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A generalization of the Escobar-Riemann

mapping-type problem to smooth
metric measure spaces

JHOVANNY MUNOZ Posso

In this article, we introduce a problem analogous to the Yamabe-
type problem considered by Case in [4], which generalizes the
Escobar-Riemann mapping problem for smooth metric measure
spaces with boundary. For this purpose, we consider the gener-
alization of the Sobolev trace inequality deduced by Bolley et al.
in [3]. This trace inequality allows us to introduce an Escobar quo-
tient and its infimum. We call this infimum the weighted Escobar
constant. The Escobar-Riemann mapping-type problem for smooth
metric measure spaces in manifolds with boundary consists of find-
ing a function that attains the weighted Escobar constant. Further-
more, we resolve this problem when the weighted Escobar constant
is negative. Finally, we obtain an Aubin-type inequality, connecting
the weighted Escobar constant for compact smooth metric measure
spaces and the optimal constant for the trace inequality in [3].
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1. Introduction

When (M™, g) is a Riemannian manifold with boundary, we denote by 0 M
the boundary of M and by H, the trace of the second fundamental form of
OM. The Escobar-Riemann mapping problem for manifolds with boundary
is concerned with finding a metric g that has scalar curvature R, = 0 in M
and constant Hy on OM in the conformal class of the initial metric g (see
[8]). Since this problem in the Euclidean half-space reduces to finding the
minimizers in the sharp Sobolev trace inequality, we consider a particular
case of the trace Gagliardo-Nirenberg-Sobolev inequality in [3].

To present the trace Gagliardo-Nirenberg-Sobolev inequality, let R’} =
{(z,t) : x € R""1,¢ > 0} denote the half-space and IR = {(2,0) € R" : z €
R"~1} denote its boundary. We identify OR" with R"~! whenever necessary.

(mtn—1)
i (R, it holds

Theorem 1. [3] Fizm > 0. For allw € WY2(R?) N L
that

(1) s

m
2(m+n—1) mAn—1 2 2(m+n—1) mAn—l
A | [ Jul 55 <( [ owup) ([ s
OR™ R% n

+

where the constant Ay, ,, is given by

2m4n—1

Vol(SQern—l)Mﬁ Lt
2(2m +n — 2)

L ( D@min-1) T
7 (m+n—1)

(2) Ay = (m—i—n—2)2 (

and Vol (S*™+n=1) is the volume of the 2m + n — 1-dimensional unit sphere.
Moreover, equality holds if and only if w is a constant multiple of the function
We z, defined on R’y by

) vty = ()

(e4+1)% + |z — zo]?

where € > 0 and o € R 1.

Note that the special case m = 0 in Theorem [l| recovers the well-known
sharp Sobolev trace inequality of Beckner and Escobar (see [I] and [7]).
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On the other hand, Del Pino and Dolbeaut studied the sharp Gagliardo-
Nirenberg-Sobolev inequalities. Based on Del Pino and Dolbeaut’s result,
Case, in [4], considered a Yamabe-type problem for smooth metric measure
spaces in manifolds without boundary, which generalizes the Yamabe pro-
blem when m = 0. Then, using Theorem [I] instead of Gagliardo-Nirenberg-
Sobolev inequalities and following ideas similar to those in [4], we will intro-
duce an Escobar-Riemann mapping-type problem for smooth metric mea-
sure spaces in manifolds with boundary. Thus, it is necessary to consider the
notion of a smooth metric measure space with boundary defined by a five-
tuple (M™, g, e_¢dVg, e_¢dag, m), where dV, and do, are the volume form
induced by the metric g in M and on the boundary OM, respectively; ¢ is a
function such that ¢ € C°°(M); and m is a parameter such that m € [0, 00).
In addition, if m = 0, we require ¢ = 0.

Let us denote the scalar curvature, the Laplacian and the gradient asso-
ciated with the metric g by Ry, Ay, and V4, respectively. The weighted scalar
curvature R3 of a smooth metric measure space for m = 0 is R = Ry, and
that for m 75 0 is the function R := Ry + 2A4¢ — m“ V02 The weighted
Escobar quotient for this smooth metric measure is deﬁned by

[ (IVw|? + MRW 2e=?dV, + Joar somnty S Hw?e %doy

. 4(m+n—1) (m+n—1)
Q(’LU) - 2(m4n—1) ¢ 2m+4n—2 2(m+n—1) (m 1)¢ m ’
faM |w mtn—2 e dO'g) mtn—1 fM |’UJ| mtn—2 @ dV. ) mtn—1
where we denote by H' = H, — W the Gromov mean curvature and o is
n n

the outer normal derivative.
The weighted Escobar constant A{M™, g,e~%dVy,e~%do,,m] € RU {—o0}
is defined by

(5) A:=A[M", g,e %dV,, e %do,,m] = inf{Q(w) : w € H (M, e~ ?dV,)}.

If m = 0, the quotient coincides with the Sobolev quotient considered
by Escobar in the Escobar-Riemann mapping problem. We prove the exis-
tence of a minimizer of the weighted Escobar constant when this constant
is finite and negative. The exact statement is as follows:

Theorem A. Let (M™" g,e ®dV,, e ®do,,m) be a compact smooth met-
ric measure space with boundary such that m > 0 and the weighted FEsco-

bar constant satisfies —oo < A < 0. Then, there exists a positive function
w € C*°(M) such that

Q(w) = A[M", g, e*‘ﬁdV}], e*‘ﬁdag, m].



1816 Jhovanny Munoz Posso

Using Theorem [I, we prove that the weighted Escobar constant for a
compact smooth measure space with boundary is always less than or equal to
the weighted Escobar constant of the model case (R, dt? + dz?,dV,do, m).

Theorem B. Let (M",g, e‘¢dVg,e_¢dag,m) be a compact smooth metric
measure space with boundary such that m > 0. Then

(6)  A[M", g,e %dV,, e ?dog,m] < AR, dt* + da?,dV,do, m] = Ay

We recall that in the Escobar-Riemann mapping problem (m = 0), if the
inequality @ is strict, it follows the existence of the minimizer. The same
result is expected for the Escobar-Riemann-type problem. For that reason,
we conjecture the following:

Conjecture. Let (M",g,e*‘ﬁdvg,e*‘i’dag,m) be a compact smooth metric
measure space with boundary such that m > 0 and
(7)

— 00 < A[M", g,e7%dV,, e~ ?doy,m] < A[R'L, dt* + da?,dV,do, m] = Ay .

Then, there exists a positive function w € C*°(M) such that
Q(w) = A[M™, g, e %dV,, e %day, m].

The conjecture is one way to show that the weighted Escobar constant
is minimized when A is nonnegative (see Remark [ below for another way).
Additionally, Case, in [4], proved a similar result for the weighted Yamabe
constant on smooth metric measure spaces without boundary. He used this
result to obtain the existence of minimizers of the weighted Yamabe constant
for m € N. Additionally, Munoz in [I1] used this to obtain the existence of
minimizers of the weighted Yamabe constant for the nonlocally conformally
flat manifolds, with small parameter m and dimension n > 6. To follow
Case’s ideas for proving the conjecture, it is necessary to obtain a Liouville-
type result for the inequality , which, to the best of our knowledge, has
not yet been proven.

This paper is organized as follows. In section 2, we give a different proof
for Theorem [I| than that given in [3] for the particular case of 2m € NU {0}.
In sections[3|and 4], we consider our notion of smooth metric measure spaces
with boundary and other concepts to introduce our Escobar-Riemann-type
problem. In sections [5| and [6], we prove Theorem A and B, respectively.
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2. General trace inequality

In this section, we give a proof for Theorem (1| for the case of 2m € N U {0},
which is different from the proof in [3]. As we mentioned in the introduction,
the trace Gagliardo-Nirenberg-Sobolev inequality facilitates an introduction
of our Escobar-Riemann-type problem. The proof that we present depends
on the Sobolev trace inequality in R”*2™ and its minimizers. This idea is
based on Bakry et al. (see [2]).

Remark 1. To facilitate the reading of the proof of Theorem we re-
call that the case m = 0 in inequality recovers the sharp Sobolev trace
inequality (see [1l] and [7])

1 —2

(8) Ao,n</ \wlzf—?) S(/ \Vw!2>,
OR™ R”

where Aoy, = %ﬁ(vol(sn_l))ﬁ. Equality in holds if and only if w is a
positive constant multiple of the functions of the form

n—2

®) = (<e+t>2+6|x—x012)2'

Lemma 1. Letp, q, B, and C be positive numbers and define h(t) = BTP +
C171 for T > 0. Then, h attains the infimum in 79 = (g—i)m and

inf h(7) = h(r) = BrtaCrra <q> e (‘Hp> _

7>0 P P

Proof. Since h is a positive continuous function for 7 > 0 and

lim A(7) = lim h(T) = oo,

T—0*t T—00

it follows that h attains the infimum for some 79 > 0. A direct CQmputation
shows that /(1) = P~ 1(pB — ¢C7P~9). Therefore, 79 = (}%)m and
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O\ — CN\ -2 C\—L
h((fﬁ)T’*‘l) :B(Z—B)erq —|—C(g—B)p+q
)ria +Bﬁcffq(%)ﬁ
)i (1+2)

)7 (250).

= BriaCrra (
= BriaCria(

VIR Tk Tk

= BriaCria(

Remark 2. Ifm — oo, inequality takes the form

o el () ()

where li_r>n Amn = Ao
m o
Inequality (1)) is equivalent to the trace inequality H' (M) — L*(OM)

(12) Z(Aoo,n)% / \w|*dx §/ |Vw|2da:dt+/ \w|?dxdt.
o™ R R

In fact, suppose inequality holds. For T >0, define the function
wy(z,t) = w((z,t)). The change in variable (y,s) = L(x,t) implies

/ s (2, 0)da = 7 / ol (y, 0)dy,
OR™

oR?

J

\Vw, |* (2, t)drdt = 7'"2/ \Vwl|?(y, s)dyds
& Ry

and

/ lw, |z, t)dzdt = T”/ lw|?(y, s)dyds.
R‘VL R‘VL

+ +

Then, using w, and the equalities above in inequality , we obtain

</ lw|*(y, O)dy) <7tB+7171C,
OR?

ME

(13) 2(Aso.n)
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where B = fRn \w[z (y, s)dyds and C = fRn |Vw|?(y, s)dyds. Lemmal yzelds
that for g = (—) the following holds

1

/ \w|*dzdt
R}

Since inequality is true for every T >0, in particular, it is true for
To = (%)5, and by , we have

(15)  2(Aen)? ( /8 . W) <2 ( / 1 rw?); ( / 1 W) : ,

which is equivalent to .
Now, suppose that inequality holds; then, inequality holds. In

addition, inequality is a consequence of inequality 2ab < a® + b>.

1
2

(14) 7B+7,'C =2B:Cz =2 </ |Vw\2d:rdt>
n

In our proof for Theorem [I} we use the following Lemma, which was
taken from [4].

Lemma 2. Fix k, 1 >0, 2m € N, and constants a, T > 0. Then

/ ]y|2ldy B 7mT(m+ DT'(m + k — l)Tm+l
2 (a + @)Qmﬂc — T(m)T(2m + k)am+k-

Proof of Theorem We are able to prove inequality only for
2m € N. For this purpose, consider sharp Sobolev trace inequality for
]quﬂm. The proof consists of using this inequality for the special function

2m+n 2

16)  ft) = (wis e+ )T oy,

where (z,t) € R%, y € R?™ and 7> 0.

Suppose f is of the form . First, we analyze the on the left-hand side
of inequality (8} . ). Fixing (z, t) we note that f ﬁ takes the form of the
function considered in Lemma [2 with a = w7+ (x,t). Fubini’s Theorem,
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Lemma 2] with ¥ =n — 1 and [ = 0, and some calculation yield

2(2m+4n—1) T Nm+n—1)7™ 2(m+4n—1)
(17) / f 2m+n—2 d"rdy — ( ) /
ORY™E" OR%

w mtn-2 dzx.
rem+n-—1)
To analyze the term on the right-hand side of inequality , we compute

2
(mp=2)” (( =) W‘fﬂfﬁirwﬁ+4”5>
m+n—2 T

)2m+n

V=

2y
—2— Yl
(w mtn—2 4 2

Lemma [2] leads to

om+n—2\? [ 7™r™D(m + n)
V f|?dydzdt =

X / |Vw|dxdt
R
N m(2m +n — 2)27m" 0 (m 4 n)
(m+n—1DI'(2m+n)
2(m+n—1)
X / |w| " m =2 dxdt.
R

n
+

Using equalities and in inequality , we determine that
(19)
2m+4n—2

7Tmr<m +n — 1)7-771 2mtn—1) 2mtn—1
A m4n—2 d
0,2m+n ( F(2m Tn— 1) /(9Ri w x)

2 m-m
< 2m +n —2 7T (m +n) / Vultdzdt
m+n—2 I'2m+n) R

_9\2.m _ m—1 2t
4 (m@mtn = 27" (m 4 n) / o "S5 dat.
(m+n—1I'(2m+ n)

RZ
Rewriting ((19), we obtain

2m4n—2

"P(m+n—1) 2(mtn-1) e
20)  Agamin | ~ / i d A<h
(20) 0,2m+ ( T@m+n—1) 8R1w + T < h(7),
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where
r'2m+n)

(2m +n —2)27mC(m +n)’

m4n—1

h(r) = Bramin—i 4 O~ amin-1,

1

n
+

and
m 2(m+n—1)

C7::u/‘|uﬂm+w4dxdt
R

m+n-—1 n

. . . o . . — min—2
Lemmalmphes that the function A minimizes for 7y = (%) Zmtn—1

and

2m+4n—2

"T(m+n—1) 2(mtn—1) Aot
21) A T minz A < h(r).
(21) 2m+n,0 < T@mtn—1) /BM w x) < h(7o)

Inequality proves inequality with A, , asin . Next, we char-
acterize the functions that achieve equality in . Note that for Rfﬁ”m and
f defined in , the equality in holds if and only if

2m+4n—2

¢ 2 2 2\ —
(t+ + |z — o] +|y\> R,

T

f(y,m,t)=<

le
w2 (z,t) = 7((t + €)% + |z — 20]?)

(see Escobar [7] and Beckner [I]). Then, the family of functions {we4,} in
(3) is the only one that satisfies the equality in . g

3. Smooth metric measure spaces with boundary and the
weighted conformal Laplacian

Our approach is based on [4] and [5]. The first step is to introduce the
definition of a smooth metric measure space with boundary.

Definition 1. Let (M™, g) be a Riemannian manifold, and let us denote
by dVy and doy the volume form induced by g in M and OM, respectively.
Let ¢ € C*°(M) be a smooth function, and let m € [0,00) be a dimensional
parameter. In the case of m =0, we require that ¢ = 0. A smooth metric
measure space with boundary is the five-tuple (M™, g, e*‘ﬁdVg, e*‘ﬁdag, m).
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As in [], sometimes we denote by the four-tuple (M", g, v"™dV,,v™doy)
a smooth metric measure space where v and ¢ are related by v™ = e~?. We
denote by R, the scalar curvature of (M, g) and Ric and the Ricci tensor of

(M, g), with n as the outer unit normal on M and — as the outer normal

U
derivative. Additionally, we denote the second fundamental form, the trace
of the second fundamental form, and the mean curvature on the boundary
OM by h;j, Hy := g h;j, and hy = %, respectively.

Definition 2. Given a smooth metric measure space (M",g, e_‘z’dVg,
e‘¢dag, m). The weighted scalar curvature Rgl, the Bakry-Emery Ricci cur-
vature Ricgl, and the Gromov mean curvature are the tensors

m m+1
(22) R} := Ry +2A¢ — T‘W"Q’
1
(23) RicjJl := Ric+ V?¢ — —dp ® dg,
m
and
m 9¢
respectively.

Definition 3. Let (M™, g,e=?dV,, e~ %dog,m) and (M",3, e“‘ng;},
e*‘ﬁdag,m) be smooth metric measure spaces with boundary. We say they

are pointwise conformally equivalent if there is a function o € C*°(M) such
that

(25) f]:eﬁg and ¢=——— +¢.

(M™, g,e=®dV,, e~ ®dag, m) and (M”,g, e*‘ﬁdVg, e*‘ﬁdag, m) are conformally
equivalent if there is a diffeomorphism F : M — M such that the new smooth
metric measure space with boundary (F~1(M), F*g, Fj“(e*‘ﬁdVg), F*(e~%doy),
m) is pointwise conformally equivalent to (M”,Q, e‘¢d‘/'§, e_¢dag,m).

Remark 3. The equalities in imply

m+n—1

eid’dVg = emﬁtzoe*‘bd\@ and e*‘ﬁdag = em+n—2oe*¢dag.
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Definition 4. Given a smooth metric measure space (M”,g,e_‘bd‘/tq,m),
the weighted Laplacian Ay : C°(M) — C*°(M) is the operator defined by

Agu=Au—Vu-Ve

where uw € C*°(M), A is the usual Laplacian associated with the metric g
and V is the gradient calculated in the metric g.

Definition 5. Given a smooth metric measure space (M™,g, e*¢’dVg,
e*‘i’dag,m), the weighted conformal Laplacian is given by
m4+n—2

2 L} =—-Ay+———R} m M
(26) A ¢+4(m+n—1)R¢ in ,

and the weighted conformal Robin operator, BqT s given by

0 m+n—2
2 Bp=2 4 MENZZ pm M
27) S = on T Amra_pie om0

respectively.

Proposition 1. Let (M",g, e~ ®dV,, e ®dog,m) and (M",g, _‘Z’dVg,
e ¢d0’g, m) be two pomthse conformally equivalent smooth metric measure
space such that g = e s 72g and ¢ = s T @. Let us denote by Ly and
L™ their respective weighted conformal Laplacians. Similarly, we denote with

a hat all quantities computed with respect to the smooth metric measure space
(M"™, g, e ¢dV ,e ¢’d0g, m). Then, we have 0 = em 20 and the following
tmnsformatzon rules

m+n+2 A~ m+n

(28) ig( w) = e 2t L (edw), BT (w) = e 205" B! (e3w).

Proof. Let us denote with a hat the terms associated with the smooth metric
measure space (M™, g, e_¢dYg, e_¢d0g, m). The identity 0 = emti=2 9 follows
from the relations 6™ = e, v™ = ¢~ %, and ¢ = s + ¢. The equality
on the left-hand side of appears in [4].

To prove the identity on the right-hand side of , we recall that

Hm _87w m4+n—2 X 6@5
(29) BA(w)_8ﬁ+2(m+n—1)( 9 on w)

¢

where is the outer normal derivative associated with the metric g.

~

Ui
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The equalities

imply

a -9
w = g(ng7 77) = ¢ (m+n-2) w‘

0 9 n

On the other hand, since H; = (n — 1)hy and

g 1 60
h" — (m+n—2) h e —
g=e ™ < g+m+n—28n>

(see equation (1.4) in [§]), then

. n—1 OJo
31 H, = (m+n—2) | H )
(31) §=¢ < g m+n—2817>

Finally, using the equalities and and the relation for w
and ¢ = 1% + ¢, we obtain
(32)

Bgl(w) — e_ (m+o7.1—2) (

67w+9870+ m+n_2 ( _aﬁw)
on  20n 2(m+n-—1) ¥ an
(mim)o o

— ¢ (mtn-2) B(ZL(G_%’LU) .

O

We denote by (w, )y = [, w. v™dV, the inner product in L?(M, v™dV,).
Additionally, we denote by ||.||2,as the norm in the space L?(M,v™dV,), and
in some cases, we use the notation ||.|| for this norm. H!(M,v™dV},) denotes
the closure of C°°(M) with respect to the norm

/ IVwl|? + |w|?.

M

Here and subsequently, the integrals are computed using the measure v""dVj,.
4. Preliminaries for the Escobar-Riemann-type problem

In this section, we define the weighted Escobar quotient, which generalizes

the quotient considered by Escobar in [8], and we consider a suitable W-
functional. In general, the weighted Escobar quotient is not necessarily finite.
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Similar to [4], we define the energies of these functionals and give some of
their properties.

4.1. The weighted Escobar quotient
We start with the definition of the weighted Escobar quotient.

Definition 6. Let (M™,g,v™dV,,v"do,) be a compact smooth metric mea-
sure space with boundary. The weighted Escobar quotient Q : C*°(M) — R
1s defined by

2(m4n—1) 1 m
mtn—2 ) m4n—1

(faM |w 2(m+n—1) 2m4n—2

m+4+n—2 )nr«#nfl
The weighted Escobar constant A[M™, g,v™dVy,v™do,] € R of the smooth
metric measure space (M™, g, v"dVy,v"dog, m) is

(33) Qw) =

(34) A[M",g,v™dV,,v"doy, m] = inf{Q(w) : w € H' (M,v™dV,,v™do,)}.

Remark 4. In some cases, when the context is clear, we will not write the
dependence of the smooth metric measure space with boundary; for example,
we write @ and A instead of Q[M™, g,v™dVy,v"dog| and A[M", g,v™dVy,
v™do |, respectively. We note that since C*(M) is dense in H*(M,v™dV,)
and Q(|w|) = Q(w), it is sufficient to consider the weighted Escobar con-
stant by minimizing over the space of nonnegative smooth functions on M ;
subsequently, we make this assumption without further comment.

The weighted Escobar quotient satisfies similar properties to the weighted
Yamabe quotient introduced by Case in [4]; for example, we observe that the
weighted Escobar quotient is continuous in m € [0, 00), and it is conformal
invariant in the sense of Definition [

Proposition 2. Let (M™, g) be a compact Riemannian manifold with bound-
ary. Fiz ¢ € C°(M) and m € [0,00). Given any w € C*°(M), it holds that
li M", g,e ?dV,, e %do,, k
(35) k’1—>n7}n Q[ » g, € va’e 097 ](w)
= Q[Mna g, €_¢dVg, €_¢d097 m] (’U))

Proof. The proof follows by direct computation. O
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Proposition 3. Let (M",g,v"dVy,v"doy) be a compact smooth metric
measure space with boundary. For any o, w € C*°(M), it holds that
Q[M”,evwri—2”g,emﬁti2 U”Td‘/'g,e:iZ 27 v"dog)(w)

= Q[M™, g,v"dV,, v™doy](e>w).

(36)

Proof. A straightforward computation shows that the integrals

(m4n—1) (m+n—1)
(37) / w| i v™LdV,  and / w| e v™do,
oM

are invariant under the conformal transformation

(38)
(g,v™dVy,v"dog, w) — (em+w 2%, emins 2avdeg,emi; 270" oy, e 2 w).

By Proposition (1} the term (L 'w,w) + (Bj'w,w) is invariant under ([38).
[l

Similar to the smooth metric measure spaces, we have some behavior for
the boundary volume. Note that in the boundary, the integral

2(m+4n—1)
/|w\ min=2 p"dog,

o
measures the boundary volume |, ong Vdog of

(M § 0 dvtqavmd0-97 )
(39) 2(m-4n) 2(m+n—1)
= (M™, w2 g, w2y "dVg, w =z v dog, m).

Additionally, with the same purpose, to simplify the calculus and to
avoid the trivial noncompactness of the weighted Escobar-Riemann-type
problem, we give the next definition of a volume-normalized function on the
boundary.

Definition 7. Let (M™,g,v"dV,,v"dog) be a compact smooth metric mea-
sure space with boundary. We say that a positive function w € C°(M) is
volume-normalized on the boundary if

2(m+n—1)
|w| =2 v"dog = 1.
oM
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4.2. W-functional

We introduce a W-functional with similar properties as the WW-functional
considered by Case in [4] and Perelman in [12].

Definition 8. Let (M™, g,v™dV,,v™do,) be a compact smooth metric mea-
sure space with boundary. The W-functional W : C°(M) x RT — R is de-
fined by

W(w, 1) =W[M", g,v"dVy,v"dog)(w, T)
(40) = 7200 ((Lf'w, w) + (Bj'w, w))

1 2(mgn—1) 1 2(m+n—1)
+ T 20 m+4+n—2 v f— w m4n—2
M oM

when m € [0, 00).

As in the weighted Escobar quotient and the WW-functional considered by
Case in [4], the W-functional defined above is continuous in m, conformally
invariant, and scale invariant in 7.

Proposition 4. Let (M",g,v™dVy,v"doy) be a compact smooth metric
measure space with boundary. Then,

lim WM™, g,e”?dV,, e %doy, k](w,T)

k—m

=W[M", g, e_¢d‘/'g, e_¢dag, m|(w, ).
Proof. The proof follows by straightforward computation. O

Proposition 5. Let (M",g,v™dVy,v"do,) be a compact smooth metric
measure space with boundary. The W-functional is conformally invariant in
its first component:

WM™, e g, e(m+”)"vdeg, e(m+”_1)0vmdag] (w, )
(41) (mtn=2)

=W[M", g,v"dVy,v"dogl(e” 2 w,T)

for all o, w e C®(M) and T > 0. It is scale invariant in its second compo-
nent:
WM™, cg,v™dVeg, v™docg)(w, T)

(42) (=1 (mtn—2) 1
= W[Mnugvvmd‘/gvvmdgg](c Amtn—1) , C 7').
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Proof. Equality follows as in Proposition |3 and equality follows
by direct computation. ([

Since we are interested in minimizing the weighted Escobar quotient, it
is natural to define the following energies as infima using the W-functional
and relating one of these energies to the weighted Escobar constant.

Definition 9. Let (M™, g,v™dV,,v"dog) be a compact smooth metric mea-
sure space with boundary. Given T >0, the T-energy v[M", g,v"dVj,
v"dog)|(T) is the number defined by
(43)

v(T) =v[M", g,v"dVy,v"dog)(T)

= inf {W(w,v') cw € HY(M, vdeg,vmdag),/ W — 1} .
oM

The energy vIM™, g,v™dVy,v™dog] € RU{—o0} is defined by
v=v[M", g,v"dVy,v"dog| = ig%y[g,vmdvg,vmdag](ﬂ.

The conformal invariance in the W-functional is transferred to the en-
ergies.

Proposition 6. Let (M",g,v"dV,,v"do,) be a compact smooth metric
measure space with boundary. Then,

VIM™, ce2 g, elmtmIymay, tmtnaym g, ) (cr)

=v[M", g,v"dVy,v"dog)(T),

v[M™, ce* g, e(m+”)avdecg, e(m'm_l)avmdacg] =v[M", g,v"dVy,v"doy]

for all o € C*°(M) and ¢ > 0.

The following proposition shows that it is equivalent to consider the
energy instead of the weighted Escobar constant when the latter is positive.

Proposition 7. Let (M",g,v"dV,,v"doy) be a compact smooth metric
measure space with boundary, and denote by A and v the weighted Escobar
constant and the energy, respectively.

e A €[—00,0) if and only if v = —o0;
e A=0if and only if v = —1; and
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e A >0 if and only if v > —1. Moreover, in this case, we have

m+n—1

_2m+n—1 mA 2mtn—1 1
N m+n—1

(44) v

m

and w is a volume-normalized minimizer of A if and only if (w,T) is
a volume-normalized minimizer of v for

2(m4n—1) %
m [y w iz vt -
) .

(m+n—1)((Lfw,w) + (Bfw,w

(45) T =

Proof. If A € [—00,0), then there is a volume-normalized function w €
C*°(M) such that (Lf'w, w)+(Bg'w, w) <0. Then, it is clear that W(w, 7) —
—o00 as T — 00, and it follows that v = —oo. Reciprocally, if v = —oo, there
exists a volume-normalized function w and 7 > 0 such that W(w, 1) < —1,
and it follows that (LF'w,w) + (Bj'w,w) < 0 and A € [~00,0).

Suppose A > 0. Lemma [T shows that if A, B > 0, then

(46) ir;f(’){Aximﬂfl + Bz '} =

2m _|_ n — 1 m m 2m4n—1
m

for all x > 0, with equality if and only if

m4n—1

mB 2m+4n—1
(m+n—-1)A '

(47) . [

Note that equality is achieved in the case of A =0. Then, from
equality , the definitions of A and v and taking minimizing sequences of
these infima, we obtain the remaining equivalences. When A > 0, using

and , we obtain that and hold. O

4.3. Variational formulae for the weighted energy functionals

The next proposition contains the computation of the Euler-Lagrange equa-
tions for minimizing the weighted Escobar quotient. We will use it in the
proof of Theorem A on the regularity part.

Proposition 8. Let (M",g,v™dVy,v"do,) be a compact smooth metric
measure space with boundary, and suppose that 0 < w € H'(M) is a volume-
normalized minimizer of the weighted Escobar constant A. Then, w is a weak
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solution of

m—+4n .
Lng +cwmtn20l =0, in M,

(48) - mtn
B¢ W = cowmtn—2, on OM
where
_ 2m4n—1
mA 2(m+n—1) 1 m4n—1
Cl = w mtn=2
m4+n—2\Jy
and

(2m +n— Q)A 2min=1) T mgno1
62 = w mtn—2 Q) .
m+n—2 M

Proof. This proposition follows immediately from the fact that the Dirichlet
form associated to (L', Bf') is symmetric and from the definition of the
weighted Escobar constant. U

Remark 5. If A =0, then we have in the proposition above that ¢1 =0
and co = 0. In this case, it follows that the equations in coincide with
the equations for finding a new conformal smooth metric measure space such
that R$ =0 and H™ = 0. Moreover, the problem to find a conformal smooth

metric measure space with ]%(’; =0 and H™ = C is solved by a direct compact
argument on the functional

*(w o (Lglwvw)M + (Bglwvw)aM

2(m4n—1) m4n—2

(pay he e 5=t

2(m+n—1) 2(n—1)
man—a < —n—g~ form>0.

due to

Next, we consider the Euler Lagrange equation on the WW-functional, and
we will use it in the proof of Theorem B.

Proposition 9. Let (M",g,v™dV,,v"do,) be a compact smooth metric
measure space with boundary, fiv 7 > 0, and suppose that w € H*(M) is a
nonnegative critical point of the map & — W(E, ) acting on the space of
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volume-normalized elements of H'(M). Then, w is a weak solution of

_om 1 _1 min -
(49) T2(mtn—1) ng + 212_57’ 2 m+n—29) 1= 0 m M,
_m mtn
T 2(mtn—1) B;nw = c3wmtn-2 0N 8M,
where

7'_% 2mtn—1)
e 1 B ———— m-+n—2 .
ey = (w(r) + )+m+n—2/ww v

If, additionally, (w,T) is a minimizer of the energy, then

(m+n—-1)2m+n-2)
(m+n—-2)2m+n-—1)

(50) c3 = (I/ + 1).
Proof. The equality follows immediately from the definition of W. If
(w, T) is a critical point of the map (w,7) — W(w, ), then

2(m4n—1) 1

(51) D (L, w) + (BPw, w)) = 773 /Mwm_gv _

m+n—1
Using this identity, we can express v and c3 in terms of (Lglw,w) +
(Bglw, w), and these expressions yield (50)). O

4.4. Euclidean half-space as the model space of the weighted
Escobar problem

Theorem [I] gives a complete classification of the minimizers for the weighted
Escobar quotient in the model space (R, dt? + dz?, dV,do, m) for m non-
negative integers. In this subsection, we take a new (7, xg)-parametric family
of functions as in with 7 > 0 and z¢y € R* L.

To define the (7, zp)-parametric family of functions, fix n > 3 and m > 0.
Given any zo € R"™! and 7 > 0, define the function wy, , € C*(R"%) by

(52)
(14 (mte)  ctmaessr

. By a change of variables we obtain

_m+4n—2

_ (n=1)(m+n—2)
wxo,‘r(ta x) =T 4(m+n—1)

m+n—1

Where C(m,n) == m

2(m+tn—1) 2(m+tn—1)
(53) V:/ Wegd" 2 1mda:/ w1 1Mdo.
OR™ OR™
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A straightforward computation shows that

(54)
m B 1 ’ 'nLTF'rL .
— 7 2(mtn—1) waoﬂ_ + 212_%7_ 2waf'/"‘;<’t’:l,f2 - 0 in Ri’
m awx - 1 m+n
T 2(m+n—1) 787;7 = (7m+7;/l71) 2 w%%t;—ti? on aRn ,
_ (n=1)(mtn—2)
(55) sup wxoﬂ'(xa t) = wl“o,T(xO’ O) =T Aman=1)
(z,t)ERY
and for any = # xg,
(56) lim wg, -(z,t) = 0.
T—0+

m+4n—2

Define Wy, , =V 2mtn=Dawy, - with V as in (53). Since Wy, » achieves
the weighted Escobar quotient, by Proposition [7], there exits 7 > 0 such that

v(RY, dt* + dz?,dV,do,m) + 1
= W(R", dt* + da?,dV, do, m) (g, -, 7) + 1

—m
7: 2(m+n—1)
= m+4n—2
V man—1 R

Then, Proposition @ yields 7 = TV T

(57)

2(m+n—1)

Vw2V + 72V / W dV.

n n
+ Ry

5. The Escobar-type problem for the negative weighted
Escobar constant

In this section, we prove Theorem A by a direct compactness argument.
For this purpose, we develop some estimations for the below bound for the
Laplacian term in the Escobar quotient and some properties of Dirichlet
eigenvalues and eigenfunctions.

In this section, C' is a real constant that depends only on the smooth
metric measure space (M", g,v"dVy,v"™doy) and possibly changes from line
to line.

5.1. A below bound for the weighted conformal Laplacian term

All functions in the family {weo} as in are minimizers of the weighted
Escobar problem. Note that these functions are not uniformly bounded in
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H'(M) as € — 0. That shows that, in general, there is no reason to find a
minimizing function by direct arguments in the weighted Escobar quotient.
It is possible that if the weighted Escobar quotient is finite and we try to
minimize it with a sequence of volume-normalized functions, then the terms
involved in the numerator of the weighted Escobar quotient evaluated in
these functions are not bounded uniformly. The next lemma addresses the
control of one of those terms from below.

Lemma 3. Let (M", g,v™dV,,v™do,) be a compact smooth metric measure
space with boundary, and suppose that A is finite; then, there exists a real
constant C such that any volume-normalized function ¢ € H*(M) satisfies

(58) (Lg'e. ) + (B, p) > C.

Proof. Suppose that there exists a sequence of functions {¢;}:°; such that
2(mAn=1)
1—00 8M

Since A is finite, there exists a real constant C such that every volume-
normalized function ¢ satisfies

2(m+n—1)

From the last inequality, it follows that lim | ye; " =0, and by
1—00

the Holder inequality, it follows that [, ¢? < C for any i. Similarly, using
the volume-normalized function ; and the Holder inequality, we obtain
/. M ¢? < C. Using these L? estimates and integration by parts, we obtain

contradicting the assumption (59)). Il

5.2. Dirichlet eigenvalues for the weighted conformal Laplacian

To state the following lemma, we say that a real number p is a Dirichlet-
type eigenvalue if p satisfies for some ¢ € HY} (M) = {¢|p € HY (M), ¢ =



1834 Jhovanny Munoz Posso

0 on OM}
(60) Ly =pp in M.

We also call ¢ a Dirichlet-type eigenfunction if it satisfies . Let us
denote by p1 the first Dirichlet-type eigenvalue; then, p; admits a variational
characterization as

2 m+n—2
. Jar IVl + 4(m+71 g
(61) p1= inf
e H} (M) Jor #?
We know p; is finite, and we can choose a Dirichlet-type eigenfunction ¢

associated with this eigenvalue such that ¢ > 0. Moreover, using the maxi-
mum principle, we can take ¢ > 0in M \ OM.

Lemma 4. Let (M",g,v™dV,,v"dog) be a compact smooth metric measure
space with boundary and m > 0. Then, A = —oo if and only if p1 <O0.

Proof. First, let us assume p; < 0. Let ¢ be a first eigenfunction of the
problem such that ¢ > 0in M \ OM. Let us define

m4n—2

t 1 (m+n—1)
P = L where D = </ 1)
vD oM

and observe that for some constant C' > 0, we have

2(mtn—1) 2(m4n—1)
(62) / P, =1 and / P, " > C > 0.
oM M
Claim 1. (Lg%j}t, ) + (Bg%/}t, ) = —oo  when t — oo.

To prove this claim, we argue as Garcia and Munoz in [9, Proposition 1].
First, we consider the case of p; < 0; using ¢ = 0 on M, we obtain

(Lt ¥e) + (Bg' e, )
(63) _ 1 2 2 m+n—2 m
5| (o f, ) o (et [ o) + 2]
where )
m—+n — m m-+n—
E_4(m+n—1)/MR¢+ m+n—1/H¢

Since p; < 0, the quadratic term for ¢ on the right-hand side of is
negative. Letting t — 0o, we obtain the conclusion in this case.
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Now, we suppose that p; = 0; then,

(64) (L) + (B ) = [t (m /M ng:;) + E}

where F is defined as in the previous case. Since ¢ =0 on M, by Hopf’s

Lemma, 8790 < 0. Then, using p; = 0 and integrating by parts, we obtain
U]

m—+n—2 / m / / dy
_— PR} = Agp = — < 0.
dm+n—1) fy 0 Y on On
Then, the linear term for ¢ on the right-hand side of is negative.
Taking t — oo, we obtain the conclusion in this case, and we finish the
claim’s proof.
Finally, from the estimate and Claim 1, we obtain that Q(v;) —

—o00 as t — oo; therefore, we conclude A = —o0.
Next, we assume that A = —oo, and we prove that p; < 0.

Claim 2. R is not identically zero.

Arguing by contradiction, we suppose that Rg‘ =0, and since A = —o0,
there exists a minimizing sequence of functions {&;}$°; of A such that

2(m+n—1)
(65) =

i
oM

and
L&, &) + (By'& &) = Véil? mn-?
(L'€i, &) + (B &) /M|€|+/8

— " _HTE? <.
M 2(m+n—1) 6 <

By the equality and the Holder inequality, we obtain that |, oM fiz <
C; then,

2 _me ey e (Bregy [ T2 e
/M V&I® = (L¢ &i &) + (B¢ &i, &) /8M 2m+n— 1)H¢ &
) m+n—2 9

(66 sup |H| [ &
oM

S3min_1)
< C.

By the above L? estimates and the Sobolev trace inequality
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we obtain
2(m+n—1)
o [ o
M
On the other hand,

—sup [HJ'|(m +n —2)

(69) (L€, &) + (By'&i, &) > &£ >C.

Equality and estimates and imply that Q(&;) > C for every
i, which is a contradiction with lim Q(§;) = —oo, and we obtain that Ry is
not identically zero. i

Continuing with the proof of p; <0, let us take a minimizing sequence
of functions {y;}32; of A such that

2(mtn—1)
/ ;"7 =1 and (L', i) + (Bg'wi, pi) < 0.
oM
2(m+n—1)
Claim 3. / @; " — oo when i — 0.
M

Arguing by contradiction, we assume that there exists a constant C' >
2(m+n—1)

0 such that [, o, """ * < C; then, by the Hélder inequality, we obtain

that [y, ¢? < C for every i. On the other hand, we have that (L3 wispi) +

(By'wis i) — —oo when i — oo since lim Q(p;) = —oco. Using this limit,
1—00

Claim 2 and that ¢; is volume-normalized, we obtain | M ¢©? — oo when
1 — 00, which is a contradiction with the initial assumption. Hence,

2(m+n—1)
/ SO,L m+4n—2 _) 0.
M

Claim 4. / @2 — oo when i — co.
M

Arguing by contradiction, suppose that there exists a constant C' > 0
such that [, ¢? < C. Then
(70)

/M IVoil? < (LFwi i) + (Bg'ei, i) + Clllwil 5 ar + llil 3 000) < C-
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On the other hand, by the Sobolev inequality, we obtain that there exists
a constant C' such that

2(m+n—1)
(71) /s&i’"*” §C</ IVsoi|2+/ w?)~
M M M

2(mtn—1)
Then, inequalities and yield [, ¢, ™™ * < C. This is a con-
tradiction of Claim 3, and we conclude that | M ¢? — oo when i — 0.
Now, we are able to conclude the proof of the lemma. For this purpose,
we argue as in the last part of Proposition 1 in Garcia and Munoz [9]. Let

us define the functions ¢; = B Then,

|[pill2,0

(72) 1K

oM =1, 113})10 [ill2.0m =0, and  Q(¢hs) < 0.

A similar argument to that presented in yields [, [Vgil> < C.

Since {¢;}3, is uniformly bounded in H®, there exists a subsequence
that we call again {1; }22,, which converges weakly to a function 1 in H*(M)
and converges strongly in L?(M) and L?(OM). Using the two first properties
in (72), we conclude that |[¢)||2,0 = 1 and ¢ € H]. Finally, we conclude the
proof of the lemma since 1) satisfies

m+n—2 _ L. m m
p1 < /M IVy[? + qub P? < lim inf (L, ¥3) + (Bg'i, i) < 0.

O
5.3. Proof of Theorem A

In this subsection, we prove Theorem A using the previous lemmas presented
in this section.

Proof of Theorem A. Let {w;}°, be a sequence of positive functions
2(m4n—1)

such that [y, w, "™ =1, Q(w;) < 0and Q(w;) — A when i — oc. Then,
(73)
0> (Lg'wi, wi) + (Bfwi,wi) 2 |[Vwil[3 5y — Cllwil 5 07 + |wil3 000)-

First, we consider the case of |[w?|]2 < C; then, the last inequality
yields that {w;}%2; are uniformly bounded in H!(M). Recall that if m > 0,
then 1 < Q(T;nj:_;) < 2(7?_721); ie., % is less than the critical trace’s
inequality exponent. By the Sobolev and trace embedding theorems, there

exists a function w and a subsequence {w; }$°; that converges to w in L*(M),
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2(m4n—1

L m+nf2)(M) and L ez (GM) and {w;}°; converges weakly to w in
H'(M). It follows that there exists a constant C' such that

2min=1) 4
w mtn—2 g 2 C and Hw”2(m+n 1) OM T =1.
M mtn—2

Then, by construction, w minimizes the weighted Escobar quotient, and
by Proposition 8, w is a nonnegative weak solution of

(74) ngw + clwmﬂlx2 v =0 in M,
Bglw = CQ'LU"':::::L? on OM.

Since 1 < %IZ % <= 2, the usual elliptic regularity argument for sub-
critical equations allows us to conclude that w is in fact smooth and positive,
as we desired.

Below, we prove that we do not have the case when ||w;||2 pr — 00 is
unbounded. Arguing by contradiction, we assume that ||w;||2,3;s — 0o when

i — 0o. Consider the L? renormalized sequence of functions ;

= 711)1
w2, M

It follows that ||w;|2cmtn- oM 0 when i — oo. Since w; satisfy the in-
equality . ) for every+z we know that {w;}°, is uniformly bounded in
H'(M).

By the Sobolev and trace embedding theorems, there exists a function
w and a subsequence {w;}¢2, that converges to w in L?(M), = (M)
and L minz (OM) and weakly in H'(M). In consequence, ||w||23 = 1 and
using again that szHz(mM 0 om 0 when ¢ — oo, we obtain that w =0
in OM.

On the other hand, Lemma (3] yields

(75) 0 > (Lg'wi, w;) + (Bglwi, w;) > —C.

Therefore, (L{'w;, w;) + (Bg'w;, w;) — 0 when ¢ — co. Using w as a test
function in , we conclude that

2
p1 < / |Vwl|? + mn- 6w < liminf(Lg"w;, 0;) + (Bg'w;, w;) = 0.

1) i—00

However, p; < 0 contradicts Lemma[4 because A is finite by hypothesis.
O
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Remark 6. The argument presented in the proof of Theorem A works if
there exists a minimizer sequence of volume-normalized {w;};°, and a con-
stant C' such that C > (Ljw;, w;) + (By'w;, w;) for every i. Note that the
previous statement does not apply for all smooth measure metric spaces with
A > 0 since minimizing sequences of volume-normalized functions {w;}5°,
of A can satisfy

2(m4n—1)

(76) lim ( Zﬁwi, w;) + (ngi,wi) =00 and lim w; " =0,
12— 00 1— 00 M

6. Aubin-type inequality for weighted Escobar constants

In this section, we find an upper bound for the T-energy as 7 approaches
zero; Theorem B is a consequence of this estimate. To prove this estimate,
we use Theorem [I] and the family {wo,} in as test functions in the
W-functional. Actually, Theorem [1]is the reason that the weighted Escobar
constant for the Euclidean half-space appears on the right-hand side of the
inequality @ Similar ideas to prove Theorem B appeared in [I1I]. As in
the previous section, C' is a real constant that depends only on the smooth
metric measure space (M", g,v"™dV,,v™do,) and possibly changes from line
to line or within the same line.

Lemma 5. Let (M",g,v™dV,,v"dog) be a compact smooth metric measure
space with boundary and m > 0; then,

limsupv(7) < v[RY, dt* + dz?,dV, do, m)].
T—0

m4n—2

Proof. First, define wy, , =V 2mtn-Daw, - with V as in (53]). By Theo-
rem (I} we know that ,, , achieves the weighted Escobar quotient; hence,
by Proposition [7] there exists 7 > 0 such that

v(RY, dt* + dz?,dV,do,m) + 1
= W(R", dt* + da?,dV,do, m) (g, -, 7) + 1

m
T 2(m+n—1)
= mtn—2
V min—1 R

Then, Proposition |§| yields 7 = A

On the other hand, fix a point p € OM and let (z;,¢) be the Fermi
coordinates in some fixed neighborhood U of p = (0, ...,0). Let 1 > ¢ > 0 be
such that B(p,2¢) C U. Let n: M — [0,1] be a cutoff function such that

(77)
|vwzo,f|2dv+%—2v—1/ w2 dV.
R

n n
+ +
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n=1on BF, supp(n) C By, and |Vn|? < Ce~! in AT = B;. \ Bf. For each
0 <71 <1, define fr: M =R by fr(x1,...,2n-1,t) = nwor(x1, ..., Tn—1,1),

m+n—2

and set f; = V; >0 £ for

2(m+n—1)
VT — / fT m+4n—2 .
oM

Proposition [p|implies that if w is a volume-normalized function with the
metric v~ 2g, then

WM™, v2g, AVy-2g,doy—2g, m|(w,T)
=W[M", g,v"dVy,v"dog) (v T w, 7).

This equality allows us to consider without loss of generality that v =
1. Computing as in [I0, Lemma 3.4] and using dV; = (1 + O(r))dzdt and
dog = (14 O(r))dz, we obtain
(78) .
WM™, g,dVy,dog, m)(f-,7) + 1

F3mtnD m+n—1
= VR + TR0 Ry,
V%Eil </B; Virlg + 4(m +n —2) of7dVy

2(m4n—1)

m+n—1 9 1 _1/ P
H d 2V m+n—2 dV
+/B§2m8M 2(m +n —2) of7 Ug) T B I !

Fa0mtnD) m+n—1
<(14+Ccod T 2y TR T D R Pdedt
s+ Q{Vﬁxi<éivfb+qm+n—m gfrdv

m+n-—1

2(m+n—1)
" H,f%d ~_;V_l/ ST dadt p .
+/B;maM2<m+n—2> of7 > I g

+
2e

Let us recall that c(m,n) = —2En=L_ By fixing € < 1 and taking /7 <

m(m+n—2)2
Vv c(m,n)2e we obtain

/ &ﬁwﬁgc/'%MMt
Bj. Bj.

_ (n=D)(m+n=2) dxdt
=Cr 2(m+n—1) / -
(79) B (14 (dmm))z4)2 4 man) 19 ymegn—2
€ T T
_n-1 41 dydt
= CTQ(m+n,—1)+2 / )
b (s P

Ve
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Similar to [10, Lemma 3.5], we obtain

/ dydt
1 + 2 + 2\m—+n—2
VR (e R

2ey/cm,
o
(80) C if 4—n—2m <0,
={ O(r™3) if n=3,1—m>0and
O(log(7)) if n=3,5-m=0.
Then,
(81)

O(r 7w 13) if4—n—2m <0,
/BJr Rgf,?dxdt = El = O( 2(m+n— 1)+T)’L) 1fn = 3’ m < %and

- o(r™ raE log(r)) ifn=3,1-—m=0.

Now, we estimate the integrals on the right-hand side in the second
inequality of

Hyflde < C [gnwd do

By )
(82) — C’Tm fB;‘:l(]‘ + ‘y|2)—(m+n—2)d:p
< CrEmaD
2(m+n—1) 2(m+n—1)
(83) fr T dadt < / wo 2 dxdt.
Bj. R

Let us estimate the gradient integral in A7 = B \ BX. Observe that
(84) ‘va% < C’VfT|2 < C(nZ‘Vw(),T\Q + ‘Vn|2w(2),f)~

Now, we obtain
/ V| 2wd  dedt < Ce_2/ w3 dxdt
A ’ Ar 7

—(n=1)(m4n=2) | n m+n—2
(85) < Cer Emen T3 o dxdt
At 5%+ [yl

T
< C@ 2o T
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and
/+ n?|Vwo - |*dzdt
Ae
M‘F n 1 m+n—1
(86) < Cr 20mtn—D —— dudt
ar \s 1yl
s
< Ce?—n—?m m+m+" =3
Then,
n—1
(87) /A+ \Vf7|§da:dt < Ce2n=2Mr3tmin—n

Since for the Fermi coordinates around p we obtain g* =1, ¢g* = 0 and
g = 0i5 + O(|z, t]), where 1 < i,j < n — 1, it follows

/ ’Vfr|f,da:dt S/ !Vwo,rdedt—i—C/ |2, | (wo,7 )i (wo.r) ;
B. 5. .
(88) !
S/ ’vwo,ledxdt—qu-m'
B€

We already have the second inequality of because

[ et )it
B

< Or U 2/ |z, t|z;x;dedt
((1+(( n))3)2 _|_7’n)|x‘2)m+n

(89)
< Crins / 1y, sfdydt
- 1+ s 2 + 2\m+n
s (1 9P )

__n=1
< O120mtn-1),
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Using inequalities , , and in inequality , we obtain
that
(90) .
WM™, g,dVy, dog, m](f-,T) + 1
E S = s
<(A+C)R —mms / |Vw0,r|2d$dt + Cr2min-1
‘/;”L+7L71 i

1 2(m+n—1)
+C71 By e +E1> +%—2V;1/ wo 7 d:cdt}.

™
Now, using inequality we conclude

WM™, g,dV,, dogy, m](fr,7) + 1
< (1+ Ce)w[RY, dt* + dx?,dV,, dogy, m]

_ m+4n-—2

(1 cof e £

n—1 (n—1)(2m+n—1) n—3
(91) X (6(7'2(""""'”_1> + C1  2mtn-1 +m+= 2—n— 2m+E1>

_min—2 m+4+n—2

+ FErnD (Y V—mﬂl)/ |Vwg - |*dadt
T

N 2(m+n—1)
Fa (V! v—l)/ wo dmdt}
R

n
+

On the other hand, we obtain

2(m+n—1)
V-V, S/ wo"’er * dx
Rr-1\B !
_ 7_7"?*1 (1 + C(mvn) |x|2)f(m+n71)d$
(92) OR?\ B!
¢/ (1 + lyf2) =ty
ORI\B]

e

n 1
S Cel—n—Qme‘f‘E—E .

In particular, we obtain that the constants V. are uniformly bounded
away from zero. Using estimate and the Taylor expansion for the func-

__m+4n—2

tions x~ m+»-1 and ™", we obtain

m4n—2 2

(93) VT_m-Fn—l —V7m+n T < Cel n—2om m-i—ﬁ—%
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and
(94) V;l —_y-t < Celfanme-i-%_%.

Additionally, equality implies the following estimates
(95)

T 2(m+n—1) /
R

The substitution 7 = 7V #en=1 , and the inequalities , , and
yield

2(m4n—1)

|Vwo - |2dzdt < C  and 7:;/ wo 7 dadt < C.
R}

n
+

WM™, g, dVy, dog, m](fr,7) + 1
< (14 Cew[RY, dt* + da?, 1™dVy, 1™ do ]

+n—2

_|_ (1 _|_ CE){V_ m+n—1 _2(2m+n—1)(7n+n71)

(96)
X (CT% + Oratmtig 2on=2m

__m_ o n_ 1
+T2(m,+n—1)E1> +C€1 n 2m7_m+2 2}.

Finally, taking 7 — 0 and after taking ¢ — 0 in , the conclusion
follows. O

Proof of Theorem B. By the definition of v and Lemma 5], we obtain that
(97) v[IM", g,v"dV,,v"doy) < v[R", dt? + dx?, dV, do, m).

By Proposition [7] we conclude
(98) A[M™, g, v™dVy,v™dog) < A[RY, dt? + da?,dV,do,m]. m
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