have a commutative
diagram

(5.14) Ho(2') & (20 s ()

%J | P*

H(Z) 2 [H,(2) %5 IH(Y) —=— H,(S)

where by Corollary@ the virtual cycle for X' is
(5.15) (X' = /0 [V = Y] Neq (B, 8') € Ha(S).
Proof. By and Proposition we have
(516)  p(XTENg ) = pu(s[Y] N g%0)
= pas'o (Y] N 0) = pus'pd* (12 N )
since Y, Z', ¢’ are smooth. From the fiber diagram (5.13)), we have
fd™([ZNa) = a'g.([Z] N a) = q’ez(v) = ev(q™v)

since q is smooth. Therefore, by Proposition (5.16) equals s' q*v as
desired. O

References
[1] K. Behrend and B. Fantechi. The intrinsic normal cone. Invent. Math.

128 (1997), 45-88.

[2] A. Beilinson, J. Bernstein and P. Deligne. Faisceaux pervers. Analysis
and topology on singular spaces, I (Luminy, 1981), 5-171, Astérisque,
100, Soc. Math. France, Paris, 1982.



Algebraic virtual cycles for quantum singularity theories 1773

[3] A. Borel et al. Intersection cohomology. Notes on the seminar held at
the University of Bern, Bern, 1983.

[4] Bredon. Sheaf theory. Graduate Texts in Mathematics, 170. Springer-
Verlag, New York, 1997.

[5] H.-L. Chang, J. Li and W.-P. Li. Witten’s top Chern class via cosection
localization. Invent. Math. 200 (2015), no. 3, 1015-1063.

[6] A. Chiodo. The Witten top Chern class via K-theory. J. Algebraic
Geom. 15 (2006), no. 4, 681-707.

[7] H. Fan, T. Jarvis and Y. Ruan. The Witten equation, mirror symmetry,
and quantum singularity theory. Ann. of Math. (2) 178 (2013), no. 1,
1-106.

[8] H. Fan, T. Jarvis and Y. Ruan. A mathematical theory of the gauged
linear sigma model. Geom. Topol. 22, No. 1 (2018), 235-303.

[9] W. Fulton. Intersection theory. Second edition. Ergebnisse der Mathe-
matik und ihrer Grenzgebiete. 3. Folge. A Series of Modern Surveys in
Mathematics, 2. Springer-Verlag, Berlin, 1998.

[10] M. Goresky and R. MacPherson. Intersection cohomology. II. Invent.
Math. 72 (1983), no. 1, 77-129.

[11] B. Iverson. Cohomology of sheaves. Universitext. Springer-Verlag,
Berlin, 1986.

[12] Y.-H. Kiem and J. Li. Localizing virtual cycles by cosections. J. Amer.
Math. Soc. 26 (2013), no. 4, 1025-1050.

[13] Y.-H. Kiem and J. Li. Quantum singularity theories via cosection local-
ization. J. Reine Angew. Math. 766 (2020), 73-107.

[14] D. Massey. The Sebastiani-Thom isomorphism in the derived category.
Compositio Math. 125 (2001), no. 3, 353-362.

[15] A. Polishchuk and A. Vaintrob. Algebraic construction of Witten’s top
Chern class. Advances in algebraic geometry motivated by physics
(Lowell, MA, 2000), 229-249, Contemp. Math., 276, Amer. Math. Soc.,
Providence, RI, 2001.

[16] A. Polishchuk and A. Vaintrob. Matriz factorizations and cohomological
field theories. J. Reine Angew. Math. 714 (2016), 1-122.



1774 H.-L. Chang, Y.-H. Kiem, and J. Li

[17] C. Voisin. Hodge theory and complex algebraic geometry. II. Cambridge
Studies in Advanced Mathematics, 77. Cambridge University Press,
Cambridge, 2007.

[18] E. Witten. Algebraic geometry associated with matriz models of two-
dimensional gravity. Topological methods in modern mathematics
(Stony Brook, NY, 1991), 235-269, Publish or Perish, Houston, TX,
1993.

DEPARTMENT OF MATHEMATICS

HoNG KONG UNIVERSITY OF SCIENCE AND TECHNOLOGY
CLEARWATER BAy, KowLooN, HonG KoNG

E-mail address: mahlchang@ust.hk

DEPARTMENT OF MATHEMATICS AND RESEARCH INSTITUTE OF MATHEMATICS
SEOUL NATIONAL UNIVERSITY, SEOUL 08826, KOREA
E-mail address: kiem@snu.ac.kr

SHANGHAI CENTER FOR MATHEMATICAL SCIENCES
FUDAN UNIVERSITY, SHANGHAI, CHINA
E-mail address: 11jun2210@fudan.edu.cn

RECEIVED JANUARY 30, 2019
AccepTED JuLy 13, 2019



	Introduction
	Spin curves and FJRW invariants
	Algebraic virtual cycles
	Quantum singularity theories via intersection homology
	Comparison
	References

