COMMUNICATIONS IN
ANALYSIS AND GEOMETRY
Volume 30, Number 2, 381@ 2022

On finite energy monopoles on C x %

DoNGHAO WANG

We classify solutions to the Seiberg-Witten equations on X = C x
¥ with finite analytic energy. The spin bundle ST — X splits as
Lt @ L. When 2 — 2g < ¢,(S7)[X] < 0, the moduli space is iden-
tified with the moduli space of pairs ((L,d), f) where (L*,0)
is a holomorphic structure on L* and f:C — H°(X,L*,0) is
a polynomial map. Moreover, the solution has analytic energy
—472d - ¢1(ST)[E] if f has degree d.

When ¢;(S) = 0, all solutions are reducible and it is the space
of flat connections on /\2 St.

Solutions will have either exponential decay or power law decay
according to the polynomial map f. We give a complete criterion
for these cases.
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1. Introduction
1.1. Motivation in Floer homology

The purpose of this paper is to give a complete classification of finite energy
monopoles on X = C x 3. This classification problem arises naturally in the
context of Floer theory of 3-manifolds with cylindrical ends.

The Seiberg-Witten Floer Homology is defined for arbitrary closed ori-
ented 3-manifold Y by Kronheimer-Mrowka in [II] and has greatly influ-
enced the study of 3-dimensional topology. The underlying idea is to con-
struct infinite dimensional Morse theory: solutions to the 3-dimensional
Seiberg-Witten equation on Y are critical points of the Chern-Simons-Dirac
functional £, and solutions to the 4-dimensional equation on R x Y are
viewed as negative gradient flowlines of £. We take the chain group to be
the free abelian group generated by critical points of L. Differentials are
given by counting numbers of flowlines that connect critical points with ad-
jacent indices. In order to make this picture work, suitable perturbations of
L are needed.

One reason to develop a relative version of Floer theory for 3-manifolds
with boundaries is to give a gluing formula for the absolute version, which
may facilitate computations in some cases. This version may also give topo-
logical applications in its own right. This goal is partly accomplished for
Heegaard Floer Homology, which was developed by Ozsvath and Szabé [19]
as a symplectic geometric replacement for gauge theory. Their construction
relies on Gromov’s theory of pseudo-holomorphic curves. Some generaliza-
tions for 3-manifolds with boundaries include Knot Floer Homology [18, 20]
and Bordered Floer Homology [I4]. It is now known that Heegaard Floer
Homology and Seiberg-Witten Floer Homology are equivalent [6][13]. How-
ever, the gauge theoretic counterparts of Knot Floer Homology and Bordered
Floer Homology are still missing.

Some attempts that avoid analytic technicalities have been made towards
this direction. In [12], the Seiberg-Witten Floer Homology were developed
for balanced sutured 3-manifolds and a version of Knot Floer Homology was
defined. On the other hand, Nyugen [16], [I7] studied the monopole equation
on Y directly and developed analytic foundations for constructing Floer
theories with the Lagrangian boundary condition on 3.

We shall now describe a more direct approach to this problem. Sup-
pose we wish to define Floer-theoretic invariants for a compact oriented
3-manifold Y with boundary ¥. We allow X to have multiple connected
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components (X1, ,%,,). We attach cylindrical ends to Y and study the
monopole equation on Y* =Y [y, R=0 x ¥. In this case, the moduli space
of finite energy solutions on Y is automatically compact and in general has
positive formal dimensions. It is also known that each solution will converge
to a vortex on X; as it approaches infinity along each boundary end.

So far we do not know any means to produce invariants of Y out of this
picture. Suppose we go one step further and consider the moduli space of
finite energy monopoles on R x Y* which is expected to produce differen-
tials and plays a role in the definition of Floer theory. We would hope this
moduli space has a nice compactification. However, for a sequence of solu-
tions on R x Y*, it is possible that some amount of energy escapes through
the cylindrical ends of Y*, which makes the moduli space non-compact. It is
believed that finite energy monopoles on X = C x 3 should serve as models
for these escaping “bubbles” and contribute to correction terms in the defi-
nition of differentials. The purpose of this paper is then to give a complete
classification of these monopoles on X = C x 3.

1.2. Statement of main results

Let X = C x ¥ be the product of the complex plane C and 3, endowed with
the product metric. On the complex plane C, it is the standard FEuclidean
metric and ¥ is any compact Riemann surface with a Hermitian metric.
Let g = g(X) be the genus of ¥. The main result of this paper establishes a
bijection between the moduli space of finite energy monopoles and an object
that is algebraic in nature.

Theorem 1.1. When 2 — 2g < ¢1(ST)[X] < 0, there is a bijection between
sets:

{solutions to the Seiberg- Witten equation of finite energy} /Y <
{@B,f): f#0:C — H*Z,L",dp) is a polynomial map}/%c(%).

Furthermore, for the finite energy monopole (A, ®) that corresponds to
(0B, f), its analytic energy Eun(A, ®) equals —4m2d - ¢1(ST)[X] and the zero
locus of the spin section Z(®1) agrees with Z(f). Here, d = deg(f) is the
degree of f.

Fixing the degree d of f, the object on the right corresponds to the space
of divisors of the line bundle 71 O(d) ® 75.Z — CP! x ¥ that are nonzero at
the fiber at infinity {co} x X, as £ varying for all holomorphic structures on
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L+ — X. If in addition f # 0 for any z € C, this is the space of holomorphic
maps of degree d from CP! to Sym™ ¥ where m = ¢;(LT)[Z] > 0.

To clarify our notations, recall that a spin® structure s on X is a pair
(S, p) where S = ST & S~ is the spin bundle, and the bundle map p : T*X —
Hom(S,S) defines the Clifford multiplication. An element (A, ®) in the
configuration space C(X,s) consists of a smooth spin® connection A and
a smooth section ® of ST. Let A’ be the induced connection on /\2 ST and
th be the self-dual part of the curvature form F4:. The Seiberg-Witten
equation is defined on C(X,s) by the formula:

1 + ®)
3P(F) = (29%)o =0,
(1.1) { Do =0,

where D is the Dirac operator and (®®*) is the traceless part of ®®* as
a bundle map ST — S*. This equation is also called the monopole equation
and solutions are called monopoles. We write §(A, ®) for formulae on the
right and is equivalent to F(A, ®) = 0.

The gauge group ¥ = Map(X, S') acts naturally on C(X,s):

G4 5u:C(X,s) = C(X,s), (A,®) — (A—u 'du,ud).

The monopole equation (|1.1)) is invariant under gauge transformations.
We are interested in the space of solutions to ([1.1) modulo gauge assum-
ing finiteness of the analytic energy:

1 1 K
(1.2) am(A,q)):/ —|Fpe]? + VAR + =0+ — (D)7,
4 4 2

where K is the Gaussian curvature of >. This is the main object that appears
on the left hand side of the bijection in Theorem

To justify the choice of &, recall that for a closed 4-manifold X, (A, ®)
solves the monopole equation if and only if it minimizes the analytic
energy; indeed, we have the energy formula

Eun(A,®) — Erp = /X (4, )2

where the topological energy &, depends only on characteristic classes of
S*. A similar energy formula in the context of the non-compact manifold
X =C x X is proved in Lemma where the topological energy &, =
—47%d - ¢1(ST)[X] and d is an integer. Therefore, a monopole on X is not
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necessarily a global minimizer of the analytic energy, but it does minimize
E.n In a suitable smaller variational space.

To explain the second object in Theorem let dvolc and dvoly, de-
note volume forms on C and X respectively. Since the symplectic form
w = dvolc + dvols, on X is parallel, the spin bundle S* splits as L™ @& L™:
they are F2i eigenspace of p(w). The spin section ® then decomposes as
(@4, ®_) with &4 € I'(X, L*). The first observation is that finite energy
monopoles are in fact vortices on X:

Theorem 1.2. If there exists a smooth solution (A,®) to the monopole
equation (1.1) on X with ® 0 and Eun(A, P) < 0o, then 0 < |c1(ST)| <
2g — 2. In addition, if c1(ST) > (resp. <) 0, then &, (resp. ®_) = 0.

Here, ¢1(S™) is the Chern class associated to S*. The same symbol is
used to denote the pairing c;(S1)[X] € Z. Reducible solutions occur only if
c1(ST) = 0. The converse is also true:

Theorem 1.3. If ¢1(ST) =0, then ® =0 and the induced connection A’
on N> St is flat.

Replacing the complex structure on X by its complex conjugate will
interchange the bundles L™ and L~. We focus on the case when 2 — 2g <
c1(S%) < 0 and ®_ = 0. Choose a holomorphic structure dp on LT and let
Vg be the Chern connection associated to g . We say a map f:C —
HO(X%, L, 0p) is a polynomial map of degree d if f is a polynomial function
on C with coefficients in H°(X, L*,dp). That is to say, we can find ; €
HO(%, L, 0p) for 0 < i < d such that for any z € C,

The group of complex gauge transformations 4 (X) = Map(X, C*) acts on
the pair (Vp,, f) by the formula:

Ge(X)du=uy-e®: (Vp,, ) (Vp, —uy ‘duy +i* do,u - f).

where « is real and u; € Map(X, S1). Therefore, the second object in Theo-
rem is the quotient space of pairs (g, f) by complex gauge transforma-
tions.

We also complexify the gauge group ¢ and define its action on C(X,s)
by the same formula of 4 (3). Then % = ¢ x Conf(X) where Conf(X) =
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Map(X,R) corresponds to conformal transformations on S*. What is hid-
den behind the correspondence in Theorem is that for any pair (Vp, f),
we can find a conformal transformation e* such that

a 0
+\ o, I
(A, 07) =e (VB+au+av,f)

is a finite energy monopole. This is also true in the opposite direction. For
precise statements, see Theorem and Theorem [5.1

To analyze the dynamics of (A, ®) at infinity, define the configuration
space C(X, L") in the same manner of C(X,s). Then any solution (B, o) €
C(%, L") to the vortex equation on X

~ L4 L2 —
(13 PeFpt gl alol =0
oo =0

gives a solution to (|1.1)) on X. Indeed, one can pull back (B, o) over C. This
corresponds to the case when deg(f) = 0 and &,,(A, @) = 0.
It is convenient to introduce the quotient space

B, LT) =C(3, L) /9(%).
For each k > 2 define a metric on B(X, L) by the formula

di([a]; [0]) = min [lu-a = bllzy),
where [a] and [b] denote equivalent classes of a,b € C(X, LT).

When deg(f) =d > 0, by Bradlow’s theorem [4], there is a solution
(B,o) to such that Z(o) = Z(v4) where 74 is the leading coefficient of
f. We know that di((A, ®")|3xx, (B,0)) = 0 as z — co. The question is
what is the decay rate. Suppose

dferl) d ™oy

f=70"tag 127 4 Fag 2 + Ya—m2®

where agq_; € C are complex numbers and ~y;_,, is the highest coefficient
that is not proportional to 74. In general, the zero locus Z(f)|(.)x5, as a
divisor on ¥, converges to Z(74) at rate 1/|z|™. Therefore,

dk((A7 (I>+)‘{z}><27 (B7 U))

can not decay faster than 1/|z|™*1. On the other hand, the decay rate 1/|z|™
is also achieved:
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Theorem 1.4. Suppose the polynomial map f is given by
f = 7d<zd + ad*lzd_l + -+ ad7m+1zd_m+1) —+ ’Yd,mzd_m 4+ ..

and Yq4_m is not proportional to 4. For the monopole (A, ®%) that cor-
responds to (By, f) and any k > 2, there exists C > 0 such that for any
z € C,
Ck
dk((A’ q>+)|{z}><27 (B7 O')) <

= lam

In the generic case, y4_1 is not proportional to 4, so m = 1. Theorem
states that generically we will only have 1/|z| decay. The only chance to
obtain exponential decay is to let m = d. In this case, Z(f) does not change
among different fibers.

Theorem 1.5. Suppose f = 4 - fo where fo : C — C is a monic polynomial
of degree d. Then for the monopole (A, ®T) that corresponds to (By, ), there
exists s(k, Bo, f) and C(k, By, f) > 0 such that

dk((A7 ®+)‘{Z}><Za (B, 0')) < Ce_s‘ZL

In particular, when c1(LT)[X] = 0 or 1, solutions to the Seiberg- Witten equa-
tion (1.1) have exponential decay.

Remark. The reason to pass to the quotient space B(X, L™) is to identify
(A, )|y xx With (A, €?®T)| (1 s for any €/ € S'. In fact, if we take into
account this argument, by imposing a proper gauge fixing condition for
(A, ®1), we have for z = |z|e? € C,

(A7 @+)‘{Z}XE ~ eiGd(Ba 0)7

as |z| — oo where d = deg f. But the decay rate of their difference would
depend on the gauge fixing condition.

In view of the previous subsection, we would expect some nice Floer
theories to be developed on Y* when c;(L1) = 0, 1. The first reason is that
in these cases, bubbles have exponential decay at infinity, as asserted in
Theorem [L.5l

The second reason is that we have a natural compactification for these
bubbles. Since a degree d polynomial on C is determined by its zero locus,
we only need a compactification for Sym? C modulo translations.



388 Donghao Wang

However, the situation is different when dim H(X, LT, 0p) > 2. Let us
take 1,72 € HY such that they are linearly independent. Let ¢t € C be a
complex number and consider the family of sections

fi(z) = 1z + tye.

The sequence of monopoles that correspond to (Ao, f;) does not have a
good limit in any naive sense. This sequence is constructed by rescaling the
z-coordinate on C, yet the rescaling process does not preserve the metric.

Therefore, there are several natural questions to be answered based on
our work:

e What is the compactification of the moduli space of finite energy
monopoles on X in general, based on Theorem [L.1ff

e How to compactify the moduli space of finite energy monopoles on R x
Y*? When Y = [0,1] x ¥ and Y* = R x X, this question is reduced to
the previous one.

1.3. Connection to previous work

This is a good time to recall classification theorems in dimension 2 and
draw a comparison. The classical vortex equation on C was designed for a
mathematical model of superconductors, also called the first order Ginzburg-
Landau equation. Let L — C be the trivial complex line bundle over C. A
configuration (B,v) € C(C, L) consists of a smooth unitary connection B
and a smooth section v of L. We set K = —1 in and this term is no
longer interpreted as the Gaussian curvature:

«iFg+1(|v[>—1) =0,
(1.4) { Gy — 0.

The analogous correspondence, established by Taubes [21] for Y = C,
states that

Theorem 1.6 ([9, 21]). There is an identification between sets

{degree d polynomials on C} — {0}/C*
< {Vortices on C of energy nd}/¥4(C).

When Y = ¥ is a compact Riemann surface, let L be a complex line
bundle over ¥ of degree d := ¢;(L), with a Hermitian metric. In this case,
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the equation ((1.4)) is subject to a solvability constraint and we have a similar
correspondence established by Bradlow [4]:

Theorem 1.7 ([4, Theorem 4.3]). When the solvability constraint 0 <
d < Vol(X)/4r is satisfied, there is a bijection between sets

{(537.]0) . f 7é 0e HO(YaLvéB)}/gC(E)
< { Vortices on ¥ of energy md}/9(X).

In both cases, sets on the left are identified with the space of effective
divisors of degree d and are isomorphic to Sym? % and Sym? C respectively.

In fact, Bradlow [4] defined the generalized vortex equation for any closed
Kéhler manifold M and any Hermitian vector bundle E™ — M:

iANFp+ 37 ®~* = 3Ip € End(E, E)
0% =0, Opy=0.

where B € A(F) is a unitary connection and v € T'(M, E). The second and
the third equations state that Jp is integrable and ~ is holomorphic with
respect to B. In light of Theorem Theorem also gives a classifica-
tion for vortices on X = C x ¥ when E is a line bundle. For details, see

Section 2.2

For both Theorem [I.6] and backward maps are easier to define, while
constructing vortices out of holomorphic sections is hard. In [4], Bradlow
proved the general existence of solutions using Kazdan-Warner’s theorem
[10] for any closed Kahler manifold when dim E' = 1. However, we do not
have a direct generalization of this theorem for our non-compact 4-manifold
X. Several different proofs [5] [7] to Theorem were found later. Finally, a
direct gauge-theoretic proof was discovered by Garcia-Prada [8] where varia-
tional principle was applied to the Yang-Mills-Higgs functional. Appendix
contains a brief review of his approach. Many of his insights have their roots
in symplectic geometry, but we will not emphasis this perspective. Using his
method, we will recover Taubes’ theorem in Appendix [C] In [21], Taubes es-
tablished his theorem using variational principle on the Sobolev space L2(C).
Since we will work with L2(C), our proof will become simpler.

In fact, when ¥ has constant Gaussian curvature K = —1 and (L%, 0)
is the trivial holomorphic line bundle over ¥, H%(X, L*,9) = C and we will
recover Taubes’ theorem from Theorem [T.1]

Finally, for vortices on C, there is an exponential decay result established
by Jaffe and Taubes:
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Theorem 1.8 ([9], p.59, Theorem 1.4). Let (B,7) be a smooth finite
energy solution of the vorter equation (1.4). Given any € > 0, there exists
M = M(e, (B,7)) < oo such that

1
0 <x*iFp = 5(1 — 7)) < Me= (=92l

Our proof of Theorem and Theorem will rely on this result.
Our results, however, provide another perspective for Theorem we have
exponential decay for vortices on C because for nonzero constant functions
on X, their zero loci do not change among different fibers (since they are

empty).

The same classification problem is also asked for the anti-self-dual con-
nections on the trivial SU(2)-bundle over X. Wehrheim proved an energy
identity in [23]. She showed that the energy of an anti-self-dual connection,
if finite, must be an integer after suitable normalization. A general classifica-
tion result is still unknown. In [3], Biquard and Jardim studied finite energy
instantons on T? x C assuming quadratic curvature decay and proved the
correspondence with algebraic objects.

1.4. Strategy of proof

This paper contains several independent proofs and they could be read sep-
arately:

In Section 2] we will cover some preliminaries and prove the positivity
of the analytic energy &,,. This is not so obvious at the first glance because
the Gaussian curvature shows up in and it is negative in general. As
an application, we will prove Theorem In Section [2.2] we will summa-
rize some useful facts about the vortex equation on X, which will be the
foundation of subsequent sections.

In Section (3] we will establish the first part of Theorem “Vortices=
Polynomials”. By the compactness Lemma in Section 2], when a solution
(A, ®) is restricted to fibers {z} x X, a subsequence will converge to a vortex
on Y. The main obstacle is to show that this limit is independent of sub-
sequences and hence (A, ®)|(.)xs — (Bo,7) as z — oo for a fixed solution
(B,7) to (1.3). For this part, we will borrow ideas from [23].

Section 4] is devoted to the case when ¢1(S™) = 0. It is a simple applica-
tion of maximum principle.

In section [p] we prove the second half of Theorem “Polynomials=
Vortices”, by following Garcia-Prada’s approach [§]. Our existence proof of
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monopoles on X, to a large extent, is an enhanced version of Appendix [C]
To find the correct conformal factor «, we start with an initial guess ag so

that

Ny o 0
(Alaq)l) =€ (VBO—F%—F%?J{)

has finite analytic energy. A second conformal factor a; is applied to min-
imize £(aq) 1= Eqn(e® - (A1, ®1)). The most technical part of the proof is
an a priori estimate which allows us to control L3 norm of a; in terms of
E(a1). Thus, there is a weakly convergent subsequence in {«,, } if lim £(a,,) =
inf £(a). We will also establish the smoothness and uniqueness of the solu-
tion.

Section [0] is devoted to the proof of the technical estimate. It is ac-
complished in two steps: using the energy equation to control |Axal2 and
estimating ||a||2 by decomposing « into high frequency and low frequency
modes. Since the dimension is higher, each step here is more technical than
the proof in Appendix [C]

In Section [7] we establish the power law and exponential decay of finite
energy monopoles in different cases. We prove Theorem|[I.4)and Theorem[1.5
The idea is to construct an approximating solution « using Theorem[1.8 and
to show the correction term a; = o — g has desired decay. Some elementary
PDE lemmas will be used here. In the simplest form, these lemmas state that
for a suitable function u € C*°(R?, R) satisfying

(Agz2 + Du(z) = k(2) + (hou)(2)

where h: R — R is a function such that |h(x)| < C|z|? for some ¢ > 1 and
C > 0, the decay (power law or exponential) of the function k:R? — R
will produce roughly the same decay for u. For details, see Lemma and
Lemma

Some analytic results are collected in Appendix [A] We state a weak
version of Trudinger’s inequality that is used elsewhere in this paper.

Acknowledgments. The author is extremely grateful to his advisor,
Tom Mrowka, for suggesting this project and for his invaluable support. The
author would like to thank Ao Sun and Jianfeng Lin for valuable discussions
and comments. This material is based upon work supported by the National
Science Foundation under Grant No. 1808794.

2. Monopoles < vortices

In this section, we prove some basic properties of finite energy monopoles.
In Section [2.1, we describe spin© structures on X = C x ¥ and establish



392 Donghao Wang

the positivity of the analytic energy &,,. In Theorem [1.2] it is shown that
monopoles with &,, < oo on X are degenerate, in the sense that either ¢ =
0 or ®_ = 0. Once this reduction to vortices is made, we will not work with
spin® structures any longer. In Section [2.2] we list several useful facts about
the vortex equation on X which form the foundation of later sections.

The same reduction was also proved for the monopole equations on a
Seifert-fibered 3-manifold Y and R x Y in [I5]. Our proof is parallel to the
vanishing spinor argument in [I5, Theorem 4 & Proposition 6.5].

2.1. Preliminaries

Since X = C x ¥ is a complex manifold, it is endowed with the complex
orientation. A spin® structure of X can be described concretely. The decom-
position ST = LT @ L~ is parallel, so any spin® connection A must split

as
Va 0
Va= +
4 < 0 VA> ’
where AL’s are unitary connections of Li. Let z = u + iv be the coordinate

function on C. The Clifford multiplication p = ps : T*X — Hom(S, S) can
be constructed by setting:

0 —id 0 _ _

where o1 = <é _01 : ST — ST is the first Pauli matrix. The bundle L~ is
isomorphic to LT © A% & and under this identification,
o = _ 0 —(V20O) N\ oy o
p3(w) := pa(du)™ - pg(w) = <\/§w0’1 . 0 ST = 8T,

for any € ¥ and w € T, X. This relation defines p4(w). ps is used to denote
the 3-dimensional Clifford multiplication.

We regard L™ and L~ as bundles on X, and they pull back to line
bundles over X via the projection map X — .. Choose a unitary connection
By on LT — 3. By and the Levi-Civita connection on /\0’1 Y induce a
unitary connection B_ on the line bundle L~ = LT ® /\0’1 3. We obtain a
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background connection Ay on ST by the setting

d d
VAO—VBO-F%-F%,

where By = (B4, B_) is the unitary connection on ST — Y. One can easily
check that Ag is a spin® connection. Any other spin® connection A differs
from Ap by an imaginary 1-form a € I'(X,i7*X). Their curvature tensors
are related by

Fy = Fy, + da ® Idg.
Using the product structure on X, the covariant derivative V4 =

(VG, V%) is decomposed into C-direction part and ¥-direction part. The
curvature tensor F4 is decomposed accordingly as:

Fo=FY+FS{+F7,

where F'{" is the mixed term. Let A’ be the induced connection on N
Lt ® L~. A Similar decomposition applies to the curvature form F4: of A’:

Fye = Fidvoly, + F§.dvolc + Ft,

where F7! € T'(X,iQ'(C) A Q1(2)). Our description of F4 then shows

1
(2.1) F' = 51«% ® Idg,
and
F> 0 1Y + 1K 0
2.2) Fy = < Ar >dvolg = <2 At T2 i )d’uolg.
( A 0 Fj 0 PG — 1K

In particular, we obtain that

(23) a(ST) = a(\ SHIE = 2er (L) +1—g) = 2e(L7) - 1+g).

To prove Theorem [1.2] we need a more useful expression of &,,. The
following lemma establishes the positivity of the analytic energy:



394 Donghao Wang
Lemma 2.1. Over each fiber {z} x X, we have energy identity:
1 1 K 1 1
[ 1P+ Va0 4 0t + S0P = [ JIFSE+ IFRE + VSeP
) b
+ [ 1oiPio_ o+ DF0P
b
1.
+ [ SHER +l0L - o PP
w4

where D% = "._, 5 p3(€;)V A, is the Dirac operator on X. Here, {e1,e2} is
any orthonormal frame at some point p € X.

In particular, Lemma implies that the analytic energy (|1.2)) is always
a non-negative number.

Proof. The Dirac operator DE interchanges bundles L™ and L~. In other

words, we have
) 0 D~

Under the isomorphism L™ = LT @ A S and LT = L~ @ A%, DT and
D™ are written as

D+ = \/§5A+ = \/§(VA+)0’1, D_ = \/58,4_ = \/§(VA_)1’0.
Therefore, it is sufficient to prove
1
[1Dtep = [ 9,0 P 4 (@5 (- iFR)e),
b b
1
/ |ID-®_|? = / V3@ + (@, - (K +iF}}.)®).
s ) 2
By (2.2), FY, = 3(Fi +iK) and Fy = 3(F}. —iK). At this stage, we

apply Weitzenbock formulas: for any line bundle L — ¥, a unitary connec-
tion B and a section o € C*°(X, L), we mush have

2/ \5BU|2 :/ \VBJ|2— (0,iFpo),
> >

2/ \aBa|2:/ V5ol + (0,iF50).
b b
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Lemma 2.2. If (A, ®) is any smooth solution to with Eqn(A, P) < oo,
there is a constant C' = C(Eqn(A, ®)) > 0 such that for any z € C,

/ |®? < C.
{z}xZ

Proof. This is a consequence of Lemma [2.1] and the classical compactness

theorem. Let n = (n1,n2) € Z x Z C C. Then for (z,z) € X’ := B(0,10) x
> C X, set

(An, @) (2,2) = (A, ®)(2 — n, ).

Then (A,, ®,) solves ([1.1)) on X’. In light of Lemma ,
1 2 2 1 1+, K 2
Ean(An, Bn) = Z’FAn‘ +|Va,®" + 1‘@n| + 5|(I)n’ < Ean(4, ).
X/

By [11, Theorem 5.1.1], after proper gauge transformations, a subse-
quence of (A, ®,) will converge in C*°-topology in the interior. This shows

[Pl Lo (B(0,5)x%)

is uniformly bounded by some constant C' > 0. It is clear that C' can be
made to be independent of (A, ®) and to depend only on &.

Finally, let (Ao, Poo) be the limit of this subsequence on B(0,5) x X.
Then (A, ®) solves equation and its analytic energy is zero. By the
computation in Section 3| (A, ®) is a constant family of vortices on B(0,5).
In other words, up to a gauge transformation,

d d
Ao, o) = (Vi34 — 4+ —
( 00> OO) (VA+du+d'U’0)7
where the pair (Vi,o) is independent of z € C. This observation will be
useful later. In fact, it is the fundamental issue to be resolved in Section
that this limit is independent of the subsequence we choose. Il

Now we have the ammunition to attack Theorem [[.2] We start with a
weak statement.

Proposition 2.3. If (A, ®) is any smooth solution to the monopole equa-
tion (L.1) on X with . (A, ®) < 0o, then either 4 =0 or ®_ = 0.
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Proof. Define a complex-valued function G on C by the formula
GG = [ (prene,
{z}x%
for any z € C. We compute 0G:
Lemma 2.4. There is an identity:
0G(:) = [ (DT 4 DB+ [0yl P)
{z}xZ
In particular, OG is real and non-positive.

Proof. Let - and D denote the covariant derivative V 4 2 and Va, 2 re-
spectively. The second equation of (|1.1] . implies

D D
Bl L Zd 4+ DED = 0.
du + g1 dv + A

In particular, this shows

D D D D
2.4 VYo, =—-Dd_, (——i—)Pp_=-DTd,.
( ) (du_‘_ldv) + ) (du ,Ldv) +

Since D7 is the adjoint of D~ as operators on L%(X), we have

_ o 0 N
0G(2) = (- +i) /{Mw 3,0

D D D D
= —)\D*® D<I> (— —i—)d_
G rigoprese s [ wtenmoighen

=—/{} (D704 |pa? +/} i+ i DYy, ),
zZ X Z X
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By the formula DE = p3(€ei)Va,e and 1) the commutator can be
computed as

D D
= Z PB(ei)[%7vA,ei] —o1- P3(€i)[%7VA,ei]

1=1,2
1 0 0
= 5@:1 2P3(€i)FAt(%,€i) -0 'PS(ei)FAt(%vei)
1 m 1 m\+ *
= _§p4(FAt)|S+ = —§ﬂ4((FAt) ) = —(®®")m1.

At the last step, we used the first equation of (1.1)). Here, I denotes the
projection map from a 2 by 2 matrix to its off-diagonal part. Therefore,

|G+ i 0o o) = [(@-ap)en e~ [ @ e

du dv
O
Write G = X +4Y with X,Y real. Then Lemma implies
X — 0,Y <0,0,Y +0,X =0.
Set K(z fo Xdu —Ydv. By the second equation, this integral is in-

dependent of the path we choose. Therefore,

X = 0,K,Y = —0,K,

and
AcK = (=92 - 9K = —0G > 0.

By Lemma [2.2] and the Cauchy-Schwartz inequality, we have

IVEP = |G < [IDF®4[[Fa5) 1272y < CAK.
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Our goal is to show K = 0. Let Z(r faB ) AK > 0. Then integra-
tion by parts shows

R
ogW(R)::/ Z(r)dr:/ AK:’/ i VK
0 B(0,R) 9B(0,R)
g(m)é(/ VEKP2): §(27rCR/ AK): < CoREZ(R):.
8B(0,R) 0B(0,R)

Suppose W (rg) > 0 for some ry. Then for r > 7,

In’(r) < Cs <—%>/,

and hence for any r; > r9 > 71,

1

In(r1) —In(rg) < C3<W(1T2) - W(T1)>.

Therefore, W (r) must blow up in finite time if W (r) # 0. Hence, AK =0
and

Dt®, =0, D"®_=0, |®,||P_| =0.

This shows over each fiber, &, and ®_ are either holomorphic or anti-
holomorphic with respect to some connections. They have discrete zero locus
unless the whole section is zero. Therefore, either ® or ®_ is zero over that
fiber. By , they are also holomorphic or anti-holomorphic on C x {z}
for any = € 3, so one of them is identically zero on X. O

To prove Theorem [I.2] it remains to verify that if any finite energy monopole
exists, then we have the constraint 0 < |¢;(ST)| < 29 — 2 and the sign of
c1(ST) will determine which of ®; and ®_ vanishes.

Proof of Theorem[1.3. In light of Lemma[2.2] a subsequence of (A, ®,,) will
converge t0 (Aoo, Poo) on B(0,5) x ¥ and the energy of this limit vanishes:
Ean(Aso, Po) = 0. By Lemma for this limit, we must have

IFS + B2 — |0 [ = 0.

If ¢1(ST) < 0 and @, = 0, then integrating over X yields a contradiction:

0>— /|(I> _?= /lFAr = —2mc1(ST) > 0.
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Therefore, ¢1(ST) < 0 implies _ = 0. Since D" ® o, = 0 and this sec-
tion is nonzero, we must have ¢1(L1) > 0. By (2.3), this forces ¢1(ST) >
2 — 2g. The case when ¢;(ST) > 0 is dealt with similarly. O

2.2. Vortices and the energy equation

From now on, we will assume 2 — 2g < ¢;(S™) < 0 and ®_ = 0. For simplic-
ity, we will change our notation. Let L = L™ and o = ®,. We will use A to
denote a unitary connection on L and use A for the induced spin® connection
on ST = L& (Lo A" %). Recall that the curvature form Fy is divided into
three parts:

Fy = F¥dvoly + F§dvolc + F}',

where F7' € I'(X,iQY(C) A QY(X)) is the mixed term. Then the monopole
equation (|1.1)) is simplified as

1.1
(2.5a) i(Fi + i) + 5K + Slof* =0,
(2.5b) dao =0,
(2.5¢) Fj e A™(X).

This is precisely the vortex equation on X (compare [4]). The last equa-
tion l-b is equivalent to 04 = 0, or F, 02 — 0, i.e., 04 is integrable. Since
Va = (VY, V%), the second equation -j is equ1valent to two equations:

IS0 =0 = d%o.
By Lemma for a smooth configuration (A, o), its analytic energy is
given by the formula,

K

1 1
(2.6) Ean(A,0) = / liFa + 5Kdvolg|2 + |Va0]? + Z|a\4 + §|a|2,
X

= [ IFSP o+ |FR P +950P + 20%0f
X
- L 22
+’ZFA+*K+*‘U’ | .
2 2
The energy formula in below concerns the analytic energy on a com-
pact region X, := B(0,7) x ¥ C X. This is just the energy equation for the

Seiberg-Witten map (see [11l Proposition 4.5.2]), but this particular expres-
sion will be convenient to use:
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Lemma 2.5. Let Fy = Fy — i%dvolg. Define

K
- lol*.

1
&)= [ AP+ |Vaol + Lol + 5

T

Suppose the configuration (A, o) satisfies (2.50) and (2.5d), then

1 1
6(r>=/ \z‘(FE+FE€>+K+!aI2\2+/ <a,vA,ﬁa>+/ F N F.

T T r

Proof. We expand the bracket:
1

. 1.1 . 1 el
[i(F3 + F5) + 5K + Slol[* = [iF3 + S K + Slo** + 20F%, 5lo]?)

2 2

1

+ |F)? + 2(iF§, S+ iFY).
Step 1. The Weitzenbock formula shows that over C:
(2.7) 0=2(09)*050 = (V§)*VS0 —iFo.

Take inner product with ¢ and do integration by parts:

/ iFS|of? = / V5o / (0, 457,
X, X, 0X,

Step 2. Since F']' is imaginary and anti-self-dual, we have

/ FyNF)) = 2/ FS(FY — LK) dvoly — / F A« F
X, X, 2 X,

1
= —2/ (iF§,iFY + - K)dvolx +/ |F52.
X 2 X,

r

Now we use Lemma or formula (2.6)) to conclude.

0

For the rest of the paper, we will not work with spin® structures and
the Seiberg-Witten equation ([1.1)); at least, not in a direct way. Instead, the

equation (2.5) will become the main object of study.

3. Vortices = polynomials

It is the object of this section to show any smooth solution (A, o) to equation
(2.5)) with finite energy comes from a holomorphic line bundle .Z and a poly-
nomial map f provided that 0 < ¢;(L) < g — 1. This proves one direction of

Theorem First, we recall some definitions.
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Let .2 = (L,J¢) be a holomorphic structure on L — ¥. Then H%(2, %)
is a complex vector space of finite dimension. The Chern connection on
£ — ¥ is the unique unitary connection By = Vj such that

T
Vg’ = 0.

Note that .Z pulls back to a holomorphic line bundle on X. By abuse
of notation, we still denote it by .. A polynomial map f: C — H(%,.%)
is regarded as a holomorphic section og of .Z — X by setting oo(z,z) =
f(2)(x). The connection By also induces a unitary connection on X by the
formula:
0 0

VAOZVO-F%-F%,

and 5,40 =0gp.

An element in the configuration space C(X, L) consists of a pair (4, o)
where A is a smooth unitary connection of L and o € I'(X, L) is a smooth
section. Thus, C(X,L) = A(X,L) x I'(X,L). The gauge group %c(X) =
Map(X,C*) = 4(X) x Conf(X) acts on C(X, L) by the formula

(31) g=wu-e“:(A0)— (A+ixcdca+ixsdsa—u tdu,u-e“o),

for any a € C*®°(X,R) and u € C*®(X, S!'). Whenever a subscript C, ¥ or X
is used, it denotes the operator on corresponding manifolds. For instance,
dc and *x¢ denote the exterior differential and the Hodge *-operator on C.
The same holds for X.

When u € 4(X) the gauge action on A(X, L) is defined by pulling back
connections:

VU(A) = UVA(U_l-).
But this is not the case when e® € Conf(X). In fact, (3.1]) is designed by
requiring two properties:

1) u(A) is a unitary connection. In other words, u(A) — A is an imaginary
1-form on X.

2) 5U(A)U = uda(u"'o). That is to say, the (0, 1)-part of u(A) is the pull
back of the (0,1)-part of A.
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Under the action of Conf(X), the curvature form and the covariant
derivative are changed by the formula:

(3.2) g=¢€":Fy— Fy — (iAca)dvolc — (iAxpa)dvoly + F~ (),
Va0 = e*(V a0 +2(da)"’ @ o),

where F'~ () reflects the change of the mixed term (the F'j*-part). It lies in
A~ (X) C A%(X). Indeed,

F~(a) = i(— *c +*y)dcdsa,

and *xF~ (o) = —(xc*y)F~ (o) = —F~ (). This shows that for any a €
I'(X,C), if a configuration (A, o) satisfies equations (2.5b|) and (2.5¢), so
does e* - (A, 0).

The main result of this section is the following theorem:

Theorem 3.1. Suppose 0 < ci(L) < g—1 and (A,0) is any smooth so-
lution to (2.5) with finite analytic energy, then there is a complex gauge
transformation e® with o € C*°(X,C) such that

e” - (A, o) = (Ao, 00),

where (Ao, 00) is the configuration induced from some pair (£, f). The pair
(&L, f) is unique up to complex gauge transformation on X.

The case when ¢ (L) =g —1, i.e. ¢1(ST) =0 is dealt with in the next
section.

Proof. Write V 4 as

0 0
b
= — + hd — d
VA VB+8'LL+ u+av+g v,
where for each z € C, B(z) is a unitary connection on L — ¥ and g,h €
C>(X,iR) are smooth functions. Then
dg Oh 0B 0B
Fa = Fjdvols, + (7> — ——)du Adv + du A (—— — dsh) + dv A (— — dsg).
A BUOZ+(8U 0v)u v+au (8u sh) +dv (av =9)
We start by analyzing the equation (2.5¢)). In light of the decomposition
above, this equation is equivalent to

0 0
. — —)B = .
(3 3) (6u + *% 611) ds:h + *Edgg
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Suppose a background unitary connection By on L is chosen. Then in
terms of Hodge decomposition, we have

B(z) — By = b*(2) + b"(2) + b*(2),

where b, b" and b? are imaginary exact, harmonic and co-exact 1-forms on
3 respectively. We impose the following gauge fixing condition:

(3.4) bt =o0.

This can be achieved since b'(z) = ids3(z) for a unique function 3(z) €
(ker Ax)* where Ay is the Hodge Laplacian operator on ¥ and (ker Ay)~*
denotes the L?-orthogonal complement of the kernel. The function €
C>(X,R) is smooth since b! is. Then we can work instead with e - (4, o).

Suppose the gauge fixing condition has been imposed. Equation
implies

ou
On the other hand, by identity ({2.6)),

V0" 1 Zac) < IR 172(x) < Eanl4, 0) < o0

This shows that the function b" : C — (H'(X,4R), *x) is holomorphic
and its derivative lies in L?(C). Therefore, b" is a constant function on C.
By changing the background connection, we assume b = 0.

Now it remains to analyze b%. We know b?(2) = —i *x, dg(z) for a unique
function a(z) € (ker Ax)+. The function o € C*°(X,R) is smooth. By com-
paring exact and co-exact parts of the equation , we have

0 . J .
dg(%za +g)=0, dg(%za —h) =0,

SO

0 g .
(3.5) VA—VB—I-%—F%—Z*CdCa—f—w.

for some imaginary 1-form w € I'(C,iT*C). Let (4’,0") =€ - (A, o). By (3.1),

we have

0 0
VA/—VO—F%‘F%—FW.
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Let V,, = V5. Then the equation (2.5b|) implies dp,0"(2) = 0 for each
z € C. Thus, we obtain a map

f':C— HX,L,0B,),

and 0, f' =0 by .

At this moment, it suffices to show that we can eliminate w by apply-
ing a further conformal transformation and obtain (V,,, f’) from the trivial
connection and a polynomial map. However, it is hard to do this directly.
The main obstacle is to verify the following property:

Lemma 3.2. There exists a sectionv # 0 € H*(X, .2, 0p,), a positive num-
ber ¢ >0 and a sequence of numbers r,11 > 1, >0 with lim, oo ry, =0
such that f1 = (f',v) has finitely many zeros on C and |f1(2)| > ¢ for any
z € 0B(0,1y,).

This lemma is hard because we need to connect the finiteness of zeros
of f1 with the finiteness of &,,. It is not clear to the author whether there is
a clean and straightforward solution. In fact, by , the finiteness of &,
implies F,,, 0, f' € L*(C).

Question 3.3. Suppose d+ w is a unitary connection of the trivial line
bundle on C and f': C — C™ is a holomorphic section with respect to w, i.e.
Ouf' =0. If F,,,V,f' € L?(C), then there exists a real valued function a €
['(X,R) such that e - (Vy, ') = (d, fo) where d is the exterior differential
and fo is a polynomial map.

The author does not know if this question could be answered by us-
ing complex analysis of one variable. Lemma is easily proven when
dim H(%, .2, 530) = 1 since in this case the vortex moduli space is a single
point and we conclude by the compactness argument used in Lemma [2.2

We shall prove Theorem assuming Lemma [3.2] The proof of Lemma
is postponed to the end of section. The following lemma is a direct
consequence of the proof of Lemma 2.2

Lemma 3.4. The sections a,0 € LY°(X) for any k > 0. In particular, f' €
L>(C).
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Take a complex gauge transformation v = e® %1 with oy, 81 € C®(C,R).
Consider u - (w, f1). The connection form w is changed into

w + i(xcdcon — dcf).

To make it zero, we need to solve the equation

(3.6) o +ifr) = WL,

In general, this equation can not be solved on C. But the 0-Poincaré
lemma says that we can alway solve it on B(0,2R) for any R > 0. Suppose u;
is such a solution on B(0,2R). Then 7y := u; - f1 is holomorphic on B(0, R)
and the zero locus Z(f) = Z(n1) is discrete on B(0, R). Since R is arbitrary,
Z(f1) is discrete. By Lemma Z(f1) is also finite, so it lies in a compact

region of C. Set
fQ = H (Z — Zi)-

The function u := f;/f> is non-vanishing on C and d,u = 0. Since C is
simply connected, u = €S for some smooth ¢ : C — C. Then

ou +whu =0= 9(—¢) = .

This shows ( is a global solution to the equation (3.6]). Since on each
circle 0B(0,7y), | fi| > ¢ > 0, we can find C' > 0 such that

le= G| = |fo) fi] < Clz|*

for any n and z € 0B(0,ry,). B
Now consider (d,n) := e~¢(V,, f'). Then dn = 0. By Lemma fie
L*>(C). Thus,

(3.7) [n(2)] < Gz

for any n and z € 9B(0,r,). Apply maximal principle to /2% on the annulus
B(0,7,41)\B(0,7,). We conclude that 1/2¢ is uniformly bounded when |z| >
r1. Hence, n/ 2% extends to oo and 7 is a polynomial map. This completes
the proof of Theorem O

Now we turn to the proof of Lemma We start with a lemma that
generalizes the classical theorem in complex analysis:
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Lemma 3.5. Suppose d + w is a unitary connection on the trivial line bun-
dle on C and a complez-value function f : C — C is a holomorphic with re-
spect to w, i.e, O, f = (df +w @ )1 = 0. If f is non-vanishing on |z| = R,
then

1 Vol

#{z € B(O,R): f(2) =0} = 5—

21t Jis)=r S
Proof. The 0-Poincaré lemma allows us to find a complex gauge transforma-
tion u such that 7 = w - f is holomorphic on B(2R,0). Then n and f have
the same zero locus Z(n) = Z(f). Because the 1-form udu~! is closed on

B(0, R), we have,

1 Vof 1 df 1/ dn .
o — W= v T 5 — +udu
27 |z|=R f 27 \z|:Rf 271 |z|=R n
1 on

=) #7(f) N B(0, R).

O

From now on, we borrow ideas from Wehrheim’s paper [23]. We use the
polar coordinate (r,6) on C. Write V4 as

3, 10
Va=Vp+ (= +h)@dr+ (—%; +g) ®rdb.

or r 00
We compute the curvature form:
0B 10B
F4 = Fgdvols, + FSdvolc + dr A (E — dsh) 4 rdf A (;% —dxg).

If we regard (A,0) as configuration on R x S' x ¥ and ignore the dr
component of V4, we get a family of configurations on Y = S! x 3. Let us
denote them by (A,,o,). Then

0
Vi 0w = Vo, Vil = 59 T r9d; or(0,x) = o(r,0, ).
If we decompose Fl4, into its ¥-part and its mixed part, we obtain
0B
FET(H) = FB(T,Q,JZ)? Fir =do N (% - TdE.g)'

Note there are two different metrics on R x Y. One is the product metric,
the other is induced from polar coordinates. Whenever the symbol Y is used,



On finite energy monopoles on C x X 407

we indicate the first metric, while the second is used implicitly for 0.X,.. For
any r > 0, define T'(r) by the formula:

= 1 1
| HAERP 4 r{9Sof? + 2080 + iFF + 3K + JloP.

T

Note that T'(r) controls the analytic energy of (4,,0,) on Y when r > 1.
Indeed,

= . 1 1
EunlArsy) = [ |FL P+ V%o 4205 o 4 iF5, + 3K + 5o PP
Y

2 _ 1. 1 1
< / r|FTP? 4 r|VSe|? + 2050 + =|iFY + =K + Z|o]}?
9 r r 2 2

T

<T(r).

In addition, for r > 1,

Ean(A, o) = /Ooo %5@«) > /loo L.

r

This implies

Lemma 3.6. There exists a sequence of numbers r, >1 such that
limy, 00 7, = 00 and limy, o0 T'(1,) = 0.

Recall that Fy = Fy — i%dvolg. Let a = A — Ag. Then F)y = FAO + da.
Since V470 = —i/r-Vag,0 and F) contains only dvoly component, by
Lemma [2.5]

1
5(7“):—/ (a,iVA,aed—i—/ FA/\FA—/ Fy AP,
T Jox. X, X,

= / —<0'7~,Z'v194r03,«> +a A (2F), + da).
Y

Note that
a = —ix*xc dca — i ¥y dya + w.
Let a, = alax,,wr = w|pp(o,) and &(r) = [q w,. For each configuration

(A, 0p) on Y, we apply the gauge fixing condition:

(3.8) wy = w(r)db.
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This can be achieved since w, — &(r) = dB, for some 3, € T'(S!,iR) and
we can work with e - (A, o,) instead. Note that and are differ-
ent from the Coulomb gauge fixing condition on Y. In terms of the Hodge
decomposition of Q!(Y,iR), write

1 h 2
ar — Wy = a, + a, + a,,

1 ,h

where al,a and a? are exact, harmonic and co-exact parts of a, — w, re-

spectively. Since pull-backs from S! or ¥ generate the space of harmonic
1-forms on Y, a®* = 0. The exact component a! is nonzero in general. By the
gauge fixing condition (3.8)), we have

/ a A (2F), + da) = —4nier(SH)a(r) + H(ad).
Y
Here, H(a?) is a function that involves « only. Indeed,
H(a?) = / (=i *c deo) A (2F), + 2iAsadvols).
X,

It depends only on the co-exact component a? and is continuous with respect
to L%/z (Y,iQ(Y))-topology.
Since Eun(Ar,, 0v,) < T(ry) — 0, we have

(a2 or )y < C

for some uniform C' > 0. See [11, Theorem 5.5.1] for a proof for 4-dimensional
equations. By passing to a subsequence, we may assume (a2 , 0y, ) converge
weakly in L%. Therefore, the sequence

E(ry) +4n%icy (S)a(r,) = H(a

I N
3

)= [ torivho

converges. Since £(r) has a limit as r — oo, limw(r,) exists. This implies
that for some proper gauge transformations ePr and an L%—conﬁguration
(Ao, 000) O Y,

2
w—L7

(39) 66" (A'I“n7 JTn) — (A007 Joo)v
and &4 (Aso, 00) = 0. So, for some m € Z,

P .
(3.10) A = 20 + B} — imdh, 000 = ™7 . 5,
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and (B{,~) is a vortex on ¥, i.e. this pair solves the vortex equation .

At this moment, we do not know eﬁ"arn — 0so In L*°-norm since in
dimension 3, L? #+» L>°. We only need a weaker result and it is almost there.
We examine the exact part of a, — w, more carefully:

Lemma 3.7. |la} |l12v) — 0 as r, — oo.

Proof. The exact part of a, — w, arises form —i ¢ dca|sx, . Indeed,
5y(—i X dza) = 0,

where Jy is the formal adjoint of the exterior differential dy . Therefore,

/ al? < 7‘/ | — i #e dgol? < mll/ dedsal?,
Y 0X, 00X,

using the fact that a(z) € (ker Ax)*t. A\; is the first positive eigenvalue of
Ay;. On the other hand, since F'}* = i(xc — *x)dcdsa,

1
~T(r) 2/ |F7)? :2/ |dedsal?.
r X, X,

The last equality follows from the fact that over each fiber {z} x X, xcdcdya
is an exact form while *»dcdsa is co-exact, so they are orthogonal.
Finally, T(r,) — 0 implies [|a; ||z2¢yy — 0. O

Now we are ready to prove Lemma

Proof of Lemma[3.3. We take (3, € (ker Ay)* such that dy 83, =al. By

.-
Lemma 1Bnllrz(vy — 0 as m — oo. This shows that gauge fixing con-

ditions (3.4)) and (3.8) are satisfied for the limit (A, 00), so (3.10) holds
without further gauge transformations. Let

1n(8) = / (P ooy 1h(0) = / (v 7oo),
{0} x% {0} xZ

then I,,,l!, € L3(S'). Moreover, 1,(f) converges to the constant function
||'7||%2(E) in L>(S1)-topology. Since f, is imaginary, |e®» — 1| < C|B,| for
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some C' > 0. Thus,

(3.11) 1t = Lall 272 1y < CullBallzzvy = O

Indeed, by Lemma o€ L*(X) and 0o € L™(Y), so

1,(6) — 1(6 r—|/ or,am>r<c/ Bl
9}><E {0} x2

To deal with the derivative, note that d%(ln — 1) is bounded by

The first term is controlled in the same way. For the second, we use the
multiplicative structure LS x L2 < L3/2 and Sobolev embedding theorem
L} — L in dimension 3. This proves estimate .

By the gauge fixing condition , B(, — By is a co-exact 1-form on
Y. Then B{ — By = —i *x, dx.0 for a unique function oo € (ker A)*. Let
v = €*>04. Then dp,v = 0. Recall that o/. = e*0, and for any z € C,

fi(z) = /{ et

By Lemma.4 a € L(X). Since ax € L¥(E), for any 2 = e € C,

|f1(2)] = 2|l (0)]-

This implies that when n > 0, | f1(r,e")| > ¢ for some ¢ > 0, since the
same holds for ,,(0) and 1/,(0).

Finally, we need to verify that f; has finitely many zeros. We apply
Lemma and give an upper bound for that integral. The contribution
from the connection form is settled since it is just i, and limw,, exists.
Since |f1| > ¢, for r =1y,

1 C
R FOTAETY TR AT

OB(0,r)

It is sufficient to estimate ||V, ol |l2. By (3.2)),

Vo' = (V50 + 2(dca)’ @ o).
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By Lemma a,0 € L*°(X). It suffices to estimate the L?-norms of V§o
and dca. For the first term,

/Y VYo < /8 Ve <70,

r

For the second, it was done in proof of Lemma [3.7] This completes the proof
of Lemma [3.2] O

4. When Cl(S+) =0

In this section, we discuss the case when ¢;(S™) = 0 and prove Theorem
In this case, finite energy monopoles are necessarily reducible and they are
identified with the moduli space of flat connections on A* S*. We reformu-
late the result in terms of the vortex equation:

Theorem 4.1. Any finite energy solution (A,o) to the equation (2.5)) is
reducible, i.e., 0 = 0 on X. In addition, A, the induced connection on \* ST,
1s flat.

Proof. We shall use notations from the last section. Since ¢;(ST) =0, we
can choose a background connection By on ¥ such that iFp, + %K = 0 and,
after imposing the gauge fixing condition ({3.4]), the connection A is given by

0 0
Va=Vo+ — 4+ =— —ixcdeca — i *x dya + w.
ou Ov
for some smooth function v € C*>°(X) with [5, a( = 0 on each fiber. Here,

w € I'(C,¢T*C) is an imaginary 1- form Therefore FA = F, + iAca. Inte-
grating equation ([2.5a)) over each fiber, we obtain

O:/ZFA+/ZFA+ K /‘|O"2
= iVol(2)F, + mc1 (ST) + /ya|2

1
:z'Vol(E)Fw—i—/ o]

2 s

This shows iF,, < 0.Let (A’,0’) = e*- (A, o) and set T'(2 f{z}XZ lo’|?
By the proof of Lemma we have

T(z),a =0
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as z — 00. Indeed, for a solution (A, ) on X5 = B(0,5) x ¥ of the equation
(2.5)) with zero analytic energy, we necessarily have o =0 and « = 0 since
¢1(S™) = 0. In particular, T € L*(C) is a bounded function.

Since VG, = V,, and 9,0’ = 0, by Weitzenbéck formula (2.7),

AcT = —2/ Vo[ + (Vi Vo', 0') < 2/ (iFu0',0") < 0.
) %

Therefore, T' is a bounded subharmonic function on C, so T is constant.
Because lim,_,», T'(2) = 0, T = 0. It follows that F,, = 0.

Finally, equation shows that —Axa =0, so « cannot attain its
maximum or minimum in the interior of any bounded domain. But o« — 0
as z — 0o. Thus, a = 0 and A is flat. ([l

5. Polynomials = vortices

So far, we have not seen any smooth solution to equation or on
X = C x X that has nonzero energy. In Section [5.1] we take up the task of
constructing solutions. Starting with a polynomial map f : C — H°(%,.%),
we produce a vortex (A, o) such that Z(o) = Z(f). This solution exists, a
priori, in the Fréchet space L% 10c(X), but we will show it is smooth and
unique in Section [5.2] There is a tedious a priori estimate that appears in
variational principle and we postpone its proof to the next section.

5.1. Existence of solutions

Let us recall some setup from the previous section. Let .Z = (L,0¢) be a
holomorphic structure on L — ¥ and let f: C — H°(X,.#) be a nonzero
polynomial map of degree d. This means there are some global sections
v € HY(3,.%),0 < i < d with 74 # 0 such that

for any z € C. Suppose a Hermitian metric h on L is fixed. The Chern
connection on .Z is the unique unitary connection By = V( such that

Vg’l = (i«;/ﬂ
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We impose an extra condition on the pair (By = Vo, 74): this configura-
tion solves the vortex equation ((1.3) on X:

(5.1) {*Mb+5K+5WP:Q

Ogo = 0.

This can be achieved by applying an element in 4 (%) since the solvability
constraint

1
0> e (ST) = / iFp+ invol(c

by

is satisfied. For a proof, see [4, Theorem 4.3], [8, Theorem] or Theorem |B.1

The line bundle . pulls back to a holomorphic line bundle on X =
C x ¥ and f is regarded as a section on X by setting oo(z,z) = f(z)(z).
The connection By induces on X a unitary connection:

0 0
VAO—VO‘F%'}‘%.

The conformal transformation is defined on the configuration space
C(X, L) by the formula:

(5.2) g=¢€":(A0)— (A+ixcdea+1ixydya,eo).
The curvature and covariant derivative are transformed accordingly:

(5.3) g=¢€":Fy— Fy —ilAcadvolc — iAsadvoly + F~ ()
V0 = (Va0 + 2(da)P @ o),

where F'~(«) reflects the change of the mixed term (the F'-part) and it lies

in A=(X) € A%2(X). Note that for (A,0) = e - (Ag,00), equations (2.5b))
and (2.5c]) are automatically satisfied.

Theorem 5.1. For any polynomial map f of degree d, we can find & €
C>(X) such that (A, o) = e* - (Ao, 00) solves the equation (2.5d)):

1 1
(5.4) iw§+F®+§K+§wF=Q

and its analytic energy Eun(A, o) equals —4rw2d - c1(S). In particular, (A, o)
gives a finite energy monopole on X.
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Remark. For (A,0) = (Ao, 7a4), that is, we extend 4 to be constant in
variable z € C, this pair solves equation ({2.5)) since (By, ) solves (5.1)). This
corresponds to the case when d = 0 in Theorem 5.1

Before we start the actual proof, let’s sketch a strategy to find such an a:

Step 1. Choose a background conformal transformation ag € C*°(X) and
set

(A1701> - 6010 : (A0700)‘

At this step, the configuration (Ap,01) is not necessarily a solution to
(5.4)). It is close to an actual solution so that the analytic energy Eu, (A1, 01)
is finite. Moreover, the next step needs to be achieved:

Step 2. We find another conformal factor a € L3(X) such that
(An,0q) = €% (A1,01) solves (5.4). Take & = ap + .

Definition 5.2. We define the moment map p as

e L3(X) — L*(X),
1
2

1
= 1(0) + (Aca+ Asa) + 5(620‘ — Doy,

1
a—i(FY +F5)+-K+ 5]0a|2

The second step amounts to finding a € L2(X) so that p(a) = 0. The
definition of © depends on . We wish p to be well-defined so that we may
apply variational principle to ||u(c)||3. Our target a would be the minimizer
of this functional. The first guess for «y is

d
a=—3 log(|z* + 1).

But in general, this choice does not guarantee that p is a well-defined map
from L3(X) to L?(X).

Lemma 5.3. We can find oy € C*°(X) so that for any o € L3(X), u(a) is
square-integrable and the energy E(a) := Eun(An, 0a) is finite. Furthermore,
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for this ag and w, the energy equation

) [ (@ = oA 00) = €

1s valid. The topological energy is defined by the formula
Erop = —4Am>d - 1 (ST),

which depends only the degree of f and c1(S™).

Proof. Write ag = 8 + § with

d
B = —§log(\z|2 +1)

and ¢ to be determined later. Using the fact that (Bp,7,) solves the vortex
equation (5.1]), we have

1 1
p0) = (F3, + Fi,) + 5K + glon[?
1 1
=Ac(B+9)+ Axd + xxiFp, + §K + §|01|2
1
=Ac(B+6)+ Axd + 5(!01|2 — val?).

We attempt to make p(0) in L2(X).
If 6 = 0, then o1 = 0. := f(2)/(1+ |2[%)

4
2

€ L*°(X) and by direct com-

putation:
2d
(5.6) AcB = (SR € L*(C),
2|2[*"*Re(2d; Ya—1)n 1
2 2 )
= O(———5)-
’O’ | |7d| (1 + ’2’2)(1 + (1 + ‘Z‘Q)

If we know v4_1 = 0, then |o1]? — |74| € L?(X) and we are done. To deal
with the general case, note that the unbounded operator

T = As + |yl : LA(Z) — L*(D)

is self-adjoint on L3(X) and is invertible. Set

L [2d—2
0(z) = —MTl(Re<zyd,7d1)h) € O(\/lj_w)
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Then we have,

1 1 1
Asd+ S (o1 = [af*) = Asd + Slou* (€% = 1) + S (|owl* = [af),

1
= (lowl* = al*)8 + Glou*(e* —26 1)

a * - 2T (5 —_— ).
+ (00l =l +270)) € O 7)
To check Acd € L?(X), it suffices to compute:
A 2[24720  r¥7lcos®  4dr??3(2r? — (d— 1)) cosf
Ca+lP)d T Ty T (14 r2)d+2 ’

where 7 = |z] and u = r cos 6. This function has enough decay at oo and lies
in L?(X).

To show p(a) € L?(X) in general, it suffices to check:

1
Axa, 5(620‘ —1)]o1|* € LA(X).

The first follows from the fact that o € L3(X). The second comes from
Trudinger’s inequality (Theorem |A.2)) and the fact that o1 € L*°(X).

It remains to prove (5.5)): it will imply that analytic energy &u,(«) is
finite. We first do the case when a € C2°(X). In light of Lemma it
suffices to show

(57) lim <Uaa vAmﬁUa> = 0,
r—r00 8Xr
(5.8) lim [ F) AF), = —4r*d-c(ST).
r—00 X, « <

Suppose supp(a) C B(0,79) for some rg >0 and take r > rg. Then
(An,04) = (A1, 01). Let (As,04) = €8 - (Ag, 00). By formula (3.2),

Va,i0a=Va01 = e‘s(VA*a* + 2(d(5)1’00*).
Since 01,04, € L*(X) and

Va.ox = e’ (dog + 2(dB) 0ay),

T Yd-1 12292 L Jower order terms Ldz € O 1
(11 |z]2)@2)/2 1+ 12

)

r2d=1cos0 1
dl— " -
( (14 r2)d ) € O(l—i-r?)’
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the boundary term goes to zero in (5.7)) as r — co.

To compute the topological energy &, by formula (5.6]), we have

1
/ Fy NFy = —2/ AcB- (iF5 + - K)dvolx
X, P * X, o 9

= —271'01(S+)/ Acf — —4r2d - c1(ST)
B(0,r)

as r — 00. Let u = Ay — As. Then

/ (Fy AF, —F) AF})= / WA (dp+ 2F) ).
X, X,

When r > 19, o = 0. We reduce to the case when A, = A;. Since |u| <
|d6] ~1/(1+7?) and the curvature term du + 2F’ is uniformly bounded
on X, the integral above decays as 1/r as r — 0o. Therefore, formula (5.8])
is also valid.

We showed that the energy equation holds for any o € C°(X). It
also holds for any o € L3(X) since C°(X) is dense in L3(X) and all terms
in , as functions in a, are continuous in L3(X)-topology. We may need
Theorem to verify the continuity. O

The next theorem is an a priori estimate and the proof is technical. Its
proof is postponed to the next section. We will finish the proof of Theo-

rem [5.1] assuming Theorem

Theorem 5.4. For any a € L3(X), define E(a) = Egn(An,00). There is a
function n: RT — RT such that for any C >0, if £(a) < C, then |lal/; <
n(C).-

Proof of Theorem [5.1. Let a = inf,erz(x) €(ar). This number is finite since
£(0) < co. Therefore, there exists a sequence {a,} C L3(X) such that

a = liminf &(ay,).
n— o0
By Theorem llon || £2(x) are uniformly bounded, and we can find a weakly
convergent subsequence. We assume it is the sequence itself. Let ao be
their limit. Note that p : L3(X) — L?(X) is weakly continuous. Indeed, by
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w—L3 . .
Theorem |A.4] o,, —= o, implies

—L%(X —L?(X
Axoy, w—()> Axs, e —1 w—”) e* — 1.

This shows £ (@) < liminf E(ay,) = a, s0 E(as) = a. Now consider the
linearized operator of p at aoo (see Theorem |A.3)):

Do_p: LA(X) = L3(X), v — Axy + €220y |>y.

Since o is a critical point of &, for any v € L3(X), we have

(5.9) 0= 4 £(0m + 1)l = 2{plroe), Do)

Lemma 5.5. For any o € L3(X), the operator
Dop : LA(X) = LX(X), v — Axy + €Yoy |*y,
is self-adjoint.

Proof. The operator Dyp is well-defined. Indeed, by Theorem [A2] o €
L3(X) implies a,e?® —1 € LP(X) for 2 < p < oo. In particular, e?* v €
LA(X). Since 01 € L*®(X) and L* x L* < L?, we have

e**|o1[*y = |o1]*y + (€** — )]0y [*y € L*(X).

Note that D, u is clearly symmetric. It suffices to show that it agrees with
its adjoint. We need to show v € L*(X) and Dau(y) € L?(X) implies v €
L3(X). This can be done directly, but we proceed using Friedrichs extension
theorem. Define the norm A on C2°(X) by the formula

umi=mﬁ+/ﬁmﬁ+mwmﬁ
X

The Hilbert space H obtained by the completion with respect to || - |4 is
embedded as a subspace of L?(X). Then by Friedrichs extension theorem,
D, is self-adjoint on the space

D={xe€H:3C>0,(z,y)a <Clyll2, for any y € H}.

We need to identify D with L3(X). It is clear that L3(X) C D. For
the reversed inclusion, take any y € C2°(X) and x € D. Then integration by
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parts shows
<$7 ZJ)A = <Daﬂ(33)> y>27

and by Riesz representation theorem, D,u(z) € L?*(X). Since z € H —
L}(X) and L3(X) < L*(X), e**|o1|?2z € L*(X). Therefore,

Axx = Dou(z) — Yoy |2z € L2

This completes the proof of the lemma. U

By lemma y 1= (o) lies in the domain of the adjoint operator
(Du)* =Dy, so y€ L3(X). Let y=y in (5.9) and integration by parts
shows:

0 = [ldyl3 + [lye*o1][3.

Therefore, p(as) =y = 0. O

As long as the a priori estimate, Theorem [5.4] is established, the proof
of Theorem [5.1]is quite formal. We will tackle this technical theorem in the
next section.

5.2. Smoothness and uniqueness

For the rest of the section, we prove the smoothness and uniqueness of the
solution obtained in Theorem (.11

Lemma 5.6. The solution & = a+aq obtained in the proof of Theorem[5.1]
is smooth.

Proof. Note that the equation p(a) = 0 is equivalent to

(5.10) Axa = —p(0) — %(620‘ Do

Both u(0) and |o1]? are smooth functions on X. Since « € L3(X),
Trudinger’s inequality (Theorem [A.2)) implies €2* — 1 € LP(X) for any 2 <
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p < 0o. Then elliptic regularity shows

aelb, (X)

2,loc

for any 2 < p < o0, s0 a, e** € L (X). This implies

loc
d(e** — 1) = 2¢**da € L3, .(X),

and
V3(e* — 1) = 4e**da ® da + 2¢**V3a € L (X).

loc

We use induction to prove that for each k > 2,
«, e2a € Lz,loc(X>‘

The initial step & = 2 is done. Suppose the statement is true for some k > 2.
By elliptic regularity and the induction hypothesis that e € L%J oe? 1’
implies a € L%+2,loc‘ To verify e2® L%JrQ,lOC’ it suffices to note that Ly, is
an algebra for any k£ > 0 and the expansion

oo
200 (2a)m
<= Z m!

m=0

converges in Liwyloc—topology for any « € L%+2,loc‘ The induction step is
accomplished. Since o € Lz loc fOr any k > 2, a is smooth. ([

Lemma 5.7. The solution & = «+ g obtained in Theorem is also
unique.

Proof. Let o/ = a + ag be the solution obtained in the proof of Theorem
We need to show for any o € C°°(X) such that (A4, 0) = e®” - (Ag, 0g) solves
equation and has finite analytic energy, o = .

Let v = o — o/, then v is smooth and pu(y + a) = p(a) = 0. This shows

(5.11) Axry + %eh(e% ~D)e]? = 0.

Since (A,0) = e - (Ag,00) = e~ . (Ay,01) has finite analytic en-
ergy, by the proof of Lemma " — aol| L (fz3xx) — 0 as z — co. The
reason is that when we properly translate (A,o) to the origin and get a
sequence of solutions (A, c,) on X' = B(0,10) x X, we impose Coulomb-
Neumann gauge fixing condition (with respect to (Ag,v4)) on B(0,10) C C.



On finite energy monopoles on C x X 421

As n — oo, these solutions will converge in the interior in C*°-topology to
(Ao,7aq). This gives the desired convergence.
Therefore, we have, in addition to ([5.11]), that

(5.12) y=(a"—ap)—a—0

as |z| — 0o. Then the maximal principle implies v = 0. Indeed, suppose v >
0 somewhere, then by , it attains its maximum at some point p € X
and hence Ax~(p) > 0. If Ax~(p) > 0, then is violated at p. The case
when Ax~(p) = 0 is tricker: we need to add a perturbation. For details, see
[9, Chapter VI.3, Proposition 3.3]. This shows v < 0. Similarly, by analyzing
the minimum of v, we conclude v > 0, so v = 0. g

6. Proof of Theorem [5.4]

Theorem [5.4] states that the L2-norm of u(a) controls the L3-norm of « for
any o € L5(X). The proof is achieved by two steps:

Step 1. Estimate ||Axal|o.

Step 2. Estimate ||al|2.

The first step is a consequence of the energy formula , but we need
to work very carefully. The second step is trickier: it involves decomposing
the function « into its high frequency and low frequency modes.

If one carries out the same proof for the vortex equation on ¥ and C,
an a priori estimate like Theorem [5.4) will be needed as well. For details, see
Theorem [B.2]and [C.3] In both cases, the first step is trivial. On X, the second
step is false, but we can still make it work by using a smaller variational
space. On C, the second step is processed similarly as we did here, yet it is
simpler.

We establish Theorem [5.4]in a sequence of lemmas. We start with Step
1.

Lemma 6.1. There exist a,b > 0 such that for any o € L3(X) with £(a) <
C, we have

HAXaH%Q(X) < aC +b.
Proof. Tt suffices to find a,b > 0 so that

[Acall7zxy, [Asallfzx) < aC +b.
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By (2.6)), we know that
E(a) >/ |F£a‘2 :/ |A(cOé+A(cOz()‘2.
b'e X
Now, the elementary inequality,

(6.1) (a+b)?2 > =a? - b?

N |

implies that ||Acal|3 < 2(E(a) + ||Acagl|3).
To analyze the term |[[Axall2 is harder. The energy formula (2.6]) also
implies

1 1
£(a) >/ iFY + 1k 4 Lo
A TR T
1 1
= [ @sat 5@ = i) + 501 = haP.
X
Then the inequality (6.1]) implies

1
26(0) + 2l =l > [ 1Asa+ 5~ Dln PP

Therefore, Lemma follows from a fiber-wise estimate and it is the
content of the next lemma. O

Lemma 6.2. For each z € C, let (Bi(z),01(z)) = (V},,01(2)) € C(%,L)
be the configuration on the fiber {z} x X. There exists ¢ > 0 such that for
any o € L3(X) and z € C,

1
/ Asa+ (@~ Do ()P > e / Agal.
> 2 )

Remark. Though the proof below is messy, the underlying idea should be
clear. This lemma is true because for each individual o;(z), the statement
is true for its linearized operator. Equations and below are steps
where we pass to linearized operators. This resolves the case when [[Asal|2
is small. When ||Axa||2 is large, this estimate is true due to the energy
equation.
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Proof. The family of configurations (Bi(z),01(z)) admits a natural com-
pactification; we extend it to CP! by setting

(Bi(00), 01(20)) = (Bo, 7a)-

In particular, there is M > 0 such that

lov (1235 + 1F5, (2)I23s) < M

holds for any z € C. What will be frequently used below is the Sobolev
embedding theorem:

L3(2) = L=(Z),
and the fact that this embedding is compact.

To start, we have a nice energy equation associated to the vortex equa-

tion ([1.3)), as a special case of Lemma or Formula ([2.6)):
1

1
K+ Zlol212
SK -+ 5ol

/2|8302+‘*iFB+
b))

2 . 1 2 1 2 2 1 2

— [ [Vpol 4| %iFs+ K| + (o2 + K)? — K.

> 2 4 4

We apply this equation to (B,o) = e - (By,01) = (B1 + i * dya,e® - 01)
and get

1 1
(6.2) / |Asa + *iFp, + K + ~|o1|*e**[?
5 2 2
1 1
> / |Asa + xiFp, + - K[> — ~ K2,
5 2 4

using the fact that dg, o1 = 0, so dgo = 0. Then the Cauchy-Schwartz in-
equality and (6.1)) imply

1
2/ |A205+ 5(62(1 — 1)’01|2|2
Y

1 1
+2/ [ «iFp, + 5K + o1l > LHS of (3,
b

and

1 1 1
RHS of (6.2) > 2/ |Aza\2—/<l*z‘Fgl + KP4 K7,
by b
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Finally, we get
1
(6.3) 4/ Asat S (@~ Dlor? + N > / IAsal?,
b by

for some N > 0 independent of z € CP!.

Suppose Lemma is violated. Then, for each n > 0, there is (ay, z5,) €
L3(2) x C such that

1
(6.4) / |Asay, + 5(620‘" —1)|o1(zn) |2|2 / \Agan|2
b

Let 0y, = 01(2p). By , we must have fz |Axan|? < 4N < 5N when
n > 5. This shows the sequence 3, := Axa,, is bounded in L?(X) and we
can find a weakly convergent subsequence. Since this is a compact family of
configurations, we can further assume that for this subsequence z, = zoo,
so {|on|?} is convergent in L. Write o, = G, + 6y, where G : L?(X)+ —
L3(¥)* is the Green operator and 6, is the average of o, on X. By ,
we know that the sequence of functions

1 1 1
(6.5)  gn:=Asa,+ 5(620‘" —Dop)|* = Bn — §|an|2 + §]Un|262G5"e25"

converges strongly to 0 in L?(3). Since L3 — L*°(3) is compact, {G3,} and
hence {e“P»} is convergent in L>(X). So far, we have shown

2
Bn w_) 6007 |Un|2 —> |Uoo|2 = |U(zoo)|27
o2G B, 57L% 2Gh gn = L? 0,

for some B € L%(X). The relation (6.5) then implies

(6.6) {|on|2€%°"} is weakly convergent in L2(X).

This convergence can be made to be strong; indeed, write o, = r,o),
with r, = ||loy||2 and ||o},||2 = 1. Then r,, > 0 for any n. If 7, = 0 for some

n, then o1(z,) = o, =0 in (6.4), and

1
/|Azan|2< / Asanl?,
b)) nJx
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which is absurd. By passing to a subsequence, we can assume {0/, } converges
strongly, since

{H;l(< >)H HEAS CPl? Ho—l(z)HLQ(E) 7& 0}

forms a compact family. Now {a, := r,e’ = ||e®0,|]2} is a sequence of
bounded real numbers by , so there is a converging subsequence. We
may assume {r,} converges as well. In all,

)

(479 — [025%<) Tn — T'OO,
—L2
O’;?, S—> Ué)o? ‘Un‘Q W = an’U ’2 —> aoo‘o-oo|2

for some oo, 700 > 0 and ol € L().

All these things imply that 3, i Boo a8 n — 00 by 1} There are
two cases to be dealt with:

Case 1. lf roo =0, 1.e. 0 1= 0(200) = 0. Let n — oo in (6.5]), so

But [i. B = 0 and hence as = 0, Bs = 0. Write 3, = s, 0, with || 3}, ||l2 = 1.
Divide (6.5) by sy,

TL_TTZl| /|2

16287»6‘5’—12‘ 2 1 a?
’I’L n

(6.7) =B+

n n 2 n

By (6.4), |lgn/snll3 < 1/n-||8,]l3 — 0. The second term on the right
hand side of converges to 0 in L' (¥) as as = lima, = 0. Since [, 3, =
0 for each n, integrating over Y yields

2 2 2s,GB.,

a; — les*n™Pn —1

=T g [ Iy 28 T 26l 0
Sn 5 Sn 2 Sn

as n — oo. Finally, let n — oo in , then

iy
Bl === 0.

This is impossible, as lim ||}, ||2 = 1.
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Case 2. If roo # 0, then {6,} has a finite limit, say, limJ, = 0 € R.
Therefore, lim a,, = oo = GBoo + I and

1
5(62%0 - 1)|Uoo|2, Qo)

1
— \Vaoo\Q + 27“20/(62(1‘” — 1)0400\000|2
>

0= <A2aoo +

Since 7o, > 0, we have ay, = 0. Now write o, = tpay, with |lag, ||z = 1.

Choose a subsequence so that o, % al. Divide 1) by ty:
(6.8) = Asd, + =———|on%.

By (6.4 , lgn/tall3 < 1/n-||Asal||3 — 0. The last term in converges in
r.

L™ to o |oo|? since t, — 0. This shows o/, LN al,. Let n — oo in
/ 2 1
0= Asal, + ||

Since |0oo|? # 0, the operator Ay, + |oo|? is injective on L2, so o/, = 0.
But [|alllzz = lim [y, [z = 1, which is absurd.
This completes the proof of Lemma O

Proof of Theorem[5.4) In light of Lemma [6.1] it suffices to work out Step 2:
find a function n : RT — R such that

ledl2 < 0(C)
for any o € L3(X) with £(a) < C. We know that for some a,b > 0,

(6.9) 1Axal3, [[(e** = D]or?|5 < aC +b.

Write o = a1 + ag with «; constant on each fiber {z} x ¥. In other

word,
Oél(Z) - / OZ(Z, ')7
{z}xZ

and «ag(z) is orthogonal to constant functions on each fiber. The high fre-
quency part «o is relatively easy to control:

Allazll2 < [[Asasllz = [[Asallz < VaC + b,

where \p is the first positive eigenvalue of Ay.
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To work out |aql2 is harder. We will decompose C as the union of the
good set A; and the bad set As. A point z € C lies in the good set A; if
over the fiber {z} x X, either of the situations occurs:

1) |lea|l2 < |lez||2- This means « has large fluctuation on that fiber, so
ledlz S [Ase2.

2) [Jaill2 > [|az]l2, but ai1(z) > —1. This means « is almost a constant
function on that fiber and its value is not very negative, so |a| <
le® — 1]

The actual definition of Ay below is based on this intuition, but stated
in a slightly different way. Let As be the complement of A;. On the good
set A1, we control [[a1||p2(4,xx) by terms in . For the bad set Ay, we
will control its area and show that |a1|? cannot concentrate on As.

Lemma 6.3. There is a constant L > 0 such that for any o € L3(X) such
that
[laf=1 [ |asal
by by
we have || — o]|oe < || where oy € R is the average of a on .
Proof. Write a = a1 + as. Then we have

1
loallts < 1+ 53) [ |Asal <
1

<

1
1+l
A

SISl

1
(14 ) (Vol(S)leal + flaz35).

If L>2(1+ )\%{), then we do rearrangement and obtain

VL
Clea| > VL|az]| 1z > aHaQH“”

Here, Cy is the constant in the Sobolev embedding L3(3) — L*°(X).
Now it suffices to take L > max{(2CC1)?,2(1 + )\%)} O

Now we decompose C into good and bad sets:

A= {zeC] |®2<L/‘ \AﬂW+4w/m €20 Z 12|04}
{z}x= {z}xZ {z}x%

Ay =C\ 4.
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In this definition, L is the constant in Lemma[6.3]and M is a large constant
to be determined later. Note that if z € Ay, then either

/ laf? < 2L/ Asal?
{z}xX {z}xX

/ laf? < 2M |e?® — 1|0y |*,
{z}xZ {z}x%

which correspond to Case and Case respectively.
Our goal is to show for some 7;(C) > 0,

or

(6.10) / Acay?, / jan?, Area(As) < m(C).
C Ay

The first follows from . The good set A; is easy to handle: [ A, lo|? <
n2(C) for some 72, again, by . As for the bad set, we need to analyze
the zero locus of o1. Set

Ze(or) = {p = (z,2) € X : |o1(p)[* < ¢},

and
Ze={x € X |y(z)* < 2}
We choose € to be a small number so that Area(Z) < %Area(E). Since
o1(z) as sections on ¥ approach -4 in L norm as z — oo, for some large
number R(e) > 0, we know

Z(o1) C B(0O,R) x S UC x Z..

Now take any z € Ay — B(0, R). By Lemma we have
1 3
Lon(2)] < la(z2)] < JJaa2)

for any z € ¥. If a1(2) > —1, then «a(z,x) > —2. This means over the fiber
{z} x X, we have

9 9
Jlap<i [laP< [ jmP<is [ jaf
Y D) zZe zZe
18 x 25 450
< . / ’62a_1‘2‘01’4§ : / |e2a_1‘2’0,1‘4’
€ Ze € »
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where the penultimate inequality comes from
|z| < 5le” — 1|

when 2 > —4. Take M = 450/¢2. We conclude that if z € Ay — B(0, R), then
a1(2) < —1 and hence a(z,z) < —3. This shows

/{} 2’62a_1|2‘01’4 >
z}x

As a consequence, we obtain,

Vol(X) -1 — e 122

N | —

lle* — 1{|o |13
Area(As) < Area(B(0, R)) + e < n3(C).
1

is proven. The next step is to control [|a1| 2(c). This is closely
related to uncertainty principle: if |a;|? concentrates on a region of finite
area, say Ao, then its Fourier transformation cannot concentrate near the
origin. Thus, L? norm of «; is controlled by the L? norm of Aa;.

Theorem [5.4] then follows from the next lemma by setting n = 2, f = ay,
S =n3(C) and E = As. O

Lemma 6.4. Suppose subset E C R™ is measurable and its volume m(E) <
S. Then for some C(S) > 0, we have for any f € L3(R"),

[fll2 < CUIfllze(me) + [|1AS]]2)-
Proof. Let x is a cut-off function with x = 1 on B(0,r) and suppx C B(0, 2r).

Here, r is a small number to be determined later. We decompose f as the
sum of low-frequency and high-frequency parts: f = fr + fg where

fo=xf.fu=01-x7f
The high frequency part is easy to deal with:
. 1 s 1
frllz = llfull2 < SlEFrllz < 5 1Af]l2.
Write T' = || f||2. We control L*-norm of V f, in terms of 7"

IV felloo < NEIFEIL < 1] - XB02n l2llfLllz < 7CIT.
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To bound T2, one intermediate step is to show that
(6.11) T° < 02/ |fLl?
EC

for some Cy > 0 as |f1|? cannot concentrate within E. To make this idea
precise, choose R > 0 so that Vol(B(0, R)) > 25 = 2m(E). If for some z €
E, |fu(z)| = N > 2rCiTR, then for any 2’ € B(z, R), |fr(2')| > 3N. This
implies

Vel > /
B(z,R)—

Therefore, either T' < HfLHLz(EC)/(\/nglR) or

. Lz > VOI(BZ(Z’R)) : (%)2 > S (rCiTR)?.

()| () < 2rCiTR.

But the second case implies

12~ 15l < [ 18P+ [IRP < [ AP+ mE) 1@ s,
< /EC ‘fL‘Z + 5 (27“01R)2 T2

It suffices to choose 0 < r < 1 such that (2C1R)2S - 7% < 5. Therefore,

in either case (6.11)) holds.

Finally, one notices that || f1||z2(ge) < | fullr2(ze) + 1 fll22(2e) < | full2 +
£l 22 (Ee)- O

Remark. Lemma [6.4] is closely related to the Amrein-Berthier theorem:

Theorem 6.5 (Amrein-Berthier [2]). Suppose subsets E,F C R" are
measurable of finite volume, then for some C(E, F) > 0 and any f € L*(R"),

I£ll2 < CUF 2oy + 1F ]l 2 o))
where B¢ and F¢ are complements of E and F respectively.
To see their relation, let F' = B(0, 1) and note that

£ 22y < NEPFI2 = 1A f]l2-

However, it is not clear from this theorem that for a fixed subset F', the
constant C(FE, F') could be independent of the shape of E and only depends
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on its volume m(FE). Since our problem is simpler, we decided to give a direct
proof to Lemma [6.4] as above.

7. Exponential decay and power law decay

The purpose of section is to prove Theorem and Theorem which
predict power law decay and exponential decay for finite energy monopoles
in different cases. We start with the second theorem to explain ideas

7.1. Exponential decay
We reformulate Theorem [[L5 as follows:

Theorem 7.1. Let (By,7v4) be a solution to the vortex equation . Let
fo= Zg:o a;2" be a monic polynomial function on C and f = foyq. Then
the solution (A,c) = e - (Ag,a9) obtained in Theorem converges expo-
nentially to (Bo,vq) as |z| — oo, i.e., for any k > 2, there exists s(k, Ao, f)
and M (k, Ao, f) > 0 such that for any z € C,

(7.1) d((V%,0)(2) = (Bo,7a)) < Me ™V,

Recall that the metric di on B(X,L) =C(3,L)/¥(X) is defined by the
formula:
d b)) = i -a — bl
k([a], [0]) i Ju-a—0bllrz(s),
for any a,b € C(3, L). Here, [a] denotes the gauge equivalent class of a.

The proof of Theorem relies on exponential decay result for vortices
on C. Recall that the classical vortex equation on C is given by the formula:

«iF, + 3(In]*—=1) =0,
(7.2) { =y

where w is a smooth unitary connection to the trivial bundle over C and 7
is a smooth complex-valued function. This equation is invariant under the
gauge action of 4(C) = Map(C, S'). Then Theorem ([[9], p.59, Theorem
1.4]) states that |F,,| = 3|[n|* — 1| has exponential decay at infinity if (w, 7)
is a solution to with finite energy.

The proof of Theorem is modeled on the proof of Theorem and
is accomplished in two steps:
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e Find a good approximation cg to the actual solution &. For this part,
we need a more clever choice. We employ the existence result (see [21],
Theorem 1] or Theorem to find the conformal factor ay such that
e - (d, fo) solves the vortex equation (|7.2)).

e Show that the correction term o = & — g has exponential decay at
infinity.

Proof of Theorem[7.1 Let ag € I'(C,R) be the conformal factor such that
(Vw,m) =€ - (d, fo) solves (7.2). We regard g as a function on X that is
constant on each fiber. Let (A1, 01) = e - (A, 00), s0 01 = 1774 and Acap =
i*c Fy = $(1— |n|?). Since (B, 74) solves the vortex equations on X,
it follows that

1 1
a2 = i%s Fp, 4+ S K.
Consider the moment map defined in Definition then

. 1 1
1(0) = Acag + i *x F, + iK + 5]01\2
1 1 1
— 21—l = a2 & S22
L= o) — Sl + Sl

= S (1= InP) (1~ ) € 2(X).

Hence, the correction term o = & — ag is the unique smooth solution
to the equation p(a) =0 such that a(z) = 0 as z — oo. Its existence is
established in Theorem Note that p(a) = 0 is equivalent to the equation

1
(Ac + (As + al*))a = —p(0) ~ 5(62“ —2a = Dlo1* + (Iyal* — |o1*)a

=k+ h(a),

where k = (1—[n|*)(|nal*a—3(1=|4l*) and h(a) = —5(** —2a—1) o1 |

Let H be the Hilbert space Li(¥,C) and L = Ax + |ya|*> : H — H be
the unbounded positive self-adjoint operator. Since is satisfied for the
pair (A1,01), in order to prove Theorem it is sufficient to verify the
conditions of the following lemma:

Lemma 7.2. Let H be a separable Hilbert space and L : H — H be a pos-
itive self-adjoint operator (possibly unbounded). Suppose there is a smooth
function u : C = H such that

(U1) (Ac+ L)u =k + h(u),
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(U2) lim,_00 ||ull =0,

(U3) h:H —H is a continuous map and for some ¢ >1 and C >0,
17 (u(2)) |l < Cllu(z)|13, for any = € C,

(U4) k : C — H is a continuous map such that for some s, M > 0, ||k(2)|n <
Me=*Fl for any z € C.

Then the function u has exponential decay at 0o, i.e., for some s', M' > 0,
|ully < M'e=5"1#l for any = € C.

Property (U2) is by the proof of Lemma Property (U4) follows
from T heorem When k > 1, L2(%, C) is a Banach algebra. To work out
property (U3), take ¢ = 2. Since ||a(z)|| is uniformly bounded by some
number Ms > 0, it follows that

2 o 27 ) o 2" My
[e** — 20 = 1[5 < Z mHaH”ﬁ < lell3 Z o
m=2 m=2
Therefore, it remains to prove Lemma [7.2] O

Proof of Lemma[7.2 In order to make things concrete, we first resolve the
special case when H = C and L = X - idc is a multiple of the identity map
(A > 0). Then u : C — C is a smooth function. The fundamental solution to
the operator Ac + A is given by

Lo LoV,

Ki(z) = (m or

where K is the modified Bessel function of the second kind. For r» > 0 (see
[1, p.377-378)),

_ > COS(T’t) _ > —rcosht
Ko(r)—/o mdt_/o e dt

:—ln(g)—fy—i—o(r) as r — 0,

T _, 1 9
~ _ 1 —_—— —_— o %
¢ g T T s oo

where v /= 0.577 is the Euler-Mascheroni constant. In particular,

e K)(z) € L'(C). Let M) := [ |Kx(2)|dz. Then My = My /.
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e K)(z) decays exponentially as |z| — co. For any 0 < € < 1, there exists
C1(€) > 0 such that for any r > 0,

1 Ci _(1—ovx
[EA(2)] = K1 (2)] < e 7OV
/z|>7" A |2[>Vr ! A

Let N, = max|,|>, ||u(2)|y. Property (U2) implies lim, o NN, = 0 and
for any fixed r, N, is achieved at some point zy with rg := |z9| > 7. Let
p=1/q < 1. Since u solves the equation in (Ul), we have

(73) N = (o)l =| /C K (2)(k + h(w)) (20 — 2)dz|l
<| / K (2)(k + h(u)) (20 — 2)dz]lx
|z|<(1=p)ro

+H/ K (2)(k + h(w)) (20 — 2)dz2||
21> (1=p)ra
< My max ||k(z) + h(u)(2)|lx

|z|>pro
C —_ € —p)r
+71 (1-9vAQ P - max||k(z) + h(u) (=)l

< My(Me™%PTo + CNSTD) + 026—(1—6)\5(1—;0)7"0
<CYIING 4+ Cyp-em

where s; = min{sp, (1 — €)V/A(1 — p)} and C3,Cy > 0 are independent of 7.
The inequality implies that v has exponential decay, as we explain
now. Choose r > 0 such that 2C3N, < 1. Using the relation p = ¢~ !, the
inequality implies that for any n > 0,

CSNW]” < (C3qu"—1)q + 05 . e_squ".
Let R = rq™. By induction, it is easy to show
C5Npgn < 2q”71_1(03Nr)qn + fn(Cg,)e_Squn’

where f,,(C5) is a constant that depends on C5. Indeed, the base case when
n =1 1is by (7.3)) and assuming it holds for n > 1, then

C3Nypgnt1 < (C3Npgn)? 4 Cs - e sra!
< 1(03 W+ fn(Cs) e 4 O e
< 29

_1(C3N ) n+1 + fn+1(05) . e—squn-ﬂ7
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where we used the elementary inequality

a+b)q< a? 4+ bv?
2 2

(

for a,b > 0 and ¢ > 1. Note that f,, is determined by the recursion relation

f1(C5) = Cs, fry1(Cs) = 2771 f1(C5) + Cs.

This recursion will converge when 0 < Cs < 1. The limit is going to be
the first intersection of the line y = x and the curve y = 297129 4 C5 in the
first quadrant. We can make C5 small by making s; smaller and choosing a
lager r to start with. Let £ = In(2C3N,.) < 0. Therefore, for some Cg > 0,

C5Np < (2C3N)9" + Cge 5B < &/MR 4 Cge R,

In general, suppose rq" < R < r¢"*! for some n € Z,. Let R = rq™.
Then,

C3NR < O3Np < &M 4 Cge1 B < &/rR | cpe=(s1/aR,

Remark. In order to make this proof work, it suffices to choose p such
that ¢~ < p < 1. The only reason to take p = ¢~! above is to have a nice-
looking proof. It is hard to estimate the optimal exponent for u through
this iteration process. However, as long as it is known that u does have
exponential decay, one can run through the convolution process and figure
out the optimal exponent. The outcome is roughly:

(1 —€) max min{sp, VA(1 —p)}.

g~ '<p<1

Finally, to work out the general case, we use functional calculus. If the
domain D(L) of L embeds compactly into H, then L has discrete spectrum.
In this case, let 0 < \; < A\j4+1 be eigenvalues of L and ¢; be their eigenvec-
tors. The fundamental solution of A¢ + L can be described nicely as

Kp(2) =Y Ky (2)¢i ® ¢} € Hom(H, H).
=1

In general, K1,(z) = [, Kx(2)dEy where E)’s are spectrum projections asso-
ciated to L. It is clear that K,(z) is a smooth family of operators on C — {0}
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and
KL (2)lp—m < K, (2)]
for any z # 0. Here, A1 is the first positive eigenvalue of L. The rest of the

proof proceeds as before. O

7.2. Power law decay

In general, if the polynomial map f is not a product, the corresponding
solution (A, o) to the monopole equation will only have power law decay.
This is proven by using a generalized version of Lemma

Lemma 7.3. Under the assumption of Lemma if property (U4) is
replaced by

(U4’) k: C— H is a continuous map such that for some M > 0, ||k(2)|x <
M|z|=™ for any z € C.

Then for some M' > 0, [lull3 < M'|2|™™ for any z € C.

Proof. 1t suffices to modify slightly the proof of Lemmal7.2] The convolution
process ([7.3)) will give us for any n > 1,

(74) C3Npgr < (C3Npgn-1)? + C5 - (rq") ™™
By induction, we have
CyNpgn <277 (CaN)T + fu(C5)(rg™) ™™,

where f,, is the same function defined in the proof of Lemma[7.2] The initial
step is automatic. For the induction step, note that

Cf?’]\']rq’”r1 < (C3qu")q + C5 - (anle)*m
<O 2 O+ Colrg )
< Qqn_l(CSNr)an + fn+1(Cg,)(rq""‘l)_m7

where we need the inequality that (rg")~™¢ < (rg"*1)~™. It is satisfied when
r > 0. Indeed, we take r > 1 such that

(g— 1) Inr >Ing (>Ing+n(l —q)lng).
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To make C5 small, we need to replace m by (1 — e¢)m in (7.4)) and choos-
ing a possibly larger r to start. Eventually, we get for some Cg > 0,

Ng < C6R—(1—e)m

for any R > 0. This is not our final result yet. Take € < 1 so that (1 —€)q >

1. Let R=1rq¢" in :
CaV < (CoCo)!() 11" 4 CR ™™ < CoR ™,
when R > 1. The proof of Theorem is now accomplished. O
The next theorem is a reformulation of Theorem [7.4}
Theorem 7.4. Let (By,vq) be a solution to the vortex equation . Let
F=7a(z"+ aa-12"" + - agmpr 2T A a2

be a polynomial map where a; € C,d —m +1<i<d—1 are complex num-
bers. Then the solution (A, o) = e - (Ag, 0q) obtained in Theorem con-
verges to (Bo,vq) at the rate |z|™™ as |z| — oo, i.e., for any k > 2, there
exists M (k, Ag, 09) > 0 such that for any z € C,

dx((Vi(2),0(2)) = (Bo,va) < M|z| ™™
Proof. Let fo=2%+aq 127+ 4+ ag_mi1297™FL Let ap € C°(C,R)
such that (V,n):=e* - (d, fo) solves the vortex equation (7.2). Let
(A1,01) = e* - (Ap,00) and o = & — og. By the same computation as in

the proof of Theorem we have

(Ac + (As + |yal*))a = h(a) + &,

where h(a) = —1(e** — 2a — 1)|o4|? and
k= 1 1— Inl2 2 _ (.2 1
= LA+ (al? ~ e+ 3
Since 01 = 77g + €*°Yg—mz® ™ + - - -, it follows that

o1 |2 = Iyal* = (Inf? = D) yal® + 2¢* Re(nyg, Ya—mz®™) + O(l2] ™).

Note that e® ~ |z|™% as z — co. This implies k(z) decays at the rate
|z|~™ at co. Now we use lemma [7.3[to conclude. O
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Appendix A. Some analytic results

In this section, we review some analytic results that were used in Section
and Section [6l

In dimension 4, we have Sobolev embedding L2 (R*) < L>°(R%) if k > 2.
In the borderline case when k = 2, we have

LE(RY) — LP(RY)

for any 2 < p < co. We will prove a weak version of Trudinger’s inequality.
For the proof of this paper, we will only need these propositions in the special
case when n = 2,4.

Proposition A.1 ([22, Proposition 4.1]). There ezists C, > 0 such that
forany 2 <p < oo andu € Li/Q(]R"),

lull o @y < CPY2(lull 2, 2oy
Proposition A.2. For any u € Li/Q(R") and any 2 < p < 00,
' — 1€ LP(R™).

Proof. By Taylor expansion, Stirling’s formula 2rm™tze™™ < m! and
Proposition , we have

u — 1 m — 1 m — 1 m m/2 m
o =l < 32 el = 32 bl < 3 m) 2l
= ’ m=1""" m=1
1/2|

eCnp

Z 1 |ullr2 m
1 V2mm ml/2 '

When m > 1, (eCnpl/Q||u||L2/2)/ml/2 < 1, so this series always converges.
(]

Proposition A.3. The exponential map:
H:L},(R") = L*(R"), H(u)=e"—1

is differentiable and D, H(v) = ve™. In particular, H is continuous.
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Proof. Let v € Li/Q(R”). Since v, e — 1 € L4(R"),
[ve“[2 = llu(e" = 1) +vll2 < [Jvll2 + [|v]lalle” = 1la.

This shows D, H (v) := ve" is a bounded linear map from L? /o O L2
It suffices to show

H(u+ tv) — H(v) — tve® = e“ - (e — 1 — tv) € O(t?).

Using the same argument as above, it suffices to check [[e!’ — 1 — tv|2,

g g

e — 1 — tv||4 € O(t?). This is evident from the proof of Proposition
O

Proposition A.4. The exponential map H : Li/Q(R”) — L2(R"™) is weakly
continuous.

Proof. Since C°(R™) is dense in L?(R™), it suffices to show that for any
v € C°(R™) and any sequence

wai/z
Uk 7 Uoo,

we have (H (ug),v) = (H (ux), v) as n—oco. The Sobolev embedding LZ/Q —

LP is compact on B := B(0, R) for any 2 < p < oo and R > 0. This shows
up — Uso in Lj .. In addition, for any m > 1,

L2
(A.1) upt = ull.

Indeed, by Holder’s inequality,

p—1
l —1-1
g — w2l e sy = Ik = ttoo) O uguls L2 (5,
=0
p—1
< g = ool LBy Y, Nkl zsen— oo | 7 =S -
m=0

< Cllur, = uco|lze(Br) — 0

In the last step, we used the fact that HukHLi/Q and hence ||ug|/z» are uni-
formly bounded for any fixed 2 < p < cc.
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Finally, by the proof of Proposition[A.2] for any € > 0, we can find M > 0
such that for any k& > 0,

<N
|le“s — 1 — Z %U?HQ < €.
m=1"""
Combining with (A.1]), this implies (e~ — 1,v) — (e= — 1). O

Appendix B. The vortex equation on X

This appendix is based on Gracia-Prada’s paper [§].
For a complex line bundle L — ¥, let us fix a hermitian metric and
consider the space of smooth unitary connections and smooth sections:

C(L,L) = AxD(,L).

A configuration (A, ®) is called a vortex if it solves the vortex equation:

B R

049 = 0.

Each unitary connection A defines a holomorphic structure on L and
the second equation of (B.1)) is saying ® is holomorphic with respect to A.
Consider a € T'(%,R) and u € Map(X, S'). The formula

Gc(X)39=u-e*:C(X,L) = C(%,L)
(A, ®) — (A —utdu+ i * do, ue®®)

defines the complex gauge transformation on C(X, L), where u € Map(X, S1)
and a € (X, R). This transformation is designed so that 9y 4)g(®) = g(04P).

We obtain the usual gauge group 4(X) by setting o = 0. The vortex
equation is invariant under the action of ¢4(X).

Theorem B.1. Suppose 0 < degL := ¢1(L)[S] < .=Vol(X). Then for any
effective divisor D =) n;z; with deg D = deg L, there is a unique solution
(A, ®) to the equation (B.1]) up to gauge such that Z(®) = D.

Given any effective divisor D = ) n;z; with deg D = deg L := ¢ (L)[],
D determines a holomorphic structure dp and a canonical holomorphic sec-
tion @y with respect to dp. The pair (5D,<I>0) is unique up to the action
of 9c(¥). We fix a representative (Op, ®o). The Chern connection Ay is the
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unique unitary connection on L such that d4, = Vg’j = Jp. Our goal is to
find another configuration (A, ®) obtained from (Ag, ®y) by applying an
element in ¥ (X) such that the first of is satisfied.

Since we are interested in solutions modulo gauge, we are free to set
u = 1 and think of g = e® as a conformal change on L. The curvature of A
and the covariant derivative V 4® are transformed accordingly under g:

Fy— Fy+id* da,
VAP = e (V4P + 2(da)™’ @ ).

For (A, ®) = g(Ao, ®o), the second of (B.1) is satisfied. Let us define the
moment map by the formula

p: L33, R) — L?(,R)
1 1
o %iFy + 5(\@)]2 —1)=Aa+ §|%\Q(e2a — 1)+ h,

where h = *iF4, + 5(|®o|? — 1) € C>(2) is a smooth background function.
It suffices to find a so that

(B.2) p(a) = 0.

First, u is well-defined. By Sobolev embedding theorem, L3 < L* in di-
mension 2 and hence e® — 1 € L*(X) — L?. Secondly, the solution to equa-
tion (B.2), if exist, must be unique. Suppose we have p(a;) = p(as) =0,
take v = as — a;. Then we have

1
A+ 51822 (€37 — 1) = () — () =0.

This implies:
1
0= [ n a4 gl e - 1)
b))

1
= [1orP g [1mpe -y

Terms in the second line are non-negative. This shows Vy =0 and = is
a constant function on ¥. Since z(e?* — 1) =0 iff z = 0, v = 0.
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To establish the existence of the solution, we apply variational principle.
We define the energy functional:

(B.3) £:LYZ,R) > R, awms ;/E\,u(a)|2.

This functional is well-defined on L%, but we will not use this space as
the variational space. For a solution to (B.2) to exist, we necessarily have

1 1 1 1
0< / |®o|?e®™ = / 1®)? = /( —iF4) = ZVol(X) — 2mci (L) == c.
2 /s 2 /s 2 2

This explains the reason why equation (B.1]) is subject to the solvability
condition ¢1(L) < £Vol(X). From now on, let’s fix this positive number
¢ > 0 and associate to ¢ a subset of L3(3):

(B.4) H.={acI3(X): ;/E @0 [262 = c}.

Equivalently, an element « lies in H, if and only if « € L3 and fz pla) =
0. We will look for a minimizer of £(«) for o € H..

Consider the decomposition L3(X) = H* @ R, where H= is the subspace
of L3 that is L?-orthogonal to constant functions. H. can be viewed as a
graph over H'; indeed, for o = oy + o1 with ag € R and oy € H+, o € H,
if and only if

1
(B.5) g2 — (/ |Bg|?e? )L e
2 Js
The crucial step to finding a minimizer of £ is an a priori estimate:

Theorem B.2. There is a function n : R — R such that for any C > 0 and
a € He with £(a) < C, ||lal/zz < n(C).

Proof. This is a consequence of the energy equation. The Bogomol'nyi trans-
formation allows us to write for any configuration (A, ®):

_ _ 1
[ 2040 + | i+ 300 = DF = Eun = o
Y
where

1 .
EanZ/ ’FA|2+|VA(I)|2+Z(1_ |©[%)?, 5top=/lFA = 2mey(L).
» b
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Let (A, @) = e* - (Ap, o). It follows that
(B.6) 28(a) = / |Aa + %iFa,|* + positive terms — Ep.
by

Since *iF4, is a smooth function on X, implies
|Aal3 < aC +b

for some a,b > 0. Suppose A; is the first positive eigenvalue of A. Since
Aa = Aa; and «q is orthogonal to ker A, it follows that

1
laaflze < Sl Aal2.
1

Now we know ||ai|/zz is controlled by 7;(C) for some function 7;. By the
solvability constraint (B.5]), ag is determined by a1 and so [|a|[zz < n(C') for
some 7). O

Proof of Theorem[B.1]. Let a = inf,ecq. (). We can find a sequence of ele-
ments «,, € H. such that £(a,,) — a as n — co. By Theorem L3-norms
of oy, are uniformly bounded, so we can find a converging subsequence in
weak L3-topology. Let us assume it is just the sequence itself and let o, € L3
be their limit. Since L2 < L is compact, p(ay,) — p(as) weakly in L? and
Qoo € He. This shows E(aee) < liminf &(ay,) = a, so E(as) = a. Now The-
orem [B.I] will follow from a lemma. O
Lemma B.3. Ifa € H. is a critical point of E|p,, then p(a) = 0.

Proof of Lemma. Let f = u(a). Any v € L3 subject to the constraint:
(B.7) /ﬂ@d%¥%y:o,
b
lies in the tangent space T, H.. Since « is a critical point, it follows that
d
(B.5) 0= 2 heoE(a+ 1) = (F, Dapr)),

where Do () = Ay + 2¥|®¢|?7 is the linearized operator at a.

Lemma B.4. The linearized operator Doy is self-adjoint on L3(X).
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Proof. Tt is clear that D, is well-defined on L3 and it is symmetric. To
show it is self-adjoint, it suffices to prove show v € L? and Dyu(y) € L?
imply v € L3. But this is trivial: €2*|®¢|? € L> implies e?¥|®p|?y € L?, so
Ay e L2 O

Back to the proof of Lemma Now Lemma and relation (B.8|)

imply f € L3 since f is in the domain of the adjoint operator (Dyu)*. Let
f = fo+ f1 with fo constant and f; subject to constraint (B.7)), i.e.

/ | |?e? f1 = 0.
b
Take v = f1 in (B.8)) and integrate by parts shows

0= [ldf |3 + / @02 f1]2.
>

Hence, fi =0 and f = fp is a constant function on . On the other
hand, the constraint (B.4)) shows

(B.9) Vol(S) - fo = /E ;= /2 i(a) =0,

and hence f = fp = 0. ]

Let us end this appendix by pointing out what is modified if X is replaced
by C:

e There is no solvability constraint for the vortex equation on C. It is
easier to show for a critical point « of £, u(«) has to be zero.

e Choosing a smaller variational space is necessary for the proof
of Theorem In fact, if we worked with L2, Theorem would be
false since ag can be arbitrarily negative while p(a) remains bounded.
However, when it is C, L% is the right space to work with.

e The spectrum of Laplacian operator on C is continuous. In the proof of
Theorem[B.2], we have used discreteness of the spectrum in an essential
way; we used the decomposition L3 = H L@ R. On C, we will apply
a cut-off function on the frequency space and decompose « into high-
frequency and low-frequency parts.

e We will establish Theorem for Y = C (Theorem |C.3) and X =
C x ¥ (Theorem , but their proofs will be much harder. It is the
main technical issue when we apply variational principle.
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Appendix C. The vortex equation on C

In this appendix, we prove the existence of vortices on C. Theorem was
originally proved in [2I]. The proof presented below is based on Appendix
and Lemma [6.4.

To start, let Ly be the trivial line bundle on C with the product metric.
Then the polynomial

m
(I)D = H(Z — Zi)ni,
=1
is a holomorphic section that vanishes at z1,--- , 2z, € C with multiplicity
Ny, M.
The vortex equation on C is defined by same formula (B.1]) for the trivial
line bundle Lg.

Theorem C.1 ([21]). For any effective divisor D = n;z;, there is a
unique solution (A, ®) to the equation (B.1|) up to gauge such that Z(®) = D.

Proof. Note that (Ap = d, ®g) is not the solution that we look for: @ ¢
L*>°(C). We choose a background conformal change. Set

mn
= =20 (1 + = = 5P)

Then we obtain

o (z —2z)™
A, Pq) = e - (Ag, Pg) = (d + *d .
(A1, ®1) = € - (Ao, o) = (d + = aO’ZHl(lJr\z—ziP)ni/?)

For (Ai,®;), the second equation of is satisfied automatically. We
wish to find a further conformal transformation « so that the first equation
is satisfied for e® - (Ay,®1). This is equivalent to finding o € L3 so that
p(a) + h =0 where

p: L3(C) — L*(C),
1
a— Aa+ §]¢1|2(62°‘ -1)
is the moment map and the term h := Aag + 5(|®1|? — 1) comes from the

background configuration (A;, ®1). By Trudmger s inequality (Theorem[A.2)),
p is well-defined and by direct computation, h € L?(C). Our goal is to show
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p gives a bijection between L3(C) and L?(C). In particular, there is a unique
o € L3 such that u(a) = —h.

We start with the easy part of the proof. For any g € L?(C), define the
associated energy functional £; by the formula

1
&) = [ In(e) - gf
C
which measures the L? distance between p(a) and g.

Lemma C.2. For any critical point a of £;, we must have E4(a) = 0.

Proof. Let f = u(a) — g. Since « is a critical point, for any v € L3(C),

1) 0= Lo (@ +17) = (£, Dap(a).

Since Dop(7y) = Ay + |®1]|%2¥y is self-adjoint on L3, (C.1)) implies f € L3.
Then we plug v = f into (C.1)). Integration by parts shows

mww@+4w#ﬁw&

and f has to be zero everywhere. ([

In light of Lemma it suffices to find a point « that realizes the infi-
mum of &;. To do this, we construct a minimizing sequence {a,} C L3 such
that & (o) — inf £;. The hardest part of the proof is an a priori estimate,
the counterpart of Theorem and Theorem

Theorem C.3. There is a function n : R — R such that for any C' > 0 and
a € L3(C) with Eg(a) < C, we have ||al|z < n(C).

Proof. Note that it suffices to prove this theorem for one special g and the

rest will follow by triangle inequality. We choose ¢ = —h and write £ = &_j,
for short. By Bogomol’'nyi transformation, we have energy equation:

1
(C.2) 28(a)= —27rd+/ A+ 5 Fa, [+ [Va®f* + 2(1 = €2]1]*),
C

where d = ;" | n; is the degree of ®j and (A, ®) = e - (Ay, ®1). Since 1 —
|®1]2,%iF4, € L*(C), we know from (C.2) that

/ |Aal?, /(1 —e?M?2|®4)t < aC + b
C C
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for some a, b > 0. It suffices to control ||a||2. We decompose C into two parts

C=A1[[A2, A1 ={z€C:a(z) > —1,|@1* > ¢}, Ay = AT

o <& [0 e,
2
A, € C

Since Z,(®1) := {|®1]?> <€} C C is compact, we take R >0 such that
Ze(®1) C B(0,R). Then

Then

Area(A2\B(0,R)) < 62(1_16_2)2/0\(1 — 6204)’(1)”2‘2.

Now we are in the place to apply Lemma [6.4] O

Theorem allows us to find a weakly convergent subsequence among
{an}. Denote this limit by as. We know &(as) < lim&y(av,) = inf &€, and
hence o is a critical point of £;. Now we use Lemma to conclude. [

The proof of Theorem [5.4] is modeled on the proof above. It is much
harder to work with X = C x ¥ due to some technical reasons:

1) The L?-norm of Asa is not a term in the energy equation. We worked
very hard in Lemmal[6.2]to show it is actually controlled by the analytic
energy.

2) In dimension 4, the thickened zero locus Z.(o1) = {|o1|?> < €} is no
longer a compact region. This is the reason why there are two classes
of points in the good set A; in the proof of Theorem For the first
class, o has large variation on the fiber. For the second, its variation
is small and hence « does not “see” the zero locus of o1 on that fiber.
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