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Convergence result and blow-up examples
for the Guan—Li mean curvature flow on
warped product spaces

JEROME VETOIS

We examine the question of convergence of solutions to a geometric
flow which was introduced by Guan and Li [6] for starshaped hyper-
surfaces in space forms and generalized by Guan, Li, and Wang [7]
to the case of warped product spaces. We obtain a convergence
result under a condition on the optimal modulus of continuity of
the initial data. Moreover we show by examples that this condition
is optimal at least in the one-dimensional case.

1. Introduction and main results

Let n > 1, (S™, gs») be the standard n—sphere, I C R be a closed interval,
and (N,g) be the warped product of S™ and I equipped with

9=0(0)*gsn +dp?,

where ¢ : I — (0,00) is a smooth warping function. We consider the follow-
ing flow which was introduced by Guan and Li [6] in the case of space forms
and generalized by Guan, Li, and Wang [7] to the case of warped product
spaces (see also Cant [5] in case n = 1):

oF = (nqﬁl — Hu) v,

where T" € (0,00], (F'(+,1))e[o,) is a smooth family of embeddings into N
which defines smooth hypersurfaces (Mt)t€[07T) and H, u, v are the mean
curvature, support function, and outward unit normal vector field, respec-
tively, of the hypersurfaces (Mt)te[o,T)- A crucial property of this flow is that
it preserves the volume enclosed by the initial hypersurface while monoton-
ically decreasing the area (see [6, Proposition 3.5]).

Throughout this paper, we assume that the hypersurfaces (Mt>te[0,T)
are starshaped, i.e. for every t € [0,T), M, is the graph of a function p (-, t) :
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S™ — R. We then obtain (see the formulas in [7, Section 3]) that p solves
the initial value problem

/ 2
Orp = div Vo + n¢ (p) Vol in D
(1.1) s+ IVol2) 2O 50?4 VP

p(70) = Po on STL’

where div := divg,., || = || .., Dr:=5" x (0,T) = R, and py is the radial
function of Mj. It follows from classical theory of parabolic equations that for
every po € C™ (S™, I), there exists a unique solution p € C*° (ﬁT) of
for small 7" > 0. Moreover, a straightforward application of the maximum
principle gives p (Dr) C 1.

The following result has been obtained by Guan and Li [6] in the case
of space forms and generalized by Guan, Li, and Wang [7] to the case of
warped product spaces:

Theorem 1.1. (Guan and Li [6], Guan, Li, and Wang [7]) Let I C R be
a closed interval, ¢ € C* (1,(0,00)), and n > 1. Assume that

(1.2) ¢ — " >0 inl.

Then for any pg € C* (S",I), the solution of (1.1) exists for all time and
converges exponentially to a constant i.e. T = 0o and there exist poo € I,
C,n > 0 such that |p(z,t) — peo| < Ce™™ for all (x,t) € Dy

This result has been successfully used in [5H7] to solve isoperimetric
problems in warped product spaces. As is explained in [7, Proposition 6.1],
the condition is strongly related to the notion of photon sphere in
general relativity.

In this paper, we investigate the case where the condition (|1.2)) is not sat-
isfied. In this case, we obtain a convergence result under a barrier condition
on the optimal modulus of continuity of pg, namely

Wp, (0) :=sup{|po (y) — po (x)| : x,y € S" and dists» (z,y) = 0}

for all 6 € [0, 7]. Here distg» denotes the distance on S™ with respect to the
standard metric. We obtain the following result:
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Theorem 1.2. Let I C R be a closed interval, ¢ € C* (I,(0,00)), andn >
1. Then there exists A\g > 0 such that for any po € C*° (S",I), if

(1.3) Wy, () < X2 VO €[0,7],

then the solution of (1.1)) exists for all time and converges exponentially to
a constant.

We prove Theorem [I.2] in Section [2] by using an approach based on
Kruzhkov’s doubling variable technique [8] and inspired by the works of
Andrews and Clutterbuck [IH4]. As in the papers of Cant [5], Guan and
Li [6], and Guan, Li, and Wang [7], Theorem can be applied to solve
isoperimetric problems in the warped product space (N,g) provided ¢ —
¢¢"” < 1in I, which is a necessary condition for the isoperimetric inequality
(see Li and Wang [9]).

The following result, obtained in case n = 1, shows the optimality of the

exponent 1/2 in (1.3)):

Theorem 1.3. Assume thatn =1, 0 € I, ¢ is even, and ¢" (0) > 0. Then
for any o € (0,1/2) XA > 0, there exist pg € C*° (S",I) such that

(1.4) Wy, () < A7 Vo € [0, 7]

and the solution of (l.1) is such that O.p blows up in finite time i.e.
supp, |Ozp| = 00 ast — T for some T € (0,00).

We prove Theorem in Section [3| As far as the author knows, this
is the first existence result of blowing-up solutions for . The high non-
linearity of the flow makes it difficult to construct examples of blowing-up
solutions. Here, the solutions that we construct are periodic, with a large
number of oscillations. Our existence result relies on the construction of a
suitable family of barrier functions on a small arc of S! with zero boundary
condition. We then exploit the symmetry of the warping function to extend
our solutions to the whole S'.

Acknowledgments. The author is very grateful to Pengfei Guan for many
enlightening discussions and helpful advice during the preparation of this

paper.
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2. Proof of Theorem [1.2]

This section is devoted to the proof of Theorem[I.2] As in the paper of Guan
and Li [0], it will be convenient to use the change of functions

(2.1) v=T(p):= /p ¢d(2) and  1pi=gol
D

where p € I is fixed. By differentiating, we obtain Vp = 1 (y) Vy and ¢’ (p) =
' (v) /1 (7). Hence the problem (1.1]) becomes

/ 2
IS ST Vy +n¥ (72 Vol

O~y —
(2.2) v ¥ () 1+ |Vy[? v 14 V[

7 (0) = on S",

Pods
o "/p o (s)

A straightforward application of the maximum principle gives v (Dr) C
Yo (Sn) ie.

in DT

where

minqo <7 (2,f) <maxyo  V(z,t) € Dr.
We assume that po (S™) C I and we let A > 0 be such that
(2.3) W (0) <XVO VO € [0,n].
Since pg € C* (S™, I), we obtain that there exists A > 0 such that
(2.4) W, () <AG VO €[0,n].

For every § € (O, A2/ A2), an easy study of functions gives that

(2.5) M <2A(Vo+0-VE)  We (o, %\(/\ Q)

and

(2.6) Vo<2(Vo+0-V5) Vo> %65.
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It follows from ([2.3))—(2.6) that we can choose § € (0,1) small enough such
that

(2.7) Wy, (0) C2A(V3+0—38) Vo€ 0,n].
By using the mean value theorem, it follows from (2.7) that
(2.8) wy, () <2N(VO +60 —V5) v € 0,7,

where
— 1
A= Asup —.
I

We will show that if A is smaller than a constant Ay depending only on I, ¢,
and n, then |V~| is bounded above by an exponentially decaying function.
We will use an approach based on Kruzhkov’s doubling variable technique
[8]. This approach was successfully used in the works of Andrews and Clut-
terbuck [IH4] to obtain sharp estimates on the gradient and modulus of
continuity of solutions to quasilinear parabolic equations. We fix n > 0 and
we define

k(0,1) :=2X(V6+0—V3o)e™™  ¥(0,t) €[0,7] x [0,T],
where § and \ are as above. We then define
Z(JJ,y,t) = ’V(Q,t) —’}/(ZE,t) - Ii(d(:E,y) 7t) V(Cl?,y,t) € UT:

where Up := (S™)? x [0,T]. It follows from that Z (x,y,0) <0 for all
x,y € S". In what follows, we will show that if » and A\ are small enough,
then Z (z,y,t) <0 for all (z,y,t) € Ur. We assume by contradiction that Z
is not everywhere nonpositive in Up. Then we obtain that for small € > 0,
there exists (z¢, ye,t-) € Ur such that

(2.9) Z (e, Ye, te) = max ({Z (z,y,t) : z,y e S" and t <t.}) =e.

We define 6, := d (x., ye).

As a first step, we obtain the following result:
Step 2.1. e =0(6:) ase — 0.

Proof of Step[2.1. Assume by contradiction that there exists a sequence
(€a)qen such that g4 >0, 0., =0 (eq), and €, — 0 as a — oo. Since
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k(0,t,) = 0, by applying the mean value theorem, we obtain that there
exist Ca, & € (0,60, ) such that

(2'10) oY (gsa ) tsa) = Opk (Com tsa) esa

and

(2.11) Y Yeurten) = 7 Ty, te, ) = <Vm'}’ (Tew (o) s te,) ,Téa (fa)> O-..,

where 7. : [0,0, ] — S™ is a minimizing geodesic from z., to y., . It follows
from (2.9), (2.10)), (2.11]), and Cauchy—Schwartz inequality that 6. # 0 and
€a

2.12
(212) "

< |Va:7 (Tsa (fa) 7t€a)| — Opk (ch tea) .

Since (i, ),en i decreasing, we obtain t., — to for some to > 0. Since 0., —
0, we obtain (,,&, — 0. Moreover up to a subsequence z._,y., — xo € S™.
By passing to the limit into (2.12)), we then obtain

(2.13) limsup —% < [V, (20, t0)| — dgr (0, t0) -

a—00 esa

On the other hand, by passing to the limit into (2.9)), first as ¢ — 0 and then
as x,y — g, we obtain

(2.14) ]Vﬂ (.CI}(], t0)| S 69& (0, to) .

By putting together (2.13)) and (2.14]), we obtain a contradiction with 0, =
O (e4). This ends the proof of Step O

We then prove the following result:
Step 2.2. 0. <.

Proof of Step[2.4 Assume by contradiction that 6, = 7. Then it follows
from (2.9)) that

die [Z (22, exp,, (0v) ,t)] ’9:7r = (Vv (Ye, te) , Ve (v)) — Ok (m,t.) =0

for all v € T,,_S™ such that |v| = 1, where v, (v) = & exp,. (6v)|,_,- By ob-
serving that v.(—v) = —uv.(v), we then obtain a contradiction with
gk (m,t:) > 0. This ends the proof of Step O
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Remark that it follows from Steps and that for small ¢, the
function Z is differentiable in a neighborhood of the point (x., ye, t-).

Our next result is as follows:

Step 2.3. There ezists a constant Ao = Ao (I, ¢, n) > 0 such that

AG 92k (02, t2)
(1 + gk (0c,t. 2>3/2
Ao (0" (0e,te) + Do (Be, te)) m(ee,te)aen(ea,te)
(1 + Ok (0, t2) )

(2.15) Ok (0=, ) <

for small € > 0.

Proof of Step[2.3 We let 7. : [0,0.] — S™ be a minimizing geodesic from z.
to ye. It follows from (2.9)) that

V2 ($57ya;ta> =0, VyZ ($57yaata> =0, and 07 (x57y67t6> >0
which give

Vay (e, te) = Ok (0, te) 72 (0)
(216) vz'}/ (ysa ts) aGH (067 tf—:) Té (98)
at7 (yaa ta) - 8757 ($£7 ta) > Ok (087 ta) .

By using ) and -, we obtain

Ae B, + 0gr (957t5)2ca

(217) O (0a,t2) < . e
/2
(l + Ok (0:, t8)2> / (1 + Opk (e, ta)z)

where
A (Vo (yes te)] (7L(02) . 7L(0:))  [VEr (ze,to)] (7£(0),72(0))
o V(7 (e, te)) ¥ (7 (e, te)) ’
B. = Agry (3/67t6) - [ (3/67756)} é(es) 775/ (65))

Y (7 (Yer te))
Agy (e, te) — [VQ’Y (e, s)} (72(0),7.(0))
Y (v (e, te)) ’
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(7 (Ye, te)) Y’ (7 (we, te))
C.:=n .
<¢ (7 (yert))> ¥ (v (wsﬂfa))z)

Since k (0, t:) , Ogk (0, t:) > 0 and 892/-@ (0:,tc) < 0, in order to obtain ([2.15]),
it remains to prove that there exist constants ci1,co,c3 > 0 depending only
on I, ¢, and n such that

A < clagm (0, te)
(2.18) B. < 207 K (02,1.)? 99k (0., 1)
C: <3k (957 ts)

for small e. We begin with proving the last estimate in (2.18)). Remark that
by using Step we obtain

967t6 _ / Bt (5,1.) ds = /95 Xeintad Ae Mt =0,
orst)ds=2 | Y AT

as € — 0, which, together with (2.9)), implies that

(2.19) Y (Yer te) — vy (e, te) < 26 (e, te)

for small e. Since v (Dr) C 70 (S™) and po (S™) C I, by applying the mean
value theorem together with (2.19)), we obtain

(2.20) C. < 2n7§?§% <Z£2> k(O te) <2n Sl}p (f;) K (Os,te)

for small € which gives the last estimate in . Now we prove the first
two estimates in (2.18). We let (v,1 (0) ..., ven (0)) be an orthonormal basis
of T, _S™ such that v, (0) = 77 (0). For any i € {1,...,n}, we let p-; be a
smooth function on [0, 6] such that

1 0;
(2.21) 0ei(0) = ————— and ¢.;(0.) = ———m——
Y (v (e, te)) Y (v (Yes te))
with §; := 1 in case i #n and §; := —1 in case ¢ = n. For any r > 0 and

6 € [0, 6.], we define

Tei (r,0) = exp,_(g) (ree,i (0) ve,i (0)),
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where v, ; : [0,0.] — TS™ is the parallel transport of v, (0) along 7.. By
using (2.21)), we obtain

d2

(2.22) Ae = a2 [y (Ts,n (r,0:),te) — (TE,n (r,0) ats)”r:o

and
n—1 d2

(223) B€ = W h/ (Ta,i (T7 96) 7t€) - 7 (TE,i (Ta 0) 7t€)] ’7‘:0 .
=1

On the other hand, for any ¢ € {1,...,n}, since 9k (-,tc) > 0 on (0, ), it
follows from ([2.9)) that

Y (7e,i (1,62) te) — v (12 (1,0) ,te) —e < K (d (72, (1,0), 7,3 (1, 6:)) , te)

05
(2.24) <K (/ |0g7e,i (1,0)] d9,t€>
0
for all i € {1,...,n} for small » > 0 with equality in case r = 0. Moreover,
by using (2.16]), we obtain
(2.25)
d

7 ['Y (Ta,i (T, 9&) uta) - (Ta,i (Ta 0) ’ta)] |7«:0
= Opk (0=, te) (Pe,i (0c) (Ve (0) s ve,i (02)) — @ei (0) (ven (0) ,ve, (0)))

0.
— Bk (0 12) / (0o (0) L5 (0) v (0)) O

0.
= Opk (e, tE)/ (0p7%,i (0,6) ,0.097:,i (0,0)) dO
0

d 6.
~a ["" ( | 1o 0 de,tg)]

It follows from (2.24) and (2.25) that

r=0

d2
a2 [ (7'6,1' (r,0:),te) — (Ts,z‘ (r,0),t)] |r:o

d2 0.
< .
<3 {n (/O |07 (r,9)|d9,t5>]

r=0
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96
= 33 0.1 (5 | [ 1007s (o) 0]

d2 6.
(2.26) + 0t (O te) 5 [ /0 1O (r, e)yde]

2
r—O)

r=0

By proceeding as in (2.25) and using (2.21]), we obtain

d [ [
% |:/0 ‘897'571' (7" 0)| d9:| -
= e,i (0=) (Ve (0c) , Ve,i (0:)) — @e,i (0) (vemn (0) 06, (0))

0 ifi#n
\/¢(7(xs,te \/w ye;ts

Moreover, since 7 (D7) C v (S™) and pg (S™) C I, we obtain

1 1 1 1
2.28 >2 inf — >2inf —.
( ) \/77/) (7 (e, te \/¢ y67 te 'YUI?S") \/E = H} \/5

By differentiating twice, we obtain

(2.29)

d? 0.
5 [ | 1oy d&]

/ (1957 (0,60)[ " (1,97 (0,0) 2
r=0
(9972 (0,0), 820572 (0,6)))
07 (0,0)] 3 (e 0. 10,0572 (0,0))2 )do
0.
[ (e @17 (20 0 00
0),R (‘Pei (9) Ve,i (9) y Ue,n (9)) Pei (9) Ve,i (9)> )
0 <’U€ n ) ()05 7 (0) UE,Z (9)> )

05
{/ ((pf_:l — e ( 2d ifi#n
- 0

0 if i = n,

—~

- <U5,n

—~

- ’vs,n

where R is the Curvature tensor of (S“, gs»). Since 97k (0, t.) < 0, the first

estimate in ) follows from ([2.22)) and (| - - Now, we prove the
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second estimate in (2.18)). In case i # n, by integrating by parts, we obtain

0.
(2.30) K;(¢¢wf—¢mwfyw:¢mwa¢¢@ﬂ—%ﬂmwam>
0.
- [ a0+ i 0) s O) .

By using (2.30) with the function ¢, ; defined as

e (0) = Sml (Sin(a —0) sl ) Vo € [0,6.],

\/T V(Y (Yer te))

we obtain

0
/0 (L (00 = 0ei (6)*) B = ey (6:) 2L (62) = i (0) 9L (0)

- sinl(e)a) { (w (v (i:a,tE)) e (gl,tg))> cos (0c)

_ 2 ]
\/ Teyte)) ¥ (7 (Ye, te))

¥ (v (
_ cos (9 ) < 1 1 >2
sin ( \/W V(Y (Ye, te))
2tan (0. /2)

VO @ ) 6 (3 (Y, 12))
<t o)
~ 0 w(V (xsats)) QZ)('Y (yEatE)) .

By proceeding as in ([2.20)), we obtain

(2.31)

(2.32)

L L < ( id ) (0e,t:)
— <sup | —= )k (b,
VOO at) VoGOt 1 \We) T
for small . By using (2.29), (2.31)), and (2.32)), we obtain

n—1 d? 0. ¢/ (eaata)Q
(2.33) . [ /0 B (1, e)me} ssw ( \/$> mt)

i=1
for small €. The second estimate in (2.18]) then follows from (2.23)), (2.26),
(2.27), and ([2.33)). This ends the proof of Step O
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We can now end the proof of Theorem

End of proof of Theorem[I.3 By applying Step [2.3 and observing that
K (0, te) < 20-0pk (0, t:) and k (0, t:) Ogk (0, te) < 2X 2= 2nte , we obtain
(2.34)

—AG GAQA e 2t
— (/54 0. —V5) < 9 + -
( 5 ) 2(5+ 0. + Noe=21) Y7 (546, + Nem2me)'/?

Since § < 1, 6. < 7, and e~ 2" < 1, it follows from (2.34) that

1< 40g(1+7+X) <77\/(1+7r) (1+7+X%) +3A0X2>.

which gives a contradiction when A and 7 are smaller than some constants
depending only on I, ¢, and n. This proves that for such values of A and 7,
we have Z < 0 in Ur and so

(2.35) sup IV (-, 1) < X612 vVt € [0,T7].

Since |Vp| = ¢ (p) V7], it follows from ([2.35)) that

(2.36) sup [Vp (-, t)] < sup (@) X6 2™ vte[0,T].
N I

It then follows from classical theory of parabolic equations that p (-, ¢) exists
for all ¢ > 0. Moreover, it follows from (2.36)) that p (-, t) converges exponen-
tially to a constant. This ends the proof of Theorem O

3. Proof of Theorem [1.3

This section is devoted to the proof of Theorem We first prove the
following result:

Lemma 3.1. Assume that n=1, 0€ I, ¢ is even, and ¢" (0) > 0. Let
¥ and I' be as in with p =0, J:=T1(I), and for any 7 >0 and k €
N\ {0}, D1 - :=[0,7/ (2k)) U (7/ (2k) ,7/k] x [0,7) and Dy, := [0, 7/k] X
[0,7). Then for any o € (0,1/2) and p > 0, there exists 9 > 0 such that
for any T > 0 and k € N such that k>t < eq and k > 1/eq, there exist {; €
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C*® (D1 gy J)NC° (DoryJ) and (o € C® (Da.r,J) such that
L 03 V(G (966’
(3.1) 0 < 0 +
Y (11 @) P it @i)?
fori € {1,2} and the function ¢ := max (1,(2) is such that
(A1) Cu(m/(2k),t) < Ca(m/(2k),t) (= C(n/(2k),t)) Vtel0,7),
(A2) |€(0,0) = ¢ (¢,0)| < |0 —0|" V0,0 €[0,7/k],

in Di,k,T

(A3) ¢(0,t) =((m/k,t) =0 Vtel0,71),
(A4) 0pC (0,t) — oo and OpC (w/k,t) — —00 ast — T.

Proof of Lemma[3.1, Wefixp € (2/(1 —0),4). Welet 7 > 0 and k € N\ {0}
to be chosen later on so that k is large and k27 is small. For any (0,t) €
Dy . -, we define

c10 c1(m/k —0)
((r—t)" + 627 [(T — )P + (7 /k - 0)2] v

(1 (0,t) :== min

and
G (0,t) := 1Ay, (sin (k0) — eak®t)

where Ay, := 22/P (n/k)"?/? and ¢, and ¢, are positive constants indepen-
dent of 0, t, k, and 7 to be fixed later on. Note that 1 —2/p > o. It is easy
to check that (; € C* (D1, J) N o (D2 ey ), G2 € C® (Do, J), and
(A2)—(A4) hold true for small 7 and large k. If moreover k%7 is small, then
we obtain that (Al) holds true. It remains to prove that holds true.
Since ¢ is even and ¢” (0) > 0, we obtain that 1 is also even and ¢” (0) > 0.
By applying the mean value theorem and since ¢’ (0) = 0 and (3 (6,t) > 0,
we obtain

YGa®) o (y/)’
¥ (G (6, 1) z .8 ) a6

for all (0,t) € Dy, . Moreover, direct calculations give

(3.2)

10 (r —t)P! < c10
((r =t + 63" = (=) + 627

(3.3) 01 (0,1) =
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83C1 (97t)
(1+ (@01 (6,0))?)
2010 (3 (7 — 1) + (1 — 2/p) 62) ((r — t)" + 62)" /7

p(((r = ) + 0222 4 2 (7 — ) + (1 - 2/p) 62)*)*/?
660

tp(1=2/p)" (T =ty +62)' 2"

3/2

(3.4) > —

¢ (0,1) (DG (6,1))°
1+ @6 (0.
30 ((r— )" + (1 —2/p)62)° ((r — )P +62) /7
(((r =P +62* 2P 4 & ((r — 1P + (1 - 2/p) 62)*)"?
C1 (1— 2/29)2
\/(TP + (7/ (2k)) ) 2 +A((r—t)P+ 92)2/p

for all (0,t) € [0,7/(2k)) x [0,7). Since p < 4, it follows from ({3.2)—(3.5)
that

(3.5) >

(3.6) L 9561 (0,1) LG O8) (GG (6,1))

VGO (1 @ 0.07)" @O it @ 0.0)?

—1+4/p

ot (M)

- — su —

B T R Ap(T=2/p)°  c(Daa) ¥
3(1-2/p)? _ AW

N ¢ (1—2/p) st <w> _cl>

\/(Tp + (n/ (2k:))2)2/p +
for all (0,t) € [0,7/ (2k)) x [0,7) provided

) '
t (Z) >o.
(Do) (wz -

Moreover, direct calculations give

(3.7) ¢ (Dogr) = 0,01 (W/k)1_2/p)~
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Since 2 < p < 4, we obtain
2 4
(3.8) 1-->0 and —14->0.
p p

Since ¢’ (0) = 0, and ¢" (0) > 0, it follows from (3.6)—(3.8) that holds
true for 4 = 1 for small 7 and large k provided the constant c; is chosen large
enough so that ¢; > (1 —2/p) 24 (0) /4" (0). With regard to the function
(2, we obtain

(3.9) 0iCa (0,1) = —crook” Ay,
02¢2(0,t) B c1k? Ay, sin (k)
3/2 3/2
(1 + (99Ca (0, t))2> (1 + 22 A2 cos (k0)2)
(3.10) > —c1k* Ay,
and
2 3k A2 cos (kO)*

\/1 (0pC2 (0,1)) \/1 + A2k2 A2 cos (k)?
for all (0,t) € Dy ,. It follows from - ) that

(3.12)
1 83¢2 (6,1) V(G (0:1)  (9pC2 (6,1))°

VRO (14 @ 0.07)" @O it @6 0.0

1 e
— G (0,t) > c1k2A (— su —|—Acmin< inf ,O>+c)
1 G2 (0,1) > c1k” Ay, @(Dir) kC1 o 2

for all (6,t) € Da . Moreover, direct calculations give
(3.13) CQ (D27k77—) = ( — C102Akk‘27', ClAk] .

It follows from (3.8)) and (3.13)) that for every € > 0, if k?7 < e and k > 1/,
then

(314) Co (D2,k,‘r) C (_22/1?,”1—2/1762—2/?0162’ 22/p7T1_2/p61_2/p61> )

By continuity of 1/¢ and ¢’/+? and since ¥ (0) > 0, Ay, — 0 as k — oo and
el=2/P 5 0 as € = 0, it follows from (3.12) and (3.14) that if the constant
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¢o is chosen so that co > 1/1 (0), then there exists ey > 0 such that

1 Y
3.15 — sup — + Agcimin < inf ,O> +cy >0
( ) CZ(D2,I€,7) w C2(D2,k,f) TPQ

for all 7 > 0 and k € N such that k27 < g9 and k > 1/¢¢. By putting together
(3.12) and (3.15)), we obtain that (3.1) holds true with ¢ = 2. This ends the
proof of Lemma O

Now we can prove Theorem [1.3

Proof of Theorem[I.5 We fix 0 < 1/2, A > 0, and we define

1

s

We let v and I' be as in and J, 7, k, D1+, Dogr, C1, G2, and ¢
be as in Lemma By using (A1)-(A3) and since (3 € C® (Dy 7, J) N

C%(Do.r,J) and (o € C* (Do 7, J), we obtain that there exists e, ag, by €
R such that

(3.16) po= /\il}f

. [aoT T\°
(3.17) bp < min <%, (1 —eo) <ﬂ> ,sup J)
and
(3.18) ¢(0,0) < (0)  VOe(0,7/k),
where .
min (apf, (1 —€0) 07,by) f0<6 < %
O s (T ) £ T g™
\% 2% STk
For any € > 0 and 6 € [0, 7/k|, we then define
0 gy oo [ (000 (=) 87,0 00 o
Yo 0) := ~() (T ™ ™
Z i <
W (5 -0) Tor <<%
where
1 —
fe (&1, &2) 222[51-1-62—877(52851)} V&, €R

and 7 : R — (0,00) is a smooth, even cutoff function such that n (6) = 6 for
all 6 € [1,00) and 7 (0) > 0 for all # € (0,1). By using (3.18), it is easy to
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see that for small €, %6) € C>*([0,7/k],J) and %e) — Jp in C%L ([0, 7/K]).
Hence, by using (3.17)) and remarking that ﬁ((f) (0) =70 (0) = agh for small
f, we obtain that for small ¢, ﬁéﬁ is such that

(B1) ¢(6,0) <75 (0) V0 < [0,7/k],

B2) 7 0) =3 (0) | < |0 -0 V0,0 € [0,7/k],

(B3) 7 (0) =35 (x/k) = 757 (0) = 357" (= /k) = 0.

In what follows, we fix ¢ small enough so that (B1)-(B3) hold true. Since
N(()E) € C*(|0,7/k],J), the classical theory of parabolic equations (see for
instance Lieberman [10, Theorem 8.2]) gives the existence of a solution ¥ €

C*> ([0, 7/k] x [0,T")) of the problem

(3.19) ; )
-1 % V() (97)° .
0y = —= 2 + — in [0, 7/k] x [0,T)
TE® (1+@37)"" "1+ @77
7 (0) =7 on [0, 7 /k]
7(0") :§(7T/k', ) =0 on [07T)7

where T € (0,00] is the maximal existence time for 7. Moreover, since

~(()6) ([0,7/k]) C J, it follows from the maximum principle that

7 ([0, /K] x [0,T)) € J.

By using (A1) and (3.1)) and integrating by parts, we obtain that ( is a weak
subsolution of the equation in (3.19)), i.e.

T rr/k / 2
/ / <773tC+ d,ig) 9eC0n ¥ (Q)  (9sC)"n >d9dt <0
0 JO

1+ @02 YO 1+ 040

for all 7/ € (0,7) and n € C! (Da ) such that n > 0in Doy, and 1 (0,-) =
n(m/k,) =0on [0,7). We define w := ¢ — 7. It follows from (A3), (B1), and
that w < 0 on {0,7/k} x [0, min (T, 7)) and [0, 7/k] x {0}. By apply-
ing the mean value theorem, we obtain that for any 7/ € (0, min (7', 7)), there
exist ay, ag, by, by € L (Dy ) such that inf {a; (6,t) : (0,t) € Dy} >0
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and
7 rr/k
(3.20) / / (nOyw + (a10pw + asw) Ogn + (b10pw + baw) n) ddt < 0
0 Jo

for all n € C' (Dg 1) such that n > 0 in Doy . and n(0,-) =n(7/k,-) =0
on [0,7'). By applying a weak comparison principle (see for instance Lieber-
man |10, Corollary 6.16]), it follows from ({3.20) that

(3.21) ¢(0,t) <~ (6,1t

for all (6,t) € Dy . min(7,r)- It follows from (A3), (A4), and that T < 7.
Note that by using similar arguments as in 7, we obtain that
is the unique solution of . It then follows from classical theory of
parabolic equations that

(3.22) lim sup |0p7| = o0.
t—T Dy g

Indeed, if (3.22)) is not true, then T' = oo (see for instance Lieberman [10]
Theorems 8.3 and 12.1]), which is in contradiction with 7' < 7. We let ~ :
St x [0,T) — R be the function defined as

v ((cos@,sinf) ,t) := {’y (0~_ ].W/k’ 2 lf] ?S even
—3((j+1)7/k—0,t) if jisodd
for all (0,t) € [jn/k,(j +1)7/k) x [0,min (T, 7)), j €{0,...,2k — 1}. Since
' (0) =0, it follows from and (B3) that 927 (jm/k,t) =0 for all t €
[0,7) and j € {0,...,2k — 1} which implies that v is a smooth solution of
(2.2). By using (B2), (3.16)), (3.22)), and the change of functions (2.1)), we
then obtain the existence of py € C*° (S™, I) such that holds true, the
solution of exists and 0,p (-, t) blows up as t — T'. This ends the proof
of Theorem [L.3 O
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